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PROPAGATION OF ANISOTROPIC GABOR WAVE FRONT SETS

PATRIK WAHLBERG

ABSTRACT. We show a result on propagation of the anisotropic Gabor wave front set
for linear operators with a tempered distribution Schwartz kernel. The anisotropic
Gabor wave front set is parametrized by a positive parameter relating the space and
frequency variables. The anisotropic Gabor wave front set of the Schwartz kernel is
assumed to satisfy a graph type criterion. The result is applied to a class of evolution
equations that generalizes the Schrodinger equation for the free particle. The Laplacian
is replaced by any partial differential operator with constant coefficients, real symbol
and order at least two.

1. INTRODUCTION

The paper treats the propagation of the anisotropic Gabor wave front set for a class
of continuous linear operators.

Hoérmander [9] introduced in 1991 the Gabor wave front set of a tempered distribution
as a closed conic subset of the phase space T*R?\ 0. It consists of directions in 7*R%\ 0
of global singularities, in no neighborhood of which the short-time Fourier transform
decays superpolynomially. The Gabor wave front set is empty precisely when the tem-
pered distribution is a Schwartz function, so it records smoothness and decay at infinity
simultaneously.

Recent works [1,4,15,17,20,22,23] treat the Gabor wave front set and similar concepts.
The Gabor wave front set is identical to Nakamura’s homogeneous wave front set [13,20].
Hormander’s original paper [9] contains results on the action of a linear continuous
operator on the Gabor wave front set. Propagation of the Gabor wave front set for the
solution to evolution equations with quadratic Hamiltonian with non-negative real part
is treated in [15,23]. The singular space of such a quadratic form, introduced by Hitrik
and Pravda—Starov [7], then plays a crucial role.

We have defined and studied an anisotropic version of the Gabor wave front set, which
is parametrized by s > 0, in [19]. The new feature is to replace the superpolynomial
decay along straight lines in phase space T*R?\ 0, characteristic to the Gabor wave
front set, by decay along curves of the form

R, 3 A= (Az, \%¢) € T*R\ 0
where (x,&) € T*R?\ 0. The resulting wave front set is baptized to the anisotropic s-

Gabor wave front set, and it is denoted WFg(u) C T *R4\ 0 for a tempered distribution
u € .7 (R?). If s = 1 we recover the standard Gabor wave front set.

2010 Mathematics Subject Classification. 46F05, 46F12, 35A27, 47G30, 35505, 35A18, 81530, 58J47,
47D06.
Key words and phrases. Tempered distributions, global wave front sets, microlocal analysis, phase
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2 P. WAHLBERG

In [19] we develop pseudodifferential calculus and microlocal analysis for the anisotropic
s-Gabor wave front set, inspired by e.g. [2,3] which treat anisotropic partial differen-
tial operators with polynomial coefficients. This means that we study pseudodifferential
calculus with symbol classes that are anisotropic modifications of the standard Shubin
symbols. The anisotropic symbols [21] satisfy estimates of the form

0202 a(0, &) S (1+[a] + |65y (z.6) € TR, a,8 € N

It also means results on microlocality and microellipticity in the anisotropic framework.

For this purpose we benefit from ideas and techniques from papers on microlocal anal-
ysis that is anisotropic in the dual (frequency) variables only (see e.g. [14]), as opposed
to our anisotropy which refers to the space and frequency variables comprehensively. An
overall summary of [19] is an anisotropic version of Shubin’s calculus of pseudodifferential
operators [21].

The anisotropic s-Gabor wave front describes accurately the global singularities of
oscillatory functions of chirp type [19, Theorem 7.1]. These are exponentials with real
polynomial phase functions.

In this paper the chief result concerns propagation of the anisotropic s-Gabor wave
front set by a continuous linear operator .# : . (R%) — .#/(R%) defined by a Schwartz
kernel K € .#/(R?%). Suppose that the s-Gabor wave front set of K contains no points
of the form (x,0,¢,0) € T*R??\ 0 nor of the form (0,y,0,—n) € T*R2?\ 0, with
z,y,&,n € RY (Roughly speaking this amounts to that WT;(K) resembles the graph of
an invertible matrix.) Then .# : . (R%) — . (R?) acts continuously, extends uniquely
to a sequentially continuous linear operator .# : .#/(R%) — .#/(R?), and for u € .7/ (RY)
we have

(1.1) WF;(%u) - WF;(K)’ o WFg(u)
Here we use the notation
A'oB={(z,6) eR™: 3(y,n) € B: (z,y,€,—n) € A}

for A C R* and B C R??.

The inclusion (1.1) is conceptually similar to propagation results for other types of
wave front sets, local [8], or global [1,15,22].

As an application of the inclusion (1.1) we study propagation of the anisotropic s-
Gabor wave front set for the initial value Cauchy problem for an evolution equation of
the form

owu(t,x) +ip(Dy)u(t,z) =0, xR,
{ u(0,-) =ug € . (RY)

where p : R — R is a polynomial with real coefficients of order m > 2. This generalizes
the Schrédinger equation for the free particle where m = 2 and p(¢) = |¢/%

Provided s = —1- we show that WE; of the solution at time ¢ € R equals WFg(uo)
transported by the Hamilton flow y; with respect to the principal part p,, of p(£), that
is

(.Z'(t),f(t)) = Xt(x7§) = (x + tva(&)af)? teR, (l’,f) € T*Rd \ 0.
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The conclusion is again conceptually similar to other results on propagation of singu-
larities [1,8,22], and generalizes known results when p is a homogeneous quadratic form
and s =1 [15].

The article [24] contains results similar to those of this paper, but in the functional
framework of Gelfand—Shilov spaces and their ultradistribution dual spaces.

The article is organized as follows. Notations and definitions are collected in Section
2. Section 3 recalls the definition of the anisotropic s-Gabor wave front set, and a result
on tensorization is proved as well as a characterization of the anisotropic s-Gabor wave
front set in terms of characteristic sets of symbols. Then Section 4 is devoted to a proof
of the main result on propagation of the anisotropic s-Gabor wave front set. Finally
Section 5 treats an application to a class of evolution equations of Schrédinger type.

