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Abstract

We consider general torsion components in three-dimensional Einstein-Cartan
gravity, providing a geometrical interpretation for matter, and find new solutions
of the corresponding equations for the Riemann curvature and torsion. These ge-
ometries involve a peculiar interplay between the vector (βi) and the singlet (τ)
irreducible components of the torsion which, under general conditions, feature a
formal analogy with the equation for a Beltrami fluid.
Interestingly, we find that the local AdS3 geometry is now deformed by effect of the
"Beltrami-torsion" βi. Some of these new solutions describe deformations of the
BTZ black hole due to the presence of torsion. The latter acts as a geometric flux
which, in some cases, removes the causal singularity.
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1 Introduction

Over the years, three-dimensional gravity with negative cosmological constant has at-
tracted considerable interest in view of its many remarkable features [1, 2, 3, 4, 5, 6].
Among these is the fact that it can be formulated in the language of gauge theories, as a
Chern-Simons action for an SO(2, 2) connection [2, 3]. Moreover, despite the absence of
local degrees of freedom, including gravitational waves, three-dimensional gravity exhibits
non-trivial solutions, like the BTZ black hole [7, 8]. This solution, in particular, features
a singularity in the causal structure of spacetime, different from the curvature singularity
of four-dimensional black holes, and it is a natural candidate for an exactly solvable model
of quantum black holes [6]. Other three-dimensional black holes, and their relation with
the BTZ solution, were more recently discovered in [9], in the framework of topologically
massive gravity. These features have sparked considerable interest in the gravity and
supergravity community, in particular in relation to the AdS/CFT correspondence [10]
[see for example [11, 12, 13]].

In this paper we consider the spacetime torsion in the presence of a flat connection as a
way of introducing, in the Einstein-Cartan formalism, a coupling to matter. We present
novel three-dimensional solutions, while discussing their properties and their relation to
the BTZ black hole.
A well-known example in this context is given by a constant, totally antisymmetric torsion
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contribution

T i[e, ω] = dei + ωi
j ∧ ej = τϵijkej ∧ ek , τ = constant . (1.1)

Here i, j, . . . = 0, 1, 2 are rigid indices in the vector representation of the local Lorentz
group SO(1, 2), while ei and ωij are the vielbein and Lorentz connection 1-forms, respec-
tively. In this case, the torsion τ can be traded for a negative cosmological constant: this
can be shown by redefining the spin connection as ωij = ω̊ij+kij, in terms of a torsionless,
non-flat spin connection ω̊ij and a contorsion tensor kij [14]. The deformation induced
by the torsion can be captured by the first-order action

S[e, ω̊] = − c4

16πGN

∫
M

(
Rij [̊ω] ∧ ek ϵijk −

τ 2

3
ϵijk e

i ∧ ej ∧ ek
)

, (1.2)

where GN is the three-dimensional Newton’s constant, M is the spacetime manifold we
are integrating on and Rij [̊ω] = dω̊ij + ω̊i

k ∧ ω̊kj is the Riemann curvature tensor.1

The above special example describes locally AdS3 spacetimes, which include the vacuum
AdS3-solution as well as BTZ black holes. Considering more general forms for T i[e, ω], by
redefining the spin connection as above, the torsion tensor can be seen as a geometric way
of coupling matter to gravity through its contribution to the energy-momentum tensor.
The latter can be derived from an action principle only in some cases and in second-order
formalism.

A non-vanishing, non-dynamical torsion that generalises (1.1) can be conveniently writ-
ten in terms of its irreducible components with respect to the Lorentz structure group
SO(1, 2): these are the singlet τ , a three-vector βi and a symmetric-traceless tensor
Σij = Σ(ij). Integrability of the torsion equation, expressed by the corresponding Bianchi
identity, poses constraints on the irreducible torsion components. For the sake of con-
creteness, in this paper, we will focus on the Σij = 0 case and we leave a more general
analysis, which includes this component, to a future endeavor.
In [15], the consistency conditions on τ and β ≡ βie

i were solved assuming dβ = 0. Inter-
estingly, as we will show, these equations also allow for configurations, dβ ̸= 0, in which
the components of β satisfy an equation of the same general form as that of a Beltrami
velocity field in fluid dynamics [16, 17]. Furthermore, in this more general case, β can
be interpreted as a connection associated with the local Weyl-rescaling symmetry of the
field equations. As we shall show, this can be exploited to rescale the τ component to a
constant, by a local gauge choice.
This leads to the explicit construction of novel geometries which yield, in the β → 0 limit,
locally AdS3 spacetimes. In particular, we obtain a class of spacetimes that describe a
deformation of the BTZ black hole induced by the "Beltrami-torsion" 3-vector βi. In

1In the following we will use natural units where 8πGN = c = 1.
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some of these solutions, the effect of β, which can be interpreted as a geometrical flux, is
to remove the causal singularity of the BTZ solution.
We present here a preliminary analysis of the geometric properties of these solutions,
leaving a more detailed study thereof, as well as a discussion of their application to
gauge/gravity duality, to future work. Among the geometries considered here, we include
the case of a Euclidean 3-dimensional space, where the geometric flux βi satisfies the
same equation as the velocity of a proper Beltrami fluid.
Lastly, this perspective, which revolves around the spacetime torsion, is also the natu-
ral framework in Unconventional sypersymmetry contexts, which play a relevant role in
the construction of analogue supergravity models, providing a macroscopic description
of the electronic properties of graphene-like materials [18, 19, 20, 21, 22]. In this kind
of applications, the parameter τ was given the interpretation of Semenoff mass [21]. In
such context, the role of all the irreducible components of the torsion is currently under
investigation and will be the subject of a forthcoming publication.

