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POINTWISE MULTIPLIERS FOR
TRIEBEL-LIZORKIN AND BESOV SPACES ON LIE GROUPS

TOMMASO BRUNO, MARCO M. PELOSO, AND MARIA VALLARINO

ABsTRACT. On a general Lie group G endowed with a sub-Riemannian struc-
ture and of local dimension d, we characterize the pointwise multipliers of
Triebel-Lizorkin spaces F45'? for p,q € (1,00) and a > d/p, and those of Besov
spaces B5'? for q € [1,00], p > d and d/p < a < 1. When G is stratified, we
extend the latter characterization to all p,q € [1,00] and a > d/p.

1. INTRODUCTION

The problem of describing explicitly the pointwise multipliers of function spaces
is one of the basic questions when studying their role, in particular, in the theory of
partial differential equations. In the Euclidean setting, the case of Sobolev spaces
was first consider by Strichartz [25]; his result was then extended to the case of
Triebel-Lizorkin spaces by a number of authors, see e.g. |26, 2.8] and the references
therein. The case of Besov spaces turned out to be more difficult and was object of
several attempts, see e.g. [19,/21,/23,/24], until it was very recently solved by Nguyen
and Sickel |20]. To the best of our knowledge, however, no result is available in
higher generality than R?. In this paper we consider such problem in the case of
Besov and Triebel-Lizorkin spaces defined in the sub-elliptic setting of a general
Lie group.

Beyond the classical potential spaces on R¢, in recent years the theory of function
spaces on manifolds, in particular when these are endowed with a sub-Riemannian
structure, has been at the center of intense research efforts. The standard prototype
for such a situation is the case of connected Lie groups, when the classical Laplacian
is replaced by the intrinsic sub-Laplacian with respect to a Hormander system
X of left-invariant vector fields. The ground work for Sobolev, Triebel-Lizorkin
and Besov spaces on general Lie groups was laid in [5}[6|7], see also [10L|11L/15],
where equivalent descriptions and norms, embeddings, interpolation and algebra
properties, among other things, were obtained.

The aim of this paper is then to characterize the pointwise multipliers for such
Triebel-Lizorkin spaces FP? and Besov spaces B24, which we denote by M FZ-4
and M BP9 respectively, on a noncompact connected Lie group G. We obtain a
complete characterization of M FP4 in the range 1 < p,q < 0o, and « > d/p, where
d is the so-called “local dimension” of G, which depends only on G and X. The
case of Besov spaces turns out to be more challenging and, to a certain extent, this
should not come as a surprise in view of the Euclidean case already. For M B?9 we

Key words and phrases. Lie groups, pointwise multipliers, Besov spaces, Triebel-Lizorkin
spaces.
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2 T. BRUNO, M. M. PELOSO, AND M. VALLARINO

obtain a complete characterization in the case when G is a stratified Lie group. In
the case of a general Lie group, we characterize the multiplier space M B4 only
for certain ranges of the smoothness parameter o and for p > d.

The reason of this restriction is merely technical, and is due to our use (inspired
by [20]) of an equivalent Besov norm expressed in terms of a finite difference. In-
terestingly, it seems not clear what a satisfactory definition of a finite difference of
arbitrary high order should be on a general Lie group. We are able to say this on
a stratified group, and we discuss the general case at the very end of the paper.

The structure of the paper is as follows. In Section [2] we introduce some pre-
liminaries about the sub-elliptic setting of a Lie group; in Sections [3] and [ we
characterize M F?? and M BP:? for the above mentioned indices when G is a gen-
eral Lie group G, while in the final Section 5| we extend the characterization of
M BP:1 to all regularities when G is stratified.

2. SETTING AND PRELIMINARIES

Let G be a noncompact connected Lie group with identity e, let A be a left Haar
measure on G and ¢ be the modular function. We pick a family X = {X;,..., X,;}
of left-invariant linearly independent vector fields which satisfy Hormander’s condi-
tion, and denote by d¢ the associated left-invariant Carnot—Carathédory distance.
We shall sometimes write |z| = dc(x, ), and denote by B, the ball centered at e
of radius r. We recall that the metric measure space (G, d¢, A) is locally doubling,
as there exists d € N (depending on G and X) such that

C vt < \(B,) < Cr? Vre(0,1],

where C' > 0 is a constant independent of r; but that in general it is not doubling,
as the growth of A\(B,) can be exponential for large r’s. For this fact and all what
follows, we refer the reader to [56},7,8] and the references therein.

If p € [1, 0], we shall denote by LP the classical Lebesgue spaces with respect to
A, and their norms will be denoted by || - ||,. The convolution between two functions
f and g, when it exists, is defined by

frg(a) = /G fa)a(y ) dAw),  zeC.

We denote by L the operator
L==) (X7 +(X;0)(e)X)),
j=1

which is symmetric on L2, is essentially self-adjoint on C2°(G), and is the intrinsic
sub-Laplacian associated with X; see [1,/18]. We shall denote by £ its unique
self-adjoint extension too.

The operator L is the infinitesimal generator of the diffusion (heat) semigroup
(e=*£)¢>0, which has a smooth convolution kernel which we denote by p;, t > 0. It
is well known, cf. e.g. [6, Lemma 3.1], that there exist constants C, ¢y, ce > 0 such
that

|z
t

|2
Cli %t < pa) < Ct™

d o|?
2

e vt e (0,1), x € G, (2.1)
and that for all h € N there exist positive constants C = C(h) and b = by, such that
X pe(z)] < Ct Spy(z) Wte(0,1),ze@ Je{l,...,xs}". (22

Here and all throughout, for J = (Jy,...,Jn) € {1,...,x}" the notation X ; stands
for the differential operator Xz, --- X, .
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2.1. Triebel-Lizorkin and Besov spaces for £. Suppose a > 0 and ¢ € [1, x0].
For p € [1,00), the Triebel-Lizorkin space F?? is the space of functions f € LP
such that, when m is the smallest integer larger than «/2,

1 d 1/q
ez = 151+ | ([ @eraeyme ey )

(2.3)

is finite, with the usual modification when ¢ = co. For p € [1, 00], the Besov space
BP-4 is the space of functions f € LP such that, when m is as above,

L dt\ "

Iz =11+ ([ =02 eeyme e 7 ) (2.4
is finite, again with the usual modification when ¢ = oco. By [6, Theorem 4.1],
for the above p and ¢’s any other choice of an integer m > «/2 in and
gives (respectively) equivalent norms. In case no distinction between F?'¢ and
BP:1 is needed, we shall write X27 to denote either of the two. We recall that,
by [6, Theorem 5.2|, if p € (1,00) and o > 0, then the space F?? coincides with
the Sobolev space LE, (cf. [5]), namely the space of functions f € LP whose norm

11z = 1l + 12272 F 11
is finite. If @ = k € N, moreover, by |5, Proposition 3.3]
Ifllzy = D I1Xsfllp- (2.5)
0<|J|<k
For later convenience, we define when p = oo
Al = > 11X flloo (2.6)
0<|J[<k

Here and in what follows, A < B for two positive quantities A and B means that
there exists C' > 0 (depending on G and other circumstantial parameters) such that
C~'B < A < C B. Analogously, we shall write A < B if there exists such a C such
that A < C B.

We finally recall that, given p,q € [1,00] and o > d/p, the spaces BSﬁD and BP1
are algebras under pointwise multiplication; and that the same holds for the spaces
F24, provided p € (1,00). See [6, Theorem 7.1]. In particular, if f,¢g € X29 and
the indices are as above, then

Ifgllxze S M1flxz o llgllxza (2.7)

2.2. First order finite differences and equivalent norms. We introduce now
first-order finite differences on G, and recall their role in providing equivalent norms
for the spaces X29 . Higher order differences will be discussed in due course, see
in particular Section [ and Remark [5.6]
For y € G, we define the first-order difference D, of a function f as

D, f(z) = flzy™") ~ f(z), z€G. (2.8)
If g € [1,00] and a € (0, 1), we consider the associated functionals (to lighten the
notation, we write V(u) = A(B,,) for u > 0)

seoso) = ([ o [ pswia] “" sea

and, if also p € [1, o0],

Az (f) = (/y|<1 <I1?5|£|p>q %(3)))1/‘1
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By |7, Theorem 8|, if p,q € (1,00) and « € (0,1), we have

£l Eze =< NS f llp + [1f 1o (2.9)
while if p, g € [1,00] and « € (0,1), then by |7, Theorem 9]
1fllBzs < [[fllp + AZI(Sf)- (2.10)

Let us stress that though the functionals S!°©¢ and AP4 are defined in |7] in terms
of a right Haar measure while here in terms of A, the two versions are equivalent
as the modular function is bounded above and below away from 0 on Bj.

