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ABSTRACT
Pontryagin’s Minimum Principle (PMP) is a powerful tool for solving Nonlinear
Model Predictive Control problems (NMPC), enabling the handling of time-varying
input constraints and cost functions. However, applying PMP encounters challenges
when state constraints must be satisfied. This arises because the optimal trajectory
often requires a blend of unconstrained and constrained arcs with unknown junction
points. To address this issue, relaxation methods are frequently explored, where
state constraints are replaced with penalty functions.

The contributions of this paper are as follows. First, a method of penalty functions
allowing for coping with soft state constraints is examined. We prove the recursive
feasibility of this method and demonstrate its efficiency in a numerical example.
Second, the finite-time practical stability for the optimal reference tracking NMPC
problem is addressed. By appropriately choosing the terminal cost, one can guaran-
tee the convergence of the state vector to a predefined neighborhood of the target
state.

KEYWORDS
Nonlinear control systems; predictive control; stability; constrained control.

1. Introduction

Model Predictive Control has garnered significant attention from both academic and
industrial researchers, emerging as a reliable control tool across a wide range of ap-
plications (Rawlings et al., 2022). MPC offers optimal control algorithms for multi-
dimensional systems that operate under state, input, and output constraints. Recent
advancements in electronics and optimization have enabled the real-time implementa-
tion of MPC on embedded processors (Deng & Ohtsuka, 2022).

A crucial aspect of MPC design involves devising solvers for receding horizon optimal
control problems (OCP). Among these, convex optimization solvers stand out as the
most efficient solution. Linear and quadratic programming techniques (Boggio et al.,
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2022; Dubljevic & Humaloja, 2020; Guerrero-Fernandez et al., 2023; Okawa & Nonaka,
2021; Vidano et al., 2022) are widely applied in MPC problems characterized by linear
plant dynamics and constraints, and either linear or convex quadratic performance
indices. For systems with nonlinear dynamics, Nonlinear Model Predictive Control
(NMPC) methods have been developed, see, e.g., Diehl et al. (2007); Gros et al. (2020)
and references therein. Dealing with non-convex OCPs, these approaches encounter
challenges such as multiple locally optimal solutions and the absence of algorithms
capable of finding the global optimum in polynomial time.

Direct vs. Indirect NMPC algorithms

The dynamics of physical plants, including vehicles, mobile robots, and chemical or
biochemical processes, are commonly described by continuous-time equations. Conse-
quently, the OCP to be solved at each iteration of the NMPC procedure becomes a non-
convex optimization problem in an infinite-dimensional space. As discussed in (Diehl
et al., 2007), NMPC methods can be classified as direct or indirect depending on
how this OCP is handled. Direct NMPC methods reduce the OCP to mathematical
programming in a finite-dimensional space by discretizing continuous-time state and
input signals and replacing the integral functional with a finite sum. In contrast, in-
direct methods exploit infinite-dimensional necessary conditions of optimality such as
Pontryagin’s minimum principle or the Hamilton-Jacobi-Bellman equations.

An important advantage of direct methods is the availability of various algorithms
for online numerical optimization, including Newton’s method and its accelerated mod-
ifications. However, these methods suffer from the curse of dimensionality, as the num-
ber of variables grows exponentially with the system’s dimension. Additionally, they
may fail to find the global extremum in cases of non-convex OCPs. Moreover, because
the physical system’s variables are replaced by vectors of parameters, the relationship
between the optimal control and state vectors becomes intricate (Allgöwer et al., 2004;
Cisneros & Werner, 2020), making real-time control computation troublesome.

To enhance computational efficiency and address these restrictions, explicit NMPC
methods have been proposed (Grancharova & Johansen, 2012). These methods involve
an offline procedure of partitioning the state space into regions where the controller
can be explicitly determined. Typically, the nonlinear OCP is approximated using
multi-parametric quadratic programming, enabling the controller to be expressed as
a piecewise-affine function of the state (Tondel et al., 2003a); fast procedures for de-
termining the region containing a given state vector facilitate efficient implementation
of this controller (Tondel et al., 2003b). If the nonlinear dynamics of the plant are
unknown or too complex, a data-driven explicit NMPC approach can be used. This
approach replaces the genuine plant with its data-based approximation, such as a neu-
ral ARX network (Grancharova & Johansen, 2012, Ch. 8), fuzzy models (Alcalá et
al., 2022; Boumaza & Belarbi, 2022; Mendes et al., 2022), or a model resulting from
set-membership identification (Boggio et al., 2023).

It should be noted that indirect methods can cope with exact continuous-time mod-
els, whereas direct methods (including the explicit NMPC methods) deal with sampled
time (or even data-driven) approximations of the actual dynamics. Indirect NMPC al-
gorithms, avoiding sampling of the state and input signals, are more accurate, as will
be demonstrated numerically in Section 4. At the same time, their performance is com-
parable to direct methods thanks to the efficient solvers of boundary value problems.
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Pontryagin’s principle, State Constraints and Penalty Methods

In this paper, we develop an indirect approach to NMPC that leverages Pontryagin’s
Minimum Principle (PMP), thereby reducing the OCP to a two-point boundary value
problem (TPBVP) (Bryson & Ho, 1975; Kvitko, 2020). The PMP-based solvers strike
a balance between computational complexity and system performance, being well-
suited for real-time applications. Although TPBVPs typically lack analytical solutions,
efficient out-of-the-box solvers are available for handling them (Kierzenka & Shampine,
2001; Shampine & al., 2003). Numerical methods employed to solve TPBVPs include
shooting (Ha, 2001), stabilized continuation (Ohtsuka & Fujii, 1997; Ohtsuka, 2003),
Newton-type algorithms (Deng & Ohtsuka, 2019), modal series and discretization-
based methods (Cannon et al., 2008; Devia et al., 2018; Dontchev et al., 2020).

An essential benefit of PMP-based optimization is its capacity to accommodate ini-
tial and terminal state constraints. However, its application to optimization problems
with geometric (anytime) state constraints is more challenging (Diehl et al., 2007). In
this scenario, the optimal trajectory is divided into segments, known as “arcs”, with
equations varying depending on whether the state constraints are active (constrained
arcs) or inactive (unconstrained arcs). The quantity of constrained and unconstrained
arcs in an optimal solution is not predetermined. Furthermore, the necessity for main-
taining a smooth state function imposes additional tangency conditions at the junction
points (Bonnard et al., 2003; Pesch, 1994). As highlighted by Malisani et al. (2016),
in the presence of constrained arcs, PMP gives rise to a complex system of coupled
differential-algebraic equations, the solving of which in real-time can be challenging.

To mitigate computational complexity, state (and potentially input) constraints are
frequently alleviated by incorporating a penalty function into the performance index.
Based on the design of this function, relaxation approaches fall into two categories:
interior and exterior penalty methods (Malisani et al., 2016). In both sorts of methods,
the weighting of the penalty promotes constraint satisfaction but introduces bias in
the optimal solution, leading to deviations from the solution of the original problem.

Interior (barrier) penalty functions prioritize constraint satisfaction over optimal-
ity, ensuring strict adherence to the constraint set (Kovaltchouk et al., 2015; Malisani
et al., 2016; Suwartadi et al., 2010) by growing infinitely as the solution approaches
the boundary of this set. However, unbounded cost functions may introduce numeri-
cal challenges and render the optimization ill-posed, making them difficult to use in
real-time NMPC. Many frameworks employing barrier functions and constraint relax-
ation rely on restrictive assumptions, such as a well-defined relative degree for each
constraint (Graichen & Petit, 2009; Graichen et al., 2010; Malisani et al., 2016).

Exterior penalty functions penalize violations of constraints considered soft, indi-
cating that solutions violating them are physically possible yet highly undesirable.
As the penalty weight increases, violations become sufficiently small, prompting the
algorithm to prioritize satisfying soft constraints whenever possible. A similar concept
is employed in “approximate barrier” functions (Hauser & Saccon, 2006). Exterior
barrier functions are common in applications prioritizing input (actuator) constraints
over state constraints. Input constraints, such as an actuator’s maximum effort, cur-
rent/voltage range, or rotation rate, are considered hard as violating them is physi-
cally impossible. In contrast, state constraints can be violated by physically admissible
solutions in unavoidable scenarios (e.g., collisions in autonomous vehicle control). Pre-
dicting whether actuators can comply with state constraints is challenging, making
safety assurance during optimization difficult. When state constraints conflict with in-
put constraints, barrier methods render optimization infeasible, while exterior penalty
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functions ensure the numerical feasibility of OCPs.

Contributions and structure of the manuscript

The contributions of this paper are as follows:

• We examine a Nonlinear Model Predictive Control (NMPC) algorithm based
on Pontryagin’s Minimum Principle (PMP), which employs an exterior penalty
function to relax state constraints while ensuring compliance with input con-
straints via PMP equations. This algorithm draws inspiration from Ohtsuka &
Fujii (1997); however, that paper addresses a different OCP. Specifically, in Oht-
suka & Fujii (1997), the penalty term is contingent solely upon the terminal
state of the system, penalizing entry into forbidden regions solely at the end
of the prediction horizon. In contrast, we incorporate the penalty into the inte-
grand, aiming to prevent the system from entering undesired sets at every time
instant. This leads to a modification of the boundary value problem resulting
from PMP. We demonstrate the efficiency of our algorithm compared to direct
NMPC methods, using the predator-prey population dynamics as a case study.

• Whereas Ohtsuka & Fujii (1997) employes a cubic penalty (an unbounded func-
tion) instead a Gaussian-like one, without proving recursive feasibility of the
algorithm, we formally prove the recursive feasibility of the proposed NMPC al-
gorithm with relaxed state constraints and show that the solution of the closed-
loop system always exists and is forward complete.

• Our third contribution involves the stability analysis of the PMP-based NMPC
algorithm, where the cost function corresponds to tracking a slow reference sig-
nal. Unlike prevailing results on MPC stability in the literature, the plant dy-
namics are continuous-time, and the problem lacks hard terminal constraints,
instead featuring only a terminal cost that penalizes deviation from the desired
equilibrium. We demonstrate that with a sufficiently large weight, the terminal
cost ensures a weak stability property: all solutions starting in a known bounded
neighborhood of the equilibrium are uniformly bounded. Additionally, by tun-
ing the terminal weight, one can induce these solutions to converge within an
arbitrarily small pre-designed ball centered at the equilibrium and remain there.
This approach guarantees finite-time practical stability.

