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The accurate prediction of transient thermal fields of space structures is of paramount 

significance for the analysis of geometrical stability and thermal management systems. This 

paper proposes a novel method to solve the transient thermal field of the thin-walled cross-

section of beams in outer space. High-order beam elements are derived by means of the 

Carrera Unified Formulation (CUF), where the longitudinal direction of the beam is 

discretized by one-dimensional two-nodes and four-nodes elements, whereas arbitrary high 

order expansion functions are used for the description of the temperature expansion within 

the cross-section. The governing differential equations of transient temperature field are 

derived according to the transient thermal conduction theory and the weighted residual 

method. The solution of the initial value problem for ordinary differential equations is 

obtained through the application of the Adams-Bashforth method, leading to the 
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determination of the transient thermal field. In order to demonstrate the accuracy of the 

temperature results, a convergence analysis is conducted. Finally, temperature distributions 

within the cross- section and along the longitudinal direction of the model are discussed to 

show the effects of several factors including material properties, angle of solar radiation, 

shadows induced by the shelter of other components.  

Nomenclature 

A = domain of integration within the cross section 

a = side length of the cross section 

Cτsij = fundamental nucleus of specific heat matrix 

Cp = specific heat  

dt = time step 

Fτ, Fs = expansion functions within the cross section 

Kτsij = fundamental nucleus of heat conduction coefficient matrix 

kx = thermal conductivity in the x direction 

ky = thermal conductivity in the y direction 

kz = thermal conductivity in the z direction 

L = the length of the thin-walled structure 

Ls = the length of the shadow area 

Ni, Nj = the shape functions of beam element 

Nn = the number of beam element nodes 

M = the number of terms in the expansion within the cross-section 

Qsj = fundamental nucleus of the solar radiation heating matrix 

q = the heat flux of solar radiation 

Rsj = fundamental nucleus of the radiation dissipation matrix 

T = temperature of the node 

T = temperature fields of the thin-walled structure 

Tsur = temperature of the outer space 
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ts = thickness of thin-walled beam 

ρ = mass density 

ε = emissivity of the external boundaries 

σ = Stefan-Bolzman constant 

αs = absorptivity of boundaries 

Г1 = the solar radiation boundaries 

Г2 = the radiation dissipation boundaries  

I.  Introduction 

HE structural components of space aircraft, such as beams and plates, are routinely exposed  to extreme low and 

high temperatures during their in-orbit operations [1-3]. Due to the need of the structural components to be 

deployable and lightweight, thin-wall structures are usually used in the design [4-6]. Thermally induced vibrations 

may be easily triggered when lightweight and flexible structures encounter rapid elevated temperatures. On the other 

hand, undesirable thermal buckling which could result in a reduction of load-bearing capacity or even failure of 

structure, may occur when the thermal stress reaches critical values. The failure of Hubble Space Telescope [7] 

generated by thermally induced vibration and the thermal buckling of its solar array, serves as a notable example. 

Therefore, conducting transient thermal analysis of thin-walled structures holds great significance for the thermo-

mechanical coupling analyses of thin-walled components of space aircraft [8]. 

Obtaining the analytical solution of transient thermal analysis is challenging due to the existence of the radiation 

dissipation quartic item. The 3D finite element method, using block or shell elements, is suitable for analyzing space 

thin-walled structures while taking into account the quartic item and time-dependent heating sources [9-11]. 

Nevertheless, a large number of elements and, thus, degrees of freedom can significantly affect the computational 

efficiency. When the heating source of solar radiation is independent of the axis coordinate, it becomes possible to 

disregard the temperature differences along the axis direction. This simplification enables the 3D thermal analysis to 

be treated as a two-dimensional (2D) problem [12]. The 2D Finite Element Method (FEM) model has obvious 

advantages on computational efficiency compared with 3D analyses, nevertheless they do not provide through-the-

thickness temperature distribution, which can be of certain importance in the design of thermal management systems 

or measurement tools.  

