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Abstract

A decade of technological advancement driven by the success of deep learning in various
tasks [1-3] is not yet supported by a theoretical framework able to capture the features
of architectures, loss functions and dynamics that make the learning possible and in fact
very fruitful [4-7]. This challenge has raised the attention of the theoretician community in
multiple areas of science. However, despite notable effort to analytically study deep learning
[8-15], there are some fundamental questions that are yet to be addressed, for example (i) can
we predict practically relevant scores like train and generalization error of deep networks in
realistic regimes? (ii) how does information contained in real-world datasets is exploited by

the network to extract useful representations (features)?

A great part of the classic theoretical results that we have in machine learning make use
of some simple assumption on the training data distribution [16-20]. The physical reason
to make such assumption has its roots in the classical statistical mechanics description of
disordered systems, mainly spin-glass theory. A fruitful line of research in machine learning,
that inherits from disordered systems, indeed aims to compute a partition function that is
a quenched or annealed average over the training data distribution, which is the source of
the disorder, allowing to describe the performances of the typical solution independently of
the specific dataset used to train the network [21-23]. This analysis, although providing
results that hold in full generality, suffers some limitations, mainly (i) the assumption of
simple data distributions, which is essential to analytically compute the averaged partition

function, is unrealistic when applied to practical settings in machine learning, for example in
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computer vision, where the spatial information contained in the dataset is crucial to achieve
almost-optimal generalization performance. (ii) averaging over data is very hard when dealing
with deep networks. The architectures that are amenable to this kind of study have at most
one layer of trainable parameters (i.e. the perceptron, the random features model, and the

committee machine).

In my PhD work, as is suggested by the title, I explored a complementary approach to the one
discussed above, which does not make any assumption on the structure/distribution of the
training data. In this framework, I will show how to derive explicit formulas for the training
and generalization error of trained fully-connected deep networks, shallow convolutional and
locally-connected networks, in a regime of learning, called proportional regime, that assumes
the size of the dataset P to be comparable in magnitude to the width of the hidden layers
in the model N, (¢ = 1,..., L, L being the (finite) depth of the network). The observables
that I will show how to compute in this scenario retain an explicit dependence on the training
data, since this is never averaged out. Remarkably, it is indeed this dependence that helps to
conjecture how the network can operatively exploit the information contained in the trainset
to make informed prediction on unseen data, and how this capability is linked to the topology

of the network connections. The present work is organized as follows.

In Chapter 1, I will introduce kernel methods, the state-of the art algorithms for object
recognition before deep learning, explaining why they still retain a theoretical interest as
limiting dynamics of neural networks in a certain regime (the infinite-width limit). A crucial
link between kernel methods, wide networks and Gaussian Proccesses will also be explored

in this chapter, in view of the forthcoming discussion.

Chapter 2 will be dedicated to a class of results on the so-called infinite-width limit of neural
networks that leverage the same data-agnostic spirit [24-32]. The infinite-width limit is
informally defined as the regime where the size of each hidden layer N, is much larger than
the size of the training set P. Here, one shows that the stochastic process that describes
information flow in the deep neural network is a familiar Gaussian process (GP), which is

completely determined by a non-linear kernel K. A fundamental consequence of this finding
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is that learning in the infinite-width limit is equivalent to kernel learning [8, 20, 33, 34] with
a static kernel K, that does not evolve during the training dynamics and is completely fixed
once the network’s weights are initialized. Notably, given the incredibly general nature of

these results, GP limits can be derived for virtually any feedforward architecture [29, 35, 36].

In Chapter 3, I will discuss the critical topic of feature learning [37-41], i.e. the capability
of deep networks to automatically detect useful representations from raw data. This is a
fundamental aspect that any minimal theory of deep learning should be able to quantitatively
address, and constitutes a limitation of the infinite-width regime, where it is essentially absent
[42]. On the contrary, I will show evidence that feature learning occurs and is in fact essential
in finite-width convolutional networks, but is almost absent in finite-width standard scaled

1HL fully-connected networks in the proportional regime.

In Chapter 4, I will show how this data-agnostic approach can be extended, using the tools of
physics, beyond the infinite-width limit, in particular in the proportional regime introduced
above. I will show how a statistical mechanics description is possible in this scenario both for
FC networks of arbitrary finite depth, and for shallow networks with local connections, with

and without weight sharing.

In Chapter 5, I will try and rationalize the observation made in Chapter 3, through the lense of
the framework introduced in Chapter 4. I will show how, thanks the mechanism of local kernel
renormalization, one can effectively quantify what it means to be "far" from the kernel regime,
providing a possible mathematical description of what it means to learn features in neural
networks. Inspection of the effective action for a simple architecture with one convolutional
HL in the proportional regime, shows a striking difference with respect to the fully-connected
case: whereas the FC kernel is just globally renormalized by a scalar parameter, the CNN kernel
undergoes a local renormalization, meaning that many more free parameters are allowed to
be fine-tuned during training. This finding can be employed to highlight a simple mechanism
for feature learning that can take place in finite-width shallow CNNs, but neither in shallow

FC architectures nor in LCNs without weight sharing.
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CHAPTER

From kernels to deep learning and back

again

Deep learning models have been state-of-the art architectures for many practically-relevant
tasks in the last decade. If the reader is familiar with machine learning literature, they probably
already read hundreds of similar sentences. For those who are just now approaching the
subject, it is worth putting some perspective to this phenomenon, that has already earned the
connotation of a revolution. A crucial time marker can be found in 2012, when, for the first
time ever, a deep convolutional neural network, AlexNet [1], won the Imagenet competition
on object classification [1, 43, 44] (see Figure 1.1). It is fair to say that, after this event, the

hype for deep neural networks (DNNs) never went down and still has not to this day.

Before deep learning, the algorithms that reached the best performances on the same kind
of tasks were the so-called kernel machines. These are a class of algorithms that use linear
classifiers to solve nonlinear problems, by means of a suitable mapping of the train data in a
higher dimension. The first and most notable example of these algorithms is the support vector
machine (SVM), developed by Vapnik and Cortez in 1995 [33]. From the theoretical point of

view, a study of the statistical mechanics properties of SVMs was obtained by Dietrich and




1.1. KERNEL TRICK: HOW TO USE LINEAR CLASSIFIERS FOR NON-LINEAR
PROBLEMS

collaborators [20] a few years later, in a data-averaged setting.

Even though kernel methods are not used anymore in practice, they recently come back to
the attention of the theoreticians, after the discovery that deep neural networks in a certain
regime are equivalent to kernel learning with a fixed kernel that depends on the network’s
weights at initialization and on the train data. This regime, the so-called infinite-width limit,
will be investigated in great detail in the next Chapter. To better understand the forthcoming
discussion, in the rest of this Chapter I will (i) discuss kernel methods and the algorithms
that stemmed by them, (ii) introduce deep learning with fully-connected, locally connected
and convolutional layers, (iii) analyze the link between kernel methods and and Gaussian

processes.

Top-5 error
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Figure 1.1 —Generalization performance of various architectures in computer vision
tasks. Performance reached by winner of the Imagenet competition from 2010 to 2017. The
gray bars correspond to kernel based architectures, while blue bars represent the performances
of deep convolutional models. The red bar corresponds to human performance, that was
surpassed almost ten years ago. The top-5 error refers to the probability that all top-5
classifications proposed by the algorithm for the image are wrong. This image was taken from
[45].

1.1 Kernel trick: how to use linear classifiers for
non-linear problems

Suppose you have a supervised learning problem with a training set of P elements D =

{x*, y“}fj:l, where each vector x* € R™ has corresponding binary label y* = +1. In general,
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the separating surface that correctly labels all the datapoints can have any shape, that not
necessarily allows analytical investigation. The kernel trick aims at using linear classifiers to

attack non-linear problems. The two-step idea is:

1. Embed your data to a higher dimension with a feature map ¢:

x cRM™ s p(x)eRP D> N, (1.1)

2. Find the optimal separating hyperplane in the embedded space, that is defined by [33] as
the linear decision function with maximal margin between the vectors of the two classes

(see Figure 1.2).

1.1.1 Max-margin hyperplane

If the dataset D is linearly separable, then there exist a vector v* € R” and a scalar b* such

that, for all the elements in the dataset, the following inequalities hold:

viee(xt)+b">1  ifyt=1

viep(xt) 4+ 0" < -1 if yt = -1, (1.2)

These constraints can be rewritten as a single one:

y*(v e o(x)+b)>1 Yu=1...P (1.3)
Therefore, the unique hyperplane satisfying:

v ep(xt)+0" =0 (1.4)

separates the dataset with maximal margin, keeping the largest distance from datapoints z*
that satisfy Eq. (1.3) with equality. These special datapoints are called support vectors of the

learning problem. Note that this is equivalent to separating the dataset with a 1HL network
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PROBLEMS

defined as:

f¥(x) = sign (v* - ¢(x) + b") (1.5)

The geometrical distance between the hyperplanes in Eq.(1.2), defined as the margin in [33], is
the quantity to be maximized, and is equal to 2/||v||. Putting everything together, the optimal

hyperplane is the solution v* € R? to the following minimization problem with P constraints:
1
min = ||v]?
2

subjectto  y* v - p(x") > 1 Vu=1...P (1.6)

Note that the link between margin and robustness (wrt perturbations) of a solution is exten-

sively studied in the literature [12, 46-48].

-
-
-

Figure 1.2 —Representation of a 2d linearly separable classification problem. Train ex-
amples are 2d vectors depicted with different colors depending on their label (red corresponds
to y = 1 labeled point, while orange points are labeled y = —1). The optimal separating
hyperplane (solid line), separates the data with maximal distance between examples of the two
classes. This distance, called margin, is given by the inverse norm of optimal solution v* (see
main text). The examples that determine the margin (ie, the closest to max-margin hyperplane)
are called support vectors.
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1.1.2 Making predictions with support vector machines

The previous minimization problem, referred to as primal problem, requires finding a vector
v* € RP. Since the embedding dimension D > N is typically large, it is convenient to write
the problem in the dual space, where the minimization requires finding P scalar parameters.
To do so, one should write the Lagrange function introducing P multipliers (one for each

constraint in standard form):

1
L= §||V||2 + Z a, [l —y, (v-o(x')+b)] with a, >0 Yy, (1.7)
I

Solving 0L /0v; = 0 yields optimal v* as a function of the dual variables «,,:
v = Zauyugb(x“) (1.8)
o
In the dual space, the problem becomes the maximization of the Lagrangian
1 v
EzZau(l —by") — §Za#ayy#yyl((x“,x ) (1.9)
u pv

with respect to the multipliers «,. Note that the dual problem is computationally conve-
nient with respect to the primal one because, in general, the size of the trainset P is much
smaller than the embedding dimension D. A support vector machine solves this quadratic
programming optimization to find the multipliers a,. The real-valued function K (x,x’) is

called hereby a kernel function:

K(x,x) = 6(x) - () (1.10)
The P x P matrix with elements K" = ¢(x") - ¢(x”) will be denoted kernel matrix in the
following. Note that K depends explicitly on the dataset, and on the choice of the mapping ¢.

From Eq. (1.8), it is clear that the optimal hyperplane is a combination of the train examples

in the feature space with some coefficients given by the dual variables «,. Moreover, the
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Karush-Kuhn-Tucker (KKT) conditions impose some constraints on the «,:
a, (Y, v -o(x')—1)=0 Vu=1...P, (1.11)

implying that, whenever the primal variable, or constraint y* v* - ¢(x*) > 1, is satisfied with

equality, the correspondent dual variable «,, will be nonzero and vice versa. We can write:

v = Z Yy, o(xH) (1.12)
pEsupport vectors

where the support vectors are the dataset elements x* for which o, > 0 by the KKT conditions

(1.11). If everything but the support vectors were discarded by the trainset, the network with

weights (1.12) would still correctly classify the rest of the dataset. The decision boundary of

the SVM is given in terms of the kernel matrix:

£*(x) = sign < > aK(xx") + b) (1.13)
peEsupport vectors

where K is defined in Eq. (1.10). Note that the kernel completely determines the SVM output

in a data-agnostic way, in the sense that no assumption is needed on the data distribution,

and the information contained in the data is explicitely found in the network’s function (and

therefore in all the other relevant observables).

1.2 Deep Learning: brief history and definitions

The journey of artificial networks begins in the late 1950s, when Frank Rosenblatt introduced
the world to the first feedforward neural network: the perceptron, a single-layer neural
network designed to mimic a neuron’s binary response [49]. Since then, perceptrons have
been stuck together in many different ways, and have been of inspiration to build a plenitude of
models with different geometries, what we now call deep neural networks. On the algorithmic

side, crucial advancement was brought by the development of the backpropagation algorithm
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[50], and its implementation in the 1980s [51], that allowed the training of deeper and more

complex models.

Starting from the 2010s, the boost of available computational power and the proliferation
of large datasets allowed the rise of specialized neural network architectures tailored for
specific data types. This breakthrough was exemplified in 2012, with AlexNet hands down
won the Imagenet competition [43]. By the late 2010s, a groundbreaking architecture known
as the transformer, equipped with attention mechanisms, reshaped the landscape of natural
language processing. Introduced by Vaswani and his team in 2017 [3], this design was adept at
capturing relationships in data irrespective of the distance between data points. This laid the
foundation for monumental models such as OpenAI's GPT and Google’s BERT, that already

become common instruments to ease our everyday tasks.

All these incredible technological advancement that we are witnessing thanks to deep learning
still lacks a satisfactory theoretical foundation. As sometimes happens in history, theoreticians

have not been able to keep up with the intuition of practitioners.

The overarching goal of the present work is indeed that to develop a general method to
analytically study feedforward models, in a regime of learning (tradeoff between number of
parameters and dataset size) that is less idealised than what we currently have. To this end,
let us now dive more deeply in the mathematical representation of neural networks that will

be studied in the following.

1.2.1 Fully-connected architectures

Fully-connected (FC ) deep networks (multilayer perceptrons) are the simplest deep feedfor-

ward architectures !.

We define deep neural networks fren(x) with L FC hidden layers (HLs) recursively, with the

pre-activations of each layer hgf) (tg = 1,...,Nyi € = 1,..., L) are given recursively as a

'In a feedforward network, the signal propagates only in one direction, meaning that information never goes
back to a previous layer.
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non-linear function of the pre-activations at the previous layer hgfjll) (te—1=1,...,Ny_q):

Ne—1

0) (¢-1) 0)
Z VVWW 10( ig—1 > blz ’

2[1 1

(1)
Z ) iy + 0] (1.14)
i0=1
where W) and b¥) are respectively the weights and the biases of the /-th layer, whereas the
input layer has dimension N, (the input data dimension). ¢ is a non-linear activation function
and it is common to each layer. We add one last readout layer and we define the scalar function

implemented by the deep convolutional network as:

Nrp,
fren() = 3 iy [P ()| + i, (1.15)
ir=1
where v = (v, ..., ;, ) is the vector of weights of the last layer.

1.2.2 Convolutional neural networks

Inspired by the mammal visual cortex [52, 53], CNNs represent a clever computational way to
implement traslational invariance, which is critical to extract information from visual patterns.
The two fundamental ingredients of a convolutional layer are local connectivity and weight
sharing: whereas a given neuron in a FC hidden layer receives input from all the neurons in
the previous layer, neurons in a CNN are arranged in a d-dimensional array that reflects the
corresponding d-dimensional arrangement of the input data (e.g. d = 2 for images). Each neu-
ron in a given layer here interacts only with a local neighbourhood of neurons in the previous
layer, in a translational invariant way implemented via a shared (usually small) d-dimensional
mask of learnable weights. These operations define a single convolutional channel that takes
as input a d-dimensional array and outputs another d-dimensional array, whose dimensions
are determined by technical details (such as the stride, padding and dimension of the filter

mask). Usually many of these channels are piled up in a convolutional layer to form, overall,

10
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a (d 4 1)-dimensional array.

Let me now define an architecture with L hidden convolutional layers. For simplicity I will
restrict the definition and analysis to one-dimensional convolutions, but the model can be
easily generalized to d-dimensional convolutions, paying a price in terms of heaviness of the

notation. Pre-activations in the hidden layers are given by:

Cp—1 I_]\/fp/Q

Z Z Wm b(bSﬂ-I—m a+b + b(e (1.16)

b=1 m=—|M,/2]
ZE@a =1

0 _
S OO

i,a

Here o is a odd activation function, M, is the dimension of the channel mask at layer ¢, S; is the
stride, the index i = 1,..., | Ny/S| runs over the input coordinates, the index b = 1,...,C}
runs over the channels and the index m moves through the spatial mask of the convolutional
filter. For simplicity we define periodic boundary conditions (PBCs) over the input coordinates
and we consider odd values of M. As for the 1HL FC network we add one readout layer,

therefore the function implemented by the CNN is given by:
NL CL 1
Jonn(x Z Z vio [h(L } ) (1.17)

i=1 a=1

where the v’s are the learnable weights of the readout layer, indicised by ¢ = 1... Ny, with
Ny, being the number of neuron in the readout layer. In this setting with PBCs, N, satisfies

the following recursion Ny = [ N,—1/S].

1.2.3 Scaling and initialization schemes for neural network training

The supervised training process of a neural network on a regression task is generally carried

out with two ingredients:

« A collection of examples, the trainset D = {x*, y“}fj:l, where each Ny-dimensional

11
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Ny =50x3 Ny =25x8

Flatten

Convolution
S =2

Figure 1.3 —One-dimensional CNN. A visual representation of a 1d CNN with two hidden

layers (L = 2) described by Equations (1.17) (1.16). From left to right: the filter mask of size
M = 10 parses the input with stride S = 2. Periodic boundary conditions ensure that N, =
| Ny—1/2]. After the second convolution, the activations are arranged in a single vector (flatten
operation) and a final readout FC layer produces a one-dimensional output y.

datapoint «* € R™ has a corresponding scalar label 4* € R. In the following I will use
the notation y = (y* € D), and X = (x* € D), respectively for the ensemble of labels

and datapoints.

« A cost -or loss- £(), which is a function of all the network’s parameters, collectively

indicated as 0 = {W(?}L_ | that one wishes to minimise wrt the trainset.

One popular loss function, with a meaningful interpretation in terms of Bayesian learning that

makes it crucial in this work, is the mean squared error (MSE):

P
=) (W= folx"))? (1.18)

p=1

EMSE

l\DIr—\

Although this loss is designed for regression problems, note that it can equivalently address

classification problems, with a suitable mapping of the class label into a scalar.

Usually, the Loss minimization is operatively achieved with gradient-based methods, meaning

that the parameters are updated in the inverse direction of the Loss gradient wrt the weigths:

O(t+ 1) = 0(t) — nVoL(0)]o—s(e) (1.19)

where 7 is a learning rate. This update rule describes the vanilla full-gradient descent (GD),

12
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that is known to struggle when the energy landscape is rugged [48, 54, 55]. Many variants of
this algorithm exist (eg. stochastic gradient descent SGD, ADAM, entropy-SGD) that aim at
overcoming the limitations of the vanilla GD, making gradient-based methods state-of-the-art
algorithms to train neural networks [56-58]. When such a learning scheme is chosen, it is
fundamental to also tune the scaling of all the quantities that might affect training dynamics.
This topic is discussed both among theoreticians and practitioners, and there exists different
initialization schemes that are known to help dynamics to converge faster [59] or to better
generalizing solutions [60]. A theoretical categorization of network’s parameterizations was
recently carried out in [61]. The authors define a natural space for network parameterization

that involves scaling of the following three quantities:

1. The function f(x), through the scaling of its parameters, for FC layers we have
Wi(f) — N; Wi(f) (1.20)

while for convolutional layers one should replace N, with the mask size M (©):

2. The initialization of the parameters, or prior over the parameters, that is taken Gaussian

distributed:

N,
4 l
Wi ~N (0, > : (1.21)

A

where N (11, %) denotes a normalized Gaussian with mean j and variance o. The factor

A¢, called Gaussian prior, has dimension of an inverse variance.

