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The Brownian gyrator (BG) is often called a minimal model of a nano-engine performing a rotational
B motion, judging solely upon the fact that in non-equilibrium conditions its torque, angular momentum
% and angular velocity # have non-zero mean values. For a time-discretized model, which is most
adapted for the analysis of an essentially discrete-time data garnered in experiments or numerical
simulations, we calculate the previously unknown probability density functions (PDFs) of ¥ and #'.
For finite time-step 8¢, the PDF of .Z has exponential tails and all moments are therefore well-defined,
but the noise-to-signal ratio can attain big values for small 6z. Conversely, the PDF of % exhibits
heavy power-law tails and its mean # is the only existing moment. The BG is therefore not an engine
in the common sense: it does not exhibit regular rotations on each run and its fluctuations are not
only a minor nuisance — on contrary, their effect is completely destructive for the performance. Our
theoretical predictions are confirmed by numerical simulations and experimental data. We discuss
some plausible improvements of the model which may result in a more systematic behavior.

1 Introduction. achieved during the last decades™™. In parallel, various case-
by-case analyses elucidated precise mechanisms to rectify fluctu-
ations produced by thermal baths and to convert their energy into
useful work. However, most of the available analyses concern the
average characteristics of the performance of molecular motors,
such as mean velocities or mean rotational frequencies. Still little
is known about the magnitude of fluctuations around these values
and their impact on the performance of microscopic motors.

The fundamental working principles of macroscopic thermal en-
gines, producing deterministic translational or rotational motion
of large objects, are well-established in classical thermodynamics.
At the same time, the latter does not explain workings of different
kinds of microscopic motors, encountered in molecular or cellu-
lar biology, as well as in other rather diverse biophysical systems.
Such tiny machines operate while effectively coupled to a single
heat bath (or even several heat baths at the same time), making
the concepts of macroscopic classical thermodynamics inapplica-
ble. Nonetheless they work and are sufficiently efficient, e.g., to
control transport of organelles throughout the cell and to produce
rotary motion of bacterial flagella.

The Brownian gyrator (BG) is often called a minimal stochastic
model of a microscopic heat engine that performs, on average,
a rotational motion along closed orbits in non-equilibrium con-
ditions. It consists, as realized experimentally®, of an optically-
trapped? Brownian colloidal particle that is simultaneously cou-

Considerable progress in understanding general concepts and pled to two heat baths kept at different temperatures 7, and
various aspects of the performance of microscopic motors, as well T,, acting along perpendicular directions and maintaining a non-
as necessary and sufficient conditions for their work has been ¢ qyjlibrium steady-state. An alternative experimental realization

of the BG using equivalent electric circuits has been also de-
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on the performance of the BG, of anisotropy
and the statistics of the entropy produc-

effects of inertiall®/l7
of fluctuations1842

tion20,

The BG operates in heat baths and evidently the torque, an-
gular momentum . and angular velocity % exhibit sample-to-
sample fluctuations and also fluctuate during each given realiza-
tion. The spread of fluctuations and their typical values are un-
known, hence their actual impact on the BG performance remains
elusive. In this regard, it is unclear to which extent, e.g., the
torque can be called systematic??, such that the question whether
the BG can be indeed called a "motor" remains unanswered.

In the quest for the answer, we study here the probability
density functions (PDFs) of ¥ and # for a time-discretized BG
model. We proceed to show that both PDFs are effectively broad
such that the spread of fluctuations around mean values of .¥
and 7 is much bigger than these mean values themselves. This
implies that non-zero values of first moments only indicate some
trend in an ensemble of BGs, but no systematic behavior can be
observed for individual realizations. Our findings signify that the
BG cannot be called a motor in the common sense, and we suggest
some improvements which may result in a more regular behavior.
Our theoretical predictions are confirmed by numerical simula-
tions and also appear consistent with experimental data’®.

2  The Model.

The model consists of two Langevin equations for two linearly
coupled Ornstein-Uhlenbeck processes, each living at its own tem-
perature, Ty or T, (both measured in units of the Boltzmann con-
stant). In its simplest settings1213, the BG model is defined by

X =X +uY, +&(1),
' (D
Y =Y, +uX, + &),

with |u| < 1, and & (r) and &,(r) being independent Gaussian
noises with zero mean and covariance function

Ei(1)E;(t) =21;6;;8(t —1'), i, j=xy. (2

In eqs. (@), the overbar denotes averaging over realizations of
noises, while §; ; and 6 (r) are the Kronecker symbol and the delta-
function, respectively. For u = 0, egs. describe two indepen-
dent Ornstein-Uhlenbeck processes. The solution of eqs. and
the position PDF are presented in the Electronic Supplementary
Inrormation (ESI). The solution for arbitrary coefficients is also
available 91133

We focus here on the following two random variables:
— the first is the magnitude . of the angular momentum,

L =XY, -V X . (3)
— the second is the magnitude # of the angular velocity,

XY -1,

4
XP+¥? @

where the term in the denominator is the moment of inertia
= X? +Y?. In both Egs. and we assumed that the
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Fig. 1 (color online) Angular momentum in the steady-state. InP(.%)
versus .2 for T, =1 and T, =5. Panel (a): 6t =0.001 and variable u.
Dashed black curve is the decoupled form in eq. (8), the solid curves
- a numeric evaluation of the integral in eq. (5). Panel (b): u=1/2
and variable 6r. Comparison with the numerical simulations results is
presented in the ESI.

mass m = 1. For the standard discrete-time (with time-step 0r)
analogue of egs. (see egs. in the ESI), we present be-
low exact expressions for the PDFs of the random variables ¥
and #'. We also note parenthetically that the properties of the
time-integrated ., which can be interpreted as an area enclosed
by the stochastic trajectory X;,Y;, have been studied 43> recently
for the BG model.

