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Abstract: Finite Element Model Updating (FEMU) is a common approach to model-based Non-De-
structive Evaluation (NDE) and Structural Health Monitoring (SHM) of civil structures and infra-
structures. Its application can be further utilized to produce effective digital twins of a permanently
monitored structure. The FEMU concept, simple yet effective, involves calibrating and/or updating
a numerical model based on the recorded dynamic response of the target system. This enables to
indirectly estimate its material parameters, thus providing insight into its mass and stiffness distri-
bution. In turn, this can be used to localize structural changes that may be induced by damage oc-
currence. However, several algorithms exist in the scientific literature for FEMU purposes. This
study benchmarks three well-established global optimization techniques—namely, Generalized
Pattern Search, Simulated Annealing, and a Genetic Algorithm application—against a proposed
Bayesian sampling optimization algorithm. Although Bayesian optimization is a powerful yet effi-
cient global optimization technique, especially suitable for expensive functions, it is seldom applied
to model updating problems. The comparison is performed on numerical and experimental datasets
based on one metallic truss structure built in the facilities of Cranfield University. The Bayesian
sampling procedure showed high computational accuracy and efficiency, with a runtime of approx-
imately half that of the alternative optimization strategies.

Keywords: finite element model updating; model calibration; digital twin; generalized pattern
search; simulated annealing; genetic algorithm; Bayesian expected improvement

1. Introduction

For civil engineering purposes, predictive models are of extreme importance for asset
management, lifecycle assessment, and condition-based maintenance. This is particularly
true for detailed numerical (Finite Element) models, as their continuous updating enables
many other uses of what is generally referred to as a digital twin of the structure/infra-
structure of interest, integrating sensed information in an effective replica of the target
system [1].

In this context, Finite Element Model Updating (FEMU) strategies are of major inter-
est to ensure accurate and computationally efficient updates, both for minor adjustments
after scheduled periodical checks or for major revisions after large (planned or accidental)
structural changes, such as retrofitting and seismic events.

These FEMU strategies can be classified as either direct or indirect. The latter tech-
niques are also known as sensitivity-based approaches [2]; the procedure followed in this
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work falls into this group. For a more detailed discussion, the reader can refer to the text-
book of Friswell and Mottershead [3].

As the name suggests, direct methods iteratively minimize the difference between
the current and the known matrices of stiffness and damping. Inverse methods, con-
versely, try to approach the unknown stiffness and matrix distributions by minimizing
the difference in the model predictions. This is generally achieved by employing modal
parameters and comparing the results of dynamic simulations with the estimates from in
situ dynamic monitoring or survey results. This process not only enables calibrating a
novel FE model on experimental data; it also allows updating an existing one, potentially
calibrated on the structure’s pristine response, thus estimating the damage-induced stiff-
ness reduction [4].

The pursuit of model updating encompasses a variety of strategies, contingent upon
the ultimate objective of the updating procedure—whether it involves model calibration,
identification of system properties, damage detection, etc. These strategies extend to the
estimation of parameters associated with stiffness, mass, loads, boundary conditions, and
internal element connections, as detailed in [5]. Naturally, the selection of updating strat-
egies and the specific parameters subject to estimation depend on the typology of the
structural system under analysis. For illustrative examples of FEMU strategies applied to
civil structures and infrastructures, readers are referred to Girardi et al. [6], Ereiz et al. [7],
and Nicoletti et al. [8]. Additionally, Arezzo et al. [9] provide insights into FEMU tech-
niques as applied to historical buildings and heritage structures. Furthermore, refs. [10,11]
illustrate how model updating of steel trusses can be effectively pursued with static-pa-
rameter-identification methods, as an alternative to the somewhat more popular methods
based on the dynamic response of the structure. In this framework, ref. [12] makes use of
a stiffness separation method to reduce the dimensionality of the problem, thereby im-
proving the convergence rates of the optimizers while preserving the accuracy of the so-
lution.

All optimization methods present a certain trade-off between exploration (i.e., an al-
gorithm'’s predilection for sampling from areas of high uncertainty) and exploitation (a
tendency to sample from areas likely to offer improvement over the current best observa-
tion). In the current state of the art, there is no consensus on the most efficient approach
to these aims in the context of FEMU. Hence, this research work aims to compare four
alternatives (three well-known approaches and a more recent proposal) in relation to a
benchmark problem. As shown in the results, Bayesian Sampling Optimization guaran-
tees high accuracy with noticeably lower computational costs.

The remainder of this paper is organized as follows. Section 2 describes the four al-
gorithms benchmarked in this comparative study. Section 3 introduces and details the
first case study: a large experimental setup (specifically, an Optical Test System) devel-
oped at Cranfield University, which required low transmissibility (i.e., strong vibrational
insulation) from ground ambient vibrations for precise measurement. Section 4 reports
the results. Finally, Section 5 draws the conclusions based on this work.

2. Benchmarked Optimization Algorithms and Performance Metrics

Four alternative global optimization procedures are considered for this comparative
study. These will be detailed in their dedicated subsections; in order, they are (1) Gener-
alized Pattern Search—GPS [13], (2) Simulated Annealing—SA [14], (3) Genetic Algo-
rithm —GA [15], and (4) Bayesian Sampling Optimization—BO [16].

The main conceptual aspects of these techniques are briefly reported below. Im-
portantly, these global optimization algorithms are highly susceptible to specific design
choices and initial parameters’ values. Hence, the key implementation details are reported
as well.

For a fair comparison, the same single objective function was minimized. This is de-
scribed in Section 2.5. The performance metrics used for the four methodologies are out-
lined in Section 2.6.
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2.1. Generalized Pattern Search (GPS)

The GPS algorithm is, arguably, the simplest and least sophisticated algorithm
among the four candidates. It is a direct-search non-probabilistic technique that does not
rely on the computation of the gradients. The first formulation of GPS was given by Hooke
and Jeeves in 1961 [17]. The key element of a GPS algorithm is the pattern, by which the
algorithm individuates a set of points (called mesh), surrounding the current position,
where the objective is evaluated at each step (called the polling phase).

The details of the algorithm implementation used here are as follows:

1. The search bounds of the input parameters are linearly scaled to the interval [0, 100].
This is needed since the employed mesh size is equal in all dimensions.

2. Atevery successful poll, the mesh size is doubled. Conversely, it is halved after any
unsuccessful poll.

3. The algorithm is stopped when the maximum number of objective function evalua-
tions is reached.

2.2. Simulated Annealing (SA)

SA algorithms are often used to find the global minimum in optimization problems
characterized by many local minima. Applied to minimization problems and popularized
by [18], the concept behind these heuristic techniques comes from an analogy to the an-
nealing treatment of physical materials (such as metals). A very early mention of this
method can be found in [19], where an algorithm to simulate the annealing process at the
computational level was proposed. According to the SA technique, the input parameter
values represent the state of the system, the objective (or fitness) function acts as the en-
ergy function, and the parameter that controls the optimization (annealing) process can
be seen as a temperature variable.

