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Abstract

We consider the classical problem of maximizing the expected utility of terminal net
wealth with a final random liability in a simple jump-diffusion model. In the spirit
of Horst et al. (Stoch Process Appl 124(5):1813-1848, 2014) and Santacroce and
Trivellato (SIAM J Control Optim 52(6):3517-3537, 2014), under suitable conditions
the optimal strategy is expressed in implicit form in terms of a forward backward
system of equations. Some explicit results are presented for the pure jump model and
for exponential utilities.

Keywords Forward backward stochastic differential systems - Jump-diffusions -
Utility maximization problem

Mathematics Subject Classification 60H10 - 91G80 - 60G07

1 Introduction

Portfolio’s optimization and hedging problems are two classical problems which have
been deeply investigated since the beginning of the seventies. Their mathematical
formulation in continuous time was pioneered by Merton. In [19] he provides the
strategy which maximizes the expected utility of a small investor in closed form by
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exploiting the Markovianity of the model for standard utilities. An alternative approach
for not necessarily Markovian models was suggested by [2] and uses convex duality.
This methodology has been developed in its full potential in [3, 7, 11, 25] and, in its
modern form, in [12] and many others work thereafter. It is well known that convex
duality and martingale methods lead to establish the existence and uniqueness of
an optimal strategy in general market models and for non classical utility functions,
but they do not provide a constructive characterization. A constructive form for the
optimal portfolio has been determined for classical utilities in quite general market
models by using dynamic programming techniques [9, 14, 15]. Nevertheless, there
exist just very few results for non classical utilities. A first work in this direction
is given by [16] (see also [17]). In the non-Markovian framework, the problem is
solved by dynamic programming and the optimal strategy is given in terms of the
value function related to the problem and its derivatives. In turn, the value function
is characterized as the solution of a backward stochastic partial differential equation
under some assumptions imposed on the value function. Another subsequent work
with a constructive characterization is [8], where the hedging problem is studied for
general utilities in a Brownian model without resorting to dynamic programming. In
this article the optimal strategy is described by means of the utility function with its
derivatives and the solution of a fully coupled forward backward system. In [28] the
same approach has been generalized to a continuous semimartingale setting.

Further developments can be found in more recent works in Brownian settings (see
[24] for a large investor problem with endogenous permanent market impacts and [29]
for a stochastic maximum principle algorithm for constrained utilities maximization).

In this paper, we consider a jump diffusion model driven by a Brownian motion
and an independent simple Poisson process and study a classical problem of maxi-
mization for a general utility using the techniques introduced in [8, 28]. To our present
knowledge, it is the first paper dealing with this approach in a model with jumps.

We start by restating Proposition 2.1 in [28], which gives the derivative of the
expectation of the terminal net wealth computed in an admissible strategy. The proof
follows the same lines as in [28], but we add here an extra condition which was
missing. The derivative is proved to be null for the optimal strategy and this represents
our necessary condition for optimality.

In our main result we use this key condition to express the optimal strategy in terms
of a fully coupled forward—backward stochastic differential system.

Besides, the vice versa of this result states that from a suitable solution of the system,
the strategy which satisfies a certain optimality equation is admissible and optimal.

As aresult, in the jump diffusion model the optimal strategy is found to be implicitly
defined by an equation written in terms of the solution of the forward backward system.
Such optimality equation can not be explicitly solved even for the exponential utility,
where the system decouples (see e.g., [20-22]). However, the optimal strategy admits
an explicit expression in the pure jump model. In this setting, for the pure investment
problem we also provide sufficient conditions in order to find a solution to the forward
backward system, which is not in general an easy task. Moreover, the related optimal
strategy turns out to have a more pleasant expression. Finally, we prove that these
sufficient conditions are satisfied for exponential utilities, where an easy solution to
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the forward backward system and the corresponding optimal strategy are explicitly
written.

The paper is organized as follows. In Sect. 2, we introduce the model with the
assumptions and state the preliminary proposition, containing the necessary condition
for the optimality. In Sect. 3, we consider the jump diffusion model and give the charac-
terization of the optimal strategy in terms of a fully-coupled forward backward system.
In Sect. 4, we deal with the pure jump model. The forward backward characterization
of the optimal strategy is followed by the application to the pure investment problem.
Finally, the results of the previous sections are specified to exponential utilities in
Sect. 5.

2 Model Settings and Preliminary Results

We consider the classical problem of maximizing the expected utility of terminal net
wealth, with a finite time horizon, when the asset price process is modeled by a jump-
diffusion. Specifically, the financial model consists of a bank account which pays no
interests and of one risky asset whose (discounted) price S is given by the stochastic
exponential of a jump diffusion.

On a probability space (2, %, P) we consider two independent processes W and N,
both defined on [0, T'], where T < +o¢ is the fixed time horizon: W is a standard (one-
dimensional) Brownian motion and N a homogeneous Poisson process with intensity
v > 0.