The paper is organised as follows: in Section 2 we introduce the notion of "Beltrami-
torsion" as the general solution to the consistency conditions on the irreducible torsion
components and derive the explicit form of the energy-momentum tensor induced by it.
In Section 3 we present a number of novel geometries and discuss their properties, in
relation to BTZ black hole and Beltrami fluids. Finally, in Section 4, we discuss possible
applications of the results and future developments.
We summarise our conventions in Appendix A, while Appendix B is devoted to the study
of AdS3 Killing vectors.

2 General torsion in 2+1 dimensions

In three spacetime dimensions, the general decomposition of the torsion 2-form in irre-
ducible representations of the Lorentz group is

T i[e, ω] = D[ω]ei = τ ϵi jk e
j ∧ ek + β ei + Σil ϵljke

j ∧ ek , (2.1)

according to the branching rules for the product of the vector (3) times the twice anti-
symmetric (3∧3 = 3) SO(1, 2)-representations

T i
[jk] : 3× 3 = 1⊕ 3⊕ 5 . (2.2)

Here D[ω] denotes the Lorentz-covariant derivative with respect to a generic spin con-
nection ω; τ is the 0-form related to the totally antisymmetric irreducible representation
(T(1))

i
jk ≡ τ ϵijk (corresponding to the singlet in (2.2)); β = βie

i is the 1-form associated
with the trace part of the torsion (T(3))

i
jk ≡ β[jδ

i
k] (corresponding to the 3 in (2.2)) and
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the last term on the right-hand-side of (2.1), (T(5))
i
jk ≡ Σilϵljk, is defined by the symmet-

ric traceless matrix Σij describing the irreducible component of the torsion tensor

(corresponding to the 5 in (2.2)). The first and last terms in (2.1) can be collected into
a single symmetric matrix

Sij = τδij + Σij . (2.3)

Let us consider here the effects of a Weyl rescaling

ei → λ(x)ei , (2.4)

under which, in general, the torsion does not transform as a tensor

D[ω]ei → D[ω]ei
′
= λ

(
D[ω]ei +

1

λ
dλei

)
.

Nonetheless, it is tempting to consider β as an abelian connection, associated to a O(1, 1)-
bundle of Weyl rescalings and transforming as

β′ = β +
dλ

λ
. (2.5)

Indeed, let us associate the quantity

T̂ i[e, ω, β] = D[ω]ei − βei = Silϵljke
j ∧ ek (2.6)

to the torsion (2.1). The above expression transforms covariantly

T̂ i[e′, ω, β′] = λT̂ i[e, ω, β] ,

provided that we also require

S ′ ij =
1

λ
Sij (2.7)

to hold. Under these circumstances, T̂ [e, ω, β]i becomes a O(1, 1)-tensor. Quantities
transforming tensorially under Weyl rescalings can then be obtained by defining gener-
alised (Lorentz and O(1, 1)) covariant derivatives

D̂[ω, β]Φ(p) ≡ D[ω]Φ(p) − p β ∧ Φ(p) , (2.8)

Φ(p) denoting any of the fields/parameters of the theory and p the corresponding O(1, 1)-
weight. In particular, the dreibein ei has O(1, 1)-weight p = 1, whereas Sij is a section
of the O(1, 1)-bundle with weight p = −1.
The introduction of such a symmetry implies that it is always possible to rescale the value
of the singlet function τ to a constant.

In the following, we shall consider a flat Lorentz-connection ω and restrict to the torsion
components τ, β only, leaving a more general study, which includes the Σij component,
to future work. The relevant field-strengths will then have the following form:

Rij[ω] = 0 , (2.9)

T i[e, ω] = τϵijkej ∧ ek + β ∧ ei . (2.10)

4



2.1 The torsion Bianchi identity

The torsion equation (2.10) must preserve the nilpotency of the differential operator d.
This yields integrability conditions involving τ and β. The Bianchi identity for the torsion
reads:

DT i[e, ω] = Rij[ω] ∧ ej = 0 , (2.11)

where we have used (2.9).2 The above equation implies, upon using (2.10), the following
condition on the irreducible components β and τ :

0 = dβ ∧ ei + ϵijk(dτ + βτ) ∧ ej ∧ ek . (2.12)

Equation (2.12) can be rewritten, using differential forms, as

⋆dβ = −2(dτ + βτ) , (2.13)

where the Hodge star has been defined in Appendix A. The rigid component expression
of the above equation is

D[i [̊ω]βj] + ϵijk(∂kτ + βkτ) = 0 , (2.14)

while, in terms of curved spacetime indices, equation (2.13) can equivalently be expressed
as

1

2

√
g ϵµ

νρ∂νβρ = −(∂µτ + βµτ) . (2.15)

In the τ ̸= 0 case, if we require covariance of the torsion under Weyl rescalings, (2.4),
we can suitably fix the O(1, 1) symmetry, in such a way that the totally antisymmetric
component of the torsion becomes constant. Indeed, taking λ = τ

α
̸= 0, with α constant,

yields

τ ′ = α , β′ = β + d ln
( τ
α

)
, e′ i =

τ

α
ei . (2.16)

In this case, the integrability equation, which is covariant with respect to O(1, 1) trans-
formations, reduces to

⋆′dβ′ = −2β′τ ′ . (2.17)

The above equation interestingly leads to a Proca-like equation for a massive field β′,
which reads

2β′ = (⋆′d ⋆′ d)β′ = 4β′τ ′ 2 . (2.18)

2The same condition would hold for any Einstein manifold, where the Riemann tensor is Rij [ω] ∝
ei ∧ ej .
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The case in which β′ is closed, and actually vanishing, implying that β is exact, has
already been discussed in the literature [15]. In the dβ′ ̸= 0 case, (2.17) is reminiscent
of the equation defining a Beltrami flow in fluid-dynamics and will lead to the novel
and interesting geometries, that we discuss in the next Section. For this reason, we will
generally refer to β, satisfying (2.17), as "Beltrami-torsion".
Finally, let us notice that this is a special case of the generalised monopole equation
discussed in [23] (see also [24]), though in a different context.