3. The learning rate 7:

n— N, n (1.22)

The set of variables {ay, by, ¢, } completely defines the chosen parameterization, for this reason

13
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Parametrization | a parameters | b prior | c learning rate
NTK (NTP) ag=1/2 by =0 c=0

Mean Field (MFP) ap=1 by=20 c=-—1
Standard (SP) ap =10 b = % c=0

Table 1.1 —~Comparison of popular parametrizations for FC neural networks. The parameters
a are associated with the scaling of the network function, through its weights N, I/Vl.(jé).

The parameters b refer to the initialization of parameters I/Vf; ~N (0, N, be / )\g). The third

column parameters c control the scaling of the learning rate IV, “n.

the authors indeed call this schemes abc-parameterizations. The networks I will investigate
in this work will be initialised with the so-called standard NTK parameterization, firstly
presented by Neal in the 90’s [24], although with a different name. For a FC architecture,

in terms of abc parameterization, the NTK is obtained taking:
Ay — 1/2 bg =0 \V% (1.23)

It is very important to stress that different scalings lead to different properties and behaviours
both from the theoretical and algorithmic properties of training and solutions found. A

summary of the most used initialization schemes can be found in Table 1.1.

1.2.4 Small remark: goal of training a network

Suppose you successfully minimized your loss function, and now you have a configuration 6*
of optimal parameters. What does one want to do with #*? In general, one whishes to know if
the network managed to extrapolate some information from the training process, and therefore
is able to correctly classify (or predict the scalar label) of an unseen example x*, with correct
label y*, that is not contained in the trainset x* ¢ D. In some contests, [ will alternatively use

the notation (x°, y°) for the unseen example.
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1.2.5 Bayesian training of neural networks

Suppose you want to use your trainset D to build a Bayesian inference model to make
predictions for unseen examples (x*, y*). The model that we are interested in here is of course
a neural network, that implements the generic function fy(x), where 6 denotes the ensemble
of network’s parameters with prior distribution p(6). The optimal Bayesian estimator for the

parameters 6* is the one that maximizes the following conditional log-likelihood:
0* = argmax log p(y|X, 0)p(6). (1.24)
0

That is, the model that is more likely to yield the vector y of outputs in response to the P train

examples X. If the examples are iid, the previous probability distribution factorizes:

P
0" = argmaxz log p(y*|x, 0) + log p() (1.25)
0

p=1

With a deterministic network that is expressive enough to perfectly interpolate the dataset,

the distribution p(y|x) is a delta function:

plylx) = oy — f(z)) (1.26)

More in general, one could consider a noisy network (with Gaussian-distributed noise),

resulting in the following distribution:

p(ylx) = N,(f(x), 1/8) (1.27)

where the notation N, (u, X), recurrent in the present work, always indicates a well normal-
ized Gaussian on the variable y, with mean ;1 and variance (covariance matrix) 3. Note that,
as is should be, the noisy case reconduces to the noisless one in the 5 — oo limit. If the

parameters are taken iid Gaussian A/(0,1/)\) at initialization, the optimal parameter can be
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found maximizing the following expression:

P

P P
0" = argmax | o log § — 7 log(2m) = ) § (" = fo(x))* = Allo]? (1.28)

pn=1

which yields the same result as the minimization of the MSE in Eq. (1.18) in the 3 — oo
limit. Even at finite (3, this maximization problem is found to be equivalent to the statistical

mechanics description that I am going to explore, giving it a nice Bayesian interpretation.

As a standard practice in statisical mechanics, let me define the partition function associated

to the MSE in (1.18):
7 = / DO e PEO) (1.29)

where the symbol [ D6 indicates the collective integration over the weights of the network,
with their prior Gaussian distribution. This choice enforces minimization of the training MSE

for B — oo, preserving the effect of the Gaussian prior in the Bayesian setting,.
All the observables (O) are computed as averages over the Gibbs ensemble:

(0) = / D6 O(0)— (1.30)

are averages over samples from the Gibbs posterior distribution at temperature 1/5. The

average training error at a given inverse temperature (3 is given by:

(@ =5 [ DIL®) ~ Lugl®) (1.31)

while the average test error over a new (unseen) example (x*, y*) reads:

(b)) = [ DOl = P (132)

Operatively, samples from the Gibbs posterior are obtained training the network with a

Langevin dynamics, that corresponds to the following update rule for the network’s parame-
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ters:
O(t+1) =0(t) —nVeL(0(t)) + /2T ne(t) (1.33)

where T' = 1/ is the temperature, 7 is the learning rate, €(t) is a white Gaussian noise
vector with entries drawn from a standard normal distribution. Note that this training is
quantitatively different from the commonly used gradient descent (GD) and stochastic gradient
descent (SGD) algorithms. The former is a deterministic algorithm, concretely obtained by
removing the noise dependent term from Eq. (1.33). The latter is a noisy version of GD, where,
however, one does not have control over the non-Gaussian noise. Both of these algorithms
cannot be used if one wishes to systematically sample from an equilibrium distribution of the

weights.

1.3 Gaussian processes and their link to standard-scaled
wide networks: how kernels survived the deep
learning revolution

As anticipated in the introduction, kernel methods are outdated in practice, but they still retain
some interest from the theoretical point of view. In particular, thanks to the crucial discovery
that wide deep networks are equivalent to Gaussian Processes (GP). The pioneering paper in
which this equivalence is highlighted for the first time in 1HL networks was written by Neal
in 1994 [24], whose result I will firstly report for historical and pedagogical reasons. Neal

describes a 1HL architecture with a bounded activation function o = tanh, defined as:

Ny

No
leL(X) = Z Uiy tanh (hl(X)) ) hl(X> = Z VViohmim (1-34)

i1=1 i0=1

where the weights are initialized as v; ~ N (0, A;/N;) and W;; ~ N(0, A\g/Ny), that is with

the standard initialization discussed in Section 1.2.3, which is a crucial choice to obtain the GP
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equivalence. Let me put the gaussian priors A\; = Ay = 1 for the moment, I will re-integrate
them in the end. It follows intuitively from the central limit theorem (CLT) that, with the
standard parametrization in Table 1.1, the experimental mean and covariance of the output

distribution become deterministic in the limit NV; — oo and P fixed 2, with:

Siuw(x) N (f(x))pmy =0 (1.35)
cor(J(x), £()) = (b)) 7 (16} (136

where the expected value of a function f(x) is deifned in a standard way as:

<f(x)>p({$n}) = /DX f(x), (1.37)

having used a short notation Dx = p({z,}) [[, dz, for the integration over all the coordi-
nates z,, of vector x, and their joint probability distribution. I can and will instantly drop the
index i, since the {h;} are independent. Note that the distribution of the pre-activations p(h)

depends solely on the inputs x, and only through the two-point correlation function:

h(x) — % (1.38)
Nl—)OO
1
cov (h(x), h(x')) — —cov(x, x') (1.39)
N1—00 0
Choosing a collection of examples X = (x*, u = 1,...,P), where each x* € R™, one

can analyze the joint distribution of the outputs f = (f(x"), x* € X) and pre-activations
h = (h(x*), x* € X). The probability distribution P({h}) can be expressed as a function of

the two-point correlation matrix of the dataset C":

nwo—1lpv
ezl“’h CHDh . XH * Xy

p({h}) = Mu (0,C) = Norrraeh

(1.40)

*First appearance of what will be known as infinite-width limit
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The empirical covariance between two outputs, in the large /V; limit reads, remembering Eq.
(1.36):

cov(f(x“)f(x”)) = K(x",x") — (o(h(x"))o(h(x")))pn} cifK(XH’XV)’ (1.41)

def N1—o0

where K is the empirical Kernel, while K is the so-called neural network Gaussian process
(NNGP) deterministic kernel, extensively found in the literature [24, 27]. Taking the Gaussian

priors into account amounts to substituting C' — C// Ao, and K — K /Ay,

In the same paper, Neal also conjectures that similar considerations on the output’s prior
distribution should hold for deeper networks, still in the case where the dataset size P is
fixed, the hidden layers have an infinite number of neurons, and the standard initialization is
employed. Putting this intuition on theoretical grounds took two decades, but finally in 2018
a theorem for prior (and posterior) distributions of wide standard-scaled networks was finally

written [27], as we will see in the next Chapter.

1.3.1 Remarks on the NNGP kernel and notation

It can be shown that each of the integrals in Eq. (1.41) can be reduced to a two-dimensional

integral (see Appendix B):

1 X X x - x
Ao No ro ]

x-x x - x

K(x,x') = /dt N (0, %) o(t1)o(tz), by (1.42)

where I have used the vector notation t = (¢4, t2).

The kernel function K, that is in principle a two-point function, can be seen as an operator that
transforms positive semi-definite (PSD) matrices into PSD matrices of the same size. Therefore,

sometimes I will make use of the notation K (C') for a P x P matrix, that is:

~ ~ &m C

K(C)],, = K = / dt, dty N(0,C) o(t)o(ts), € = 1. )

1%
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NETWORKS: HOW KERNELS SURVIVED THE DEEP LEARNING REVOLUTION

the form of the NNGP kernel only depends on the activation function o. For various commonly-
used activation functions, the previous integral can be computed analytically. In Appendix F.1

I report the exact expressions of the Kernel functions for o = ReLU and ¢ = Erf.

1.3.2 Bayesian posterior over outputs from Gaussian process

More formally, we have found an infinite collection of variables -i.e. all the possible infinite-
width network outputs - with the property that every finite subset f = (f(x"), x* € X) is

jointly multivariate-Gaussian distributed:

p(£) = N(0, Kxx), (1.44)
where the matrix K x x comprises all the covariances between the elements in X:

Kxx = (K(x",x"), x',x" € X). (1.45)

This is precisely the definition of a Gaussian Process (GP) GP(0, K).

Definition 1. A Gaussian process GP (1, Y) is a (potentially infinte) collection of variables { k,, }
such that the joint distribution of every finite subset of these variables is multivariate Gaussian

with mean (1 and covariance Y:

{kn} ~ GP(1, %) (1.46)

This consideration allows to quickly find the predictive posterior distribution for the output
of the network to the new set of examples X*, such that X N X* = (), that is f* (see for
example [62]). Let me denote y the vector of network’s targets to the dataset inputs X. y are
the observations (in the GP terminology) relative to the data in X, that I have to condition the

prior on, to get the posterior. Since we are dealing with a GP, we can easily write the joint
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probability distribution P(f*,y|X, X*) that is Gaussian, and reads:

y N 0 Kxx Kxx- (1.47)
f* 0| |Kxx- Kxox-|)
where
Kx x = (K(x!,x"), x* € X,x" € X) (1.48)
KX*,X* = (K(X*aX*)7 " € X*) . (1.49)

with the Kernel function K (-, -) defined in (1.42). The desired predictive conditional probabil-

ity distribution reads:

p(f'ly.x", X) = / p(f*, £1x", X) ply|£) df (1.50)

From the expression (1.47), it is straightforward to compute the previous integral in both the

noisy and noiseless case (see equations (1.26) and (1.27)):

P(fly) =N (v, %) (1.51)
1 —1
v = Kx x- |:KX,X + B} y (1.52)
1 —1
Y = Ky« x+ — Kx x» [KXX + 51 Kx- x. (1.53)

Our best predictions for the new examples in X* is the vector v, and the uncertainty on this
measure will be given by the covariance matrix Y. Note that this is a non-parametric model for
inference, since the output for unseen examples and all the related observables do not depend

on the network’s weights 6.

Without further ado we can move to the next Chapter to dive into the exploration of infinite-

width networks with the standard scaling.
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CHAPTER

The infinite-width limit of deep neural

networks with the standard scaling

The infinite-width limit of neural networks, which has been studied for more than twenty
years, is defined as the limit where the size of each hidden layer N, is taken to be large while
the size of the trainset P is kept fixed. The first results from R. Neal on 1HL architectures
date back to 1996 [24, 25], where the author conjectures that similar results should hold
for deeper networks as well. More recently, a rigorous theory was developed for deep
fully-connected, [26-31], convoltuional [29, 32], networks with attention layers [35] and is
shown to extend to virtually any feedforward architecture [63]. In this regime, independently
of what dynamics is chosen for training, all the generalization capabilities of the network are
completely determined by a fixed kernel that does not evolve during training. The specific
form of the kernel that arises, however, does depend on the architecture and on the learning
dynamics, as I will show in the following. The important caveat that I want again to stress, is
that all these results are obtained considering the standard NTK parameterization. Different

initalization schemes lead to different results, see for instance [36, 64—68].

For the fully-connected network defined in Eqs. (1.15) and (1.14), the standard NTK parame-

23
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terization corresponds to taking random Gaussian weights and biases as:

1 1
N — ¢ — =1...L. .
Wi~ N (o, y Ne) b~ N (o, Ab> Ve (2.1)

The factor )y, called Gaussian prior, has dimension of an inverse variance.

2.1 Large-width limit in the Bayesian setting

In this section I will analyse the infinite-width limit of NTK scaled FC networks in the Bayesian
setting described in Section 1.2.5, highliting their equivalence with Gaussian processes. With
the choice of Bayesian training, scaling the network’s parameters or choosing a particular
initialization scheme for the weights is identical, because both operations affect the posterior
distribution (that we want to sample) in the same way. In particular, referring to Table 1.1,
NTK and standard parameterization are equivalent. For the sake of brevity, I will limit my

analisys to deep FCNs and CNN/LCNs.

2.1.1 Prior distribution over outputs in fully-connected networks

with finite depth

Here I will present the general statement of equivalence between the prior over functions
of a wide FCN with an arbitrary (but finite) number of hidden layers L, and a Gaussian
process. This statement was formulated as a theorem in 2018 by [26], twenty years after being
conjectured by Neal [24]. In proving these results, I will follow the pedagogic presentation
of [69]. The following theorem holds for more general networks than those defined in (1.15).
In particular, we can modify the readout layer to allow the network to have multiple outputs,

namely:

D =1 Ny (2.2)
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where N is the number of the network’s outputs. The main result of [27] can be expressed

as the following theorem.

Theorem 1 (Equivalence between FC NNs and GPs in the infinite-width limit.). At
fixed length L, with a polynomially bounded activation function o : R — R, the collection of
random variables {h*™'} with the standard scaling in Eq. (2.1) converges in distribution to a

Gaussian process:

QNL 41

lim {pY 5 gP (0, K™ 2.3
{Ng}—>oo{ o ( ) @3)
The GP variance is the L-th layer kernel matrix K"). We have:
. (£+1) (+1) ovy) {4
{J\%glgm cov (hl (x")h; " (x )) = 0;; [K( )}W (2.4)
with K* given by a recurrence relation:
G 1 1 (6+1) (ot B (5
=5 + " (o (h (x )) o ( (x ))>N(0,K<Z>) (2.5)
1 1
= —+—K (KY), KO =¢. (2.6)
Ao A

with K (-) is defined in Eqs. (1.42) and C' is the covariance matrix of the dataset with elements
C‘ul, = X“XnU//\(]N()

Proof. Let us consider the collection of train examples X = {x“}ff:l. The results of the
application of the network in Eq. (1.15) with the scaling in Eq. (2.1) can be collected into
a vector h!") = (hy) (x1),...,h9(xF )> , with a notation similar to the previous chapter. The

key observation is that the distribution of pre-activations at a given layer ¢, conditioned to the

distribution of the activation at the previous layer ¢ — 1 is a centered iid Gaussian:

e(h<e+1>)T[k(e>}—1h<4+1>

vV 2r det K (©

p(n | n) = (27)

25
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with experimental covariance K (©:

RiD = D 00m ) = 1+ 1 oo (100 o (1000) . 29)

By Levy’s continuity theorem (see for instance [70]), we seek to show that:

NL NL
1
1; E _.2 :h('LJrl)‘ . _ __E .TK(L) . 2.9
{Nglinoo} [exp ( Z i—1 ' ¢ P 2 SRS 29)

i=1

where
K = (KW (x* x"), (x*,x) € X), (2.10)

and K satisfyies Eq. (2.5). Using the property in (2.7), we can write:

p (1)) = [ onp (0 0) @1

T .
S (n{H) (KB Y

_ /Dh@@) € _ (2.12)
V271 det K(F)
where I used again the short notation Dh = p ({h;}) [[,,, dA}" Therefore:
. (L+1) (L+1) (L+1) N (LD
Elexp | —1 Z h; <& = /d{hi P <{hZ }> e 2= hy TG
i=1
Np4a1 X
= exp (Z &7 [Kﬁ?]*&-) (2.13)
i=1

We can rely on a Theorem for the structure of observables ! to guarantee that the following

converges in distribution:

lim KO (x* x") = K9 (x" x") := lim E [[A(“) (x",x”)} (2.14)

n—oo n—o0

lwhose proof and statement can be found in [71] Theorem 3.1 and Lemma 7.5.
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with the result in Eq. (2.13), this immediately yields Eq. (2.9).

Thus, we see that (hl(-L) (xt),i=1,... 7NL> indeed converges to independent zero-mean

(L)

Gaussians with covariance K . Moreover, forany ¢ = 1, ..., L we have:

lim (b (xR (x) =

{N¢—o0}

— lim E [K’(e) (x*, X”)]

{N—oc}

- [ s o (87) 7 (40|

= )\i )t Exwo [0 (hga(xu)) o (hge) (XV))] (2.15)
which confirms the recurrence relation in Eq. (2.5). O

2.1.2 Informal derivation in the physics formalism

The expression of the prior (and posterior) distribution of the outputs of a wide network can be
re-derived informally using the physics formalism. This is instructive to introduce the reader
to the method used in this work. For the sake of simplicity, consider a standard-scaled 1HL

network with one scalar output. I recall its definition:

il W, -x
frm(x m Z (W) (2.16)

where the weights are taken from a normal distribution with zero mean and unitary variance
vi, Wij ~ N(0,1). In the Bayesian setting that we are exploring, this scaling for the network’s
function and weights are equivalent to taking the standard NTK initialization (first row in table
1.1). With the usual notation for the networks ountputs f = (f(x*),x* € D), we can write

the joint probability distribution of the network outputs p (f):

p(£]X) = /DWDvH5<f“ mzm(w\/ﬁ’;ﬂ)) (2.17)
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where the notation DW = p({W;}) [],; dW;; indicates integration over the elements with
their joint probability distribution. For consistency of notation with the rest of the work, we
shall denote the network’s outputs and pre-activations respectively f* and h*. To proceed,

we need to use the common identity:

Wi'X
1= /I;Idhg‘ 1;[ 5 (hg‘ - m*‘) (2.18)

Rewriting the previous expression with the deltas in their standard exponential representation

one gets:
p(£]X) = / de” Hdh“ X P T
. uwWi-xp
/DWD Sy S (W) 1 S B (2.19)

The index 7 can be factorized, given that the probability distributions of the weights are factor-

ized over the hidden layer neurons, and the remaining Gaussian integrals can be performed:

p(fIX) = /deu B L L

Ny
[/Hdh“ dRtel Zn hﬂhu_f(z fMJ(hl‘)) —1 3, BHCu b ] (2.20)

where we have used the notation C' for the correlation matrix of the dataset C, which has

— xH-x¥
elements C),, = Mo

. The h* integrals are Gaussian and can be performed:

p (f[X)

Ny
Fu i3, fr I1, an” — s (S Fao () = 52, hECt b
dft e 1 Ce (2.21)
vV aet
%

Note that I didn’t use any approximation to obtain the previous expression, and indeed this is
the last exact expression that we can obtain for the prior over functions of a 1HL network. The
expression unsurprisingly simplifies in the infinite-width limit: if one takes the limit of large

width N; — o0, keeping the size of the dataset P fixed, the exponential term in the integral
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can be expanded in Taylor series around 1:

p(f1X) =

Ny
= / l;ldf“ el "I [1 - QLNl / Hdh”Nh(O, C)Zﬁa (h*) o (h*) f,
Nﬁoo/de“ > fufu[ 2lef“ K fy —Nf(O,K) (2.22)

where the kernel matrix with elements K, is the same defined in Eq. (1.42). This result is
equivalent to the one found in [27]. It is stressing that the NNGP kernel we find here differs
from the neural tangent kernel (NTK) that is found in the infinite-width limit of networks
trained under gradient descent [72], that I will breefly discuss in Section 2.2. The fact that the
infinite-width limit of a Bayesian neural network differs from the one obtained from gradient

descent is indeed known and discussed in literature [32].

