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Eukaryotic cells maintain their inner order by a hectic process of sorting and distillation of molecular factors
taking place on their lipid membranes. A similar sorting process is implied in the assembly and budding of
enveloped viruses. To understand the properties of this molecular sorting process, we have recently proposed
a physical model [Zamparo et al., Phys. Rev. Lett. 126, 088101 (2021)], based on (1) the phase separation of
a single, initially dispersed molecular species into spatially localized sorting domains on the lipid membrane
and (2) domain-induced membrane bending leading to the nucleation of submicrometric lipid vesicles, naturally
enriched in the molecules of the engulfed sorting domain. The analysis of the model showed the existence of
an optimal region of parameter space where sorting is most efficient. Here the model is extended to account for
the simultaneous distillation of a pool of distinct molecular species. We find that the mean time spent by sorted
molecules on the membrane increases with the heterogeneity of the pool (i.e., the number of distinct molecular
species sorted) according to a simple scaling law, and that a large number of distinct molecular species can in
principle be sorted in parallel on cell membranes without significantly interfering with each other. Moreover,
sorting is found to be most efficient when the distinct molecular species have comparable homotypic affinities.
We also consider how valence (i.e., the average number of interacting neighbors of a molecule in a sorting
domain) affects the sorting process, finding that higher-valence molecules can be sorted with greater efficiency
than lower-valence molecules.

DOI: 10.1103/PhysRevE.108.024401

I. INTRODUCTION

Eukaryotic cells have developed a complex mechanism
of molecular distillation, allowing them to impart distinct
chemical identities to a variety of inner cell organelles that
host specific sets of proteins and lipids and perform spe-
cific functions [1,2]. At the basis of this process of organelle
maintenance and renewal is a hectic traffic of vesicles gener-
ated through a sophisticated process of sorting of molecular
factors taking place both on the outer cell membrane and
on the membranes that enclose inner cell compartments. A
similar process of sorting of specific molecular factors into
localized membrane domains is involved in the assembly of
enveloped viruses (such as HIV, SARS-CoV, and influenza)
and in their budding from host cells [3–6]. We have re-
cently proposed that molecular sorting may emerge from
the combination of two fundamental physical mechanisms
[7]: (1) the phase separation of a single, initially dispersed
molecular species into spatially localized sorting domains and

*These authors contributed equally.
†luca.dallasta@polito.it
‡andrea.gamba@polito.it

(2) domain-induced nucleation of submicrometric lipid vesi-
cles, which then become naturally enriched in the molecules
contained in the engulfed sorting domain. Based on these
assumptions, we have developed a phenomenological theory,
where the main control parameter is the intermolecular inter-
action strength which drives the phase separation process and
regulates the critical size of sorting domains, which separates
small, transient, “unproductive” sorting domains from larger,
“productive” sorting domains destined to grow and to be ul-
timately extracted [7,8]. It is important to observe here that
the interaction between homotypic molecules leading to their
phase separation into distinct sorting domains may be either
direct, such as in the case of the weakly adhesive electrostatic
interactions between unstructured molecular regions involved
in liquid-liquid phase separation [9], or indirect, as in the case
of the effective, contactless interactions induced by enzyme-
driven feedback loops involving both lipids and proteins.
The latter, indirect interactions have the potential to induce
diffusion-limited phase separation, originally studied in the
context of cell polarity [10–16], and are involved in molecular
sorting processes where the segregation of distinct molecu-
lar species in separate sorting domains is not controlled by
direct homotypic intermolecular interactions [17]. In our phe-
nomenological approach, the observable effective interaction
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strength measures the tendency of homotypic molecules to be-
come enriched in localized spatial regions, irrespective of the
microscopic (direct or indirect) origin of the attraction [7,8].
It is important to consider here that in biological phase separa-
tion, the formation of localized domains is often driven by the
action of positive feedback loops that involve several molec-
ular factors [10–16]. The resulting phase-separated domains
are thus enriched in the whole set of molecular factors that
participate in each feedback loop. Distinct feedback loops lead
to the formation of localized domains endowed with distinct
chemical identities. To simplify the discussion, we consider
here a coarse-grained description, where each of the distinct
chemical identities emerging from phase separation is rep-
resented by a single, representative molecular species, such
as a well-defined cargo molecule. It should be kept in mind,
however, that on a real cell membrane, a domain enriched in
the representative molecular species will also be enriched in
a whole clan of associated molecular factors. For instance,
the endocytic sorting of a cargo molecule also involves the
accumulation in sorting domains of a whole set of auxiliary
molecules, playing the roles of scaffolds, regulators, etc. [1,2].
In the same spirit, we consider here effective attractive interac-
tions between members of homotypic representative species
that may result from the participation of the representative
species, together with a clan of associated molecular factors,
to a common network of reinforcing feedback loops, even in
the absence of any direct homotypic interaction.