To initialize the procedure, an initial parameter input vector (initial system state) is
randomly generated, and its fitness value (objective) is computed. A new trial point is
then chosen by the neighborhood function. This describes the distance of the new point
from the current one with a scale dependent on the current temperature. Finally, if the
newly sampled point is fitter than the current one, it is accepted and becomes the next
point; if the new point is less fit, it is accepted with a probability given by the acceptance
function. This function is sensitive to the difference between the new and the previous
fitness values as well as to the temperature parameter. The temperature is lowered at each
iteration according to a given cooling schedule.

The dependency on the specific implementation details is particularly relevant for
SA, as numerous neighborhood functions and cooling schedules can be adopted. While
the cooling rate should be sufficiently slow to approach the condition of thermodynamic
equilibrium (i.e., find the global optimum), an excessively low cooling rate leads to very
slow convergence. Ingber [20] provides additional information on the SA algorithm as
well as a review of the many shades SA can assume when following different implemen-
tation approaches.

For this research, two different strategies were initially envisioned. The first consisted
of using a high cooling rate while reannealing several times during the optimization pro-
cess. The second made use of a much lower cooling rate, but reannealing was not permit-
ted. The two different implementations are detailed as follows:

Strategy 1:

1. The initial temperature T, is set at 100.

2. The temperature gradually decreases at each iteration according to the (expo-
nential) cooling schedule T = T, - 0.95, where k is equal to the iteration num-
ber.

3. The reannealing function selects the next point in a random direction, with a
step length equal to the current temperature T.
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4. If a sampled point is less fit, it is accepted according to the acceptance function
o , where A is the difference between the objective values.

1+exp (#(T))

5. Reannealing occurs every 100 consecutively accepted sampled points.
Strategy 2:

1.  The initial temperature T, is set at 50.

2. The temperature gradually decreases at each iteration according to the (linear)
cooling schedule T = T/k, where k is (as before) the iteration number.

3. The reannealing function selects the next point in a random direction, with a
step length equal to the current temperature T.

4. If a sampled point is less fit, it is accepted according to the same acceptance

1+exp (L)

max(T)
5. Reannealing never occurs.

function of Strategy 1,

For both strategies (and similarly to GPS), the optimization bounds of the input pa-
rameters are linearly scaled, in this case, according to the interval [0, 1]. It follows from
the above definitions that for the first 90 iterations when using the first strategy and for
the first 50 iterations when using the second strategy, the objective is randomly sampled
within the optimization bounds. Hence, the choice of the initialization point has no sig-
nificant influence on the final results.

It was verified that Strategy 2 consistently outperformed Strategy 1 in all aspects;
therefore, only the results of the former will be reported hereinafter.

2.3. Genetic Algorithm (GA)

Genetic Algorithm is quite a comprehensive term that can refer to many related yet
sensibly different algorithms, ranging from single to multi-objective optimization (see,
e.g., [21]). In the most general terms, GA—as described by Holland in his seminal work
[15] —seeks the best solution among a population of solutions. This is achieved by apply-
ing the principles of evolutionary biology, under the hypothesis that individuals who
have a genetic advantage over others have higher chances of breeding successfully. Dur-
ing a cycle of generations, new individuals with enhanced genetic makeup are produced
through selection and recombination operations. As these advantaged individuals spread
their features over the entire population, this gradually leads to overall improved fitness.
Elitist GA approaches, such as the procedure implemented here, also consider a small
portion of the best candidate in the current population to be transferred to the next gen-
eration without undergoing any change, to slightly encourage exploitation over explora-
tion of the search space.

The following aspects characterize the GA implementation used in this study:

1. Compliance with optimization bounds is enforced by ensuring that each individual
is generated (though proper crossover and mutation operators) within the given con-
straints.

2. The initial population, necessary to initialize the algorithm, consists of 50 randomly
chosen points (the initial population size is therefore equal to 10 times the number of
dimensions).

3. The crossover fraction is set to 0.8.

The elite size is set at 5% of the population size.

5. The mutation fraction varies dynamically, according to the genetic diversity of each
generation.

-~

2.4. Bayesian Sampling Optimization (BO)

Bayesian Sampling Optimization, or Bayesian optimization for short, is a powerful
technique for optimizing complex and costly objective functions. At its core, it combines
two essential components: (1) a probabilistic surrogate model, typically a Gaussian
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Process (GP), and (2) an acquisition function. This approach offers an intelligent and effi-
cient way to explore and exploit the search space, making it particularly valuable in sce-
narios where evaluating the objective function is time-consuming or resource-intensive,
as in the case of model updating [22].

The probabilistic surrogate model (1) serves as a statistical representation of the un-
derlying objective function. It leverages the principles of Bayesian inference to capture the
uncertainty associated with the function’s behavior. The rationale for utilizing a statistical
predictive model as a surrogate for the objective is to leverage its statistical characteristics
for intelligent guidance in the task of sampling the objective function (as elaborated in
more detail shortly afterwards). This task is easily achieved because drawing numerous
samples from the surrogate model is cost-effective when compared to the expensive na-
ture of evaluating the objective function itself. GPs are commonly employed as surrogate
models due to their flexibility and ability to model complex non-linear relationships [23].
Indeed, these are by far among the most popular stochastic models used in the framework
of BO and are as such employed in the current implementation as well. Nonetheless, sev-
eral stochastic predictive models have been successfully employed as surrogates of the
objective, such as random forests [24], deep neural networks [25], Bayesian neural net-
works [26], or ensembles of additive Gaussian Process models [27]. The GP is trained us-
ing observed data points (inputs and corresponding function values). These data points
collectively constitute the surrogate model’s training set. The GP’s predictive distribution
provides not only a point estimate of the objective function’s value at any given input but
also a measure of uncertainty or variance associated with the estimate.

The acquisition function (2) plays a pivotal role in guiding the optimization process
[16]. It acts as a decision-making tool to select the next point to evaluate in the search
space. In short, the acquisition function balances exploration and exploitation needs. It
identifies promising areas to sample, emphasizing regions where samples drawn from the
surrogate model exhibit high uncertainty (exploration) and/or where significant improve-
ments in the objective function are likely (exploitation).

