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Abstract. We consider a Stokes flow along a thin fracture coupled to a Darcy
flow in the surrounding matrix domain. In order to derive a dimensionally re-
duced model representing the fracture as an interface coupled to the surrounding
matrix, we extend the methodology based on Fourier analysis developed in 1] for
a Darcy-Darcy coupling. We show that this approach not only allows us to derive
error estimates between the solutions of the full and mixed-dimensional models,
but also leads to a model correction term compared with what is obtained from
the classical reduction technique based on integration along the fracture width
combined with profile closure assumptions [312].

Keywords: Dimensionally reduced fracture model, mixed-dimensional model,
Discrete Fracture Matrix model, Stokes-Darcy coupling, Fourier analysis
1 Stokes-Darcy fracture model

Let us consider the matrix domains 2; = (—L;,—8) xR, £, = (6,L;) x R and the
fracture domain Q = (—8,8) x R as illustrated in Figure[I} We consider the following
Darcy (in the matrix) Stokes (in the fracture) coupled model:

—uAu+Vp=0 on Qy,
divu=0 on Qp,

div(w;) = f; on Q;,i=1,2,

u; = —K;Vp; on Q;,i=1,2,

combined with the following coupling conditionsonI] = {—0} xRand I = {8} x R:

u;-n; =u-n; onl;i=1,2, (D)
pi:p—,u(Vun,-)-ni onFl-,i:I,Z, 2)
u(Vun)-t=0au-t onl;i=1,2, 3)

where n; is the unit normal vector on I;, oriented outward of €2;, T is the unit vector
tangent to the interfaces oriented in the positive y direction, p > 0 is the fluid kinematic
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Fig. 1. Model problem geometry, with Q| = (—L;,—6) xI', Q= (6,Ly) x ', I ={-8} x T,
I} ={6} xI',and Q¢ = (—§,8) x I'. The unit normals on I; pointing outside of 2; are denoted
by nj, j = 1,2. Note that the Fourier analysis below will be carried out on unbounded domains
by setting I = R.

viscosity, a is the Beaver-Joseph-Saffman parameter assumed to be constant for sim-
plicity, and K; is the permeability tensor in subdomain £2;. We also setn =n; = —np
in what follows.

2 Dimensional reduction by Fourier analysis

2.1 Elimination of the fracture by Fourier analysis

Let us set u = (:) , 8 = (—1)'8, and take the Fourier transform in the y direction of
the Stokes equations and of the transmission conditions. Setting in short
ﬁi:lﬂ(5i7k)7 ﬁi:ﬁi<5iak)7

leads to the system

— WA di(x, k) + Uk i (x, k) 4 9, p(x,k) = 0 x€(-8,8), &
— WOV (x, k) + uk*D(x, k) + ikp(x,k) = 0 x€(-68,8), (5
Oii(x, k) + ikb(x,k) =0 xe(=8,8), (6)

pi = p(8i,k) — poii(8;, k) i=12, (1

(=) ud v(8, k) = ad(8;, k) i=12, (8

i; = (5, k) i=1,2. (9

Using that Ap = 0 yields the equation dy,p(x,k) — k>p(x,k) = 0, whose solution is
P(x,k) = Cy(k)el¥ 4+ Cy (k)e 1. We next substitute this pressure solution p into the
momentum equations (@)-(3) of the previous system yielding four additional integra-
tion constants C;(k) with j = 3,4,5,6. These 6 integration constants can be computed
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using the divergence free condition (6) (providing two additional equations on these
6 constants) and the transmission conditions (7)-(8). The last two transmission condi-
tions (9) are then used to provide the following two exact transmission conditions of the
model posed on £ U £, eliminating the fracture model:

H(|k|§) 0 o+ il Pr—p2
k[ 1 ox ) =5 8, 10
HIkd ( 0 HE(KS) ) - ) = pi+ (10)

where, setting & := |k|0,
41+ CeE2)e% + (24 3CaE) e + (2 —3C4E)

Hex —
) 4E(1+4Cq)e® + (142CE)e* +(2CE —1) an
Hex(i) _ 4(1 + Cotgz)ez<§ + (2 + 3Ca‘§)e4€ +(2— 3Ca€)
2 —4E (14 Cg)e2E + (142C€)e*e + (2CE — 1)’
and Cy := Ll is a dimensionless parameter governing the Beaver-Joseph-Saffman con-

dition (3). "IQE) simplify the presentation, we develop in the following the analysis for the
case @ = +oo, i.e. Cy = 0, corresponding to replacing the Beaver-Joseph-Saffman con-
dition by the no slip condition u - T = 0. This approximation is valid for a wide range
of not too large rock permeabilities. The discussion of the general case is postponed to
Section 4.