A natural measure of the efficiency of the distillation pro-
cess is the time a molecule spends on a given membrane
region before being sorted and extracted: The shorter this res-
idence time, the larger the distillation efficiency. In the steady
state, the distillation process is most efficient for intermediate
aggregation strengths, where both the molecular residence
time and the average surface density of sorted molecules
are minimal, and both are related to the incoming molecule
flux through universal scaling laws [7]. The phenomenolog-
ical theory reproduces well the experimental distribution of
sorting domain sizes [7] and the experimental distributions
of the lifetimes and maximum sizes of both productive and
unproductive sorting domains [8,18].

Experimental investigations have been mainly focused on
the process of sorting of single molecular species, such as
transferrin receptors or low-density lipoproteins [1]. More
recently, advances in imaging technologies have made it pos-
sible to elucidate aspects of the simultaneous distillation of
distinct molecular species, and to directly observe their lo-
calization in distinct, separate sorting domains [19–22]. The
demixing of distinct molecular species subject to attractive
homotypic interactions at equilibrium is predicted by statisti-
cal physics arguments [23,24]. Here we propose an extension
of the nonequilibrium theory of molecular sorting introduced
in Ref. [7], where sorting of a single molecular species was
considered, to the case where a plurality of distinct molecular
species is sorted in parallel in the same membrane region. In
this more general case, by combining theoretical arguments
and lattice-gas numerical simulations, we show that the mean
time sorted molecules reside on the membrane increases with
the heterogeneity of the pool (i.e., the number of distinct
molecular species sorted) according to a simple scaling law,
and that a large number of distinct molecular species can in

principle be sorted in parallel on a cell membrane without
significantly interfering with each other. Moreover, sorting is
found to be most efficient when distinct molecular species
have comparable homotypic affinities. Since recent studies
have highlighted a crucial role of valence (i.e., the average
number of interacting neighbors of a molecule in a crowded
homotypic domain) in driving phase separation and sorting
on cell membranes [25–27], we also performed numerical
simulations of the sorting of molecules with different va-
lence, finding that higher-valence molecules can be sorted
with greater efficiency.

II. PHENOMENOLOGICAL THEORY
FOR THE PARALLEL SORTING

OF MULTIPLE MOLECULAR SPECIES

The phenomenological theory of molecular sorting driven
by phase separation previously introduced in Ref. [7] is
here generalized to the case of the parallel distillation of
N > 1 noninteracting molecular species. The theory describes
“cargo” molecules continuously injected into the lipid mem-
brane in random positions, and then laterally diffusing on
the membrane. Attractive (direct or indirect) interactions be-
tween homotypic molecules (i.e., molecules belonging to the
same species) can lead to the formation of multiple sorting
domains enriched in the molecules of a particular species,
thus inducing a natural demixing process. Effective homotypic
attractive interactions drive the growth of approximately cir-
cular, homotypic sorting domains by the absorption of freely
diffusing molecules, that form a sort of two-dimensional “gas”
of molecules surrounding the growing domains. In the for-
mation of a domain from a random fluctuation of a free
molecule gas of large enough density, the energetically un-
favorable creation of a domain-gas interface is accompanied
by the energetically favorable creation of a homogeneous do-
main bulk. There exists therefore a critical size Ac, such that
subcritical domains of size A < Ac are unstable and tend to
dissolve, since the interface-associated cost dominates, while
supercritical domains of size A > Ac tend to grow indefinitely
[28,29]. When a supercritical domain reaches a characteristic
area AE , it is extracted from the membrane system through
the formation of a separate lipid vesicle, that thus becomes
naturally enriched in the molecular species contained in the
engulfed domain. It is worth observing here that in real cells,
the process of vesicle growth and budding is highly complex
and requires the intervention of multiple molecular factors in
a precise temporal sequence [1,30,31], while in our abstract,
coarse-grained model, we retain information only about the
average size of ultimately extracted vesicles, whose diameter
is of the order of 100 nm [30].