The probability space is equipped with the natural filtration generated by W and N
(completed by the P-null sets of .%). As a consequence, every (local) martingale admits
the classical representation as the sum of two stochastic integrals with respect to W
and the compensated Poisson martingale n, = N; — vt, respectively (see [10]). This
will be extensively used in the sequel, e.g. in (3.9).

For the sake of simplicity, we denote the filtration by F = (F;,t € [0, T]) and we
suppose Fr = Z.

We assume the price process S is defined on the filtered probability space (2, .7, F, P)
with a dynamics given by

dS; = 8- (uedt + ordWr + nedny),  So > 0, 2.1

where the coefficients w, o, n are uniformly bounded predictable processes and, to
ensure that S is almost surely positive, n > —1.

Under these assumptions on the coefficients of the model there is no arbitrage in
the market.
We investigate the model in two main different cases: in the first one we consider
o2 > 0, whereas the second concerns the pure jump model, i.e. 0> = 0.
We denote by 7 the dollar amount of risky asset in the portfolio and consider the
wealth process X which evolves according to the self-financing strategy 7, i.e.
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tods
X7 = XT + f Ty—r
0 Ss*

2.2)

Moreover, let H be abounded F7-measurable random variable, representing a liability
due at time 7.

Given a utility function U defined on the real line, we consider the related problem of
maximizing the expected utility of the terminal net wealth

to maximize E[U(X? + H)] over all m €Iy, (2.3)

where x > 01is a given initial capital and I, is the set of admissible strategies defined
as

I, = {rr € st.t.Xg =x},

with
T
H? = {z‘/‘ predictable process s.t. E (/ ﬂfdt) < +oo} .
0

Taking into account the boundedness of w, o and 5, this choice ensures the square
integrability of the wealth process (2.2).

Throughout the paper, the utility function U is assumed to be strictly increasing,
strictly concave and three times continuously differentiable. Moreover, the following
additional conditions are used as needed:

(H1) 3k > 0 s.t. the absolute risk aversion satisfies ARA(x) = — U/,/(x) >k, Vx eR;

U’(x)
(H2) E[U’(£)?] < 400, for a suitable random variable ;
(H3) E[|U (&)]] < +o0, for a suitable random variable &.

From now on, according to (2.2) we consider the process X 0.2 \where Xg’h = (0 and
h is a predictable bounded process, i.e.

o dS,s
X?,h — / hs K ]
0 Ss*

Let us observe that, under our assumptions on the model and due to the boundedness
of h, the process X*/ is square integrable.

The following proposition represents the key starting point for the derivation of the
main result and is a restatement of Proposition 2.1 in [28]. For this reason, we omit
the proof. We just remark that we add here an extra condition which was missing in
[28].

Proposition 2.1 For n* € I1,, let (H2) hold with & = Xg* + H. Moreover, suppose
that for any predictable bounded process h, there exists € > 0 such that (H3) is
satisfied by & = Xf“h +H.

Then
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¥ +¢eh _ ¥
lim ot ™ ) - UG +H)] g (U7 + )X e
£ &

If, in addition, 7w* is optimal for problem (2.3), then
E[U/(X] +H) x§"] =0. 2.5)

Remark 2.1 Note that the extra integrability condition (H3) required in Proposition
2.1 can be weakened by requiring only the integrability of the negative part of U (§).

3 Jump-Diffusion Model

In this section, we consider the dynamics of the price process (2.1) with 6> > 0 and
we require o~ ! to be bounded.

The next two theorems are the main results of the paper. The first one characterizes the
optimal strategy in terms of the solution of a forward—backward system of SDEs. The
second theorem represents the vice versa and establishes the existence of an optimal
strategy.

Theorem 3.1 Let 7* € T, be optimal for problem (2.3) and suppose (H1) holds.
Under the assumptions of Proposition 2.1, there exists a smooth function G such that
the following forward—backward system admits a solution (X, Y, Z, WV):

1
X; =x+ / G(Xs-, Yy, Zg, Wy, V) (usds + asd Wy + nydny) 3.6)
0
Y, —H +/T<U/(‘lls + GXs- Y5, Zs, W5, Yoy + X- + ¥ ) —U'(X- + V) \Ils>vds
' U"(Xs- + Ys-)
T IU,/,(Xl—+K—) 5
+/t Em(zs + G (Xy-, Yy, Zs, W, Yy)oy)ds,
T T
+/ G(Xy—, Yy, Zs, Vs, Xy) (s —msv) ds — / (ZsdWy + Wydny), 3.7
t t
where Yy = (1, s, 01).
Moreover,
a*=GX_,Y_,Z,¥,Y) (3.8)

and the related optimal wealth process is equal to X.