In many real-world optimization problems, the relationship between input dimen-
sions is not uniform. The implemented strategy makes use of ARD kernels to address this
issue by allowing the use of separate length scales (hyperparameters) for each dimension
of the input space [28]. Each dimension is associated with a length scale, which represents
how far apart input points in that dimension need to be for the output to become uncor-
related. This flexibility is particularly beneficial when dealing with anisotropic problems,
where the scales of variation in different directions are dissimilar. The optimizer can there-
fore adapt more effectively to the specific characteristics of the problem, focussing its ef-
forts on dimensions that have a more substantial influence.

Four different acquisition functions will be used and compared. These are briefly de-
scribed hereinafter, but the reader is referred to the aforementioned literature. To this ex-
tent, the following notation is used:

D1:1: = {Xl:t' f(Xl:t)} (1)

where D;., is the observations set, or sample, made of t observations in total and x; is
the vector of input parameters corresponding to the i-th observation. The length of x;
equals d, the number of dimensions of the updating problem, i.e., the number of updating
parameters. Finally, f(x;.) represents the values of the objective function sampled at
X1

The algorithm proceeds to select the next sampling point X;,,; by maximizing the
acquisition function a(x) (note that the actual objective value at X;y;, f(X¢41) is not
guaranteed to be higher than the incumbent value f(x*) , where x*=

argmaxy, ex,,, f(X:)):

Xy = arg maxy a(X|Dy,) (2)
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For this task, a(x) takes as input the predicted objective u(x) and its uncertainity
o(x) sampled from the Gaussian Process model, which serves as surrogate. Since the GP
is computationally effective, this task requires limited (but non-negligible) computational
effort.

The definition of the four acquisition functions that are to be compared with the sim-
ulated dataset is provided below.

Probability of Improvement (PI) [29] is defined as

PI(X) = P(f(x) 2 f(x*) +§)
_o (M) ®
- o(x)

where ®(-) is the CDF of the standard normal distribution.

This approach aims to quickly maximize the objective but tends to be overly exploi-
tative due to its preference for low uncertainty predictions. This can lead to fast conver-
gence rates but carries a high risk of running into local optima. Thus, a trade-off parameter
& is introduced to balance exploration and exploitation. However, determining & to
achieve adequate levels of exploration and convergence remains a challenging aspect [22].

Expected Improvement (EI) is defined as [22]

1 o = [0 [ e (55 ) + o ()] i oo > 0
ifo(x) =0

where ®(-) and ¢(-) are the CDF and the PDF of the of the standard normal distribution,
respectively. This concept aims to identify the point with the highest expected improve-
ment over the incumbent f(x*), taking automatically into account both the improvement
u(x) — f(x*) and the related uncertainty o(x) given by the predictive model.

Upper Confidence Bound (UCB), also known as Lower Confidence Bound (LCB)
where minimization rather than maximization is concerned, is based on a very simple yet
very effective concept. Presented by [30] in the “Sequential Design for Optimization” al-
gorithm, this acquisition function consists in considering an upper (lower) confidence
bound at x. The UCB function is defined as

(4)

UCB(x) = u(x) + ko (x) (5)

where « is typically a positive integer number, which controls the bound width identified
by the standard deviation o(x) and therefore the propensity to explore the optimization
space. k is taken as equal to 2, so that the confidence bound is about 95%. Also in this
case, this approach leads to an automatic tradeoff between exploitation and exploration
desires.

Finally, the modified version of Expected Improvement, (EI+), consists in introducing
an overexploitation check at each iteration of the algorithm, as proposed by [31]. The goal
is to recognize when the optimization procedure is overexploiting a certain area of the
optimization space and force the algorithm to sample the objective away from this region.
The following overexploitation check is performed on the selected point X, 1:

G(Xt+1) < taaA ’ (6)

where t, is an arbitrary coefficient that controls the overexploitation threshold, and g,
is a small quantity of Gaussian noise added to the observations.

If the above condition is true, the kernel is modified by multiplying the GP’s hyperpa-
rameters by the number of iterations. This leads to a higher variance in the space between
observations, leading to higher acquisition values. After forcefully raising the variance, a
new point x;,, is selected for sampling and the check is performed once more. If the
overexploiting condition is met again, the hyperparameters are multiplied by an addi-
tional factor of 10. This process continues until the overexploiting condition is no longer
met or to a maximum of 5 times.
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The implementation followed here is mostly based on the MatLab function bayesopt
(https://it. mathworks.com/help/stats/bayesian-optimization-algorithm.html. Lat visited
on 15 October 2023), which in turn derives from the research of Jones et al. [22] (where it
is presented under the name Efficient Global Optimization —EGO), Gelbart et al. [32], and
Snoek et al. [33].

In short, the BO procedure, in the current implementation, can be synthetized step
by step as follows:

The seed points are randomly chosen within the optimization space, defined by the
optimization bounds of each input parameter.

The optimization procedure is initialized by computing the objective function at
these seed points.

The fitting of a Gaussian Process (GP) occurs by maximizing the marginal log-likeli-
hood, which enables one to select the optimal set of hyperparameters 8*. Moreover,
a small amount of Gaussian noise ¢? is added to the observations (such that the
prior distribution has covariance K(x,x’; 6) + a2I).

To maximize the acquisition function, several thousands of predictions u.(x,) are
computed at the points x,, randomly chosen within the optimization space. Then, a
selection of the best points is further improved with local search (to this end, the
MatLab function fmincon (https://it. mathworks.com/help/optim/ug/fmincon.html.
Last visited on 15 October 2023) is used in this application), among which the best
point is finally chosen.

The objective function is computed at the point corresponding to the acquisition
function maximum.

Hence, as described in point III, a newly fitted GP is used at each algorithm iteration.
This represents one of the most computationally expensive (and thus time-consuming)
aspects of the whole procedure. Nevertheless, as shown in Section 4, the gains due to a
superior sampling strategy exceed the losses caused by the relatively cumbersome GP fit-
ting. This, as will be demonstrated, results in an overall faster and more efficient solution
than the other options inspected here.

Regarding further specific settings of the BO algorithm:

1.  An ARD Matérn 5/2 kernel function is selected.

The input variables are log-transformed.

3. Four acquisition functions, as previously described, are considered. The best overall
results, as will be shown, are achieved with the UCB acquisition function. All the
options will be discussed in a dedicated paragraph.

N

Regarding the initialization settings, according to the established scientific literature:

1. The seed size was set to 50 points, following the advice of ref. [22] to set it as (at least)
10 d, where d is the number of dimensions of the optimization problem (i.e., updat-
ing parameters).

As a summary, Figure 1 provides flowcharts describing the basic workflow of the
optimization techniques discussed so far.
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Bayesian Optimization (BO)

————————
Sampling of initial seed

—

5

Fitting GP to observations

+ Maximization of marginal log-
likelihood for hyperparameter
selection

) EEEE——

Selection of next sampling
point
+ Maximization of acquisition function

-—

SEEE—
Sampling

+ Computation of objective function at
newly selected point

—

Max. number
of iterations?

