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Abstract

Origami structures exhibit desirable stowage properties for application in deploy-
able space structures. This work aims to improve a design methodology for
origami structures using topology optimization of truss models. The objective is
to find the optimal configuration of the truss structure based on axial rigidity
and the crease pattern that maximizes the displacement at set locations, under
prescribed forces and boundary conditions. First, a linear method is used to
determine small strains and small rotations to evaluate the performance at the
initiation of folding. Subsequently, a nonlinear method is implemented to consider
large displacements and large rotations. To carry out the optimization process,
constraints on the number of active fold lines and on the axial rigidity distribu-
tion are applied. Previous studies on topology optimization of origami structures
have focused on folding and bending in their analyses. Here, it is shown that
including axial rigidity as a design variable leads to new and promising origami
designs.
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1 Introduction

Origami is the ancient Japanese art of paper folding that has deep roots and its
own philosophy. In the seventies, some researchers discovered that in theory, through
conventional origami, an infinite number of shapes could be obtained. This enabled
new applications, allowing the discovery of new promising designs for many engineering
structures.

The reason why origami are so versatile, especially in the aerospace field, is that it
takes a two-dimensional component (like a plate) into a three-dimensional one. More-
over, space structures must be lightweight and compact during launch, while being
deployable in space to maximize the surface area. Therefore, the most relevant appli-
cations of space origami are deployable space arrays and antennas [1–4]. To this end,
it is necessary to develop models and analysis methods to allow for the understanding
and computational implementation of their kinematics and mechanics. Such a task is
quite complex because of the intricate designs and folding motions of these structures.

At the foundation of every origami design approach, there are many theoretical
notions to consider such as the definition of folds and the fold constraints [5, 6].
Numerous studies have considered rigidly foldable fold patterns [7] and various kine-
matic approaches have been applied [6–8], using the assumptions that the facets are
rigid and do not bend nor stretch and that the folds are creases (i.e. straight lines
with zeroth-order geometric continuity). To improve on this analysis, Schenk et al. [9]
introduced a truss model to allow for facet deformations using a linear method, hence
considering only small strains and small deformations. The truss model simplifies the
configuration of the origami: each vertex in the folded sheet is represented by a pin-
joint and every border and fold line by a truss element. This method was applied to
topology optimization by Fuchi et al. [10, 11] to discover origami crease patterns that
maximize displacements at set locations.

To take into account the large deformations and large rotations typical of origami,
nonlinear models are required. Filipov et al. [12] and Liu et al. [13] introduced a truss
and hinge model to consider material and geometric nonlinearities. Also, Filipov et al.
[14] validated the accuracy of these truss models by comparing them to shell and 3D
continuum elements. A nonlinear truss model was introduced by Gillman et al. [15],
based on the positional finite element truss proposed by Greco et al. [16], considering
a torsional spring around each truss element of the origami. There, periodic boundary
conditions were described to analyze origami tessellation patterns.

Origami structures exhibit one or more critical points during their folding motions,
therefore the arc-length method, first introduced by Risks [17, 18] and Wempner [19],
and later analyzed by Leon et al. [20], was included in the formulation by Gillman et
al. [15]. Also, the Modified Generalized Displacement Control Method (MGDCM) as
introduced by Leon et al. [21] was employed to find efficient solutions for the system of
nonlinear equations while adjusting the step size based on the loading profile curvature.
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Lastly, modal analysis is required to distinguish and follow the multiple bifurca-
tion branches off the flat state typical of origami structures with complex designs. To
consider this bifurcation problem, Tachi and Hull [22] focused on fully rigid facets,
while Santangelo [23] neglected fold stiffness, considering only fold stretching. There-
fore, Gillman et al. [15] introduced a formulation to consider both fold stiffness and
fold stretching in modal analysis.

The modified nonlinear truss model by Gillman et al. [15] was later applied to
topology optimization [24, 25], however employing a simple Newton-Raphson method
to solve the system of nonlinear equations introduced by the problem. There, a pro-
cedure to find an origami crease pattern that achieves the desired large deformation
through folding for a given input force was provided, using the fold stiffness as a design
variable and applying a constraint on the number of fold lines.

Lastly, Gillman et al. [26] applied the topology optimization method with the truss
model to discover origami structures with auxetic behavior, like the Miura-Ori fold
pattern [27].

The main objective of this work is to improve the topology optimization method
proposed by Fuchi et al. [11] regarding linear analysis and by Gillman et al. [25] regard-
ing nonlinear analysis, introducing axial rigidity as a design variable thus allowing
each truss to stretch in an optimized way. Although the complexity of the problem is
slightly increased with respect to these works, this modification enables to obtain new
promising origami designs.

Gillman et al. [24, 25] applied both gradient and non-gradient-based methods to
topology optimization, making comparisons between the different obtained results.
Here, to emphasize convergence speed, two gradient-based methods are used to per-
form the optimization: the Method of Moving Asymptotes (MMA) [28] and the
Sequential Quadratic Programming (SQP) [29]. Also, the axial rigidity distribution
is optimized through the modified Solid Isotropic Material with Penalization (SIMP)
method presented by Andreassen et al. [30].

2 Topology Optimization based on Linear Analysis

In this Section, a linear truss method is used to study small displacements and small
rotations in flexible origami structures. Fig. 1 shows a general starting configuration
of origami with this method. Each fold line and external segment in the sheet (grey
lines in Fig. 1) is represented by a truss element, while each vertex, i.e. each node in
the starting configuration (black points in Fig. 1) is represented by a pin-joint.

Following the method introduced by Schenk and Guest [31], modeling the folding
patterns as a pin-jointed framework allows the use of established structural engineer-
ing methods to study the mechanics of origami. The mechanical properties of the
Reference grid are described by introducing a stiffness formulation, that relates the
nodal displacements u with the applied nodal forces F through the material stiffness
matrix K:

Ku = F. (1)
The matrix K can be obtained from:

K = KJ +KT , (2)
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Fig. 1: Reference grid of an origami sheet in the linear truss method.

where KJ and KT are the stiffness matrices obtained from the fold constraint [5] and
the truss model respectively.