Proof The arguments used in this proof are similar to those in [8, 28]. We start by
defining

a = E[U' (X} + H)|F]
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The process « is a square integrable martingale since, due to Proposition 2.1, (H2) is
satisfied by € = X ’}* + H. Therefore, « satisfies the backward stochastic differential
equation (BSDE)

T
o = U’(X’TT + H) —/ (Bsd Wy + ysdny), 3.9)
t

where 8 and y are respectively the predictable integrand appearing in the martingale
representation of «, with respect to W and n. We consider the process Y, where

Y, = (U) Nay) — XT,

with final value Yr = H. By It6’s formula we can write

1 1 U (U Yey-)) . o -
AV = ——da; — d U U,
! U" (U~ (a,-)) o 2 (U”(U/*l(ol,f))f Lee]y + ( (etr) (=)
1 o
o U//(U/_l(atf)) Aoy — dXt : (3.10)
Observing that

U ) = U No-) = U ANy + o) — U™ ay-)
= (U 0+ a) — U @) AN,

(3.10) can be immediately rewritten as

moeyri—1
(BtdW; — yrvdt) T U W™ @)

day, :U//(U/—l(a )) 2 3t
- (U"(U= ()

dt

+ (U 0+ o) = U o) ) AN = 7 adt + 0y d Wy + o).

After rearranging the dt, dW; and dn, terms together and replacing U’ '(a;) =
X7 " +Y,, we denote the integrands in the martingale terms respectively by Z; and
W, i.e. we define the processes

1
Z = *}3 — JT*O',

U'(XT +Y.)
W= g+ U] (y YU+ Y_)) — (XZ* + Y_) . GBI

Therefore, Y solves the following BSDE
dYt :Z;th + \I—’,dn,
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* * 1
+| U+ UXE +Y ) - (X" +Y) — —————————— ]vdt
|: 62 (X; ) — (X, -) U”(X;T, +Yt_))’t
1 U"(X™ +Y-)

20X+ 1)

B2+ nl*y,t]dt, Yr=H.

If in the previous equation we replace 8 and W using the expressions in (3.11), we
obtain

1 U Xn_* + Y—)
dY, = — [ #(Zt —+ 7rt*o-,)2

20X +Y,)

— (Y + 7/ n)v ytv+n,*u,]dt

T
U'(X™ +Y,)
+ Z[dW[ + \IJ,dnt, YT =H. (312)

In order to obtain the FBSDE (3.6, 3.7) we will prove that 7* admits an (implicit)
representation like (3.8). To get a characterization of the optimal strategy 7*, we use
(2.5) of Proposition 2.1. Starting by the application of the integration by parts formula
to U'(X ’}* +H)X (}‘h, for an arbitrarily fixed bounded predictable process 4, we have

T "
U'(XE + H)x)" = / U'(X™ + Y- hy (edt + ord W, + nedny)
0
T 0,h
+/ X, (BedW;i + yidny)
0
T hl
+ . (Bed[S, W1i + v2d[S, nl;)
~

T
:/ Ol,—h,(atdW, + T]tdl’l[)
0
T Oh T
+ /0 XOM (B.dW, + yidn,) + /0 hayeding
T *
+/0 he (U’(X;E + Y + Bro +y,n,u) dt.  (3.13)

We now check that the first three integrals in (3.13) are martingales.

For the first integral we have
T
E{ sup <CE (/ o h¥(oldt + 7712sz)>
0<t<T 0
1

T 2
<CE/[ sup |a,|< / hlz(o,zdt+n,2dN,))
0<t<T 0

1

t
/0 oths(ades + nsdns)
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1

2\ ? T 3
<cC E( sup |oz,—|> (IE </ h?(ofdt + n%dN,)))
0<t<T 0
1
<C (]E ((x%,)y < 00,

where the constant C can differ from line to line. The first is Burkholder—Davis—
Gundy inequality for p = 1, the third is Cauchy—Schwarz inequality, while the last
is a consequence of Doob inequality and the boundedness of %, n and o. Then the
conclusion follows by the integrability assumptions on .

Exploiting the same chain of inequalities, for the second integral we can write

E( sup )
0<t<T
3 T 7
<cC (]E (x%”)2) (IEI (/ (B2ds + ydeS))) <,
0

where the finiteness of the last expression is due to the square integrability of X"
and o.
We are left to prove that fo hsnsysdng is a martingale. A sufficient condition is to

t
/ X! (BdWs + yudny)
0

show E ( fOT [heneye|v dt) < oo for the predictable process hny. This is true since &
is bounded and by Cauchy—Schwarz

([ )= (o[ ) (e[ 7))

Taking the expectation in (3.13) and recalling (2.5) we find

T
E(U'XF +H) X)) =E ( /0 e (UG + Y, + Bro + vine) dr)

T
=E ( f he (UG 4 Y e+ U+ Y )(Z + 7000 + vy dr) =0,
0
(3.14)

where in the last equality we replaced 8 = U" (X" + Y_)(Z + n*o).
Choosing in (3.14) the integrand 7 = 1
and then 7 = 1

(U (X" +Y_ ) u+U" (X" +Y_)(Z+m*0)o+ynv>0}

(U (X Y U (X7 +Y )(Z4*0)o+ynu<op WE deduce

UXT +Y ) )u+U' X" +Y_WZ+7r*0)0 +yqv =0
dP ® dt —a.e. on [0, T]. (3.15)
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From (3.11),
y=U M +7n+ X" +Y)—U X" +Y.)
which plugged into (3.15) gives the equation

UXT +Y ) )u+U" X" +Y_NZ+7n*0)o
+ (U/(\Il +an+ X7 +Y) —UXT + Y_)> nw=0. (3.16)

Note that (3.16) includes the case n = 0 for which the optimal strategy can be explicitly
written,
1 UX™ +71-
7 = - # K_7).
U'(X™ +Y_)o
as in [8].