The rest of this paper is organized as follows. After introducing some notation
symbols, in Section 2 the general NMPC framework is introduced. Section 3 applies the
PMP to solve the receding horizon optimal control problems, illustrated by numerical
simulations in Section 4. In Section 5, we examine local stability of the closed-loop
system (the proof of the result is detached into a technical Appendix for the ease of
reading). Finally, the conclusions are drawn in Section 6.

Notation

Henceforth the symbol
.
= should be read as “defined by”. The symbols R and N denote,

respectively, the sets of all real and all natural numbers.
Elements of Rn, unless otherwise stated, are considered as column vectors of height

n ∈ N. The symbol Rm×n denotes the set of m × n real matrices. The symbol ∥z∥ .
=√

z⊤z denotes the standard Euclidean norm of vector z ∈ Rn. More generally, for a
positive definite matrix W = W⊤, we introduce the weighted norm ∥z∥W

.
=

√
z⊤Wz.

For two matrices P = P⊤ and Q = Q⊤ of equal dimension, we write P ≥ Q if
P−Q is positive semidefinite, that is, x⊤Px ≥ x⊤Qx for each vector x.

The symbol ∇ denotes the gradient operator. Note that for a function φ : Rn → R,
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the gradient is a column of height n. If function depends on several variables, e.g.,
φ = φ(x, z), we write ∇xφ to denote the gradient with respect to x.

2. The general continuous-time NMPC Framework

Consider a nonlinear affine system governed by the following equation

ẋ(t) = f(x(t)) + g(x(t))u(t), t ≥ 0, (1)

where x(t) ∈ Rnx , u(t) ∈ Rnu are, respectively, the state and the input vectors at
time t. Throughout the paper, we assume that this equation is uniquely solvable for
each bounded input signal u(·). The state vector and command input are restricted,
respectively, by sets XC and UC in the sense that x(t) ∈ XC ⊆ Rnx , u(t) ∈ UC ⊆ Rnu .

The structure of NMPC algorithm is shown in Fig. 1.

Figure 1. The general structure of NMPC algorithm

The measurements of the state vector are sampled with period TS > 0. At the
kth sampling instant tk

.
= kTS (where k = 0, 1, . . .), the measurement xk

.
= x(tk) is

available. Based on this measurement, we compute the control for t ∈ [tk, tk+1) by
solving the following Bolza-type optimal control problem (OCP)

minimize J = ϕ (x̂(tk + Tp)) +

∫ tk+Tp

tk

Φ(x̂(τ), û(τ)) dτ (2)

over the set of all functions (x̂, û) that are defined on the predictive time domain1

[tk, tk + Tp] and satisfy the constraints:

˙̂x(τ) = f(x̂(τ)) + g(x̂(τ))û(τ), x̂(tk) = x(tk)

x̂(τ) ∈ XC ⊂ Rnx , û(τ) ∈ UC ⊂ Rnu , ∀τ ∈ [tk, tk + Tp],
(3)

Here Tp = nTS (where n ≥ 1 is integer) is the prediction horizon. Functions ϕ : Rnx →
R,Φ : Rnx+nu → R are called the terminal and integral costs respectively.

Upon finding the optimal solution (x̂∗k, û
∗
k) in (3), the actual control on the interval

[tk, tk+1) is defined as

u(t) = û∗k(t) ∀t ∈ [tk, tk+1), (4)

1Henceforth, all signals defined on the predictive time interval are denoted by symbols with ˆ, e.g., x̂, û etc.,

in order to distinguish them from the functions defined on the actual time axis.
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whereas the “tail” of optimal control signal u∗(t), t > tk+1 is not used for control. At
time t = tk+1 the optimization procedure is solved again with the updated measure-
ment x(tk+1). Hence, the state trajectory x(t) is also coincident with x̂∗k(t) only on
[tk, tk+1). As usual, the MPC design results in a mixed feedback-feedforward controller.
On one hand, the control is feedforward (open-loop) between the sampling instants,
on the other hand, each control signal û∗k is based on the measurement x(tk).

As discussed in the introduction, NMPC algorithms can be categorized as either
direct or indirect, depending on how the OCP represented by equations (2) and (3)
is approached. Direct methods (commonly known as ’first discretize, then optimize’)
approximate this OCP with a finite-dimensional mathematical programming problem.
In this work, we focus on indirect methods (’first optimize, then discretize’), which
solve the original OCP through Pontryagin’s Minimum Principle.

3. Problem Setup. The PMP-based NMPC solver

We first introduce our key assumptions on the system’s dynamics, constraint sets and
performance index.

Key assumptions and notation

Since we are going to apply Pontryagin’s optimality principle to the receding horizon
OCP (2), (3), we assume that the system’s dynamics is smooth with respect to the state
variable (Bryson & Ho, 1975). Notice that the following assumption also guarantees
that the solution to (1) on each sampling interval [tk, tk+1) is uniquely determined by
the input (4) and the state x(tk).

Assumption 3.1. Let f ∈ C1(Rnx → Rnx) and g ∈ C1(Rnx → Rnx×nu) .

We confine ourselves to the following typical constraint sets.

Assumption 3.2. The set of admissible inputs is a hyper-rectangle UC
.
= {u ∈

Rnu : uimin
≤ ui ≤ uimax

}.

Assumption 3.3. The state constraint set XC
.
= {x ∈ Rnx : C(x) ≤ 0} is a sublevel

set of some C1-smooth function C : Rnx → R (generally, non-convex).

In the problems we are interested in, the performance index penalizes the deviation
of the state from the desired reference value2 xr, on one hand, and the deviation of
the command input form the desired reference input ur, on the other hand. Hence,
the terminal cost is defined as

ϕ(x) = ∥x− xr∥2P, x ∈ Rnx (5)

whereas the integrand Φ is:

Φ(x, u) = ∥x− xr∥2Q + ∥u− ur∥2R, x ∈ Rnx , u ∈ Rnu . (6)

Here P,Q,R are positive diagonal matrices of the corresponding dimensions. As a

2For simplicity, here we assume that the reference is constant. In practice, the controller can be also applied

to slowly changing reference signals.
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result, we obtain the following cost functional

J(x̂, û) =

∫ tk+Tp

tk

(
∥x̂(τ)− xr∥2Q + ∥û(τ)− ur∥2R

)
dτ + ∥x̂(tk + Tp)− xr∥2P. (7)

Notice that, although the functional is convex, the optimization problem, obviously,
is non-convex due to nonlinear dynamics (1) and non-convex state constraint in (3).

Remark 1. In (7), we present the most general formulation in which J accounts for
an input reference signal ur. A more common NMPC setting (as it will be shown in
Section 4) consists in setting ur = 0, in order to minimize the control “energy”. On the
other hand, ur ̸= 0 can be used for solving problems of pure tracking. Nevertheless,
a drawback in setting ur ̸= 0 is that it only works well in nominal conditions, as the
input reference depends on f(x(t)) and g(x(t)).

Pontryagin’s minimum principle (Bryson & Ho, 1975) involves the Hamiltonian,
which is a function of three independent variables x, λ ∈ Rnx and u ∈ Rnu :

H(x, u, λ) = Φ(x, u) + λ⊤[f(x) + g(x)u] ∈ R. (8)

3.1. Necessary optimality conditions in the case of unconstrained state

Consider first the situation where state constraints are absent: XC = Rnx .
For brevity, we denote the rightmost point of the prediction interval by tfk

.
= tk+Tp.

The necessary conditions of optimality in the OCP (2), (3) are as follows (Bryson &
Ho, 1975, Section 2.5). If (x̂∗, û∗) is an optimal solution to the OCP, then function

λ∗ : [tk, t
f
k ] → Rnx satisfying the following equations

λ̇∗(t) = −∇xH(x̂∗(t), û∗(t), λ∗(t)), (9)

λ∗(tfk) = ∇ϕ
(
x̂∗(tfk)

)
, (10)

H(x̂∗(t), û∗(t), λ∗(t)) = min
u∈UC

H(x̂∗(t), u, λ∗(t)) (11)

∀t ∈ [tk, t
f
k ], tfk

.
= tk + Tp. (12)

Function λ∗(·) is often referred to as the co-state (or covector) of an optimal solution.
Adding constraints (3) to the latter equations, one obtains a two-point boundary

value problem (TPBVP) with 2nx scalar differential equations for the vector-function
(x̂∗(t), λ∗(t)) ∈ R2nx , nx scalar boundary conditions at the leftmost endpoint of the
prediction interval, and nx boundary conditions at its rightmost endpoint:

˙̂x∗(t) = f(x̂∗(t)) + g(x̂∗(t))û∗(t), x̂∗(tk) = xk

λ̇∗(t) = −∇xH(x̂∗(t), û∗(t), λ∗(t)), λ∗(tfk) = ∇ϕ
(
x̂∗(tfk)

)
Assuming that this TPBVP is solvable, we can find the desired optimal control

from (11). Whereas this procedure can be difficult for a general structure of the Hamil-
tonian, for our standard cost functions û∗(t) can be found as a function of x̂∗(t), λ∗(t).
The corresponding results are considered in the following subsections.
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Unconstrained Optimization with a Quadratic Cost

The simplest situation is where the constraints on the input are discarded completely
UC = Rnu . The Hamiltonian (8) in this situation is

H(x, u, λ) = (x− xr)
⊤Q(x− xr) + (u− ur)

⊤R(u− ur) + λ⊤
(
f(x) + g(x)u

)
. (13)

The necessary optimality conditions thus become

λ̇∗(t) = −
(
∂f

∂x
(x̂∗(t)) +

∂g

∂x
(x̂∗(t))û∗(t))

)⊤
λ∗(t)− 2Q(x̂∗ − xr), (14)

λ∗
(
tfk
)
= 2P

(
x̂∗

(
tfk
)
− xr

)
, (15)

û∗(t) = −1

2
R−1

(
g(x̂∗(t))⊤λ∗(t) + 2Rur(t)

)
, (16)

t ∈ [tk, t
f
k ]. (17)

Input-Constrained Optimization with a Quadratic Cost

In the situation where the constraint û(t) ∈ UC is imposed, where UC defined in
Assumption 3.2, the necessary optimality conditions are similar, however, the equation
for optimal control (16) is replaced by

û∗(t) = satUC

[
−1

2
R−1

(
g(x̂∗(t))⊤λ∗(t) + 2Rur(t)

)]
∀t ∈ [tk, t

f
k ] (18)

where the sat(·) is the elementwise saturation operator whose coordinate functions are
defined as follows:

(
satUC

(u)
)
i
=


uimin

, ui ≤ uimin

uimax
, ui ≥ uimax

ui, otherwise.