The self-organized process of parallel distillation of N
molecular species defines a nonequilibrium steady state,
whose statistical properties are determined by the incoming
flux of molecules and by the strength of the effective attrac-
tive interaction between homotypic molecules diffusing on
the given membrane region. In the low-density regime, the
process of formation of domains enriched in a specific type of
cargo molecule is approximately independent of the formation
of domains of the other species and is regulated by the value of
the critical size of sorting domains, beyond which irreversible
domain growth takes place [8].
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The growth of an approximately circular domain of the
ith species is driven by the flux �i of such molecules across
the domain boundary. In the quasistationary regime, and in
the limit of low-density gas and approximately absorbing do-
mains [7], �i can be computed by solving a two-dimensional
Laplace equation with Dirichlet boundary conditions and cir-
cular symmetry, finding

�i ∼ Di n̄i, (1)

where n̄i is the average density of freely diffusing molecules
of the ith species, and Di is the corresponding diffusion coef-
ficient. In the stationary regime, all particles of the ith species
injected in the system are eventually absorbed by supercritical
domains, therefore their flux φi obeys

φi ∼ �i N̄d,i, (2)

where N̄d,i is the average density of supercritical domains of
the ith species.

In the nonequilibrium stationary state, the average number
φi of particles of the ith species injected into the membrane
system per unit time and unit area equals the analogous num-
ber of such particles leaving the system as a consequence of
domain extractions. Under the assumption that supercritical
domains grow irreversibly until extraction, one gets

φi = mi
dN̄d,i

dt
, (3)

where dN̄d,i/dt is the rate of formation of supercritical
domains of the ith species per unit membrane area, and
mi = AE/A0,i, with A0,i the average area occupied by a sorted
molecule in a sorting domain. The rate of formation of such
domains depends on the frequency of formation of germs
of new sorting domains and on the probability that those
germs reach the supercritical stage. Since the formation of a
domain is initiated by the encounter of two freely diffusing
molecules of the ith species, the rate of domain formation has
to be proportional to the square of the average free molecule
density n̄i [7] (for an analytical derivation, see also Ref. [8],
Appendix A). Therefore, the rate of formation of supercritical
domains can be expressed phenomenologically as

dN̄d,i

dt
= CiDin̄

2
i , (4)

where Ci is a dimensionless quantity representing the macro-
scopic, effective strength of the attractive interaction acting
between homotypic molecules [7,8]. According to a gen-
eral steady-state relation valid for open systems in a driven
nonequilibrium stationary state, the average density of par-
ticles in the system is given by the product of the average
density flux of particles and the average residence time of a
particle in the system [32]. In the present case, this relation can
be applied to several entities that populate the membrane in
the statistically stationary state. For the total, average density
ρ of molecules (both freely diffusing and bound to sorting
domains) of all N species in the stationary state one has

ρ = φ T̄ , (5)

where T̄ is the average molecule residence time on the mem-
brane, and φ = ∑N

i=1 φi. This shows in particular that for fixed
values of the molecular flux φ, the average residence time T̄ is

simply proportional to the average molecule density ρ. For the
average density of freely diffusing molecules of the ith species
one finds

n̄i = φi T̄f ,i, (6)

where T̄f ,i is the average time a molecule of the ith species
spends in the gas. For the average density of supercritical
domains of the ith species one has

N̄d,i = dN̄d,i

dt
T̄d,i = φi

m
T̄d,i, (7)

where T̄d,i is the average lifetime of a sorting domain. The
latter, in the limit of approximately absorbing domains, is of
the order of the average time a molecule of the ith species
spends as a part of a sorting domain. For simplicity, we ana-
lyze here only the symmetric case, where A0,i = A0, Ci = C
and Di = D for all i = 1, . . . , N , and also assume that T̄f ,i =
T̄f , T̄d,i = T̄d , and φi = φ/N for all i = 1, . . . , N . The total
density of molecules in the gas is then

n̄ = φ T̄f , (8)

while the total number of supercritical domains per unit
area is

N̄d = φ T̄d/m. (9)

Combining the relations (1)–(9), all the main quantities de-
scribing the behavior of the system in the nonequilibrium,
statistically stationary state can be explicitly expressed in
terms of the number of species N , the total incoming molecule
flux φ, the extraction size m = AE/A0, the diffusivity D, and
the phenomenological interaction strength C, as

n̄ ∼
(

φ N

m C D

)1/2

, (10)

N̄d ∼
(

m C φ N

D

)1/2

, (11)

T̄d ∼
(

m3 C N

D φ

)1/2

, (12)

T̄f ∼
(

N

m C D φ

)1/2

. (13)

The efficiency of the molecular sorting process in the steady
state is inversely proportional to the mean time of residence
of a cargo molecule on the membrane, approximately given
by T̄ = T̄f + T̄d . The highest efficiency is obtained when T̄ is
minimal, i.e., for

C ∼ Copt ∼ m−2. (14)