3 Probability density function of the angular mo-
mentum.

As shown in the ESI, the PDF of the magnitude . of the angular
momentum is given by

P(2)=6(2 (X% -1X,))

(5)
1 [ de

= i @exp(—g(e) 1Z1)

where d = v4ab — ¢2 with a, b and ¢ defined in the ESI,

o) (A(6) —sign(ZL)ucos(20))
()= 2(7},c052(6)+szin2(9)) ot, (6)

and

4 (Tycos*(0) + Tx sin2(6))
d*61

A(B) = <u2 cos?(26) +
7

X (bcosz(e) +asin*(0) +ccos(9)sin(0)) > 1/2.



Except for the trivial case u = 0, when P(.¥) obeys

. | ot [ 6t
P—o(Z) = 8TxTyeXp< 2Tx]31|j|>7 ®

the integral in eq. cannot be performed exactly and we eval-
uate it numerically. In Fig. [Ijwe plot P(.¢) in eq. as function
of . for unequal temperatures 7y and Ty, four values of the cou-
pling parameter u at fixed small 6¢ (panel (a)), and three values
of ot at fixed u (panel (b)). This plot together with an asymptotic
analysis permits us to make the following general statements:

- P(%) is peaked at £ =0, i.e., for most of trajectories one should
observe . = 0. Hence, a non-zero value

of the first moment is supported by atypical trajectories, and
stems from the asymmetry (see below) of the PDF. The first mo-
ment exists in the limit 6t — 0, which agrees with previous results.
The variance of . obeys

Var(.%) = 2u®(T, — Ty)?
(10)

(14128 (4T, + (T, ~ T,)?)
(1—u?)6t '

As expected, for the overdamped model the variance, as well as
all higher cumulants diverge in the continuous-time limit 67 — 0,
meaning that the angular momentum is not self-averaging. How-
ever, for finite &8¢, as it is the case in experimental or numerical
analyses, all moments remain finite, although the observed scat-
ter of values of . calculated from different realizations of the
process can be very large.

— For finite 8¢, the large-L tails of the PDF follow

P(ZL) ~exp(—|Z|/Lx) (€3))

where the symbol ~ denotes the leading in the large-.# limit be-
havior, L, corresponds to the right (¥ > 0) and L_ - to the left
(Z < 0) tails of the PDF. Mathematically, L+ are solutions of the
fourth-order algebraic equation that defines the maximal values
of the function 1/Z(0) and therefore are rather complicated func-
tions of the system’s parameters. In general, Ly are increasing
functions of the coupling u (see Fig. [I[)).

— When 8¢t — 0, both L. diverge, because Ly ~ 1/ V/8t. Hence,
the PDF becomes some .#-independent constant of order O(+/61)
in the interval .Z € [-1/v/8¢,1//81],

2 _
V2(1—u?)or A T, —T, 12)

”aA ) - I
4n(T +Ty) F4) T +Ty

P(Z) ~

where f(u,A) is defined in the ESI. That being, P(.%) tends to
a uniform distribution on this interval of values of .#. Such a
behavior is apparent in Fig. [I|(b).
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Fig. 2 (color online) Angular velocity in the steady-state. InP(%#) in
eq. vs # for T, =1 and T, =5. Panel (a): 8t =103 and variable
u. Panel (b): u=1/2 and variable 6t. Comparison with numerics is
presented in the ESI.

4 Probability density function of the angular veloc-
ity.

The derivation of P(#) is presented in the ESI. It is defined as the
following integral

POV =8 (W — (XY, —Y.X,) | (X2 +Y7))
(7}~cos2(6)+7}sin2(9))d9 (13)

_ 1 /271'
27ddt o (92— 2ucos(20)# + A2(0))*

with A(0) being defined in eq. (7). For u = 0 the integral in eq.
(13) can be performed exactly (see the ESI), while in the general
case it is amenable only to a numerical and asymptotic analyses.
The PDF in eq. is depicted in Fig. [2] as function of #  for
unequal temperatures, several values of the coupling parameter
and several values of d7. On the basis of the numerical plots and
asymptotic analysis, the following conclusions can be drawn :

— The maximum of P(#) displaces from zero for u # 0 and is
rounded, in contrast to the cusp-like behavior of P(.¥) at £ = 0.
Hence, P(#) is an analytic function in the vicinity of the most
probable value.

— The first moment of the PDF P(%#) obeys (see the ESI)

uV/1—u?(Ty—Ty)
VAT + (T T, 2

W = : (14)

which is a well-known result for the BG evolving in continuous
time (6¢r — 0). We note that the difference between the most
probable # and # is much less pronounced than the one ob-
served for .. In particular, for 7, =1, T, =5, u=1/2 and 61 =1,
we have that the most probable # ~ —0.38, while # ~ —0.35.
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— For finite 6z, the large-# tails of the PDF obey

- V1 (L+T) 1
VAT (T 1y 260 1

P(Y) (15)

>’

where the symbol ~ signifies that we deal with the leading in this
limit behavior. The salient feature is that, for finite &¢, the PDF is
characterized by heavy power-law tails such that 7 in eq. is
the only existing moment - in other words, already the variance
of # is infinitely large. Therefore, # does not have much of a
physical significance but merely indicates some non-zero trend in
a statistical ensemble of Brownian gyrators, when Ty # T,. For a
single BG it is therefore absolutely unlikely to observe a regular
rotation, i.e., a motor-like behavior. The asymptotic form in eq.
for u = 3/4 is depicted in Fig. a) (solid black line) and
we observe that it converges to P(#') in eq. for W ~ 100.
Subdominant correction term to the asymptotic form in eq.
is displayed in the ESI.