2. PRELIMINARIES

The unit sphere in R? is denoted S*~! C R%. A ball of radius » > 0 centered in
r € R? is denoted B,(z), and B,(0) = B,. The transpose of a matrix A € R¥*? is
denoted AT and the inverse transpose of A € GL(d,R) is A~T. We write f(z) < g(z)
provided there exists C' > 0 such that f(z) < C g(x) for all = in the domain of f and of
g. If f(z) < g(x) < f(z) then we write f < g. We use the bracket (x) = (1 + \a:|2)% for
z € R%. Peetre’s inequality with optimal constant [18, Lemma 2.1] is

|s]
(2.1) (x +y)° < (%) (2)* ()l z,y € RY scR.

The normalization of the Fourier transform is

-~ d

71 =f© = @n [ @O cert

for f € .Z(R?) (the Schwartz space), where (-, -) denotes the scalar product on R
The conjugate linear action of a distribution u on a test function ¢ is written (u, @),
consistent with the L? inner product (-, -) = (-, -)z2 which is conjugate linear in the
second argument.

Denote translation by T, f(y) = f(y — «) and modulation by M¢f(y) = e W:E) f(y) for
z,y,& € R where f is a function or distribution defined on R?. The composed operator
is denoted I(xz,&) = M¢Ty. Let o € #(R%) \ {0}. The short-time Fourier transform
(STFT) of a tempered distribution u € .#/(R?) is defined by

Vou(w, €) = (21) 72 (u, MeTop) = F(uTyp)(€), ,€ € RY.

Then V,u is smooth and polynomially bounded [6, Theorem 11.2.3], that is there exists
k > 0 such that

(2:2) Vou(e, &) S ((=,)",  (2,6) € T"R™
We have u € . (R?) if and only if
(2.3) Vou(e, &) S ((,6)7N, (2,6 e T*RY, VN >0.

The inverse transform is given by

/ Vou(x, &) M Ty dx d€
R2d

ol

(2.4) u=(2m)"
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provided ||¢||z2 = 1, with action under the integral understood, that is
(2.5) (u, f) = (Vyu, V@f)LZ(RQd)

for u € ./ (R%) and f € .7(R%), cf. [6, Theorem 11.2.5].
By [6, Corollary 11.2.6] the topology for .#(R?) can be defined by the collection of
seminorms

(2.6) FSRY) 3¢ = ¢ = Sup (2)"IVey(2)l, neN,
2€R24

for any ¢ € .Z(R9)\ 0.

2.1. s-conic subsets. We will use subsets of 7*R%\ 0 that are s-conic, that is closed
under the operation T*R?\ 0 3 (z, &) — (Az, \*¢) for all A > 0.

Let s > 0 be fixed. We need the following simplified version of a tool taken from [14]
and its references. Given (z,¢) € R??\ 0 there is a unique A = \(x,£) = A\g(z,&) > 0
such that

A, ) *[af* + A, &) *[¢[* = 1.
Then (z,€) € S2?~1 if and only if A\(z,£) = 1. By the implicit function theorem the
function A : R?¢\ 0 — R,y is smooth [11]. We have [19, Eq. (3.1)]

(2.7) As(p, ) = pAs(z,€),  (2,€) € R*\0, >0

The projection m(z, &) of (x,€&) € R??\ 0 along the curve Ry 3 p +— (ux, u°€) onto
S2d-1 is defined as
(2.8) m(2,) = Az, &) 'z, M, €)%¢), (2.6 e R*\0.

Then 7s(pz, p*€) = m5(x,€) does not depend on g > 0. The function 7, : R?4\0 — S24-1
is smooth since A € C*®(R24\ 0) and A(z,&) > 0 for all (z,£) € R2?\ 0.
From [14], or by straightforward arguments, we have the bounds

(2.9) ] + €5 S Az, &) S lz| +1€]5,  (x,6) e R2\ 0
and
(2.10) (2, €)™ (13 14+ A(x,€) S (2, ))y™>(3), (2,6) e R\ 0.

We will use two types of s-conic neighborhoods. The first type is defined as follows.
Definition 2.1. Suppose s,¢ > 0 and zp € S??~!. Then
Do = {(2,6) € RX\ 0, |20 — my(w,€)| < £} € T"R\ 0,

We write I',; . = I's ., when s is fixed and understood from the context. If e > 2
then I',, . = T*R%\ 0 so we usually restrict to ¢ < 2.
The second type of s-conic neighborhood is defined as follows.

Definition 2.2. Suppose s, > 0 and (g, &) € S?~1. Then

F(l‘ofo)ﬁ: 5,(20,£0),€
= {(%77) € R2d \ 0: (y77]) = ()\(ZUO + ZL‘), )‘5(50 + 6)7 A> 07 (1',5) € BE}
= {(y,n) € R*\0: IN>0: (\y, \*n) € (z0,&) + B}
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By [19, Lemma 3.7] the two types of s-conic neighborhoods are topologically equiv-
alent. This means that if zp € S2d=1 then for each £ > 0 there exists 6 > 0 such that
on,(S C FZO,E and on,é C on,a-

2.2. Pseudodifferential operators and anisotropic Shubin symbols. We need
some elements from the calculus of pseudodifferential operators [5,8,12,21]. Let a €
C*®(R2?¥), m € R and 0 < p < 1. Then a is a Shubin symbol of order m and parameter
p; denoted a € G}, if for all o, B € N9 there exists a constant Ca,p > 0 such that

(2.11) 10207 a(x, )] < Capl(z, &))" Ptz ¢ e RY.

The Shubin symbols G form a Fréchet space where the seminorms are given by the
smallest possible constants in (2.11). We write G}* = G™.

For a € G and ¢ € R a pseudodifferential operator in the t-quantization is defined
by

212) wle.D)f(w) = 0 [ (1= 0r 1.6 )y e [ e SR

when m < —d. The definition extends to m € R if the integral is viewed as an oscillatory
integral. If ¢t = 0 we get the Kohn—Nirenberg quantization ag(x, D) and if t = % we get
the Weyl quantization a;,s(z, D) = a"(z,D). The Weyl product is the product of
symbols corresponding to operator composition (when well defined): (a#b)“(z,D) =
a”(x, D)b"(x, D).

Anisotropic versions of the Shubin classes are defined as follows [19, Definition 3.1].

Definition 2.3. Let s > 0 and m € R. The space of (s-)anisotropic Shubin symbols
G™* of order m consists of functions a € C>°(R?2?) that satisfy the estimates

020, alx, )] < (L+ |z| + |g5)mT=sI8 (2, ¢) e T*RY, o, 8 € NC.