For later purposes, we shall prove some properties of the finite differences D,
which will be of use. We first note that D, satisfies the following Leibniz rule: given
two functions f and g,

Dy(fg)(x) =Dy g(x)f(z) + g(zy ") Dy f(x),  x,y€G. (2.11)

We observe moreover that, if ¢ is a function such that supp ¢ C zB,. for some x € G
and r > 0, then for all y € By

suppDy, ¢ C 2B, 41.

LEMMA 2.1. Suppose p € [1,00] and |y| < 1. Then

(1) [IDy fllp S Ifps

(2) 1Dy fllp < 1yl 2251 X5 5 Nlps

(3) for all k € N and ¢ € C° there exist ¢ = ¢(k) > 0 and C(v)) > 0 such that
forallt € (0,1)

_ 1 e
IDy (L ™ )l < C)E 2 [yl Lsupp v e L,
where C(¢) depends only on ||| (see (2.6) ).
Proof. The proof of (1) is straightforward, since

1Dy £l S 1FCy™ Do+ 1f1p < (072 ) + DIl < 1F -

We then prove (2), and argue as in the proof of [9, Theorem 3.1]. Given y € By, let

Yy [0, |y]] = G be a horizontal subunit path such that v,(0) = e, v,(|ly]) = vy~ 1,

11y (8)] < ly| for every s € [0, [y]].
For every € G, by Taylor’s formula applied to the function s — f(xv,(s)) and
Hoélder’s inequality, one has

lyl * P
e —r@r < ([ 3 sy o)las)
lyl f
<l [ sl ds

so that

lyl "
Dy 15 < b [ SR s o o) d

SyPt sup 5P (v (s) / ZHX flI”d8<|y|”ZHX Al

s€[0,yl]

To prove (3), observe that by (2)

1Dy (we™ L8 F)lp < IyIleX VL ),
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wt

and for ¢t € (0,1), by
X (0L e ), < 1Xj0 - LR f, + [0 X LR £,
5 ||lsuppw£ke_wf||p + ||1supprj£ke_t£f||p
St auppue 1l + 72 Laupp e £l

_1_ _
Stz k”lsuppwe Clt'C|f|||p7

for some c3, cq,c > 0 by (2.1, and this completes the proof. O

2.3. A covering lemma. The following covering lemma will be used all through-
out. It can be obtained as [2, Lemma 1|, see also [4, Lemma 2.3], with minor
modifications. For the reader’s convenience, we provide all the details.

LEMMA 2.2. There exists a countable family U = {x,,: n € N} C G such that
(1) G = Un anl;
(2) for all m € N there exists N, € N such that each element of G belongs to
at most N,, sets xB,,, t € U;
(3) for alln € N and m € N there are at most Nay, elements © € U such that
By, Nx, B, is nonempty;
(4) for all m € N there exist Ny, + 1 disjoint families of indices Iy, k =
1,..., N, + 1 with the property that
Np+1
N= |J &, Vk=1,... Nn+1, do(ze,an) >m Vhe Iy, L#h.
k=1

Proof. By Zorn’s lemma, there exists a countable maximal subset U of GG such that
the sets xBy,9, * € U, are pairwise disjoint (recall that a connected Lie group
with the topology of the Carnot—Carathéodory metric is second-countable, hence
separable). Now, take any element z € G. By maximality of U, the set 2B/,
meets at least one set xBy /o, € U. It follows that z € mBl/QB;/é C B and (1)
is proved.

Pick now m € N and suppose that a set zgB,, meets N = N,, other sets
21Bp, ..., N Bm, with z; € U. Then xoBmB;L1 > z;, whence xOBmB;llBl/Q
contains the sets x;B; /2, j = 0,..., N, which are pairwise disjoint. It follows that

AN BB By js) = M2oBn B, By j2) > (14 N)A(By 2)
whence 1
AMBnBp Bija) _ MBam+t1/2)

(1+N) < A(By2) = AByp)

and (2) is proved.

To prove (3), observe that if B, N x,B,, # 0, then d(z,,x) < 2m, thus
Zp € xBay,. By (2), the number of such z’s is at most Na,,.

It remains to prove (4). Consider a maximal family U; of points in I such that
x1 € Uy and d(zg, xp) > m for all xy, x, € Uy with £ # h. Then pick z,, € U \ Uy,
and consider a maximal family Uy of points in U \ Uy such that z,, € Uy and
d(zg,zp) > m for all xy,z, € Us with ¢ # h. Proceed recursively: at step k,
consider x,, €U\ Uf;ll U; (if any) and consider a maximal family U, of points in
U\ Uf;ll U, such that z,, € Uy and d(z¢, xp) > m for all z¢, ), € Uy, with £ # h.

Suppose by contradiction that one can proceed for more than N, + 1 steps.
Then there exists an element z,, ., €U\ ij:"fl U;; but by maximality of each
of the Uis, for all j = 1,..., Ny, + 1 there is &; € U; such that d(wny, ,,,Tj) <m.
Then

Trnin € EiBmy  Yj=1,..., Ny +1,
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and this contradicts (2). The required I;’s are then the indices of the elements in
U;. O

We shall not stress the dependence of N on m in the following, as this will not
play any role. We shall refer to points (2) and (3) in Lemma as the bounded
overlap property.

2.4. Pointwise multipliers. We begin by setting some notation. First, we pick a
smooth function 7 on G such that 0 <7 <1, n =1 on By and suppn C By. Such
a function will be fized all throughout. Then we consider the following family, to
which 1 belongs.

DEFINITION 2.3. We shall denote by € the class of smooth cut-off functions
€ = {fGC’gO: 0<¢<1,¢£=1o0n B; and suppé C By, forsomemeN}.
Given any £ € €, we set

&n

n = 7:1'7 nd n — =
=8, ), a 3 >

where x,, € U.
By Lemma [2.2] for every £ € ¢ there exists N € N such that

1<) &) <N, =€, (2.12)
neN

since for all z € G there are at most say N nonzero terms in the sum above. Hence,
forall £ € ¥

> & =1,  suppéy =supply =z suppé C 2, B,
n

where m € N is such that supp & C B,,, and still for all x € G there are at most NV
nonzero terms in the sum for some N € N. Though it is not true that &, is a (left)
translate of &, it is still true that for p € [1, o0

sup sup || X &, < oo. (2.13)

n |J|=m
Such an estimate is a consequence of (2.12)), the fact that én is a left translate of &
and the left invariance of the norm and of the vector fields X;.
In particular, all the above holds for 7.

DEFINITION 2.4. Suppose p,q € [1,00] and o > 0. We say that a function f is

uniformly locally in X2, and we write f € X2? .. if

| f 1l x2 unit = Sup || fnnl| xze < oo.
neN

We denote by M X294 the space of multipliers of X?-¢, namely the space of functions
[ such that [|fgl[xrze < C(f)|lgllxze for all g € X219, endowed with the norm
| fllarxze of the infimum of all such C(f).

In the following lemma we prove few basic facts which will be of use all through-
out. In particular, we show that for the range of indices which we shall be interested
in the definition of X' ., is independent of the choice of 7. In other words, if one
replaces 1 with any other £ € ¥, then the two norms are equivalent.

LEMMA 2.5. Suppose &, ¢ € € and let f be a function. Then the following holds.
(1) For allp € [1,00)

IFIE <Y 1f&nllts Il flloo < sup [1/&nloo- (2.14)

neN
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(2) Forp,q € [l,00] and a > d/p orp € [1,00], ¢ =1 and a =d/p if X = B,
and p,q € (1,00) and a > d/p if X = F,

I fénllxza < || féallxra VnEN,

2.15
sup || f&nllxza < sup || fon | xza. (2.15)
neN neN
(3) If J is a multi-index and p,q are as in (2), then
sup ¢ (f&n) (2.16)
neN

Proof. To prove (1), consider first the case p < oo and observe that

i = [var= [ (Sire)" o

For all z € G, by Lemma@there are at most N functions &z, ..., &,z such that
Ene (x) # 0, with N independent of z. Thus,

P
/G(Enilf'ﬁn) aA = /G 2\l ax =3 el (2.17)

where the constants depend only on p and N. The case p = oo is similar: the
inequality

[fénlloe < N€nlloollflloe < N1 flloo
follows by ([2.13)); moreover, for x € G

|fl(x Z|f| Zm ng (2) < N supsup| f(2)én ()]

so that also the other inequality follows.
The equivalences stated in (2) and (3) are consequences of the algebra property,
cf. . wherefrom the restriction on the mdlces) Let ¢ € € be such that ¢ =1

on supp&. Observe that £ = 1§, whence §k = §k¢k and & = fmbk for all k£ € N.
For n € N, by (2.7] .