In this Section, a linear analysis will be carried out, i.e. the stiffness matrix remains
constant and independent of u during the formulation. This has the advantage of
having a low computational cost, but the drawback is that the applied loads are
required to be small, leading to small deformations. Also, this analysis cannot be used
in origami designs that involve a sequence of folding with altering overall directions
of deformation. Even though origami folds usually generate large deformation, this
analysis can determine the optimal topology for the initiation of folding.

2.1 Optimization Methods

2.1.1 Fold Constraint

The folding mechanism is derived from constraints on the relationship between the
dihedral angles (ϕ) and the nodal coordinates (X):

J =
dϕ

dX
. (3)

This Jacobian can be evaluated considering each dihedral angle ϕ relative to adjacent
facets, like in Fig. 2, that is:

ϕ = sin−1

[
v12 × (v14 × v12) · (v12 × v13′)

sin γ sinβ | v12 |3| v13′ || v14 |

]
(4)

where vij is the vector from node i to j.
For each fold line k, the fold stiffness Kk

J can be computed as:

Kk
J = (Jk)TGkJ

k, (5)

where k = 1, ..., Nf , Nf is the number of fold lines and Gk is the fold stiffness relative
to folding, hence it is equal to zero in the trusses at the boundaries. By changing this
coefficient, it is possible to regulate the importance of the fold constraint along each
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Fig. 2: Scheme of the origami element in the linear truss model.

fold line k: folding is allowed using a small Gk (Gsoft), while it is prevented using a
large Gk (Gstiff ).

Fuchi et al. [11] proposed a design method for origami structures using topology
optimization considering the fold stiffness G as a design element, to discover the opti-
mized crease pattern, i.e. the configuration of fold lines in the origami that allows to
achieve the greatest actuation. Only the fold lines required to obtain this actuation
are revealed after the analysis, considering a constraint on the maximum allowable
number of fold lines that can be active (i.e. soft folds with small values of G that allow
folding), hiding the remaining inactive fold lines (i.e. stiff folds with large values of G
that do not allow folding). The fold stiffness is represented by the following function

Gk = 10a0+αk(a1−a0), (6)

which is continuous and differentiable to allow to use gradient-based optimization
algorithms. The design variable αk ∈ [0, 1] (i.e. the fold stiffness exponent associated
with folding) is considered, while a0 and a1 are constants and Gk takes on values from
Gsoft = 10a0 to Gstiff = 10a1 .

2.1.2 Truss Model including Axial Rigidity as Design Variable

The stiffness matrix from the truss model is the sum of every elemental stiffness matrix
of the truss elements kje, as follows:

KT =

Ne∑
j=1

kje, (7)

where kje is a function of the axial rigidity EAj (j = 1, ..., Ne) and Ne is the number
of truss elements.

In this Chapter, the optimization method introduced by Fuchi et al. [11] is
improved to consider also the axial rigidity EA as a design variable, discovering both
the optimized crease pattern and the axial rigidity distribution, i.e. the origami config-
uration in terms of the axial rigidity of each truss that allows to achieve the greatest
actuation. To obtain the axial rigidity, a density-based approach to topology optimiza-
tion can be considered, similar to the modified SIMP approach applied by Andreassen
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et al. [30]. The design domain is discretized by finite elements with an assigned axial
rigidity density β:

EAj = EAmin + βp
j (EA0 − EAmin), (8)

where Ne is the number of truss elements, EA0 the axial solid rigidity of the material
(or maximum axial rigidity), EAmin the axial void rigidity (or minimum axial rigidity)
assigned to avoid singularity and p a penalization factor that ensures black-and-white
solutions.

The difference between this approach and the one used by Andreassen et al. [30]
is that the axial rigidity (EA) is chosen as the design variable instead of the Young’s
Modulus (E). This procedure leads to manufacturing advantages of the trusses in the
structure since it is possible to either alter the size or the material of the trusses dur-
ing fabrication. Today’s additive manufacturing techniques, known as Multi-Material
Additive Manufacturing (MMAM), are capable of using various materials and allow
for the deposition of multiple materials in a single print job [32]. These techniques
also allow for the achievement of desirable properties by utilizing the concept of gra-
dient lattice structures. As a result, it is possible to tailor the axial rigidity, which
significantly increases the design space.

Lastly, in the non-modified SIMP approach [33, 34], elements with zero stiffness
are avoided by imposing a limit value on the densities β. In this method, this is done
by the factor EAmin, which allows for a more straightforward implementation.

2.2 Optimization Framework

The aim of this optimization is to find the axial rigidity distribution of the trusses and
the origami crease pattern that maximizes the displacement at set locations, achieving
the desired deformations through folding and stretching for a given input force.

The optimization problem is the following:

Find x = α1, ..., αNf
, β1, ..., βNe that

Minimize f = −cTu

Subject to

g1 = v0,1 −
1

Nf

Nf∑
i=1

xi ≤ 0; g2 = v0,2 −
1

Ne

Nf+Ne∑
i=Nf+1

xi ≤ 0; (9)

0 ≤ xi ≤ 1; ∀ i = 1, ..., Nf +Ne;

Ku = F.

f is the objective function, hence minimizing f means maximizing the displacements
along a direction, where c is a vector that selects the displacements relative to the
problem, taking on values of either 1, −1 or 0 to indicate the associated direction of
optimal actuation. g1 ≤ 0 and g2 ≤ 0 are the two inequality constraints:
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• g1 limits the number of foldlines to meet design requirements given a total of Nf

available lines, while v0,1 limits the fold stiffness used in the structure.
• g2 limits the number of trusses that are allowed to have an axial solid rigidity EA0

to meet design requirements given a total of Ne available lines, while v0,2 limits the
axial rigidity used in the structure.