In this optimal regime, each molecule spends approximately
the same amount of time freely diffusing in the gas and as a
part of a growing domain,

T̄ ∼ T̄opt ∼ T̄d ∼ T̄f ∼
(

m N

D φ

)1/2

. (15)

For a fixed value of the incoming flux φ, the mean total
residence time of a molecule on the membrane increases
therefore with the number of different species as T̄ ∼ N1/2.
In the optimal regime, the average density of freely diffusing
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TABLE I. Scaling laws for the average total molecule density
ρ, average density of freely diffusing molecules n̄, and average
density of domains N̄d in the optimal regime as a function of the
number of molecular species N are reported in the first column.
The corresponding theoretically predicted and numerically computed
exponents are reported in the second and third columns, respectively.
Numerical simulations were performed with incoming molecule flux
φ/kD = 10−5 on a regular square lattice, as detailed in Sec. III.

Scaling law Theoretical Numerical

ρopt = φ T̄opt ∼ Na a = 1/2 a = 0.51
n̄opt ∼ Nb b = 1/2 b = 0.62
N̄d,opt ∼ Nc c = 1/2 c = 0.50

molecules and the average density of supercritical domains
behave as

n̄opt ∼
(

m φ N

D

)1/2

, (16)

N̄d,opt ∼
(

φ N

m D

)1/2

. (17)

From (10) and (11), it follows that also the total molecule
density ρ ∼ n̄ + m N̄d scales as ρ ∼ N1/2 and is minimal for
C ∼ Copt. A summary of the scaling laws for the optimal
regime is given in Table I. A consequence of the above re-
lations is that even for low, fixed values of the total incoming
molecule flux φ, the low-density regime, where molecules and
domains of different species do not interact significantly, pro-
gressively breaks down as the number N of species increases.
For very high N , the crowding of molecules of different
species surrounding a domain can be expected to cause an
effective decrease in the flux �i at the surface, such that (1)
should be modified into �i ∝ fN D n̄i, with fN a decreasing
function of N . In that case, a simple modification of the
previous phenomenological arguments gives Copt ∼ fN m−2,
thus predicting that the optimal effective interaction between
homotypic molecules should decrease for very large N .

A rough indication about the number of different species
that can be sorted in parallel without significantly interfering
with each other in the optimal sorting regime can be obtained
by noticing that in the low-density regime, the interdomain
half distance L has to be much larger than the extraction size
A1/2

E . Observing that π L2N̄d ∼ 1, and using Eq. (17), this
condition translates into

L ∼ N̄−1/2
d ∼

(
D m

N φ

)1/4

� A1/2
E , (18)

giving

N � D

AE A0φ
. (19)

Using the realistic orders of magnitude D ∼ 10−3 µm2/s,
AE ∼ 10−1 µm2, A0φ ∼ 10−5 s−1 inferred in our previous
study [7] from experimental data on the endocytic sorting of
low-density lipoproteins, one obtains N � 103. Therefore, the
analytical estimate (19), based on our phenomenological the-
ory of sorting, suggests that a large number of protein cargos
of different species may in principle be distilled in parallel on

a cell membrane. It is worth observing, however, that Eq. (19)
can provide only a qualitative indication about the breakdown
of the low-density regime, as it was derived neglecting the
contribution of complicated logarithmic prefactors [7]. The
onset of the regime of molecular crowding will be therefore
more precisely investigated in the next section by means of
numerical simulations of a lattice-gas implementation of the
sorting process.

The ordering effect of the sorting process on the molecule
gas can be quantified as follows. Consider the case where
molecule injection takes place by the fusion into a membrane
system of area A of vesicles carrying a well-mixed cargo of
molecules of all of the N distinct molecular species. In the
steady state, the same number of cargo molecules is extracted
in vesicles containing in average δNi = A φi δt molecules of
only one of the ith molecular species. Formally treating empty
membrane regions of area A0 as a 0th molecular species, we
define a corresponding flux density φ0. The change in entropy
due to the demixing process can then be measured as [33,34]:

δS =
N∑

i=0

δNi log
δNi

δN , (20)

with δN = ∑N
i=0 δNi, resulting in a simple expression for the

average rate of entropy production per unit membrane area:

1

A

δS

δt
=

N∑
i=0

φi log
φi

φ0 + φ

= −φ0 log

(
1 + φ

φ0

)
− φ log

(
1 + φ0

φ

)
− φ log N.