T 
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Despite numerical methods such as FEM, many researchers have also concentrated on the analytical approaches. 

In order to analytically predict the thermal-structural response of a spinning spacecraft boom with hollow circular 

cross- section, several assumptions, including constant and uniform solar heat flux and no thermal conduction along 

the axis direction, constant temperature across the thickness of the tube for the determination of boom’s temperature 

distribution have been drawn by the Thorton group [13,14].Then, they decompose the temperature into an average 

term and perturbation terms to enable solving the non-linear item T4. On the basis of Thorton group’s research, 

Ding and Xue [15] proposed a Fourier finite element method which adopts beam elements in the axis direction and 

Fourier series for the temperature gradient in the circumferential direction. However, the Fourier finite element is 

suitable for circular tube, but may not be applicable for rectangular tubes. Therefore, to solve this problem, Xue and 

Ding [16] have applied the Taylor polynomials as shape functions of temperature along the rectangular cross-

section. However, they have only considered linear polynomials, which result in linear distribution of the 

temperature along the edges of the rectangular cross-section. The Fourier element method has been applied in 

several nearest investigations that concentrate on thermal-structural analyses of thin-walled beams [17-20].  

Although the Fourier element method offers several advantages when dealing with transient thermal analyses of 

thin-walled beams, it is crucial to acknowledge that several assumptions adopted in the method can lead to 

discrepancies when compared to the 3D FEM results. These assumptions include the absence of temperature 

gradient through the thickness, linear distribution of the temperature along the edges of rectangular cross-sections. 

Conversely, 2D analyses may be inapplicable when dealing with scenarios where the heating source of solar 

radiation is not constant along the beam direction. Therefore, to establish a balance between the result accuracy and 

the computational efficiency in 3D thermal analysis, the Carrera Unified Formulation (CUF) [21] is adopted to solve 

transient thermal conduction issues. One of the advantages of the CUF theory is that the computational efficiency is 

significantly improved by making use of arbitrary expansion functions, instead of 3D shape functions, for expressing 

the variables over the cross-section of beams or width of plates. Many engineering problems have been investigated 

in the CUF framework, such as aerospace constructions [22, 23], composite structures [24-26], civil engineering 

applications [27, 28], multi-field analyses [29, 30] and free vibration [31, 32]. However, the transient thermal 

analysis of space thin-walled beams using the CUF theory has not been undertaken this far.  

Therefore, the present research proposes transient thermal analyses based on the CUF theory to introduce a novel 

approach aimed at enhancing high-level of computational efficiency when dealing with the thin-walled beams in 
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outer space. The article is organized as follows. The transient thermal analysis equations based on the CUF theory 

are derived in Section 2. The Lagrange Expansion (LE) model is introduced in Section 3. Section 4 presents 

numerical instances including convergence analyses on beam elements, the influence of the solar radiation angle and 

the shadow area on the temperature field. The conclusions are summarized in Section 5.  

II.  Mathematical framework 

A beam model with a thin-walled cross-section under the heating load from solar radiation is shown in Figure 1. 

Due to small the size of the cross-section, only the thermal emission by radiation dissipation of external surfaces is 

considered while the energy emission of internal surfaces is neglected. All the thermal properties of the material are 

assumed to be independent of the temperature.  

 

Fig. 1 Schematic diagram of a space thin-walled beam with square cross-section under the heating load of 

solar radiation. 

According to the transient heat conduction theory, the governing partial differential equation of temperature field 

can be rewritten as [33]:  

 0p x y z

T T T T
C k k k

t x x y y z z


          
− − − =    

          

  (1) 

where ρ is density, Cp is specific heat, t is the time, kx, ky and kz are the thermal conductivities along the three 

directions, respectively. The following two boundary conditions shall be satisfied,       

 ( ) 1on the boundaryx x y y z z s

T T T
k n k n k n q t

x y z


  
+ + = 

  
  (2)  

 ( )4 4

2on the  boundaryx x y y z z sur

T T T
k n k n k n T T

x y z


  
+ + = − 

  
  (3) 
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where αs is the absorptivity of the solar radiation boundary Г1, q(t) is the heat flux, which depends on the angle of 

the solar radiation, and ε is the emissivity of the external boundary Г2, σ is the Stefan-Boltzman constant.  