The objective function varies according to two parameters:

• l0 = 1− v0,1: constraint on the number of active fold lines allowed. If l0 = 0 no fold
line of the starting configuration is active, while if l0 = 1 all the fold lines are active;

• m0 = 1 − v0,2: constraint on the number of trusses that are allowed to have a
minimum axial rigidity. If m0 = 0 every truss member has axial rigidity EA = EA0,
while if m0 = 1 every truss member has axial rigidity EA = EAmin.

The value of the design variables is limited to take on values between 0 and 1 from
the second constraint. The final constraint is the governing equation of the system.

An overview of the algorithm is shown in Fig. 3.

Fig. 3: Flow chart of the linear optimization process.
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2.2.1 Sensitivity analysis

To use the aforementioned gradient-based algorithms, a sensitivity analysis needs to
be carried out, therefore the derivative of the objective function with respect to the
design variables needs to be computed.

The addition of the second set of design variables implies the use of two constraint
functions (g1 and g2), as shown in the Optimization Framework (9), that are assembled
in a vector

g = [g1; g2]. (10)

However, a gradient-based optimization also needs the gradient of the constraint
function with respect to the design variables

dg

dx
=

[
dg1

dx
;
dg2

dx

]
, (11)

which is a matrix containing two vectors with the same length of x.
The derivative of the stiffness matrix is found as:

∂K

∂x
=

∂KJ

∂α
+

∂KT

∂β
, (12)

where α = x1, ..., xNf
and β = xNf+1, ..., xNf+Ne

. The first term in Eq. (12) comes
from the fold constraint

∂KJ

∂αk
= JT ∂Gk

∂αk
J = JT

[
(a1 − a0)10

a0+αk(a1−a0) log(10)
]
J, (13)

while the second one from the truss model, using a chain rule

∂KT

∂βj
=

∂KT

∂EAj

∂EAj

∂βj
. (14)

In Eq. (14), ∂KT /∂EAj is obtained from the gradient of the elemental stiffness matrix
of the truss elements and

∂EAj

∂βj
= pβ

(p−1)
j (EA0 − EAmin). (15)

The gradient is obtained from the following adjoint method:

K

(
∂u

∂xi

)
= −

(
∂K

∂xi

)
u. (16)
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Solving Eq. (16) with u and K obtained from Eq.s (1) and (2) respectively, ∂u/∂xi is
found, and the gradients df/dxi can be computed as:

df

dxi
= −

(
∂u

∂xi

)T

c. (17)

Lastly, the optimization problem can be solved using the Method of Moving
Asymptotes (MMA). The whole process, schematized in Fig. 3, is described here:

1. At the start of each iteration, G and EA along with their gradients, are computed
from the fold constraint and the truss model respectively, in order to evaluate the
stiffness matrix K and its gradient from Eq.s (2) and (12).

2. Through Eq. (1), the structural analysis is carried out with the purpose of finding
the nodal displacement field u, while its gradient is obtained from Eq. (16);

3. The objective function and its gradient from Eq.s (9) and (17) are computed, as
well as the constraint functions and their gradients;

4. The gradient-based topology optimization is carried out with the MMA method,
in order to obtain the design variables xi for the next iteration;

5. This iterative process is repeated until convergence is reached, i.e. the relative error
between the objective functions at the current and at the previous iteration is lower
than a set tolerance.

2.3 Numerical Examples

The capabilities of the described method are shown through two different starting
configurations, each of which is composed of truss members. In these examples, the
stiffness coefficients are set to a0 = 2 and a1 = 6. Moreover, the applied forces must
be small enough to remain in a linear regime, thus obtaining displacements within a
10% range of the length of the structure.

Each case is studied first using the Origami Mechanism Topology Optimizer
(OMTO) in Reference [35] that uses only the fold stiffness exponent (α) as design
variable and the constraint on the number of active fold lines allowed (l0), then with a
modified OMTO, which uses the method described in this Section, that also considers
the axial rigidity density (β) as design variable and the constraint on the number of
trusses that are allowed to have a minimum axial rigidity (m0). However, when m0 = 0
(or sufficiently close to 0 to avoid matrix singularities), the axial rigidity is kept equal
among each truss, hence the second set of design variables is not considered and the
same results as using only one set of design variables are obtained.

Lastly, the dashed and dotted-dashed lines in the optimized crease pattern indicate
the mountain and valley folds of the origami, while the black and magenta lines in
the optimized axial rigidity distribution indicate that the truss members have an axial
rigidity EA = EA0 or EA = EAmin respectively.
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2.3.1 Zigzag Structure

The first example considers an already folded zigzag structure. The problem has 48
design variables (Nf = 18 relative to α, Ne = 30 relative to β). The starting configu-
ration, with the trusses distributed as in Fig. 4a, is already folded around the second,
third and fourth vertical lines as in Fig. 4b. The green triangles are the fixed nodes,
the red squares are the applied loads F and the blue dots are the nodes where the
displacements u need to be evaluated.

(a) (b)

Fig. 4: Starting configuration of the zigzag structure. (a) Reference grid; (b) Load
and boundary conditions (Lx = 2.0 m , Ly = 1.0 m , F = 250 N).

The load and boundary conditions in Fig. 4b are chosen so that folding can be
neglected in the small displacement analysis, in order to emphasize the stretching of
the trusses. Therefore, using only α as design variable (m0 = 0) it is not possible to
reach convergence.

Nevertheless, keeping l0 constant and equal for example to 0.50 and increasing m0

the axial rigidity EA is allowed to vary among the trusses, therefore the effect of the
addition of the second set of design variables can be assessed.

Considering values of m0 from 0.10 to 0.50, new optimized configurations can be
analyzed, as shown in Tab. 1. Higher values of l0 and m0 are not recommended since
they can lead to nonlinearities and uncertain results. Usually, the desired deformation
is obtained with small l0 and m0.