To prove this, it suffices to notice that H, considered as a function of a variable ui,
can be written as

H(x, u, λ) = riu
2
i−2riuiuri+ui

(
g·i(x)

⊤λ
)
+. . . = ri

(
ui − 2uiuri +

1

2ri

(
g·i(x)

⊤λ
))2

+. . .

Here the ellipsis stands for the terms independent of ui, ri > 0 is the ith diagonal
entry of R, and g·i(x) ∈ Rn

x is the ith column of matrix g(x). Minimizing the latter
function over all ui ∈ UC = [uimin

, uimax
] and substituting x̂∗, û∗, λ∗ into the Hamilto-

nian, one checks that (11) boils down to (18). Summarizing, we obtain the following
lemma (Pagone et al., 2022).

Lemma 3.4. If x̂∗, û∗ is an optimal solution to (2),(3) with J defined in (7), XC =
Rnx and UC = {u ∈ Rnu : uimin

≤ ui ≤ uimax
}, then a co-state function λ∗(t) exists

that satisfies equations (14), (15), and the optimal control obeys (18).
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3.2. Relaxation of the (soft) state constraint

In presence of any-time state constraint C(x(t)) ≤ 0, the structure of boundary-value
problems depends on the structure of constrained and unconstrained arcs (Bryson &
Ho, 1975) (segments of the trajectory where the state constraint is active or inactive,
respectively). The arcs and junction points are usually not a priori known and can
only be found iteratively, which makes algorithms for PMP equation solving difficult
for implementation in real time. As shown by Graichen & Petit (2009) and Graichen
et al. (2010), state and state-input inequality constraints can be replaced by equalities
by augmenting the input vectors and replacing the system of differential equations by
differential-algebraic equations. This method, however, imposes a number of restric-
tions on the constraints, for instance, the relative degree of a constraint must be well
defined. To guarantee the absence of singularities, additional regularizing terms are
added to the cost function, so the solution returned by the indirect method is only
suboptimal (yet converges to the optimal one as the regularizing parameter vanishes).

An alternative approach, which also yields in a suboptimal solution, is to replace the
state constraints by additional penalty terms in the cost function that are small inside
the constraint set XC and grow as the state vector approaches its boundary (Wang et
al., 2014; Wang & Li, 2017). Assuming that such a function κ : Rnx → R is defined,
one standard approach (Wang & Li, 2017) is to replace the integrand Φ in (2) by

Φ̃(x̂, û) = Φ(x̂, û) + κ(x̂),

which corresponds to the augmented performance index

J̃(x̂(·), û(·)) = J(x̂(·), û(·)) +
∫ tk+TP

tk

κ(x̂(τ)) dτ. (19)

An important advantage of this approach is that the PMP applied to the augmented
leads to the standard two-point boundary value problem and does not require to work
with constrained and unconstrained arcs of an optimal trajectory. Unlike Ohtsuka &
Fujii (1997), the penalty function here is added to the integrand, penalizing thus the
constraint violation at every time rather than at the end of the prediction horizon.

Often κ is chosen to be a barrier (or interior penalty) function (Malisani et al.,
2016; Wang & Li, 2017) that grows infinite at the boundary of XC , preventing thus
the optimal trajectory from crossing the boundary. This allows to prove that the
state constraints are not violated (provided that the optimization problem is feasible),
however, the penalty term in (19) in this case can dominate over the original cost
J destroying thus the optimality. Furthermore, this can lead to numerical instability
when solving the boundary-value problems, making the equations ill-posed.

In many applications, state constraints are “soft” in the sense that they may be-
come infeasible in some situations of emergency. An example is the collision avoidance
problem in control of mobile robots: one in some situations, it is not possible to evade
an obstacle due to limited actuators’ capabilities, even though such a collision leads to
substantial damage. Since the NMPC algorithm cannot be stopped in case of infeasi-
ble constraints and must return the best possible solution, we need to relax the state
constraint. This corresponds to the idea of (exterior) penalty functions κ(x) that is
well-defined and finite on the whole space Rnx , reaching its maximum at the boundary
of XC and rapidly vanishing as the distance from x to ∂XC is growing. This allows to
prevent numerical singularities during the solutions, although the solution x̂ can escape
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from the predefined set XC . As will be discussed in the numerical simulation section,
this effect can be mitigated by a proper choice of the penalty function’s parameters.

Assumption 3.5. The penalty function is κ is C1-smooth.

Recalling that XC = {x ∈ Rnx : C(x) ≤ 0}, we typically use the Gaussian-like
penalty κ(x) = a exp(−bC(x)2) function, where a, b are parameters to be tuned. Note
that the penalty cost κ(x) reaches the maximum value when C(x) = 0 and then it
rapidly decays as |C(x)| grows; at the same time, κ(x) can be small when C(x) > 0
(the constraint is violated). The choice of parameters a, b will be clarified in Section 4
devoted to the numerical example.

3.3. The resulting NMPC algorithm and final remarks

In this section, we summarize the procedure for online computation of the control
input u∗k on each sampling interval [tk, tk + TS ].

Preliminaries. Define three positive diagonal matrices P,Q (of size nx × nx) and R
(of size nu × nu) and a penalty function κ(x) (in the absence of state constraint, let
κ ≡ 0). Consider the performance index of Bolza type (2) where the terminal cost is
quadratic (5) and the integrand has structure as in (7) . The augmented performance
index J̃ from (19) is also in the Bolza form (2) with the only difference that the
integrand is replaced by Φ̃(x̂, û) = Φ(x̂, û) + κ(x̂). The corresponding Hamiltonian is

H̃(x̂, û, λ) = H(x̂, û, λ) + κ(x̂).

Recall that the original Hamiltonian H is written either as (13).

PMP-based NMPC. To find the control input on each sampling interval [tk, tk+1),
where k = 0, 1, . . . solve the following TPBVP on the predictive time domain [tk, tk+Tp]

˙̂x∗ = f(x̂∗) + g(x̂∗)û∗,

λ̇∗ = −
(
∂f

∂x
(x̂∗(t)) +

∂g

∂x
(x̂∗(t))û∗(t))

)⊤
λ∗(t)− 2Q(x̂∗ − xr)−

∂κ
∂x

(x̂∗(t)),

x̂∗(tk) = xk,

λ∗(tfk) = ∇ϕ
(
x̂∗(tfk)

)
= λ∗

(
tfk
)
= 2P

(
x̂∗

(
tfk
)
− xr

)
.

(20)

To make system (20) closed, one has to substitute the expression for û∗ from, respec-
tively, (16) (unconstrained input), and (18) (constrained input) .

Upon finding λ∗(tk) from (20), compute û∗(tk) as a function of x̂∗(tk) = xk and
λ∗(tk) by using the corresponding equation (16) or (18). Finally, the (actual) control
input on the sampling interval [tk, tk+1) is defined as u(t) ≡ uk = û∗(tk).

The PMP-based NMPC solution is summarized in the Algorithm 1.

Remark 2. In practice, the zero-order hold (ZOH) approximation of control signal (4)

u(t) ≡ û∗k(tk) ∀t ∈ [tk, tk+1). (21)

is often applied. In this situation, the actual state trajectory x(t) differs from the
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Algorithm 1 The iterative procedure of control computation

1: Input: tk, xk
2: Define the TPBVP by substituting the relevant equation (16) or (18) into (20).
3: Solve the TPBVP and find x̂∗(tk), λ

∗(tk).
4: Determine û∗(t), t ∈ [tk, tk+1) from the relevant equation (16) or (18).
5: The control input on time interval t ∈ [tk, tk+1) is u(t) ≡ û∗(t).
6: Output: û∗(·).

optimal state trajectory x̂∗k(t) even for t ∈ [tk, tk+1), because the actual command
input (21) differs from (4). Simulations show that the performance of the resulting
controller does not deteriorate compared to (4) if the sampling time TS is small enough,
that is, x(t) and x̂∗k(t) remain close as t ∈ [tk, tk+1). The controller (21), obviously,
satisfies the input constraint u(t) ∈ UC .

If the ZOH approximation (21) is used, then the control input computed on Step 5
of Algorithm 1 is replaced by u(t) ≡ u(tk).

4. Numerical Example

In this section, we consider an example for validating the presented methodology and
compare the PMP-based NMPC solver with direct NMPC methods. In particular,
we are going to analyze the case of the constrained Lotka-Volterra model for the
population control of a biological system.

4.1. The Lotka-Volterra Population Dynamics

Consider the classical predatory-prey Lotka-Volterra model, described by a couple of
first-order nonlinear differential equations (Zhang et al., 2016), with an exogenous
input applied to both states:{

ẋ1 = x1(α− βx2) + x1u1

ẋ2 = x2(γx1 − δ) + x2u2
(22)

where x1 and x2 are the prey and predator population respectively and u1 and u2 the
corresponding input components. Let α, β, γ, and δ be positive parameters describ-
ing the interaction between the two species. The admissible input set is UC ≡ Rnu .
Concerning the state constraints, the admissible state set is

XC = {x(t) ∈ R2 : 5−
√

(x1 − 100)2 + (x2 − 51.5)2 ≤ 0, ∀t}, (23)

a nonlinear function in charge to prevent the extinction of both species when the
predator population grows too abruptly than the prey one. Thus, the state constraints
are handled by employing a Gaussian-like function:

κ(x) = a exp (−bC(x)2) (24)

where C = 5−
√

(x1 − 100)2 + (x2 − 51.5)2, a = 5e5, and b = 10. The penalty function
parameters are tuned through a trial and error procedure.
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Table 1. Dynamics Parameters.