Generalized pattern search (GPS)

O

Mesh is selected about
incumbent point

Yes

Simulated annealing (SA)

Max. number of
observations?

Genetic Algorithm (GA)

(Random) selection of initial
population (seed sampling)

——
No
.
Sampling at new trial point Computing fitness of all
O « Selected about the incumbet point, individuals (sampling
according to the neighbourhood objective)
function
Sampling at mesh points —_
| — ' 3
Breeding
Yes « Through crossover and mutation
operators
——
Max. number
Yes of No
observations?
Accepted by i
No Next generation
No acceptance fun.? 8
| —

Polling phase

« Accept: mesh size is doubled
« Reject: mesh size is halved

Max. number
of observat.?

Trial point becomes the new
incumbent point

Figure 1. Flowcharts that describe the basic workflow of each optimization technique considered in
this benchmark study.

2.5. Objective Function

Modal data (i.e., natural frequencies and mode shapes) are the most common features
of FEMU. The minimization is performed between the model results and the target values
until convergence. These target values correspond to the identified parameters in the case
of an experimental dataset.

Concerning the mode shapes, the MAC—Modal Assurance Criterion [34] —value is
considered to measure the coherence between the computed mode shapes and the target
mode shapes. The natural frequencies and the MAC values used for updating are ar-
ranged together to compute the misfit between the computed response and the target re-
sponse. To this extent, the following objective function (also known as cost or penalty func-
tion) is considered:

wim‘fg/id_w;::alc . . i
P = w'targ/id + Z?]=1 (1 - dlag (MAC(¢?1C: ¢iarg/L ))) ] (7)
i=1 !
where @/ 0/ and wf® are the i-th target (or identified) natural angular frequency

and the i-th computed natural angular frequency, respectively, of the N modes used for
updating, and MAC(¢'c, ¢f"") is the MAC value relative to the i-th computed mode
shape ¢ and the i-th target (or identified) mode shape ¢*"%/**. The first term of the
cost function ensures that the natural frequencies calculated by the model are as close to
the target ones as possible, while the second term ensures that the target mode shapes and
the computed ones are correlated. MAC values close to 0 suggest little or no correlation
between modes, while MAC values close to 1 indicate a good correlation. As such, if the

computed modal data and target modal data are identical, the (always positive) objective
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function P is perfectly minimized at 0, which constitutes the global optimum of the func-
tion, providing the well-posedness of the updating problem. While this is indeed the case
when updating against numerically simulated data, when using identified modal proper-
ties (i.e., experimental data), the global minimum of the cost function in the output space
may lie far from zero. In fact, FE model deficiencies coupled with identified modal pa-
rameter inaccuracies lead to some ineluctable misfits between computed and measured
modal responses.

2.6. Performance Metrics

Due to the different nature of the optimization techniques employed, some appropri-
ate practices must be applied to promote a fair comparison of the algorithms:

1. Since SA and GA are stochastic/metaheuristic optimization techniques, the final op-
timization results are variable and non-deterministic. Hence, several optimization
runs are performed with both algorithms: in the following case studies, the results
shown stem from 10 different runs. Either the average or a representative case of the
10 executions is then considered.

2. The GPS algorithm must be initialized from a starting point. Obviously, the distance
from the global optimum to the selected starting point greatly impacts the algo-
rithm’s efficiency and effectiveness. Hence, at each run, the algorithm is initialized at
a different, randomly chosen point.

The four optimization techniques are compared by focussing on the accuracy level
achieved according to the number of function evaluations performed by the algorithms.
The achieved value of the objective function had been used as a measure of accuracy
through the optimization process.

As fundamentally different optimization methods are being compared, the allowed
number of function evaluations differs from case to case: in all case studies, GPS, SA, and
GA are allowed to sample the objective function two times more than BO, as these tech-
niques typically require a much greater sampling volume to achieve sufficient levels of
accuracy. Admittedly, SA and GA, in particular, are optimization techniques that require
a high number of iterations to perform at their best; hence, allowing more function evalu-
ations makes the final results more comparable. On the other hand, this aspect is ac-
counted for in the computation of the elapsed time.

Regarding Bayesian optimization, the number of iterations can be kept small to re-
duce computational time due to modelling and point selection tasks, without interfering
negatively with the updating process. In fact, as will be shown in the results, BO outper-
forms these other candidates even with this arbitrary constraint of fewer computations
allowed.

The relative error between target/identified and computed natural frequencies as
well as the MAC values are reported for each case study. Similarly, for numerical case
studies only, the relative error between the (known) target and the estimated parameters
will be reported to assess the accuracy level in the input space of all optimization tech-
niques.

Moreover, the root mean square relative error (RMSRE) is computed to help measure
the overall response misfit of each algorithm. By considering all errors, this value (com-
puted for both input space and output space quantities) gives a general measure of the
level of accuracy reached by each technique. For results in the output space, the RMSRE
is computed as

RMSRE,yt = Jﬁ X0 fE T, (- MAG)?, 8)

rel,

where fi..;; is the relative error between the i-th natural frequency and its target value (so
B fTAR_UPD

that fre; = fTT), MAC; is the MAC value of the i-th mode shape, and n is the
i
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number of modes considered for updating. For input space results, the RMSRE is simply
given by

1
RMSRE = J; DI CA ©9)

where X; is the relative error between the i-th updating parameter and its target value,
and n is the number of updating parameters considered.

Finally, the total computational time of each optimization algorithm is used as a com-
parison metric. This allows one to prove the time-saving advantage of using a very effi-
cient optimization technique, such as BO.

3. Case Study

The comparative study was performed on an aluminum frame structure, built in the
research laboratory of Cranfield University as an Optical Test System (OTS) and dynami-
cally tested indoors under controlled conditions. Independently from its specific destina-
tion of use, it shares many structural similarities with other metallic frame structures such
as bridges [35].

Both experimental and numerically simulated data were employed. The latter case
was intended for assessing the algorithm capabilities in a more controlled fashion. The
experimental validation, on the other hand, proved the feasibility of the investigated
FEMU approaches in the framework of real data acquisitions.

3.1. Cranfield Optical Test System

This case study originates from a unique OTS setup designed and assembled at the
Precision Engineering Institute Laboratory of Cranfield University. This is discussed in
detail in [36]; only the main aspects are recalled here for completeness.

This setup aimed to verify the form accuracy of meter-scale concave surfaces with
nanometric precision. To satisfy this requirement, due to the radius of curvature of the
test piece (an optical instrument), it was necessary to keep a 3.5 m distance between it and
the measuring ZYGO DynaFiz™ laser interferometer. Hence, this structure (Figure 1) is
of relevant engineering interest as it hosts a relatively heavyweight, very sensitive piece
of equipment (with a ~500 um spatial resolution) at a relatively tall height. This instru-
ment must be isolated from ambient vibrations (transmitted from the ground up) as much
as possible; any potential excitement due to dynamic loads with frequencies close to the
natural modes of the OTS would deteriorate its measurement capability.