2.2 Energy-momentum tensor from torsion

As mentioned in the Introduction, since the explicit form of the torsion depends on the
choice of spin connection, a generic torsion can always be set to zero by redefining the
spin connection in terms of a torsionless one, ω̊, plus a contorsion k, that is

ωij = ω̊ij + kij , (2.19)

Rij[ω] = Rij [̊ω] +D[̊ω]kij + ki
k ∧ kkj . (2.20)

By doing so, the resulting Riemann tensor receives a shift, that can be regarded as (minus)
the energy-momentum contribution of some sort of matter and/or flux to the Einstein
equations.
In fact, in the case at hand, the contorsion tensor explicitly reads

kij = −τϵijkek + 2β[iej] , (2.21)

and (2.9) and (2.10) can be rewritten in terms of the torsionless spin connection as

Rij [̊ω] = −1

2
ϵijkϵlpqTklep ∧ eq , (2.22)

T i[e, ω̊] = 0 . (2.23)

Here the tensor T ij is defined as

T ij =
(
−τ 2ηij − βiβj − (∂kτ + βkτ)ϵ

ijk −Di [̊ω]βj +Dk [̊ω]βkη
ij
)
, (2.24)

and in principle has both symmetric and antisymmetric parts. However, in virtue of
(2.14), the antisymmetric part automatically vanishes, leaving a symmetric tensor, which
reads

T ij =
(
−τ 2ηij − βiβj −D(i [̊ω]βj) +Dk [̊ω]βkη

ij
)
. (2.25)

The symmetric tensor T ij is in fact the energy-momentum tensor of the theory: by
expanding the Riemann tensor in the vielbein basis and by taking appropriate traces,
one can build the Einstein’s tensor, which precisely reads

Gij = Rij [̊ω]−
1

2
ηijR[̊ω] = Tij , (2.26)
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where Rij [̊ω] indicates the Ricci tensor, whereas R[̊ω] is the corresponding Ricci scalar.
At last, observe that the right-hand side is automatically covariantly conserved, in virtue
of the Riemann curvature Bianchi identities, in this torsionless spin connection frame.
Indeed, D[̊ω]Rij [̊ω] = 0 precisely implies Di [̊ω]T ij = 0. This is a quadratic equation on the
contorsion tensor condition, but it exactly coincides with the linear integrability condition
(2.13), manifestly showing the advantages of working in the torsionful framework.

3 The solutions

In this Section, we present new solutions of equations (2.9) and (2.10) and we discuss
their geometric features.

3.1 Spacelike fibration solutions

Let us consider a constant, completely antisymmetric torsion component τ and a Beltrami
torsion β proportional to e2, defining a spacelike fibration.
A one parameter family of solutions is given by

e0 =
1

2τ
dt ,

e1 =
1

2τ
dx
(
cos
(√

1− ζ2t
))

,

e2 =
1

2τ

dz + dx

 sin
(√

1− ζ2t
)

√
1− ζ2

 ,

β = 2τζe2 , (3.1)

whose associated metric tensor reads

ds2 =

dt2 − dz2 − dx2

(
cos2

(√
1− ζ2t

)
+

sin2
(√

1−ζ2t
)

1−ζ2

)
− 2dx dz

sin
(√

1−ζ2t
)

√
1−ζ2

4τ 2
. (3.2)

These expressions are written in terms of local coordinates (t, x, z), each covering the
entire real line. As the metric components depend only on the coordinate t, one has the
following non-timelike Killing vectors:

Kx =
∂

∂x
, Kz =

∂

∂z
, (3.3)

which one can show being the only admissible ones (together with their linear combina-
tions) for generic values of the parameter ζ.
The corresponding torsionless Riemann tensor reads

R01 [̊ω] = (1− 4ζ2)τ 2e0 ∧ e1 , R02 [̊ω] = τ 2e0 ∧ e2 , R12 [̊ω] = τ 2e1 ∧ e2 , (3.4)

7



whereas the Ricci scalar is

R[̊ω] = 6τ 2 − 8ζ2τ 2 . (3.5)

Notice that the parameter ζ ∈ R controls the strength of the deformation with respect to
an AdS3 space.3 In particular, the effect of the spacelike fibration is that of introducing
an AdS3 squashing along the 01 component of the Riemann tensor. Most interestingly,
observe that each Lorentz component of this tensor is still proportional to the very same
combination of vielbein and that the resulting spacetime is still an Einstein manifold.
When the Beltrami torsion vanishes, the metric reduces to

ds2
∣∣∣
ζ→0

=
dt2 − dx2 − dz2 − 2dx dz sin(t)

4τ 2
, (3.6)

which can be obtained from the following embedding (t, x, z) 7→ (XM) ∈ R2,2

X0 =
1

τ
cos

(
1

2

(
t− π

2

))
cosh

(
x+ z

2

)
,

X1 =
1

τ
cos

(
1

2

(
t− π

2

))
sinh

(
x+ z

2

)
, (3.7)

X2 =
1

τ
sin

(
1

2

(
t− π

2

))
sinh

(
z − x

2

)
,

X3 =
1

τ
sin

(
1

2

(
t− π

2

))
cosh

(
z − x

2

)
,

satisfying

(X0)2 − (X1)2 − (X2)2 + (X3)2 =
1

τ 2
. (3.8)

The above equations are well defined for all values of t, x, z and they show that the
coordinates (t, x, z), in the ζ → 0 limit, only describe a local patch of AdS3, as 0 <

(X0)2 − (X1)2 < 1
τ2

, instead of covering the entire real line, as in the global coordinate
case.