Posterior over outputs

From the physical point of view, we seek to compute the following partition function

7z - / e~ 1051 (1) df (2.23)

This integral is computed exactly from the probability distribution in (2.22), and yields:

Z =N, (0, K+ %) (2.24)

As we have seen in Section 1.3.2, the bayesian posterior distribution can be computed from the
joint probability distribution of the outputs of the trainset f and the output f* corresponding
to a new example (or set of examples) x*, that is p (f*, f|x*, X). This is precisely the integral
in Eq. (1.50), and corresponds to the generic Bayesian posterior at temperature 1/5. In the
statistical mechanics formalism, having chosen the MSE loss in Eq. 1.18, we directly compute

the generalization error, defined in (1.32), that is the average quadratic deviation of the new
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output from the desired one:
(eg(x"y")=(y" =)+ X (2.25)

with I" and ¥ defined in (1.50).

2.1.3 Infinite-width limit of neural networks with local connections

Whereas the original work on the infinite-width limit considered deep architectures with FC
hidden layers only, the generalization to architectures with convolutional layers is straightfor-
ward if one replaces neurons in the FC hidden layers with the channels/convolutional filters
of the CNN, that is N, > P. This result was firstly obtained in [29], and a straightforward
derivation follows from computations in Appendix E. Consider for simplicity a 1HL NN with

1d convolutional filters in the first layer plus a readout layer:

[No/S| N

fon(x) = Z ZU?U [ (x)]

|0/2]
M) = > Witsiim. (2.26)

m=—|M)/2]

In the limit of infinitely many channels N. > P, studying the standard NTK parameterization:

1 1 , 1
Wij ~ N (O, )\O—M) v; ~ N (0, m) b~ N (0, )\—b> (2.27)

one finds that the dynamics of the network is governed by a fixed averaged kernel K }fy:

[No/S|

_ 1 .
K,=—— K" . 2.28
H AlLNO/SJ ; 7 ( )
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that is expressed in terms of a local kernel KJ,:

0 i
Cuu C;w

] 3J
C,uzx Cl/I/ .

KiJ, = /d%/\ft (0,0;’5;) o(t))o(ts), C*;jy = (2.29)

The indices ¢, run over the local patches of the input parsed by the convolutional filters.

Precisely, the local covariance matrix CZ{, is given by:

L
c = Wi > T (2.30)
m=—|M/2]

This quantity provides information on the self-correlation of the local patch in position 5% for
any pair of training patterns p, v in the dataset. In the same paper [29],the authors show that
similar considerations hold also for deeper networks with finite arbitrary depth L. The deep
CNN-GP is given in terms of the last layer Kernel K *, that satisfies a recursion relation similar

to (2.7).

Interestingly, if one considers networks with local connections but without weight sharing,
that is locally connected networks (LCNs), the infinite-width description that arised contains
the same GP kernel as the convolutional neural networks. The two straightforward observa-
tions that I am going to investigate more in detail in chapter 5. (i) the infinite-width description
is not sufficient to describe the effect of weight sharing, (ii) both LCNs and CNNs use only
the information contained in the diagonal elements of the local kernel matrix KZ{,, since the

elements with ¢ # j do not to partecipate to making predictions on unseen examples.

2.2 Neural tangent kernel: the infinite-width limit under
gradient descent

In the previous sections I discussed the kernel regime that arises in the Bayesian setting for

wide networks, here I will show that the same regime (with a different kernel) emerges for
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a different training dynamics, that is gradient descent (GD). The fixed kernel that governs
the network dynamics under GD is known as neural tangent kernel (NTK), first obtained in
2018 [30]. Since then, an influential line of work study the NTK or linear regime of neural
networks [32, 73, 74]. The study of networks under GD departs from the scopes of the present
work, therefore I will report the formal statement for the sake of completeness, following the

pedagogical exposition in [69].
Consider the differential equation associated with the GD dynamics:

dé,
= — 2.31
T VoL (6;). (2.31)

Taking the Loss function to be the mean squared error defined in Eq. (1.18), the gradient is

easily computed:

VoL (0) =) (F(x" = y") Vo fo(x") (2.32)

If one wants to look at the evolution of the function under gradient descent:

dj;(t X) dfa(x 0) d@ _ _nz F(x",0) — y" Vo f(x" 0)Vo f(x:6) (2.33)

We can isolate the so-called neural tangent kernel (NTK) O(x, x'):
®<X7 Xl? 9) = V@f(X, H)VQf(Xla 0) (234)

Using the usual notation f(0) = (f(x*), x* € X) for the vector of network’s outputs, where

I explicited the #-dependence, we can write:

£(Or41) ~ £(6:) —nO(0)VL(f) (2.35)

where ©(0) = (O(x"x",0), x*,x” € X) is the collection of the NTKs evaluated on all the

possible pairs of trainset elements.
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CHAPTER 2. THE INFINITE-WIDTH LIMIT OF DEEP NEURAL NETWORKS WITH
THE STANDARD SCALING

Linear dynamics
The main result of [30] is the following Theorem, it can be equivalently found in [73-75].

Theorem 2 (Linear regime of neural networks under GD). At fixed length L, fix a function
o : R — Rwitho € C? polynomially bounded. Using the short notation 0 for the ensemble of the
network parameters, with initial standard condition 6y as in Eq. (2.1). If Ny, ..., N = poly(P)

then, with high probability:

1. The dynamics will converge to a perfectly interpolating solution:

lim £(6;) = 0. (2.36)
t—r00
2. The network stays close to its linearization around t = 0 at every optimization step t,

meaning that there exists o > 0 such that

sgg“@t — 9};”” =0 (min{Nl, o ,NL}_O‘) (2.37)
t>
where
d@lin ) P )
d’; = —VLi (i), Liin(0) = ; (fron(x:0) —ui)~, (2.38)
s (x:0) = fron(x;00) + Ve fren(x;60) - (0 — 6y). (2.39)

A wide network that is trained under GD is said to be in a regime of lazy training, in the sense
that its weights never move much away from the initial conditions 6y, so that the dynamics

can be thought as a taylor expansion of the networks around 6.
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CHAPTER

Understanding feature learning in deep

neural networks: an open challenge

Neural networks have long been known to perform a kind of feature extraction from the
training data [4, 37, 39], and this is also widely believed to be at the basis of their success.
This concept, often called feature learning, is not technically well defined, despite extensive
literature that highlights the phenomenon [37-39, 76, 77]. The reader will not be surprised to
discover that there is an effort by theoreticians to try and put it on theoretical grounds. Despite
some preliminary attempts to give a general definition of feature learning [11, 38, 78-86], this
phrasing has progressively taken the connotation of "far from the kernel limit", or equivalently,

far from the infinite-width regime.

In this Chapter I will present a series of recent experimental results that point in the direction
that, whatever form of feature learning occurs in FC networks, is not extremely effective in
terms of improving generalization performance, even at finite width. On the other hand,
CNNs seem to be able to extract useful representations from train data even in a heavily
overparameterized regime of learning (that I will describe in Chapter 4), as testified by the

experimental advantage of employing a small number of convolutional filters. In the final
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3.1. LIMITATIONS OF THE INFINITE-WIDTH LIMIT OF STANDARD SCALED
NETWORKS

Chapter of this work, I will try and rationalize the aforementioned observation effectively
quantifying, through the mechanism of local kernel renormalization, what it means to be "far"
from the kernel regime, providing a possible description of what it means to learn features in

these models.

3.1 Limitations of the infinite-width limit of standard
scaled networks

Although fundamental theoretical progress has been achieved in the infinite-width limit, this
regime is known to fail in grasping certain salient aspects of learning in neural networks. Two

remarkable examples are listed below.

1. There is no feature learning in infinitely wide networks with the standard
scaling. The stochastic process that describes information flow in infinitely-wide deep
neural network is a familiar Gaussian process, which is completely determined by a
non-linear kernel. A fundamental consequence of this finding is that learning in the
infinite-width limit is equivalent to kernel learning [8, 20, 33, 34] with a static kernel
whose form depends on the learning algorithm, completely fixed by the statistics of
the weights at initialization, that does not evolve during training. Since the kernel
is the quantity that incorporates all the inormation on the structure of the data, this
last observation suggests that feature learning is essentially absent in infinite-width
networks [42, 87]. This consideration is strictly linked to the choice of the standard
scaling, it is indeed worth mentioning that different claims of existence of feature
learning in the infinite-width limit exist in the so-called mean field scaling, see for

instance [11, 86].

2. Infinite-width networks are not affected by weight sharing. The infinite-width
averaged Kernel (2.28) is the same for all the architectures that have local connections
between weights, independently from the fact that those weights are shared among the

local patches or not. The success of CNNs, however, is indeed linked to weight sharing,
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o FCN CNN-VEC CNN-GAP — NNGP
£8 0.8 - — NTK
s3 ot T 081 1 —— Base
R s S
S04 = +L2
'% g 0.6 = e +LR
Z- : T | T T y y

22 06 210 o4 06 o8 o4 06 o8 +LR+L2
Width Width Width

Figure 3.1 —Test accuracy as a funcion of network’s width. In FCNs, the experimental
test accuracy of finite-width networks approaches its asymtptotic performance (NNGP kernel
performance) from below. FCNs don’t outpeform their infinite-width GP. CNNs on the other
hand, do best their infinite-width kernel, both with and without average pooling layer (GAP).
Reprinted from [72]

as is testified by the better performances in terms of generalization of CNNs compared
to LCNs [29, 88]. The infinite-width analysis is therefore insufficient to describe the

effect of sharing parameters in a NN.

3.2 Empirical evidence for feature learning at finite
width: fully-connected VS locally connected

To the end of understanding feature learning regimes and its difference from the infinite-width
behaviour, plenty of recent literature aims at numerically compare performances of finite-
width networks with different geometries (FC layers, convolutions, pooling, local connections,

etc) and their correspondant GP-kernels [29, 32, 72, 89].

A notable example is the large-scale empirical study conducted by the authors of Ref. [72],
where they compare finite-width FC networks, CNNs with finite number of channels and their
infinite-width limit kernel counterparts. A variety of possible settings to improve the gener-
alization performance is explored combining centering, large learning rate, L2 regularization,
ensembling, underfitting by early-stopping and ZCA whitening of the inputs. This massive

analysis provides a few striking empirical observations highlited in Figure 3.1:

(i) Infinite-width kernels systematically outperform their finite-width counterpart in the

case of FC-DNNs;
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FULLY-CONNECTED VS LOCALLY CONNECTED
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Figure 3.2 —Comparison between performances of FC finite-width fully trained networks
(dotted lines) with tanh activation and correspondant infinitely wide bayesian networks (black
solid line). The authors compare generalization performances measuring both the test accuracy
(left) and mean squared error (MSE) (right) on two benchmark computer vision datasets, MNIST
(above) and CIFAR (below). Except for the MSE for MNIST, the NNGP always outperforms the
finite-width network for every dataset size in a two-decades range. Figure reprinted from [27]

(i) CNNs with finite number of channels often outperform their corresponding infinite-

width kernel performance.

Such empirical evidence is further corroborated by a striking difference in the behavior of the

test accuracy as a function of the size of the HLs/number of channels in FC/CNNs: whereas for

FC networks the accuracy monotonically approaches the kernel performance from below, in

CNNss one often observes a non-monotonic behavior and a non-trivial region at finite-width

where the network is capable of outperforming the CNN GP performance. Several similar

observations have been reported in the literature: the authors of Ref. [89] very recently pointed

out that infinite-width deep FC neural networks eventually outperform their finite-width

counterpart as the size of the training set grows. In one of the seminal papers dealing with

the infinite-width limit [27], the authors observe that increasing the hidden layers size almost

always leads to optimal test accuracy on deep FC architectures trained on MNIST and on

CIFAR10, two of the benchmark datasets for computer vision learning problems (see Figure

3.2).
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Figure 3.3 —Comparison between performances of SGD trained (blue) and infinitely wide
bayesian networks (red). From left to right: (i) when only FC layers are employed, infinite-
width kernel outperforms finite-width trained network. (ii) When only local interaction is
inserted in the model (see Eq. ), finite and infinite-width networks performs identically; (iii) as
soon as convolutions are employed, trained finite-width networks systematically outperform
their infinite-width GP, wheter or not pooling layer is addedd. Figure reprinted from [29]

Another notable analysis is found in Ref. [29], where the authors also test networks with local
connections but without weight sharing (LCNs). A brief summary of their results is reported
in Figure 3.3. The points discussed above suggest that deep FC architectures and LCNs are
not as effective at finite-width as their correspondant GP kernels, indicating that in these
regimes, feature learning is essentialy absent. This is in sharp contrast to what practitioners
observe using state-of-the-art deep networks with convolutional layers, which achieve optimal
generalization performance at finite width when feature learning can occur and is in fact

essential. This mismatch triggers at least two conceptual questions:

(i) Why is it ultimately convenient to employ large-width architectures when only FC

layers are available?

(ii) Why is this not the case when convolutional layers are employed? And how does a CNN

operatively exploit the finite-width regime for efficient feature learning?

Preliminary theoretical work in the direction of understanding the feature learning regime
of deep nets was carried out in Refs. [11, 78-86]. The authors of Refs. [90, 91] analytically
investigated the advantages of employing convolutional neural tangent kernels in the infinite-

width limit and understood why infinite-width FCNs perform worse in the mean field regime
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FULLY-CONNECTED VS LOCALLY CONNECTED

than in the lazy-training one [92]. The interplay between the lazy training regime and the

mean field limit [64] has been the subject of a thorough investigation in [93, 94].

In the following Chapter, I will introduce the reader to a framework in which the aforemen-
tioned empirical observations can be partly rationalized through the lens of kernel renor-
malization. This theoretical framework, firstly developed in [95], provides a simple, yet
very instructive answer to question (i) for IHL networks. It is in fact possible to show that
the performance of a finite-width shallow network can be obtained with the corresponding
infinite-width kernel and a suitable choice of the Gaussian priors over the weights of each
layer. Moreover, as I will discuss in detail in Chapter 5, these findings can be employed to

provide preliminary insight to question (ii).
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Part 1l

Results: A statistical mechanics
framework for deep neural networks

beyond the infinite-width limit
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CHAPTER

One way to go beyond the
infinite-width limit: the proportional

regime

The infinite-width limit of neural networks has been mostly understood in deep feedforward
architectures with several geometries [26, 27, 29, 63], and both for Bayesian and GD-trained
networks [30, 35]. The limitations that an infinite-width description carries, as we have seen
in the previous Chapter, suggest that this description is falining to grasp fundamental aspects
of realistic machine learning, making it necessary from the theoretical point of view to go

beyond it.

Here and in the following, what I will mean by going beyond the infinite-width is to explore a
less-overparameterized and more realistic scaling of the parameters with respect to the number
of avaliable datapoints, in a data-dependent setting. Specifically, I will consider a proportional

regime, where one lets the size of the training set P scales to infinity at the same rate as the
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size of the hidden layers N,:

P
P,Ng—>OO, agzﬁﬁnite Vﬁzl,,L (41)
l

with L being the (finite) depth of the network. This scaling choice guarantees that such
networks still work in the overparametrized regime, like the infinite-width ones, but with
constraints that are more realistic compared to practical learning scenarios. The scaling of
P with the input size Ny, which deserves special care, is discussed below in Sec. A.2. It
is worth remarking that a statistical mechanics description of networks in the proportional
regime can also be found in [9, 96], for toy linear architectures, or in a teacher-student scenario
and averaging over Gaussian data distribution in [23, 97]. Note that the proportional regime is
just one possilbe choice to move from the infinite-width description. To mention a couple of
relevant strategies, one could for instance study different scalings from the NKT, as was done

in [11, 78], or consider the limit of infinitely deep networks L — oo [98].

Supervised learning problem

P

1> where each

We consider a supervised learning problem with training set Dp = {x*, y*}
x# € RM and the corresponding labels y* € R. We analyse regression problems with a

regularized quadratic loss function:

ﬁ(e) = ﬁMSE(e) + ﬁREG(H) (42)
P
£MSE<9) = %Z [Z/“ - fDNN(wu>]2 ) (4-3)
pn=1
Lrea(0) = iiA WO + 2L v (4.4)
REG = 23 - Y 23 .

where 5 = 1/T is the inverse temperature, and ||-|| is the standard Frobenius norm defined for
the weights matrices W ). Scaling L., by 1/ has a natural Bayesian learning interpretation:
the Gibbs probability Ps(0) = Z~'e #£1) associated with the partition function in equation

(1.29) is the posterior distribution of the weights after training.
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CHAPTER 4. ONE WAY TO GO BEYOND THE INFINITE-WIDTH LIMIT: THE
PROPORTIONAL REGIME

Fully connected NNs with the standard scaling in the Bayesian setting

Throughout this Chapter, I will consider deep neural networks fpnn(x) with (L — 1) fully-

connected hidden (FC) layers and a final linear readout layer, defined as follows:

Ng,
1 (L)
fren(%) Sy E_IU L0 [ i (X)| +0bi,
() 1 Nz“ © (—1) ©
? Y4 -1 YA
hié <X) = >\EN€ ‘ Wigig,10—<h‘ieil (X)> + bie y K =2... L —1

ig—1=1

1 X

1 1

hz(l)(x) = —/—AON() § ”i(li)o
i0=1

1
Tiy + b)) (4.5)
Defining the network in this way, I can choose all the weights from a standard normal
distribution N'(0,1). In the framework where one is interested in computing the partition
function in (1.29), this is equivalent to scaling the weights with the NTK scaling. In other
words, standard and NTK parameterizations are equivalent in this setting (rows one and two

in Table 1.1 are equivalent).

4.1 Effective action of Bayesian shallow fully-connected
neural networks

In the case of 1HL architectures, which implement the function in Eq (4.5) with L = 1, the
partition function (1.29) can be reduced to a two-variable integral, in the thermodynamic limit
described in Eq. (4.1). This is the first and main result of a recent paper [95], and of the present

work. The partition function, expressed in terms of an effective action S, reads:

Z = /dQ/dQ exp [—%S(Q,Q)} . (4.6)
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NETWORKS
where the action S is given by:
S=—-QQ +log(l+Q)+ %Trlogﬁ [% + K(R)(Q)] +
oy {% " K“‘)(Q)} oy (47)
with
K®(Q) = %K(O), Ch = %OWNOQJV (4.8)

The input-dependent kernel K (C) is the neural network Gaussian process (NNGP) kernel [27]
arising in the infinite-width limit (1.43). Remarkably, the renormalized kernel K (®) that enters
the effective action is the NNGP kernel rescaled by the parameter (). At the saddle point, one
can easily express () as a function of (), leaving the latter as the only free parameter that a

standard-scaled proportional-width network can optimize during training.