The OTS structure is 4.25 m tall in total (accounting for the remaining part of the
columns above the upper platen; see Figure 2b) and it is made of aluminum extruded
profiles (see Figure 3c) bolted together (as shown in Figure 3a,b). The structure includes
two structural platens, two dedicated (bespoke) precision positioning supports, five insu-
lating and levelling feet (made of polyamide and bolted through the lower horizontal alu-
minum profiles), and a fixed support structure for the high-performance laser interferom-
eter. Each main structural element was weighted before assembly; the details are reported
in Table 1. For this reason, the density of the material was considered as a known value
and not calibrated in the FEMU procedure. The test piece (420 x 420 x 40 mm) was made
of ultra-low expansion (ULE) glass.
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Figure 2. The OTS case study during experimental tests: (a) acquisition setup for the experimental
modal analysis; (b) structural components.

Figure 3. Details of the structure: (a) bolted joints between rods; (b) bolted connection between the
base, one vertical pillar and the lower platen; (c) cross-section schematics of the aluminum profiles.

Table 1. Measured masses of the structural components.

Structural Component Mass (kg)
Upper and lower aluminum platens 32 (each platen)
Interferometer and interferometer support structure 70
Test piece ! 15.6
Test piece support structure ! 16.6

! Summed up as the total mass of the lower platen (32.2 kg).

3.1.1. Acquisition Setup and Experimental Dataset

Both Experimental (input-output) and Operational (output-only) Modal Analyses
(EMA/OMA) were performed. Only the first set of results is discussed here for brevity.
For EMA, an impulse force test hammer (PBC Piezotronics model 086D20 ICP®) was
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performed as shown in Figure 2a, impacting the middle of the upper platen in the x- and
y-axis directions. A super-soft tip was applied to excite frequencies in the range between
0 and 500 Hz. A set of four triaxial accelerometers (two 356 A24 and two 356A25 ICP® PCB
Piezotronics models) was applied for this investigation, with an LMS SCADAS III multi-
channel dynamic data acquisition system and the LMS test lab system identification soft-
ware (https://plm.sw.siemens.com/en-US/simcenter/physical-testing/testlab/. Last visited
on 15 October 2023). The sampling frequency was set to 360 Hz for all sensors. All record-
ings were then detrended and bandpass filtered. The complete testing equipment is por-
trayed in Figure 4.

Figure 4. The Experimental Modal Testing equipment: (a) the 16-channel dynamic data acquisition
(LMS SCADAS I1I); (b) Model 356A25 25 mV/g 1-5000 Hz and Model 356A24 10 mV/g 1-9000 Hz
accelerometers; (c) impulse force test hammer (PCB Piezotronics model 086D20 ICP®) with inter-
changeable rubber tip.

The identified natural frequencies (up to the fourth mode, defined in the 0-50 Hz
range) are reported in Table 2. The locations of the four sensors were changed between
hammer hits as explained in [36], only maintaining one at a fixed location for reference
and applying five hits per sensor layout. In total, 24 locations (highlighted by the red dots
in Figure 2a) were used for the triaxial sensor, considering all the main frame joints and
four points below the lower platen. Averaging the results, this returned experimental
mode shape was defined over 72 output channels.

Table 2. Experimental dataset: identified natural frequencies (EMA).

Mode Mode
Number Description fn H2)
1 First bending mode along the x-axis 4.26
2 First bending mode along the y-axis 6.18
3 First axial (vertical) mode 22.52
4 First torsional mode 28.50

3.1.2. Finite Element Model

The FE Model utilized for this study is the same as that described in [36]. This was
realized in ANSYS Mechanical APDL (Figure 5a). BEAM188 elements were utilized for
the aluminum profiles and the interferometer support structure. SHELL181 elements were
used for the upper and lower aluminum platens. All the bolted connections were assumed
to be rigid joints. A lumped mass (MASS21) was used to simulate the interferometer, po-
sitioning it in its expected center of gravity and joining it to its support structure via six
rigid links. COMBIN14 linear springs were applied at the five feet of the structure in the
three directions (see Figure 5b). In the end, the complete model was composed of 2873
elements, totaling 2918 nodes.
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Figure 5. Finite Element Model of the OTS structure: (a) global overview; (b) detail of one levelling
foot with its schematization.

The modal analysis of the structure is executed by employing the shifted-block
Lanczos eigenvalue extraction method [37], a variation of the classical Lanczos algorithm.
The number of modes to be extracted is set to 6, to keep the solution as computationally
efficient as possible. The first four mode shapes of the structure are represented in Figure
6. These configurations exhibit topological congruence with the identified ones.

Figure 6. Mode shapes of the uncalibrated model: first bending mode along the x-axis (a); second
bending mode along the y-axis (b); first axial (vertical) mode along the z-axis (c); and first torsional
mode (d).

3.1.3. Model Updating Setup and Numerical Dataset
The following five parameters were considered for updating (see Table 3):

1. Ejy: the Young’'s modulus of the aluminum (assumed identical for all the beam and
shell elements).
2. vy the Poisson’s ratio of the same.
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3. ky, ky, k;: the linear stiffness of the springs at the feet of the structure, along the x-, y-
, and z-axis, respectively (assumed identical for all feet).

Table 3. Parameters selected for updating and associated optimization bounds.

Parameters S hB d Measurement
to be Updated earch bounds Unit
lower bound upper bound
Ey 30.00 150.00 GPa
Vai 0.3 0.4 -
ky 1.20 x 103 3.00 x 10* Nm™
k, 1.20 x 103 3.00 x 10* Nm™?
k, 1.20 x 103 3.00 x 10* Nm™!

In the numerical simulation, these parameters are known in advance and thus named
target parameters hereinafter. These quantities are in this case fixed a priori and chosen
according to physically plausible values.

As mentioned earlier, the mass of the system is known and thus considered as a given
ground truth. By varying stiffness-related quantities only, the risk of incurring ill-posed-
ness issues of the updating problem is strongly reduced, enabling the assessment of the
capabilities of the optimization techniques in a more controlled setting.

Also, this represents a quite realistic occurrence, as even for large and complex struc-
tures, the density of several building materials is the easiest property to estimate from
material samples.