The torsionless spin connection is

ω̊01 = 2τ
√
1− ζ2 tan(t

√
1− ζ2) e1 − τe2 , ω̊02 = −τe1 , ω̊12 = −τe0 (3.9)

and the covariantly conserved energy-momentum tensor associated to this configuration
reads

T ij =
(
−τ 2ηij − 4τ 2ζ2δi2δ

j
2

)
. (3.10)

One can immediately see that this correctly reduces to a cosmological constant contribu-
tion in the vanishing ζ limit and that it is symmetric.

3Notice that the value ζ = 1 can be safely included by supplementing the function
sin

(√
1−ζ2t

)
√

1−ζ2
with

the value t, as ζ = 1. In this way the vielbein becomes continuous and twice differentiable in ζ = 1.
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3.1.1 Relation to BTZ black holes

Let us analyse here the above-described solution in relation to the well-known BTZ black
hole. To this end, we will consider two appropriate coordinate patches and study the
associated Killing vectors. We will then discuss the possibility of performing quotients
with respect to spacelike Killing vectors and the consequences on the global geometry.
Let us start by defining a convenient parameter ξ =

√
1− ζ2. By doing so, we are

restricting to the ζ ∈ [0, 1] range of admissible values, which in turn correspond to
ξ ∈ [0, 1]. The vielbein can then be rewritten as

e0 =
1

2τ
dt , e1 =

1

2τ
dx (cos (ξt)) , e2 =

1

2τ

(
dz + dx

(
sin (ξt)

ξ

))
.

No singularity case:
In a different coordinate patch, parametrised by (t, r, ϕ), the solution (3.1) can be rewrit-
ten, for ξ ∈ (0, 1] as

e0 =
τdt − dϕ

(r+ − r−)

√
(r2 − r2+)(r

2 − r2−) ,

e1 = − dr r

ξτ
√

(r2 − r2+)(r
2 − r2−)

,

e2 = −
ξ(τdt + dϕ)(r+ − r−)

2 − (τdt − dϕ)
(
2r2 − r2+ − r2−

)
2ξ(r+ − r−)

, (3.11)

with r+ > r− > 0. Here r ∈ R+ \ {r±}, while t, ϕ ∈ R. While the related metric is real
for any value of r, let us observe that the first two components of the vielbein become
imaginary in the internal region r− < r < r+: for these values of r, one can perform a
complex Lorentz transformation

Λ =

 0 i 0
−i 0 0
0 0 −1

∈ SO(3;C) , (3.12)

which exchanges the roles of e0 and e1 and crucially leaves e2 untouched, guaranteeing
that β is still real. The associated metric can be written in fibration form, like the original
BTZ solution, as

ds2 =

(
gtt −

g2tϕ
gϕϕ

)
dt2 + grr dr

2 + gϕϕ

(
dϕ+

gtϕ

gϕϕ
dt
)2

, (3.13)

9



with

grr = − r2

(r2 − r2+)(r
2 − r2−)τ

2ξ2
,

gtt −
g2tϕ
gϕϕ

=
(r2 − r2+)(r

2 − r2−)

P (r, ξ)
,

gϕϕ = −τ 2 P (r, ξ) ,

gtϕ = τr+r− +
(2r2 − r2+ − r2−)

2(1− ξ2)τ

4(r+ − r−)2ξ2
. (3.14)

The explicit expression of the polynomial P (r, ξ)

P (r, ξ) =

(
2r2 − r2+ − r2− + ξ(r+ − r−)

2
)2 − 4ξ2

(
r2 − r2+

) (
r2 − r2−

)
4τ 2ξ2(r+ − r−)2

(3.15)

reduces to a simple form in the ξ → 1 limit

lim
ξ→1

P (r, ξ) =
r2

τ 2
.

Moreover let us notice that the extremal case r+ = r− is only allowed in the ξ = 1 case.

This geometry admits the following two Killing vectors, as a consequence of the fact
that the metric components only depend on r:

Kt =
∂

∂t
, Kϕ =

∂

∂ϕ
. (3.16)

Out of the six so(2, 2) isometries of AdS3, only the above two are preserved by the Beltrami
torsion component β and generate a so(2)⊕ so(2) algebra. A detailed description of the
isometry algebra of AdS3, in this coordinate patch, is given in Appendix B.
Killing horizons can be described as null hypersurfaces in which the norm of a Killing
vector vanishes: in our case, let us consider the hypersurfaces generated by the functions
f±(r) = r−r±. These functions define normal covectors n±µ ∝ ∂µf±(r), whose associated
norm vanishes on the hypersurface itself

gµνn±µn±ν

∣∣∣
r=r±

= 0 . (3.17)

Moreover, the following linear combinations become null (and mutually orthogonal) on
each hypersurface respectively:

K± =
r+(1± ξ) + r−(1∓ ξ)

2τ
Kt +

r+(1∓ ξ) + r−(1± ξ)

2
Kϕ . (3.18)

We can therefore conclude that the coordinate singularities r = r± define Killing hyper-
surfaces, which, in presence of a singularity would serve as event horizons. This could
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also be argued by noticing that the combination gtt −
g2tϕ
gϕϕ

has the same zeros, r = r±, as
in the BTZ case, independently of the deforming parameter ξ.