1Fllxzs = || (X&) 7] .
(Seise], . <[

By left-invariance, the bounded overlap property, and the algebra property we now
have

XxPa HfgnHXp a.

[

ngq

N ~
oI5

N
<|[(X&m)| ., lelxzs < Nllglxpsllllxgo,
j=1 “

the last quantity being finite since it is the norm of a smooth and compactly sup-
ported function. We conclude that

1F€nllxzs S 1f&nllxna.
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To prove the converse inequality in (2.15)) we first write

Vel = |(S) s
B H (%:gm>_11/~)nf§n xX& s H(%:gm>_ld~}"

again by (2.7). For a > d/p, by |6, Theorems 5.1, 5.2, 5.3|, we can find a positive
integer k such that L} < XP9, so that by (2.5)

(&) ool 2 [(28n) 0],
s ”;kuxf«;ém)m ,
< T () )t

[I|+]J|<k

g,
@

st
p

by the left-invariance of the vector fields. This concludes the proof of the first

equivalence in (2.15]).

We now prove the second equivalence; by symmetry, it is enough to prove one of
the two inequalities. For n € N, let m}, ..., m}, be the indices such that Ty supp &
intersects x, supp ¢. The number M depends only on & and ¢, but not on n, by
the bounded overlap property. Then

M
fgn = Z fgn(bm;fv
j=1
whence, by using (2.15) and the left-invariance of the norms,

B M
& fomr
j=1

1fénllxpe S If&allxpn =

Xg#?

S llnllxzo

n
XIJMI
@

< €llxzaM  sup  |[fomrlxza S sup [|fdm | xza,
j=1,...M m

which completes the proof of (2).
To prove (3), observe that for n € N there are ki, j=1,...,N, such that

16n X fllxp0 =

and by (2.7)
1€ X (FER I xza S 1€nllxza | X (fExr)

fnZXJ féur)

’ <Z||ETLXJ fgk")Hqu

\Xg"? N SI;P ||XJ(f§k)||X§*q7

where we used that ||€,]| xza S [|€n ] xze = [|€]|xza. This completes the proof. O

We are now ready to show that a multiplier of X294 for o > d/p, belongs to
p.q
a,unif*

PROPOSITION 2.6. Suppose a > d/p and p,q € [1,00] if X = B or p,q € (1,00)
if X =F. Then MXET — X[t

unif
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Proof. Pick f € M XP?9 and observe that by (2.15)
Sup || fmn| xza < sup || fllarxzlnallxzo
n n
S I laexcza sup 7l xzs = [fllarxzalinl xze,
n

and the statement follows. O

3. MULTIPLIERS OF TRIEBEL—LIZORKIN SPACES
In this section, inspired by [25], we shall prove the following.

THEOREM 3.1. Suppose p,q € (1,00) and o > d/p. Then MFP9 = F?? . with
equivalences of norms.

We begin with the following proposition, which in particular provides an equiv-
alent characterization of the Triebel-Lizorkin norm of a function by means of the
localizing functions in €.

PROPOSITION 3.2. Suppose p,q € (1,00) and a > 0, and let {p,)} be a sequence
of smooth functions such that supp(©(,)) € 2n By, for some m € N, where {x,: n €
N} = U is as in Lemma and with all derivatives of order < a + 1 along X
uniformly bounded. Then, for every f € FP4,

1/p

(X remligs) S lepe. (3.1)

neN
If € € €, then

1/p
1flleze =< (D2 If€nlga) (3:2)
neN

Proof. Assume first that o € (0, 1) and pick f € FP4. By

1 q 1/q

setten ) < ([ |oapes [ 1D s@lem@lom]| %)
o LuV(w) Jiy<u u

: </°1 [ua‘i(“) /y|<u 1@y Dy o) ()] d/\(y)]q duu)l/q
= In(z) + Jn(z).

On the one hand,

p
Sl = [ Sirans (s oo @) ISl £ 1Sl

On the other hand, since supp Dy ) € 2, Bpy1 when |y| < 1, one has J, =
Jnlz, B,r- By Lemma (2) applied to ¢,y with p = oo,

000 S s [ [y [ ] )"

! q d 1/q
</ [ua|f1zn3m+2| * gu(x)] u)
o LU u

S Sup |f1$an+2|*gu(I)7
u€e(0,1)

N

where g, (y) = ﬁlgu (y). Then, by Young’s inequality (cf. [8] (2.2)]),

1 nlly S 112, Biallp sup llgully < 11f1a, 5,5
u€(0,1)
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Thus,

>y S 1.

n

Therefore, using (2.9)), the bounded overlap property and the uniform bound on
o) lloo

(Srewligs)” s (Slremlz)” + (st pcos )"

SIfllp + 182 o S NFllgpa-

This shows the inequality (3.1) in the case o € (0,1). If @ = k+ o' with k € N and
"€ (0,1), then by [6, Theorem 4.5]

ez = D0 X2 fllema, I emlleze = D IXi(Fom)llers.  (3:3)
<k [1|<k

Since

Xi(fem)) = Z cr (X7 f)(Xpem)),

[JISHLILI< =[]

arguing as in the case a € (0,1), with X;f in place of f and with X1, in place
of (), we obtain

1/
(Zn XN s) " 1K Flens < fleze,

whence
1/
(Z\\fwn)llFm) <l

Thus, inequality (3.1) follows for all & > 0 which are not integers. The integer case
follows from interpolation. Indeed, if k£ € N, then by (3} §5.6] and |6, Theorem 6.1],

(P (P, 0 (FD9)) 12 = O (EL FD9 ) ym) = € (FPY),

but also, by what shown above,
(P (FL5) P (F3o))n 2 = ( k/Q’F?;:)k/Z)[l/?] = K

all with equivalences of norms. This proves .
In order to prove we only need to prove the reverse inequality, assuming
that £ € € and &, is as in Definition [2.3] We have that

S(f) = s;?“q(Z f6n) < 2SS,

n

We observe that, if {g(,)} is a sequence of nonnegative functions such that supp g,y €
Zp By, for some m € N; with {z,} as in Lemma then
1/p

H > 9w = <Z ||9<n>||z’§) (3.4)

Thus, if the right hand side of (3.2)) is finite, since supp S°%4(f¢,,) C &, By, for
a € (0,1) we have

1/p 1/
I+ IS < (S sely)  + (S hstoreig) ™
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which gives the desired conclusion when « € (0,1). To conclude, suppose now
a > 0 is noninteger and o = k + o with o’ € (0,1) and k € N. Then, again by the
norm equivalence (3.3)), we observe that

Sy (X1 f) < Zsl‘”"’ 1(f€n)

and that supp S°¢4(X;(f¢,)) € £nBume, so that for |I| < k, arguing as in (3.4),

X fllpze = X0 llp + 1S U (X2 )l

< (Sixve) "+ (Sisxes)
< (D IxGe) " < (D)

Thus, the statement follows for all & > 0 which are not integers. The integer case
follows from interpolation as before. O

COROLLARY 3.3. Suppose that p,q € (1,00), @« >0, and £ € €. Then
I fllasppee =< Slelg I f&nllarrna. (3.5)

Proof. On the one hand, by Proposition [3:2} for g € F29 one has

angHng 5 ||g||F,§,"qa n e Na

whence [|&,||prpre S 1 uniformly for n € N. Then,

I f&nllarrrs < N fllavppallénllprree S flIapea,

which is a bound independent of n, from which the inequality 2>

Conversely, let ¢ € € be such that ¢» = 1 on suppé, so that &, = §nzzn. Now, if
the right hand side of (3.5)) is finite, and g € F?'?, by Proposition we have

Ioles < (3 I7€nslZg)
> I Eutnsliga)

1/p
< sup | fullasz q(§ ngilge) " S supll llamgalglog
n

whence the inequality < in (3.5]). d

Proof of Theorem[3.4} If f € MF24, then f is uniformly locally in F£¢ by Propo-
sition Viceversa, assume that f is uniformly locally in FP9. Let ¢ € € be
such that ¢ = 1 on suppn, so that 7, = n,1¥,. Then for g € F29, by the algebra

property of FP? (recall (2.7)) and Proposition
~ 1/p
2o S (S Ufnainoly )
n
/p

- 1/p
Sswlfnalrz (3 10l (anngnFM) < llgllrp,

and the theorem is proved. O

/gl
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4. MULTIPLIERS FOR BESOV SPACES

In this section we deal with the pointwise multipliers for the spaces B29. On
the one hand, as already explained, the Besov case is intrinsically different (and
more difficult) than the Triebel-Lizorkin case, and the pointwise multipliers differ
depending on whether ¢ > p or ¢ < p. On the other hand, because of the lack of
a suitable notion of high-order differences in the full generality of a Lie group as
in the previous sections, we are unable to get a characterization of M B?-? for all
indices p, ¢ € [1,00] and « > d/p (which will instead be obtained in Sectionbelow,
when G is stratified). We shall slightly restrict the ranges of p, ¢ and « involved,
and get the following.