For any w € Q and ¢ € [0, T], (3.16) can be seen as FF = 0, where the function
F : D x R — R, defined by

Fw,m) =U'(x + )+ U"(x + y)(zo + 70?)
+(U' W +rn+x+y)=UGx+y)n, (3.17)

for every w in the open set D = {w = (x,y,z,¥,n, 1u,0) € R? : 6% > 0},
and w € R, is continuously differentiable on its domain, because of the smoothness
hypotheses on U. Moreover, U being strictly concave, we get V(w, r) € D x R

3 ,
G- Fw,m) =U"(c+ N2+ U (Y +mn+x+y)n*v <U"(x + y)o?

1
< EUU(X +y)o? <0,

so that a global implicit function theorem can be applied (see Theorem 6.1 (2) in the

Appendix). Consequently, for any w € D the equation F(w, ) = 0 admits a unique

solution 7 € R and there exists a function G continuously differentiable on D and

such that {(w,7) e D xR: F(w,7) =0} ={(w,7) e D xR : 7 = G(w)}.
Thus, the optimal strategy is

Tt =G(X_,Y_,Z,V,n, 0, W),

which is expressed in terms of the solution (Y, X, Z, W) of the forward backward
system (3.6, 3.7), where the backward equation (3.7) is obtained replacing (3.8) in
(3.12). Besides, we note that (3.6) represents the optimal wealth process. O

Theorem 3.2 Suppose a solution of system (3.6, 3.7) exists with Z € H* and G a
smooth function such that F(w, G(w)) = 0, where F is defined by (3.17). Assume

@ Springer



65 Page 10 of 22 Applied Mathematics & Optimization (2024) 89:65

(Hl)and (H2), (H3) withE = X7+ H, and U'(X+Y) to be a positive martingale such
that the stochastic integral m -U(X +Y) is a square integrable martingale.
Then the optimal strategy 7™ exists in the class T1, and is given by (3.8).

Proof We first check that the strategy defined in (3.8) and satisfying (3.15) is in IT,.
We consider (X™ ) , Y, Z, W) satisfying the system (3.6, 3.7) and we write It6’s formula
for U'(X™ +Y),ie.

dU'XT +Y) =U' (X" 4+ Y1)
(U”(X;f_* +Y-)
X —_—

Vi
- nro; + Z)dW, + ————dn
U/(Xf, +Yr)( ¢ Ot NdW; ) t)

+ ¥
U’(Xf, + Y-
which, using (3.15), can be rewritten as

dU'(XT +Y) =U'(X" +Y,-)

x —(ﬂ+M+)dW,++dn, . (3.18)
o o UXE ¥, UKT 1)

L
U/(X™ +Y_)
by the martingale representation theorem and the hypotheses on boundedness of 1, ©

and o ~! we deduce that W € H?. Using this fact, together with the hypotheses

(H1) on ARA and Z € H?, since (3.15) can be rewritten as

i} 1UX™ +Y) (1 L y Z
n =—————— |\ - )
ocU"XT +Y )\o o UX"T +7Y.) o

we get that 7* € Il,.

Now we are are left to show that 7* is optimal. From (3.18), we observe that the
positive martingale U’ (X™ " 4+ Y) can be written as the Doleans exponential of the
martingale

Since we have assumed that U'(X™ +Y)isa square integrable martingale,

YR [ R WU —-
o o UXL +Y.) U'XT +7Y-)
where ——%—— > —1 by the definition of y and since UX™ +7Y)is positive.

U'(X™" +Y_)
Since U is a concave function, for any & € I1, we have that

UXE+H)—UXE +H)<U'(XF +H) (X’; - X}*) . (3.19)
Thus we define the measure QQ equivalent to P by

dQ  U'(XF +H)
dP E(U'(XF + H))’
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and taking the expectation in (3.19) we write

UXZ+H)—UXE + H .
E( (X7 +H) —UKXF + ))SEQ<X¥_X¥)

E(U' (X7 + H))
T
=E? (/ (rr — ) 43 ) =0, (320
0 S;-

where the last equality is due to the fact that, by the Girsanov theorem and the
admissibility of the strategies 7 and 7*, the stochastic integral fo (n, 7} )dS’ is

a Q-martingale. In fact, SL_ - § is a Q-martingale since its predictable quadratic covari-
ation with M is

1 _ woomv 4 14
— - SSM)=(c-W+n-n,— + — - -W+ = n
S_ o o UX" +Y.) UX™ +7Y.)