Ergospheres are another interesting type of hypersurfaces that we wish to study: these
are usually defined as those loci, where the norm of the asymptotically timelike Killing
vector vanishes. In the case at hand, for a non-vanishing β, both Killing vectors in (3.16)
are asymptotically spacelike. However, in the ξ → 1 limit, Kt coincides with the asymp-
totically timelike Killing vector of the BTZ solution. For this reason, let us consider the
points where the norm of Kt changes sign and analyse the zeros of the gtt(r) component
of the metric. The latter reads

gtt(r) =
τ 2

(r+ − r−)2

(
(r2 − r2+)(r

2 − r2−)−
(
2r2 − r2+ − r2− − ξ(r+ − r−)

2
)2

4ξ2

)
. (3.19)

The above expression is a quartic polynomial in r, which, depending on the value of ξ,
may or may not have real, positive zeros. In the deformed solution, ξ ̸= 1, two such zeros
exist, provided that

ξ∗ ≤ ξ < 1 , ξ∗ =
r+ + r−√
2(r2+ + r2−)

(3.20)

and read

r∗± =

√√√√(1− ξ2) (r2+ + r2−) + ξ(r+ − r−)2 ± ξ (r2+ − r2−)
√

ξ2

ξ∗2
− 1

2 (1− ξ2)
. (3.21)

In particular, for any such value of ξ, we have the following inequalities:

0 < r− < r+ < r∗− ≤ r∗+ , (3.22)

where the last equality holds at ξ = ξ∗, in which case

r∗+ = r∗− =

√
(r2+ + r2−)

(
ξ∗ +

1

2

)
. (3.23)

If we keep decreasing ξ past the ξ∗ value, thus increasing the magnitude of the deformation
induced by the Beltrami torsion term, the zeros of gtt become complex and therefore
disappear.
The nature of these timelike hypersurfaces can be better inspected by studying their
properties for a small deformation: close to the undeformed solution we have

lim
ξ→1

r∗+ = +∞ ,

lim
ξ→1

r∗− =
√
r2+ + r2− , (3.24)
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while, as ξ decreases, r∗− increases and r∗+ decreases until they coincide and then disap-
pear. The behaviour of gtt(r) and its zeros are shown in Figure 1 and 2 for a given choice
of r±.
Let us observe that, in this limit, the expression of r∗− precisely coincides with that of the

������ 1.5 2.0 2.5 3.0 3.5 4.0
r

-10

-5

5

10

ξ=0.860

ξ=0.930

ξ=0.959

ξ=0.967

ξ=0.974

ξ=1

Figure 1: The behaviour of gtt(r) is shown here for r− = 1, r+ = 2 and for different values
of ξ. In this case ξ∗ ≃ 0, 949, which is consistent with the zeros that we see appearing
starting from the yellow line.

������
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*
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Figure 2: The orange and light-blue lines represent the dependence of r∗± on the parameter
ξ, for the values r− = 1, r+ = 2. For such choice, we have ξ∗ ≃ 0, 949 and BTZ ergosphere
value rerg ≃ 2.236, depicted here as a green dashed line.

ergosphere in the BTZ solution, whereas r∗+ can be identified with the AdS3 boundary.
For small deformations, ξ > ξ∗, the solution admits a region where the norm of the Killing
vector Kt is positive, r∗− < r < r∗+, indicating the presence of static, non-rotating ob-
servers between the two ergospheres. This region shrinks to zero as ξ ≤ ξ∗, in which case
all observers must rotate. The parameter ξ, which controls the strength of the torsion
deformation, then also determines the width of this region, bringing the boundary of the
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locally AdS3 spacetime to a finite r value and uncovering a rotating region past infinity.

Similarly to the BTZ solution case, let us now perform a quotient with respect to Kϕ,
as in [8]: this is achieved by identifying points p that belong to the same identification
subgroup defined by

p ∼ esKϕp , σ ∈ 2πZ . (3.25)

This explicitly means considering a curve γ(s), such that γ(0) = p and dγ(s)/ds = Kϕ for
all s, that is whose tangent vector is always Kϕ, and then identifying γ(0) ∼ γ(2π). The
solution to this differential equation is γµ(s) = sKµ

ϕ + pµ. If pµ = (t0, x0, ϕ0) and given
that the Killing vector components are Kµ

ϕ = (0, 0, 1), we have that γµ(s) = (t0, x0, ϕ0+s).
The identification of points then implies

(t0, x0, ϕ0) ∼ (t0, x0, ϕ0 + 2π) =⇒ ϕ0 ∼ ϕ0 + 2π , (3.26)

which has to hold for any p and therefore for any ϕ0. This in turn requires ϕ ∼ ϕ + 2π,
which signals that the coordinate ϕ becomes compact.
Since Kϕ generates isometries of the solution, the quotient space inherits the same Rie-
mannian structure, thus resulting again, locally, in a AdS3 spacetime. This identification
is consistent, provided that we do not alter the causal structure, by introducing closed
timelike/null curves. This problem is avoided as long as the norm of the Killing vector
with respect to which we are quotienting, Kϕ, is negative. In the original BTZ solution,
there are no problems for r > 0, but r = 0 defines a locus of points in which gϕϕ(r) be-
comes zero, indicating that Kϕ becomes lightlike. This locus must then be understood as
a singularity of the causal structure, which is consistently hidden by two event horizons.
In the case at hand, for ξ ̸= 1, the metric component gϕϕ(r) never vanishes and it is
always negative: we can then conclude that the presence of a non-vanishing β removes
such singularity. In the ξ → 1 case, the quotient space coincides with the BTZ one, whose
known metric reads

ds2BTZ =
dt2τ 2

(
r2 − r2−

) (
r2 − r2+

)
r2

− dr2 r2

τ 2 (r2 − r2−) (r
2 − r2+)

− r2
(
dϕ− dtτ r+r−

r2

)2

.