THEOREM 4.1. Suppose p,q € [1l,00], d < p < q and o € (d/p,1) + N. Then

D,q p,q . :
MBP1 = B%unif, with equivalence of norms.

The case when p = ¢ = 1 and « = d is somewhat special, as Bé’l = F;’l is also
a Triebel-Lizorkin space and it is also an algebra (cf. |6, Corollary 7.2]). Thus, it
can be treated as in the previous section. We have the following.

THEOREM 4.2. MBi’1 = Bé:inif with equivalence of norms.

The theorems above cover the case ¢ > p. Before we describe the case ¢ < p, we
give the following.

DEFINITION 4.3. For @ > 0 and p, ¢ € [1, 0], we shall denote by MZF9 the space
of all f € L such that

loc
”fHng = Sup<1 H Z’Vnnnf

lynller <

BE
is finite, endowed with the above norm.
Then we have the following.

THEOREM 4.4. Suppose 1 < g <p < oo, p>d and a € (d/p,1). Then M B2 =
MP-1 with equivalence of norms.

The reason of the restriction on the a’s will become clear soon, and is due to
the fact that we use first-order differences only. The approach followed for Triebel—
Lizorkin spaces does work in this case, unless p = ¢ (which amounts to B2P = FPP),
since the analogue of Proposition [3.2] fails for Besov spaces.

The remaining part of the Section is devoted first to some technical results, then

to the proofs of Theorems and

4.1. Some equivalences of norms. We shall need a characterization in the same
spirit as (2.10) which involves the modulus of smoothness w1, defined as

wl(f,t,p)z Sup HDnyp t>0.
ly|<t

We begin with a few lemmas.
LEMMA 4.5. Suppose p,q € [1,00] and o € (0,1). Then

1 ar\ V4 1/q
15+ ([ s 1D, 7175 ) = sl + (St

lyl<t keN

Proof. Tt is just a standard discretization and reconstruction of the integral. O

LEMMA 4.6. Suppose p,q € [1,00] and o € (0,1). Then

1/q
1l + A29(F) = [1£]lp + (Z@kawl(f,z-k,p»q) < 1 Fll e

keN
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Proof. By (2.10)), it will be enough to prove the chain of inequalities

1/q
1l + AZICF) < 1 Fll + ( Z(zkwf,ﬂ,p))q) < 1/llsz-

k

The first inequality can be easily seen by decomposing the ball |y| < 1 into annuli
27F < |y| < 27%*1 k € N. To show the second inequality, by Lemma it is
enough to prove that for m > 1

1 de\ 1/ dt\ /1
([ s 1o, 71 ) <ot + ([0 remeen, )
0 ly|<t
Recall that, see e.g. |6, (4.1)],
. 1 ! m, —sL ds = Z L
I G, e T e gt

The second term is easily dealt with, as by Lemma (2) and the LP-boundedness
of the heat semigroup

IDy (L™ F)llp < Iy\ZI\X LTl S Tyl fllp-

Jj=1

As for the first term, we note that by (2.2]) and again the LP-boundedness of the
heat semigroup

m,_—S —s m 1 _s m
1X5(sL)™ e fllp = 1X;e ™4 (sL)" fllp S 57 %™ F(L)™ flp,
whence by Lemma [2.1] (1) and (2)

sup
lyl<t

1
Dy/ (Sﬁ)me_“f@
0 S

1
< / sup || D, ()" 1, 2
p 0 |yl<t

< [ mings ey, 2

1 q 1/q
D, [ (seymeser ) Cf)
0 S lp

1 1 dar\ V4
o —1/2 mfsll
([ ([ o zoieeyeep, £) )
Since

1 1
ds dt
/ ts/? min(1, 1/2t) <1, / o s/? min(1, 1/2t) <1
0 s 0

Then,

1
(/ (t_a sup
0 lyl<t

t )

uniformly for ¢,s € (0,1), respectively, by Schur’s test

([ ([ romnasrenioerees, ) 4) :
: </01< —o/2(sL)me= 5L f,)1 ds)”i

and this completes the proof. O
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4.2. Localized norms. The aim of this subsection is twofold: on the one hand,
we shall show an analogue of Proposition [3.2] for Besov spaces, but in a necessarily
weaker form; and this sheds some light on why the Besov case is more involved
than the Triebel-Lizorkin case. On the other hand, it will provide us with a useful
result, namely Corollary below, which we shall need to prove Theorem Let
us give the following definition.

DEFINITION 4.7. Suppose p,q,r € [1,00] and a > 0. We denote by X2%" the
collection of all f € 8 such that

1/r
Ilxzer = (X Il ) <0

neN
with the usual modification in case r = co.

In view of Definition @ Proposition @ can be rephrased by saying that F2? =
FP%P with equivalence of norms when p,q € (1,00). In particular, since BEP =
FPP we also get that B2P = B2PP for p € (1,00). As we shall see in Corollary
below, this actually holds for p € [1, c0], but the situation for general p, g, r is quite
different. Indeed, we have only the following results which, on R?, are “if and only
if”; cf. |20, Proposition 3.6]).

PROPOSITION 4.8. Suppose p,q,r € [1,00] and a > 0.

(1) If r < min(p,q), then BL:9" — BPA:
(2) if r > max(p,q), then BL:9 — BP®T,

Proof. We shall suppose that « is not an integer, so that o = kg + o’ with kg € N

and o € (0,1). When « is an integer, one can argue by interpolation as before.
We begin by proving (1). We first recall that |6 Theorem 4.5

I lsze = D2 IXsfllgrs (4.1)

[J|<ko

Then, by Lemma [4.6]

, 1/q
TS (||XJf|p+(Z<2’m sup ||Dy<XJf>||p>Q) ) (4.2)

—k
|J|<ko k ly|<2

Fix J such that |J| < ko. By arguing as in (2.17) and since r < p,

1Al = || D2 Xa(Fma)

p
1/r

1/p
< (ZHXJ(fnn)lg) < (ZXJ(fnn)IIZ> < 1l

We consider the second term in (4.2), which we write as )~ ;4 ofs. Since
supp Dy (X ;(n, f)) C 2, B3, by Lemma (2) arguing as in (3.4, we get

Dy (X, 1) < (Z | Dy<XJ<nnf>>|) <D, (X )
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with a uniform constant depending only on (N and) r. Then, since p > r,

o= (S s [(Eoc0mn)] ")

k ly|<2~F n p/r
(T s [ S| )q”)r/q
- k Iy\<2p”“ n v p/T

, r/q
(@ s 1D, D))

K n lyl<2~

It remains to observe that the last quantity equals

H(}njz’w’r sup 1D, (Xs(m ;)

)
ly|<2-* easr

so that by the triangle inequality in £4/" (¢ > r) one gets

b S DN sup (DY (X)) I5)kl gare

lyl<2—*
, r/q
= Z <z:(2’m sup || Dy(XJ(Unf))Hp)q)
n k |y‘<27k

S NX s < 1 g0
n

Thus (1) is proved for r < co. If r = oo, then 7 = p = ¢ = c0. By combining (2.14))
and (2.16)), one gets || X fllco < sup,, | X7 (f7n)|loo- Moreover

Dy Xsf@)| S D IDy(Xymaf))(@)] S sup | Dy(Xs(naf)) ()],
n:x€x,B(e,3) "

so that we conclude
[y~ Dy (X ) < sup [ Xo(mnf)lpgee = [l pgorooee

which completes the proof of (1).
We now prove (2). Since again by (4.1))