These results underline the potential of the method. Even if the optimization prob-
lem described in this Section is more complex than the one in Reference [11], using also
the axial rigidity as a design variable it is now possible to explore new configurations.

Tab. 1 displays that, if m0 is increased, more trusses are allowed to have an axial
rigidity EA = EAmin = 104 Pa · m2, thus leading to a more flexible structure that
can sustain larger displacements but with more design complexity and iteration steps,
as shown in Fig. 5. It is also interesting to notice that, since the load condition and
l0 are kept constant during this analysis, the optimized crease pattern is the same for
the considered material fractions. However, in some cases, different optimized crease
patterns are obtained for the same l0 increasing m0 due to the modified behavior of
the more flexible structure.
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Table 1: Final configurations of the zigzag structure. Dashed lines in Optimized
Crease Pattern: active folds with G = Gsoft = 102 Pa ·m2. Magenta and black lines in
Axial Rigidity Distribution: EA = EAmin = 104 Pa·m2 and EA = EA0 = 108 Pa·m2.

Fig. 5: Objective function over iteration for different m0 (l0 = 0.5).
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2.3.2 Miura-Ori Fold Pattern

The following example is chosen to explore both the folding and stretching phenomena.
The trusses in the starting configuration are displayed in Fig. 6a, and the sheet is
folded like in Fig. 6b. This configuration is called Miura-Ori, a famous fold pattern for
deployable space structures. This problem has 96 design variables (Nf = 40 relative
to α, Ne = 56 relative to β).

(a) (b)

Fig. 6: Starting configuration of the Miura-Ori pattern. (a) Reference grid; (b) Load
and boundary conditions (Lx = 1.0 m, Ly = 1.0 m, F = 600 N).

Tab. 2 displays that, when m0 = 0 the axial rigidity remains constant and equal to
EA0 for all the trusses, therefore the second set of design variables is not considered.
However, maintaining l0 constant and equal to 0.50 and increasing m0 (from 0.30 to
0.50), more trusses are allowed to have a minimum axial rigidity. As a result, the
structure becomes more flexible and can sustain the targeted larger displacement, even
for the cost of more iteration steps, as shown in Fig. 7. This indicates that the newly
introduced optimization method leads to a more significant actuation with respect to
the one in Reference [11].

Lastly, as mentioned in the previous example, even if the load condition and l0 are
kept constant during this analysis, due to the complexity of this configuration a more
flexible structure implies that the origami needs to be folded along different fold lines,
leading to new optimized crease patterns.
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Table 2: Final configurations of the Miura-Ori fold pattern. Dashed lines in Optimized
Crease Pattern: active folds with G = Gsoft = 102 Pa ·m2. Magenta and black lines in
Axial Rigidity Distribution: EA = EAmin = 104 Pa·m2 and EA = EA0 = 108 Pa·m2.

Fig. 7: Objective function over iteration for different m0 (l0 = 0.5).
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3 Topology Optimization based on Nonlinear
Analysis

In large displacement origami, the structure does not follow the traditional linear
mechanics, and a different optimization method than the one described in the previous
Section is needed.

Gillman et al. [15] successfully introduced a modified nonlinear truss model to con-
sider large displacements and large rotations in origami, while optimizing efficiency
and accuracy to face the increased difficulty given by the nonlinearity of the prob-
lem. This model is based on the positional finite element truss by Greco et al. [16],
which presented a geometric nonlinear formulation for static problems involving space
trusses, based on the finite element method (FEM), that uses nodal positions rather
than nodal displacements to describe the problem. The model was modified includ-
ing a torsional spring around the truss element, so that the fold stiffness between two
adjacent facets can be considered.

Liu and Paulino [13] also introduces a torsional spring in their analysis, however
using nodal displacements rather than nodal positions to describe the problem. Never-
theless, the positional formulation is simpler and more advantageous for the assignment
of position-based constraints and a more direct representation of the fold angles.

A scheme of the origami element of the modified nonlinear truss model is shown
in Fig. 8, where:

• The fold angle ϕ is the dihedral angle that defines the inclination of a facet with
respect to its original position;

• Xl = (Xl, Yl, Zl) (with l = 1, ..., 4) is the global position of the l-th node.
Xtri = {X1,X2,X3,X4} is the set of global coordinates of the local nodes required
to define the fold angle ϕ;

• The black line that connects nodes 1 and 2 is the fold line, a truss element that
contains an axial strain term with axial rigidity EA and a bending energy term with
fold stiffness G;

• Fi = (FXl
, FYl

, FZl
) is the nodal force applied in one of the nodes of the fold line;

• ζ is the nondimensional integration length dimension along the axis of the truss.

Fig. 8: Scheme of the origami element in the modified nonlinear truss model.
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3.1 Principle of Minimum Energy

To study the nonlinear problem, the principle of minimum energy associated with the
single element in Fig. 8 is presented, and it can be extended to a generic origami truss
structure through assembly. The total energy (Π) is defined as

Π = Ut − P, (18)

where Ut is the potential energy and P is the external energy.
The potential energy is

Ut = t0

∫ 1

0

[
EA

2
ε(X1,X2)

2 +
G

2
ϕ̃(X1,X2,X3,X4)

2

]
dζ = t0

∫ 1

0

[ut + uh] dζ. (19)

The axial strain ε quantifies the axial deformation of the truss element

ε =
1

t0
(|X2 −X1| − t0) =

1

t0
(
√

(X2 −X1)2 + (Y2 − Y1)2 + (Z2 − Z1)2 − t0), (20)

while ϕ̃ quantifies the torsional deformation of the spring

ϕ̃(X1,X2,X3,X4) = ϕ(X1,X2,X3,X4)− ϕ0, (21)

where t0 and ϕ0 are the length and the angle of the structure in their undeformed
state, while ϕ is a nonlinear function that represents the current fold angle. A linear
constitutive model is assumed in Eq.s (20) and (21), however ε and ϕ̃ depend on the
global position of the nodes, hence they are subjected to the geometric nonlinearities
of the motion. Therefore, a penalty function is introduced to avoid singularities and
to enforce that the two facets are kept in contact. Introducing the penalty function,
the potential energy becomes