— When 6t — 0, P(#') converges to a uniform distribution on a
growing (when &t — 0) interval [—1/+/8¢,1//81],

POY) = (AT, Ty + (T, — Ty)?) \/mg(m) . 16)

87(T: +Ty)?

where g(u,A) in presented in the ESI. In Fig. [2(b) we depict P(#)
for progressively smaller values of &z, highlighting a transition to
a uniform distribution.

5 Comparison with experimental results.

To perform a comparison with experiments, we employed the
data acquired by Argun et al.®, who experimentally realized the
BG model by placing a Brownian particle in an elliptical optical
potential and simultaneously maintaining it in contact with two
heat baths kept at different temperatures. This was achieved by
using a single optically-trapped® colloidal particle (polystyrene
particle of diameter 1.98 um) suspended in an aqueous solution
at room temperature (292 K). The ellipticity of the potential was
produced by altering the laser beam’s intensity profile via a spatial
light modulator. The isotropic thermal environment was made
anisotropic via a fluctuating electric field with a near-white fre-
quency spectrum applied along the x-direction. This electric fluc-
tuating field was generated by two thin wires with electric white
noise placed on either side of the optical trap and raised the bath
noise temperature along the x-direction to 1750 K, while the bath
noise temperature along the y-direction remained at 292 K (room
temperature). In this way, unequal temperatures along the x- and
y-directions were produced to establish a non-equilibrium steady-
state.

In Fig. |3| we depict P(.Z) and P(#') evaluated from a statis-
tical ensemble of discrete-time BG trajectories recorded in the
above experimental set-up. We observe that for P(.¢) the pre-
dicted form in eq. is fully consistent with the experimental
data; the tails are exponential and P(.¥) shows a cusp-like be-
havior at the most probable value . = 0. Also our predictions
that P(#') is centered around a non-zero most probable value
of # and that the large-# decay is a power-law appear to be
valid features of the BG model. However, we note a slight dis-
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Fig. 3 (color online) Comparison with experimental data. Noisy blue
curves - the PDFs P(.Z) (panel (a)) and P(#') (panel (b)) deduced from
experimental data with two unequal temperatures, dashed red curves
represent the fit of P(.£) by an exponential function in eq. (panel
(a)) and of P(#') by power-laws: 1/#% for # >0 and 1/|#|* for
# <0 (panel (b)). The inset shows a small displacement of the maximum
from # =0 as evidenced by experimental data.

crepancy between the predicted value of the exponent (= 3), and
the values o deduced from the experimental data, which appear
to be somewhat smaller and hence, the tails appear somewhat
heavier. It seems rather paradoxical at the first glance that the
distribution displays heavy power-law tails and that, at the same
time the mean value can be obtained accurately from the data.
The reason is the following: the angular velocity is obtained by
computing the difference of angles between two consecutive po-
sitions, which is bounded between —z and z#. Consequently, for
a finite time-step the variance remains finite and the mean value
can be therefore deduced. As discussed in ESI, a truncation of the
distribution is likely to modify its shape close to the boundaries.
Numerical simulations support our claim (see the ESI).

6 Discussion.

To recapitulate, we revisited a well-studied minimalistic model of
a molecular motor — the so-called Brownian gyrator — which is
believed to perform a rotational motion in non-equilibrium con-
ditions. While previous works concentrated exclusively on the
analysis of the mean values of the characteristics of the gyration
process (torque, angular momentum ¥ and angular velocity #),
here we looked on this model from a broader perspective and
calculated exact probability density functions of these random
variables for a discrete-time BG model with a time-step 8¢. This
permitted us to obtain a fully comprehensive picture of the BG
performance.

We showed that 0t is a crucial parameter. For ¢ — 0, i.e., in
the continuous-time limit, both PDFs tend to a uniform distribu-
tion with a vanishing amplitude and diverging variance. For fixed
ot, the PDF of £ has exponential tails which ensures the exis-
tence of all moments. However, the variance of .# appears to be
much larger than the squared first moment, meaning that here
the noise is always bigger than the signal. In other words, the
value of the angular momentum varies significantly from one re-
alization of Gaussian noises to another. More strikingly, the PDF
of the angular velocity has heavy power-law tails and, in fact, the
mean angular velocity is the only existing moment. In conclusion,
fluctuations play a very destructive role on the performance of the



BG, such that it cannot be considered as a common sense motor
for which only some small amount of noise is permitted. On the
contrary, for the BG the noise prevails producing a very erratic be-
havior. While the existence of first moments indicates some trend
in an ensemble of such Brownian gyrators, no systematic rotation
will take place on the level of a single realization. Indeed, only a
non-vanishing fraction of realizations needs to have this property
for the whole statistic to be affected.

Our theoretical predictions are confirmed by numerical simu-
lations and are also consistent with the data drawn from the ex-
perimental realization®® of the BG model. We note parenthetically
that although heavy-tailed PDFs are common in probability the-
ory, the list of their occurrences in realistic physical systems is
rather short. Our prediction for the PDF of the angular velocity in
conjunction with the experimental data® adds a valuable example
to this list.