Using the weight residual method and adopting δT as weight function, the equation (1-3) can be transferred into 

integral form as follows,  

 

( ) ( )
1 2

4 4

d

d d 0

p x y z

s sur

T T T T T T T
T C k k k

t x x y y z z

T q t T T T

  
 

   



 

             
+ + +        

             

−  − −  =



 

  (4) 

Based on the CUF theory [21, 33], the variables field can be rewritten in a generalized form by adopting 

arbitrary expansion functions (such as the Lagrange and Taylor expansions). Therefore, the temperature field can be 

expanded as      

 ( ) ( ) ( ) ( ), , , , 1, , 1, ,i i nT x y z t T t F x z N y i N M  = = =   (5) 

where Nn is the number of beam element nodes, M stands for the number of terms in the expansion within the cross-

section. Fτ are the expansion functions in coordinates x and z, Ni are the shape functions of beam element. The 

summing convention with repeated indexes τ and i is assumed. The choice of functions Fτ, Ni and order M, Nn 

directly affects the accuracy of temperature result. The following form can be obtained by substituting Eq. (5) into 

Eq. (4): 

 

( ) ( )
1 2

4 4

d
d d d d d d

d

d d d d d d

d d 0

i s
p s i j x i j i

A L A L

ji s
y s i z i j i

A L A L

s s j s j i i sur

T F F
C F F x z N N y k x z N N yT

t x x

NN F F
k F F x z yT k x z N N yT

y y z z

q t F N F N F T N T

 
 


  

 



 
 

 
+

 

  
+ +

   

 −  + −  =
 

   

   

 

  (6) 

The Eq. (6) can be written as a compact form: 

 ( )4sij sij sj sj + − − =T T T 0C K Q R   (7) 

The Fundamental Nuclei (FN) Cτsij, Kτsij, Qsj, Rsj of Eq. (7) can be expressed as            

 sij

p s i j
A L

C F F dxdz N N dy

=  C   (8) 

jsij s i s
x i j y s z i j

A L A L A L

NF F N F F
k dxdz N N dy k F F dxdz dy k dxdz N N dy

x x y y z z

  


    
= + +

          K   (9) 
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 ( )
1

sj

s s jF N q t d


= Q   (10) 

 
2

4

4

1 1

nNM
sj

s j i i sur

i

F N F N T T d 





= =

  
 = −  
   
R   (11) 

where τ, s=1, …, Nn, i, j=1, …, M, the A denotes the integral domain of the cross-section, L denotes the integral 

domain along the longitudinal direction, Tsur is the temperature of the surroundings in outer space.  

In the domain of CUF, the FNs are the basic building blocks for the development of arbitrary order 

computational order. They are 3ⅹ3 matrices that can be expanded against the indexes (i, τ) on the variables and (j, s) 

on the variations and they are independent of the theory approximation order Fτ and shape functions Ni. Interested 

readers are referred to as Carrera et al [21] for more details about the use of CUF-based finite elements. 

III.  CUF-based Lagrange Expansion (LE) models 

In this paper, Lagrange polynomials are considered as Fτ functions for the description of the cross-section of the 

beam. In detail, four-node bilinear and nine-node quadratic elements are used on the domain of thin-walled cross-

section. In this manner, temperature field within the cross-section is expanded as a series of Lagrange expansions 

whose detail expressions can be found in the literature [21, 34]. Details about the use of LE models in the context of 

CUF theory are also included for interested readers.  