α β γ δ x0

0.25 0.25 0.008 0.008 [40, 40]T

Table 2. NMPC Parameters.

TS Tp R Q P

0.001 s 0.01 s 500 · I2×2 diag(10, 35) diag(10, 35)

In the following example, we employ the quadratic cost function (7) - in the aug-
mented form - including the contribution of the penalty function κ(x). Whereby the
augmented Hamiltonian:

H̃ = λ1
(
x1(α−βx2)+x1u1

)
+λ2

(
x2(γx1−δ)+x2u2

)
+

nu∑
i

riu
2
i +

nx∑
i=1

qix̃
2
i +κ(x). (25)

Then, the TPBVP is formalized as:

ẋ1 = x1(α− βx2) + x1u1

ẋ2 = x2(γx1 − δ) + x2u2

λ̇1 = −αλ2 + βλ1λ2 − λ1u1 − γλ2x2 − 2Q11x̃1 −
∂κ(x)
∂x1

λ̇2 = βλ1x1 − γλ2x1 + δλ2 − λ2u2 − 2Q22x̃2 −
∂κ(x)
∂x2

λ(tk + Tp) = 2Px̃(tk + Tp)
T

(26)

where q1 and q2 are the entries of the diagonal matrix Q ∈ R2×2 and a null reference
input is considered. The solution of the TPBVP in (26) provides the values of the
state and co-state for the explicit optimal control law:

u∗ = −1

2
R−1

(
λTx

)
(27)

The parameters featuring the Lotka-Volterra dynamics are listed in Table 1 and the
NMPC parameters in Table 2, while the following time-varying state reference signal
is considered:

[xr1(t), xr2(t)]
T = [10 cos(t) + 100, 10 sin(t) + 50]T (28)

while ur = 0. Moreover, as reported in Table 1 the initial state is x0 = [40, 40]T . This
means that prey and predator populations are far more than zero, that is the two
species are both far from the risk of extinction.

In Figure 2, the phase-plane curve of predator-prey populations is shown. As can
be seen, according to the considered configuration, a different trajectory is produced.
In particular, we want to highlight how the NMPC approach is perfectly able to
avoid the constraint, without affecting the tracking performance. Figure 3 displays
the time evolution of populations x1 and x2, and the corresponding tracking errors
x̃1

.
= x1 − xr1 and x̃2

.
= x2 − xr2 . It can be noted that the latter has a very fast

12
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Figure 2. Predator-prey populations phase-plane

convergence to zero, proving the effectiveness of the optimization algorithm. Finally,
in Figure 4, the command activity is reported.

4.2. Comparison to direct NMPC methods

We are now interested in comparing the behavior of the solutions when employing
different optimization strategies.

In detail, we compare the PMP-based NMPC approach with the following direct
NMPC methods: i) Sequential Quadratic Programming (SQP), ii) Interior Point (IP),
and iii) Nelder-Mead (NM) method (Lagarias et al., 1998). The SQP and IP methods
are first-order methods, meaning that they use gradient information to minimize the
objective function. Conversely, the NM method is a zero-order method, i.e. it does not
require gradient information to optimize the objective function. Instead, it iteratively
explores the search domain by moving geometric figures.

For each direct NMPC method, we consider two different cases: i) constant input
parametrization, and ii) piece-wise constant input parametrization with N = 10. In
the latter case, the input is parametrized with the same sampling steps used in the
PMP-based solution. Indeed, direct optimization methods require the optimal control
problem in (2)-(3) to be discretized, in terms of state, input, and constraints (Boiroux
& Jørgensen, 2019). Concerning the finite parametrization of the input signal u, a
piece-wise constant parametrization is assumed, with changes of value at the nodes
τ1, . . . , τN ∈ [tk, tk+Tp] with N the number of nodes. Given the number and location of
the nodes, the Matlab built-in Matlab solver creates a parameterization with the given
N (Lagarias et al., 1998). To distinguish between the different cases, we will use the
following abbreviations: SQP-1, IP-1, NM-1 to indicate constant input, and SQP-10,
IP-10, NM-10 to indicate piece-wise constant input with 10 intervals of constancy.

The different optimization strategies were simulated on a Dell Precision 5820 (Pro-
cessor: Intel® Xeon® W-2123 CPU @ 3.60 GHz). The optimization problem was
solved using the following Matlab functions: bvp5c for PMP, fmincon for SQP and
IP, and fminsearch for NM. The performance of all algorithms was compared using
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these three metrics:

(1) Mean Computational Time (Mean C.T.);
(2) Maximum Computational Time (Max C.T.);
(3) Standard Deviation of the Computational Time (SD C.T.);
(4) Mean Reference Tracking Error (Mean Ref. Tr. Er.).

Note that for the computation of the Mean Ref. Tr. Er., the average value of the
euclidean distance between the reference and the state of the LV system is considered.

Table 3 presents the performance of the differents methods based on the above met-
rics in the unconstrained case. It can be seen that the PMP-NMPC outperforms the
other methods in all the aspects. Indeed, from the mean computational time point of
view, the proposed approach is able to obtain results at least four times better than
the direct NMPC methods with the same input parameterization (SQP-10, IP-10 and
NM-10). Moreover, it exhibits better computational efficiency even when compared
to direct NMPC methods with constant input (SQP-1, IP-1 and NM-1). The same
considerations hold also for the maximum computational time, the standard devi-
ation and the reference tracking error. Therefore,the proposed PMP-based NMPC
framework offers twofold advantages over direct NMPC methods: it achieves a better
reference tracking accuracy while requiring less computational time (even compared
to the methods that use constant inputs throughout the prediction horizon).

Table 3. Comparison between PMP-based and Direct NMPC

PMP SQP-1 IP-1 NM-1 SQP-10 IP-10 NM-10

MeanC.T. [ms] 4.5 7.2 6.3 15.6 19.4 21.7 198.6

Max.C.T. [ms] 14.6 28.7 33.3 72 273.8 373.1 464.2

SDC.T. [ms] 0.25 1.4 1.5 1.6 18.8 19.3 52.6

MeanRef. Tr. Er. 0.173 0.376 0.375 0.376 0.201 0.200 0.214

Figure 5 reports the phase plane for the PMP-NMPC approach and the two SQP
methods. In line with the results presented in Table 3, the resulting trajectories confirm
the performance advantage of the proposed method.

In Figure 6, a comparison of the computational times for each method is presented.
For ease in reading, the results of NM-10 are omitted as their values are at least an
order of magnitude larger than the others. As can be seen, the PMP-based NMPC
exhibits both the lowest mean value and the smallest standard deviation. This latter
advantage is due to its reduced susceptibility to the numerical problems commonly
faced with direct methods.

Remark 3. By considering the optimal control laws (16) and (18), the values of the
input u∗ - along the prediction horizon [tk, tk +Tp] - depend on λ and x, whose values
change at each sampling step of the TPBVP. For this reason, the PMP-based NMPC
solution does not require an a-priori parametrization of the input signal. This is a
very interesting result since the OCP algorithm achieves high performances without
increasing the computational complexity and without any a-priori assumption about
the input signal shape. The choice of N > 1 can lead to satisfactory tracking per-
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formances, but at cost of computational complexity increment. On the other hand,
choosing N = 1 (i.e., a constant input for every τ ∈ [tk, tk+TP ]) ensures the reduction
of the optimization algorithm computational complexity. Nevertheless, this approach
could not always guarantee an acceptable level of tracking performance. This issue
can be mitigated when employing the PMP-based solution. Indeed, this latter does
not require any a-priori assumption about the control signal parametrization and it
does not significantly affect the algorithm’s computational complexity.

5. Feasibility and Stability of NMPC algorithms

In this section, we examine feasibility and local stability of the NMPC algorithm.
This section is structured as follows. We first answer a basic question on whether
the NMPC scheme is principle feasible, that is, cannot is happen that the solution of
the closed-loop system always exists and is forward complete. In the next subsection,
we formulate a simple lemma based on the Gronwall inequality and some standard
existence results in optimal control theory. Next, we examine stability a more difficult
problem of stability of the NMPC scheme in the special situation where the reference
point (xr, ur) is an equilibrium of the nonlinear system. It should be noted the most
of existing results on the MPC stability focus on equilibrium stabilization.

For the convenience of reading, the proofs of all results of this section are collected
in Appendix.

5.1. Feasibility of the NMPC scheme

We first prove that the NMPC algorithm is well-posed if the following assumption is
adopted; essentially, this assumption is needed to prevent the “blow-up” of a solution
of (1) in finite-time for each bounded input u(·). Without such an assumption, it is
difficult to guarantee the existence of a solution between sampling instants.
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Figure 6. Histogram of the computational time

Assumption 5.1. For each T > 0 and the initial condition x0, there exists R =
R(x0, T ) such that for any solution to (1) with x(0) = x0 and u : [0, T ] → UC one has

∥x(t)∥ ≤ R ∀t ∈ [0, T ].

The structure of our OCP problems, if Assumption 5.1 holds, automatically guar-
antees the recursive feasibility of the arising OCP, being one of the main concerns in
analysis of MPC algorithms3. We formulate the corresponding lemma.

Lemma 5.2. Consider the OCP of minimizing the augmented cost function (19) with
constraints (3). Assume that f, g,κ are C1-smooth, the terminal cost is given by (5)
and the integral cost is the function in (6). Let UC be a compact convex set in Rum (for
instance, obey Assumption 3.2). Suppose, finally, that Assumption 5.1 hold. Then, for
every x(0) ∈ Rnx, the solution of the closed-loop system is well defined, that is,

(1) at each tk = kTs, k = 0, 1, 2, . . ., a minimizer (x̂∗k, û
∗
k) exists

4 in the OCP (2),(3);
(2) the solution to (1) starting at xk = x(tk) and corresponding to the input u(t) =

û∗k(t) exists on the closed interval [tk, tk+1].