Minimizing the effective action is straightforward if oy — 0, since one easily finds that Q* = 0,
()* = 1 and recovers the well-known infinite-width limit NNGP kernel. At finite v; one finds
data-dependent solutions for the order parameter that produce a global renormalization of
the infinite-width kernel as expressed by Eq. (4.8). In other words, the difference between
learning with standard-scaled networks in the infinite-width and proportional-width regime
amounts to the optimization of the free parameter ). A sketch of derivation of Eq. (4.7) can be
found in the next subsection, while details of the calculations are in Appendix B.2. For many
reasonable non-linearities and input data distributions the derivation goes through at least in
the regime P = O(Ny) (see A.2). In [95], we conjecture that this result is exact since the only
key Gaussian approximation that we perform is justified by the Breuer-Major theorem [99],

as shown in Appendix A.
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Sketch of the derivation

In this section I will discuss the salient aspects of the calculation of the 1HL partition function

in Eq. (4.6). The starting point is the definition in Eq. (2.23), that can be rewritten as:

/I_Idv,1 H dw,;, exp 5 7H’w”2

1,50

N1,No N
1 {_)\ 1 2 B >\0

where w, v are respectively the first and last layer weights, and o is the non-linear activation
function. This computation holds for zero-mean activation functions, that is functions whose
average over a centered Gaussian is zero. This restriction can be lifted, as I show in the

Appendix, Sec. C.3, deriving an effective action for the generic finite-mean case.

The first step is to decouple the weights of the different layers in the loss function. This
can be done including standard identities built over two families of Dirac deltas, one for the

pre-activations of the hidden layer and one for the output of the network:

P 1 Ny
1= /Hdsua [su _ m;vila(hg‘l)] , (4.10)
P M 1 No
— H ot
1= /HHdh 5( mex> : (4.11)

By using a standard Fourier representation of these deltas, which introduces the conjugate
variables i_zf and s, we can perform the Gaussian integrals on the internal and external
weights. Using the fact that the A}, h“ integrals can be factorized over the index 7;, and

performing the former Gaussian integration one has:

P N
ds* ds# 7B Sk i shg dh* SHto(hH
= /H = (=) i o st [/H — e “ [ ] P ({h"}) ’
I

(4.12)

47
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where

LS s

P ({h"}) = Cp=—+ . 4.13

1({ }) (27‘(‘)P detC ) 12 )\0NO Zx'LOIZO ( )
20

To deal with the integral over h* we can include a further Dirac delta identity for the random
variable g = 1//A/ N1 ) 80 (h*). This leaves us with the problem of finding the probability
density P(q). In the limit defined in (4.1), this is exactly the same setting of the Breuer-Major
theorems [99, 113, 114]. As such, it is sufficient that both the (regularized) covariance C' and the
activation function o satisfy the hypotheses of the theorem to guarantee that the probability

distribution P(q) converges in distribution to a Gaussian:

P(q) = /dPh Pi({h"})d [q - ﬁ Y Fa (b = N(0.Q(5)).

(4.14)

where the matrix K (C') is the NNGP kernel defined in (1.43). Now we can integrate over the

variable ¢ and obtain:

Ny
G G
dqe 2 2Q(5,0) N

Jr0G.0) =[Q(5,C)+1]" 7 . (4.15)

In the general case of finite oy = P/Nj, we are only left with the integrals in s* and §*. To

solve them it is convenient to introduce one final Dirac delta identity:

1= / dQ(S[Q - AllNl > SK(C)uws” | (4.16)

Finally, the integrals in s* and 5* are Gaussian once another integral representation of the
delta via a conjugate variable () is inserted. This allows us to get the final effective action

obtained in equation (4.7).
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Generalization error

A computation similar to the one presented above shows that the generalization error, defined

in Eq. (1.32), can be expressed in terms of the usual bias-variance decomposition:

eg(x°,9°) = (yo = T)* + o (4.17)
Q 1.Q.\"

I = ™ %:@(XO) (5 4 A_1K>W m
_ _ L5

o} = /\Ql ro(x”) — %%:HM(XO) (5 +% )W %V(XO)] (4.18)

where K = K(C) is the NNGP kernel defined in (1.43), x,(x") = K (x",x*), with the NNGP
kernel function defined in (1.42), and £ (x°) = K (x",x"). See Appendix B for further details
on how to analytically compute the generalization error, and Chapter 5 for numerical tests of

this result.

Additional results

In the supplemental material, I reported a number of additional results that partially represent
ongoing work: (i) a re-derivation of the effective action in the case of linear activation function,
valid at fixed P, Ny, Ny, together with a comparison with the results given in [9, 98]; (ii) a
specific derivation of the effective action for quadratic activation function, which makes no
use of the Breuer-Major theorem; (iii) the generalization of the effective action in equation (4.7)

to the case of multiple (but finite) outputs.
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4.1.1 Link between Student’s t-processes and shallow neural

networks in the proportional limit

In obtaining the results reported in Sec. 4.1, our theory can be formulated as a statement on

the probability distribution of the output variables

N1
1
st = N Z v, o(hy)), (4.19)

11=1

where h ~ N(0,C®1y,), v ~ N(0, \[*1y,). Proceeding as in the derivation of the partition
function presented in Methods, the p.d.f. of these variables can be written as a re-weighted

Fourier transform,

[1]

O (s -

e 22w ds#* .

P(s|Tp) = - /H e 52 (5) (4.20)
o

of the function

_M

2

P
2(5) = (1 + AllNl > s“KMC)s") . (4.21)
v

It is straightforward to notice that as long as N; — oo and N; > P, the dependence on V;

disappears and we get:

2(s) s o Tl K O

(4.22)
This quantity has a very natural interpretation in view of the NNGP literature. Indeed, for NV,
large and P finite, the variables (4.19) are jointly multivariate Gaussian distributed according
to the central limit theorem, as noted for example in [27]: this limit corresponds indeed to
the RHS of our equation (4.22) and is the cornerstone of the mapping of an infinite-width
Bayesian neural network to a GP. This is however no more the case when P is comparable
to Ny: equation (4.21), derived exploiting the Gaussian equivalence based on the BM theorem

in the proportional asymptotic limit P/N; ~ O(1), is suggesting that the variables 5 are
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distributed according to a multivariate Student’s ¢-distribution [100-103].

The need of considering Student’s ¢-processes as a generalization of NNGPs has been noted
already in the case of different priors on the distribution of the last layer’s weights [104].
Non-Gaussianity of the posterior in a form similar to that of Eq. (4.21) has appeared also in
[85, 86, 105]. The reason why this kind of process arises in the case we are considering here can
be understood with an heuristic argument: when /N; and P are of the same order, we cannot
take the limit N; — oo before P — o0, and so we need to use the empirical covariance of
the output variables s* instead of their true one in estimating their probability distribution. A
more precise characterization of these neural network Student’s ¢-processes (NNTPs) and the

regime where they arise represent interesting topics for future work.

4.2 A tentative approach to study the replicated ensemble
with shallow networks

The scaling regime define in Eq. 4.1, implies that the networks that we are considering work in
the overparameterized regime, but this does not mean that the learning dynamics is convex.
In fact, we know that the energy landscape of a neural network’s weight configurations is
in general non-convex [12, 47]. It is known and well discussed in the literature that this
non-convexity, associated in some cases with hard phases of learning, can be explored with
statistical mechanics tools in very simple architectures (perceptrons, commitee machines)
using the escamotage of choosing binary weights. For such networks, biasing the dynamics
to sample from the so-called robust ensemble, turns out to be beneficial both in terms of
convergence time and in quality of solutions found [12, 47, 48, 55, 58]. In this section I present
a first tentative approach to study the replicated ensemble with shallow 1HL networks in the
infinite-width and proportional regime, with the ultimate goal of understanding if the robust
ensemble remains relevant for learning in an overparameterized (but in general non-convex)
learning task. This work only constitutes a preliminary analysis that still provide interesting

results, summarized in the following. The detailed analytical derivations of all the results that
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follow can be found in Appendix D.

Setting

Consider a system of Y interacting 1HL networks, parameterized by § = (0,, « = 1...Y),

each with function given by:

No
Fou (") = \/_ Z < \/iv_o Z wi ol ) (4.23)

I want to describe a system in which the replicas interact through their weight vectors 6,,
though a quadratic interaction tuned by a parameter ~. The loss is defined as the sum of ¥’

regularized MSE losses as defined in Eq. (4.2):

L0180 = 5 30 0 — ()P + Lo

a=1 p=1
o Y No M Y No N
a 2
'CREG - E Z Z Z(wilio Zl’Lo Z Z Z Z1'50
af =1 11 a io=1 i1
IR y Y N )
1 a\2 (07 ﬁ
+ﬁzz<vil) +@2f;z:1 <vi1 —vh) . (4.24)
(e} 11 o, 1=
where the index p runs over the examples in the dataset D = {x* y*},-1. pOne could

consider the more general case of a quadratic interaction (in the replica index) between the

weights:
Y M Y No M
B
£REG - Z Z 21 1 O‘BU’Ll Z Z Z wlllo 0 aﬁwi1i07 (425)
aB i1=1 af io=1 11

and re-obtain our desired regularized loss in Eq. (4.24) by imposing:

— 1 ")/‘i‘)\o y )
My b= —[Ng+~(Y —1) 1y —10y] M; = ly +
0 )\0[(0 Y ) ly —~0y] 0 <A0+Y7Y M+ Y Y
_ 1 v+ A Y
M= —1(\ Y — 1) ly —~0y| M; = I 0 4.26
1 )\1[(1+’Y( Ny —70y] M <>\1+Y’y Ny Y) (4.26)
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where [ have denoted 1y the Y-dimensional identity matrix, and Oy the Y -dimensional matrix

with zeros on the diagonal and ones elsewhere.

Summary of the main results

It is possible to show (see Appendix D) that the computation of the partition function can be

carried out, reducing it to a saddle point integral over (in principle) Y2 order parameters.

Y
_ / T] e 200D / H 40, e~ 5@
S(Q,Q) = ~Tr(QQ) +logdet (1 + QM) +

-1
+ Nillog det (K(R)(Q) + 1P5XY) + —y ; ( Q) + 1P5XY)04,3 y  (4.27)

with the renormalized kernel K ®)(Q)) given by:

[KOQ) = Lot exge 429

KREP

The dynamics is governed by a kernel , that inherits a replica-symmetric (RS) structure

from the replicas themselves (that we consider indistinguishable).

KR — K11y + K°® 0y (4.29)
K,, = / Dh o (h*)a(h’™) (4.30)
= / Dho(h**)o(h"?) (4.31)

where Dh = p({la}) [],, dhya- Consistently with [95], we find that the preactivations of

the networks after training are gaussian distributed:
p({h}) =N(0,I') T'=C® M, (4.32)

where ® denotes the outer matrix product, and M defined in (4.26).
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4.2. A TENTATIVE APPROACH TO STUDY THE REPLICATED ENSEMBLE WITH
SHALLOW NETWORKS

Predictor statistic and accuracy in the infinite-width limit

In the infinite width limit where N; > P, only the first two terms count in the replicated

partition function (4.27). The saddle point solution is easily found as:

Qiz=0 VYaB,  Q =M (4.33)

Note that this is completely different from the unreplicated case, where we have that M; =
My = 1, and there is no contribution from the off-diagonal terms of (), and therefore from
KP°. In this framework, the statistics of the output after training is a multivariate Gaussian

distribution in the replica space:

p({fo.})|D) =N (m, %) (4.34)

withm = (m,,a=1...Y),and ¥ aY X Y matrix:

o

, 1\
e = 3 (e [(K<R> n B) (4.35)
o' py %%
1\ "
sl = [(M)ef _ Z[K(R)]ﬁﬁ (K(R) + E) ] [(B)]B (4.36)
72 %

where the renormalized kernel is given in Eq, (4.28) and, analogously to the unreplicated case,
the Kernel function must be evaluated at the unseen example x°, yielding the following extra

terms: with:

R)1a Qaﬁ REP REP
[(D)ef = Ny el Y =k @ 1y + £° @ Oy (4.37)
R = / Dho(h*)a(h"®) (4.38)
ngﬁw = /Dha(h““)a(h”ﬁ) (4.39)

Instead of the test loss, here I choose to compute another observable to test the network’s

performances after training, that is the test (generalization) accuracy €,... For an ensemble of
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Y interacting replicas, this reads:

€acc = <9 (% Zyofea (1'0)) > ) (440)

where the average is performed over the Gibbs ensemble associated to the replicated loss
(4.24) at zero temperature, and 6 is the Heaviside step function. This metric, suitable for
classificiation problems, gives the expected percentage of trained netorks that will correctly

label unseen example x°, ¢/°.

1 0 0 —sign(y") >-, m”
€ace = L — yfa(x )>>:H = >
< (Y ; ' \/ Zaﬁ Zoaﬁ

and the H (-) function is defined as H (z) = 3Erfc (\%) The covariance and mean of the output

distribution read:

Note that for v = 0, that is the case of non-interacting replicas, the accuracy reads:

PY 0T
€ace = H (%%) oo (4.41)

with T and 02 consistent with the ones found in [95], with the number of trials Y rescaling

the variance.

4.3 Asymptotic effective action for Bayesian deep
fully-connected architectures

In the generic case of a deep fully-connected architecture with a finite number of layers L
and zero-mean activation function, the partition function can be expressed in terms of a 21.-

dimensional integral. In this section I will Detailes of this calculations can be found in below
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in section B.2.3 :
L
ZoNN = /H dQ, d@[e—NTLSDNN({leQZ}) 7 (4.42)
/=1

where the effective action is given by:

L
SpaN = Z Z—j [—QeQ¢ +1og(1 4+ Q)]
/=1
-1
+ &—;Trlogﬁ (% + KéR)({Qe})) + Oé—pLyT (% + KﬁR)({Qe})) y (4.43)

and we have introduced a renormalized kernel K*) that generalizes the the recurrence

relation for the L-layer NNGP kernel as:
KPUQY) = Qu/aK o [KE(QeD] K7 =, (444)

where (' is the covariance matrix of the inputs defined in Eq. (1.40). It is important to stress
that each K éR) depends on the variables Q, ..., Qy_; only. For completeness, we notice that
the recurrence relation for the infinite-width kernel K, is given by equation (4.44) with Q, = 1

Ve=1,...,L

This action shares the same structure as the one found in section 4.1 for the special case of 1HL,
with the difference that for L hidden layers, the recursive nature of the derivation introduces
additional order parameters that are nested in the definition of the kernel K. Furthermore,
since our derivation applies to layers of arbitrary size Ny, the action also depends on the aspect

ratios ;. The computation of the generalization error over a new example (x°,3°) gives:

(ee(x%,9") = (° —TL)* + 07 (4.45)
~1
R (1 n K£R><{@g}>) " (£46)
uv ﬁ %
—1
0} =kig — > K (% + KéR)({Qm) ki (4.47)
pv uv
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where /i(L]j:), IQ(LR;)) are recursive kernels computed from the recurrence given in equation (4.44)

using the input x" in the initial conditions.

Additional results

In the Appendix C I show how to derive a series of additional results: (i) a generalization of
this effective action for finite-mean activation functions; (ii) a way to recover the linear case
in the isotropic limit ay = o V¢ = 1, ..., L; (iii) how to use (i) to correct the heuristic theory

for ReLU activation presented in Ref. [9].

4.4 Shallow Convolutional and Locally connected
networks

In this section I will present the resulting effective action in the proportional regime for
locally connected shallow architectures, with and without weight sharing. The details of
the analytical derivations can be found in the Appendix E. A 1HL NN with one-dimensional

convolutions implements the following function:

[No/S] N
fonn(x U U ha
W Am L L
s
hi(x) = W T sitm - (4.48)
Ao M m=—|M/2]
Here M is the dimension of the channel mask, S is the stride, the index i = 1,..., | Ny/S]|
runs over the input coordinates, the index a = 1, ..., N, runs over the channels and the index

m moves through the spatial mask of the convolutional filter. where o is a odd activation
function and the v’s are the learnable weights of the readout layer. The locally connected
network LCN, has only one of the properties of a CNN, which is locality. The absence of

weight sharing means that the convolutional mask is not unique and parsed on the input, but
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4.4. SHALLOW CONVOLUTIONAL AND LOCALLY CONNECTED NETWORKS

there are as many masks as | Ny/S|. For LCNs, we have:

1 \.NO/SJ Nc
fron() = ———ec vio (h) (4.49)
NCLNO/SJ i=1 a=1
M2
h(z) = —imo (4.50)
m=—|M/2] M

Our goal is to derive an effective action in the same setting of Refs. [9, 95], in the thermody-

namic limit described in (4.1), where (N, P) — oo and their ratio . = P/N. is finite.

4.4.1 Finite-width effective action: how the feature matrix @);; is

exploited in convolutional and LC networks.

The partition function for the learning problem with the 1HI CNN can be approximated as an

integral over an ensemble of | Ny/S| x | No/S]| matrices @ and Q
Zonn = / DQDQeNe/25em(QQ) (4.51)

where the effective action is given by:

Senn(@Q,Q) = — ZQz‘jQz‘j + Tr log(lL%J +Q)+ (4.52)
ij
a, 1p (R) o 1(1lp ® )
+ PTrlogﬁ<ﬁ + K&) + Ty <ﬁ +ES) v (4.53)

The trace in the first two terms is over | Ny /S| x | No/S | operators, whereas the renormalized
kernel K S;L is a P x P matrix and therefore the trace in the third term and the scalar products
with the output labels lie in a P-dimensional vectorial space. The matrix elements of the

renormalized kernel are given by:

®) A 1 [ No/S] ~ -
e — KW
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where the kernel K77, is given in terms of the elements of the following local covariance matrix

) ]
c = WY, > T (4.55)
m=—|M/2]

with )\ being the hidden layer Gaussian prior, via the same functional relations of the FC case:

i ij
C## wa

K3, = [N (0.65) ott)otw), G = | T
ci, C .

It is worth noticing that this is the same local kernel that has been already found in the seminal
work on the GP limit of infinite-width CNNs [29], as discussed in Chapter 2. In our effective
action framework we recover that result by solving the saddle-point equations for the matrix
Q in the limit of o, — 0, where one finds Q;; = d;;. Note that only the diagonal components
of the local kernel contribute to the prediction in this limit, and there are no free parameters

that the network can optimize.

The case of locally connected networks is somewhere in between: it is still true that only the
diagonal components (); of () contribute to the prediction, but they are free to be optimized.
More precisely, the partition function for a LCN shares the same structure as the FC and CNN

ones:
7= / [] dQidQie= 5 5ien(@@), (4.56)

where the LCN effective action Sicy is given by:

Sion = — Y _(QiQi — log(1+ Qi)+ (4.57)
+ 2e1r10 B(l—P+K(R)>+% T<1—P+K(R)>1 (4.58)
P g 3 LCN P Y 3 en) Y .
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with the LCN renormalized kernel:

1 [No/S]
K& } = QK" . (4.59)

[ LCN( ) v I_NO/SJ ; “w
Note that this action shares the same functional form as the one for FCN and CNN, but the
renormalized Kernel contains only the diagonal elements of the local kernel matrix defined in

Eq. (4.54). A detailed description of how this result is obtained can be found in Appendix D.
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CHAPTER

Physical implications

In the final Chapter of this work, I will discuss some physical consequences of the statistical
mechanics framework that I have previously introduced. I will firstly test a number of
predictions that stem from the effective actions derived in Chapter 4, from the generalization
performance to more general considerations on the monotonicity of the learning curves of
different architectures [95, 106]. Finally, I will illustrate a mechanism for feature learning, a
consequence of this statistical mechanics description, that can take place in CNNs but not in
FCNs or in LCNs without weight sharing [106]. To conclude, I will provide numerical evidence

for this mechanism, called local kernel renormalization.