Up
t = t0

∫ 1

0

[ut + p(ϕ)uh] dζ, (22)

hence, the total energy
Π = Up

t − P. (23)

The external energy is

P = FX1(X1 −X0
1 ) + FX2(X2 −X0

2 ) + FY1(Y1 − Y 0
1 ) + FY2(Y2 − Y 0

2 )

+FZ1(Z1 − Z0
1 ) + FZ2(Z2 − Z0

2 ),
(24)

where for exampleX0
1 is the node location along theX axis of node 1 in the undeformed

state. The forces are therefore multiplied by the displacements of the nodes: u1 =
X1 −X0

1 and u2 = X2 −X0
2.
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Lastly, the principle of minimum energy states that the equilibrium state of the
structure is reached when the following equation is satisfied

∂Π

∂Xl
= t0

∫ 1

0

[
EA

2

dε

dXl
+

(
Gp(ϕ)ϕ̃+G

ϕ̃2

2

∂p(ϕ)

∂ϕ

)
∂ϕ

∂Xl

]
dζ − FXl

= ql − FXl

= 0.

(25)

3.2 Linearization of the nonlinear problem

The principle of minimum energy introduces a system of nonlinear equations. To
numerically solve them, the Newton-Raphson method is applied. Linearizing Eq. (25)
through a Taylor’s series expansion the residual Rl(Xtri) is obtained

Rl(Xtri) =
∂Π

∂Xl
= ql(Xtri)− Fl = 0;

Rl(Xtri) ≈ Rl(X
0
tri) +∇Rl(X

0
tri)∆Xtri = 0,

(26)

where the term ∇Rl(X
0
tri) is the tangent stiffness

Klm = ∇Rl(X
0
tri) = t0

∫ 1

0

[
EA

2

d2ε

dXldXm
+Gp(ϕ)

(
∂ϕ

∂Xm

∂ϕ

∂Xl
+ ϕ̃

∂2ϕ

∂Xm∂Xl

)

+G
∂2p(ϕ)

∂ϕ2

ϕ̃2

2

(
∂ϕ

∂Xm

∂ϕ

∂Xl
+ ϕ̃

∂2ϕ

∂Xm∂Xl

)
+ 2Gϕ̃

∂p(ϕ)

∂ϕ

(
∂ϕ

∂Xm

∂ϕ

∂Xl

)]
dζ.

(27)

where the indices l and m iterate through all the components of Xtri. Therefore, from
Eq. (26), the following equation is obtained

Klm∆Xtri = −Rl(X
0
tri), (28)

that is solved iteratively until the equilibrium is reached (within a set tolerance).
Furthermore, at each iteration, the residual Rl and the tangent stiffness Klm are

computed both for the trusses at the interior (fold lines) and for the trusses at the
boundary, since those at the boundary do not fold, hence their bending energy term
(the fold stiffness G) is equal to zero. They are later summed like in Eq.s (29) and
(30) to obtain the global residual and the global tangent stiffness

Rl = RF
l +RB

l ; (29)

Klm = KF
lm +KB

lm. (30)

Lastly, increment loads are considered in this Chapter in order to follow the com-
plex nonlinear loading behavior of origami structures subjected to large displacements.
During every iterative cycle, the load is increased until a set number of iterations is
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reached, taking into account that the maximum load magnitude applied should be of
the same order as the fold stiffness, in order to allow the structure to be folded while
suppressing too large deformations of truss members, leading to more realistic designs.

However, to explore more complex behaviors of origami structures with intricate
nonlinear profiles, using a monotonically increasing force field is not enough. In these
cases, an arc-length method, first introduced by Riks [17, 18] and Wempner [19] and
later employed by Gillman et al. [15], should be applied, where a scalar Lagrange
multiplier is introduced to scale the applied force vector.

3.3 Optimization Framework

Similarly to what Fuchi et al. [11] did with linear analysis, Gillman et al. [25] proposed
a design method to apply nonlinear analysis to origami structures using topology opti-
mization considering the fold stiffness of every truss element in the structure (modeled
through the torsional spring stiffness G) as a design variable. Through this method,
the optimized crease pattern is obtained, revealing only the active fold lines required to
obtain the greatest actuation after the analysis. Furthermore, even if the inactive fold
lines are not shown, they indicate that the two adjacent facets are considered as one,
therefore, if their angle ϕ is not zero, it is possible to observe a coarse representation
of facet bending. The fold stiffness is displayed in Eq. (6).

Following the linear method described in the previous Section, here the optimiza-
tion method introduced by Gillman et al. [25] is improved including also the axial
rigidity EA as a design variable through the SIMP method, considering Eq. (8).

Nevertheless, due to the nonlinearity of the problems, this method does not provide
only black-and-white results, leading also to some in-between values.

The optimization problem is the following:

Find x = α1, ..., αNf
, β1, ..., βNe that

Minimize f = −cTu

Subject to

g1 = v0,1 −
1

Nf

Nf∑
i=1

xi ≤ 0; g2 = v0,2 −
1

Ne

Nf+Ne∑
i=Nf+1

xi ≤ 0; (31)

0 ≤ xi ≤ 1; ∀ i = 1, ..., Nf +Ne;

Rl(X) = 0; ul = Xl −X0
l ; l = 1, ..., 3Nn.