Finally, we note that minimal models often play an important
role in the analysis of the behavior of complex systems. While
they often take into account only some basic features discarding
a majority of side-processes, they are nonetheless very instructive
because they provide conceptual insights helping the understand-
ing of the dominant mechanisms. This is the reason why the BG
model has attracted such an attention in the past. In view of our
results, the model as it stands does not appear to be really perfor-
mant. Therefore, a legitimate question is how the model can be
improved, still remaining at a minimalistic level, to show a better
performance.

One of possible issues is the definition of noise. We observed
here that in the limit 6z — 0, the PDFs become progressively more
defocused which is clearly detrimental for the performance. Con-
sequently, replacing a continuous-time white-noise by a discrete
noise with a bounded amplitude may be beneficial (and is defini-
tively more appropriate for describing experimental systems). We
note, as well, that in the limit 6z — o the model becomes de-
terministic and the rotational motion disappears, which suggests
that there may be some optimal discretization of the noise.

Second, we remark that the power-law tails of the probability
density function of the angular velocity stem from realizations of
trajectories in which the BG spends most of time in the immedi-
ate vicinity of the origin. Such realizations, which have a big sta-
tistical weight, produce anomalously high values of the moment
of inertia (see the ESI for the PDF of the latter), and therefore,
anomalously high positive or negative values of the angular ve-
locity (see eq. (@)). Therefore, a physically plausible suggestion
to devise a motor with a more regular behavior is to forbid the BG
to enter a finite-radius ball centered at the origin. This can be re-
alized in practice by designing a potential with a strong repulsion
from the origin at short scales, and an attraction at larger scales,
such that the closed orbits along which the BG circulates will have
a finite length. Here, again some optimization with respect to the
range of attractive/repulsive interactions may take place. While
having a too short range of repulsive interactions is detrimental,
as we have shown here, a too long range will also be detrimental
for the performance because the closed orbits will be too long and
hence, an angular velocity too small.

Lastly, the model may apparently be improved to some extent

along the lines suggested in'l®, i.e., by introducing inertial terms
into egs. (1) which will bound the acceleration.
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7 Electronic Supplementary information

7.1 A. Position probability density function
The solutions of eqs. (I) with the initial conditions Xy = ¥y = 0 and X; = ¥ = 0 are explicitly given by

X, = /Otdrercosh(u(tfr)) E(T) e /Otdrer sinh (u( — 7)) &(7).

Y=o /(:dref sinh (u(t — 7)) Ex(t) + e /Old’tercosh(u(t — 1) &(1).
We focus on the characteristic function of the form
o(vi,v2) =exp (iVIX, +isz,) .

The averaging in the latter expression can be performed straightforwardly to give

#(v1,v2) = exp (—TX/Oterf(t,r) - Ty/o'tdrgﬁ(r, r)) ,
where

Ox(t,7) = (177 (vl cosh (u(t — 7)) + v, sinh (u(t — r))) ,

0y(t,7) = 9 (vl sinh (u(t — 7)) + v, cosh (u(t — r))) .

Performing the integrals in egs. (S4), we find

1 t
Tx/ er)%(t,r)+Ty/ erf(t,r) =av12+bv2270v1v2,
0 0

where we have used the shortenings

g bptha  TatTp o (LAT)!

4(1—u?)’ 4(1—u?)’ 2(1—u?)’

with

p=2—ut—e <cosh (2ut) + usinh (2ut) ) —(1—u?)e ™,
g=u*—e? <cosh (2ut) 4 usinh (2ut)) +(1—u?)e 2,

l=u—e2 (ucosh (2ut) + sinh (2ut) > .

(SD

(52)

(83)

(54)

(S5)

(S6)

s7)

Having defined the characteristic function, we find eventually the position probability density function by merely inverting the Fourier

transform:

1

P(X;,Y;) = 2n?

/ / dvidvye M XTIV g (v vy)

_ e

L bX? 4 a¥? +cX,Y,
= X _—_
2rtd ’

where d = V/4ab — c? and the coefficients a, b and ¢ are defined in egs. and (S7).

7.2 B. Probability density function of the angular momentum
7.2.1 1. Characteristic function ® »(v).

In virtue of egs. (I, the magnitude of angular momentum can be cast into the form

L =XV, —XY, =u (X,z . )/,2) FXE () — VED),

(58)

(s9)
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such that its characteristic function is formally defined by

Py(v)=exp(iv¥)
(S10)

— exp (iw (X2 —Y2) +ivX&, (1) - ivY,&x(z)) .

We note now that the values of the noise variables & (¢) and &, (¢) are statistically decoupled from the values of the positions ¥; and X; at
this very time moment, such that, in principle, we can average over the instantaneous values of the noises. The problem is that the values
of the noises are ill-defined. Taking this into account, and also having in mind a comparison with numerical and experimental data,
which actually correspond to trajectories recorded at discrete time moments, we turn to time-discretized version of the continuous-time
Langevin equations (T)). In discrete-time with time-step 8¢, a conventional representation of egs. is

X5 — X 21,
ot T — X, +u, — N0
51 t +uY; + 5 nx(),
Yoo~V /2Ty
—V— =Y X, (1
57 P uXi by 5 ny(),

where now the noises 7 ,(r) are dimensionless, independent, normally-distributed random variables with zero mean and unit variance,
drawn independently at each discrete time step. In terms of egs. (S11)), the magnitude of the angular momentum takes the form

21, 27,
L =u(X=¥2)+\/ T2 Xm0 — | S ), (S12)

and therefore the characteristic function of the angular momentum reads

Do (V) =exp <iw (X?—Y?) +ivy/ %me(t) —ivy/ % Y,nx(t)> . (S13)

Performing the averaging over the variables 7.(r) and 1,(z), we readily find that ® »(v) obeys