We have
ﬂ Qs :y(R2d)’
meR

and G™! = G™ = GY', that is the usual Shubin class, but we cannot embed G in a
space G™*® unless p = s = 1. Using (2.9) and (2.10) the embedding

(2.13) G™* C G,

where mo = max(m,m/s) and p = min(s,1/s), can be confirmed. Thus the Shubin
calculus [12,21] applies to the anisotropic Shubin symbols. But there is a more subtle
anisotropic subcalculus adapted to the anisotropic Shubin symbols G™*, for each fixed
s > 0. In fact by [19, Proposition 3.3] the symbol classes G™* are invariant under
a change of the quantization parameter t € R in (2.12), and the Weyl product # :
G™* x G™® — G™T™S is continuous.

The following two definitions are taken from [19, Definitions 3.8 and 6.1]. The
anisotropic weight is denoted

ps(a,€) = 1+ |z| + |¢]+.
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Definition 2.4. Let s > 0, 2z € R* \ 0, and a € G™*. Then 2z is called non-
characteristic of order m; < m, z9 ¢ charg y,, (a), if there exists € > 0 such that, with
r=r

8,ms(20),€7
(214) a(z,8)| > Cpsl, &)™, (,6) €T, |z|+ €] > R,
(2.15)
000 a(2,6)| < la(z,&)lus(z, TP 0, e N, (2,6) €T, |z|+ g7 > R,
for suitable C, R > 0.
If m1 = m we write char, ,,(a) = chars(a), and then the condition (2.15) is redundant.

Note that chars ,,, (a) is a closed s-conic subset of T*R?\0, and chars ,,, (a) C charg ,, (a)
if mi <mg < m.

Definition 2.5. Suppose s > 0, a € G"* and let 75 be the projection (2.8). The s-
conical support conesuppg(a) € T*R?\ 0 of a is defined as follows. A point zg € T*R%\0
satisfies zg ¢ conesupp,(a) if there exists € > 0 such that

supp(a) N {z € R*\ 0, |my(2) — 7s(20)| < €}

= supp(a) N fWS(ZO)ﬁ is compact in R,

Clearly conesupp,(a) € T*R%\ 0 is s-conic. Note that for any a € G™* and any
mi1 < m we have

conesuppg(a) U charg ,, (a) = T*R?\ 0.

3. ANISOTROPIC GABOR WAVE FRONT SETS

The following definition is inspired by H. Zhu’s [25, Definition 1.3] of a quasi-homogen-
eous wave front set defined by two non-negative parameters. Zhu uses a semiclassical
formulation whereas we use the STFT. As far as we know it is an open question to
determine if the concepts coincide.

Given a parameter s > 0 we define the s-Gabor wave front set WFg(u) C T*R4\ 0 of

u € .S (RY).

Definition 3.1. Suppose u € ./ (RY), p € S (R?) \ 0, and s > 0. A point z9 =
(z0,&0) € T*R2\ 0 satisfies zq ¢ WE;(u) if there exists an open set U C T*R% such that
zo € U and
(3.1) sup  AV[Vu(Az, \5€)| < +o0 YN > 0.
(z,8)eU, A\>0

If s = 1 we have WFé(u) = WFg(u) which denotes the usual Gabor wave front
set [9,17]. We call WFg(u) the s-Gabor wave front set or the anisotropic Gabor wave
front set. It is clear that WF;(u) is s-conic. In Definition 3.1 we may therefore assume
that (1‘0,50) € §2d-1,

Referring to (2.2) and (2.3) we see that WF;(u) records curves 0 < A = (Az, \°¢)
where V,u does not behave like the STFT of a Schwartz function. We have WFg(u) = ()
if and only if u € .7 (R%) [19, Section 4].
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If s > 0 then (2.9) and (2.10) give the bounds
32 (@O0 1t el + g £ (@ o)), (@9 e R¥\0.

If (y,m) € f(xo,éo),a for 0 < ¢ < 1 then for some A > 0 and (z,§) € B. we have

(y,n) = (Mzo + ), ({0 +&)). Thus |y| + \7]|é = ), so combining with (3.2) we obtain
the following equivalent criterion to the condition (3.1) in Definition 3.1. The point
(z0,&0) € 8?11 satisfies (wg, &) ¢ WF;(u) if and only if for some € > 0 we have

(3.3) sup (2, )YV |[Vpu(w, )| < +oo VN 2 0.
(2,8)€l (2g,60) ¢

We will need the following result on the anisotropic Gabor wave front set of a tensor
product. The corresponding result for the Gabor wave front set is [9, Proposition 2.8].
Here we use the notation x = (2/,2”) € R™*", 2/ € R™, 2” € R".

Proposition 3.2. If s >0, u € /' (R™), and v € /' (R") then

WEFS (u®v) C (WF(u) U{0}) x (WF§(v) U{0})) \ 0

={(2,6) e T"R™™\ 0: (2/,¢") e WFi(u) U{0}, («",&") € WF(v) U{0}}\ 0.
Proof. Let ¢ € Z(R™)\ 0 and ¢ € .(R")\ 0. Suppose (zo, &) € T*R™™\ 0 does not
belong to the set on the right hand side. Then either (z, &) ¢ WFg(u)U{0} or (z7,£y) ¢

WF;(v) U{0}. For reasons of symmetry we may assume (zg,&,) ¢ WEFg(u) U {0}.
Thus there exists € > 0 such that

sup ANV u(Mr!, M¢)| < 0o YN 0.
(I/,fl)é(x67§6)+Bs’ A>0

Let (2/,¢') € (x(,&)) + Be, (2”,&") € (2(,&)) + Be, let N € N be arbitrary, and let
A > 1. We obtain using (2.2), for some k € N

M Vogpu @ v(dz, A5€)| = MV |[Vou(ha!, N3¢ | [V (A", A5€7))|
5 AN’V¢U(A$/,)\S§/>‘ <()\$//, AS§//)>’€
< ANHmax(L9) (14 (|(af, €6)] + €)?))
S )\N+kmax(1,s)|vg0u()\l,/,)\35/)’ < 00,

It follows that (zo,&0) ¢ WEF3(u ® v). O

MIE

|V¢U(>\x/, )\sgl)‘

For the next result we need the following lemma to construct functions in a € G"™*
such that chars ,,(a) = 0.