The difference with the linear optimization in the previous Section lies in the gov-
erning equation of the system. The final constraint is the linearization of the residual
to solve the system of nonlinear equations introduced in Eq. (25), where the distance
between the deformed and undeformed location of the l-th node is the displacement of
that node. Lastly, Nn is the number of nodes, hence 3Nn are the degrees of freedom
of the structure.
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Two gradient-based optimization algorithms are used in the analyses: the Method
of Moving Asymptotes (MMA) and the Sequential Quadratic Programming (SQP).

An overview of the algorithm is shown in Fig. 9.

Fig. 9: Flow chart of the linear optimization process.

3.3.1 Sensitivity analysis

To carry out the sensitivity analysis, the derivative of the objective function with
respect to the design variables is obtained as follows:

df

dxi
=

∂f

∂xi
+

∂f

∂Xm

dXm

dxi
, (32)

where ∂f/∂xi = 0 since f does not explicitly depend on xi, ∂f/∂Xm is found by
directly differentiating the objective function f and dXm/dxi is determined solving
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the following system of equations:

Klm

dXm

dxi
= −

∂Rl

∂xi
. (33)

The vector ∂Rl/∂xi ∈ [3Nn, Nf +Ne] has the first Nf columns equal to

∂Rl

∂αk
= t0

∫ 1

0

[
∂Gk

∂αk
p(ϕ)ϕ̃+

∂Gk

∂αk

ϕ̃2

2

∂p(ϕ)

∂ϕ

]
∂ϕ

∂Xl
dζ, (34)

where
∂Gk

∂αk
= (a1 − a0)10

a0+αk(a1−a0) log(10), (35)

while the remaining Ne columns are equal to

∂Rl

∂βj
= t0

∫ 1

0

1

2

∂EAj

∂βj

dε

dXl
dζ, (36)

where ∂EAj

∂βj
= pβ

(p−1)
j (EA0 − EAmin). (37)

The whole process, schematized in Fig. 9, is described here:

1. At the start of each iteration, G, EA and their gradients are computed for each
fold line and truss member respectively. The residual Rl and the tangent stiffness
Klm are evaluated from Eq.s (26) and (27), along with the gradient of the residual
∂Rl/∂xi from Eq.s (34) and (36);

2. Through Eq. (30), the nonlinear problem is linearized with the purpose of finding
the displacement field ∆Xtri, while its gradient is obtained from Eq. (33);

3. The objective function and its gradient from Eq.s (31) and (32) are computed, as
well as the constraint functions and their gradients from Eq.s (10) and (11);

4. The gradient-based topology optimization is carried out both with the MMA and
the SQP method, in order to obtain the new set of design variables x for the next
iteration;

5. This iterative process is repeated until the equilibrium state of the structure is
reached, i.e. the relative error between the objective functions at the current and
at the previous iteration is lower than a set tolerance.

3.4 Numerical Examples

To assess the capability of the nonlinear truss model with the introduction of axial
rigidity as a design variable, two different starting configurations of well-known origami
actuator designs (“Chomper” and “Square Twist” patterns) are studied. The opti-
mization is evaluated through comparisons with the works of Gillman et al. [24, 25],
where only one set of design variables is considered. Each case is studied first using the
Origami Topology Optimization with Nonlinear Truss Model (OTON) in Reference
[36] that uses only the fold stiffness exponent (α) as design variable and the constraint
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on the number of active fold lines allowed (l0), then with a modified OTON, which
uses the method described in this Section, that also considers the axial rigidity density
(β) as design variable and the constraint on the number of trusses that are allowed to
have a minimum axial rigidity (m0).

Furthermore, the dashed lines in the optimized crease pattern indicate the active
folds that remain after the optimization (soft folds with G = Gsoft). Lastly, the color
of the trusses in the axial rigidity distribution is given in a scale of gray, where white
and black indicate an axial rigidity EA = EAmin or EA = EA0 respectively. However,
a ”projected” axial rigidity distribution is presented, where the black and magenta
lines indicate that the truss members have an axial rigidity with a relative error within
10% close to EA = EA0 or EA = EAmin respectively, while greater than 10% for the
gray lines.

3.4.1 Chomper fold pattern

The first example considers a simple Chomper, a famous fold pattern that has been
used as a gripping mechanism [37]. The problem has 48 design variables (Nf = 18
relative to α, Ne = 30 relative to β). Fig. 10a shows the reference grid of the structure,
while Fig. 10b shows the three-dimensional representation of the starting configuration
with the load and boundary conditions, where the central green triangle is a fixed
node, while the other two are allowed to move along x.

(a) (b)

Fig. 10: Starting configuration of the Chomper pattern. (a) Reference grid; (b) Load
and boundary conditions (Lx = 0.2 m , Ly = 0.2 m , F = 10 000 N).

In this example, the following parameters are considered:

• EA = 107 Pa ·m2 for one set of design variables;
• EAmin = 105 Pa ·m2 and EA0 = 107 Pa ·m2 for two sets of design variables;
• l0 = 0.44 (equivalent to 6 active fold lines allowed);
• Gstiff/Gsoft = 103.

To demonstrate the effect that material properties have on the optimal actuation
motion, two sets of material properties are considered, varying Gsoft and Gstiff :

1. Case 1: EA/Gstiff = 101 (or EA0/Gstiff = 101 for two sets of design variables);
2. Case 2: EA/Gstiff = 103 (or EA0/Gstiff = 103 for two sets of design variables).
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For each case, different values of the constraint m0 are used to study the effect of the
addition of the second set of design variables.

Case 1

Tab. 3 shows the values of the objective functions and the final configurations of the
Chomper problem for Case 1 obtained with the MMA method.

Table 3: Final configurations of the Chomper pattern - Case 1. Dashed lines in Opti-
mized Crease Pattern: active folds with G = Gsoft = 103 Pa · m2. Magenta and
black lines in Projected Axial Rigidity Distribution: EA = EAmin = 105 Pa ·m2 and
EA = EA0 = 107 Pa ·m2.