(s11)

® (V) =exp (f (%vzfivu) X2 — <% V2+ivu) Y,z) , (514)

which yields, upon averaging with the PDF in eq. (S§)), the following explicit result:

—-1/2
bTy +aTy T —T, T.T,
D y(v)= (1—4i(a—b)uv+4()‘&‘” +u2d2) v2—4iud2(x§7t}) v3+4d2§ v4) , (815)

where the coefficients a, b and c¢ are defined in egs. and (S7), and d = V4ab — c2. Therefore, the characteristic function ® (V) is
simply the inverse of a square-root of a quartic polynomial of v and becomes ill-defined, as mentioned above, in the limit 6 — 0. In the
limit r — oo, the expression (S15) attains the form

(14+u8t) (ATTy +u* (T —Ty)?) ,

Dy(v)= (lZiu(TxTy)er 1= )6r \%

(S16)

L= T) (AL (L= 1)) 5 LL LG+ (BT o
! (1—u2)dr (1— )12 '

The above expression permits us to access the usual properties characterizing the probability density function, i.e., the moments and
the cumulants. In particular, differentiating eq. once and twice, and setting v = 0 afterwards, we find explicit expressions for the
first moment and the variance of . in egs. (9) and (T0).
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Fig. S1 Comparison of theoretical predictions for the probability density functions in egs. and and the results of numerical simulations for
two values of the time-step 61: 6t =0.01 (blue) and 87 =0.001 (magenta); and fixed 7, =1, T, =5 and u = 0.5. Left panel: Logarithm of P(.Z) versus
#. Dashed curves correspond to the exact expression (5), whereas the noisy curves depict the simulation results obtained using the approaches | and
Il (see below). Central panel: Logarithm of P(%') versus # . Dashed curves depict the exact expression (I3), and the noisy curves - the simulation
results. Right panel: Zoom of the region around the maximal value of P(%'). Dashed curves are theoretical predictions in eq. (I3), while the symbols
indicate the results of numerical simulations.

7.2.2 2. Probability density function P(.¥).

The probability density function of the angular momentum is given by

| o e - T, T,
P(¥) = ELWLWXmdEP(XZ7E)'[de exp<—iv$— (5% v2—im> X7 — (6—’; v2+zw) 1/,2)
X, dY, 5t (L —u(x?-v2))*
\/7/ / dX, dY, A pix, v,) exp (_ ( ”2( { 2: )) )
T, X2 + T, Y2 4(LXP+T:Y7)

Turning to polar coordinates through the transformation X; = pcos(6) and ¥; = psin(0), we formally rewrite the expression in the

second line in eq. as
)= 1 /6t /2” do / 4 8t (L —up cos(29))
2dV m Jo \/Tycosz( pexp 4p? (Tycos2(8) + Ty sin?(8))

(817)

6) + T, sin?(
(518)

¢ exp (_ (bcosz(e) +asin2(d@2) +ccos(8) sin(G)) p2> .

Performing the integral over p, we find the expression (5). In Fig. (left panel) we present a comparison between our theoretical
prediction for P(.%) in eq. and the results of numerical simulations. One observes a perfect agreement.

7.2.3 3. Finite 6. Large-.Z asymptotic behavior of P(.%).

The function =(0), eq. (6), is an oscillatory function of the polar angle 8, which has two minima (and two maxima) of equal depth
(height) on the interval [0,27] (see Fig. S2). In general, the minima corresponding to .# > 0 and . < 0 are attained at somewhat
different values of 6 and have somewhat different depths, which signifies that P(.Z) is asymmetric around . = 0. In the limit .Z — oo,
the integral in eq. is entirely dominated by the behavior of E in the close vicinity of the minima, which yields the exponential
asymptotic form in eq. (TI). Differentiating Z(6) with respect to 6 and equating the resulting expression to zero, we find an equation
that determines the positions of the extrema of E. This is a fourth-order algebraic equation whose solution has a rather cumbersome
form. We therefore consider only the limiting case when the coupling parameter u is close (but not equal) to zero and 8¢ is also small, in
which limit it is possible to present rather compact explicit results. A rather cumbersome but straightforward analysis shows that here

1| 6t (T+ )
s ZTxTy(l : ||+0< )) (519)

When u = 0, we recover from the latter expression the result in eq. (8).
Another situation, in which a systematic analysis of the large-.# asymptotic behavior is possible, is that of thermodynamic equilibrium,
i.e.,, T, = T, = T. Here, we pursue a slightly different approach focusing on the characteristic function in eq. (SI6), which becomes (for
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Fig. S2 The function Z(0) in eq. (@) versus the polar angle 8 for T, =1, T, =5, u=1/2 and 8t =0.1. Red solid curve corresponds to .Z > 0, while
the blue one - to .Z < 0.

St < 1)

4Tz, 4T+, e 5
Dy (v)=|1+ v +(17u2)6t2v . (520)

The latter expression can be formally rewritten as

(1—u?)