Lemma 3.3. If s > 0 and m € R then there exists a € G"™* such that charg ,(a) = 0.
Proof. Let g € C°(R) satisfy 0 < g < 1, g(z) =0if 2 < 5 and g(z) =1 if 2 > 1. Set
(3.4) YAz, N%€) =A™, (x,6) € 821 A >0,

and

(3.5) a(z) = g(|z)v(2), =€ R
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Note that (3.4) can be written

U(w,6) = A (2,€),  (1,€) € R*\0,
and it follows that 1 € C>°(R2?\ 0), and thus a € C°(R?9).
If (z,&) € R?*\ 0 and A > 0 then by (2.7)

YAz, A°€) = A" (Az, A°E) = N"p(a, §).
This gives
(3.6)
(0507 0) Az, A°€) = X lel=slBlge gy (x,€),  (2,€) e R*\0, A>0, BN

Let (y,n) € R?*\ By. Then (y,7) = (Az,\%¢) for a unique (z,&) € S2?~! and
A = As(y,m) = 1. Combining

1 1
L4yl +[nls =1+ A(lz[ +[€]5) = 1+ A
with (3.6) we obtain for any «a, 8 € N¢
—|al—s Lim—lal—s
OOy )| < Cap(L+ NI S (1 Jy| ] ymlol=s1a,

Referring to (3.5) we may conclude that a € G™*.
For the same reason we have
1
la(y,m)| = A" < (1 + |yl +nl=)",  |(y,n)] =1,
which shows that charg ,,(a) = 0. O
Remark 3.4. The proof of Lemma 3.3 gives a correction of the slightly erroneous ar-

gument in the proof of [19, Lemma 3.5]. More precisely [19, Eq. (3.16)] is not well
motivated. But the conclusion y € G%* follows from a homogeneity argument as above.

The following result generalizes [17, Definitions 2.6 and 3.1 combined with Theo-
rems 4.1 and 4.2], and is a characterization of the s-Gabor wave front set which is
conceptually similar to characterizations of other types of wave front sets [8].

Proposition 3.5. If s >0, m € R and u € .7'(R?) then
WEg(u) = ﬂ charg ,,(a).
a€GMS: a¥(xz,D)ues
Proof. First we show
(3.7) WEg(u) C ﬂ charg ,,,(a).
a€Gm™5: a¥(xz,D)ues
Suppose a € G™*, a*(z,D)u € ., z € T*R?\ 0 and 2y ¢ charg,,(a). We may
assume |zg| = 1. Let ¢ > 0 be small enough to guarantee I',, 2. N chars,,(a) = 0.

By [19, Lemma 3.5] there exists for any p > 0 an s-conic cutoff function y € G%* such
that 0 < x <1, suppx C I'z 2\ Bp/2 and X|on,€\§p =1.
If p > 0 is sufficiently large then by [19, Lemma 6.3] there exists b € G~">* and
r € .7(R??) such that
b#a =x — 1.
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Thus we may write
w= (1 - x)"(z, DYu + b*(z, D)a"(z, DYu + 1 (z, D)u
where r¥(z, D)u € . since r(z, D) : ' — & is regularizing, and b* (z, D)a" (x, D)u €
& since a%(z,D)u € . and b¥(x,D) : ¥ — % is continuous [21, Section 23.2]. It
follows that WFg(u) = WF((1 — x)*(z, D)u), and finally [19, Proposition 6.2] yields
WEFg(u) = WEg((1 — x)" (=, D)u) C conesupp,(1 — x) C T*RIN\T,, ..

It follows that 29 ¢ WFg(u) so we have proved (3.7).

It remains to show
(3.8) WE;(u) 2 ﬂ charg ,,,(a).

a€G™s: a¥(z,D)ue.s

Suppose zg € T*R%\ 0, z0 ¢ WF5(u) and [2] = 1. Let ¢ > 0 be small enough
to guarantee I';, 2. N WFg(u) = (). Let p > 0 and let x € G satisfy 0 < x < 1,
suppx C I’z 2¢ \ Byj2 and X|Fz0 AB, = 1. Using Lemma 3.3 we let b € G™*° satisfy

charg ,(b) = 0, and we set a = by € G"™*. Then 2 ¢ chars ,(a).
We have conesupp,(a) C I';; 2-, and by the microlocal inclusion [19, Proposition 5.1]
we have WFg (a" (7, D)u) € WF;(u). Combining with [19, Proposition 6.2] this implies

WF;(a" (2, D)u) C conesupp,(a) N WEFg(u) C Ty 2. N WEF;(u) = 0.
It follows that a"(z, D)u € ., which means that we have proved (3.8). O
4. PROPAGATION OF ANISOTROPIC GABOR WAVE FRONT SETS
Define for K € .7/(R??)

WES |(K) = {(2,£) e T"R?: (2,0,£,0) € WF(K)} C T*R%\ 0,
WES o(K) = {(y,n) € T*R?: (0,9,0,—n) € WF§(K)} C T*R%\ 0.
We will use the assumption
(4.1) WES | (K) = WFS 5(K) = 0.

We note that the condition (4.1) appears in several other works for various global
isotropic [1,9,15,22] and anisotropic [24] wave front sets. The following lemma is a
version of [24, Lemma 5.1] for tempered distributions and the s-Gabor wave front set
(cf. [1, Lemma 6.1]).

Lemma 4.1. If s > 0, K € .#'(R?%) and (4.1) holds, then there exists ¢ > 1 such that
(4.2)

« _ 1 1 1
WEF(K) C Ty = {(z.6m) € TR*: o (ol + [¢l7) < Iyl + Inl* < e (Jef + 11 )}
Proof. Suppose that
s *1 2d 1 1
WE(K) € {(z.,6m) € T'R* 2yl + Inl7 < c (Jal +1¢]7) }

does not hold for any ¢ > 0. Then for each n € N there exists (2, Yn, {n, M) € WFg(K)
such that
1

1
(4.3) [yl + Imal 7 > 1 (Joal + Il )
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By rescaling (Zy, Yn,&ns M) a8 (Tn,y Yn, &ny M) — (AZpny AYn, A&, A°n,) we obtain for a
unique A = A(Zn, Yn, Eny M) > 0 a vector in WF(K) N S%d=1 ¢f. Section 2.1. This
s-conic rescaling leaves (4.3) invariant. Abusing notation we still denote the rescaled
vector (Zn, Yn, §ns 1) € WFg(K) N Sd-1,

From (4.3) it follows that (z,,&,) — 0 as n — oo. Passing to a subsequence (without
change of notation) and using the closedness of WF;(K) gives