In view of Lemma 5.2, the existence of a solution can be proved via inductive
procedure: we define u(t) for t ∈ [0, Ts] by solving (2),(3) with initial state x(0),
defining thus the state trajectory x(t) for t ∈ [0, Ts]; then, solve the OCP with x1 =
x(Ts) defining the solution on [Ts, 2Ts], and so on.

3Proving or disproving the recursive feasibility it a highly non-trivial task even for convex MPC prob-

lems (Löfberg, 2012).
4Notice that we do not guarantee the uniqueness of a minimizer in each OCP. In some situations, e.g., where

the plant is linear and κ = 0, such a uniqueness is guaranteed by the strong convexity of the cost function. In

practice, one has to choose the solution returned by the solver of TPBVP problems in use.
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Some remarks on validation of Assumption 5.1

One class of systems satisfying Assumption 5.1 is constituted by systems whose right-
hand side grows linearly in x. This is guaranteed by the following lemma.

Lemma 5.3. Assumption 5.1 holds if UC is bounded, the functions f, g satisfy As-
sumption 3.1, and the following condition is valid for some constants C0, C1 > 0:

∀x ∈ Rnx max{∥f(x)∥, ∥g(x)∥} ≤ C0 + C1∥x∥. (29)

There are, however, many other situations where Assumption 5.1 can be validated
despite violation of (29). Consider, for instance, the Lotka-Volterra model (22) con-
sidered in the positive orthant R2

+ = {x : x1, x2 > 0}. Rewriting (22) as{
d
dt log x1 = α− βx2 + u1
d
dt log x2 = γx1 − δ + u2,

(30)

one may easily notice that the set R2
+ is forward invariant whenever u(t) is a locally

bounded function. Indeed, if a solution x(·) left R2
+, there would exist the first instant

τ > 0 when min(x1(τ), x2(τ)) = 0. Integrating (30) over [0, τ) one proves, however,
that functions log xi(t) remain bounded as t → τ , which leads to a contradiction.
Similarly, (30) entails that all solutions starting at x0 ∈ R2

+ and corresponding to
inputs u : [0, T ] → UC , where UC is from Assumption 3.2, are uniformly bounded on
[0, T ]. Indeed, the first equation in (30) implies

log x1(t)− log x1(0) ≤ χ̄1 := T (α+ u1,max) ∀t ∈ [0, T ].

Recalling that x1(t) > 0, the second equation in (30) entails that

χ
2
:= T (u2,min − δ) ≤ log x2(t)− log x2(0) ≤ χ̄2 := γeχ̄1x1(0) + T (u2,max − δ).

Using the first equation, one proves that

log x1(t)− log x1(0) ≥ χ
1
:= T (α+ u1,min − eχ̄2x2(0)).

Hence, Assumption 5.1 is valid for the Lotka-Volterra system, provided that only
positive (and thus biologically feasible) initial conditions are considered.

5.2. Practical stability of the equilibrium

In this subsection, we address a more difficult problem of stability of the NMPC
scheme in question. Similar to the most of existing stability results, our criteria apply
to the situation where the cost function penalizes the deviation of the system from a
certain equilibrium point, that is, xr and ur satisfy the condition f(xr) + g(xr)ur = 0,
furthermore, the control effort u = ur lies strictly inside the set UC , that is, at the
equilibrium point none of the actuators is saturated. Introducing the new state x̃ =
x− xr and ũ, system (1) then can be rewritten as

˙̃x = f̃(x̃) + g̃(x̃)ũ,
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where the functions at the right-hand side are defined as

f̃(z)
.
= f(z + xr) + g(z + xr)ur, g̃(z)

.
= g(z + xr).

Replacing f, g by f̃ , g̃ and UC by ŨC
.
= {u−ur : u ∈ UC} respectively, we henceforth

adopt the following assumption.

Assumption 5.4. (NMPC for equilibrium stabilization) In (5) and (6), one
has xr = 0 and ur = 0. The pair x = 0, u = 0 is an equilibrium of (1), that is,
f(0) = 0. Finally, uimin

< 0 < uimax
for all i.

Furthermore, we will assume that the state constraints are neglected5, so κ ≡ 0.
Our stability analysis relies on the additional property of local controllability at zero,
which requires to introduce a definition.

Definition 5.5. For given vectors x0, x∗ ∈ Rnx , set UC ⊂ Rnu and time horizon
T > 0, we say that state x∗ is T -reachable from x0 with input constraint UC if
there exists a piecewise-continuous control u : [0, T ] → UC such that the solution
of (1) corresponding to u(·) and emanating from x(0) = x0 arrives at x(T ) = x∗. Let
R(x∗, T, UC) denote the set of all initial conditions x0 from which x∗ is T -reachable
with input constraint UC .

Remark 4. Denoting x†(t) = x(T − t), u†(t) = u(T − t), where t ∈ [0, T ], it can be
easily shown that

ẋ†(t) = −f(x†(t))− g(x†(t))u†(t), t ∈ [0, T ]. (31)

The set R(x0, T, U) is nothing else that the set of all possible x†(T ) reachable from x0
under some signal u† : [0, T ] → U .

For brevity, let

Bε(x)
.
= {x : ∥x∥ < ε}, B̄ε(x)

.
= {x : ∥x∥ ≤ ε}

stand for the open and closed ball of radius ε centered at 0.

Assumption 5.6. The equilibrium x = 0 is an inner point of R(0, T, UC) for all
T > 0, ε > 0, that is, for each ε > 0 and T > 0, there exists δ = δ(ε, T ) such that
Bδ(0) ⊆ R(0, T, UC).

Assumption 5.6 states, essentially, that, being close to equilibrium, one can reach
the equilibrium in a short time, respecting the input constraint (as we will see, this
trajectory also corresponds to a small value of the cost function). The property from
Assumption 5.6 has a special name in the literature: If it holds, then it is said that
the equilibrium is small-time locally attainable (Krastanov & Quincampoix, 2001). In-
troducing the time inverted dynamics (31), this assumption can be reformulated as
the small-time locally controllable (STLC) at 0 with input constraint UC . Analysis of
STLC of nonlinear systems is currently a well-developed branch of nonlinear control
that is currently beyond the scope of this manuscript, we refer the reader to recent

5Notice that if the optimal trajectories stay far from the boundary of the state constraint set XC , then
typically κ(x(t)) ≪ 1, and one can prove that the presence of penalty terms have small effect on the solution.

We, however, omit the relevant analysis to keep things maximally simple.
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works (Jafarpour, 2020; Krastanov, 2009; Krastanov & Quincampoix, 2001; Sarychev,
2006) and references therein. The simplest situation where STLC can be guaranteed
is where the linearization at equilibrium (x, u) = (0, 0) is fully controllable (in the
Kalman sense as an LTI system) (Sarychev, 2006); this condition, however, is violated
in many nonlinear systems, e.g., controllability of rigid body dynamics typically re-
quires more sophisticated tools of geometric control theory (Crouch, 1984). Another
sufficient condition of STLC is the existence of a feedback linearization, which reduces
the nonlinear plant to a controllable LTI system (Slotine & Li, 1990, Section 6.5).

Main results

We are now ready to formulate our main results ensuring the stability of NMPC control
scheme. For brevity, let

R0(T )
.
= R(0, T, UC).

Our first main result proves that, under sufficiently large terminal weight, the solu-
tions starting sufficiently close to equilibrium, remain bounded. Namely, the setR0(Tp)
is “weakly” invariant in the following sense.

Theorem 5.7. Suppose that the input constraint set satisfies Assumption 3.2, XC =
Rnx and Assumptions 3.1, 5.4, 5.6 and are valid for the dynamical system (1). Suppose
also that f, g satisfy the condition of linear growth (29). Let the integral cost be the
function in (6) with some fixed matrices Q = Q⊤ > 0 and R = R⊤ > 0 and the
terminal cost be given by (5). Then, a constant p0 exists such that for any matrix
P = P > p0I the NMPC algorithm solving the receding horizon OCP (2),(3) provides
the following properties of the closed-loop system:

(1) the set R0(Tp) enjoys the following “invariance” property: if x(t0) ∈ R0(Tp),
then x(tk) ∈ R0(Tp) for all k (we are not claiming, however, that x(t) stays in
R0(Tp) between sampling instants);

(2) the solutions starting at R0(Tp) do not leave the larger set R0(Tp + TS), being
thus uniformly bounded.

Our next result, in fact, establishes a stronger fact. It appears that one can choose
P in such a way that all solutions starting in a R0(Tp), are uniformly bounded and,
furthermore, converge to a predefined neighborhood of the equilibrium. In this sense,
we can make the NMPC practically stable in the set of initial conditions R0(Tp) by
choosing the terminal weight large enough.

Theorem 5.8. Let the assumptions of Theorem 5.7 be valid. Then, for each ε∗ > 0
there exist p∗ = p∗(ε∗) such that whenever P ≥ p∗I, the NMPC provides additionally
the ultimate boundedness of all solutions that emanate from R0(Tp) as follows

lim sup
t→∞

∥x(t)∥ < ε∗ ∀x(0) ∈ R0(Tp). (32)

Remark 5. It should be noted that, in fact, the weights p0 and p∗(ε), for each ε > 0
in Theorems 5.7 and 5.8 can be found explicitly, although the estimates are rather
conservative.

Remark 6. In practice, the initial condition usually belongs to a known bounded
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set D ⊂ Rnx . Theorems 5.7 and 5.8 guarantee that, if Tp can be chosen so large that
D ⊆ R0(Tp), one can always guarantee boundedness of the closed system’s trajectories
by tuning the terminal weight P. It should be noticed that various conditions of
controllability, assuming explicitly of implicitly that the prediction horizon is large
enough and the equilibrium is reachable from all possible initial conditions (respecting
the input constraints), arise in all existing results on stability of MPC algorithms, see
the discussion in our next subsection.

Discussion

Stability of MPC algorithms is a classical problem, which is still far from being com-
pletely solved. We refer the reader to the recent monograph of Rawlings et al. (2022)
and survey Mayne et al. (2000) that contain an overview of main historical milestones.