2,21 2
\/(1+2T v ) 2
ot (S21)
oo 2,2
= 1/(]—u2)./0 dxIy (Ju| x) exp (— <]+2T&v )x) ,

and hence, the probability density function attains the form

_ 2 2
plg) = Yt &/ 71 (Jul) exp(fxf o2 ) (522)

2v2rT 8T2x

where Iy is the modified Bessel function of the first kind. Setting u = 0 in eq. (S22), we recover our eq. with T, =T, = T. Upon
some inspection, we realize that the large-# (more precisely, 8:.#2/(8T?) is to be large and u bounded away from zero) behavior of
P(%) is supported by the large-x behavior of the integrand. To this end, we take advantage of the Hankel’s asymptotic expansion of the
modified Bessel function

Dy(v)=

et 1 9 1
\/?M(HS +2(8Z)2+0(z )) 62

Inserting the latter expansion into eq. (S22)) and performing integrations, we arrive at the converging asymptotic large-.# expansion of

the form
= \'"27 260 \V* (1—|u)5t |.2|
P<$):<8%T|u$|) <(17\u\)) exp | — > T

Io(z) =

(524)
(3lu| —2)T 372 < 1 >
x| 1— + +0
( 420 Tuoiuz| 165w 2> "\ 2P
Consequently, we recover the asymptotic form in eq. (TI)) with
L.=L 27 (525)
L TP E T

which is fully consistent with eq. (SI9). Note that the higher order terms in 8¢ and u are evidently missing here because we assumed
that u28t < 1.

7.2.4 4. Continuous-time limit 6 — 0. Asymptotic behavior of P(.¥).

We concentrate on the behavior of the probability density function P(.Z) in the limit 8 — 0. One notices that in this limit the second
term in eq. becomes much larger than the first term, (i.e., u?cos?(26)), which can be therefore safely neglected. In consequence,
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f(u,A) g(u,p)

L L L L A L L L L A
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Fig. S3 Small &7 limit. Left panel : f(u,8) in eq. (S29) as function of A= (T, —T;)/(T: +T). Right panel: g(u,8) in eq. (S39) as function of A. In
both panels the dashed curve corresponds to u =0, red solid curve - to u =1/4, green - to u=1/2 and blue - to u=3/4.

we have 5 1/2
~_= i02 2 2 .2 .
A(6) ~ NG ((szm (6) +Tycos (9)) (bcos (6)+asin”(0) +ccos(9)sm(9))) , (S26)
which implies that A(6) diverges when 8¢ — 0. In this limit, the first term in the nominator in eq. (6) is much larger than the second
term, (i.e., sign(-%)ucos(20)), which can be neglected. Therefore, the function Z(0) in eq. (@) obeys (in this limit)

(0) ~ A(8)

~ ot
2 (Tycos?(0) + T sin*(0))

(x]

(827)

1/2
[ beos?(0) +asin?(0) + ccos(6) sin(6) / V1

Ty sin®(0) + Ty cos?(0) d
and hence, vanishes in proportion to the square-root of 8¢.

We assume that # — o, in which case the coefficients a, b and ¢ attain sufficiently simple time-independent forms. Using the definitions
of the coefficients a, b and ¢, and conveniently rewriting the terms entering the expression as

T+, T—T,
T, sin’ T,cos?(0) = =2 (1 —Acos(2 A=2
sin“(6) + T, cos“(0) 5 ( cos(20)) , T
(528)
T+ T,
bcos(0) +asin®(0) +ccos() sin(8) = ﬁ (1 +usin(26) — (1 —uz)Acos(Ze)) .
—Uu

Further on, we suppose that .¥ is finite (i.e., .Z6r is small when 67 — 0) and expand the expression in the right-hand-side of eq.
into the Taylor series in powers of dz. In doing so, we realize that, in the leading in the limit 67 order, the probability density function
P(%) in eq. is given by eq. with

d¢

21
f(u,A) = : (529)
/0 \/(I—Acos(q)))(1+usin(¢)—(l—u2)AC0s(¢))

The integral in the latter equation cannot be performed exactly. To get an idea of the behavior of f(u,A), we depict it in Fig.
as function of A for several values of the coupling parameter u. Note that f(u,A) is (logarithmically) diverging in the limit A — +1,
i.e., when either of the temperatures vanishes. It was shown in*? that this limit is rather peculiar and the case when either of the
temperatures vanishes is to be treated separately. We therefore suppose that both 7,7, > 0. Further on, correction terms to the leading
asymptotic behavior in eq. (I2)) are of order .#8t. We verified that the coefficient in front of .#8¢ is finite, such that a uniform
distribution of . in the limit 6 — 0 is a valid feature.

7.3 C. Probability density function of the angular velocity.

7.3.1 1. Characteristic function ®, (v).

Using the discretized Langevin egs. (T (see egs. (S11) above), we rewrite the angular velocity as

u (th _ Yt2) N \/TY}X, Ny(1) — V2T Y i)

a=
X2 +Y? Vot (X2 +Y7?)

) (S30)
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such that characteristic function &, (v) is given by :

(S31)

Dy (v) =exp <iv (x2 - %) \/TT),X, My(t) = V2T Y me () ) .

X2—|—Y2 ﬁ(x2+y2)

Again, noticing that the instantaneous values of the noises 1,(r) and 7,(r) at time r have no effect on the instantaneous positions X; and
Y; at this very time, we straightforwardly average over 1,(r) and 1,(r) to get

(S32)

X?—Y? T, v2X? T, v2Y?
Dy (V) =exp (iv:,t( ! ! ) Y ! | .

S Tt T
7.3.2 2. Probability density function P(%#).