III. NUMERICAL RESULTS

The sorting of a plurality of distinct molecular species is
here further investigated by means of numerical simulations
of a generalized version of the hard-core lattice-gas model
previously introduced in Ref. [7]. A schematic representation
of the stochastic processes taking place in the model is shown
in Fig. 1. Cargo molecules are individually inserted on unoc-
cupied sites of a lattice with rate kI , and diffuse by hopping
on unoccupied neighboring sites with rate kD. The affinity
between molecules of the same species induces a decrease in
the mobility rate kD by a factor gnh , where g is a microscopic
measure of interaction strength, and nh is the number of neigh-
boring sites occupied by homotypic molecules. Molecules of
different species are inserted in empty lattice sites with the
same rate, and the only interaction between them is due to
excluded volume effects. Areas are measured as multiples
of the area A0 of a lattice site. In the stationary state, the
incoming flux per site is φ = kI (1 − ρ), where ρ is the sta-
tionary molecule density on the lattice. Connected homotypic
domains that reach the size m are extracted from the sys-
tem. Further details on the lattice-gas model are provided in
Appendix A.

A. Sorting multiple molecular species

The results of numerical simulations of the model on a
100 × 100 square lattice with the realistic [7] parameter val-
ues φ/kD = 10−5, m = 25, are displayed in Fig. 2. Consistent
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FIG. 1. Schematic representation of the hard-core lattice-gas
model used to investigate the parallel sorting of multiple molecular
species.

with previous results [7,8], Figure 2(a) shows that, in an
intermediate range of values of the microscopic interaction
strength g, the stationary density of molecules ρ exhibits a
minimum, corresponding to an optimal sorting regime. In-
creasing the number N of sorted species, the optimal region
moves towards larger values of g, indicating that efficient
molecular sorting becomes more and more difficult to obtain
as the number of sorted species increases. For very large N ,
molecular sorting can take place only in a restricted interval of
values of g, as the system tends to freeze into an overcrowded
state for both lower and higher values of g. The existence of
a maximum value gN such that sorting at g > gN becomes
impossible for large N due to crowding effects can also be
checked by looking at the behavior of the stationary molecular
density ρg=∞ as a function of N [Appendix B, Fig. 7(a)]: This
density rapidly transitions to values of order 1 (high molec-
ular crowding) for N ∼ 10, signaling that sorting is strongly
impaired at high g for N � 10.

When N ∼ 10, sorting is still possible around the optimal
region, which, however, tends to shrink progressively with
increasing N , since, as seen in the previous section, the op-
timal molecular density ρopt grows with N , in quantitative
agreement with the scaling law ρopt ∼ N1/2 predicted by the
phenomenological theory [Fig. 2(b)]. The deviation from the
N1/2 scaling observed at N ∼ 102 signals the breakdown, even
at optimality, of the low-density regime where the parallel pro-
cesses of sorting of different species take place approximately
independently of each other. For larger N , sorting domains are
no longer well separated and molecular mobility is strongly
reduced [Appendix B, Fig. 7(b)]. The behavior of the inter-
domain half distance L, numerically evaluated as a function
of g for various values of N , is displayed in Fig. 2(e). The
shaded area represents the region where the ratio of L to the
extraction size A1/2

E is smaller than 1. This region corresponds
to a crowding regime where the different species hinder the
mobility of each other, thus reducing the sorting efficiency.
This is qualitatively confirmed by observing the snapshots
of configurations obtained from simulations of the lattice-gas
model for different values of N , where the existence of two

FIG. 2. (a) Total molecule density as a function of the micro-
scopic interaction strength g, for increasing values of the number of
species N . For large N , sorting remains possible only in a restricted
interval of values of g. [(b)–(d)] Total molecule density, density of
freely diffusing molecules, and density of domains, respectively, as
functions of the number N of sorted molecular species, in the optimal
sorting regime. The solid lines are fitted with ρ ∼ Na, n̄ ∼ Nb, and
N̄d ∼ Nc with a = 0.51, b = 0.62, c = 0.50. These scaling relations
are verified for N < 20, whereas, in qualitative agreement with the
theory, increasing deviations are observed for larger N . (e) Ratio of
the interdomain half-distance L to the extraction size A1/2

E as a func-
tion of the microscopic interaction strength g. The parameter region
where the system becomes overcrowded and sorting is impaired is
marked in light gray. (f) Effective interaction strength C as a function
of the microscopic interaction strength g for different values of the
number of molecular species N . Simulations were performed at fixed
incoming molecule flux φ/kD = 10−5 on a square lattice.