(3.27)

Singularity case:
Let us now consider yet another patch,4 in which the vielbein reads

e0 =
τdt+ dφ

(r+ + r−)

√
(r2 − r2+)(r2 − r2−) ,

4This patch can be obtained from the previous one by performing the following change of coordinates:

t =
r2+ + r2−
r2+ − r2−

t− 2r+r−
(r2+ − r2−)τ

ϕ , r = r , φ =
2r+r−

(r2+ − r2−)τ
t−

r2+ + r2−
r2+ − r2−

ϕ . (3.28)

Here we also relabeled r± = r±.
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e1 = − rdr

ξτ
√

(r2 − r2+)(r2 − r2−)
,

e2 = −
ξ(r+ + r−)2(τdt− dφ)− (τdt+ dφ)

(
2r2 − r2+ − r2−

)
2ξ(r+ + r−)

. (3.29)

The above expression is written in terms of new (t, r, φ) coordinates, with r+ ≥ r− > 0.
As in the previous case, r± are coordinates singularities for the radial coordinate, r ∈
R+\{r±}, but, differently from before, the extremal case r+ = r− is allowed for any value
of ξ ∈ (0, 1]. In the range r− ≤ r ≤ r+, the vielbein can be made real by performing
the complex transformation (3.12). The corresponding metric can again be written in
fibration form

ds2 =

(
gtt −

g2tφ
gφφ

)
dt2 + grr dr2 + gφφ

(
dφ+

gtφ
gφφ

dt
)2

, (3.30)

with

grr = − r2

(r2 − r2+)(r2 − r2−)τ 2ξ2
,

gtt −
g2tφ
gφφ

=
(r2 − r2+)(r

2 − r2−)
P(r, ξ)

,

gφφ = −τ 2P(r, ξ) ,

gtφ = τr+r− −
(
2r2 − r2+ − r2−

)2
(1− ξ2) τ

4(r+ + r−)2ξ2
(3.31)

and

P(r, ξ) =

(
2r2 − r2+ − r2− + ξ(r+ + r−)2

)2 − 4ξ2
(
r2 − r2+

) (
r2 − r2−

)
4τ 2ξ2(r+ + r−)2

. (3.32)

As in the previous case, the expression of the polynomial P(r, ξ) greatly simplifies in the
undeformed case

lim
ξ→1

P(r, ξ) =
r2

τ 2
,

where we retrieve the AdS3 spacetime. The geometry admits two Killing vectors, which
read

Kt =
∂

∂t
, Kφ =

∂

∂φ
, (3.33)

whose norm can again be studied in relation to special kinds of hypersurfaces.

Let us repeat the discussion about the presence of Killing horizons and let us consider
the null hypersurfaces generated by f±(r) = r − r±. The following linear combinations
become null (and mutually orthogonal) on each hypersurface respectively:

K ′
± = ±r+(1± ξ)− r−(1∓ ξ)

2τ
Kt ∓

r+(1∓ ξ)− r−(1± ξ)

2
Kφ . (3.34)
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This indicates that f±(r) define Killing hypersurfaces.

Before considering the presence of singularities, let us describe the ergospheres in terms
of the zeros of gtt(r). The latter explicitly reads

gtt(r) =
τ 2

(r+ + r−)2

((
r2 − r2+

) (
r2 − r2−

)
−
(
2r2 − r2+ − r2− − ξ(r+ + r−)2

)2
4ξ2

)
. (3.35)

Its zeros are real and positive provided that

ξ
∗ ≤ ξ < 1 , ξ

∗ =
r+ − r−√
2(r2+ + r2−)

(3.36)

and are given by

r∗± =

√√√√(1− ξ2) (r2+ + r2−) + ξ(r+ + r−)2 ± ξ(r2+ − r2−)
√

ξ2

ξ∗2
− 1

2 (1− ξ2)
. (3.37)

As in the previous case, for any ξ in this range, we have a set of inequalities

0 < r− ≤ r+ ≤ r∗− ≤ r∗+ . (3.38)

The last equality holds at ξ = ξ∗, at which value we have

r∗+ = r∗− =

√
(r2+ + r2−)

(
ξ∗ +

1

2

)
. (3.39)

Let us observe that a bit of care is needed in the extremal limit, where ξ∗ = 0: this value
is outside our range of validity, (0, 1). This simply indicates that the zeros (3.37) are
always real and positive. The corresponding surfaces, however, will get closer and closer
to each other and to r+ = r−, as ξ decreases, without actually coinciding.
In general, contrary to the previous analysis, the value (3.39) is not necessarily larger
than the BTZ ergosphere radius,

√
r2+ + r2−, and in particular we have another possible

equality, r+ = r∗−, corresponding to the value

ξ̃ =
r+ − r−
r+ + r−

> ξ∗ . (3.40)

Again, the extremal case requires some attention, as ξ̃ = 0 is again excluded and cannot
be reached.
In the undeformed limit ξ → 1, the zeros (3.37) coincide with the boundary at infinity
and with the proper ergosphere, as in (3.24). The behaviour of gtt and its zeros are shown
in Figure 3 and 4. For small deformations, ξ > ξ∗, the solution admits a region where
the norm of the Killing vector Kt is positive, r∗− < r < r∗+, indicating the presence of
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Figure 3: The behaviour of gtt(r) is shown here for r− = 1, r+ = 2 and for different values
of ξ. In this case ξ∗ ≃ 0, 316, which is consistent with the zeros that we see appearing
starting from the yellow line.

������

0.6 0.7 0.8 0.9 1.0
ξ

5.5

6.0

6.5

7.0

r+=5, r-=1

������

0.4 0.5 0.6 0.7 0.8 0.9 1.0
ξ

3.2

3.4

3.6

3.8

4.0

r+=3, r-=1

r+
*

r-
*

rerg

r+

Figure 4: The behaviour of the zeros of gtt(r) is shown here for different values of r+ and
r−. In both cases r∗− touches r+ before reaching the BTZ ergosphere value. The value of
ξ corresponding to the point where the blue and orange lines touch is ξ∗.

static, non-rotating observers between the two ergospheres. This region shrinks to zero
below the value ξ∗, as the zeros of gtt cease to exist.