(Tns Yns Ensn) — (0,4,0,m) € WFR(K), n — oo,

for some (y,n) € S**~1. This implies (y, —n) € WF§ 5(K) which is a contradiction.
Similarly one shows

* 1 1
WEF(K) € { (@,y.&m) € T'R* ¢ [l + ¢+ <yl +Inl*) }
for some ¢ > 0 using WF; ; (K) = 0. O

The set 'y € R*\ 0 in (4.2) is open, and s-conic in the sense that it is closed with
respect to (x,y,&,n) — (Az, Ay, A€, A°n) for any A > 0. Hence (R*\T;) is s-conic and
(R*\ T';) N S*~! is compact. From (3.3) we then obtain if ® € .7(R?)\ 0

(44) |V¢K($,y,€, _77)| 5 <($,y7§777)>_m7 me N7 (x7y7€a _77) € R4d\rl'
From (4.2) and (2.10) it follows that
45)  (my&-melr = ()" < (@) < (g2,

A tempered distribution K € .7/(R??) defines a continuous linear map .# : . (R%) —
! (RY) by
(4.6) (Hf.9)=(K.9©f), f.g€7RY).

The following result says that the condition (4.1) implies continuity of .# on .#(R%)
and a unique extension to a continuous operator on .#’(R%). This is the basis for the
forthcoming result on propagation of the s-Gabor wave front sets Theorem 4.4. In the

proof we use the conventional notation (cf. [9,10]) for the reflection operator in the fourth
R? coordinate in R*

(47) (5137.%5777)/: (xayvgv _77)7 JI,y,f,T]GRd.
Proposition 4.2. Let s > 0 and let % : S (RY) — #'(R%) be the continuous linear
operator (4.6) defined by the Schwartz kernel K € .'(R*d). If (4.1) holds then

(i) # : L (RY) — S (R?) is continuous;

(ii) A extends uniquely to a sequentially continuous linear operator # : .#'(R?) —

7R,

(i) if o € SR, ple =1, @ = 0@ p € F(R¥), u € F'(RY) and v € (R,
then

@8) )= [ VeR(ap.&—n) Vil 8 Vauly.n) do dy dé

Proof. By [22, Lemma 5.1] the formula (4.8) holds for u,1 € .7 (R%).
Let ¢ € .7(R?) satisfy |¢[|2 = 1 and set ® = p ® p € .7(R??). Since

VoIl(z,€)p(y, n) = 41V p(x — y, & —n)
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we get from (4.8) for u € .(R?) and (z,¢) € T*RY

Vi (H u)(2,€) = (2m) 2 (A u, (2, £)p)

Y OVL K (y, 2,1, —0)Vop(x —y, & —n) Vpu(z,0) dy dzdnde

which gives
(4.10)

Vel )@ OIS [ VoK (2.0 =0)| Wisple = 3.€ =l [Vou(, )] dyd= .

We use the seminorms (2.6) for .#(R?). Let n € N and consider first the right hand
side integral in (4.10) over (y, z,7, —0) € R*\T'; where I'; is defined by (4.2) with ¢ > 1
chosen so that WF(K) C I'1. By Lemma 4.1 we may use the estimates (4.4). Using
(2.1) and (2.3) we obtain for any m € N

S Vom0 Vol =3, = ] Vit )] dy =t
1

< -m . . “n
(4.11) N/P&d\r,l<(yvzﬂ779)> (& —y,&—m) ™" [Vipu(2,0)| dy dz dn df

< ullod(z, )™ / (g, 8))"™ dy dz € dy

R4d

S llullo{(z, €)™

provided m > n + 4d.

Next we consider the right hand side integral (4.10) over (y, z,n, —0) € I'1. Then we
may use (4.5). From (2.2) and (2.3) we obtain for some m > 0 and any k > 0
(4.12)

. VoK (y, 2,1, —0)| [Vpp(x — y, & —n)| [Vipu(z, )| dy dz dn do
1

S lullk((z, €)>"/ ((y, 2, 0)) ™ AT (g, )™ (2, 6)) " da dy A€ dy

/
1

S Hlull((z, €)™ / ((y, 2,1, 0)) 74471 ((z, 0)) o AdE D (max(s, ) Jrnmax(s5)—k g qy dedn

I
S llulle{(a, €)™

provided k > 0 is sufficiently large.

Combining (4.11) and (4.12) we obtain from (4.10) ||# u|, < |Jullx, which proves
claim (i).

To show claims (ii) and (iii) let u € .#/(R%) and set for N € N

[SIfcH

uy = (2m)~ /|Z<N Vou(2)I(2)p dz.
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From (2.2) for some k > 0, and (2.3) we obtain for any n > 0

()" [V (w)] < / Vau(2)] ()| Visplw — 2)| 2

l2|<N

< / (2 ()™ (w — 2) " da
|2|<N

N / ()" d2 < Cnp, we R,
|z|<N

Referring to the seminorms (2.6) shows that uy € .#(R?) for N € N. The fact that
uy — u in .#'(R?%) as N — oo is a consequence of (2.5), (2.2), (2.3) and dominated

convergence.
We also need the estimate (cf. [6, Eq. (11.29)])

Vun (2)] < (27) 72 [Vioul Vgl (2), = € R%,
which in view of (2.2) and (2.3) gives the bound
(4.13) Voun(2)] < (2)FF24H 0 2 e R¥ N eN,

that holds uniformly over N € N, for some k € N.
We are now in a position to assemble the ingredients into a proof of formula (4.8) for
u € . (RY) and ¢ € .Z(R?). Set
(A, ) = lim (Jun, 1))
N—=00

= lim VoK (x,y,&,—n) Vb (x, &) Veun (y, ) dae dy d€ dn.

N—oo JRad

(4.14)

Since Vun (y,n) — Vu(y,n) as N — oo for all (y,1) € R??, the formula (4.8) follows
from dominated convergence if we can show that the modulus of the integrand in (4.14)
is bounded by an integrable function that does not depend on N € N, which we now set
out to do.