5.1 Predictive power of the theory

5.1.1 Zero-temperature generalization performance of THL networks

The most straightforward prediction of the previously discussed framework is the zero-

temperature test error for 1HL networks. Computed as an observable over the Gibbs ensemble
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5.1. PREDICTIVE POWER OF THE THEORY

Architecture | Kernel type ‘ IW Kernel ‘ Renormalized Kernel

FC KMV KMV Q{{IJ«V
LCN K, > K, > Qik,
CNN Kuju Zz K;w Zij Qij KM]V

Table 5.1 ~Summary of the analytical results for one hidden layer networks. We
identify three different types of kernels in the Bayesian effective action for FC, LC and
convolutional networks: a global kernel in the FC case, a local diagonal kernel in LCNs
and a local (with additional non-diagonal components) in CNNs. The infinite-width kernel
that describes LCNs and CNNs is the same, as shown in [29]. In the proportional limit, the
renormalization of the FC kernel is scalar, i.e. the NNGP kernel is only globally rescaled
by a data-dependent number Q). In LCNs, we can adjust a vector of components @Q;, which
determines how much the self-correlations of the i-th patch of the diagonal local kernel do
contribute to the final prediction. In CNNs, due to locality and weight-sharing, we can fine-tune
a full matrix @;;, which controls how much the local correlations of patches i and j will enter
the effective kernel learned by the network after training. This is what we call local kernel
renormalization.

(1.32), we have seen it can be expressed in terms of the usual bias-variance decomposition:

2
(eg(x”, %)) = (y° = T1)" + o7,
I = K (XO)K:VI Yy
; S (5.1)

Q* _
o} = " Ko(x%) — Z m#(xo)Kw} ko (x)]
[787

where the NNGP kernel K is defined in (1.43), and x,,(x°) = K(x*,x°), ko(x") = K(x°,x°)
can be computed from the functional definition of the NNGP kernel in Eq. (1.42) using the

new unseen input x°.

One can directly employ equation (5.1) to obtain testable predictions for the generalization
error of finite-width 1HL architectures trained in the Bayesian learning setting; results of this
comparison are shown in panel (a) of Fig. 5.1 for two specific regression tasks defined on
the CIFAR10 and MNIST datasets (details on the numerical experiments are provided in the
Appendix Section F.1). It turns out that the generalization curves for the two regression tasks
are monotonically increasing (decreasing) as a function of N; depending on the fact that the

observable 4T (K/\;)~'y/P is smaller (larger) than one. The importance of this quantity in
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controlling the generalization performance has been already noted in linear networks [9, 80]

as well as in direct perturbation theory at finite P for non-linear networks [107, 108].

Two semi-quantitative predictions for the general behavior of the generalization error can also
be easily tested, just by looking at the dependence of equation (5.1) on the size of the hidden
layer N; and on the Gaussian prior of the last layer \;. At 7" = 0, the bias is constant as a
function of N; (as explicitly observed also in the linear case in Ref. [9]) and of A\;. On the
contrary, the variance depends on N; and decreases as 1/ V) in the large-\; limit. These
observations lead to the following two testable predictions: (i) increasing the magnitude of
the Gaussian prior \; should systematically improve the generalization performance at any
Ny; (ii) for large A\; the dependence on N; of the generalization error should disappear (see

also the numerical experiments performed in panel (b) in Fig. 5.1).

5.1.2 Finite-temperature generalization loss in THL networks

The more general expression of the generalization loss at generic temperature, given in Eq.
(4.18), can be evaluated by numerically minimising the action (4.7) at given temperature
T = B. In Figure 5.2, I report the result of experiments with finite neural networks trained
at finite temperature, in comparison with the theory prediction computed from (4.18). The
accordance between theory and experiments is excellent in all the settings that we explored,
highlighting the non-trivial effects of finite temperature 7" on the generalization performances.
For instance, depending on the dataset into consideration (CIFAR or MNIST), it can or cannot
be beneficial - in terms of test loss - to work at finite temperature. This discussion is part
of preliminary work for a project I am currently doing in collaboration with the Statistical

Physics group in Parma, and will be the object of discussion in future work.
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Figure 5.1 —(a) Learning curves of 1HL architectures with Erf activation (trained with a
discretized Langevin dynamics, see Appendix F) as a function of the hidden layer size IV;
for two regression tasks on the CIFAR10 (above) and MNIST (below) datasets with zero/one
labels. The experimental test loss at different values of the trainset size P (points with error
bars indicating one standard deviation) are compared with the theory computed from equation
(4.18) (solid lines). (b,c) Experimental learning curves as a function of Ny for increasing values
of the Gaussian prior of the last layer A;. Dashed lines connecting the points are shown to
guide the eye. The nets are trained on P = 3000 examples from the CIFAR10 dataset in (b)
and P = 500 examples from MNIST in (c). Two qualitative predictions of the theory at zero
temperature are checked: (i) the generalization loss should decrease for any /N1 when A; grows;
(ii) the dependence of the learning curves on /V; disappears in the large-)\; limit, since the bias
is constant (see also main text).
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Figure 5.2 —(a) Learning curves of 1HL architectures with Erf activation, trained with a
discretized Langevin dynamics on two regression tasks on the CIFAR10 (left) and MNIST (right)
datasets (points with bars), compared to the predicted theory derived from equation 4.18 for
different temperatures 7' = 1/ (solid lines).. (above) The experimental test loss is plotted as a
function of the fixed ratio « = P/N;. Keeping « fixed implies that the trainset has to be slightly
changed at each simulation. This feature is visible in the ruggedness of theoretical curves.
The inset shows that our theory is able to capture the small nuances brought by different
training sets to the generalization error, perfectly accomodating the result of experiments for
each dataset. (middle) Experimental test loss is computed at fixed P, with varying values of IV;.
Raising the temperature has a detrimental effect for the MNIST dataset (right), but seems to be
beneficial in a certain range for the CIFAR dataset. (below) The agreement between theoretical
test loss and experimental one remains spectacular also for different values of the last-layer
Gaussian prior \; (keeping \q fixed).
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Figure 5.3 —(a,d) Test loss of a L-HL neural network with ReLU activation, as a function of the
depth L, for P = 100. The net is trained on a regression task in the small o regime (o = 0.1),
close to the infinite-width limit. The finite-width network can outperform the infinite-width
prediction only when s;, < 1 (shaded area), i.e. only for the MNIST task and for depth L < 3.
(b,e) Visualization of the entries of the infinite-width NNGP kernel at different layers of the
network. The ReLU NNGP kernel converges to zero after repeated iterations. This generates
almost vanishing eigenvalues that makes sy, eventually always larger than one. (c,f) Test loss
of a 4-HL network trained on P = 1000 examples with different regularization strengths (with
Ny, = N = 1000). While increasing the magnitude of the Gaussian prior of the last layer still
improves generalization for all IV, it is not clear anymore (as it was for 1HL networks) that the
curve at large Az, is a constant as a function of N. The dashed line is shown to guide the eye.

5.1.3 Prediction for L-layer networks

Inspection of the generalization error of deep FC networks given in Equations (4.45) and
(4.47), allows to perform a scaling analysis of the dependence of the generalization error
on the Gaussian prior in the last layer A\;, (in the zero temperature limit). It turns out that
the bias does not depend on it, whereas the variance o2 approaches zero as 1/v/ A as \p, is
taken to infinity. This means that also in the case of finite depth L > 1, training at large
values of the Gaussian prior of the last layer should improve generalization at any aspect
ratio of the network. This general observation is confirmed by numerical experiments in
panels (c) and (f) of Fig. 5.3. However, differently from the 1HL case, the bias does depend
on the aspect ratio even in the zero-temperature limit and we cannot expect anymore that the
dependence on the aspect ratios of the networks oy disappears in the \; — oo limit. One

can obtain another prediction of the theory at L layers (that again confirms previous results
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on linear networks and perturbative calculations for non-linear networks [9, 80, 107, 108])
by considering the effective action for ReLU activation. A straightforward Taylor expansion
around the infinite-width limit oy = o« = 0 V¢ = 1,..., L shows that the first correction to

the test loss A, is proportional to:
1
A€y X (FyTKLly — 1) : (5.2)

where K, is the solution of recurrence in equation (4.44) for @, = 1 V¢ = 1,...,L and
ReLU activation. This means that there exists a simple scalar observable that determines
whether the finite-width deep neural network will outperform its infinite-width counterpart

that generalises the one found at 1HL:

1 _
s = F?/TKL Ly (5.3)

In particular, the finite-width network is expected to outperform its infinite-width counterpart
whenever s; < 1. In panel (a) and (c) of Fig. 5.3 this prediction is checked for deep
architectures with ReLU activation on the same regression tasks employed in the 1HL case.
Notice that s; quickly diverges to infinity as the number of hidden layers L grows. The
reason for this is simply that the ReLU NNGP kernel K}, develops at least one zero eigenvalue
as L — oo. This ultimately occurs because each element of the matrix K converges to
zero as L grows (see panel (b) and (c) of Fig. 5.3), as one can easily check by looking at the
explicit recurrence relation for the NNGP ReLU kernel. [27, 109]. Note that this singularity
can be equivalently thought as the fixed point of the discrete dynamical map defined by the
recurrence relation for the NNGP kernel and therefore it might be worth investigating the
relation between the generalization performance in our asymptotic limit and the line of work

on the edge of chaos in random neural networks [110, 111].

Equation (5.2) provides an additional link with Student’s ¢ inference. In fact, the same criterion
has been found by Tracey and Wolpert [112] in the study of Bayesian optimization with

Student’s t-processes. Here the authors show that the value of s; determines whether the
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Student’s ¢-process they consider has a larger/smaller variance than the corresponding GP

with the same kernel.

5.2 Finite-width THL FCNs cannot outperform
infinite-width GP kernels in the proportional regime

A straightforward consequence of the theoretical framework presented in the previous Chap-
ters is that a shallow (1HL) FC network will always underperform with respect to a fine-tuned
1HL wide network. The only parameters that one can freely chose in such architectures are the
Gaussian priors of respectively the first and second hidden layers (), \;), and the fine-tuning

therefore depends on those quantities. A series of natural observations lead to this result:

1. The renormalized kernel K®) enters in the predictor’s statistics for a new unseen test
element exactly in the same way the NNGP kernel does in the infinite-width limit, and
thus it completely determines the generalization performance at finite width, once the

saddle-point equations for the parameter () are solved [95].

2. The scalar parameter () always appears in combination with the corresponding Gaussian
prior \; as Q/)\;. As such this means that the parameter (), once evaluated on the

saddle-point, is just data-dependent scalar renormalization of the Gaussian prior.

This implies that, once the size of the training set and the activation function o are fixed, it
is always possible to re-obtain the performance of any finite-width network just by carefully
fine-tuning of the Gaussian prior \; in the corresponding infinite-width kernel. Therefore, the
generalization performance of any finite-width 1HL FC network is bounded by the one of a

suitable infinite-width kernel with optimal choice of the Gaussian prior.

The empirical observation that infinite-width 1HL FCNs seem to systematically outperform
their finite-width counterpart —which now finds a possible explanation in this framework-
points at the somewhat disappointing consequence that feature learning is not particularly

effective in networks with FC layers alone at finite width.
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Let me stress that the aforementioned observation is not ruling out at all other possible forms of
feature learning in FC architectures: (i) Renormalization of the infinite-width kernel is not the
only source of feature learning possible. Higher order kernels, irrelevant in the infinite-width
limit, may play a role in feature learning, especially as long as one considers the case where
the size of the dataset P roughly scales as the number of parameters ~ L x N? (N, = N V/)
of the FC DNN. The recent work [14] is a notable example of how a FC network can learn
a convolutional structure in special settings; (ii) Our result holds for Bayesian learning, i.e.
when the weights of the networks are sampled from the canonical Gibbs ensemble. This is only
obtained if training is governed by a Markov chain Monte Carlo. Practical learning algorithms
with state-of-the-art optimizers may behave differently and possibly activate alternative forms
of feature learning; (iii) here we are limiting our analysis to the standard parameterization
setting where the last layer is normalized as 1/1/N; and we cannot say that much about the
mechanism for feature learning that may occur in the mean field regime [64] where the last
layer is normalized as 1/N; (we note that the framework of [11] seems more suitable to deal
with this case). Nonetheless, it must be also said that the empirical evidence provided in Refs.
[27, 29, 72, 89, 94] is quite against the fact that these forms of feature learning can play a

significant role in improving the generalization performance of FC networks.

Let us now turn our focus to the second question raised in Chapter 3 of this manuscript.
How —contrarily to what occurs in deep nets with FC layers only— do deep architectures with
convolutional layers exploit the finite-width regime for efficient feature learning? This fact
can be rationalized in view of the previous discussion on CNNs. The form of the renormalized
kernel obtained in (5.15) suggests that CNNs at finite width could be able, in some way, to
break the global (trivial) renormalization of the infinite-width kernel that occurs in FC deep

networks.
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5.3 A simple mechanism for feature learning in
finite-width CNNs: Local Kernel renormalization

Let me now analyze the saddle-point equations deriving from Eq. (4.53). Analytical insight
can be gained in the zero temperature limit, where one finds the following matrix equations

that determine ) and Q:

Qi = (1+Q); (5.4)
Qij = PT (K’ [K((: ) (Q)] 1>+
o O;JC T( [ CNN } K [ CNN(Q)]i >?/ (5.5)

Here the shortcut K has been introduced to indicate the partial trace over indices (u, v)
in the local kernel defined in Eq. (4.54). More explicitly, given a matrix O with elements
O, the partial trace is defined as Tr(K”0) := 3 sw—1 K}3,0,. The exact solution of these
matrix equations cannot be obtained in closed form. However it is possible to compute it
perturbatively around the infinite-width limit o, — 0. Parametrizing the solution of the first

equation as Qij = 05 + acéQij + o(«..) yields the simple result:
1
5Qw TK”y — FTr (K”K ) (5.6)

where y# = 25:1 K ;l}y“ and K is the infinite-width GP-CNN averaged kernel defined in Eq.
(2.28).

Providing a physical interpretation of this finding is one of the main results of the current
work. Our claim is that the matrix () provides a compact description of feature learning in
the CNN model under consideration. In this specific architecture the indices of the feature
matrix () are in one-to-one correspondence with the | Ny/S| patches of the local covariance
matrix defined from the trainset elements x*. From the first term of the r.h.s. of Eq. (5.6) we
can notice that whenever the local kernel of the CNN at the spatial locations (i, j) will have

a significant overlap with the effective label vector 7, the element );; of the feature matrix @
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will differ from one. In other words, this is a measure of the relative importance of the pairwise
spatial correlations in the input dataset wrt the labels. From Eq. (4.54), we can now interpret
the matrix @ as a feature, data-dependent matrix that tells us how much a given component

of the local kernel contribute to the renormalized kernel Kg\%.

The local kernel renormalization that takes place in this CNN toy model in the proportional
limit is completely different from the trivial global one that occurs in the corresponding FC 1HL
network. At this point we can ask ourselves whether either the ingredients in CNNs design,
local connectivity and weight sharing, are needed to observe the phenomenon of local kernel
renormalization (LKR). The answer is affirmative: LKR does not occur in a shallow network
with local connectivity only, as we explicitly check in the supplemental material for the same
toy model employed here without weight sharing. In that case, only the diagonal components
of the local kernel are renormalized and the network is not sensible to spatial correlations

between different patches (see also Table 5.1 for a summary of the analytical results).
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Figure 5.4 —Global and local kernels. Our calculations in the proportional regime reveal
a striking difference between FCNs and CNNs. In the first case, the NNGP kernel K, that
enters in the Bayesian effective action is a global one, which is only capable of tracking global
correlations between different training patterns (i, v) (left). A FCN network in this regime
can fine-tune a single parameter, @, that will globally rescale the kernel matrik K,,. On the
other hand, in the CNN case we identify a local kernel with two additional (spatial) indices.
If we consider 2d images, the effect of the local components is to track local correlations
between different patches i and j of (possibly) different pair of images (u, v) (right). The spatial
information contained in these correlations allows the CNN to optimize a matrix of parameters
Q> that will renormalize the kernel matrix K7, in a non-trivial way. In the figure, we display
the four-index local kernel K L]V as a matrix using the multi-index notation K, ;) and
choosing an ordering for the multi-index (u, 7). Global and local kernels are computed for a
subset of P = 10 gray-scaled CIFAR10 images down-sized to Ny = 784. The local kernels are
empirically evaluated for 2d convolutions with linear size of the filter mask M = 14 and stride
S = 14 (non-overlapping filters).
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5.4 Empirical evidence for global and local kernel
renormalization

Extracting the renormalized kernel from the measure of a physical observable is not straight-
forward and very hard to access in numerical experiments. One indirect experimental blueprint
of the form of kernel renormalization at finite width in different architectures is given by
the similarity matrix of the internal representations before and after training. We define this

observable for both FCNs and CNNs as:

N1
Z (5.7)

where N, denotes the number of neurons in the last layer (for CNNs we have N; = N.| Ny/S]).
We can track the effect of training by taking the difference between the similarity matrix at
initialization, which is by definition the NNGP kernel, and the same quantity after training:
AK,, = (Ou) — K

.v» Where the average is done over the Gibbs ensemble of the weights.

An analytical derivation for this observable for FCNs and CNNs, as shown in the Appendix of

[106]. The final result in the two cases respectively reads (at zero temperature):

1 A
AKFCN - K 1 5.8
v N, { Qy y” (5.8)
1 [No/S),P
AKCNN — ;
ny )\1N1 NO/SJ %:1 Q] MW)
WY N () ()
X (KCNN> Mo - Z (KCNN) re (KCNN)p yy” (5.9)
ew=1
where P”])\V ) = % >k [K ik Kk kj + K B\K l{ﬂ . Let us now highlight a few interesting physical

implications that directly follow from these explicit formulas and can be checked in numerical

experiments:

(i) the difference between the trained and untrained similarity matrix AKCN converges

to zero in the thermodynamic limit P, N; — oo at fixed oy = P/Ny, as long as the
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(ii)

(iii)

5.4. EMPIRICAL EVIDENCE FOR GLOBAL AND LOCAL KERNEL
RENORMALIZATION

terms in the square brackets are of order o(N;). This means that in the proportional
regime under consideration the effect of training on the internal representations is just
a finite-size correction O(1/N;) and the trained similarity matrix stays very close to
its value at initialization. In particular, we expect that the empirical distribution of the
elements of the matrix AKEIC,N will be increasingly peaked around zero in finite-size
scaling experiments where we consider increasing values of P and N; keeping their

ratio ay = P/N; fixed;

by choosing a learning task with labels y* = 0,1 and input patterns z* such that the
matrix elements of the kernel K, are on average centred in zero, the distribution of the
matrix elements of the block A K iﬁN]H (corresponding to the subset of training patterns
with label one) should drift towards zero at a rate 1/Ny, if one performs experiments
at constant «;, while increasing P and N;. Interestingly, the remaining blocks of the

matrix AKCN should not be affected by this drift;

the difference between the trained and untrained convolutional similarity matrix A K SZI:IN
displays a different behaviour, due to local kernel renormalization. For instance, even
if we restrict our analysis to the learning setting outlined in bullet (ii), the elements
of the block AK§§N|01 should not identically converge to zero in the thermodynamic
proportional limit. A straightforward scaling analysis in fact shows that the contribution

due to the term in square bracket does not vanish in the proportional limit.

The results of a finite-size scaling analysis to check the aforementioned predictions can be

found in Fig. 5.5. The results are obtained training 1HL FCNs and CNNs (1d convolutions)

on a synthetic dataset composed of random Gaussian patterns whose labels are given by a

linear teacher function, i.e. y = 3 [1 + sign(t - )], where ¢ is an Ny-dimensional vector with

unitary entries. Overall, the fact that the change in the internal representations of FCNs is

a finite-size effect is confirmed by the experiments. On the other hand, the same numerical

simulations with CNNs clearly identify a genuine change in the internal representations that

occurs also in the thermodynamic proportional limit. We note that such a clean signature of

the differences between FCNs and CNNs derive also from our choice of working close to zero
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temperature (where the architectures can precisely fit the training data). Equations at finite T’
are more involved and measuring the indirect effects of global and local kernel renormalization
in this case is more difficult. Interestingly, even though our theory should be valid only in
the bayesian setting, it turns out to be also predictive the theory worked out here seems to be
predictive also for a learning algorithm that does not explicitly sample from the Gibbs posterior
distribution. Inde, these experiments were carried out using the so-called ADAM algorithm

[57] as learning scheme (see Appendix F for more details).