2.2 Reduced transmission conditions

An asymptotic expansion of Hf*, i = 1,2, with respect to small & provides the reduced
transmission conditions

H{“(k|8) 0 +m\ [ p1—p
“""( 0 HE(KS) ) \an—in ) T\ pi+p) a2

with the approximation H;" ed of H{* given by
red red 3 4 2
HU©) =8 O =5 (1+58),

at order O(E°) and O(&). Note that these orders of approximation are the highest ones
providing a well-posed reduced model, i.e. such that |k| H/*(|k|8) > 0 for all k > 0.
Setting for i = 1,2

Vin“izui'n(&‘ ')7 %Pizpl(&,')»

provides the following reduced model with elimination of the fracture unknowns:

div(w;) = f; onQ;i=1,2,
u; = —K,'Vp,' on .Q,‘, i= 1,2,
—ud, (Yw er)é‘llz) _ ?’11712—6?’2172 onR, (13

Ao \(u—Pw) 8 (npi+pp)
p(1-58 9y ) S = - Sa, R B on .
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2.3 Reconstruction along the fracture

As in [312], the reconstruction along the fracture starts with averaging both the Stokes
unknowns and equations along the fracture width, setting

A

s 1 8 N B 1 3
P:=— H(x,k)d U:=— i(x,k)d Vi=— v(x, k)dx.
35 | PR 55 | ke 55 s Sk

From the divergence free condition (), we obtain by integration along the fracture
width the reduced material conservation equation

k28 V =iy — ity (14)

By integration of the momentum equation (@), and taking into account the pressure
jump condition (7), we get that

1|k*280 = (p1 — p2). (15)
By integration of the momentum equation (3)), we get the relation
—w(39(8,k) — AD(—8,k)) + u|k|*28 V +ik28 P=0. (16)

Then, the classical approach developed in [3l2] amounts to make profile assumptions
along the width for U, V and P in order to derive both the coupling conditions and the
approximation of the wall friction term —p(9,9(8,k) — 9 P(—9,k)).

In our approach the coupling conditions were already derived by Fourier analysis
and asymptotic expansions. The approximation of the friction term is obtained in the
same way from the Fourier expression of d,9(x, k) which can be shown to lead to

gy s (O0(=8,k) = dD(8,k) &2(4€e25+e4¢—1)
e v - 4Ee% — % + 1

By asymptotic expansion for small & = |k|8, we obtain the following approximation
Fred of F* at order O(E%):

Fr(E) =6+ 58,

which leads to
6. . )
%‘v+mk|225v+ik2613:0, 17)

with the modified tangential viscosity {l = (1 + %) u.

Equations (14)-(I5)-(I7) are the reconstructed equations along the fracture. These
equations can be combined with in order to obtain the following coupled formula-
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tion of the reduced model:

div(w;) = f; onQ;,i=1,2,
u;, = —K,‘Vp,‘ on Q,’, i= 172,
206 8yV = ’)/{llll — ’)/?llg, on R,
—2ué dyU =m1p1—12p2 on R,
T _ (18)
6§V—2,u5 dyV +26 P =0 on R,
U= 77?“1 —;Y;uz on R,
%(7{1“1 _751“2) =1p1+ppr—2P on R.

Compared with the classical approach developped in [312] our methodology leads to
a correction term which amounts to replace the tangential viscosity i by { in the fifth
equation of (I8). This correction plays an essential role to obtain the error estimates
shown in the next section.

3 Error estimates

We use the same setting as in [[1] for the Darcy subproblems assuming for simplicity that
K; = K, =1 and considering homogeneous Dirichlet conditions on dQ; \ I". For each
subdomain i = 1,2, we denote by §; > 0 the Fourier transform of the Steklov Poincaré

operator with §; = |k|coth(|k|(L; — &)), and we denote by R(f;) the Fourier transform of
Y'V(A~ ;) with A~! defined on ©; with homogeneous Dirichlet boundary conditions

on d€2;. In this section, the superscripts red and ex are used for the reduced and exact
Ly L,

model solutions. We assume in the following that 6 is such that 6 < L = min(3', 3} ).

3.1 Error estimates on the traces y;p; and 7 u;

For the exact and reduced solutions we have, with e = red, ex,

— —

iy = —=81p1 —R(f1), 45 =505 —R(f2).
We want to provide an error estimate for the errors on the traces

A __ nex ~red A __ nex ~red
€p, =Pi —Pi €y = U — U,

ina

for i = 1,2 which are linked by the relations é,, = (—1)'$;é,,.
From the exact and reduced transmission conditions (I0) and (12)), setting

ex red

and

| 1 | 1
D(k) = A_’_Hred> <A+Hred) + (A_i_Hred) (A_’_Hred>,
O = () G ~) + G+ (s 28
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we obtain that