= —f Usds.
0

Moreover, since 7 and 7* are in Iy, we get that

. 4 .
/ (i — 7)) — - = / (m; — ) (uedt + oy d Wy + n,dny)
0 S~ Jo

is a Q-local martingale. Finally, by the following chain of inequalities we prove that
it is a true Q-martingale:

( / dsy
sup ‘
0<t<T

T 5
<CEQ ((/ (m — n,*)z(atz + nfv)dt) )

0
— U/(ng* + H) [T _ %2 2
=CE (IE(U’(X’}* 1) < A (mr — 7)) dt)

(B(' x5 + m2))° T N
<C (]E (/ (rrt — n,*) dt)) < +o00.
0

E(U"(X}" + H))

From (3.20), we have
E (U(X; +H) - UXE + H)) <0, foranym e I,
which means that 77* is optimal. The proof is complete. O
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Remark 3.1 It is worth noting that assumption (H2) in Theorem 3.2 which requires
E[(U/(X’;* + H))z] < 400 is only used to show that, for any 7 € Iy, gj -Sisa
(QQ-martingale. Therefore, it can be replaced by any other condition which ensures this
requirement.

4 Pure Jump Model

In this section we study the case where the asset price is a pure jump process and
show that for this model 7* can be written in an explicit form in terms of the forward
backward SDE system solution.

We consider (2.1) with 0> = 0, that is the price S is modeled by a pure jump
process whose dynamics is

dS; = S;- (uedt +nedng),  So > 0.

We recall that the filtration F = (F;, t € [0, T']) is generated by a standard Brownian
motion W and a simple Poisson process N with intensity v > 0, which implies that the
market is incomplete. Moreover, the coefficients u and n are predictable and bounded
with n > —1 and with the additional assumption ¢ < % < ¢» < v which guarantees

that ,;‘—U is bounded with the upper bound smaller than 1. Note that this assumption on
the coefficients will be exploited to define 7 * in (4.23) and to guarantee the martingality

of M in (4.27). Moreover, since £ (ea*%'"") < oo for some C > 1, one can check

that the Doleans exponential of —)% - n is a uniformly integrable martingale (see
Protter [25]) providing the existence of a martingale measure for S.

Theorem 4.1 Let n* € Il be optimal for problem (2.3) and suppose (HI) holds.

Under the assumptions of Proposition 2.1, there exists a solution (X,Y, Z, V) of the
following forward—backward system

t
X, =x +/ (U/‘ (U/(Xs 1Y) (1 M )) (X 4+ Y+ \ys)>
0 nsv
x (ﬁds n dns> 421
Ns
r n
Y, =H —/ [(U"l (U’(XA-— +Y,-) (1 - = )) - (X + Ys—)ﬂ
t NsV
X (1 _ s ) vds
NsV

_/T gy VXY Vs LUK +Y) o]
' UK+ YD) ) s 20X+ Y)Y

T
- / (Zyd Wy + Wydny). (4.22)
t
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Moreover, w* takes on the form
1 * *
. (U/_l (U’(xz +Y) (1 - ﬁ)) — WX 4 Y_)> . (423)
n nv

and the optimal wealth process is equal to X.

Vice versa, suppose a solution of the system (4.21, 4.22) exists. Assume (HI) and
(H2), (H3) with & = X7 + H, and U'(X + Y) to be a positive martingale. If the
strategy (4.23) is in the class T1, then it is optimal.

Proof Using the same arguments as those for the jump-diffusion case, we can write
U///(Xn + Y ) 1

dy, = [ e 2 — (Ui ) VA

2U"XZ +Y-) U'(XTE +Y-)

+ Z:dW; + Vidn;, Yr =H, (4.24)

Vv + ”;kﬂt]dt

which corresponds to (3.12) when o = 0. Condition (3.15) now becomes
UXY +Y )u+ynw=0 dP®dt—ae. onl0,T], (4.25)
where
y=UM 4+ n+ X" +Y_)—UX" +Y_). (4.26)
From (4.25) and (4.26), we deduce (4.23). Finally, plugging y obtained from (4.25)
and (4.23) into (4.24), we deduce (4.22).