Another empirical evidence for the local renormalization in CNNs can be found analyzing the

bias/variance decomposition of the generalization error over a new example (x"; y°):

(eg(x°,9°)) = (° = T)* + 0 (5.10)

with:

-1

I — Z ,{/SR) (l + K(R)({Q})) Yy, (5.11)

pv p pv
1 ~ -1
o = kM — ; k() <5 + K<R>({Q}))W k) (5.12)

This expressions are valid for FCNs, and can be easily extended to CNNs with the substitution:

K® K((JF;I)N kB /{(CPI{\?N (5.13)

where the renormalized kernel matrices K™ and K, éPl(I)N are given respectively in Equations

(4.8) and (4.54). In the CNN case, these quantities are computed starting from the local

covariance matrix defined in Eq. 4.55. These terms undergo the same type of renormalization
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RENORMALIZATION
as the correspondent kernel matrices (see table 1.1), that is:
R) _ Q (
KB = 2 5.14)
K A K
® 1 [No/S]
R } o A ij
[ CNN u AlLNO/SJ P 7 ( )

The 5 — oo limit of Eq. (5.11) yields different behaviors for the bias in the two cases:

I ="k, K,y (5.16)
ny
_ -1
o= 37 ket (BEGWUQD) v (517)
nyv

From these expressions one can make two observations: (i) as already discussed in [95], I'*C at
finite width is independent of (), and therefore the bias is identical to the infinite-width case
for any /V;. (ii) In CNNs, on the other hand, the dependence of the bias from the renormalized

Kernel does not disappear, and neither does the dependence on the width N;.

In the large Gaussian prior regime A\; > 1, the previous observations can be made into
straightforward predictions that can be tested with numerical experiments. It is easy to check
that the variance is vanishing in this regime, since it is always proportional to a term 1/\;
both in FCNs and CNNs. Moreover, when A\; > 1, the analytical criterion found in [95] to
predict whether a finite-width FCN will outperform its infinite-width counterpart, is never
satisfied. This is a special case of the general considerations already presented in section 5.2.
To summarize, in this regime we expect that (i) the finite FC network can not outperform its
infinite-width counterpart: the variance is always decreasing as a function of /V;, while the
bias stays constant. (ii) On the contrary, we expect CNNs to possibly beat their infinite-width

performance, since the bias can be reduced through the optimization of the feature matrix Q%.

To test this predictions, we performed numerical simulations with 2d CNNs trained on
CIFAR10 examples, close to the zero-temperature limit and in the bias-dominated setting

where we let the Gaussian prior A\; be large. As shown in Fig. 5.6, the test loss of the FCN
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is a monotonically decreasing function of the HL size /NV; and it does reach its asymptotic
(best) performance already for o ~ 1. Compatibly to local kernel renormalization, CNNs with
finite number of channels best their infinite-width counterpart, already for large filter sizes
(M = 14,7) and ultimately approach the infinite-width limit performance from below. It is
worth stressing that we do not expect that local kernel renormalization will lead to improved
generalization performance for generic learning tasks, but only in those cases where the

training patterns exhibit local spatial correlations, as it occurs in computer vision problems.
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Figure 5.5 —Predicting the effect of global and local kernel renormalization on the
internal representations of FCNs and CNNs. A finite-size scaling analysis. Here we
show the results of numerical experiments performed in order to check the predictions of Egs.
(5.8), (5.9) for the difference AK,, between the similarity matrix after and before training.
In particular, we train architectures with a single hidden FC/1d-convolutional layer with tanh
activation (close to zero temperature, see details in Appendix F) on a learning task with random
Gaussian inputs and zero/one labels given by a linear teacher. We perform a finite-size scaling
analysis by keeping oy = 1 and choosing increasing values of P, N;. In panel (a)(top) we
observe that the variance of the empirical distribution of the matrix elements of the zero-one
block AKEZC,|01 rapidly converges to zero as N1 grows and « is kept fixed to one, in agreement
with the prediction of Eq. (5.8). (middle) In particular the variance goes to zero as 1/N?.
(bottom) The fact that the similarity matrices after and before training are more and more
similar in the thermodynamic limit is also clearly visible in the explicit array plot of a subsample
of the zero-one block AK ES |o1. In panel (b)(top) we display the histogram of the distribution of
the matrix elements of the one-one block AK Elc,hl. As predicted by Eq. (5.8), the distribution
shrinks while (middle) drifting towards zero at a rate ~ 1/N; and. Overall, (a) and (b) represent
a clear indication that the change in the after-training internal representations in 1HL FCNs
is a finite-size effect. In (c) and (d) we repeat the same experiment for an architecture with a
1d-convolutional hidden layer. The striking difference wrt the FC case is that the variance of
the empirical distribution of the matrix elements AK EL\IN does not shrink to zero as IV, grows
and «. is kept fixed to one, as one can also appreciate by directly looking at the array plot of a
subsample of the block matrices AKS§N|01 and AKSIV\IN l11.
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Figure 5.6 —All the networks are trained on the same binary regression task with P = 500

examples from two classes of the CIFAR10 dataset, "cars” and "planes”, respectively labeled 0
and 1. Error bars represent one standard deviation. The images are grayscaled and coarse-
grained to Ny = 28 x 28. We choose the filter size M to be an integer divisor of 28, and the
filters to be non overlapping (taking stride S = M). A sketch of how the images are parsed
by filters is reported for each network. With this choice, the FC network is retrieved setting
M = 28. The nets are trained with a zero temperature Langevin dynamics (see appendix REF),
and with large Gaussian priors A;. In this bias-dominated regime we observe that: (i) in FCNs,
the best possible performance is the infinite-width one. Here the variance is monotonically
decreasing with the width N., while the bias is a constant. Therefore, the test loss approaches
its minimum monotonically from above, as predicted by our theory. (ii) finite width CNNs
can outperform their infinite-width counterpart. The local kernel renormalization mechanism
allows the CNN to optimize both bias and variance at finite width, making it even convenient
to have a small number of filters (the minimum is reached for N, ~ 50). Eventually, the CNNs
reach their asympthotic performance from below.
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APPENDIX

Technical remarks on the validity of the

framework

A.1 The Breuer-Major theorem as a justification for the
Gaussian equivalence in shallow networks

The Breuer-Major theorem and its extensions deal with the following sequence of random

variables:
LN
VD
Clearly, if the distribution of the vector x = (x1, ...,z x) is factorized over its coordinates, i.e.

p(x) = [[, p(z;) and F(x) = =, the random variable S = limy_,o, Sy is normal distributed
as long as the mean E(x;) = 0, the variance E(z?) is finite and the ¢;’s satisfy the so-called

Lindeberg’s condition. This is also true whenever F' is a well-behaved non-linearity.

The Breuer-Major theorem essentially extends this result to generic GPs, providing sufficient

conditions on the covariance matrix of the GP and on the non-linearity F' that guarantee
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A.1. THE BREUER-MAJOR THEOREM AS A JUSTIFICATION FOR THE GAUSSIAN
EQUIVALENCE IN SHALLOW NETWORKS

convergence of Sy to the normal distribution. We report here the modern statement of the

theorem given in Ref. [113].

As a first step, consider a stationary (unidimensional) GP = = (zy)rcz. Stationarity —which is
not essential and will be replaced by a weaker condition in the following— amounts to require
that the covariance of the process C;; = E(x;z;) is a function of the difference i — j, ie.
Ci; = C(i — j). The only technical condition to be imposed on the non-linear function F is
to have well-defined Hermite rank IR. The Hermite rank is the smallest positive integer that

appears in the decomposition of F' over the Hermite polynomials:
F(z) =) fuHey(), (A2)
k=R

where Hey(x) is the k-th Hermite polynomial and f, the coefficient of the expansion. For

many reasonable activation functions F', R = 1.

Theorem 3 (Breuer and Major, 1983). Let z = (1 )rez be a stationary unidimensional GP with
covariance C(i — j). Let E[F(x1)] = 0 and E[F?(x1)] < oo and assume that the function F

has Hermite rank R > 1. Suppose that:
> 10y, < 00 (A.3)
jez

Then 0* := E[F(x1)*] + 2372, E[F(21)F(x;)] is finite. Moreover, one has that the sequence

of random variables

1 N

converges in distribution to N (0, 02), i.e. to a Gaussian distribution with zero mean and variance

o2,

For our scopes we will need a slightly stronger statement than the one just mentioned: (i)

in our calculation the covariance will not be stationary and (ii) we will need to consider a
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APPENDIX A. TECHNICAL REMARKS ON THE VALIDITY OF THE FRAMEWORK

more general sequence of nonlinear functions ¢; F'(x;), such that each term of the sum (A.4) is

weighted by a factor ¢; # 1.

It has been shown, already in the original reference [99], that the hypothesis of stationarity
can be weakened and replaced with a requirement of uniform convergence of the elements of

the covariance, namely:

Y |Cyl" < By Viez, (A.5)
jez
where Bj is a positive finite constant. Extension (ii) has been addressed more recently in [114]

under mild technical assumptions.

A.2 Constraints on the scaling of the size of the dataset P
with the input dimension N

In this section I address the additional constraints to the thermodynamic scaling (P, Ny —
oo with @; = P/Nj finite) that may come from the hypotheses of the Breuer-Major on the

covariance matrix C. The only stringent condition to verify is equation (A.5), that is

P
D ICw|"<By  Vv=1,.. P, (A.6)

p=1
where B is a given finite constant and R the Hermite rank of the activation function 0. In
the case of inputs x with i.i.d. standard Gaussian coordinates, C),, is a Wishart random matrix
with off-diagonal entries of order 1/1/N; and random signs: after taking the absolute value,
the sum in Eq (A.6) is of order P(Ny)~//2. Note that this provides an infinite class of activation
functions (those with Hermite rank R > 2) where we can safely work at least at finite oy =
P/Njy. For activation functions with Hermite rank R = 1 (such as Erf or ReLU) we cannot
provide such a guarantee by only looking at the hypothesis of the Breuer-Major theorem. It is

also worth stressing that, given any odd (non-odd) activation function o (z) with Hermite rank
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A.2. CONSTRAINTS ON THE SCALING OF THE SIZE OF THE DATASET P WITH
THE INPUT DIMENSION N,

R =1, it is easy to engineer a new reasonable activation function with Hermite rank R = 3
(R = 2), just by replacing the old activation function with a new one o,(z) = o(z) — g1z,
where the coefficient g; = (o(x) He; (z)) and the average is over a normal distribution of zero

mean and unit variance.

Observe that there is at least one case of activation function with R = 1 where the derivation
goes through at finite oy, i.e. the linear function o(x) = x (in this case we can obtain the
result at finite P, Ny, Ny, as done also in Ref. [98]). In the supplemental material, Sec. C.1, we
examine the specific case of quadratic activation (z) = x + z? (that has R = 1), deriving the
final effective action without employing the BM theorem. As in the linear case, this derivation
goes through at finite . We are thus led to think that the scaling P = O(y/N,) suggested

for R = 1 is overly-pessimistic.
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APPENDIX

Details of calculations for
fully-connected networks in the

proportional regime

B.1 Computation of Kernel elements

The NNGP kernel, evaluated for a couple of examples x*, x” reads:

K(x",x") = /d{h}p({h})d(h(X“))U(h(X”))7

h M (0,C e M Cir 1 C X Xy
= 0, = ) = —.
p({h}) b ( ) 2w det C : AoNo

(B.1)

(B.2)

To reduce the integral from a P dimensional to a 2 dimensional one we need to assume that

the (anti)fourier transform of the activation function exists:

o(h) = / e* 6 (k)dk
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B.1. COMPUTATION OF KERNEL ELEMENTS

We denote h a vector of components h*, and k a vector of the same size that has ones in

position (u, v), and 0 elsewhere. We can rewrite K:

K, / dk* dk? / dp ({h}) o (k"G (k?)e* P (B.4)

Y P s aByy
p({h}) = (QW)PY T e~ 3 a6 u=o MH(CT U RYP (B.5)
Defining
- Cu Cuw
O — p “p (B.6)
cl, G,

we can perform the h integrals and rewrite:

K, = / dkdk? / \/m
/ R \/m 51O G (1) o (2) (B.7)
7T €

where I used the notation t = (¢, t2).

Note on the same derivation in the replicated ensemble

We have now that h is a vector of components h#“, and k a vector of the same size that has
ones in position (uq, va), and 0 elsewhere. With the same assumption on the anti-fourier

transform we can rewrite B.10:

/ dk* dk? / dp ({h}) o (k"G (k?)e™ P (B.8)

h e~ % Lo b uv=o (T A B.9
p({h}) = (ZW)PYdetF 8.9)
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APPENDIX B. DETAILS OF CALCULATIONS FOR FULLY-CONNECTED
NETWORKS IN THE PROPORTIONAL REGIME

Now we can perform the / integrals:

—1</§1 k2> F}W F}W k!
2

1 1 1 2
K1, = / i di? / — L AN
\/(2m)2det '
1
—1<t1 t2> r,, TL nl
1 1 2
B L)\ G yo2) (B.10)

1
:/ \/(27)2 det I )

with the proper normalisation. Analogously one can find the expression for K°:

1
KO, = /chsldﬂ/—~ :
\/(2m)2det T’

with I'y and I'y defined in .

B.2 Effective action for a THL network in the
proportional regime

In this section I will discuss the details of the calculation of the 1HL partition function in the

proportional regime. The starting point is the following partition function:

N N17N0

Z = /Hdvil H dw,;, exp
1

11,80

Ny

A A
~2 3 e = D

>

—

11

N No .o o\
[y“—\/i\[—lZwlU(Zw%m)] } (B.12)

|
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B.2. EFFECTIVE ACTION FOR A 1HL NETWORK IN THE PROPORTIONAL
REGIME

where w = WM and we took b)) = 0 without loss generality !. The first step is to decouple
the weights of the different layers in the loss function. This can be done including standard
identities built over two families of Dirac deltas, one for the pre-activations of the hidden layer

and one for the output of the network:

P
= /Hds“é [3“ —
P N 1 No
1_/HHdh“(5< mex”> . (B.14)

h )] : (B.13)

By using a standard Fourier representation of these deltas, which introduces the conjugate
variables BZ and 5#, we can perform the gaussian integrals on the internal and external

weights:

/ dS'u dS‘u _5 Eu(y“—8“)2+i 25 gHgh

. (B.15)

{/H dht dhH Z huhu,”\ T [ZMS U(hu)] . 2A0N0 2%0(255“150)2} |

I

where we used the fact that the integrals on /' and ]_ZZ can be factorized on the index 7;. The

integral over the h* is Gaussian and can be solved:

dhu php_ 1 5No “:c
/ H o T 2 (I Py (), (B.16)
where
) -1 e [C ]Wh#
P ({h"}) = , Cuw xh B.17
) (2m)P det C Ci )\ONOZ o (B.17)

This last step requires the covariance matrix C' to be invertible. Note that this is false as soon

!One can map a system with non-zero biases in a zero-bias one increasing by one the dimensions of the input
and of the activations at each layer. The original biases are then trivially mapped in the extra weights of the
augmented system.
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as P > Ny, but adding a small diagonal term to C solves the issue. One can explicitly check

that the final result does not depend on this extra regularization.

To deal with the integral over A" we can include a further Dirac delta identity for the random
variable g = 1/y/A1 N1 3_ , #c (k). This leaves us with the problem of finding the probability
density P(q). In the limit defined in (4.1), this is exactly the same setting of the Breuer-Major
theorems [99, 113, 114]. As such, it is sufficient that both the (regularized) covariance C' and the
activation function o satisfy the hypotheses of the theorem to guarantee that the probability

distribution P(q) converges in distribution to a Gaussian:

Plq) = / dPhPl({h“})5[q - ﬁZs“o (m] ,

(B.18)
P(Q) - NlI(()v Q) .
with variance
1 P
Q(5,0) = ™A > s [ / d’’hn Pl({h"})a(h“)a(h”)} 5
" (B.19)
1 S SV
=W HZV:S“KW(C)S .

One can show that there exist special configurations 5 in the domain of integration for which
we are not allowed to invoke a Gaussian equivalence (see for instance the discussion at the
end of Sec. C.1). In this derivation, we are assuming that the contribution of these special
configurations to the effective action is negligible in the thermodynamic limit. Here we have

also assumed that the variable ¢ has zero mean, a condition verified as long as

/dPh Pi({h})o(h") =0, (B.20)

that is whenever o is zero-mean; for a more general derivation, relevant for finite-mean

activation functions such as ReLU, see the supplemental material C.3.
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Now we can integrate over the variable ¢ and obtain:
22 2 %
dge 2 20G0) M
g =[Q(,C)+1] 2 . (B.21)

V/21Q(s,C)

In the general case of finite oy = P/Nj, we are only left with the integrals in s* and . To

solve them it is convenient to introduce one final Dirac delta identity:

)\1N1

2l

1= / dQ(S[Q— L > K (C)ws | (B.22)

where () > —1 is now an integration variable and not a function of 5, so that we have removed
the explicit dependence on /Q(S, C') + 1 in the partition function. Finally, the integrals in s*
and s* are Gaussian once another integral representation of the delta via a conjugate variable
Q is inserted. This allows us to get the final effective action obtained in equation (4.7). Notice
that the effective action (4.7) has been firstly derived for deep linear networks in Ref. [9]. The
non-asymptotic evaluation of the partition function in the linear case is given in Ref. [98] in

terms of Meyer-G functions. An effective action for globally gated deep linear networks has

been also derived [96].

B.2.1 Minimising the action

Equation (4.7) is solved using the saddle-point method, since N; — oo, which amounts to
finding the solutions )%, Q* of the system of equations JpS = 0, 8@5 = 0. In the zero-
temperature limit, we can find the analytical solution of the saddle-point equations. Using the
fact that the kernel K has only positive eigenvalues (in the asymptotic regime «, oy finite),

we get:

-1
G-+ goqsua_aly (5> y. (B.23)
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Given the condition ) > —1, the unique exact solution for Q is positive and reads:

1
\/(al —1)2+ 4o 5y" (%) y— (g —1)

QF = 5 . (B.24)

Consistently, the infinite-width limit is re-obtained for &y — 0 and corresponds to the

particular solution Q* = 0, Q* = 1.

B.2.2 Predictors statistics

The main observable we are interested in is the generalisation error (1.32). We can proceed
along the same lines of the calculation performed in Sec. B.2 introducing, other than the
variables s, h!' defined by (B.13), (B.14), additional variables s9, hg that describe output and

pre-activations of the new test example. We thus get:

1 [ds®ds® [ o dstds”
0,0\ _ + 0 0N2
(eg(x",9")) = 7 / 5 / M|:|1 5 (y° —s)

w08 Dhamt (0 =) 2 i Ty 5 4iss0 (B.25)

p=1

Ny
T2

(Z 5250 ) 5k (x) + (s“)%(x%)] :

Hv=1

x |1+

1
AV,

where x, and K, are respectively the train-test and the test-test kernel integrals defined as

in (B.19) when the covariance matrix involves the test input, namely:

+2

e Two(t)?, (B.26)

dt,dt o
= [ e o o

e 2
\/ (27)2det C,,

) R_/ dt
’ 0 \/271'000
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where

~ C Cuo 1 No
Cﬂ _ it H 7 C'#O = WY Zx%x?o , (B.27)

Cuo Coo 0°%0 "4

1

Cop = 032, B.28
WA Z(xzo) (B.28)

Now we can introduce the order parameters () and () via equation (B.22) and their Fourier
representation and perform the integration over all the s*, 5* and over the 5°. Doing so yields

a single integral in s° and integrals on ) and Q.