The probability density function P(%#") of the angular velocity is formally defined as

Lo —vy
= — dvo v
27 /_oo vey(v)e

‘l 00 _ 00 00
- Elwdve IVW/,mLde’dKP(X”Z) ($33)

e . (Xlz 7Yt2> 73;V2Xt2 EV2Y[2
X wvu - -
P s s
t t t t 1 t

Changing the integration variables to polar coordinates, we formally rewrite the latter expression as

/Mde /:odv exp (iv (ucos(20) — W))

1
Py = (27m)2v/4ab —c2 Jo

o v2 (Tycos?(0) + Ty sin?(6)) bcos?(8) +asin?(8) +ccos(8)sin(0)\
X /o pdp exp (_ Stp? a ( dab — c? ) p

(S34)
/2” (Tycos?(0) + Ty sin®(9)) dO
7r25t\/4ab V/A2(8) — u?cos?(26)

x K| (\/AZ(G) —u?cos2(26) v) ,

where K is the modified Bessel function and A() is defined in eq. (7). Performing the integral over v, we arrive at our result in eq.

[13).

./: vdv cos <v (ucos(20) — W))

7.3.3 3. Finite 6t. Large-# asymptotic behavior of P(%#).

Asymptotic large-# behavior of the probability density function P(%#) in eq. can be accessed very directly by merely expanding
the denominator in inverse powers of . Verifying that all the integrals defining the coefficients in this expansion exist, we find

. (TEC-I—Y}) 1 3u(Tx—Ty) 1 1
PO = s T as A \wE) (53%)
In the limit t — o, eq. (S35)) gives
V12 ST —2(T. —T.
P(W)= 1w (Tt Th) ! Suvl—w(h,-T) 1 o(—yﬂl4>. (S36)

3 4
VAT + (=128t 712, Jang i (r - 1280 7
The first term in this expansion is our eq. (15) presented in the main text, while the second term defines the sub-dominant contribution.

Interestingly enough, the amplitude of the second term vanishes in equilibrium conditions (i.e., for 7, = 7;) such that in equilibrium the
sub-dominant contribution will vanish with % at a faster rate.
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Because of the algebraic tail, P(%) has only the first moment. In virtue of eq. (S30), we have

— X2 —y? X2 —v?
W = L) = / / dX;dY; P(X;.Y,
u<X3+Y3) ! PN Sy
w1 —u (T, —Ty)
VAT + (T T, 2

(837)

This is a well-known result which shows that # is not equal to zero when simultaneously u # 0 and 7, # Ty. In general, W is a non-
monotonic function of the coupling constant u, which vanishes when either u = 0 or |u| = 1 and, hence, attains a maximal value for
some intermediate coupling.

7.3.4 4. Continuous-time limit 6 — 0. Asymptotic behavior of P(%).

We focus on the PDF P(%#') defined in eq. and suppose that # is finite. Since A(0) diverges in the limit ¢ — 0, in the leading in
or order, we are entitled to % -dependent terms in the denominator. Then, using egs. and (S28), we have

d*/8t (2@ de

POV = 16 Jo (Tycos2(8)+ Tysin?(8))1/2(bcos?(8) +asin®(0) + ccos(0)sin(6))3/2
(S38)
UL RT TP i d
T 8a(l+1)? 21— t/ V(1= Acos(9))(1 Lusin(9) — (1 - )Acos(9))
i.e., our eq. with g(u,A) given by
B 21 d¢
*/o V(T =Acos(9))(1+usin(¢) — (1 —u?)Acos(9))3 (539

Likewise f(u,A) in eq. (S29), g(u,A) diverges logarithmically when A — =+1, i.e., either of the temperatures vanishes. Therefore, the
asymptotic form in eq. is valid only when both temperatures are bounded away from zero.

7.3.5 5. Probability density function P(%#') in the decoupled case u = 0.

Lastly, we aim to find an analogue of eq. which describes the probability density function P(.¥) in the decoupled case u = 0. For
u =0, the probability density function in eq. becomes (in the limit ¢ — o)

_ b /27‘ (Tycos®(8) + Tysin®(6)) dO ($40)
21\ Ty Jo 2 2\*?
<6t7/2+ T (Tycos?(8) + Tysin®(6)) )
x1ly
Using the first of eqs. (S28) and the integral identity
p _ (7 -pt 1
@ +p2)3/2 /o tdtJy(at) e P, (541)
we cast eq. (S40) into the form
/6 (I +1y) _(L+T)
dtJ St t)J ———A —_—
/ rro \/> r) 0( T, 7| exp 27}7}1
(542)
[6t d [ . _ (+T) _(L-Ty)
> da/o dtJy (\/EWT) Jo(iBt)exp(—at), o= AT, B= AT,
The integral in the last line in eq. (S42) can be performed explicitly to give
stV d a2+617/2—ﬁ2)
PW)=—— — 275 P ), 43
" ==Z 27 da =2 ( 2B /5t (543)
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where Q_ ), is the Legendre function. It might be also convenient to express the result in eq. (S43) in an explicit form using the Gauss
hypergeometric functions:

(Te+ Ty) /T T, 8t 2+ 8t #2)

P = sar s e e e (3/4’ L4 L—

2T —Ty) 8t #?
T,T,(2+ 6t #'2)?

(544)
(7:r _ 73,)25t3/2"//2

T AL R o WAL, + T8 # ) 2Tt 61 72)

2T —Ty) 8t W2
Fi(5/4,3/4;0— o2 W2 2
217 < / ) / 94y TxT)(2+5Z‘W2)2
Importantly, when two processes are decoupled, the probability density function P(%#') is an even function of %/, such that it
is symmetric around # = 0, likewise the probability density function of the angular momentum (see eq. (8)). The dependence on
temperatures and the functional form of the probability density function P(%#) are evidently much more complicated than P(.%) in eq.