In general, even local stability of NMPC is not guaranteed as illustrated by the
practical example from Raff et al. (2006). It was realized that the easiest way to en-
sure stability (local, asymptotic or practical) is to introduce a terminal constraint
x(tk + Tp) ∈ Ω, where Ω is some properly constrained set. Such “stabilizing” con-
straints appear in early works (Chen & Allgöwer, 1998; Mayne & Michalska, 1990;
Michalska & Mayne, 1991, 1993). It should be noted that all of these works impose
numerous assumptions on the plant or the cost function, e.g., continuity of the optimal
control (Mayne & Michalska, 1990) (excluding thus bang-bang optimal control signals
from consideration) or sufficiently small sampling time (Chen & Allgöwer, 1998).

This work continues another line of research that is concerned by removal the explicit
constraint on x(tk+Tp) and replacing it by a terminal cost, “pulling” the state vector to
the equilibrium. The elimination of terminal constraints gives a number of advantages.
In presence of such a constraint, the OCP is feasible only if the equilibrium (or its
predefined neighborhood) is reachable from x(0) in time Tp, which leads to another
sophisticated problem of tuning the prediction horizon. The terminal cost approach
guarantees the feasibility of NMPC for an arbitrary initial condition if Assumption 5.1
holds (Lemma 5.2). Although formally stability is guaranteed only locally, in practice,
often provides convergence to the equilibrium even if one does not know the minimal
reachability time for x(0). It should be noticed that the existing results on stability
without terminal constraints yet in presence of terminal costs are mainly limited to
discrete-time systems (Alamir, 2017; Grimm et al., 2005; Limon et al., 2006) and
impose numerous restrictive assumptions on the nonlinear system, e.g., some results
of Grimm et al. (2005) rely on the homogeneity of the system, whereas Limon et al.
(2006) and Alamir (2017) assume the existence of special control Lyapunov functions
that determine the performance index.

Finally, we would like to mention several works on “unconstrained” MPC, in partic-
ular, works by Grüne (2009), Reble & Allgöwer (2012), and more recent work by La et
al. (2017), in which neither terminal cost nor terminal constraints are introduced, how-
ever, a non-local controllability condition (with an explicit estimate of the performance
index on the solution leading from x(0) to 0) is imposed that assumes, essentially, the
existence of some a priori estimate on the cost function as a function of x(0) and
the prediction horizon Tp (which needs to be large enough to guarantee stability).
Practical validation of the relevant conditions is a self-standing non-trivial problem.
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6. Conclusion

In this work, we examine Nonlinear Model Predictive Control problems in presence
of input constraints and, possibly, state constraints that are, however, relaxed by
using (exterior) penalty functions. The contribution of this work is twofold. From the
practical viewpoint, we show that the receding horizon optimal control problems can be
efficiently solved via the Pontryagin Minimum Principle, turning the optimal control
problem into a two-point boundary value problem. The resulting optimal input is then
a function of the state and co-state variables, whose time evolution is described by the
Hamiltonian equations. We provide a numerical example showing the applicability the
efficiency of the control algorithm, showing excellent reference tracking and compliance
with the input and path constraints.

The second contribution is theoretical and is concerned with practical stability
of the NMPC algorithm in the problem of equilibrium stabilization. We show that
introducing the terminal cost with a sufficiently large weight, one can provide local
Lyapunov stability of the equilibrium and, furthermore, convergence of all solutions
from a known bounded set to a predefined small ball.

Notice that, throughout the paper, we have assumed that the state vector is avail-
able. If this state is not completely measurable, an observer must be employed for
inferring the system state from the output knowledge. However, using the observer
substantially complicated analysis of stability; we leave the relevant analysis for fu-
ture research. Another important direction is stability of non-equilibrium regimes,
e.g., NMPC algorithms in problems of periodic reference tracking or geometric path
following control.
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Mexico.

Pesch, H. A practical guide to the solution of real-life optimal control problems. (1994) Control
and Cybernetics. Vol. 23, pp. 7-60.

Raff, T., Huber, S., Nagy, Z. K., Allgower, F. (2006). Nonlinear model predictive control of
a four tank system: An experimental stability study. IEEE International Conference on
Control Applications. pp. 237-242

Rawlings, J. B., Mayne, D. Q., Diehl, M. M. (2022). Model Predictive Control: Theory, Com-
putation, and Design, Nob Hill Publishing LLC, 2022.
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Appendix A. Proof of Lemma 5.2

Throughout this subsection, we assume that the assumptions of Lemma 5.2 hold, i.e.,
f, g,κ are C1-smooth, Assumption 5.1 holds and the terminal cost is given by (5).

Step 1. We first prove that for each x0 ∈ Rnx the OCP has a solution:

minimize J̃ = ϕ (x̂(Tp)) +

∫ Tp

0
Φ(x̂(τ), û(τ)) + κ(x̂(τ)) dτ

subject to constraints

˙̂x(τ) = f(x̂(τ)) + g(x̂(τ))û(τ), x̂(0) = x0

x̂(τ) ∈ XC ⊂ Rnx , û(τ) ∈ UC ⊂ Rnu , ∀τ ∈ [0, Tp],

(A1)

This is entailed by the standard existence result of optimal control theory, estab-
lished as Theorem 4.2.4 Ahmed & Wang (2021), applied in the special situation where
the integrand Φ̃(x, u) = Φ(x, u) + κ(x) and the terminal cost are time-invariant and
nonnegative. Although Ahmed & Wang (2021) adopt some technical assumptions that
are not supposed to hold (such as, e.g., the global Lipschitz condition on f, g and the
constraint (29)), the analysis of the proof reveals that it the following key conditions
are sufficient to prove the solution existence:

(a) each Lebesgue measurable function û : [0, Tp] → UC corresponds to an admissible
solution (x̂, û);

(b) the state vectors x̂(·) : [0, Tp] → Rnx constitute a precompact set in the space of all
continuous functions C([0, Tp] → Rnx); thanks to the Arzelá-Ascoli theorem, this
holds when the state variables x̂(·) of all admissible solutions and their derivatives
˙̂x(·) are uniformly bounded;

(c) f and g are Lipschitz continuous on the bounded set, containing all admissible
solutions;

(d) for all x̂ ∈ Rnx , the “contingent set”

Q(x̂) = {(ξ, η) ∈ R× Rnx : ξ ≥ Φ̃(x̂, û), η = f(x̂) + g(x̂)û for some û ∈ UC}

is closed and convex; also, Q is semi-continuous as a multi-valued function of x̂.

Conditions (a)-(c) are ensured by boundedness of UC and Assumption 5.1. Each
Lebesgue measurable function û : [0, Tp] → UC corresponds to an admissible solution
(x̂, û), which entails (a). The state variables of all admissible solutions stay in some ball
x̂(t) ∈ BR, where R > 0 is a known constant. In view of (1) and boundedness of UC ,
the derivatives of all admissible solutions are thus also uniformly bounded, so the set
of state functions {x̂(·)} is precompact in C([0, Tp] → Rnx). This proves (b). Finally,
f and g are C1, being thus Lipschitz on the ball BR, so condition (c) is satisfied.

To prove (d), we first show the convexity of Q(x̂). Indeed, choosing (ξ1, η1) ∈ Q(x̂)
and (ξ2, η2) ∈ Q(x̂), one can find û1, û2 ∈ UC such that ηi = f(x̂) + g(x̂)ûi and
ξi ≥ Φ̃(x̂, û) for i = 1, 2. For an arbitrary a ∈ [0, 1],

aη1 + (1− a)η2 = f(x̂) + g(x̂)(aû1 + (1− a)û2),

aξ1 + (1− a)ξ2 ≥ aΦ(x̂, û1) + (1− a)Φ(x̂, û2) ≥ Φ(x̂, aû1 + (1− a)û2),

entailing that a(ξ1, η1) + (1 − a)(ξ2, η2) ∈ Q(x̂). Here we use the convexity of Φ(x̂, ·)
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defined by (6).
To prove that Q(x̂) is closed, consider some sequence (ξk, ηk) ∈ Q(x̂) converging to

(ξ∗, η∗) ∈ R× Rnx . Let ûk ∈ UC be such that

ξk ≥ Φ̂(x̂, ûk), ηk = f(x̂) + g(x̂)ûk

Since UC is a compact set, without loss of generality one may assume that ûn → û∗ ∈
UC as n→ ∞. Passing to the limit, one has

ξ∗ ≥ Φ̂(x̂, û∗), η∗ = f(x̂) + g(x̂)û∗

which means that (ξ∗, η∗) ∈ Q(x̂). The upper-semicontinuity is proved similarly by

using the continuity of all Φ̂, f, g. We omit the proof for the sake of brevity.
Step 2. The statement of Lemma 5.2 can now be proved via induction on k =

0, 1, . . .. Indeed, we know that the OCP (A1) has a solution for a given x0 = x(0).
Applying the initial segment of optimal control u(t) = û∗|[0,t1], the solution x = x̂∗|[0,t1]
is well defined for t ∈ [0, tk]. Now, since the system (1) and the cost function are time-

invariant, the OCP with cost function Ĵ and constraints (3) at time t1 = TS becomes
equivalent to (A1) (where x0 = x(t1)) after time shift t 7→ t − t1, admitting thus an
optimal solution, which allows to define the state vector on [t1, t2], and so on, the OCP
at time tk is equivalent to (A1) (where x0 = x(tk)) and uniquely determines the state
vector on [tk, tk+1]. This finishes the proof of the lemma.

Appendix B. Proof of Lemma 5.3 and additional corollaries

In the proof of our results, we will use the following simplified form of Gronwall
lemma (Dragomir, 2003, Corollary 3).

Proposition B.1. (Gronwall lemma) Let χ : [t0, t1] → R be a nonnegative measurable
function and c ∈ R be constant. Then, every function ξ(t) satisfying the inequality

ξ(t) ≤ c+

∫ t

t0

χ(s)ξ(s)ds ∀t ∈ [t0, t1]

admits the following upper bound

ξ(t) ≤ c exp

(∫ t

t0

χ(s) ds

)
∀t ∈ [t0, t1].