1 d0d0 ~ ds®(4° — 50)2 7(s0+r21)2
<€g(xo’y0)> - E/ %WQG_QS(QQ) — E/yQym;)e SCE (B.29)
with
Q 1,.Q,.\"
I, = ™ ;KM(XO) (B 1 A_1K>W Yo,
Q Q 1 Q. .\
= [ﬂo<x0> T (5 ) me)] (B:30)

Taking the 5 — oo limit in equations (B.30) yields the expressions in (4.18).

B.2.3 Generalisation to deep neural networks with a finite number of

hidden layers L > 1 and zero-mean activation

In the same spirit of the 1HL calculation, we introduce L sets of auxiliary variables hZ (where
1w = 1,..., Ny that are equal to the pre-activations at each layer. The strategy to perform
the calculation is to show that the probability distribution of the preactivations at each layer
Py({h;,}) can be computed recursively, starting from the input layer. We notice that this is
conceptually different from the backpropagating kernel renormalisation group introduced in

Ref. [9]. It is still a kernel renormalisation group, but forward-propagating, and represents
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a generalisation to NNTPs of the kernel recurrence arising in NNGPs [27]. In practice, our
approach amounts to a systematic, layer-by-layer description of the pre-activation statistics
by the Student’s t distribution that we have shown to appear in the 1HL case. This can be
seen as a quantitative correction to the standard Gaussian statistics that is recovered in the
infinite width limit. At the moment we are not able to re-derive the same result using the

backpropagating method introduced in [9].

Let us start by integrating the weights of the first layer. This defines a probability distribution

over the pre-activations of the first layer via:

N1 > i‘IC 1h”
1)
/DW H5< Z irio zo) I1- \/m (B:31)
11,0 10 1 i1=1

where C' is defined in (B.17). This result is straightforward and it is valid for any Ny, P and

Ny, since the prior for the weights is gaussian. At the second layer we have:

Py({h"} / DWODh ({6 ( Z W o (h > (B.32)
it z -1

We now introduce conjugate variables BZ to the activation of the second layer and the

calculation proceeds as in the case of 1HL architectures. To make analytical progress we

need to make two fundamental approximations: (i) assuming that the set of random variables

= 1/(v/Ni\) Z# i o(h*), where h ~ N(0,C), is Gaussian-distributed; (ii) neglecting

correlations between different pre-activations of the second hidden layer. In conclusion we
get:

No = X (QUK(O)/A)

hH dO. d BH(~Q1Q1+log(1+Q1)) .
Py({h,}) = /Q1 Qre” 1 \/(%)PdGuQIK(O)/M (B.33)

where K (C) is defined by equation (B.19). Notice that except for the integration over the two
variables O, and ()1, this is the same as the probability distribution of the 1HL system (B.17) if
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we replace C' with Q; K (C)/);. This reasoning can be easily iterated across layers and gives:

L—1
Po({hi,}) = / [[dQedQe =i ¥ [F@rrostiza) (B.34)
/=1

R) ;A1) v
No =3 D i (KD Q) ke

<10 ’ (B.35)
a5y )P det (K (1Qe})

where K éR)({Qg}) is a renormalised kernel that satisfies the recurrence relation in equation

(4.44).

The computation of the generalisation error over a new example (x°,°) gives:

(es(x",4") = (¥° —T1)* + 07 (B.36)

where ', and o2 are defined respectively in Eqs. (4.46) and (4.47). Note that Iigz), /{S-f)) are

recursive kernels that generalise the train-test and test-test kernels. They are defined starting
from equation (4.44) where the kernel K is now evaluated with the covariance matrix C
involving train-test or test-test points. Note that L-hidden layers generalisation error is found

replacing the 1HL kernel with its recursive generalisation (4.44).
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APPENDIX

Additional results for fully-connected

networks in the proportional regime

C.1 THL effective action and single output: special cases

In this section we report cases of activation functions for which we are able to evaluate

analytically the probability distribution of the variable ¢, defined in the main text as

P

q= \/;_]\71 Z sto(h*), (C1)

pn=1

at fixed instance of the vector 3, clarifying the conditions to impose on the data for ¢ to be

Gaussian. Its characteristic function is defined as

¥(t) = By {exp(iqt)} = E) {eXp [ \/;t—Nl > S“U(h“)] } : (C.2)
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If q is Gaussian, then ©) = ¢, where

2 2

is the characteristic function of a Gaussian variable with variance given by

1

Q:)\_]Vl
w,v

#KWs, K = Eplo(h)o(h"))]. (C.4)

C.1.1 Linear activation function: g is Gaussian at finite P, Ny, IV,

The case of 0 = id has been already worked out in the literature, see [9, 98]. We report it
here for reference, and to stress that our theory reduces to known cases as it should. Indeed,
when the activation function is linear the average over h in Eq. (C.2) can be computed exactly

at finite P, N1, and gives

t2
Uin(t) = exp <_2)\N1 Z S“C’,Ws”> ) (C.5)
"%

Note that C' is the value of the kernel for o = id. This is strictly true as long as C' has no
zero eigenvalue, so at least for Ny > P; however, a small regularization proportional to the

identity matrix can be added to C' to avoid this problem.

This result is simply due to the fact that the sum of jointly Gaussian variables is Gaussian,
which is true for generic Gram matrices C' and any value of P, Ny, even far from the asymptotic
limit P ~ N, large. In order to evaluate the remaining integrals over the order parameters at
the saddle-point of the effective action, this limit is still required, as performed indeed in [9],
to which our theory reduces; otherwise, for P, /V; finite one can express the partition function

exactly in terms of Meijer G-functions, see [98].
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C.1.2 Quadratic activation function

Let us take now (), = 1 (normalized data) and quadratic (zero-mean) activation function:

o(r) =z +a(z®>—1). (C.6)
The kernel is given by
K,, = Ep[o(h*)a(h”)] = Cp + 2a*(Cl0)*. (C.7)

Also in this case the characteristic function in (C.2) can be evaluated exactly:

2 T _ _2iat : S S
exp{ AN, O O[lP mdlag(s)C] 3} wat Z,ﬂ (C.8)
i ex ] S .
det[(1p — L diag(s)C)]!/? VAN <

VANT
We can express the non-trivial matrices appearing in this expression as Neumann series:

wquad (t) =

. -1 +oo . n
{113 _ % diag(s)C’} _ ; (;%) (diag(s)C]" | (C9)
L iog [11: _ 2t diag(s)C] _ —fl ( 21 )nTr{[diag(s)C]"}. (C.10)
V)\Nl nzln \/)\Nl

To prove Gaussianity, we need to require the following asymptotic behaviors:

—Nlim 5" C[diag(5)C]"s = O(P/N, ™), (C.11)
1
s Tr{{diag(5)CT"} = O(P/NT™) (C.12)

1

so that in the regime where «; = P/N; is finite only the n = 0 term counts for (C.9) and the
n = 1, 2 terms for (C.10). Using

2iat 1at a’t?
——Trlog [1p — diag(s ~ s — —— 5 V)8, C.13
rlog |1p e iag( )C] oA ;s N ;s#(C’u )°s (C.13)
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we get

12 ~ »
7quuad(t> ~ €Xp [_ IAN; E SMK;UJS ] . (C14)
v

The conditions (C.11), (C.12) should be interpreted as hypothesis on the Gram matrix of the
data C' and on the realization of the vector s in order for the property of Gaussianity to hold.
Let us see the simplest case of i.i.d. standard normal input dataand 5" = (1,--- ,1). Then, C

is a Wishart matrix with a finite spectrum in the regime P ~ N, [115], and

1 o 1 N
5 Tr(C") = 0(1), F;(C ) = O(1). (C.15)

The first behaviour follows from the fact that the eigenvalues are O(1), while the second can

be proven using
C=0(1)1p+0(1/+/No)H , (C.16)

where H is a symmetric random matrix with elements £1, or, more formally, exploiting the
fact that the eigenvectors of a Wishart matrix are random and uniformly distributed on the

sphere [116], so that

EYRCEPEE DI SIS L e
787 p I v

where )\, is the p-th eigenvalue of C' and U the matrix whose p-th column is the corresponding

eigenvector. Given that, properties (C.11), (C.12) follow and ¢ is Gaussian.

In principle, Gaussianity can be also proven via diagrammatic techniques. Take for example
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the quartic moment of the variable ¢ in (C.1). One can see, via Wick’s theorem, that

En[o(h#)a(h#*)a(h")a (h*)] = (Ko Kysps + Ky Kugpa + Ky K popis) =
16@4(Cu1u2 Churpis Cpiaps Craspa + Criagir Cpis s Crizps Crispra & Cpiaas Cripia Criapes Capua)
+ 4‘12(Omu2 Cravps Cpapa  Cuurps Cranpis Cuspa + i Cranus Cpaops + (C.18)
Churpa Crras Cpiapia + Crarpo Cpiagaa O + Criaan Criopua Craapua +
Churpa Crras Cpiapis + Craaps Cpiaus Cpopua + Cpiaas Cpopua Craapua +

C,ul M3 CN2M4 CN3M4 + C,UIN4 C,U2N3 CN2N4 + CNI 4 CM?MB CM3M4 ) ’

while the quartic term from (C.3) involves only the diagrams

KMLUQK/L?,}M + KmugKuzm + KmmKuzug =
4 2 2 2 2 2 2
4a <Ou1uz OM3M4 + Cmuacmm + CH1M4CN2M3>
+ 26!2(031#2 CM3M4 + CMIHQ 0,33#4 + Oﬁwa Ou2u4 + Cum:a C;Qmm + Cfum C/mlts + CM1M4 Cigp{),)

+ Culuz CM3M4 + Cmus Cuzm + Cmm Cmus :
(C.19)

This is not surprising: the variables o (h*) are not Gaussian due to the non-linearity. However,
when summed over all the indices, the diagrams in Eq. (C.18) are of the form TrC* or
> W/(C'?’) > both O(P) under the hypothesis stated above, while the diagrams in (C.19) are of
the form (3, ,(C*)u)? (32, Cuw)? or (32, ,(C?)w) (32, Cu), which are all O(P?) and

leading over the first ones.

As long as §# ~ O(1) for all 1, we do not expect the previous derivation to change. On the
other hand, we point out that there exist special configurations 3, such as 5" = (1,0, -- ,0),
for which this reasoning breaks down. As such, we are assuming that the contribution of these

special configurations to the effective action is negligible in the thermodynamic limit.
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WITH MULTIPLE OUTPUTS

C.2 Derivation of an effective action for THL neural
networks with multiple outputs

In this section, we sketch the calculation to derive an effective action for 1HL neural networks
with multiple outputs x > 1. We stress that « is finite and the case where the number of
outputs scales with the width of the hidden layer N; has been the subject of investigations in

[85, 86, 105]. We consider the following loss function:

K

P
! Z Z Yy — (fonn(x™))a)? + Lieg » (C.20)
p=1 a=

2/€ ~

ﬁreg || || + ”VVH2 (C21)

The partition function is defined as:

HNl Nl N() )\
/Hdvan 11 dwis, eXp{——H I~ O|| I* (C.22)

a,i1 21,20

LSS S Sae(Sua))

We can decouple the layers in the loss through the addition of Dirac deltas, noticing that there

will be one additional index a for the outputs.

Pk P,k P,N1 P,N;
' dst dst B < g2 4 dh“ dh :
2= 115 eXp{-ﬂzM@g-s@ } Jhi = i

i1 M1

f-ch

/Hdvazl exp{——HvH2 Zs“z i/zlﬁfl}

a,i1

N1,No w
11,20y,
/ H dwllmexp{——HwH2 th Z \/EO}

11,10 i1,4b

(C.24)
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The integrals over the weights w;, ;, and v, ;, are Gaussian and can be performed. As in the

single-output case we can factorize the integrals in b} and f_Lfl over the index ;:

e L 2 _
Z = H dsa dSa 6_% Zu,a(yg_sg) +1 Z,u,a 8555
27
w,a

N, (C.25)

P —
{ / 11 dh’;ﬂez‘ Sk e gty S (S sho ()"~ g T (S h“wfof}
(
W

Once the integrals over the variables h* are performed we obtain that the h* are Gaussian-
distributed with zero mean and covariance matrix C, in analogy with the single-output case.

The critical step is to consider the joint probability distribution of the following random

variables:
1 P
(o = sta(ht). (C.26)
o 2

As in the single-output case, in the asymptotic proportional limit P/N; ~ O(1) we can
conjecture a Gaussian equivalence, based on the reasonable assumption that the BM theorem
can be generalised to the multivariate case. We therefore have that P({¢,}) — N (0, Q) where

now () is the covariance matrix given by:

1 1 o
Q6. Chus = 3.3 S5 | [ B P otr100)] 5 = 30 S (s

(C.27)

and K/\; is the NNGP kernel, as in the single-output case. We now integrate over the set of

variables {q, }:

[ NI

" 1 . . -
/ [ dge—mme D03 00000k — et (1, 4+ Q) (C.28)

; /det(Q)

Differently from the single-output case, we need to introduce a x X x matrix order parameter
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Qa,b as:
1 P
1= /nga,b 5 [Qa,b - )\1N1 ; EZKNV(C)EZ (ng)

and its dual QGJ, via the Fourier representation of the deltas:

7= [4QQ det .+ QI ¥ Tt [TTasy exp{Ale ZQa,szb”}
a,[L a,b v

2 . _
| | Qe Sa (Vh=st) "+ sanSan
a .

a,p

(C.30)

In conclusion, the integrals in s and 5 can be solved and we land with the following effective

action S:
S(Q,Q) = - Tr[QQ"] + Trlog(1, + Q) + % Trlogé {g 1.®1p (C.31)
Q@K Q) 1| R Q@K -
LA }—FFZJ {Blﬁ®1p+ N ] y (C.32)

C.3 Generalising the effective action to finite-mean
activation functions

In this section we show how the theory can be generalized in the case of finite-mean activation
functions. In fact, up to this point, our derivation assumed that the integral of the activation
function over a centered Gaussian is zero, i.e. the activation function is zero-mean. The goal
of this section is to show that removing such hypothesis modifies the effective action in the
asymptotic limit. Since ReLU activation belongs to this more general case, the findings of this
section imply that Li-Sompolinsky heuristic theory [9] should be modified as well. As for the
rest of the manuscript, we start by considering one hidden layer architectures and we later

extend the result to L hidden layers.
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The crucial difference wrt to the case studied in section 4.1 is that if the activation function is

not zero-mean, also the random variable

1 K
1= e ; 5o (h*) (C.33)

has now a finite mean. In particular:

P
1 dt 2

_ St 1 p— | 2 /O 5 () C.34

Dr \/N‘m;S e / Nz o) (C34)

A straightforward calculation shows that the result for finite-mean activation is found by

performing the replacement:

<Q o 1+1Q)

— ~ M KW = mtm? C.35
N N N , g = mbm (C.35)
in the effective action in Eq. (4.7) of the main text. As such, the one-hidden layer action for

finite-mean activation functions reads:

-1
Siin = —QQ+log(14+Q)+ 3 Trlog 8 {% + K@ Q)] + 5y {% (] Q)} y

(C.36)

It is worth noticing that while in the zero mean case there was a simple relations between
@ and () at any temperature, we now lose that property and the saddle-point equations are
not exactly solvable anymore, not even in the zero temperature limit. On the contrary, one
can check that in the infinite-width limit we recover the previous result Q = 1, ) = 0 and
the rank one matrix (") does not contribute to the generalization error, since it does always

appear in combination with the scalar Q) — 1/(1 + Q) that vanishes in the infinite-width limit.

Let us move to the derivation of an effective action for L hidden layers. As for the derivation
with zero-mean activation function, the key step is to understand how the joint probability

of the pre-activations at layer / is linked to the one at layer { — 1. While in the zero-mean
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activation case, the key observation was that P, is related to P, by the replacement C' —
Q1K (C)/\ (see Eq. B.33), here we find that the correct replacement is C' — QK (C) /) —
(Q1 — 1/(1 + Q1)) K™ /). Differently from the zero-mean activation case, where the kernel
at layer L was only depending on the variables {Q,}, here we find that the recurrence is given
in terms of the {Q,} as well. In conclusion, this produces a more unpleasant action where
all the {Q,, Q,} are coupled via the nested non-linear expression of the kernel. The explicit

recurrence relation for finite-mean activation functions is given by:

- (@ - 7o)
KM = % Ko [Kgﬂ _AT MR ) [ Kﬁ] ’ K — ¢ (C.37)

and the effective saddle-point action reads:

L
Sow = D0 U [-QuQs +log(1+ Q)] + S Trlog 5 £+ K{V({Q0 Q)
07

P P b
—1
+ 5 (5 + KPUQnQ) o ©39)

In view of the above considerations, it should be now clear that the heuristic Li-Sompolinsky
theory (re-derived in the previous section) amounts to disregard all the additional terms K (V)

that arise from the approach presented in this section.
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Computations with the replicated

ensemble

D.1 Computation of the partition function

We are interested in the computation of the partition function:

Y
7 / [T d6ne#=0D
:/ [T dwii, [T dvs; exp <_§ D= fo (@) +

il [ %A1 ap

A1 o Ao o _
S PITIUMELD DRI

a,B,i1 afBioin

where M, and M, can be any matrices for the time being, and fy_ (") is one of the Y identical
1HL networks defined in (4.23). The physical Bayesian interpretation is retrieved choosing M

and M, as in Eq. (4.26). I can now introduce the usual variables 1", s*¢, that now have an
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extra replica index, as constraints through a collection of delta functions:

No Ny
IIs (hga - \ZV_O ngmx;{)) IR (W —~ \/iv_l nga (hff)) (D.1)
no

11 o i0=1 11=1

I can insert these constraints in the partition function directly in their exponential form, intro-
ducing also a set of conjugate variables l_zfl“, st After performing the gaussian integrations

over the weights one gets:

Z = C / H dgsuae_g Zau(yu_sua)z'i'i Zau sHasHe
ap

: HLappa
« [/Hd2h‘ua€+lza*"h h
ap
N1

1 I aff T 1 - afB—
€73 D I O B s 1) (D.2)

where C is a negligible constant, and I have also introduced the correlation matrix of the

dataset, defined as:

1
2 w v
cH = o Z ! (D.3)
io
The integrals over h can be computed too:

7 = C / H dQS/'Laeig Zau(yufsua)2+i Zau shagha
ap

" [/ T e S ol n o)
ap

67% Zaﬁ hgrilhﬁ M

*/2n) P (detC)Y (dethy)” 04
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Where ' = C ® Myisa Y P x Y P matrix.The integral in square brackets:

Ny
[. . .]Nl = [/quap({q})e_;Zaﬂanlaﬂ‘I’B]
5o hiT 'hy

pitah) = [ TTaw s 5(q S A h““) ©3)

Relying on the Breuer-Major theorem [99], we conjecture that this distribution converges to

a gaussian one for large /V;. Therefore we have:

1Y (M4Q Y ape® ] Ny

The Y x Y covariance matrix elements (), read:

X G (03 ]‘ -« af =pv
Qas(5%,5%) = (¢°¢") = > s RS (D.7)
The partition function reads

a2 pnogpo _N
7 :C/HdQSuaegza#(y“S“ ) HID D, s [det(l +QM1)] 3 (D'g)

To make progress in the calculation, one needs to introduce a set of deltas (and their conju-

gates) for the covariance matrix elements:

1
af e aff zBv
”(5(@ B, E S™MK L, s ) (D.9)
af Qv

The kernel K inherits a replica symmetric structure:

K=K'®ly + K’® Oy, (D.10)
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D.1. COMPUTATION OF THE PARTITION FUNCTION

where K'andK? are P x P matrices with entries:

K}, = / dp ({h}) o(h)o(h") (D.11)
KY, = / dp ({h}) o (k) (h"?) (D.12)
p({h}) = ! LS e D13

V(2m) P =D det T

Similarly to the unreplicated case, it can be shown that:

1 _ 1 1 1 1 0 _ 1 1 0 1
K}U/ - Kw/ (Fu,w Fuw Fuu) K,ul/ - K,uz/ (Fp,;u F,uw Fz/u) ) (D14)
Yo + Ao Yo
MH=--—">-"°¢ - _ (. D.15
Ao+ Y0 Ao+ Y0 (D.15)

This is explicitely shown in Appendix B ( Egs. B.11, B.10). The partition function reads:

7 / Hanﬁe%Tr(QQ)f%logdet(IJrQMl)
a,8

: s B 2 1 Y Bz
X / H dQSuael D SN =5 3o, (Y =) 23 Lap v §°Qap Ky 5”7 (D.16)
ap
Isolating the renormalized kernel:

(K@) = Qus/ M KL (D.17)

and performing the remaining integrations in s and 5 respectively, one obtains the result in

equation 4.27.