Consider first the right hand side integral over (z,y,&,—n) € R*\ I'; where Iy is
defined by (4.2) with ¢ > 1 again chosen so that WFg(K) C I'1. By Lemma 4.1 we may
use the estimates (4.4). Using (4.13) we obtain for any m € N

/ Vo (2, y, €, —)| [V, ©)] Vst (g, )| e dy dé
R4d\F/1

< / (@ €)™ (Vi (, €)] (s m))F+20+ da dy de dy
(4.15) RANIY

< sup |Vod(2) / (@9, €,m)) 241 4 dy de dny
ZeRQd R4d

< sup |Vou(2)] < oo
zeR?2d

provided m > 0 is sufficiently large.
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Next we consider the right hand side integral (4.14) over (z,y,&,—n) € I'1 where we
may use (4.5). Again from (2.2) we obtain for some m > 0

[ Vo a6 =l Voo )] Vs ()] oy iy

< / ((m,y, &))" MY 0 (2, O] ((y, )2 da dy dé dn
(4.16) M

< /F (9, €m) 4 ((, ) 02 (bmax(s ) |V (2, €) da dy dE dy

1
< sup <z>(m+6d+2+k)(1+max(s,%))‘chw(z)‘ < 0.

~ zeR24
The estimates (4.15) and (4.16) prove our claim that the modulus of the integrand in
right hand side of (4.14) is bounded by an L'(R*) function uniformly over N € N.
Thus (4.14) extends the domain of %" from . (R%) to .#/(RY). We have shown claim
(ii).

From (4.15) and (4.16) we also see that .#  extended to the domain .#/(R?) satisfies
Hu e ' (RY) when u € . (R%). To prove claim (ii) it remains to show the sequential
continuity of the extension (4.14) on ./(R%). The uniqueness of the extension is a
consequence of the continuity.

Let (u,)2; C.7'(R%) be a sequence such that u, — 0 in .#/(R%) as n — co. Then
Vsun(y,m) — 0 as n — oo for all (y,n) € R*. By the Banach-Steinhaus theorem [16,
Theorem V.7], (u,)52; is equicontinuous. This means that there exists m € N such that

|(wn )| S [l = sup (w)"Vpo(w)], v € SRY), neN.

weR24
Hence
Vistn(2)] = (27) 72| (un, TI(2)7)| S wsel;gd@)ml%(ﬂ(@@(w)l
= swp ()" |Voplw = 2)| S sup ()" w =) S (", =€ R,

uniformly for all n € N. From (4.8), the estimates (4.15), (4.16), and dominated con-
vergence it follows that (£ u,,1) — 0 as n — oo for all 1 € .(RY), that is # u, — 0
in .#/(R%). This finally proves claim (ii). O

Now we start to prepare for the main result Theorem 4.4. We need the relation
mapping between a subset A C X x Y of the Cartesian product of two sets X, Y, and
a subset BCY,

AoB={zxe€X:3yeB: (z,y) € A} CX.
When X =Y = R2¢ we use the convention
A'oB={(x,§) eR*: 3(y,n) € B: (z,y,£,—n) € A}.

Note that there is a swap of the second and third variables.
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If we denote by
7T1,3("I}7 Y, 57 77) = (.’E, 5))
7T2774(l',y,£,’l7) = (y7 —77)7 :E7y7£777 € Rd7

the projections R* — R?2? onto the first and the third R% coordinate, and onto the
second and the fourth R% coordinate with a change of sign in the latter, respectively,
then we may write

(4.17) WF3(K) o WFS(u) = 713 (WF;(K) N w;£4WFg(u)) .
We need a lemma which is similar to [24, Lemma 5.1].
Lemma 4.3. If s >0, K € .7/(R?), (4.1) holds and u € ' (R?) then
WEF(K) o WF§(u) € T*R*\ 0
is s-conic and closed in T*R®\ 0.

Proof. Let (v,§) € WF(K) o WF;(u). Then there exists (y,1) € WFg(u) such that
(z,y,§,—n) € WFg(K). Let A > 0. Since WFg(K) and WF;(u) are s-conic we have
(Az, Ay, A*¢, =A°n) € WEG(K) and (A\y,A\°n) € WEF;(u). It follows that (Az,A\*¢) €
WF3(K)" o WF3(u) which shows that WFg(K)" o WFg(u) is s-conic.

Next we assume that (z,,,) € WFg(K) oWF; (u) forn € N and (2,,§,) — (2,&) # 0
asn — +oo. For each n € N there exists (yn, 7,) € WFg(u) such that (2, Yn, §n, =) €
WF(K).

Since the sequence {(x,,&,),} € T*R? is bounded it follows from Lemma 4.1 that
also the sequence {(yn,Mn)n} € T*R? is bounded. Passing to a subsequence (without
change of notation) we get convergence

lim (J?n, y”“§"7 _nn) = (LU, yaé) —77) S R4d \ 0.

n—+o0o
Here (7,y,§,—n) € WF(K) since WFg(K) C T*R?¥\ 0 is closed, and (y,n) # 0
due to the assumption WFg,(K) = 0. Moreover (y,n) € WFg(u) since WF3(u) C
T*R4\ 0 is closed, We have proved that (z,&) € WE3(K)" o WF;(u) which shows that
WEF$(K) o WF;(u) is closed in T*R%\ 0. O

Finally we may state and prove our main result on propagation of singularities.

Theorem 4.4. Let s > 0 and let # : .Z(R%) — ' (R%) be the continuous linear
operator (4.6) defined by the Schwartz kernel K € ' (R??), and suppose that (4.1)
holds. Then for u € .#'(R?) we have

WFS (A u) € WFS(K) o WFS(u).

Proof. By Proposition 4.2 % : /(R%) — .#(RY) is continuous and extends uniquely to
a continuous linear operator % : .#/(R%) — .#/(R%).

Let ¢ € .7(RY) satisfy |||z = 1 and set & = ¢ ® ¢ € .#(R??). Proposition 4.2,
(4.8) and (4.9) give for u € ./(R%) and (z,¢) € T*R? and A > 0
(4.18)

|V ( u) (A, A°€))| §/R4d|V<1>K(y,z,n,9)!|V¢¢(Awy,ksfn)IIVsoU(Za@)!dydzdnd@-
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Suppose zp = (70, &) € T*R%\ 0 and
(4.19) 20 ¢ WFg(K) o WFg(u).

To prove the theorem we will show zo ¢ WEFg(# u).
By Lemma 4.3 the set WF3(K)" o WF;(u) is s-conic and closed. Thus we may assume

that zop € S2¢~1. Moreover, with 1~“Z0726 =I5 2,2, there exists € > 0 such that
L2 e N (WEFS(K) 0 WFS(u)) = 0.