1/r
Flszer = (30 Wil

n |I|<ko

1/r
s(z 3 ||X1f-XJnn||;g,q) |

n|I|4|J|<ko
it will be enough to show that

(Sierxomlp)+ (2 (e sup 1,008 ) )

n k ly|<2—*

1/q
< IX2fll + (Zm%l <xff,2—k,p>>q) (13)

k
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whenever |I| 4+ |J| < ko. The first term in (4.3]) is easily dealt with: using r >

p. ([213) and arguing as in (2.14)
1/r 1/p
(S Xomally) ™ < (S 0X0f - Xomall)
» 1/p
S | Xgmlloe (SIX0f - Lemenlt) S XSl

Next, we consider the second term in the left hand side of (4.3)), and we call it E(f).
By the triangle inequality in £7/9 (r > q) and then by the embedding ¢ < ¢" (r > p)

(szaq@ sup I Dy(Xrf XJnn>|p>q/r>1/q

n lyl<2=k 44
a/p\ 1/4 (4.4)
< (XM o, apsonr Xl )
n y|<2
Recall now that for all m
1
Xif = ———= | (tL)y"e X ﬁf X
1f (m_1>./<5> f +Z 1f
(4.5)
=Y fraon + Z g,ﬁz e FX f,
LET

where f, =0 if £ <0, while if £ > 1

1 o inw Ll
f‘(m—m/ﬂ (L)"e " Xe S

We choose any m > 1 (m = 1 would suffice, but we maintain greater generality for
later use). Then, E(f)? < 19+ 11?7, where
p\ 4/P
)" s
P

Z2a kq(Z sup Z | Dy (Xgmn - foron)]

n WI<27F T orso

while

m—1 q/p
I[q_ZQqu(Z sup ZHD XJ77n rle EXIf)p> ) (4'7)

k n ly|<2—* /=0
As for II, since by Lemma- and (|

| lsup . ” Dy(XJnn : ‘CeeicX[f)”p 5 27k|‘lsuppnneic£|XIf|”pv
y|<2—F

we obtain, since m > o and arguing as in (2.14))

/ a/p\ /4
15 (52 (2 g, e <X711) ") S X0
k n

As for I,

IQ<Z2‘”’1<Z( > sup ||Dy(XJnn'fe+2k)||p>p)

n o tq2k>1 lyl<27F

q
522“"“1( Z (Z sup | Dy (X s - fz+2k)||§)1/p>.
k

42k>1 - n WIS

a/p
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Notice now that for £+ 2k > 1 and |y| < 2%, again by Lemma (3) and ([2.13))
I Dy (Xnn - feran)llp

g—t—2k+1
e o—t—2k—1 m _g—f—2k—1 dt
<[ e T e e )
gt
9—f—2k+1 dt (48)
—0—2k ——2k—1
5 2@/2 Hlsuppnne—CQ £|(t£)me—2 £X1f|Hp7
2—(—2k

_o—t—2k _ _o—£—2k—1
S 277 Lgupp, e E2T R Lyme 2T T A |

Therefore, by the bounded overlap property and the LP boundedness of the heat
semigroup,

sup || Dy (Xymn - forar)llh
n lyl<2=k

S e R e 0¥

S 2|2 D Lyme T e

Moreover,
1/p 1/p
(> | Dy (X ferzll) S (301X fesanl)
n 1Y<27 n

S ferarllp
B o t—2k-1
S|l R Lyme=2 X1 fllp

In other words

1/p . _ m o t—2k—1
(Z‘ lsupkHDuXJnanzk)Hz) S min(1,2172) (27D Lyme2 LK g
n lyl<27F

Hence,

ok q\ 1/q
I,s(Z(?” 3" min(1,2¢/2)[ (2D Ly “XIfnp)) ’

k 0+2k>1

and by the triangle inequality in ¢ we get, as m > «,

1/q
153 min(1,2%) (Z 2“"“”(2<‘+2k+l>£>me2“’“ﬁxzf|2>
k

LeZ

1/q
<3 2% min(1,2"?) (Z A (2(”%“)E)meQHHCXIf||Z>

£cZ k
SIXifllsee SN Flsze,
which completes the proof. O

COROLLARY 4.9. Ifp € [1,00] and o > 0, then BEP = BPPP,

REMARK 4.10. As the proof of Proposition [£.§ shows, the only properties of 7
which were used were those of all functions in %. In addition to this, the proof of
part (2) shows also that for all p € [1,00] and £ € €

~ 1/p
<Z ”fgn”Bg‘p) 5 Hf”ngP.

neN
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4.3. The case ¢ > p. We now proceed to proving Theorem One implica-
tion is given by Proposition 2.6f The other implication is given by the following
proposition.

PROPOSITION 4.11. Suppose d < p < g < oo and o € (d/p,1) + N. Then

If9llpzs < lgllszall £l 2 unie
for all g € B2 and f uniformly locally in B21.

Proof. Let £ € € be such that £ = 1 on suppm, so that {&n = n and gnnn = .
By assumption, o = kg + o with d/p < o < 1 for some ky € N. We begin by
observing that by (4.1))

Ifallppe = > I1XrfXsgllprye,

[T|4+]J|<ko
so that we shall consider, for |I| + |J| < ko, the quantity
1 X1 fXgllprs

1/q
< X1 X gl + (Z(z’m sup 1Dy (X1 X9) )" )

/ ~ a\ 1/q
SIS Xoal + (X (2 sw | S0, méxirXs)| ) )
k ly|<2~F n P
where we have used the identity gnnn = 1,- On the one hand,
X fX a9l S || D I X1f11€n X gl

S sup 02 X1 flloo [ Xr9llp S NlgllBzo | F1 5229 uni
n

the last step thanks to ([2.16)), Proposition and the embedding B?? — L,
cf. |6, Theorem 5.1]. Moreover, by ([2.11))

| Dy X1 - &nX19)] < |00 X1F) Dy(€n X 19)] + [(€aX59)(y~") Dy (0 X1 ).
Suppose |y| < 1. Since all the terms appearing in the right hand side above are
supported in x, By, as in (2.14) we get

2(2’“’ sup ZDy(nnXIf-EnXJmH)
k n P

ly|<2=F

- /
32w (S1onXi) DyEsolly)”

~ /
22 p (Y I Xs9)(y Dy Xif)lE)" " = o8 + 0.

ly|<2—F

We shall estimate oy and oy separately.
Since B, — L, and again by (2.16),

100 X1f) Dy (€nX59)llp < Dy (€n X5 9)llpll71n X1 0
S Dy (EnXs9)llpllf 1l 5227 i

whence

L a/p\ 1/9
w0 (X (27 swp SUDEXE) ) Ufloe e
k

ly|<2=F neN
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As in (4.5), now we write for m > 1

m—1
anJg = ZgnQQk—&-é + fn Z 7 Ee £XJg7
LEL 1=0

which yields

q/p
5 (247 sy i, Exs0ly)

k lyl<2=F
_ m—1 _ P\ 4/P
S sza q(Z sup || YDy (Engarre)l + Y |Dy(6nlle X )] )
lyl<2=* 1l ez, =0 P
< e 411

where I and IT are as the ones in (4.6) and (4.7) with g and En in place of f and n,,
respectively. By proceeding exactly as in the proof of Proposition .8 we conclude

o0 S ”g”Bg’qu”Bg‘q,unif'

We now consider o7. Since
”(anJg)( )D (nnXIf)Hp < ”(anJg)”oo” D (ﬂanf)Hp,
we get
. q/p\ 1/4q
(X (27 s G XD XiIg) )
k n 1yl1<27
By the triangle inequality in £9/7, Lemma and (2.16]), we get

~ , p/a\ 1/p
< (Tl (X2 s 1Dy xa01) )
n k <2~

ly

~ 1/p
S (S IEKagl2 X1y )

_ 1/p
< (annngzzo) Ti—

Let now ¢ > 0 be such that o/ —& > d/p. Since BY)Y _ < L° again by |6, Theorem
5.1],

1/p

~ 1/p _
(Tlexm) s (TIExmly, ) <Xl @12
n n

the last bound by Remark Since B2 < B"P by |6, Theorem 5.1], we finally
get

o1 S l9llszo 1 £l 527 unie

and the proof is complete. [l

4.4. The case B;’l. Recall that for all p € [1, o0], Bp} is an algebra. The condition

g > p and g € [1, 00] restricts to the space Bcll’l. We have the following proposition,
which together with Proposition concludes the proof of Theorem

PROPOSITION 4.12. For all g € By and f € Byl .