At last, let us identify points with respect to the Killing vector Kφ: this is again performed
by identifying points such that φ ∼ φ + 2π, thus making φ compact. This identification
is only consistent if we do not introduce closed timelike/lightlike curves. This in turn
depends on the norm of Kφ and ultimately on the zeros of the metric component gφφ(r).
Differently from the previously analysed case, the polynomial P(r, ξ) may admit zeros of
the following form:

r̂± =

√√√√(1− ξ2) (r2+ + r2−)− ξ(r+ + r−)2 ± ξ (r2+ − r2−)
√

ξ2

ξ∗2
− 1

2 (1− ξ2)
. (3.41)

By requiring the above expressions to be real, one can derive several conditions involving
ξ, r− and r+. However, independently of the latter relations, we always find that r̂− ≤
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r̂+ ≤ r−, where the last equality is reached at ξ = ξ̃. These causal singularities are
therefore protected by the Killing horizons r±, which can be interpreted as event horizons.
Moreover, in the undeformed limit, we only have one singularity, which precisely coincides
with the BTZ one,

lim
ξ→1

r̂+ = 0 . (3.42)

At bit of care is needed again in the extremal case, r+ = r− = r0, where the zeros reduce
to

r̂+ = r0

√
1− ξ

1 + ξ
, r̂− = r0

√
1− 3ξ

1− ξ
, (3.43)

the latter only existing for 0 < ξ ≤ 1/3. Since the parameter ξ is strictly positive, the
singularities never reach r0, by decreasing ξ, and therefore never actually coincide with
the ergospheres. In Figure 5 we can see an example of the behaviour of ergospheres and
causal singularities in both non-extremal and extremal cases.
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Figure 5: On the left, we represent ergospheres and singularities in the non-extremal case,
whereas on the right we have the extremal one. The dashed lines represent (from top to
bottom) rerg, r+ and r−.

The fact that the causal structures of the two spacetimes we described differ should not
surprise. Their physical inequivalence is motivated by the fact that they were obtained
by quotienting the same covering spacetime with respect to two different discrete groups
of motion, generated by Kϕ and Kφ, respectively.

3.2 Timelike fibration

A different solution to equations (2.9) and (2.10) can be found by considering a constant
totally antisymmetric torsion component and a trace part proportional to e0, in such a
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way that the Beltrami torsion is timelike. In this case, one explicitly gets

e0 =
1

2τ

dt+ dx

A
sinh

(√
ζ2 + 1z

)
√
ζ2 + 1

+B
cosh

(√
ζ2 + 1z

)
√

ζ2 + 1

 ,

e1 =
1

2τ
dx
(
A cosh

(√
ζ2 + 1z

)
+B sinh

(√
ζ2 + 1z

))
,

e2 =
1

2τ
dz ,

β = 2τζe0 , (3.44)

which has been written in terms of local coordinates (t, x, z) each covering the entire real
line. Differently from the spacelike fibration case, we have here two real parameters, A
and B, which cannot simply be eliminated by a real change of coordinates.
The corresponding metric admits isometries generated by linear combinations of the
following two Killing vectors:

Kt =
∂

∂t
, Kx =

∂

∂x
. (3.45)

The torsionless Riemann tensor reads

R01 [̊ω] = τ 2e0 ∧ e1 , R02 [̊ω] = τ 2e0 ∧ e2 , R12 [̊ω] = (1 + 4ζ2)τ 2e1 ∧ e2 , (3.46)

while the Ricci scalar is

R[̊ω] = 6τ 2 + 8ζ2τ 2 . (3.47)

We again notice that ζ ∈ R parametrises the deformation with respect to AdS3: the
trace component of the torsion, β, introduces a squashing along the 12 direction, while
maintaining the structure of an Einstein manifold.

The energy-momentum tensor associated to the chosen torsion is

T ij =
(
−τ 2ηij − 4τ 2ζ2δi0δ

j
0

)
, (3.48)

which is evidently symmetric and reduces to a cosmological constant contribution in the
vanishing ζ limit.

3.3 Solutions for non-relativistic Beltrami fluids

Let us consider the spacelike fibration solution (3.1) and perform a complex SL(3,C)
transformation eiE ≡ S i

je
j, with

S =

−1 0 0
0 i 0
0 0 i

 , (3.49)
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in combination with ζ → −iζ, in order to keep β real. In particular, the complex
transformation S has been chosen in such a way as to transform the SO(1, 2) invariant
tensor ηij into the SO(3) one, δij, meaning that the signature turns Euclidean. The full
solution reads

e0E = − 1

2τ
dt ,

e1E =
1

2τ
dx
(
cos
(√

1 + ζ2t
))

,

e2E =
1

2τ

dz + dx

 sin
(√

1 + ζ2t
)

√
1 + ζ2

 ,

β = 2τζe2E . (3.50)

Since all coordinates are on equal footing in an Euclidean space, the deformations of S3

along the other directions can be obtained by means of SO(3) rotations

R12 =

 0 0 1
0 1 0
−1 0 0

 , R02 =

1 0 0
0 0 1
0 −1 0

 . (3.51)

In the Euclidean case, the integrability equation (2.17) coincides with the Beltrami equa-
tion, describing the velocity of non-relativistic incompressible three-dimensional Beltrami
fluids. In this context, the velocity of the fluid is precisely the vector field βµ, whose in-
terpretation in terms of four-dimensional energy-momentum tensor will be discussed in
a forthcoming publication.