different regimes, a low-density one and a crowded one, can
be clearly distinguished (Fig. 3). A convenient measure of
the mutual affinity of homotypic molecules, both in a dilute
and in a crowded environment, is the effective, macroscopic
interaction strength C, which can be computed by inverting
Eqs. (4) and (7) [7,8]. Figure 2(f) shows that C increases
monotonically as a function of the microscopic interaction
strength g (as previously observed for N = 1 in Ref. [8]), but
decreases monotonically for increasing N , as predicted by the
phenomenological theory. Altogether, these numerical results
suggest that up to 10–100 distinct protein cargos might in
principle be sorted in parallel, with the highest value attainable
only in the optimal regime, while strong crowding effects are
expected to impair molecular sorting for larger values of N .
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N=1

(a)

N=12

(b)

N=150

(c)

FIG. 3. Snapshots of the sorting process for increasing values of
the number of species N (from left to right). Different molecular
species have been marked with different colors (shades of gray).
Simulations were performed in the optimal regime at the realistic
value φ/kD = 10−5 of the incoming molecule flux.

B. Sorting species with different mutual affinities

For the symmetric case, where all the molecular species
have similar mutual affinities, we found simple scaling laws
for the molecular density at the steady state in the optimal
region, away from the crowding regime. It is then interesting
to investigate to which extent this symmetry requirement is
restrictive. To this aim, we here consider the process of sorting
of N = 2 molecular species, such that their mutual affinities
are characterized by independent, and possibly different mi-
croscopic interaction strengths g1 and g2 (see Appendix A
for the definition of the lattice-gas model when g1 �= g2). By
measuring the stationary molecule density ρ, one may look
for a global minimum as a function of the two interaction
strengths. Figure 4 shows the existence of a single global
minimum of the total molecule density ρ for g1 = g2 = gopt,
suggesting that molecular sorting may be most efficient when
the distinct sorted molecular species have similar homotypic
affinities, and that the symmetry requirement imposed in the
previous treatment may be not too restrictive, as far as the
optimal sorting regime is concerned.

101 102 103

g1

101

102

103

g 2

N = 2

0.0

0.1

0.2

density 

FIG. 4. Optimal sorting of two distinct molecular species (lighter
region) is obtained for equal homotypic affinities (dashed line g1 =
g2). Simulations were performed at fixed incoming molecule flux
φ/kD = 10−5 on a square lattice. Dots correspond to computed val-
ues of ρ, level curves are obtained by linear interpolation of the
computed values.

FIG. 5. Snapshots of simulated optimal sorting of N = 1 molec-
ular species with incoming molecule flux φ/kD = 10−5 on regular
lattices with different coordination number z and equal area A0 of the
elementary lattice site. The panels show enlargements of one quarter
of the total system.

C. Sorting multivalent molecules

An increasing amount of evidence suggests that a crucial
factor in a variety of intracellular phase separation processes
is valence, which may be defined as the average number of
interacting neighbors of a molecule in a phase-separated do-
main [25,26,35]. Experiments have shown that multivalence
promotes domain stability [25,36], and that multivalent pro-
tein interactions are responsible for the assembly of endocytic
sorting domains [37].

A simple way to investigate the role of valence in the
present numerical framework is to consider the diffusion
of molecules on regular lattices with different coordination
numbers z, i.e., on triangular, square, and hexagonal lattices
(z = 3, 4, 6) (Fig. 5). The z = 8 case can be implemented by
considering the square lattice where nearest neighbors along
the diagonals are considered in addition to nearest neighbors
along the horizontal and vertical directions. In this lattice-gas
framework, the lattice coordination number z can be treated as
a proxy of molecular valence. In order to correctly compare
the sorting dynamics on lattices with different coordination
numbers, the microscopic rates were chosen in such a way to
provide the same macroscopic diffusive dynamics in the con-
tinuum limit for all z = 3, 4, 6, 8 (see Appendix C). To focus
on the dependence of the sorting process on z, the analysis
is restricted to the case where a single molecular species is
sorted (N = 1).

Figure 6(a) shows that higher valence implies larger values
of the effective, macroscopic interaction strength C at fixed
values of the microscopic interaction strength g, consistent
with the intuition that molecules of higher valence can more
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FIG. 6. (a) Effective interaction strength C as a function of the microscopic interaction strength g and of the valence z. Higher values of z
compensate for smaller g. (b) Total molecule density ρ as a function of the microscopic interaction strength g for different values of the valence
z. (c) Density ρ as a function of the interaction strength g for different values of the valence z in a system with N = 150 molecular species.
Simulations were performed with φ/kD = 10−5.

easily aggregate and form phase-separated domains, and that
higher valence can compensate for smaller values of the mi-
croscopic aggregation strength. This tendency is confirmed by
Fig. 6(b), showing that optimal sorting (corresponding to the
minima of the density curves) is realized at lower values of
the microscopic interaction strength g for increasing z. Inter-
estingly, the corresponding optimal values of the stationary
molecule density ρ also decrease for increasing z. Perhaps
even more importantly, Fig. 6(c) shows that the interval of
values of g such that the sorting process can take place for high
N (here N = 150) significantly widens for increasing z: In this
condition, sorting is impossible for z = 3 due to molecular
crowding, but is instead possible over more then a decade of g
values for z = 6, 8.