1l < lllgt 171 53t e
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Proof. Let € € € be such that £ =1 on suppmn, so that £én =n and gnnn = 7. By
Corollary the algebra property of Bcll’l7 and Remark

1fall gz S D 1) Eng)ll g
S Z ||77nf||B;’1 ”gngHB;’l

S gt i 2 I€ngllgra S It miellgll 1,
n

and the proof is complete. O
4.5. The case ¢ < p. We begin with a lemma.
LEMMA 4.13. Suppose p,q € [1,00] and o € (0,1). Then B9 — MP1 — B

a,unif *

Proof. Pick n € N and choose the sequence (V) = 1{z—=pn}. Then >, vinrf = nnf,
and the second embedding follows.

To prove the first, observe that since /7 < ¢*° and by arguing as in (in
one direction), || f||asz-« is bounded by

» 1/p ( kap b Hp Q/P>1/q>
|7,?1|15<1<(;||7nnnf”p) + ;(2 |y‘si12p—k ; y(%ﬂ?nf) p>

< (o CED ST D, )lE)" )/)

n lyl<2~

so that arguing as from (4.4) on (with no derivatives) one gets || f| pze < || fllg2e,
and the first embedding follows. O

Proof of Theorem[].J} Suppose a € (d/p,1). Following (4.9) (with no derivatives)
we shall prove that given f € M2 and g € BE4

1/q
I+ (€ s ID,G01)) S Iflzelologe (013

k lyl<2—

This implies that || f|| a2 2 || fllarpze-
By (@.10).
1£9llp < Ngllszall Iz wie S Ngllszall fllarze,
the last inequality by Lemma [£.13] By arguing as in the first part of the proof of
Proposition [£.11] (we maintain the notation therein)

1/q
<Z(2ka sup Dy(fQ)llp)") S oo+ or.
L ly|<2—*

Since to estimate oy we did not use any condition on p and g, we might argue in
the same manner and get

g0 S ||g| |fHBg’q,unif 5 ||g| |fHng

again by Lemma
We are left with considering o;. Select, by Lemma [2:2] N disjoint families of
indices I, k =1,..., N with the property that

p,q p,q
Ba Ba

N
N=J I,  de(@mzn)>6 Vm,hel,m#k Yk
k=1

Then, for |y| <1 and m,h € I, m # h,
supp Dy (. f) N supp Dy (i f) € 2 Bs Ny By = 0
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and thus
S P IDy Nz = 3 / P Dy ()7 dA
nely nely

(4.14)

).

Now fix k =1,..., N and pick the sequence (we assume g # 0 here)

P P
nely nely, p

7191l 0

if n € I, v, =0 otherwise.
l9llpr

n =

If ~ is small enough, then the sequence (v,) is in ¢? and has ¢? norm smaller than
1; recall (4.12). This also shows that 4 can be chosen independent of g.
Therefore, by (4.11)), the embedding B2? C L* and (4.14)

q/p\ 1/4q
o1 < (Z(Q’“’"’ sup ZIISnQH ||Dy(77nf)||5> )

k ly|<2~
p\ 4/P\ /4
S0y ) ) & ol les
n

< lglpee (Z (2’”1’ sup
k

ly| <2~k

which concludes the proof of (4.13]).
Suppose now that f € MBE? and (,) € £F. Then (4.14) implies

£ llagze < Z swp_ || 2 |, (4.15)
k= 1||Vn‘ép<1 nely @
By the algebra property of BP9,
| 3 vt | . S 172 Z | (4.16)
nely *

where by ([2.13)

. q/p\ 1/4
| 32w ] 32 e (22 s (SID,olg) )
nely <2 n

/p . a/pN\ 1/
S (Slhumlp) "+ (2 s (S harivalg) )
n k Iy‘<2_k n
S 16l lnlsge 5 1

By (4.15)) and (4.16]) we conclude
[fllarze S (1f larsze

and this completes the proof. O

The case p = oo was excluded by Theorem [£.4] but it is easier as the following
shows.

THEOREM 4.14. Suppose a > 0 and q¢ € [1,00]. Then M B = B9 with
equivalence of norms.

Proof. One the one hand, B3> — M B> by the algebra property of B5*9. On
the other hand, since the constant function equal to 1 belongs to B5°9, one also
gets M B9 — B9, O
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5. STRATIFIED GROUPS AND WIDER RANGES

In this section we assume that G is a stratified group with the standard dilations
ds, s > 0, and X is a basis of the first layer of the Lie algebra g. We recall that G
is said to be stratified if its Lie algebra g admits a stratification

g = ‘/1 @ e @ VS)

where Vi =spanX, V11 = [V, V], for j=1,...,5—1, and [V4, Vg] = 0. We refer
the reader to [12L[13] for the basic facts on stratified groups.

In order not to cause any confusion, we shall stress that G is a stratified Lie group
in all the important statements of the section. We shall extend all the theorems in
the previous section to the case of all (allowed) regularities.

5.1. The case q > p.

THEOREM 5.1. Let G be a stratified group. Suppose p,q € [1,00], ¢ > p and
a>d/p. Then MBP1 = Bp’unlf with equivalence of norms.

Inspired by [16L[17], for m,6 € N and z,y € G, we define

m

SHECED Sl Y Pt 6.1

£=0

When 6 = 0, we shall simply write Gém) for G?(I(;). Observe that G;l) =D,.
The following identities hold true: for all m,0 € N,

(m) (m+1) (m)
Gy,Z+1 - Gy% + Gyirﬁl’ )

from which one gets
0
m ¢ ;
alm =3 (J) Gimt), (5.2)
=0

and moreover one has the “Leibniz” rule

ng)(fg) = Z (]) G(jé f Gy 0+j . (5'3>

j=0
All the above identities can be proved by induction, and we omit the details. The
following lemma is the high-order counterpart of Lemma

LEMMA 5.2. Suppose m,0 €N, p € [1,00] and y € By. Then the following holds.

(1) Gy fllp [1£1lps

@) 1GT Flly < 191 1 1 X0l
(3) for all k €N and ¢ € C there exist ¢ = c(k) > 0 and C(¢b) > 0 such that
for allt € (0,1)

1GS™ (L e )l < C@)E 2 Fy™ [ Lupp v €1 f]lns
where C (1)) depends only on ||[¢| Lz
Proof. Statement (1) is obvious. Statement (2) has been proven in |17, Proposition
1] when # = 0. We outline its proof following [16, Lemma 2] without giving
all the details. Since G is stratified, given y € B, there exist vy,...,vas, such

that y=! = vy ... vy, with v; = expX®, X € Vi, || < |yl, i =1,..., M (see
|13, Lemma (1.40)]). For every z € G, 0 € N, £ =0,...,m, we write

M
f(26040(y™ Z (z6eg0(v1 ... vi—1)8040(vi)) — f(@0ego(vr ... vic1))] + f(2).

i=1
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Notice that for every z € G, v € exp(V;), j € N

L F . 0)jamy = BI(05(0)),

where E(v) = 37, ¢j(v)X;. Taylor’s formula applied to the function s — f(2d5(v))
shows that
f(m§g+9(vl . vi,l)éug(vi)) — f(x(54+9(v1 . vi,l))
m—1 (E + G)k
k!
o™ [ gm- m
ot = B ka0 i) (00) s

By the previous equality, arguing as in |16, Lemma 2| for every ¢ = 0,...,m, we
can write

[E(Ul)kf] (I5@+9(U1 N ’Ui_l))

i
o

_|_

m—1

F@bero(y™)) = D (L +0)"Qu(z,y™") + R(z,y~". £ +0)

n=0

for suitable functions @,, and remainder terms R. It follows that

SHECED DD E il (4 SR NE

n=0 ¢=0

S (’}7) Ry~ 0+9)

=0
_ S _1\ym—¢ m T —1
=20 (€)R< w4 0),

where we used the fact that Y," (—1)*("})¢* = 0 for every k < m, and where
R(x,y~ ', £+ 0) is a linear combination of terms of the form

(0 + o) /0 (1— )™ Df(zu(s))ds,

with [u(s)] S |yl D =32, 5j<m P Xy, and i =0,...,m — 1. It follows that
1Gy& fllo S DIRC ™ L+ 0,
=0

S Y™ D XSl S™ D 1Xsf b,

[T]<m [7]<m
as required in (2).
Statement (3) can be proved as in Lemma by means of (2). t
Define

wn(f,t,p) = sup | GU™ fll,  t>0.
lyl<t

For p,q € [1,00], @ > 0 and m > « we have the equivalences of norms

1 dt\ Y1
£l Bzoa < (1 fllp + (/O (t=* sup || GI™ fl,)7 )

lyl<t t

1/q
= 1fllp + (Z(zkawm<f,2—k,p>>q) |

keN
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The first can be proved by putting together |14, Proposition 5.2] and |17, Proposi-
tion 4]. The second is just a discretization as in Lemma

We now proceed to proving Theorem [5.1}] One implication is given by Proposi-
tion [2:6] The other implication is the following proposition.