Here FZOQ& denotes the closure of fo,gg in T*R%\ 0. Using (4.17) we may write this as

T.yo0 N1 <WFg(K) N 7r2j£4WFg(u)) =0

or equivalently

130 2,2¢ VWEFS(K) Ny Ly WEF (u) = 0.

Due to assumption (4.1) we may strengthen this into

713 (Ta2e U 01 \ 0N WES(K) Ny Ly (WF () U{0})\ 0 = 0.

Note that Wi; (F2,2¢ U{0})\ 0, WF;(K), and W££4 (WFg(u)U{0})\0 are all closed and
s-conic subsets of T*R2\ 0.
Now [24, Lemma 5.4] gives the following conclusion. There exists open s-conic subsets
'y € T*R?¥\ 0 and I'y € T*R?\ 0 such that
WF;(K) cTIy, WFg(u) CTIy
and
(420) ﬂ]j%fz[),2€ NIy N 7T2_71_4F2 =0.

By intersecting I'; with the set I'; defined in (4.2), we may by Lemma 4.1 assume that
(4.2) holds true.

We will now start to estimate the integral (4.18) when (x,&) € (z0,&p) + B: for some
0<€<%and)\>1.

We split the domain R*? of the integral (4.18) into three pieces. First we integrate
over R* \ T'} where we may use (4.4). Combined with (2.2) and (2.3) this gives if
(x,€) € (z0,&0) + B for some k € N and any n, N € N

Jo, I 2m —) [Vplhr N =) Vi, )] dy =l a9
1

< / (o200, 0)) N (A — . A€ — )™ ((2,0))* dy = d O
R44\T

(4.21) < ((Az, M%) ™" /RM\F,<(y,z,77,9)>_N((y,n)>”<(z79)>’“dydzdnd9

< (Wm0 (g, g)2) /R @ z,m,0) 7N Ry dz dn do

<\ min(1,s) on

~
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provided N is sufficiently large.
It remains to estimate the integral (4.18) over (y, z,7n, —0) € I'; where we may use
(4.5). By (4.20) we have

(422) I't CQuuUQy
where B
Q=1 \Wf,gl,on,za, Q=1 \7T2_71,4112'

First we estimate the integral over (y, z,7, —0) € Qa. Then (z,6) € R??\ Ty which is
a closed s-conic set. By the compactness of S?¢~1\T'y and (3.3) we obtain the estimates

Vou(z.0) S {(2.0)) N, (2,6) € R*\ Ty, VYN >0.

Together with (4.5), (2.2) and (2.3) this gives if (x,&) € (20, &) + Be for some m € N
and any n € N
(4.23)

o VoK (y,z,m, =0)| [Vop(Ax — y, NS — )| [Vu(z, 0)| dy dz dn db
2

S [ (20" (O = % = ) [Voulz,0)] dydzdy o

2

S (A, %)) " / ((y,2,m,0)) " (g, 2,m,0)™ T (y,m) " |Vipu(z, 0)| dy dz dn df

2

<\ min(1,s) on

x / <(ya 2,1, 0)>_4d_1 <(Za 9)>(m+4d+1)(1+max(s%))+nmax(s,%) ’V@'U,(Z, 9)‘ dy dz dn do
2

5 )\—nmin(l,s) sup <w>(m+4d+1)(1+max(s,%))+nmax(s,%) ‘V@U(’UJ”

w€R2d\F2

X / <<y727777 9)>74d71dydzdnd0
R4d
5 AP min(Ls)'

_ Finally we need to estimate the integral over (y, z,7, —0) € Qo. Then (y,n) € R24\

I';,,2:. Hence
|20 — (A_ly,)\_sn)‘ >2 VYA>0 Y(y,n) € R* \fZO,Q€
and we have for (z,¢) € 2o + Be
@ = (A lg AT 22 VAS 0 W(ym) € R\ Ty,

It follows that for A > 1, (x,€) € 2o + B, and (y,7n) € R*? \?20,25 we have
[(Az, X°€) = (y, ) = Nz — Ay [? 4+ N%[§ = A %p)?

> )\2 min(l,s)EQ.
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Together with (4.5), (2.2) and (2.3) this gives if (z, &) € (x0,&p)+Be for some m, k € N
and any n, N € N
(4.24)

| WaK, 2. =) Wosp(ho = 5,356 = ) Vpuz, )] dy d=
0

S [ (e 0™ (O = g X — ) (2,0 dydzdn a9

2o

< \—nmin(1,s) /Q/ {(y, z,m, 9)>74d71 (A —y, A% — 77)>7N

0

% <(Z, 9)>k+(m+4d+1)(1+max(s,%)) dydzdndf

< Ammmin() ((\g A5y / (2, 0)) 4 ()Y

0

« <(Z, 0)>k+(m+4d+1)(1+max(s,%)) dy dzdndf
S CyAT" min(1,s)4+N max(1,s)

% / <(y’ 2,77,9)>_4d_1 <(Z, 9)>7Nmin(s,%)+k+(m+4d+1)(1+max(s,%)) dy dzdndé
R4d
S/ CNAfn min(1,s)+N max(1,s)

if N is large enough.
Combining (4.21), (4.23) and (4.24) and taking into account (4.22), we have by (4.18)
shown

sup AV (S w) (A, NE)| < 400 ¥n >0
(%5)6(330750)4-]35, A>0

which finally proves the claim zg ¢ WEg (% u). O

5. PROPAGATION OF THE s-GABOR WAVE FRONT SET FOR CERTAIN EVOLUTION
EQUATIONS

In [18, Remark 4.7] we discuss the initial value Cauchy problem for the evolution
equation in dimension d = 1

Owu(t,x) +iDJu(t,x) =0, meN\0, zeR, teR,
(5.1)
u(0,+) = up.

It is a generalization of the Schrodinger equation for the free particle where m = 2.
Here we generalize this equation into

(5.2) owu(t,z) +ip(Dy)u(t,x) =0, ze€RY teR,
’ u(0,) =wup

where p : R — R is a polynomial with real coefficients of order m > 2, that is

(5.3) P& =D cal” ca€R.

laj<m
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The principal part is

(5'4) pm(g) = Z cal”

|laf=m

and there exists o € N? such that || = m and ¢, # 0.