All the configurations in Tab. 3 discover the Chomper fold pattern. Like in the
linear case, if m0 is increased more trusses are allowed to have a minimum axial
rigidity, thus leading to a more flexible structure that can sustain larger displacements
but with more iteration steps, as shown in Fig. 11.

The improvement of the described nonlinear method with respect to the linear
method in the previous Section is evident, since greater displacements than within
a 10% range of the length of the structure can now be obtained. Therefore, even
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though the load and boundary conditions in Fig. 10b penalize the stretching of the
trusses in the small displacement analysis (emphasizing only the effect of the folding
of the sheet), for the large displacements in the nonlinear analysis stretching becomes
relevant and the effect of increasing m0 can now be assessed.

The small ratio considered in Case 1 between the axial rigidity of the truss element
and a stiff fold (EA/Gstiff = 101) favors facet stretching over facet bending since a
greater fold stiffness G penalizes the bending of the structure. Therefore, continuous
regions of the structure with Gstiff (area in sheet with no dashed lines) do not exhibit
bending, and the structure appears to be slightly stretched along some trusses while
compressed along others.

It must be noted that, for l0 = 0.44, with one set of design variables (hence with the
formulation in Reference [25]) the value of the objective function is f = −52.92 mm,
while with two sets of design variables is f = −92.92 mm (for m0 = 0.80), thus
with the topology optimization carried out with the method in this Section a greater
actuation than the one in Reference [25] is obtained.

Fig. 11: Case 1, objective function over iteration for different m0 (l0 = 0.44).

It is also interesting to notice that, since the load condition and l0 are kept con-
stant during this analysis, the optimized crease pattern is the same for the considered
material fractions.

Lastly, soft fold lines are not discovered between the fixed nodes since the facets
that connect the input nodes to the fixed nodes form two symmetric moment arms
that lead to the same motion, regardless of the fold stiffnesses of these elements.
However, due to the large angle between these two faces, the soft fold lines are added
in post-optimization.
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Case 2

Tab. 4 shows the values of the objective functions and the final configurations of the
Chomper problem for Case 2 obtained with the MMA method.

Table 4: Final configuration of the Chomper pattern - Case 2. Dashed lines in Opti-
mized Crease Pattern: active folds with G = Gsoft = 101 Pa · m2. Magenta and
black lines in Projected Axial Rigidity Distribution: EA = EAmin = 105 Pa ·m2 and
EA = EA0 = 107 Pa ·m2.

The ratio considered in Case 2 between the axial rigidity of the trusses and a stiff
fold (EA/Gstiff = 103) is larger than the one considered in Case 1, hence facet bending
is favored over facet stretching. However, the gradient-based optimization using one
set of design variables fails to discover an origami configuration that leads to positive
vertical actuation in the output nodes. Fig. 12 shows that in this case the problem
does not converge and the iterative process is stopped at 100 iterations, resulting in
an objective function value close to zero.

Nevertheless, as shown in Tab. 4, using two sets of design variables it is possible
to observe a vertical actuation of the output nodes and the bending of the structure
(change in angle between some facets with no soft fold lines between them).

Furthermore, if m0 is increased, more trusses are allowed to have a minimum axial
rigidity, thus the final configuration tends to lean toward that of Case 1. Therefore, for
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m0 = 0.80, the Chomper fold pattern is discovered, obtaining a larger actuation than
with lower m0 values, but for the cost of more iteration steps, as shown in Fig. 12.

Lastly, since the ratio EA/Gstiff decreases if m0 increases, facet stretching tends
to be more favored than facet bending. Therefore, for m0 = 0.80 no bending can be
observed in the structure.

Fig. 12: Case 2, objective function over iteration for different m0 (l0 = 0.44).

As mentioned in this Section, the SIMP method does not lead to a black-and-
white solution for the problem, hence the axial rigidity EA of the trusses takes on
values different from EAmin and EA0. Therefore, Tab. 5 shows the real axial rigidity
distribution of the structure, where the color of the trusses in the axial rigidity dis-
tribution is given in a scale of gray, with white and black indicating an axial rigidity
EA = EAmin or EA = EA0 respectively. Moreover, as expected, it can be observed
that the color of the trusses becomes slightly lighter if m0 is increased.

Lastly, the analysis is repeated with the SQP method, obtaining the same final
configurations. In Fig. 13, both optimization methods converge to the same results,
but the SQP method needs more iterations to converge due to its higher computational
cost, as described by Fanni et al. [38].

In order to discover the Chomper fold pattern, Gillman et al. [25] implements a
Genetic Algorithm (GA) that enables the exploration of the bending phenomenon
and obtains vertical actuation with less facet deformation. Although the superior
performance of GA for these origami topology optimization problems, the trade-off is
in the amount of computational cost required with respect to gradient-based methods,
since four orders of magnitude more evaluations of the objective function are required.
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Table 5: Axial rigidity distribution of Case 1 and Case 2 of the Chomper pattern.

(a) (b)

Fig. 13: Objective function over iteration with SQP and MMA methods of the Chom-
per pattern, for l0 = 0.44, m0 = 0.80. (a) Case 1; (b) Case 2.
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3.4.2 Square Twist fold pattern

The second example considers the famous Square Twist fold pattern, used for space
antennas [39]. The problem has 96 design variables (Nf = 40 relative to α, Ne = 56
relative to β). The Square Twist pattern is shown in Fig. 14 for a geometry with a
total of 176 fold lines.

Fig. 14: Square Twist pattern for a geometry with 176 fold lines.

To minimize the computational cost, the geometry with a total of 40 fold lines
depicted in the right part of Fig. 15 was chosen as the targeted Square Twist
configuration.

Fig. 15: Targeted Square Twist pattern (right) for a geometry with 40 fold lines.

Fig. 16a shows the reference grid of the structure, while Fig. 16b shows the three-
dimensional representation of the starting configuration with the load and boundary
conditions.