To effectively calculate the FNs in Eq. (8), the Gauss numerical integration method with six integration points is 

employed for solving the problem. Once all the FN have been obtained, the results for temperature fields are 

computed by solving the initial value problem of a series of nonlinear ordinary differential equations (ODEs) with 

quartic term in the time domain. There exist several approaches suitable for the initial problem, such as Euler 

method, modified Euler method, Runge-Kutta method, Adams-Bashforth method and many others. Here, the 

Adams-Bashforth method, a typical linear multi-step method, is adopted for the calculation of the ODEs, out of 

consideration of computational precision, convergence and computational speed.  

 

IV. Numerical results 

A. Convergence analysis and assessment 
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In order to assess the capability enhancement of the present CUF-based analysis, the transient temperature fields 

of thin-walled beams under solar radiation heating are addressed. Four different types of LE discretizations are 

adopted to reach the solution convergence for ensuring a fair comparison in terms of computational costs and 

precision. The features of the four LE discretizations are illustrated in Figure 2. As shown in Fig. 2, the first 

discretization in Fig. 2 (a) contains 20 linear elements (L4) and 40 nodes, the second (b) contains 36 linear elements 

(L4) and 72 nodes, the third (c) contains 8 quadratic elements (L9) and 48 nodes, the fourth (d) contains 12 

quadratic elements (L9) and 72 nodes. Along the axial direction, linear and cubic beam element (B2 and B4) are 

employed to discretize the structure. In order to validate the accuracy of the present results, a finite element method 

model with linear/quadratic hexahedron elements is established in the software COMSOL Multiphysics to calculate 

the temperature fields simultaneously. The material properties considered in the numerical examples are shown in 

Table 1, where the a is the size of hollow square cross-section, ts is the thickness of thin-walled beam, k is the 

thermal conductivity in the three directions, Cp is the specific heat, ρ is mass density, ε is the emissivity of the 

external boundaries, σ is the Stefan-Bolzman constant, αs is the absorptivity, Qs is the heat flux of solar radiation. 

The initial temperature of the whole area is settled to be 293.15K. 

 

Fig. 2 Four types of closed thin-walled square cross-section discretizations, (a) 20 L4; (b) 36 L4; (c) 8 L9; (d) 

12L9.   

Table 1 Size and material properties of the thin-walled beam structure. 

a(mm) ts(mm) k(W/mK) Cp(J/kgK) ρ(kg/m3) ε σ αs q(W/m2) 

100 2.4 16.6 502 7010 0.13 5.67×10-8 1.0 1350 

 

 

 

Table 2 Temperatures at different points computed with different Lagrange expansion models when t=3000s. 

 DOFs point 1 (K) point 2 (K) point 3 (K) point 4 (K) 

FEM (linear hexahedron 99384 342.5516 412.6838 439.0343 334.4747 
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elements) 

FEM (quadratic 

hexahedron elements) 
200080 342.5050 412.7203 439.1479 334.4052 

20L4-3B2 160 339.7931 408.4572 434.2495 332.0307 

20L4-1B4 160 339.7932 408.4573 434.2495 332.0307 

36L4-3B2 288 337.2141 405.4259 431.1315 329.5200 

8L9-3B2 192 342.5632 411.9415 437.6518 334.7606 

12L9-3B2 288 342.3198 411.7718 437.8168 334.3996 

 

The temperatures at t=3000s of four points obtained from different LE models and FEM analyses are shown in 

Table 2. The coordinates of the four points are x1=-50mm, z1=-50mm, x2=50mm, z2=50mm, x3=0mm, z3=50mm, 

x4=0mm, z4=-50mm, respectively. It is clear that, the accuracies of the two L9 models are significantly superior to 

L4 models. On the other hand, the results for B4 and B2 models do not exhibit relevant differences when dealing 

with the circumstance of constant heat flux along the axis direction. Furthermore, Figure 3 and Figure 4 illustrate the 

comparisons between the four types of LE results and FEM simulation. A similar conclusion can also be drawn from 

Figure 3 and 4, indicated that the LE model provides more accurate result for both the time history distribution and 

the spatial coordinate distribution. 