Lemma 5.3 is now straightforward from the following simple corollary, which gives
an explicit estimate of the state trajectories emanating from x0 and corresponding to
the input u : [0, T ] → UC .

Corollary B.2. Let the system (1) obey Assumptions 3.1 and (29), T > 0 and u :
[0, T ] → U be a Lebesgue measurable input signal, attain its values in a bounded set
U . Then, the solution of the Cauchy problem

ẋ(t) = f(x(t)) + g(x(t))u(t), x(0) = x0
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is well-defined on [0, T ] and admits the following upper bound

∥x(t)∥ ≤ (∥x0∥+ C0KT )e
C1Kt, K

.
= 1 + sup

u∈U
∥u∥.

Here C0, C1 are constants from (29).

Proof. The local existence and uniqueness of the solution is implied by the stan-
dard Carathéodory theorem and (local) Lipschitz property of f and g (Coddington
& Levinson, 1955, Chapter 2). Assuming that the solution is well-defined on some
interval [0, t0), one has

∥x(t)∥ − ∥x(0)∥ ≤ ∥x(t)− x(0)∥ =

=

∥∥∥∥∫ t

0
f(x(s)) + g(x(s))u(s) ds

∥∥∥∥ ≤ C0KT +

∫ t

0
KC1∥x(s)∥ds.

the latter inequality is entailed by the inequality ∥f(x(t)) + g(x(t))u(t)∥ ≤ K(C0 +
C1∥x(t)∥) and t ≤ T . The statement is now straightforward from the Gronwall lemma.
Hence, ∥x(t)∥ ≤ (∥x0∥+C0KT )e

C1Kt for all t where the solution exists. It remains to
notice that the interval of its existence coincides with [0, T ], because the state vector’s
norm remains bounded as t ≤ T .

Corollary B.2 can be reformulated for the time inverted dynamics (31), leading to
the following statement.

Corollary B.3. Let the system (1) obey Assumptions 3.1 and condition (29). Then
for each x0 ∈ Rnx, T > 0 and bounded set U ⊆ Rnu the set R(x0, T, U) introduced in
Definition 5.5 is bounded:

∥x∥ ≤ (∥x0∥+ C0KT )e
C1KT ∀x ∈ R(x0, T, U),

where constants C0, C1,K are same as in Corollary B.2.

Proof. Since x†(t) = x(T − t), u†(t) = u(T − t), where t ∈ [0, T ], are solutions of
the system (31), the set R(x0, T, U) is nothing else that the set of all possible x†(T )
reachable from x0 under some signal u† : [0, T ] → U . Obviously, system (31) obeys
the assumptions of Corollary B.2, the state vectors from R(x0, T, U) admit the same
bound as derived in the latter Corollary.

Appendix C. Uniform boundedness and convergence of the solutions

In this section, we prove Theorems 5.7 and 5.8. The proof will exploit the standard
“Lyapunov-type” function V , defined as the optimal value in the OCP. Note that in
our framework, V is not a true Lyapunov function, since it need not decrease along
the system’s trajectories. However, some weaker Lyapunov property will be sufficient
to establish the practical stability.

Henceforth, we assume that all assumptions of Theorem 5.7 are valid, in particular,
(xr, ur) = (0, 0) is an equilibrium and κ(x) ≡ 0. We also adopt, without loss of

28



generality6, the following simplifying assumption that can always be provided by a
linear change of variables.
Standing Assumption: The weight matrices of state and control “energy” in (6) are
identity Q = Inx

and R = Inu
. Hence, only one parameter determining the properties

of NMPC is the terminal weight matrix P, which will be chosen large enough.

Definition C.1. Let VP(x0) be the minimum value7 in the following OCP

OCP(T0,x0)



minimize JP = x̂(Tp + T0)
⊤Px̂(Tp + T0)+

+

∫ T0+Tp

T0

Φ(x̂(τ), û(τ)) dτ
subject to constraints

˙̂x(τ) = f(x̂(τ)) + g(x̂(τ))û(τ), x̂(T0) = x0

x̂(τ) ∈ XC ⊂ Rnx , û(τ) ∈ UC ⊂ Rnu , ∀τ ∈ [T0, T0 + Tp],
(C1)

where Φ(x̂(τ), û(τ)) = ∥x∥2 + ∥u∥2.

Obviously, problem OCP(T0, x0) with an arbitrary T0 reduces to OCP(0, x0) by
means of the time shift, for this reason, VP(x0) does not depend on T0. One also notices
that the receding horizon OCP (2), (3) is nothing else than OCP(tk, x(tk)).

C.1. Properties of reachability sets and upper estimates on VP.

To prove the first statement of Theorem 5.7, some simple statements about the reach-
ability sets. The first property is straightforward from the definition of reachability
sets.

Proposition C.2. If x1 ∈ R(x0, T, U) and x2 ∈ R(x1, T ′, U), then x2 ∈ R(x0, T +
T ′, U)

Proof. The control input u : [0, T + T ′] → U driving the state trajectory from x2 to
x0 is found as the concatenation of two signals

u(t) =

{
u2(t), t ∈ [0, T ′],

u1(t− T ′), t ∈ [T ′, T + T ′],

where u1 : [0, T ] → U brings the state from x1 to x0 and u2 : [0, T ′] → U drives the
state from x2 to x1.

For brevity, denote

R0(T )
.
= R(0, T, UC).

Corollary C.3. The sets R0(T ) are nested, that is, R0(T ) ⊆ R0(T
′) when T ≤ T ′.

Proof. The proof is immediate from Proposition C.2 by noticing that 0 ∈ R0(T
′−T )

(applying the input u = 0, one can keep the system at equilibrium x = 0 thanks to
Assumption 5.4).

6One can always get rid of weight matrices by a linear change of variables.
7Recall that the minimum exists in view of Lemma 5.2

29



Given T > 0 and x0 ∈ R0(T ), let uT,x0
: [0, T ] → UC the control input driving

the state trajectory from x0 to 0 in time T and xT,x0
: [0, T ] → Rnx stand for the

corresponding state trajectory.

Corollary C.4. The state xT,x0
(t) belongs to R0(T ) for all T > 0, x0 ∈ R0(T ).

Proof. Obviously, from state x∗ = xT,x0
(t∗), where t∗ ∈ (0, T ] the equilibrium x = 0

can be reached in time T − t∗ by applying the truncated control input uT−t∗,x∗(t) =
uT,x0

(t+ t∗), where t ∈ [0, T − t∗]. Hence, x∗ ∈ R0(T − t∗) ⊆ R0(T ).

Corollary C.5. The following supremum is finite

S
.
= sup

{
VP(x0) : P = P⊤ ≥ 0, x0 ∈ R0(Tp)

}
<∞.

Proof. For each x0 ∈ R0(Tp), the functions x̂ = xTp,x0
and û = uTp,x0

satisfy all
constraints in (C1). Furthermore, we know that x̂(t) ∈ R0(Tp) for all t ∈ [0, T ] and,
finally, x̂(T ) = 0, so the terminal cost is null on x̂. Since Assumption 5.1 holds for the
inverted dynamics (31), x̂(t) is uniformly bounded, also, û(t) ∈ UC is also bounded. It
remains to notice that

0 ≤ VP(x0) ≤
∫ Tp

0
Φ(x̂(t), û(t))dt,

where the right-hand side does not depend on P and is bounded uniformly over all
x0 ∈ R0(Tp).

The following final corollary will be used later in the proof of Theorem 5.8.

Corollary C.6. The function VP(x0) converges to 0 as x0 −→ 0, and this convergence
is uniform in P.

Proof. According to Assumption 5.6, as ∥x0∥ becomes small enough, the equilibrium
x = 0 is reachable from 0 in time T ≤ Tp, which can be arbitrarily small. Assuming that
x0 ∈ R0(T ), one has xT,x0

(t) ∈ R0(T ) for each t, and hence, in view of Corollary B.3,
one has ∥xT,x0

(t)∥ ≤ c(T ), where c(T ) is some continuous function of T . The pair of
functions

x̂(t) =

{
xT,x0

(t), t ≤ [0, T ],

0 t ∈ [T, Tp],
û(t) =

{
uT,x0

(t), t ≤ [0, T ],

0 t ∈ [T, Tp]

then satisfies all constraints in (C1), and hence

VP(x0) =

∫ Tp

0
Φ(x̂(t), û(t))dt =

∫ T

0
Φ(x̂(t), û(t))dt ≤ c̃(T )

.
= T

(
c(T ) + max

u∈UC

∥u∥2
)
.

(C2)
Note that c̃(T ) vanishes as T → 0. Choosing δ > 0 small enough, one can thus provide
that the reachability time T = T (δ) is small for all x0 ∈ Bδ (Assumption 5.6), and
hence VP(x0) can also be done smaller than any predefined number ε > 0 independent
of the choice of P.
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Figure C1. Illustration to the proof of Theorem 5.7. The red curve is the optimal state trajectory in (A1),
the black curve is an arbitrary state trajectory reaching 0 in time TS (under some admissible input).

C.2. Proof of Theorem 5.7

The proof of first statement (i) relies on Corollary C.5 and Assumption 5.6. In view
of Assumption 5.6, the set R0(TS) = R(0, TS , UC) contains a sufficiently small ball
Bδ. Choose now p0 = S/δ2, where S is the constant from Corollary C.5 and suppose
that P ≥ p0I. Then, considering the optimal control problem (A1), one shows that
the optimal trajectory x̂ starting at x̂(0) ∈ R0(Tp) \ {0}, arrives at a point x̂(Tp) such
that

∥x̂(Tp)∥2 ≤
1

p0
x̂(Tp)

⊤Px̂(Tp) <
1

p0
VP(x̂(0)) ≤

S

p0
≤ δ2.

Obviously, the optimal trajectory starting at x̂(0) = 0 remains at the equilibrium, so
the inequality is also valid. Hence, the equilibrium is TS-reachable from x̂(Tp) ∈ Bδ.
Since we reach x̂(Tp) from x̂(TS) in time Tp−TS under the optimal control û|[TS ,Tp], the
equilibrium is Tp-reachable also from x̂(TS) (Proposition C.2). For the same reason,
from x̂(t∗), where t∗ ∈ (0, TS), the equilibrium is reachable in time Tp + TS − t∗ ≤
Tp + TS . This is illustrated in Fig. C1.