For the converse, let us observe that the positive martingale U’ (X™ " 4+Y) can be
written as the Doleans exponential of the martingale

U X +7Y_
¥ w-t (4.27)
UX"™ +Y) nv
whose predictable quadratic covariation with < L.Sis ( S-S, M) = — fo usds. Thus,
by Girsanov Theorem, - 5 - § is amartingale w1th respect to the P-equivalent measure
Q defined by
dQ _ U'X} +H)
dP  E(U'(XF +H))
The conclusion for the optimality of 7* follows as in Theorem 3.2. O

As previously said, it is not easy to find a solution of the coupled system. In the next
proposition, we consider the pure investment problem, i.e. H = 0, and find a sufficient
condition for obtaining an explicit solution to the system (4.21, 4.22) with Z = 0. At
the end of the next section, we show an example where this condition is satisfied.
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Proposition 4.1 Let H = 0 and suppose (HI1) holds. Consider the system

! 1 ag — Ws/Ns
X = d dny) , 4.28
t x+/0 ARAX,) Jis — 10 (usds + ngdny) ( )
Y, =U'""! (U’(X,)e/‘f) — X, (4.29)
where a € H? and A, = — ftT ag ds, with Ag deterministic. IfU’(X)eA is a positive

martingale, then (X, Y) gives a solution to the forward backward system (4.21, 4.22)
with Z = 0. Moreover, under (H3) with ¢ = Xt the strategy

. _ 1 a—p/n
ARA(X-) w—nv

(4.30)

is in Iy and it is optimal.

Proof Applying It’s formula to U’(X,)e”’, and taking into account the definition of
A; and ny = N; — vt, we get

” 1 Mt
/ Ar\ _ 77/ B A B A _
d (U (Xy)e ) =U'(X;-)e™ardt + U (X;-)e —ARA(th) (a, _77[>dt

+ U (Xp)e — U (X,-)e™

=U' (X et (& ) ar AR
(Xi-)e <(771 + A U(X,) + AU (X, n;
4.31)

where y, AN, = e (U'(X;) — U'(X,-)).
Since we assumed that U’ (X + Y) = U’(X)e? is a martingale, we find y =
- %eA U’(X_) and therefore

d (U’(Xt)eA’) — U (X, Mg, (4.32)
Ny
From (4.29) we get Yr = 0 and, by It&’s formula, using (4.31) it follows

dYt ==

_ Uty [ (v xpet) — o= (U'xe) |
U (U= (U/(X-)edr)) me
_ 1 ar — /M
ARA(X;-) pr—mev
U'(X,-)e 4

U" (U1 (U (X-)e)) e
+ [U” <U/(X,)eA’ (1 - ﬁAN,)) _y-! (U’(X,)eA’>]
nv
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N 1 e — N ay (

ARA(X;-) pe—mev
U'(X,-)e e
U" (U1 (U (X-)e)) e

+ [U” <U/(X,)eA’ (1 = ﬁ)) — ! (U’(X,)eA’)] AN,
nev

n 1 M — Nedy (
ARA(X;-) py —mev

_ U'(X,-)et n 1 Wt — near &dt
U (U1 (U'(X;-)err))  ARAX-) e —nev | o

+lu! (U’(Xt—)eAf (1 - ﬁ)) _y! (U’(Xt—)ef‘f)] (1 - ﬂ) vdr
L Ny v

+ v (U/(Xt)eA’ (1 - ﬁ)) _y! (U’(Xt)eA’)] B
L nev Nt

1 MK — Near —1 ( ’ A ( 1223 ))
+ +U UX-)e " 1 ——
L ARA(X;-) py — v ! nev

_y-! (U’(X,f)eA’>] dn,,

Nt

dt

Ni

which corresponds to

dy, = [(U’—l <U/(Xt— 1Y) <1 - ﬁ)) — (X~ + Y,_)>] (1 - ﬁ) vdi
Uiad Y

+ (\Ift + UX,- + Y’)>

Kt
— " )| —dt + V¥, d
U'(X,— +Y,) i

Nt

with

_ 1 m—na —1 / A _i el , A
Y= ARA D) = Y (U (X-)e (1 m)>> U (U (X_)e )

Therefore, Y satisfies (4.22) with Z = 0.

The admissibility of 7* follows from (H1), the assumptions on a; and on the model
coefficients. In order to check the optimality of the strategy, by the converse part
of Theorem 4.1, we are left to prove that U’(X)e” is a positive martingale and
E [(U/(XT))Z] < +o0. But this is true since, by (4.32), U’(X)e? is the Doleans

exponential of the martingale M = —#—U - n whose predictable quadratic variation

(M) = fo ’n‘z—i ds is bounded. In fact, using Novikov condition, £(2M) is a uniformly

integrable martingale and, thus, [E7 (M )]2 = Er (2 M)etM)T has finite expectation. O
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5 Exponential Utility

Inthis last section we tailor the results obtained previously to the case of the exponential
utility, which has been extensively studied in the literature (e.g., [4, 5, 13, 23, 27]). It
can be easily checked that with this particular choice of utility function, the forward-
backward system decouples and the problem reduces to the study of a backward
stochastic differential equation.