 

Fig. 3 (a) Temperature distribution along x-direction of the top edge; (b) temperature distribution along x-

direction of the bottom edge; (c) temperature distribution along z-direction of the right edge. 
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Fig. 3 Time history distributions of temperature of two points with coordinate of x=-50mm, z=-50mm and 

x=50mm, z=50mm. 

B. Temperature distributions of thin-walled beam under longitudinal constant heating sources 

Figure 5 depicts the temperature distribution of the cross-section at the time intervals t=1000s, 2000s and 3000s. 

With the solar heat flux applied perpendicularly to the top surface, the highest temperature is registered in middle 

area of top surface and the lowest in central region of the bottom surface.  

 

Fig. 4 Temperature distributions of the cross-section at the moment of (a) 1000s, (b) 2000s and (c) 3000s when 

the angle of solar radiation is 0o. 

During the in-orbit operation process of spacecrafts, the occurrence of a solar eclipse often leads to a sudden 

change in the heating source, significantly impacting the temperature fields of the structures. A numerical example 

is conducted to evaluate the effect of solar eclipse on the temperature field of thin-walled beams. In the numerical 

example, solar radiation perpendicularly loads the top surface during the interval time 0-3000s while the solar heat 

flux suddenly disappears at 3000s. The result, demonstrated in Figure 6, shows that the temperature on the sunny 

side (top surface) continuously decreases when the eclipse happens. However, the temperature of shaded side 

(bottom surface) steadily increases until 4000 s, where it reaches a maximum. Subsequently, it starts to drop until 
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the temperature at top and bottom surfaces equals may be explained by the huge temperature difference along the z-

direction. 
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Fig. 5 Time history distributions of temperature of two points with coordinate of x=-0, z=-50mm and x=0, 

z=50mm when solar eclipse occurs at the moment of 3000s. 

For the purpose of examining the influence of the angle of solar radiation on the temperature distribution of thin-

walled beams, several numerical examples with varying angles of heating sources are carried out. Figure 7 shows 

the two-dimensional temperature distribution on the cross-section at the heating angles θ=15o, θ=30o, θ=45o, 

respectively. The temperature distributions across the cross-section reveal a noticeable increase in both the lowest 

and highest temperatures as the angle increase from 15o to 45o. Figure 8 illustrates the temperature distributions 

along three red lines shown in (a), (b) and (c). When the angle increases from 15o to 30o and 45o, temperature 

gradient of the left edge along z-direction continuously decreases, as depicted in Figure 8 (a). Figure 8 (b) displays 

the temperature distribution of the bottom edge along x-direction, highlighting a substantial temperature increase at 

all points as the angle shifts from 15o to 30o and 45o. Lastly, for the top edge, the temperature gradient at 45o is 

significantly higher compared to 15o and 30o. 
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Fig. 6 Temperature distributions of the cross-section at the moment of 3000s when the angle of solar radiation 

θ is (a) 15o, (b) 30o, (c) 45o. 

 

Fig. 7 Temperature distributions of (a) left edge along z-direction, (b) bottom edge along x-direction and (c) 

top edge along x-direction under different angle of solar heating. 

C. Effect of local shadows on temperature distributions 

The numerical examples discussed above have exclusively taken into account a constant heat flux along the axis 

direction. However, thin-walled beams may encounter shadows cast by other structural components of the aerospace 

crafts. The shadow effect, which is also considered in the present method, has a strong impact on the temperature 

field of thin-walled beams. Therefore, a thin-walled beam under solar heat flux with a shadow area on the right top 

edge is shown in Figure 9 (a). The length of shadow area is Ls=3.0m, which is assumed to be independent from the 

time history. When the solar heat flux becomes variable along the axis direction, the discretization of the 
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longitudinal direction probably assumes a strong impact on the thermal result. For the sake of determining the most 

suitable model, several types of discretization models using B2 or B4 element are established to compute the 

temperature results, as depicted in Figure 9 (b) and (c). The specifics of each type of discretization are described as 

follows. The length of every element is 1m for the 6B2 type, 0.5m for the 12B2 type and, 0.25m for the 24B2 type. 