The optimization space is delimited by a lower bound and an upper bound, defined
for each updating variable. The optimization bounds are tighter for the aluminum’s elas-
ticity modulus Ej;, as it is not expected to significantly deviate from the expected value
of 70 GPa (retrieved from the material data sheet). Similarly, the optimization range of v
is relatively limited as well. Instead, the optimization range for the three springs is wider,
to account for higher uncertainty about the rigidity of the supports. Information given by
the system-output data used for updating (first four natural frequencies and mode shapes)
was found to be sufficient to guarantee uniqueness of the solution, as all optimization
runs returned consistent results.

As mentioned earlier, to operate in a completely controlled fashion, not only the ex-
perimental dataset (described earlier) but also a numerically generated one was em-
ployed. In this latter case, the natural frequencies and mode shapes were obtained by run-
ning a modal analysis on the FE model set with the arbitrarily chosen values reported in
Table 4. These will be referred to hereinafter as target input parameters and were intended
to be similar, yet not identical (to avoid redundancy in the results), to the actual values of
the calibrated model. Table 5 shows the target natural frequencies generated by the target
input parameters for the numerical dataset.

Table 4. Values selected for the target input parameters.

Target Input Parameters Target Value
Ey 70.00 GPa
Va 0.32
ky 1.00 X 10* Nm™*
ky, 2.00 x 103 Nm™*

k, 2.00 x 10* Nm~!
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Table 5. Numerical dataset: target natural frequencies (numerically generated).

Mode Mode
Number Description fa (H2)
1 First bending mode along the x-axis 4.39
2 First bending mode along the y-axis 6.50
3 First axial (vertical) mode 22.70
4 First torsional mode 29.15
4. Results

The case study reported here serves well the aim of showcasing the potential of the
several algorithms, given the nature of the optimization problem. On the one hand, the
rather simple geometry and building material of the system allow one to reduce the
sources of uncertainty. On the other hand, as very heterogeneous parameters are being
optimized, namely material properties and spring stiffnesses, the problem is expected to
show different sensitivity to each updating parameter. Hence, the algorithms must be able
to deal with different search ranges.

The use of numerically simulated and experimental data plays an important role in
testing and assessing the algorithms in analysis. The numerical simulation provides a con-
trolled environment, allowing for systematic testing of the algorithms under precisely de-
fined conditions. This controlled setting enables to evaluate the algorithmic performance
and validate the effectiveness of each optimization strategy in the idealized scenario,
where the actual (target) values of the updating parameters are known. On the other hand,
the experimental data setup introduces the complexities and uncertainties inherent of
real-world situations, reflecting the practical challenges of dealing with errors and noise
due to both model deficiencies and modal identification uncertainties. This provides in-
sights into the robustness, adaptability, and accuracy of the four benchmarked methods
when confronted with the natural imperfections of physical measurements and modelled
response of the system.

4.1. Results for the Numerically Simulated Data

As mentioned, the comparison between BO, GPS, GA, and SA is conducted through
a comparison of the results in the output and the input space. At this stage, no noise is
added to the target modal parameters (i.e., natural frequencies and mode shapes), to pro-
mote fair comparison between the four methods in terms of performance of accuracy. This
idealized scenario enables to isolate the optimization problem from other well-known
sources of error in model updating problems. Conversely, these will be naturally present
in the benchmarks conducted with experimental data. For BO, all results shown in this
and the following section refer to the Upper Confidence Bound option as specified in Sec-
tion 2.4. A more detailed discussion will be reported later in a dedicated paragraph.

Results relative to the output, in terms of (best) cost function values and the estimated
modal data, are shown in Table 6. The table reports the relative errors between the up-
dated natural frequencies and the known target values (generated by the set of target pa-
rameters), the MAC values, and the root mean square relative error (RMSRE), which, by
considering both the modal parameters, represents a sort of “final score” that helps to
measure the overall response misfit of each algorithm. The relative errors are expressed
in percentage and computed, for each n-th mode, as (f;FP — f;T4R)/fTAR where f,UFP is
the value estimated by the FE model at the end of the update and £;74R is the correspond-
ing target.
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Table 6. Optimization results in the output space, numerical dataset.

Mode
Number

GPS SA GA BO
frAR (200 fun. eval.) (200 fun. eval.) (200 fun. eval.) (100 fun. eval.)
(Hz) UPD  Af Error MAC UPD Af Error MAC UPD  Af Error  MAC fFYPP Af Error MAC
(Hz) (%) ) (Hz) (%) ) (Hz) (%) ) (Hz) (%) )

B W N =

4.39 4.38 -0.228 1.0000 441 0.456 1.0000 4.40 0.228 1.0000 4.39 0.000 1.0000
6.50 6.53 0.462 0.9999 6.48 -0.308 1.0000 6.54 0.615 1.0000 6.51 0.154 1.0000
22.70  22.66 -0.176 0.9995 22.54 -0.705 1.0000 22.74 0.176 0.9998 22.74 0.176 1.0000
29.15  29.84 2.367 0.9998 29.89 2.539 0.9999 29.52 1.269 1.0000 29.17 0.069 1.0000

RMSRE (%) 2.16 1.43 1.92 0.29
Best cost fun. 0.0612 0.0502 0.0511 0.0070

Upon evaluating the attained cost function optima and the RMSRE concerning the
modal data, it becomes apparent that all algorithms demonstrate satisfactory, albeit not
exceptional, minimization performance. The least favorable outcome is observed when
employing GPS. However, even in this least favorable scenario, the objective value does
not deviate significantly from zero (i.e., the known global minimum).

SA and GA perform similarly, yielding acceptable values of RMSRE, suggesting that
these algorithms might have successfully identified the global optimum. Concerning
these two optimization techniques, all MAC values are found to be very close to 1, sug-
gesting a very high correlation between the computed mode shapes and the target ones.
Regarding the natural frequencies, SA reveals a relatively slightly higher level of error for
fa while still showing very good agreement with the remaining target frequencies.

Bayesian optimization (BO) truly distinguishes itself, presenting superior results in
terms of the best cost function value achieved and, consequently, the most precise align-
ment between the target and updated modal data. Indeed, the accuracy reached for both
mode shapes and natural frequencies (which, once again, take up most of the discrepancy
between target and computed data) is quite remarkable, especially considering that these
results were obtained with only 100 iterations (50% less than the other algorithms).

The results relative to the input space, i.e., in terms of the updated parameters, are
displayed in Table 7. The table reports, for each updating parameter, the target value, as
this is known (having been manually set). The relative error is computed between them
and the estimates obtained from the FE model when updated by using the four optimiza-
tion techniques. As before, the formulation for the error is as (P/F? — PT4R)/P[4R, for the
i-th parameter P.In general, the parameters’ estimations show a much higher error when
compared to the results obtained in the output space (i.e., updated modal data), denoting
that the objective function of this specific updating setup is scarcely sensitive to even sig-
nificant changes of some parameters. That reflects a generally low sensitivity of the model
to these parameters, which is overall not uncommon for FEMU [2].