(a) (b)

Fig. 16: Starting configuration of the Square Twist pattern. (a) Reference grid; (b)
Load and boundary conditions (Lx = 0.2 m , Ly = 0.2 m , F = 1000 N).
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The loads and boundary conditions in Fig. 16b should result in an inward folding
followed by a twisting motion to achieve a flat folded configuration where the facets
are parallel and in contact with each other.

In this example, the following parameters are considered:

• EAmin = 106 Pa ·m2 and EA0 = 108 Pa ·m2;
• l0 = 0.40 (equivalent to 16 active fold lines allowed);
• m0 = 0.43 (equivalent to 24 trusses that are allowed to have axial rigidity EA =
EAmin);

• EA0/Gstiff = 104;
• Gstiff/Gsoft = 103.

Again, the optimization was carried out both with MMA and SQP methods. How-
ever, using the conventional method with only one set of design variables, it is not
possible to reach convergence, hence the targeted origami configuration cannot be
found. The reason for this is that one of the key aspects of the Square Twist pattern
is that it cannot be folded rigidly, thus, if the trusses are made too stiff, it would not
be able to fold [40].

The addition of axial rigidity as a design variable with the proposed method allows
to obtain a more elastic folding motion of the origami sheet, therefore the present
case study can be analyzed. Nevertheless, the objective function obtained with MMA
oscillates reaching uncertain results since it presents multiple subsequent local minima
between the lower and upper bounds of the approximated objective function at each
iteration. Therefore, only the final configuration obtained with the SQP method is
presented in Fig. 17.

(a) Optimized crease pattern. (b) Axial rigidity distribution.

Fig. 17: Final configuration of the Square Twist pattern. Dashed lines in Optimized
Crease Pattern: active folds with G = Gsoft = 101 Pa ·m2. White and black lines in
Axial Rigidity Distribution: EA = EAmin = 106 Pa·m2 and EA = EA0 = 108 Pa·m2.
Value of the objective function: f = −0.4829 mm.

As it can be noted, the optimized crease patterns in Fig. 17a fail to satisfy the
constraint on the allowable number of active fold lines (l0), since the number of active
fold lines obtained after the optimization process is greater than 40%. This is likely
due to numerical instability phenomena during the optimization process related to the
nonlinearity of the problem. Therefore, the results need to be projected. The 16 fold
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lines (corresponding to l0 = 0.40) with the lowest fold stiffnesses and the 24 trusses
(corresponding to m0 = 0.43) with the lowest axial rigidities are selected. The values
of α relative to these folds and that of β relative to these trusses are set equal to 0,
while the remaining values are set to 1. The results obtained after the projection are
displayed in Fig. 18.

(a) Projected Optimized crease pattern. (b) Projected Axial rigidity distribution.

Fig. 18: Projected final configuration of the Square Twist pattern. Dashed lines in
Optimized Crease Pattern: active folds with G = Gsoft = 101 Pa ·m2. Magenta and
black lines in Projected Axial Rigidity Distribution: EA = EAmin = 106 Pa ·m2 and
EA = EA0 = 108 Pa ·m2.

This result shows that, using the proposed improved method for the present case
study, it is possible to obtain the targeted Square Twist configuration, with a dis-
tribution of axial rigidity among the trusses as shown in Fig. 18b. This origami
pattern could only be obtained, in conventional methods, using non-gradient-based
topology optimizations, like the Genetic Algorithm (GA). Therefore, the proposed
method allows to obtain promising origami designs using gradient-based topology
optimization, significantly decreasing the computational cost.

4 Conclusion

The presented work aimed to improve a design methodology to enhance the perfor-
mance of origami structures using topology optimization, including axial rigidity as a
design variable. A truss model was used as test case where origami are constituted by
truss elements connected by pin joints.

First, a linear analysis is carried out, providing a low computational cost model
effective in analyzing origami structures at the initiation of folding. Subsequently, a
nonlinear analysis model is utilized to consider large displacements and large rotations
while optimizing the efficiency and accuracy of the results.

Previous works on topology optimization of origami structures have only considered
fold stiffness relative to the bending energy as a design variable, focusing on minimizing
the number of fold lines that must remain active during the folding motion while
maximizing the actuation of the structure at selected nodes. The novelty of this work is
in the introduction of axial rigidity of the trusses as a second design variable. Although
this leads to a slight increase in the design complexity, the optimization process is now
improved since new configurations can be analyzed.
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The capabilities of the model were assessed through study cases of well-known
origami fold patterns, comparing the results obtained from previous works that con-
sidered only fold stiffness as design variable, to the ones obtained using also axial
rigidity as design variable with the introduced improved method.

The study demonstrates that, if the axial rigidity is allowed to vary among the
trusses of the structure, it is possible to expand the design space and explore new con-
figurations for origami structures, since each truss is allowed to stretch and compress
in an optimized way. Also, if the number of fold lines with minimum axial rigidity is
increased, the structure becomes more flexible and can sustain a targeted larger actu-
ation. Lastly, with a variable axial rigidity, multi-material topology optimization can
be achieved and new promising designs for origami structures can be discovered.

4.1 Future Work

The presented study can be expanded to maximize its effectiveness and application.
Origami structures usually present repeating patterns. These configurations could

be examined considering periodic boundary conditions in the design process.
To explore more complex behaviors of origami structures with intricate nonlinear

profiles and to capture origami equilibrium paths beyond limit points, an arc-length
method with a scalar Lagrange multiplier needs to be applied to the optimization
process.

Origami usually exhibit equilibrium bifurcations off the flat state. Hence, to explore
these phenomena, the described method can be improved including modal analysis.

Lastly, using topology optimization for analyzing origami structures can be func-
tional to the discovery of auxetic metamaterials. Therefore the presented method could
lead to the design of new origami patterns that manifest a negative Poisson’s ratio.
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