The 3B4 model owns one 2.25m length B4 element, one 0.75m length B4 element in the middle area and one 3m 

length B4 element. The 8B4 type owns eight 0.75m B4 elements. A FEM model using linear hexahedral element 

with a total DOFs number of 200080 is established for the validation of the CUF results. Observing Figure 9 (b) and 

(c), it is evident that the CUF results get progressively closer to the FEM results as the total number of beam element 

nodes increases. The comparison between the 8B4 and 24B2 models reveals that the B4 element is better suited for 

addressing the shadow problem. In the 24B2 result, there is still a noticeable fluctuation, as indicated by the blue 

dotted line in Figure 9 (b) and (c). Hence, the 8B4 element discretization is applied in the following numerical 

examples with consideration of the shadow effect.  

 

Fig. 8 (a) Schematic diagram of a thin-walled beam under solar heating which is partially sheltered; (b) (c) 

temperature distributions along the y-direction of point 1 and point 2 using different discretization models.   

Figure 10 (b) and (c) demonstrate the temperature distributions along axis direction of two different points under 

0o, 15o, 30o and 45o angles of solar radiation t=3000s. The locations of two points on cross-section are shown in 

Figure 10 (a). At point 1, it is found a significant temperature increment as the angle continuously increases within 

the solar radiation range. On the contrary, no evident changes occur increasing the angle within the shadow area. A 

similar phenomenon can be discovered at point 2 in Figure 10 (c).  
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Fig. 9 (a) Locations of point 1 and 2; temperature distributions of (b) point 1 and (c) point 2 along y-direction 

when angles of solar radiation are 0o, 15o, 30o and 45o, respectively. 

Figure 11 (a)-(d) exhibit the time history distributions of temperature of four different points with coordinates of 

x=0 y=1500mm z=-50mm, x=0 y=4500mm z=-50mm, x=0 y=1500mm z=50mm, x=0 y=4500mm z=50mm, under the 

same heating source of Figure 9 and 10. Clearly, the first and third points are located in the solar radiation area, 

whereas the second and fourth points are located in the shaded area. The results in Figure 11 (a) and (c) reveal that 

variation tendency of temperature is similar to the situation depicted in Figure 4. Nevertheless, for the points located 

in shaded areas, the constant temperature decrease suggests that the effect of radiation dissipation is more 

remarkable. On the other hand, for the points located in solar area, the incident angle of solar radiation has a 

significant influence on the time history distributions of temperature. The influence is negligible for the points 

located in shaded area.   
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Fig. 10 Time history distributions of temperature of (a) x=0 y=1500mm z=-50mm, (b) x=0 y=4500mm z=-

50mm, (c) x=0 y=1500mm z=50mm and x=0 y=4500mm z=50mm when angles of solar radiation are 0o and 

45o, respectively. 

V. Conclusion 

In the present paper, a novel approach in the framework of CUF theory is proposed for solving transient thermal 

problems of thin-walled structures in outer space. The governing equations of the temperature field is established by 

introducing the weight residual method. To solve the equations, temperature fields of cross-section are described as 

through Lagrange polynomials, which are also known as LE model. Linear beam element (B2) and third-order beam 

element (B4) are involved in the discretization along the longitudinal direction. Given the initial temperature 

condition, the nonlinear ODEs can be calculated using the numerical Adams-Bashforth method. In the numerical 

examples, convergence analyses of the temperature results reveal that the accuracy of L9 expansion is significantly 

higher than L4 expansion. Finally, the paper discusses the effect of several factors including solar radiation angles, 

shadow impact on temperature distribution along different directions and time. The present work introduces a 

method with superior computational efficiency and accuracy compared to traditional FEM for obtaining transient 

temperature fields of space thin-walled structures. 
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