7.4 D. Probability density function of the moment of inertia

We evaluate here the probability density function of the moment of inertia .# = X? 4 ¥, which is a positive definite random variable.
Therefore, it is convenient to focus on its moment-generating function

Py (A)=exp(—AF), A>0, (545)
for which one readily obtains the following exact result
AN v
Dy ()= (1+4(a+b)/1+4d A ) : (546)
where the coefficients a, b, ¢ and d are defined in egs. and (S7). Inverting the latter expression, we find the probability density
function
1 (a+b) (a—b)2+c?
P(J)= 2 exp< 7 ﬂ> I ( 22 J |, (547)

where Ij is the modified Bessel function. In the limit ¢t — oo, P(.#) attains the form

— 2 T.+T
P(S)= 1—u exp | — xtly B
AT Ty +u? (T — Ty)? 4T, Ty +u2(T, — Ty)?

(548)

\/4u2TxTy +(1— w2+ 1) (T, — T2
X
0 AT T, +12(T, — T;)?

In the case of two decoupled Ornstein-Uhlenbeck processes (i.e., for u = 0), the probability density function in eq. (S48) simplifies

considerably to give
1 X Yy | X Vl
P(I) =] == LA g g (2 . S
() AT, T, eXp( AT, T, J) 0< 4T T, o (549

In Fig. [S4]the probability density function P(.#) is depicted as function of .# for three values of u (u =0, 0.5 and 0.8) and temperatures
T, =1and T, = 5. Noisy curves are the solutions of stochastic egs. using the Euler-Maruyama algorithm, while the dot-dashed curves
correspond to the analytical expression (S48). One observes a perfect agreement between the numerical results and the theoretical
prediction. We also note that the most probable value of the moment of inertia .¢# is attained at .# = 0, which explains why large values
of # are abundant and therefore, why P(%#') possesses heavy power-law tails.

7.5 E. Numerical simulations.

Numerical simulations of the BG model are performed by using the standard Euler-Maruyama algorithm. To compute the angular

momentum and the angular velocity, we take advantage of two alternative approaches:

— Approach I. The first approach relies on the formal definition of % as the rate of change of the angular position with respect to time
56

W = e (S50)

14 | Journal Name, [year], [vol.], 1



Fig. S4 The moment of inertia .#. The probability density function P(.#) versus .# for T; = 1 and T, = 5. Noisy curves depict the results of numerical
simulations, while dot-dashed curves - the exact expression (S48).
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Fig. S5 Fits of the results of numerical simulations. Logarithm of the probability density function P(#') versus # for T, =1, T, =5, u=1/2 and
8t =0.002. The dashed curve is the exact analytical solution in eq. (I3). Panel (a): The red noisy curve represents InP(%#’) evaluated using approach
I. The blue solid curves are the fits of the red curve by power-law functions 1/|#/|* for negative # and 1/# %+ for positive #'. Panel (b): Symbols
(filled green circles) depict the numerical results obtained via approach Il. The solid black curves are the fits of the numerical data obtained via
approach Il by the above power-law functions. The inset shows the best-fit values of the exponents.

where the instantaneous value of the polar angle is expressed via the cartesian coordinates as
0 = atan2(¥;,X;) (S51)

where the function atan2 is the 2-argument arctangent2®. While determining % through eq. (S50), we exercise care that at each

incremental step 660 does not exceed &, which is controlled by the increment &z. Note also that within this approach the distribution

of the angular velocity has its support on the interval [—x/dt,7/5t], so that while evaluating P(#") we consider only such values of #

that are away from the boundaries, in order to avoid aliasing effects appearing close to the boundaries of the interval. To access the

behavior at larger values of %', we have to diminish the increment 8¢. Of course, this can be readily done in numerical simulations, but

in experiments the value of 8¢ is bounded from below by the maximal frequency at which the images of the trajectories are taken.
Once # is determined, the angular momentum is found via the relation

L =(XE+Y2 )W . (852)

Note that this approach is appropriate for the analysis of discrete-time trajectories recorded both in numerical simulations and in
experiments (see Fig. [3|in the main text), because it necessitates the position data only. In Fig. the results obtained using the
approach I are depicted by noisy red curves.

— Approach II. The second approach hinges on the standard recursive solution of the time-discretized Langevin eqs. (SII)), for which
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the angular momentum ¢ and the angular velocity # are determined by egs. and (S30), respectively. Generating in numerical
simulations the dimensionless noises 7, (¢) and 1,(r), we build recursively the trajectories X; and ¥; and eventually calculate the angular
momentum and the angular velocity. Results obtained via this approach are depicted in Fig. by noisy green curves. Note that this
second approach is only applicable for the numerical simulations.

Lastly, we comment on the discrepancy between the theoretically predicted exponent (= 3), characterizing the tails of the probability
density function P(%#'), and somewhat lower values deduced from the fitting of the experimentally-evaluated PDFs. To this end, we
resort to numerical simulations of the BG model using approaches I and II and preform the fitting of the numerical data, which we fully
control. These fits are presented in Fig. S5. We observe that for the same value of 8¢ (which is quite small, 6 = 0.002), the PDF P(#")
obtained within the approach I is defined on a much shorter interval, as compared to the one obtained in terms of approach II, and
hence, the large-# tails are systematically heavier than the exact solution. The best-fit values of the exponents o obtained within the
approach I are a_ ~ 2.73 and o =~ 2.71, respectively, which are somewhat higher that the exponents deduced from the experimental
data (see Fig. 3 in the main text). This implies that the accuracy of approach I, which is used to analyze the experimental data, can
be somewhat improved by reducing 8¢, but the latter cannot be made arbitrarily small due to natural limits imposed on the sampling
frequency of imaging the trajectories in Ref.€. In turn, approach II appears to be more accurate giving the values of the exponents that
are closer to the predicted value.
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