PROPOSITION 5.3. Let G be a stratified group. Suppose p,q € [1,00], ¢ > p and
a>d/p. Then

If9ll Bz S N9l Bzl £l 527 unie
for all g € B29 and f uniformly locally in B21.

Proof. Let £ € € be such that £ = 1 on suppn, so that £&n = n, and 7, = n,fn.
Then, for m > «
a\ 1/q
J)
First we observe that

Ifallsze = Mgl + (3 (2 sup
£l S | 3 uglinafl < lgllosup e < lglszel Fllmznme. — (54)
neN n

> G (fgnnta)

kEN lyl<2=*

the last step by the embedding B2'¢ < L>°. Then, by (5.3)
G0 < 68" nfo) = 216 n fag)

<Z(2m)Z|G2’” D (E09) G ().

Suppose |y| < 1. Since Gg(f;n_j)(gng) and Gz(f)(nnf) are supported in Bag,, 13, and
P — (1 we have

N a\ 1/q
(Z(le sup ZGém)(ﬁnfﬁng) ) )
& ly|<2—F D
(2 ) a\ 1/q
<Z(Zz’mq sup ZG “(&n9) G (0 f) )
ly|<2—Fk P

2m (2m—) 4 a/p\ 1/4
3 (S s (Sielr@ocpnn) )

=0 k ly|<2=F

2m
= O'j.

0

To estimate this last term, we separate the cases when 57 < m and j > m.
Suppose first 0 < 7 < m. Since B2 — L*>°,

1GCT D (E,9) G (maf)llp < | G (Eag) 1l GE (0 f)lloo
SIGET (&g lplnnf o
SIGET D (Eg)llpll 1l mze nie-

Thus
m m 0 q/p\ 1/4q
« 2m—
Yo s (2(2’”’ swp 371607 @al) ) I lsgomr
=0 =0 =0 ly|<2~F
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As in (4.5), we write (with 2m — j in place of m and with no derivative)

1 27 dt
_ tL)2m—J —tL ¢ 27 ¢ >1
ge (2m_j_1)!L£ (‘C) € ft’ -4

and g, =0 if £ <0, so that

gng = ZgnQQk-‘ré + gn Z 7 Ee

LEL

This yields

@ q/p\ 1/q
(X (2 sw Sleg Gal) ) sr+m. 65
k

lyl<2=F
where
ZQakq<Z su Z|G(2m J)(g )| p>q/p
p nge+2k
ly|<2—F b
o P\ 4/P
< Z 204@(2 <Z| fup . | G(2 J>(€n9€+2k)||?) >
k n 4 2
. 1/p\ 9
e (5 g 1))
k n W<
while

2m—j—1

_ q/p
74 = ZQO"W(Z sup Z HG (2m=j (fnﬁze_ﬁg)£> :

n lyl<2=F Ty

As for II, by . ) and Lemma [5.2] E ) with (2.13] -

o
sup || G (gLl M<ZSWHGMTM@ﬂ 9l
lyl<2-* o lyl<2k
—cL
SoRem=D|1 e e g,

whence we obtain, since 2m — j > m > «,

k _k —er a/p\ M/
1%<ZW%Z2kawcmm )smm

k n

As for I, when ¢ + Qk > 1 we observe that again by (5.2) and Lemma 3)

with -, as in , if |y| < 27F then

ndmﬂ@%mm

27272704»1

/2727% HG(2m J+h) (5 e~ (t=27 e—2k— 1)£(t£)2m G2 £—2k— lﬁf)H

124N
M- £

h=0
J amiE -2k —2k—1 dt
£(2m—j+h)/2 —c2” L 2 —2- L
I T [T (Rt A, %
h=0

< 2@(2m—j+h)/2H1 _ e—c2*@*2kc‘(2—(e+2k+1)£)
0

sl

2

supp &n
h=
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whence
sup ||G§,2,;n_j)(gn9£+2k)\|§
n lyl<2=k
J
< Z 2@(2m—j+h)p/2H(2—(e+2k+1)E)Qm—je—r“?k*lcg”g’
h=0
as well as
S i) 1/p ~ 1/p
sup | GO Gageran)l5) S (D I€ngesanlh)
n lyl<27Fk n

< Nlgesoklly
< (2R gy L g

In other words

i) 1/p
(3= sup 1GE ) Egeran)lly)
n lyl<2=*

J
. — _ m—i _p—l—2k—1
52 mln(1’2€(2 j+h)/2)”(2 (€+2k+1)£)2 Je 2 llng,
h=0

hence I < Z{L:O I, where

1

4q q
s (Z (2“’“Zmin<1, 2f<2m—j+h>/2><2-“+2’€+1>£>2m—je-2“"'lﬁgnp) )
k

LEZ

By the triangle inequality in ¢? we get, as 2m — j > «,

1/q
I, 5 Z min(l, 2@(2m—j+h)/2) ( Z 2ak(1||(2—(€+2k+1)£)2m—je_2lZk1£g|g>
14 k

— Z 2—[04/2 min(l, 2@(2m—j+h)/2)

¢
1/q
Vi (¢ i _ —[—Qk—lﬁ
~ <22a( +2k)q/2H(2 ( +2k‘+1)£)2m Je—2 g”;]))
k
S llgllszea,
and the case j = 0,...,m is done.

Suppose now that m < j < 2m. We have

1GE7 ) (€09) G maf)llp S NGET ™ (Eng) ool D ()l
< 1€nglloo | G (1 ) -

Therefore, by the triangle inequality in ¢4/7,

. ~ ) a/p\ 1/4q
75 (S (2 sw, Y lGallcfonnly) )

k ly|<2~
N . ] p/a\ 1/p
< (Z(1Eoie o2 s 16mniy) )
n k

1/p

- 1/p -
s(anm&nnnfngg,q) s(Znsng&) Flozrw.  (5:6)
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Let now £ > 0 be such that « — e > d/p. Then BY?_ < L>, hence

1/p

- 1/p -
(TlEsn) < (Sl ) < lolane, 57)

the last bound by Remark Since B21 — BPP | we get

o; S llgllszall e

also for m < j < 2m. The proof is complete. O

5.2. The case ¢ < p. We shall prove the analogue of Theorem [£.4] for all regulari-
ties. We begin with the following lemma.

LEMMA 5.4. Suppose p,q € [1,00] and o > 0. Then B2 — MP4 — B

a,unif *

Proof. Pick n € N and choose the sequence v = 1,3 (k). Then >, yenef = nnf,
and the second embedding follows.
To prove the first, observe that since (7,) € £

a/p\ /4
1£llazzs < 11l + (Z (257 sup STUGE 0Dl )

L ly|<2=k 7
so that arguing as from (5.5)) on, one gets || f||sz9 < || f|| gz, and the first embed-
ding follows. O

THEOREM 5.5. Suppose 1 < g <p < oo and a > d/p. Then M B2 = MP9 with
equivalence of norms.

Proof. Pick m € N with m > a. We shall prove that given f € MZ? and g € B24

1/q
I+ (2@ s 1G50DI) S Wlheolollsze 69

k ly|<2~
This implies that || f|| a2 2 || fllarpze-
By (5.4)
1f9lle < Mgl Bzall Bz e wmie S N9l szallfllarge,

the last inequality by Lemma [4.13] as well as (we maintain the same notation as
that of Proposition [5.3])

1/q 2m
k
(Tt sw 1600lE) £ Yo
k lyl<2=F =0
Since to estimate the terms with j = 0,...,m we did not use any condition on p

and ¢, we might argue in the same manner and get

m
> 0 Sllgllszal f sz e < lgllszell £llaze
j=0

again by Lemma
We are left with considering the case j = m+1,...,2m. Select, by Lemma [2.2]
N disjoint families of indices Iy, k = 1,..., N with the property that

N
N=JIL,  do(xe,zn) >2m+4 VOhely, L#k Yk
k=1

Then, for |y| <1 and ¢,h € Ij, { # h,

supp G{™ (nef) N supp GS™ (1 f) € ¢ Binya N h Brga = 0
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and thus
S P 1 G ) = / P GU™ (1 )P
nely nely

).

Now fix k =1,..., N and pick the sequence (we assume g # 0 here)

> G Gana )| = | LA o)
nely

nnglloe
lgll gz-a

If ~ is small enough, then the sequence (v,) is in 7 and has ¢? norm smaller than
1; recall (5.7). This also shows that 4 can be chosen independent of g and k.