Altogether, these numerical results show that, at least in
the present, highly simplified modeling framework, higher
valence promotes more efficient sorting. It is interesting to
speculate that this may also be true in actual biological
systems.

IV. CONCLUSION

Biological membranes host a sophisticated process of
molecule sorting and demixing, which is essential for the
formation and maintanence of the distinct chemical identies
of diverse organelle and membrane regions. We suggested [7]
that the main drivers of this hectic distillation process are the
phase separation of molecules of distinct species driven by
their mutual, direct [9,25,26] or indirect [10–16], interactions,
and by the tendency of phase-separated molecular domains
to induce membrane bending and vesicle nucleation [38].
Based on these assumptions, we have previously introduced
a phenomenological theory of the process of sorting of a
single molecular cargo [7,8]. Since molecular sorting is first
of all a demixing process, it is interesting to generalize the
theory to the case where N > 1 distinct molecular species are
sorted in parallel. The present work is a step forward in this
direction, in which we considered the simplest case where
N molecular species of similar effective homotypic affinities
are sorted simultaneously on the same membrane system.
In this case, analytical arguments and numerical simulations
of a hard-core lattice-gas model show that, when keeping
fixed the total incoming molecular flux, the average molecule

residence time and the average molecule density on the
membrane system at the steady state increase with the het-
erogeneity N of the molecular pool as N1/2. Simulations
performed with biologically realistic parameter values sug-
gest that a large number of distinct molecular species (of the
order of 10–100, depending on the degree of optimality of
the process) can be sorted in parallel on a given membrane
system without significant crowding effects. The study of the
N = 2 case for independent values of the mutual molecular
affinities suggests that sorting may be most efficient when
the distinct molecular species have similar homotypic affinity.
Lastly, motivated by the crucial role of multivalent molecules
in driving biological phase separation [25,26,35], we analyzed
the effect of valence on the sorting process by simulating our
sorting model on regular lattices of varying coordination num-
ber, finding that, in this framework, higher valence allows for
more efficient sorting of a large number of distinct molecular
species over a larger interval of mutual interaction strengths.

Here we have adopted a coarse-grained approach where for
simplicity a single, representative molecular species, or cargo,
is assumed to accumulate in each sorting domain. It should
be understood, however, that in a real cell, sorting domains
contain, along with the sorted cargo, also a large number of
other molecules that contribute to the localization process,
often as part of reinforcing feedback loops. So, for instance, in
clathrin-mediated endocytosis the sorting of a cargo molecule
is accompanied by the concurrent accumulation of auxiliary
molecules such as clathrin, AP-2, Fcho1/2, and Eps15 that
are part of a complex network of interactions, involving both
the sorted cargo and specific membrane lipids such as PIP2
[30,37,39]. In recycling endosomes, sorting domains are char-
acterized by the presence of Rab11, Rab5, and associated
activatory and inhibitory factors (GEFs and GAPs), partici-
pating in multiple feedback loops that also involve specific
membrane lipids [17,40]. The assembly sites of influenza
virions are self-organized domains enriched in hemagglutinin,
neuramidase, and other proteins that are part of an interaction
network including specific lipid factors arranged in a liquid-
ordered phase [4,41]. A similar scenario is observed in HIV
assembly sites, where several structural proteins, such as Gag,
self-organize in protein-lipid domains characterized by an
abundance of liquid-ordered lipids that in their turn favor the
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FIG. 7. (a) Total molecule density ρ as a function of the number
of species N in the limit case g = ∞. Above a critical value ∼10 of
the number of species, the density becomes ∼1, signaling that most
lattice sites are filled and that the distillation process has come to
a stop due to molecule overcrowding. (b) The effective diffusivity
of a test particle decreases as the number of species N increases,
signaling that molecular mobility is strongly reduced. Simulations
were performed at fixed incoming molecule flux φ/kD = 10−5 on a
square lattice.