Table 7. Optimization results in the input space, numerical dataset.

GPS SA GA BO

Parameter Target Value (200 fun. eval.) (200 fun. eval.) (200 fun. eval.) (100 fun. eval.)

PTAR Updated Error Updated Error Updated Error Updated  Error
Value PUPP (%) Value PUPP (%) Value PUPP (%)  Value PYP? (%)

70.00 GPa 72.00 2.857 72.36 3.371 72.28 3.257 70.37 0.529
0.32 0.40 25.000 0.32 0.000 0.37 15.625 0.34 6.250

1.00 x 10 Nm™* 3.00 x 10* 200.000 247 x 10* 147.000 8.11 x 10% -18.900 9.47x10® -5.300
2.00 x 103 Nm™* 3.12x 103 56.000 2.08 x 103 4.000 2.44 x 103 22.000 1.93x10® -3.500
2.00 x 104+ Nm™* 1.46 x 10* -27.000 1.31 x 10* -34.500 1.53 x 10* -23.500 1.98 x 10*  -1.000

RMSRE (%) 94.33 67.68 18.08 3.62

More specifically, the dynamic response of the structure is influenced in a very lim-
ited way by the springs that model the rigidity of the supports, i.e., by its boundary con-
ditions, as the largest deviations are found in these parameters. On the other hand, the
estimation of the material Young’s modulus is quite accurate for all the algorithms. In
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particular, GPS, SA, and GA attain good estimations of Ej; but fail at achieving correct
values of k,, k,, and k,, thus generating high errors. BO is the only technique that at-
tained accurate results even for these parameters, in agreement with the results obtained
in the output space.

In fact, for all the reasons mentioned above, the values of RMSRE (computed accord-
ing to Equation (3)) are sensibly higher than their counterparts in Table 6 (computed ac-
cording to Equation (2)). They also show a much larger discrepancy between the four can-
didates. This returns a well-defined ranking, with BO followed by GA, SA, and GPS.

The total optimization time employed by each algorithm is reported in Table 8. For
BO, the total time required to attain the solution of the secondary optimization problems
(modelling and point selection time) was 73 s, thus almost 10% of the total elapsed time.
Nevertheless, BO runs sensibly faster than GPS, SA, and GA, given the halved amount of
function evaluations. The other three candidates, instead, seem to have almost the same
computational needs for equal conditions. In particular, the total optimization time prac-
tically equals the time used to compute the cost function times the number of evaluations.
All runs were performed on an Intel® Core™ i7- 12700H CPU with a 2.70 GHz base fre-
quency.

Table 8. Elapsed optimization time, numerical dataset.

GPS SA GA BO
(200 fun. eval.) (200 fun. eval.) (200 fun. eval.) (100 fun. eval.)
Total optimization time [s] 1358 1363 1378 756

As proved earlier in this subsection, BO returned consistently the best results, with
half the sampling volume needed by the other algorithms and slightly more than half of
the total elapsed time. Especially in the input domain (i.e., for the estimation of the input
parameters), Bayesian optimization reached by far the best accuracy on all parameters,
keeping the error levels very low. In summary, it significantly outperformed the other
global optimization techniques considered. Also for this reason, a more detailed descrip-
tion of this technique’s results is provided here.

4.1.1. Results of the Four BO Acquisition Functions

Figure 7 shows the results obtained by performing BO on the case study with the four
acquisition functions considered in this study —PI, EI, EI+, and UCB. As mentioned ear-
lier, UCB returns the best fitting in the end; however, a comparison with the other options
gives important insights into the potential of BO.
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Figure 7. The behavior of the Bayesian optimization throughout the optimization process. The ob-
jective value at the randomly sampled seed points is displayed in red, while the objective at points
selected by the acquisition function is displayed in blue.

In particular, it can be noticed how PI converges to the optimum much more rapidly
than the other acquisition functions, which instead tend to further explore the optimiza-
tion space.

This is also evident in Figure 8 (which reports the best objective value obtained dur-
ing the optimization), where one can see the lower value of the first function evaluation
performed by PI with respect to the other functions. Given the good model validation
assessed in the previous step, Pl returns very high accuracy within a very limited amount
of function evaluations. On the other hand, while retaining a higher propensity to explore
at early stages, Upper Confidence Bound (Lower confidence bound in the Figure) gradu-
ally increases the accuracy of the solution towards the final phases of the optimization
process. Ultimately, this causes UCB to return the best result in terms of the accuracy of
the final solution among the four options, even if by a small margin.
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Figure 8. The best objective value achieved during the optimization process when using PI (top left),
EI (top right), EI+ (bottom left), and Lower Confidence Bound (LCB) (bottom right).

4.1.2. Hyperparameters of Fitted Gaussian Process

Since automatic relevance determination (ARD) kernel functions are employed, it is
possible to retrieve the length scale of each updating parameter from the hyperparameters
of the Gaussian Process fitted to the initial seed. The length scales (reported in Table 9)
provide information about the sensitivity of the problem to the updating variables. Note
that a high length scale suggests low sensitivity, while a low length scale indicates high
sensitivity. As expected, the five length scales do not have the same order of magnitude:
the parameter which majorly affects the problem (i.e., the system modal response) is the
aluminum elasticity modulus, as expected for obvious reasons. Indeed, the material stiff-
ness usually has the most significant impact on the resulting modal properties. On the
contrary, and quite reasonably, the problem is not very sensitive to changes in the Pois-
son’s ratio. Concerning the three springs, k, is found to have a greater impact on the
output, while k, and k, feature lower sensitivity. The length scales, computed by max-
imizing the log-likelihood, are relative to the 50 points randomly sampled for the seed.
Since the problem sensitivity to the updating parameters varies across the input space,
slightly different length scales are obtained when changing the initial seed of points. Also,
kernel hyperparameters adapt during the optimization process, as more sampling points
are added to the objective observations.

Table 9. Length scales of the input parameters as obtained by maximizing the marginal log-likeli-
hood in BO.

Parameter Length Scale (-)
E, (GPa) 0.59
Va () 6239.04
k, (Nm™) 23.28
ky (Nm™) 0.98

k, (Nm™1) 8.29
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4.2. Results for the Experimental Data

In this subsequent set of results, the endeavor pertains to the recalibration of the FE
model utilizing actual experimental data. In this specific instance, the veritable values of
material parameters remain unknown, rendering the comparison to be executed through
two distinctive lenses:

1. A comparison in absolute terms is performed, addressing the disparity in modal
properties derived from the four calibrated FE models and those inferred from the
empirical acquisitions.

2. In relative terms, the assessment is based on the contrast between the parameters
estimated by the four candidate models.