Therefore, by (5.6))

q/p\ 1/q
o5 (302 s X Gaglel 65 ) )

% lyl<2~
4 P\ 4/P\ /4
ZGQJ)(%%J‘)HP) ) S llgllszallfllagzs,
n

< gl (Z (2’”@ sup
k

ly|<2=F

n € Iy, v, =0 otherwise.

n =

which concludes the proof of (5.8])
Suppose now that f € M B2 and (,) € 7. Observe that (4.15) still holds. By

the algebra property of B4,
Z Tnlin

‘ > Yt
nely

B ~ S fllarsra (5.9)

)
B(Z;q

where

i q/p\ 1/4q

H Z’Yn’l’}n BRa ~ H Z 7717771 (ZQ aq‘ |bu2p . <Z || G:E/m)(’}/nnn)||g> >
nely n

a/p\ 1/4
< (X hmal)”” (ZW swp (S haricgal) )

ly|<2~
S I v)llerInll gz S 1.

By (4.15) and (5.9) we conclude | f|lpee S ||fllarpee, and this completes the
proof. O

REMARK 5.6. As already observed, the main obstacle to proving Theorem [4.1] for
all @ > 0, or equivalently Theorem beyond the stratified groups case, was for
us the lack of a suitable notion of finite differences of order larger than 1. It seems
not clear, indeed, what the analogue of on a general Lie group should be.

The case of second order differences is somewhat special, and was actually con-
sidered by several authors (cf., e.g., [12,[22]) in different generalities. One may
indeed define a symmetric second-order difference of the form

Sy f(x) = flay™") —2f(2) + flay),  x,y€GC.
Since S?(f) = Dgf) f(-y=1), where
D f(z) = flay™?) — 2f(ay™") + f (),

it is tempting to define, for m € N and y € G, the finite difference of order m as

D™ () = _(-1m (7} ) st (5.10)

£=0



MULTIPLIERS FOR TRIEBEL-LIZORKIN AND BESOV SPACES 29

When G is a Euclidean space, this definition is nothing but the classical one, and
when m = 1 it is precisely , ie. D;l) = D,. However, if G is stratified and m >
2, then does not coincide with , not even when 6 = 0. Observe indeed
that in general ™ # §,,(x). Nevertheless, this differences do have remarkable
properties, as a “Leibniz rule” in the spirit of , that is for all m € N

m

DY (fg)(x) = > (T) Dy fley )b g(@), @y €.

Jj=0

It is not clear to us whether Sz(}z) and more generally Dz(/m) satisfy the analog of
Lemma [5.2] (2), or the characterization of the Besov norm, which are essential
ingredients in our argument. This seems an interesting direction for future research
in its own right.

REFERENCES

[1] A. Agrachev, U. Boscain, J.-P. Gauthier, F. Rossi, The intrinsic hypoelliptic Laplacian and
its heat kernel on unimodular Lie groups, J. Funct. Anal. 256 (2009), no. 8, 2621-2655.
[2] J-P. Anker, A short proof of a classical covering lemma, Mon. Math. 107 (1989), no. 1, 5-7.
[3] J. Bergh, J. Lofstrom, “Interpolation spaces. An introduction”, Grundlehren der Mathema-
tischen Wissenschaften, No. 223. Springer-Verlag, Berlin-New York, 1976.
[4] T. Bruno, Mazimal hypoellipticity for left-invariant differential operators on Lie groups. J.
Lie Theory 29 (2019), no. 3, 801-809.
[5] T. Bruno, M. M. Peloso, A. Tabacco, M. Vallarino, Sobolev spaces on Lie groups: embedding
theorems and algebra properties, J. Funct. Anal. 276 (10) (2019) 3014-3050.
[6] T. Bruno, M. M. Peloso, M. Vallarino, Besov and Triebel-Lizorkin spaces on Lie groups,
Math. Ann. 377, 335-377 (2020).
[7] T. Bruno, M. M. Peloso, M. Vallarino, Potential spaces on Lie groups, “Geometric aspects of
harmonic analysis”, 149-192, Springer INdAM Ser., 45, Springer, Cham, 2021.
[8] T. Bruno, M. M. Peloso, M. Vallarino, The Sobolev embedding constant on Lie groups, Non-
linear Anal. 216, n. 112707 (2022)
[9] T. Bruno, M. M. Peloso, M. Vallarino, Local and nonlocal Poincaré inequalities on Lie groups,
Bull. Lond. Math. Soc. (2022)
[10] T. Coulhon, E. Russ, V. Tardivel-Nachef, Sobolev algebras on Lie groups and Riemannian
manifolds, Amer. J. Math. 123 (2001), no. 2, 283-342.
[11] J. Feneuil, Algebra properties for Besov spaces on unimodular Lie groups.,Colloq. Math. 154
(2018), no. 2, 205-240.
[12] G. B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups. Ark. Mat.
13 (1975) 16-207.
[13] G.B. Folland, E.M. Stein, “Hardy spaces on homogeneous groups”’, Mathematical Notes, 28.
Princeton University Press, Princeton, N.J. 1982. xii+285 pp.
[14] G. Furioli, C. Melzi, A. Veneruso, Littlewood—Paley decompositions and Besov spaces on Lie
groups of polynomial growth, Math. Nachr. 279 (2006), no. 9-10, 1028-1040.
[15] I. Gallagher, Y. Sire, Besov algebras on Lie groups of polynomial growth, Studia Math. 212
(2012), no. 2, 119-139.
[16] S. Giulini, Bernstein and Jackson theorems for the Heisenberg group, J. Austral. Math. Soc.
Ser. A 38 (1985), 241-254.
[17] S. Giulini, Approzimation and Besov spaces on stratified groups, Proc. Amer. Math. Soc., 96
n. 4. 1986
[18] W. Hebisch, G. Mauceri, S. Meda, Spectral multipliers for sub-Laplacians with drift on Lie
groups, Math. Z. 251 (2005), no. 4, 899-927
[19] V. G. Maz’ya and T. O. Shaposhnikova, “Theory of Sobolev Multipliers with Applications to
Differential and Integral Operators”, Springer, Berlin, 2009.
[20] V. K. Nguyen, W. Sickel, On a problem of Jaak Peetre concerning pointwise multipliers of
Besov spaces, Studia Math. 243 (2018), 207-231.
[21] J. Peetre, “New Thoughts on Besov Spaces”’, Duke Univ. Press, Durham, NC, 1976.
[22] K. Saka, Besov spaces and Sobolev spaces on a nilpotent Lie group, Tohoku Math. J. (2) 31
(1979), 383-427.
[23] W. Sickel, On pointwise multipliers for Fy ,(R™), the case op,q < s < n/p, Ann. Mat. Pura
Appl. (4) 176 (1999), 209-250.



30 T. BRUNO, M. M. PELOSO, AND M. VALLARINO

[24] I. Smirnov, W. Sickel , Localization properties of Besov spaces and its associated multiplier
spaces, Jenaer Schriften Math/Inf 21/99, Jena, 1999.

[25] R.S. Strichartz, Multipliers on Fractional Sobolev Spaces Jour. Math. Mech., 16, No. 9 (1967)
1031-1060.

[26] H. Triebel, “Theory of function spaces”. Reprint of 1983 edition. Modern Birkhiuser Classics.
Birkh&user, Springer Basel AG, Basel, 2010.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI GENOVA, VIA DODECANESO
35, 16146 GENova, ITALY
Email address: brunot@dima.unige.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI MiLano, Via C. SaLDINI 50,
20133 MiLaNo, ITaLy - DIPARTIMENTO DI ECCELLENZA 2023-2027
Email address: marco.peloso@unimi.it

DIPARTIMENTO DI SCIENZE MATEMATICHE “GIUSEPPE Luici LAGRANGE”, POLITECNICO DI
Torino, Corso Duca pecLl ABruzzl 24, 10129 ToriNo, ITAaLY
Email address: maria.vallarino@polito.it



	1. Introduction
	2. Setting and preliminaries
	2.1. Triebel–Lizorkin and Besov spaces for L
	2.2. First order finite differences and equivalent norms
	2.3. A covering lemma
	2.4. Pointwise multipliers

	3. Multipliers of Triebel–Lizorkin spaces
	4. Multipliers for Besov spaces
	4.1. Some equivalences of norms
	4.2. Localized norms
	4.3. The case qp
	4.4. The case B1,1d 
	4.5. The case q<p

	5. Stratified groups and wider ranges
	5.1. The case qp
	5.2. The case q<p

	References