The Hamiltonian is p(§), and the Hamiltonian flow of the principal part p,,(§) is given
by

(5.5) (@(8),£(t) = xa(w,6) = (& +tVpPm(€),6), tEeR, (2,6) € T'RI\0.
The explicit solution to (5.2) is

(5.6) u(t, ) = e PPs)yy = (2@‘% /Rd B =t (£)d¢
for ug € .7 (R%). Thus u(t,z) = Hjue(x) where #; is the operator with Schwartz kernel

Ki(z,y) = (2m)~4 / ¢ile—u8)=itn(©) g
Rd

= (2m) 27N () (@ ).
The propagator % is a convolution operator with kernel
(5.7) ke = (2m) 2.7 L(e7 ) € 7 (RY)
and we may write
(5.8) Ki(z,y) = (1@ k) ok Yz, y) € 7' (R

where xk € R?? is the matrix defined by x(z,y) = (z + 4,2 — ¥) for z,y € R%
It follows from (5.6) that .%; : .(RY) — .#(RY) is continuous, invertible with inverse
H 4, and #_; = H;* which denotes the adjoint. Defining for u € .7/ (R%)

(Hu, ) = (u, A7), € S (R,

gives a unique continuous extension .%#; : .#/(RY) — .#/(R%).

As we will see now the continuity of .# on .#(R¢) and the unique extension to
a continuous operator on .#/(R?) may alternatively be proved as a consequence of
WF;  (K;) = WFg 5(K;) = 0 and Proposition 4.2.

The next result shows that J# propagates the anisotropic s-Gabor wave front set
along the Hamiltonian flow of p,, if s = ﬁ, whereas the anisotropic s-Gabor wave
front set is invariant if s < ﬁ In the proof we use the symplectic matrix

_ 0 Iy 2dx2d
.7_<_Id 0>ER .

Theorem 5.1. Let m > 2 and let p be defined by (5.3), (5.4), and denote by (5.5)
the Hamiltonian flow of the principal part p,,. Suppose H; : /(R — Z(RY) is the
continuous linear operator with Schwartz kernel (5.8) where k; is defined by (5.7). Then
if 0 < s < -5 we have foru e ' (R?) and t € R
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(5.9) WF} () = x¢ (WFS(w)), s= ——,

(5.10) WFS(Au) = WES(u), s <

m—1

Proof. First let s = ——. By [19, Theorem 7.1] we have

m—1"
m—1,_—it *pd .
WEZ™ (e7") C {(z, —tVpm(z)) € T*R® : x # 0},
and from [19, Eq. (4.6) and Proposition 4.3 (i)] we obtain
WEF3 (k) = WE3(F e ™) = ~WF§(Fe ")
= —JWFy ! (e™")
C{(tVpm(z),z) € T*RY: = #0}.

Now (5.8), [19, Proposition 4.3 (ii)], Proposition 3.2 and [19, Proposition 5.3 (iii)]
yield

WEFS(Ky) = WES((1® k) o 57 1)
= ( 0 KQT >WF;(1®kt)
C {(k(z1,22), 1 (&1,&)) € TR :

(z1,81) € WFg(1) U {0}, (z2,82) € WFg(kt) U{0}}\ 0
= {(k(z1,tVpm(z2)), £ 1(0,29)) € T*R®*?: z1, 20 € R} \ 0

1 1
<w1 + t§me(x2), T1 — t§me(x2),:r2, —x2> c T*R2? . T1,%9 € Rd} \ 0

= {(331 + tVpm(22), 21, T2, —w2) € T*R?*?: 21,29 € Rd} \ 0.

Since m > 2 we have Vp,,(0) = 0 and WF; | (K;) = WF; o(K;) = 0 follows. By
Proposition 4.2 we thus obtain an alternative proof of the already known fact that J# is
continuous on . (R?) and extends uniquely to be continuous on .#/(R%). Invertibility
also follows since ,/”i/t_l = J#_;. Moreover we may apply Theorem 4.4 which gives for
u € . (RY)

WF;(Hu) € WF(K;) o WFg (u)
={(z,§) e T"R*: 3(y,n) € WF3(u), (2,y,€,—1) € WF3(k)}
C {(z1 + tVpm(z2),22) € T* R : (21,22) € WEg(u)}
The opposite inclusion follows from Ji/t_l = 4,

WFg(u) = WFg (A1 tu) C x—t (WFg ()

and y_; = x; '. We have proved (5.9).
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It remains to consider the case s < ﬁ By [19, Theorem 7.2] we have

WFg* () € (R 0) x {0}
and from [19, Eq. (4.6) and Proposition 4.3 (i)] we obtain
WES (k) = —T WFg* (e~") € {0} x (R%\ 0).
Again (5.8), [19, Propositions 4.3 (ii) and 5.3 (iii)], and Proposition 3.2 yield
WF;(Kt) - {(’%(xla'%?)a K_T(é.lny)) € T*RQd :

(z1,&1) € WEg(1) U {0}, (22,§2) € WFg(k:) U{0}}\ 0
C {(k(21,0), s (0, 20) € TR : 21,20 € RTI\ 0

= {(ml,xl,xg, —ZCQ) S T*RQd D X1,T2 € Rd} \ 0.

Again we have WF; ; (K;) = WF; ,(K;) = ), and Proposition 4.2 gives continuity on
Z(R%) and on ./(R%); the invertibility also follows since .#, ' = # ;. Now Theorem
4.4 gives for u € .'(R%)

WFS (Hu) € WFS(K;) o WFS(u) C WFS(w).

The opposite inclusion again follows from %_1 = and x—t = X; 1 We have
proved (5.10). O

Remark 5.2. If s > L= and p,(z) # 0 for all 2 € R?\ 0 then by [19, Theorem 7.3]
WEF, (e~) € {0} x (R?\ 0)
so [19, Eq. (4.6) and Proposition 4.3 (i)] give
WE3(ke) = —JWF,= (e ") € (R%\ 0) x {0}.
Again (5.8), [19, Propositions 4.3 (ii) and 5.3 (iii)], and Proposition 3.2 yield
WF;(Kt) - {(H(lea 1'2), ’iiT(gl)fZ)) € T*RZd :
(z1,61) € WEFg(1) U {0}, (22,82) € WEg(k:) U{0}}\ 0
C {(k(z1,22),k 1(0,0) € T*R?*?: 21,20 € R1}\ 0
= (R*"\ 0) x {0}.

In this case we cannot conclude that WF; ; (K;) and WE; 5(K}) are empty.
Thus we cannot conclude any statement on propagation of the anisotropic s-Gabor
wave front set from Theorem 4.4 when s > ﬁ
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