Due to the utilization of real-world measurements, it is essential to acknowledge the
presence of inherent uncertainties arising from modelling and system identification con-
tributing to ineluctable error within the cost function. The cost function is therefore bound
to persist with a non-zero value. Nevertheless, this setup allows for conducting a further
comparison between Bayesian optimization and the optimization algorithms utilized as
benchmark standards. In fact, this enables to assess how well the algorithms can automat-
ically deal with experimental data that are naturally affected by measurement noise and
errors.

The results for this comparative evaluation are presented in Table 10 for the input
space and Table 11 for the output space, in the same fashion as the results presented for
the synthetic data scenario.

Table 10. Optimization results in the output space, experimental dataset.

GPS SA GA BO
Mode frAR (200 fun. eval.) (200 fun. eval.) (200 fun. eval.) (100 fun. eval.)
number (Hz) upPD Af Error MAC fFupp Af Error MAC fFupp Af Error MAC  fYPP Af Error MAC
(Hz) (%) ) (Hz) (%) ) (Hz) (%) ) (Hz) (%) )
1 4.26 4.26 -0.23 0.92 4.28 0.23 0.92 4.24 -0.7 0.92 4.26 -0.23 0.92
2 6.45 6.45 4.37 0.95 6.4 3.56 0.95 6.39 34 0.95 6.36 291 0.95
3 22.31 2231 -0.93 0.95 221 -1.86 0.94 22.07 -1.99 0.95 22.1 -1.87 0.95
4 28.52 28.52 0.07 0.95 28.91 1.44 0.95 28.51 0.04 0.94 28.53 0.11 0.95
RMSRE (%) 4.46 459 455 434
Best cost fun. 0.1205 0.1313 0.1229 0.1201

Table 11. Optimization results in the input space, experimental dataset.

Parameter GPS SA GA BO
P (200 fun. eval.) (200 fun. eval.) (200 fun. eval.) (100 fun. eval.)
Ey 65139 66302 64310 65131
Var 0.3311 0.3103 0.3068 0.30883
k, 6928 24341 18102 28696
k, 8976 6234 8020 32425
k, 29456 18234 26478 22939

Upon an examination of the estimated input parameters, it is evident that the param-
eter exhibiting the highest degree of consistency is the elasticity modulus of aluminum.
This parameter emerges as the most responsive within the chosen parameters for optimi-
zation. Conversely, parameters related to the axial spring stiffnesses exhibit a conspicuous
variability among the four optimization techniques employed. Notably, there is a discern-
ible trend wherein higher stiffness values are assigned to the springs in the x and z direc-
tions, while lower values are allocated to those in the y direction. This tendency can be
attributed to the inherent geometry of the structural configuration, characterized by the
limited bending and torsional stiffness in the lower support beams of the structure. The
Poisson’s ratio, in a similar fashion, exhibits elevated variability, stemming from its status
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of least sensitive parameter in the context of the updating problem, as underscored by the
GP hyperparameters derived from the numerically simulated dataset.

When considering the final values pertaining to natural frequencies and MAC values,
all the employed algorithms yield modest and acceptable errors. It is worth emphasizing
that the sensitivity of the objective function remains relatively low. This observation sig-
nifies that even minor variations in the selected modal parameters can engender substan-
tial alterations in the input parameters of interest.

However, given the inherent limitations of the specific updating problem driven by
empirical data, Bayesian Optimization distinguishes itself again, by achieving the most
favorable alignment between identified modal parameters and their computed counter-
parts. Moreover, it accomplishes this while demonstrating notably higher computational
efficiency, with a runtime of approximately half that of the alternative optimization strat-
egies.

5. Conclusions

In this comparative analysis, four optimization algorithms—Generalized Pattern
Search (GPS), Simulated Annealing (SA), Genetic Algorithm (GA), and Bayesian Sam-
pling Optimization (BO)—were compared for Finite Element Model Updating (FEMU)
purposes. A metallic truss structure, built in the facilities of Cranfield University, was
used as a benchmark problem. Both numerical (with known ground truth) and experi-
mental (with unknown parameters) datasets were used.

The proposed case study represents an interesting application, as both a detailed FE
model and a large set of experimental data for its calibration were available. The structure
can be seen as a well-representative benchmark problem since:

(i.) Its geometry and material are very similar to many metallic truss structures, com-
monly found in civil engineering applications.

(ii.) It was dynamically tested under a strictly controlled environment and operating con-
ditions.

(iii.) Its unknown parameters comprise both the structure’s properties (E,;, v,;) and its
boundary conditions (k,, ky, k,).

The calibration of these five unknowns represented a non-trivial task, as they
spanned a five-dimensional search space, with search ranges of different magnitudes. In
this regard, it is important to remember that BO returned not only the updated parameters
of the FE model but also the length scale for each of them. These values can be directly
used for sensitivity analysis, bypassing the need for a dedicated study.

In brief, Bayesian Sampling Optimization clearly surpassed the other options in
terms of accuracy and computational efficiency. The superior accuracy is visible both in
the output domain (more accurate numerical simulations of the natural frequencies and
mode shapes, up to the structure’s sixth mode, both for the numerical and the experi-
mental dataset) and especially in the input space (more accurate estimates of the known
input parameters for the numerical dataset).

The other three candidates performed quite similarly in terms of computational time.
In the output domain, SA and GA performed better than GPS but, again, quite similarly
to each other. Finally, the results in the input parameters’ estimations allow one to outline
a well-defined ranking, with Genetic Algorithm in second place, Simulated Annealing in
third place, and Generalized Pattern Search in fourth (last) place. Nevertheless, the differ-
ence between Bayesian Sampling Optimization and the other options, including Genetic
Algorithm, is very relevant. Thus, the use of BO is strongly recommended by the authors.
Bayesian optimization presents fewer challenges in the selection of specific algorithm pa-
rameters compared to techniques such as SA or GA. However, the somewhat intricate
workflow may impede its implementation for inexperienced users. Another technical as-
pect worth noting is the limited scalability of Gaussian Processes, as the computational
cost is cubic with respect to the number of data points. This places a practical constraint



Buildings 2023, 13, 3010 22 of 23

on the maximum number of algorithm iterations when utilizing such models in the BO
framework. In fact, as the number of observations increases, the algorithm becomes pro-
gressively more computationally expensive.

The results shown in this research work derive from a single case study, for which
both a detailed FE model and a large set of experimental data for its calibration were avail-
able. The structure can be seen as a well-representative benchmark problem since its un-
known parameters comprise both the structure’s properties and its boundary conditions.
However, the findings of this research work can be applied to any structural typology,
building material, or boundary condition, ranging from, e.g., other metallic truss struc-
tures to masonry or reinforced concrete buildings.
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