For results for continuous price models, see, e.g., [9, 26] in Brownian setting,
and [14, 15, 20] for more general continuous semimartingale models. For models
allowing jumps, we quote among others [1, 21, 22] and [18] for the pure jump model.
We consider the exponential utility U(x) = —e % with risk aversion parameter
8 € (0, 400) and a bounded random liability H. In this case the evolution for

Y= Lg% x
= —— 10¢g — —
5 8

does not depend on the wealth process X7 " and is given by the following backward
equation

* 1% 1
dy; = ((e—“‘”rﬂr m Dy +58(Zi+ o) + (W, + ) — nfu,) dt
+thWt + \I—’,dn,,
with final condition Y7 = H.
Moreover, Eq. (3.16) in the proof of Theorem 3.1 for the optimal strategy 7 * can be
rewritten as
i — 8(Zy + wFon)o + (e—“(‘yf”z*"f) - 1) nv=0 dP®di—ae. onl[0,T],
(5.33)

from which we can also deduce that the optimal strategy is independent on the wealth.

Let us point out that, employing a notation similar to [21], the driver of the BSDE can
be rewritten in the form

B 8 me \ i u?
fz(ZyKﬁ)—;gﬁ{ 2(7'[01 (Z+80t)) [~y ﬂnz]a} o7t e

where, for ¥ € R, []s = § (¢’ — 1 —8v). Then, using the results in [20], we

deduce that there exists a solution to the BSDE with Y bounded and Z, ¥ € HZ.
In the pure jump case, the backward evolution of ¥ reduces to

1 1
ay, = <7<sz,2 _Y (1 - ﬂ) In (1 - ﬁ) + & (wt - 7>) dt + Z,dW, + W,dn,.
2 ) nv nv Nt s

Moreover, the optimal strategy 7 * can be written in an explicit form, using (5.33) with
o = 0, as stated in the next proposition.
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Proposition 5.1 A solution of the backward equation

1
Y, = H— f<522—3<1—’“>1n<1—‘“)+ﬂ<xps—->)ds
nsV NsV Ns 8

_/ (ZsdWs + Widny) (5.34)
13

exists with Y bounded and 7,V € H? and the strategy *

¥ = —l (1 In <1 — —> + \IJ) (5.35)
n\é nev

is in Tly. In addition, ife_‘s(xyr Y is a positive martingale and either Z or W is
bounded, then (5.35) is optimal.

Proof The existence of a solution to (5.34) with ¥ bounded and Z, ¥ € H? is provedin
Theorem 1 of Antonelli and Mancini [1]. This theorem requires two main assumptions
on the driver f of (5.34), which we can rewrite as

Al) f is measurable and predictable and satisfies dPP ® dr—a.e.

1) 1)
—h =5 = [l < fie¥) <+ 52+ W (5.36)

for a strictly positive predictable process A such that essup,, fOT Ardt < 400;
A2) f verifies

F@w) = i@y < @ =y (5.37)

where the process ;‘Z"/"‘/’/ is such that Dy < ;,Z’w’v// < Dp,with—1 < D; <0
and D > 0.

In order to check these assumptions we rewrite the driver f in the form

1
fi(z, ) = sup {mp; — [—¥ — wnels) — 5322. (5.38)

meR

Since 7 = 0 € R, from (5.38) we deduce the validity of the left inequality in (5.36).
To prove the right inequality, we consider the function F (1) = f(z, V) — % —[¥]s.
Using the explicit form of the driver in (5.34), we can rewrite F () as

F(w)zg«ln (1—%>+1+5w> —e‘W),
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whose maximum is attained at ¥* = % In (1 - ,;‘—U) and holds

Fay*) =22 <1 - i)ln(l —i>.
1) nv nv

We deduce that in (5.36) we can take 1 = 2% (l — 1;‘—‘}) ‘ln (1 — “) , which is a

nv
bounded predictable and strictly positive process, thus the assumption (A1) is verified.
Using again the explicit form of the driver, (5.37) can be rewritten in the form

W — ) (45"”"”’ + i) >0,
T}U

and (A2) is easily verified choosing {Z"/’*‘/’/ = —%, D; = —1 and a suitable
constant D>, which can be found since % is bounded.

From the existence of the solution with ¥ bounded and Z, ¥ € H? and from (5.35),
thanks to the standing assumptions on the model, we deduce that 7* € II,.

Finally, from the vice versa of Theorem 4.1, the optimality of 7* is guaranteed if
we assume that either W or Z is bounded. In fact, (H1) and (H3) trivially hold true,

whereas (H2) reduces to check that |E [e—za(x;*ﬂi )] is finite.

First we suppose W bounded, so is 7*. Taking into account also the boundedness
of H, we get

E [6725(X¥*+H):| < GE [ecuNr] < +o0,

where C1, C; are suitable constants whose specific values are irrelevant.

Assume now Z bounded. Since the positive martingale e—a(xﬂ* +1) is the Doleans
exponential of the martingale M defined in (4.27), we get [E7 (M) =Er2M)eMir
Moreover, if Z is bounded then

T TMZ
(M)TZ/ azzgdw/ S—ds
0 ) 0 v

N

is bounded. Using Novikov condition, £(2M) is a uniformly integrable martingale
and, therefore,

E [e*%("’r’***’)] —E [[ST(M)]Z] < +o0.

m}

Remark 5.1 We notice that, in the case that Z is bounded, the martingale assumption
on e 3™ +Y) can be omitted since it is automatically satisfied.
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Remark 5.2 In [18], the exponential utility maximization problem is studied within a
BSDE framework and in a Lévy-driven pure jump asset model. Existence of optimal
strategies are proved using BMO arguments and assumptions on the solutions of the
BSDEs involved which imply the boundedness of the strategies. Although our market
model is simpler, Proposition 5.1 represents an attempt to establish conditions for the
existence of optimal strategies possibly not bounded.