(y\k\vz _|_Hr d)E](Aex+u§‘x) ( +Hred)E2( _ﬁgx)

ey, = #\k|82
: D(k) ,
gy T HEDEN @+ 05Y) + (g T E2 (" — a5")
e = .
" D(k)

It remains to estimate |é,,|. We can establish the following bounds

E E
E2(8) <0, | 1(55)| <C. VeSO,
3 3
and
! C3é ! <GE3 k<A(k)<k+l VE k>0
Si = T s Yy
HEE)| =7 mpie) ST T L
with C; = %, G = %, C; = % We deduce the estimates
) = (kIR + kI3l + |+ Cocslag — ag] K*SY, 19)
and

ul = MKk + )G+ 57+ Lo (Co 8o+ 5] K8, (20)

Ik\

Estimates on é,, are readily deduced from the relations é,, = (—1)'§;¢,,. An improved
estimate can also be derived on é,, —é,,

1 1 .

& 5| S moe
1 1

69, — & < 20K+ p)C1la + a5+ - CaGala? — 'l | KPS @D

3.2 Error estimates on the fracture mean values U, V and P

Let us proceed with the error estimates on the fracture mean values V, U and P. For the
error &y =V — V" we have from (T4) the bound

lev| < |k|725|éu1 — &),

then, it suffices to apply (T9) or (20) providing respectively an O(8°) or an O(8*) error
estimate.

Similarly, for the error &y = U — U, we have from the bound

. .
lev| < ka —ép, |-
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Then, it suffices to apply @1]) providing an O(8*) error estimate.
To estimate the error on the mean pressure, it can be shown that there exists C4 = 22

175
such that ;
[F(8) — F (&)
iz
Then, we deduce from and the definition of F'** the following error estimate for
éP _ I’iex _ I’jred:

§C47 vé 20

2 | Cy N
op| < T4+ — k| + k| 1872 ) |év| + = |k[* 82|V
erl < [ (14 g Kl + g 1872 ) e+ 5 k82191,

of order O(§2).

4 Extension to the general Beaver Joseph Saffman condition

In the general case, the functions H* and F'** depend on two dimensionless parameters,
namely |k|§ and Co = J5. The extension distinguishes two cases, first ot > 0 (including
the previous case & = 4o i.e. Cy = 0) and second & = 0. In the first case, the asymp-
totic expansions of Hf* and F** are done for small values of |k|S at given Cq < +oo.
This choice permits to recover the proper wall friction term in the V momentum equa-
tion (22)). We obtain the same model as in (I8) with modified coefficients for the fifth
equation:

22

0

1+ 3Cq

V —2[i8 9,V +28 3,P=0. (22)

The tangential viscosity (I = (1 + U is again corrected compared with the

2
5(3Ca+1)2)
classical model reduction approach for which ft = . The error estimates are the same
as in Subsections (3.1I) and (3.2) with constants C;, i € {1,2,3,4} depending on Cg.

In the second case, for & = 0 corresponding to Cy = +o0, the expansions of H* are
done w.r.t. small values of |k|§ and F* = F"¢ = (). We obtain the following reduced
model:

div(u;) = f; on&;,i=1,2,
u; = —K;Vp; onQ;,i=1,2,
26 9V =1wi —pw on R,
—2ué dyU =np1—pp2 on R,
— U IV +dP=0 onR, (23
U= w on R,
1155 Y —pw) =npi+ 2P R
s\U " g jur—phu ) =nNp1+rp— on R,

which differs in the last equation from the model obtained by the classical model re-
duction approach [3]] providing the equation % (}/{’ul - yguz) =%p1+Yp2—2P. The
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error estimates for the case @ = 0 differ from the ones of Subsections (3.1) and (3.2).
Setting C; = % and G, = %, we obtain

1
2| < elk| (k| + D)kl (Cola* + a5+ Colag* —a5']) 8%, i=1.2,

and

1 |é,, —é, 1 . . N N
vl < g el < e+ DIk (ol +agt + o - 1) 8%

1
26| < elkllév| < (K| + 7 IKI®(Crlas* + 5|+ Calaf — as'] ) 6*,

] (1w +12]) < (K| 4+ IKP (Crla* + 5"+ Cala — s ) 5*.

1
<
= €25k

5 Conclusions

This work extends the dimensional reduction methodology based on Fourier analysis
developed in [1] to the case of a Darcy-Stokes matrix fracture coupled model. This
analysis leads to correction terms which cannot be a priori obtained by the classical
technique based on averaging along the fracture width combined with profile assump-
tions on the velocities and pressure in the fracture [3/2]. More precisely, the new mixed-
dimensional model exhibits a correction of the tangential viscosity along the fracture
in the case o > 0 and a second order correction term in the second closure equation in
the case a = 0. These terms play an essential role in the error estimates between the
equi and mixed-dimensional models derived by the Fourier analysis. Numerical tests
are ongoing in order to assess numerically these results.
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