In view of Corollary C.3, the optimal trajectory cannot leave the set R0(TS + Tp),
which is bounded (Corollary B.3).

The statement of Theorem 5.7 is now straightforward. Recall that the solution
x(t), u(t) of the closed-loop system on interval [0, t1] = [0, TS ] is coincident with the
optimal trajectory in OCP(0, x(0)). Hence, if x(0) ∈ R(Tp) and P ≥ p0I, then x(t1) ∈
R(Tp). Applying the same argument toOCP(t1, x(t1)), one proves that x(t2) ∈ R(Tp),
and so on; the induction on k proves easily that x(tk) ∈ R(Tp) for all k. Similarly,
for each t∗ ∈ (0, t1), we have x(t∗) = x̂(t∗) ∈ R0(TS + Tp), which statement, using
induction on k, can thus be proved for all t∗ ∈ (tk, tk+1), which finishes the proof. □

31



C.3. Two additional properties of the function VP

In this technical subsection, we further develop Theorem 5.7 and establish two impor-
tant properties of VP on the set R0(Tp).

A lower estimate on the function VP

To prove Theorem 5.8, we will need the strict positive definiteness of the function VP,
which is enabled by Theorem 5.7 and is established by Corollary C.8 below. We start
with proving the following proposition.

Proposition C.7. Consider the auxiliary integral functional

Ψ(x, u) =

∫ TS

0
Φ(x(τ), u(τ) dτ,

where x(t), u(t) is some solution to (1) (possibly, violating the constraint u(t) ∈ UC),
defined at least on [0, TS ], and Φ is same as in (C1). Then, for each bounded set
D ⊂ Rnx a constant M =M(D) exists such that

∥x(0)∥2 ≤MΨ(x, u) (C3)

for any solution x, u such that x(t) ∈ D for all t ∈ TS.

Proof. In view of Assumption 3.1, the function f is Lipschitz on the bounded set
D, in particular, |x⊤f(x)| ≤ C1∥x∥2 for all x ∈ D. The continuous function x⊤g(x) is
bounded on D, in particular, ∥g(x)∥ ≤ C2 for all x ∈ D, and

|x⊤g(x)u| ≤ 1

2

(
∥x∥2 + ∥g(x)∥2∥u∥2

)
.

Choosing C = max
{
C1 + 1/2, C2

2

}
, one thus proves that∣∣∣x⊤(f(x) + g(x)u)

∣∣∣ ≤ C(∥x∥2 + ∥u∥2) ∀x ∈ D, u ∈ Rnu .

To prove (C3), it now suffices to notice that for each t ∈ [0, TS ], one has

∥x(0)∥2−∥x(t)∥2 ≤ 2

∣∣∣∣∫ t

0
x⊤(τ)ẋ(τ) dτ

∣∣∣∣ ≤ 2C
∫ TS

0
(∥x(τ)∥2+∥u(τ)∥2)dτ = 2CΨ(x, u).

Integrating over t ∈ [0, TS ], one proves thus that

TS∥x(0)∥2 −Ψ(x, u) ≤
∫ TS

0
(∥x(0)∥2 − ∥x(t)∥2) dt ≤ 2CTSΨ(x, u),

entailing thus (C3) with M = 2C + T−1
S .

Notice that TS in Proposition C.7 can be replaced by an arbitrary T > 0 (the
constant M , of course, will depends on T in this case). The following corollary is now
immediate, illustrating that VP is positive definite uniformly in P (which matrix has
to be large enough to keep the solutions uniformly bounded).
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Corollary C.8. A constant α > 0 exists such that for all x0 ∈ R0(Tp) and P = P⊤ >
p0I

VP(x0) ≥ Ψ
(
x̂[0,TS ], û[0,TS ]

)
≥ α∥x̂(t)∥2 ∀t ∈ [0, TS ]. (C4)

Here p0 is the constant from Theorem 5.7 and (x̂, û) is the minimizer in OCP(0, x0).

Proof. The left inequality in (C4) is trivial, so it suffices to prove the rightmost one.
As has been already proved (Theorem 5.7), the optimal solution in (C1) stays in

D = R0(Tp + TS). Choosing β =M−1, one has

ψ
.
= Ψ

(
x̂[0,TS ], û[0,TS ]

)
≥M−1∥x0∥2,

whereM is the constant from Proposition C.7 corresponding to D. Retracing the proof
of Proposition C.7 (where x, u have to be replaced by x̂, û), one demonstrates that

∥x̂(t)∥2 − ∥x0∥2 ≤ 2Cψ ∀t ∈ [0, TS ],

where C is some constant (by the set D), and hence the rightmost inequality in (C4)
holds for α

.
= (M + 2C)−1.

A Lyapunov-like property for the sampled states x(tk)

Proving Theorem 5.7, a substantially stronger statement has been established: by
choosing P large enough, we can guarantee that the optimal solution to OCP((0, x0))
arrives at the point x̄

.
= x̂(Tp) with an arbitrarily small predesigned norm, and thus

provide that x̂(Tp) ∈ R0(T ) with an arbitrary small T < TS . Figure C1 inspires the fol-
lowing admissible (possibly, non-optimal) control û+ in the problem OCP(TS , x̂(TS))

û+(t) =


û(t), t ∈ [TS , Tp],

uT,x̄(t− Tp), t ∈ [Tp, Tp + T ],

0, t ∈ [Tp + T, Tp + TS ].

Here û is the optimal control in OCP((0, x0)) and uT,x̄ : [0, T ] → UC , as previous, is
the control driving the state vector from x(0) = x̄ to x(T ) = 0. The corresponding
state trajectory x̂+ : [TS , TS + Tp] → Rnx , obviously, coincides with x̂(t) on [TS , Tp],
equals xT,x̄(t − Tp) when t ∈ [Tp, Tp + T ] and is zero when t ∈ [Tp + T, Tp + TS ],
nullifying thus the terminal cost. Using the rightmost inequality in (C2), one has

VP(x̂(TS)) ≤ JP(x̂
+, û+) =

∫ Tp

TS

Φ(x̂(τ), û(τ)) dτ + c̃(T ) =

= VP(x0) + c̃(T )−
∫ TS

0
Φ(x̂(τ), û(τ)) dτ ≤ VP(x0) + c̃(T )− α∥x0∥2.

(C5)
(the last inequality is implied by the rightmost inequality in (C4)). Recalling that c̃(T )
can be done arbitrarily small by providing that ∥x̂(Tp)∥ belongs to a ball of a suffi-
ciently small radius, which, in turn (see the proof of Theorem 5.7) can be guaranteed
by choosing the weight matrix P large enough, one arrives at the following important
lemma.
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Lemma C.9. Let x0 ∈ R0(Tp). Then, for any η > 0 there exists p̄ = p̄(η) such that
if P ≥ p̄I, then the optimal state trajectory in OCP(0, x0) satisfies the inequality

VP(x̂(TS))− VP(x0) ≤ η − α∥x0∥2,

where α is the constant from (C4).

Generalizing this lemma to the OCP(tk, x(tk)) solved by our NMPC, the following
corollary is immediate.

Corollary C.10. For each η > 0 there exists p̄ = p̄(η) such that if P ≥ p̄I, then VP is
featured by the following Lyapunov-type property on the time-sampled state trajectory:

VP(x(tk+1)− VP(x(tk)) ≤ η − α∥x(tk)∥2, (C6)

provided that the initial condition x(0) (and hence, all x(tk)) belongs to R0(Tp).

C.4. Proof of Theorem 5.8

We are now ready to prove Theorem 5.8. The proof is divided into several steps.
Step 1. For a given constant η > 0, we fix the weight matrix P ≥ p̄(η)I, which,

according to Corollary C.10, entails (C6) for any solution starting at x(0) ∈ R0(Tp).
Denote

r(η)
.
= (2η/α)1/2, v(η)

.
= sup

x∈Br(η)∩R0(Tp)
VP(x) <∞

(notice that the supremum is finite thanks to Corollary C.5).
Consider the solution of the closed-loop system, starting at x(0) ∈ R0(Tp). Then

we know that x(tk) ∈ R0(Tp) for all k (Theorem 5.7). We claim that an index m ≥ 0
exists such that x(tm) ∈ Br(η). Indeed, if x(tk) ̸∈ Br(η), then, according to C.10, one
has

VP(x(tk+1)− VP(x(tk) ≤ −η < 0,

which inequality, in view of nonnegativity of VP, cannot hold for all k ≥ 0.
Step 2. We claim that for all k ≥ m, the inequality holds as follows

VP(x(tk)) ≤ v(η) + η. (C7)

To prove this, we use induction on k. For k = m, we obviously have VP(x(tk)) =
VP(x(tm)) ≤ v(η), because x(tm) ∈ Br(η) ∩ R0(Tp). Assuming that (C7) holds for k,
we can easily prove if for k + 1 by considering two cases:

• if x(tk) ∈ Br(η), then VP(x(tk)) ≤ v(η) and, using (C6), it is obvious that

VP(x(tk+1) ≤ VP(x(tk) + η ≤ v(η) + η.

• if x(tk) ̸∈ Br(η), then (C6) entails that VP(x(tk+1) < VP(x(tk) ≤ v(η)+ η, where
the last inequality is implied by the induction hypothesis.
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Step 3. Using Corollary C.8 (where x0 = x(tk), k ≥ m and x̂(t) = x(tk + t) for all
t ∈ [0, TS ]), one guarantees that

∥x(t)∥2 ≤ α−1(η ≤ v(η) + η) ∀t ≥ tm

provided that P ≥ p̄(η)I.
To finish the proof of Theorem 5.8, it suffices to notice that v(η) → 0 as η → 0

thanks to Corollary C.6. Hence, choosing η = η(ε∗) > 0 small enough, it is possible to
guarantee (32) for each predefined ε∗ > 0, provided that P ≥ p∗I, where p∗ = r(η̄(ε∗)).
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