recruitement of more Gag molecules [5,42,43]. In all of these
cases, measurable phenomenological quantities that may be
used to check the validity of our theoretical and numerical
predictions include the lateral diffusivity of each representa-
tive sorted cargo, the average density of such cargos in sorting
domains, the flux of sorted cargo molecules in the steady
state, and the average surface density of cargo molecules and
of sorting domains. While the low level of molecular detail
included in our abstract theory does not allow for significant
predictions of the absolute values of such quantities, it would
be interesting to check whether the predicted scaling laws are
compatible with the experimental dependence of the relevant
quantities on the number of distinct, simultaneously sorted
cargo species.
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APPENDIX A: LATTICE-GAS MODEL

The molecular sorting process described in the main text is
implemented in terms of a lattice-gas model, where molecules
of multiple species are distributed on a two-dimensional reg-
ular lattice with periodic boundary conditions. Each lattice
site can host a single molecule at most, but there is no limit
to the number of species that can populate the lattice. The
current state of the system is described by a multivariate
configuration where 0 marks an empty lattice site, while a
number i ∈ {1, . . . , N} marks a molecule of the ith species
residing on a given site. The state of the system evolves
according to a continuous-time Markov chain consisting of
the following three processes: (1) molecules, whose species

FIG. 8. Small periodic regular lattices with z = 3, 4, 6, with
identical area A0 of the elementary lattice site and approximately
equal total area (light blue shaded region). The centers of the sites
belonging to each lattice are marked with a black dot.

are chosen randomly from a set of N species in such a way
that the overall flux has the assigned value φ, are inserted into
empty sites with rate kI ; (2) molecules jump towards empty
neighboring sites with rate kDne/gnh

i , where ne is the number
of empty neighboring sites, gi is the intermolecular interaction
strength between molecules belonging to the ith species, with
i = 1, . . . , N , and nh is the number of homotypic molecules
in neighboring sites; and (3) the molecules in a connected do-
main of homotypic molecules are extracted when the domain
reaches the extraction size m. (The extraction mechanism
adopted here is a slightly simplified version of the one used
in Ref. [7], where the molecules of a connected domain were
extracted only when the domain grew to the point of con-
taining a molecule-filled square of given size.) A schematic
representation of these mechanisms is shown in Fig. 1. In the
simulations, A0 = 1, i.e., areas are measured as multiples of
the elementary lattice area A0, and the realistic value m = 25
is used. In this way, the relevant microscopic parameters de-
scribing the process are the intermolecular interaction strength
g, valence z, and ratio kI/kD. For low values of the molecule
density ρ, such as those experimentally measured in Ref. [7],
the molecule flux φ = kI (1 − ρ) is approximately equal to the
insertion rate kI . Compatibly with experimental observations
[7], simulations were performed with φ/kD = 10−5.

APPENDIX B: CROWDING EFFECTS

The deviation from the N1/2 scaling observed at large N in
Fig. 2(b) is a consequence of the breakdown of the low-density
regime where the processes of sorting of the different molec-
ular species are approximately independent [Fig. 7(a)]. For
large N , the sorting domains are no longer well separated, and
molecular mobility is strongly reduced. This can be checked
by tracking the diffusive motion of a test molecule which does
not interact with any of the molecules of the i = 1, . . . , N
species, except for excluded volume effects. The effective
diffusivity of the test molecule, measured empirically from
the temporal growth of its mean-squared displacement, is
observed to decrease when the number N of molecular species
increases [Fig. 7(b)].

APPENDIX C: RELATION BETWEEN MICROSCOPIC
AND MACROSCOPIC DIFFUSIVITIES

The microscopic rate kD of jump to an empty neighboring
site of the lattice can be related to the macroscopic diffusivity
D as follows. Consider the diffusion of a single molecule on
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an otherwise empty lattice, and let nx(t ) be the probability that
the molecule occupies site x at time t . At time t + δt ,

nx(t + δt ) = nx(t ) + kD δt ·
∑
y∈∂x

(ny − nx ), (C1)

where ∂x is the set of nearest neighbors of x. For the regular
lattices with z = 3, 4, 6, expanding ny in a Taylor series cen-
tered in x and dividing by δt , Eq. (C1) tends to the diffusion
equation for nx, with D = 1

4 z kD d2, where z is the number
of nearest neighbors of x, and d is the distance between the

center of neighboring sites. The same procedure applied to the
z = 8 case with diagonal neighbors gives instead D = 3 kD d2.
For a correct comparison of the sorting dynamics in the pres-
ence of different coordination numbers, regular lattices of
different coordination number but identical area A0 of the
elementary lattice site (i.e., of identical area per molecule)
were used (Fig. 8). The total area of each lattice was cho-
sen to contain approximately 1002 sites, and the microscopic
jump rate kD was rescaled to provide the same value of the
macroscopic diffusivity D for all z = 3, 4, 6, 8.
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