We conclude the section with an example for the pure investment problem, where the
hypotheses of Proposition 4.1 are automatically satisfied.

Proposition5.2 [f H = 0 and % is deterministic then the strategy

is in I, and it is optimal.

Proof We choose in Proposition 4.1,

a= (i n (1 - i) In (1 - i)) v, (5.39)
nv nv nv

which is a positive bounded process by the assumptions on the model. Then, the
processes X and Y become

t 1 ag — s /ns
X, = p ,
’ x+/0 ARAX,-) fty — nyv (1sds + nsdny)

! 1 s
=X +/ —— |JIn{1- (nsds + nsdny) ,
0 dns nsv

_ -1 / Ay _ _ _l _ l T
Y[ =U U (X,)e Xt = aAt = s ast.
t

On the other hand, we can observe that (5.39) represents the unique choice for a in
Proposition 4.1 which makes U’(X)e” a martingale. In fact, U’ (X)e is a martingale
if and only if
AU X)) -U(X2) = _ KAy x)an,
nv

i.e.

e
se—dX_+A (6—5(5 ) 1) _ P A
nv

from which we deduce ﬁ:—Z‘V’ = In (1 - 1;‘—1}) and thus (5.39). The positivity of

U'(X)e4 immediately follows from the conditions on the model.
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Since all the assumptions of Proposition 4.1 are satisfied, the processes X and Y give
a solution to the forward backward system (4.21, 4.22) with Z = 0 and

_ 1 w—na —1 / al v N\ et B
- e (e (1) o e

1 1 1
=sin(1=2) =S (e (1= L)) 4 S (e ¥4 <o,
8 nv ) nv )

Finally, the strategy is

. 1 a—p/n 1 Iz
Tt = =——In({l——.
ARA(X-) w—nv on nv

O

Remark 5.3 We notice that in the proposition above the hypothesis on % can be weak-

ened by assuming deterministic fOT agds, with the choice of a in (5.39).

Remark 5.4 In this paper, the theory of [8, 28] has been developed for a market model
with Poissonian jumps focusing on some simple but analytically tractable examples,
which exhibit a possible interpretation of the solution in terms of the model parame-
ters. Future research directions may include theoretical generalizations of the market
price model by considering a general jump measure in the dynamics. Moreover, util-
ities defined on the positive half line, such as the power and the logarithmic, can be
investigated.

6 Appendix

This result is a generalization of Lemma 1 in [6].

Theorem 6.1 Let A be an open subset of R".
Let us consider a function F € C'(A x R; R) and suppose there exists a function
g : A — R such that one of the following conditions holds:

)
1. B—F(x, y)>gx) >0, V(X y) € AxR,
y

0
2. a—F(x, y)<gxX) <0V, y)e AxR
Yy

Then there exists a function G € C'(A; R) such that F(x, G(x)) = 0, Vx € A.

Proof We start by proving that for any x € A there exists y(x) € R such that
F(x, y(x)) =0.

In order to do this, let us suppose that condition 1 holds. We can proceed in the
same way if condition 2 is assumed.

Letus fixx € A. If F(x,0) = 0, there is nothing to check. Otherwise, by Lagrange
mean value theorem, we have
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F( IF(X,0)|>_ d [F(x,0)]
X, —— | =FXx,0)+ —F(x, y) —— > FX,0+|F(x,0) >0
g(x) dy y=n® g(x)
and
F (x, _F& 0 O)l) =F(x,0)— iF(X, y) JFx, 0)] < F(x,0) +|F(x,0)] <0,
g(x) dy y=nx g(x)

where 0 < y1(x) <

|F(x,0)| [F(x,0)|
20 and — PO y(x) < 0.

Then, by the intermediate value theorem, there exists —%}é?)l < y(x) <
such that F(x, y(x)) = 0.

Letus observe that, since F (X, -) is strictly monotone, y(x) is univocally determined.

We are left with the task of proving that the function G defined by G(x) = y(x)
is continuously differentiable on A. Let us fix X9 € A. Since F(xg, G(Xp)) = 0, by
the implicit function theorem we can find a neighborhood Uy, of X¢ and a function
oxo € C l(UXO; R) such that F (X, ¢x,(x)) = 0, for any x € Uy,. Considering that
also F(x, G(x)) = 0 and F is strictly monotone, we deduce that G = g¢x,,, therefore
continuously differentiable, on Uy, . Due to the arbitrariness of X, we can then conclude
that G € C1(A; R) and get the thesis. O

[F(x,0)|
8(x)
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