4 Conclusions

One of the goals of the present paper is to emphasise the role of the spacetime torsion,
in the Einstein-Cartan gravity formalism, as a natural, geometric way to couple gravity
to matter.
The integrability conditions on the considered irreducible components of the torsion, τ
and βi, which follow from the nilpotency of the differential operator, guarantee the consis-
tent coupling to gravity of this particular matter source, i.e. the covariant conservation of
the corresponding energy-momentum tensor. We found, to our surprise, that these inte-
grability conditions allow for configurations, which were not considered in the literature,
featuring a component βi of the torsion, which, seen as a 1-form β = βie

i, is not closed.
In fact it satisfies a dynamical equation reminiscent of the one describing Beltrami fluids.
Since β has the additional meaning of a connection associated with local Weyl rescalings,
the corresponding O(1, 1)-bundle is curved.
We then presented different families of solutions to the curvature and torsion equations
(2.9),(2.10). They depend on a continuous parameter, which measures the deviation from
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a locally AdS3 geometry, induced by the Beltrami torsion β. The latter can be interpreted
as a geometric flux, capable of removing, in certain cases, the usual causal singularity of
the BTZ black hole.
Moreover, as we discussed in the main text, we found that, in the spacelike fibration
case, the Beltrami torsion breaks the conformal geometry of the two-dimensional bound-
ary. This peculiar feature is worth investigating within the gauge/gravity correspondence.
Lastly, the Euclidean solutions discussed in Section 3.3 provide concrete and novel con-
figurations for the so-called Beltrami fluids, on non-trivial curved spaces. It would be
interesting to embed these solutions in a four-dimensional spacetime where the Beltrami
torsion could be interpreted as the velocity field of a Beltrami fluid, and study, in this
setting, the deformations induced by such fluid on the geometry of the four-dimensional
spacetime.

In this paper, besides deriving these new three-dimensional solutions, we have presented
a first analysis of their geometry. We leave to a future investigation a thorough descrip-
tion of the causal structure of these spacetimes and of their possible applications to the
gauge/gravity correspondence. In particular, it would now be interesting to derive the
surface gravity associated with the Killing horizons and the related black hole tempera-
ture, in those cases in which a singularity exists.
The setup discussed in the present paper could be generalised in several directions: one
would be to include, as a possible source of gravitational matter, the symmetric traceless
irreducible component of the torsion Σij, which we disregarded in the present paper, and
look for consistent solutions of the relevant equations. It would also be interesting to
include dynamical matter, such as spin-1/2 fermion fields. This is the case with Uncon-
ventional supersymmetry models, which are also appealing because they are based on a
Weyl-invariant action. This particular application is under investigation and will be the
subject of a forthcoming publication.
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A Conventions

The three-dimensional index conventions are the following

i, j = 0, 1, 2 Lorentz rigid indices,

µ, ν = 0, 1, 2 Spacetime curved indices. (A.1)

A differential p-form (p ≤ 3) can be expressed as

ω(p) =
1

p!
ωµ1...µpdx

µ1 ∧ . . . ∧ dxµp , (A.2)

where ∧ is the wedge-product.
The signature of the invariant tensor of the Lorentz group SO(1, 2) is (+,−,−), whereas
the Levi-Civita symbol is

ϵ012 = ϵ012 = 1 . (A.3)

Finally, the Hodge dual of a p-form is defined as

⋆ ω(p) =

√
g

p!(d− p)!
ϵµ1...µd

ωµ1...µp dxµp+1 ∧ . . . ∧ dxµd , (A.4)

where d = 3.

B Isometries and Killing vectors of AdS3

The so(2, 2) Killing vectors of AdS3 in the local coordinate patch used in (3.14) read

K01 =
r−

τ(r2+ − r2−)

∂

∂t
+

r+
r2+ − r2−

∂

∂ϕ
,

K02 = −g+(r) sinh(m+(r)) + g−(r) sinh(m−(r))

2τ
√

(r2 − r2+) (r
2 − r2−)

∂

∂t

+
√

(r2 − r2+) (r
2 − r2−)

cosh(m+(r)) + cosh(m−(r))

2r

∂

∂r

+
h+(r) sinh(m+(r))− h−(r) sinh(m−(r))

2
√

(r2 − r2+) (r
2 − r2−)

∂

∂ϕ
,

K03 =
g+(r) cosh(m+(r)) + g−(r) cosh(m−(r))

2τ
√

(r2 − r2+) (r
2 − r2−)

∂

∂t

−
√

(r2 − r2+) (r
2 − r2−)

sinh(m+(r)) + sinh(m−(r))

2r

∂

∂r

− h+(r) cosh(m+(r))− h−(r) cosh(m−(r))

2
√

(r2 − r2+) (r
2 − r2−)

∂

∂ϕ
,

K12 = −g+(r) cosh(m+(r))− g−(r) cosh(m−(r))

2τ
√

(r2 − r2+) (r
2 − r2−)

∂

∂t
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+
√

(r2 − r2+) (r
2 − r2−)

(sinh(m+(r))− sinh(m−(r)))

2r

∂

∂r

+
h+(r) cosh(m+(r)) + h−(r) cosh(m−(r))

2
√

(r2 − r2+) (r
2 − r2−)

∂

∂ϕ
,

K13 =
g+(r) sinh(m+(r))− g−(r) sinh(m−(r))

2τ
√

(r2 − r2+) (r
2 − r2−)

∂

∂t

−
√

(r2 − r2+) (r
2 − r2−)

cosh(m+(r))− cosh(m−(r))

2r

∂

∂r

− h+(r) sinh(m+(r)) + h−(r) sinh(m−(r))

2
√

(r2 − r2+) (r
2 − r2−)

∂

∂ϕ
,

K23 = − r+
τ(r2+ − r2−)

∂

∂t
− r−

r2+ − r2−

∂

∂ϕ
, (B.1)

where we defined

g±(r) =
r2 ± r+r−
r+ ± r−

, h±(r) =
r2 − r2+ ∓ r+r− − r2−

r+ ± r−
, m± = (r+ ± r−)(τt ∓ ϕ) .

These vectors satisfy the following Lie algebra relation

[Kab, Kcd] = Kadη
(4)
bc +Kbcη

(4)
ad −Kacη

(4)
bd −Kbdη

(4)
ac , (B.2)

where a, b = 0, . . . , 3 and η(4) is the SO(2, 2) invariant tensor.
The solution (3.14) only preserves a two-dimensional so(2) ⊕ so(2) subalgebra of the
so(2, 2) one, generated by

Kt = −τ (r−K01 + r+K23) , Kϕ = r+K01 + r−K23 , (B.3)

with [Kt, Kϕ] = 0.
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