D.1.1 Infinite-width limit saddle point equations

In the infinite-width limit where N; > P, we have that the terms of order « = P/N;do not

count. The action simplifies:

A(Q,Q) = —Tr(QQ) + logdet (I + QM) (D.18)
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The saddle point equations read:

Go - —Qra+Qu) L 92— (D.19)

That are easily solved to yield:
Q* =0 Q* — ]\41 (D.ZO)

Note that an unreplicated system in the infinite-width limit would have A/; = 1, therefore

there would be no contribution from the off-diagonal terms of Q.

D.2 Average accuracy

We now can compute the average accuracy the replica ensemble, on a new test example

{x°,y°}. The average we want to compute:

€acc = <0 (% Zyo.f@a (ZL‘O)> >

:_/Hd9g< nyea ) L({6a})
/ H dwuzo HdU“ o (Zy f@a > e—gzau(y“—fga(w”)f

gl iy

Y -1 B -1 B
X 677 Za,ﬂ,il i (M, )‘lﬁvni? Eaﬁ,ioil U’?lio (Mg )aﬁwzlzo (D.21)

We can now introduce some dirac deltas:

H 0 (hﬁ‘la o Zme m) g& (s“ N1

i1 o i0=1

H5<h$f— mz ) E[&(s \/_Zvlla () ) (D.23)

[ERe] i0=1 i1=1

Zvlla (hi) ) (D.22)

i1=1
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D.2. AVERAGE ACCURACY

And compute the gaussian integrals over the weights. Note that, when it’s not specified,

> ,indicates that © = 1... P. The average accuracy:

1 1 Lo 3 agpo
€acc = 2/ H dQSuae <?¥yof9a (5170)> €_§Zau(y“—5’ )2+12w:0 st

apu=0

apu=0

o B“QMOO(ﬁC“V?LVﬁf Ny

1 1
X e 2 Zaﬁuu: 231NV Zaﬁ;w:

. gwg(hau)]\/[laﬂgﬁ”a(hﬁ”)] (D.24)

Where now the covariance matrix is extended to the new example X°, becoming P + 1-
dimensional symmetrix matrix with the extra row (and column) given by the vector (x* -
x%) /ANy, x* € X). After performing the integrals in hand h, with the usual gaussian

approximation justified by the BM theorem [99], the test accuracy function reads:

o b [ TLwo (25000

apu=0 «

e e o~
y e_gzw(yu_su )2+ 3 g M [det(1 4+ QM;)] 2 (D.25)

Where the () is the covariance matrix of the distribution in D.5, its elements (), read:

1
Qas(3%,5") = (¢"¢") = > s s (D.26)

Note that here we have one extra contribution to the sum, given by the new test example, that

is however negligible in the thermodynamic limit P — co. Now we need to introduce a set of
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deltas (and their conjugates) for the covariance matrix elements:

aff —au rraf <fv
H(s(@ oA N1 > s KRS ) (D.27)

pr=0

€acce X — /Hd@aﬁe (Y Zy f9 ) elngr QRQ)— logdet(H-QMl)

: h 7 1 1 S ) Bz
% / H dQ S,U‘Oéel Zau:O st st aif Zau (y! 75#0) 7ﬁ 2057HV:0 SMOQO‘BKSV s”ﬁ (D28)
au=0

We want to separate the contribution from the trainset elements to that of 2°. Let me define
S =K® asinD.17,and S = K(x*x°) = 0. .. P with the Kernel function in 1.42. We can

rewrite:

€ace :%/HanﬁeNngr(QQ)N2110gdet(1+QM1) (D.29)
a76

1 . _ =0 Qo
* / ngSoae (V ;yofea (:c")) ¢ T #0503 X 307550 5 (D:30)

. _ 2 — _
[ T oS = o P
ap=1

(D.31)

We now can perform respectively the integrations over s#“ with © # 0, and all the 5%, to

obtain:

pv

_ —1\ @B
S HdQQBe%Q@—%logdeww—%wgdet[s%]—zmyv<<s+%> NG

a7ﬁ
27T)Ydet2
" e*gzaﬁs (BP0 45, 00 3y mAE1]0f — 1 5, me (5]

_ P 0 a
:% / [1dQuse# 4@ 1 sign(y) 2o ™
a,B

\/ Za,@ Eab’
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and we have defined

ap
N\ -
yof — o Zsaﬂ ( B) ] SoP (D.32)
nv
) 1 e
m® = 'S5 (S + B) ] (D.33)
o pv 7%

Note that the action A(Q, Q) is the one defined in 4.27, therefore we have that the generali-

sation accuracy:

DI

€ace =
\/ Zaﬁ 204/3

That has to be evaluated at the saddle point Q*, Q*as defined in D.20. In the zero temperature

(D.34)

limit 8 — oo, the expressions in further simplify:

« «Q CYB « o a a «
= 5o — Z Se ( DSer me =) ySe ( ) (D.35)
o' pv

D.2.1 RS interaction matrix

If we choose the matrix M; to be RS we have further simplifications:

Q= q'ly + 30y (D.36)

1
Si(Q) = 1 (Basd K}y + (1= 05)7° K5 (D37)

1

And have to be evaluated at the saddle point:

. YtAM . o
_ T - D.38
@ A+ Yy L M+ Yy (D.38)
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1P®1Y—|— Ko(Kl) 1®Oy)(>\ K ®1y)
1

(q—l (K1)~ ®1y) (C®1y + D ®Oy)
—-1
D=— (—K1K01 v - )RR (Y - 2)1p>
do q1
C=1p+ (Y — 1)?K0K11D
1

Here Y. and m inherit the RS structure from S:

¥ =31y + 20y

1 ’)/—|—>\1 1 1 ’}/"—)\1
K, E
Bila; = A1 /\1+Y7< DY W 2%

aa Kéy)

_1):45 Kgy)

The generalisation accuracy (at the saddle point):

€ace = H (—sign( O)W(ml + (Y — 1)””0))
acc \/21 + —1 EO
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APPENDIX

Details of computations for locally
connected networks with and without

weight sharing

E.1 Dtailed derivation of the effective action for a shallow
Locally Connected Network

Here I report the explicit computation of the effective action for one hidden layer LCNs
[29]. For simplicity, we consider one-dimensional local interaction, but the calculation can

be generalized to a d-dimensional setting. For LCNs, the output function reads:

1 [No/S| N
f vio (hY) (E.1)
Len(z) = /—NU/S ; ;
LMZ/Q L Sit
hi(z) = —tmZoTm (E.2)
— (M2 VM

131



E.1. DTAILED DERIVATION OF THE EFFECTIVE ACTION FOR A SHALLOW
LOCALLY CONNECTED NETWORK

We recall the notation for the total number of weights in the last layer N; = N.| Ny/S|. Note
that in the special case S = N, we recover the FC architecture. Our objective is to construct

the data-dependent partition function for this learning problem in the proportional limit:

/Hdu [T aw: exp{—%HW—%HWH?—gZ W~ fuen@) . (€3

zma

with frcon given in Eq. (E.2), and A\g and A respectively the Gaussian priors of the hidden and
last layer. We introduce two sets of Dirac deltas, corresponding to the pre-activations of the

hidden layer and the output of the network:

L] ) |52 ),Ne
o(R — —= i) o5 — vio(hl)) . (B4
sz :_ZLMJ o ];[ Nl i,a=1 ( )

Expressing the deltas directly in their standard Fourier representation, and averaging on the

Gaussian weights we have:

H dh, dh“ Hds”ds“e B (st P Hi Y, sEEH Y, bR

4,0, Iz

ZP, 5“0' hﬂ sz hl/
% Hexp{ . |: M ;)\INI i| }HeXp{ Zp,u 1 2la j0% za} . (ES)

here the matrix C’ny is the diagonal part of the local covariance matrix defined in Eq. (2.30),

Le.
o
CZLZ/ = )\OM Z 'rgi+mxgi+m' (Eé)
m=—|M/2|

The integrals on the h-h variables can be factorised over the patch indices i and channel one

a. Performing the (Gaussian) integrations over the h variable leads to the following equation
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NETWORKS WITH AND WITHOUT WEIGHT SHARING

for the partition function

7= / 11 dstdghe 5 Shoi W —s")2+i [, st
17

Ne
x {H / dPh; Pi({R})e” i e o ()P } , (E.7)
e—zhi (C") " h;

J/2m)P det O

To proceed in the calculation, we introduce a new set of variables ¢; through Dirac’s o

PP ({h}) = (E.8)

identities. In this way the quantity in curly brakets in Eq. (E.7) becomes:

I1 [dneitra). pa - | dPhin({h“}w(qi—ﬁisﬂa(h;‘)) €9)

Similarly to [95], we perform a Gaussian approximation on the limiting distribution of P(¢;),

heuristically justified by the Breuer-Major theorem [99]:
]D(qi) _%j\@i(oacgi)a (E.IO)

where the variances are:

P 1 P

Q6.0 =5 35 [ npi oo )]s = e D KL

pr=1

pur=1

(E.11)

here wa = Kffl, is a compact notation for the diagonal part (in the spatial indices) of the
kernel matrix defined in (2.29). After performing the (Gaussian) integrals in the ¢; variables,

we have:

{TI0 + Qe )

i

Ne ey 10 (14Qu(s.07) (E.12)

133



E.1. DTAILED DERIVATION OF THE EFFECTIVE ACTION FOR A SHALLOW
LOCALLY CONNECTED NETWORK

We need one last delta to handle the 5 dependency in Q;(5, C?)):

P

_ / in(5<Qi _ A11N1 3 EHKZWE”). (E.13)

pr=1

In this way we are able to perform the Gaussian integration on the S variable, after a rescaling

Q — —i%@, obtaining:

) M 5 - u
:/Hininlz[ds exp —52:: -5

1 -1 1
X exp <—§ST [ng@ —3 log det [K

|
vo| 2
o
@|
|
R
—_
+
O
~

where we have identified the renormalized kernel for the LCN:

No/S)
[KE?&(Q)} ELNO/S 2:: . (E.15)

which contains only the diagonal elements of the local kernel matrix defined in Eq. (4.54).
Finally, we perform this last Gaussian integral and we are left with a partition function which

depends only on () and Q:
7= [T]dQuau 5o, (£16)

where the LCN effective action Sicy is given by:

Sten = — Z(Qz@z —log(1+ Q)+

7

R a 1 (1lp Rr)) !
+ SeTrlog 5( 7+ K&) + 2y <F +K&) v (E.17)

where 1p denotes the P x P identity matrix. Note that this action shares the same functional

form as the one for FCN found in [95].
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E.2 Detailed derivation of the effective action for a

shallow CNN

In this section we address the case of shallow CNN architectures, where there is combination

of locality and weight sharing. The output of a CNN reads:

[No/S| N, | M/2] a

s
(") = vio g —m=Sim | E.18
Jonn( =, Wi ( )

Similarly to the LCN case, we need two sets of deltas, one for the preactivations and one for

the outputs, that we directly insert through their standard Fourier representation:

H dh“ dh” H dstdste 2 Zu Lyt =) 2403y sHEH Y, Bl R,

1,0, jz

E[exp{ %NIZ[ZS#U ]}Hexp{——ZthaCL{,h;’a}.

7 7‘7 IJ’7

(E.19)

where we have used the definition (E.6) of the local covariance matrix. Factorizing over the

channel index, and integrating the Gaussian h; the partition function reads:

N / H dstdste™ 3 D=t WH—s")+i L, s5"

Ne
% { / Hdthh(O,C)e_Tle il oy ”2} . (E.20)

ni

where the notation NV, (0, C') indicates a multivariate normalized Gaussian on the h variables,

with zero mean and covariance matrix C’ZZ, . In order to deal with the non linearity term, we

define a collection of N; = | Ny/S ]| deltas:

1 -
1:/1:[dqi(5(qi— M;S”a(hf)). (E.21)
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CNN

Here again, we assume that the joint distribution of the variables ¢; can be approximated by a

multivariate Normal distribution with 0 mean and covariance matrix () with elements:

= — 1 = v vV — 1 = ij SV
Qii(5,C) = (qigj)n = NV, ;s“w(hf)a(hj»hs =3, ;S“Kj,,s ) (E.22)
Note that this would be heuristically justified by a multivariate version of the Breuer-Major
theorem. The quantity in curly brackets is again a multidimensional Gaussian integral on the

q; variables:

N, e‘%ZijQi(&j"‘Qi}l)%’ e _ Ne
[ = /quj Vi — (det(1+ Q)2

_ o~ FTrlog(1+Q) (E.23)

To deal with the implicit dependence of () on 5, we introduce one last family of deltas for the

local variables @);;:

1= / dQ; 5<Qij — ﬁ Z gﬂKijg") , (E.24)

that allow to perform the integration over 5 after the transformation Qij — —“;/—CQU:

N P 3 P
7= [ Td@uics T ds" exv (— 3000 53 s z)
ij 1 ij p=1 p=1

N, 1
X exp (—7 Trlog(1 + Q) — 5 logdet [Kg;;} + (E.25)
P
]_ -1
5 2 (00 + [KQY| )) , (E.26)
pr=1

where [Kéi%\f] is the renormalized CNN kernel defined in (4.54). After performing the
n%

last Gaussian integral on s*, the partition function is expressed through an effective action
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Senn(@Q, Q) that only depends on the order parameters Q);;:

/ H dQ” de e Sonn(Q, Q)

SCNN(Q Q Z QZ]QZ] + Tr log( NOJ =+ Q)

C C]{C
+ =Tr 1og6<— + KéN%\J + =y

P P

g

1p
B

(E.27)

(E.28)

-1
+KQ) v (E.29)

Note that, differently from the previous section, all the information of the matrix () is present

at the level of the effective action.

E.2.1 Saddle point equations from the CNN effective action

In this section we explicitly derive the saddle point equations of the effective CNN action given

in Eq. (E.29), that is:

agij SCNN(Qv Q) =0
821-]- SCNN(Qv Q) =0

Recalling that Trlog(1 + Q) = log det(1 + Q) and 57—
0=—Qij + (adj(1 + Q));(det(1 + Q)™
Using the identity A~ = adj(A)(det A)~! we find

Qi = (1+Q)y,

(E.30)

(E.31)

— det A = adj(A),j, Eq. (E.30) reads:

(E.32)

(E.33)

which holds for each element of Q and so Q = (1 + Q)~*

To compute the derivative in (E.30), one should observe that (% + Kéﬁ%q) can be thought as

a P x P matrix field of the matrix variable (). We use of the following identity for a generic
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CNN
matrix A = A(x):
O, det A = (det A) - Tr(A™19,,A), (E.34)
and obtain:
0=—Qi + =Tr (1 + K(R)>_1K” (E.35)
1 P B
a 1 -1 .. /1 -1
_ % L K® i (L4 pe®)
= yu<ﬁ+K )WKM<B+K )Auyy, (E.36)

HPAV

which reduces to Eq. (5.5) in the zero temperature limit.
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APPENDIX

Numerical experiments

F.1 Details of numerical simulations

F.1.1 Sampling from the Bayesian posterior

To ensure convergence of the posterior weights distribution to the Gibbs ensemble, the
networks are trained using a discretised Langevin dynamics, similarly to what is done in

[9, 11]. At each training step ¢ the parameters § = {W* v} are updated according to:
Ot +1) =06(t) —nVeL(0(t)) + /2T ne(t) (F.1)

where T' = 1/ is the temperature, 7 is the learning rate, €(¢) is a white Gaussian noise vector
with entries drawn from a standard normal distribution, and the loss is the one defined in

equation (4.2).
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F.1. DETAILS OF NUMERICAL SIMULATIONS

F.1.2 Experiments with FC networks

Numerical experiments are performed with deep fully-connected architectures trained on two
regression tasks in computer vision. In particular we use the 0 and 1 classes of the MNIST and
CIFAR10 datasets, which for the latter correspond to the labels “cars” and “planes”. Examples

from CIFAR10 are coarse grained to Ny = 28 x 28 pixels and converted to grayscale.

To test our theory in the zero-mean activation function case, we used the Erf function, for

which the NNGP kernel can be computed analytically [117]:

2 20,

Kﬁ,r/f(C) = — arcsin Cu . (F.2)
™ V(1 +2C,,) (1+2C,)

In Fig. 5.3 we train networks with ¢ = ReLU. The kernel can be computed analytically also in

this case [109] and reads:

KXY(C) = /CoCon <L> , (E3)

vV CunCu
k(x) = % [m(w — arccos(z)) + M} :

We employ T' = n = 1073 throughout all the experiments. This is sufficient to approximate
the 7' = 0 dynamics in the regime we are considering. This dynamics requires 10°/10° steps
to reach thermalisation, depending on the sizes of the dataset and network. We extract the
generalisation loss within a single run: after the train error has reached its minimum and
the test loss is thermalised, we average test loss values every 103/10* epochs (depending
again on the magnitude of P, N,). For the sake of completeness, we report the best test
accuracy achieved on both datasets by 1HL architectures: 0.86 on CIFAR10 with P = 3000
and \; = 1000, 0.999 on MNIST with the same Gaussian prior and P = 1000. The train
accuracy is always 1. The code used to perform experiments with FC networks, compute
theory predictions and analyze data is available at: https://github.com/rpacelli/FC_

deep_bayesian_networks [118].
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APPENDIX F. NUMERICAL EXPERIMENTS

F.1.3 Experiments with 1d convolutions

The finite-width analysis presented in Fig. 5.5 was carried out training a one hidden layer
network with 1d convolutional filters on a synthetic random dataset, whose elements have
entries sampled from a Gaussian distribution N (0, 1), with labels given by a linear teacher

function with unitary weights ¢t = {1...1}:

(14 sign (t- ")) . (F.4)

1
[
v =3

The network implements exactly the function reported in Eq. (4.48), with activation function
o(x) = tanh(z). The FC architecture is retrieved setting both the filter size M and the stride
S equal to the input dimension Ny = M = S. This correctly implements the function given
in Eq. (4.5). Here the networks are trained using full-batch gradient descent, with ADAM
optimizer, implemented with TensorFlow (TF). We train using a large value of the last layer
Gaussian prior \;, until the loss reaches a value of O(1071%). We employed a scheduler for
the learning rate, reducing its value from 1073 to 10~ with the so-called ReduceLROnPlateau
scheduler of TF. The experiments shown in Fig. (5.5) were performed fixing the value of a; =
P/N; = 1 with increasing values of V. The input size is set to Ny = 6400 and we choose
non-overlapping convolutional filters, taking the size of the mask and the stride equal to M =
S = 400. We built a statistical sample of O(10?) networks, trained independently, over which

we average each result.

F.1.4 Experiments with 2d convolutions

The results shown in Fig. 5.6 are obtained training a one hidden layer architecture with Erf
activation and 2d non-overlapping convolutional filters on the CIFAR10 binary task discussed
above. This is achieved setting the stride S to be equal to the filter mask size M. To avoid
information loss, we choose M to be an integer divisor of the linear input size d = 28. To
ensure convergence of the posterior weights distribution to the Gibbs ensemble, we train our

networks using a discretized Langevin dynamics, similarly to what is done in [9, 11, 95]. At
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Figure F.1 —Numerical solution for the order parameters (), ) as a function of the
temperature 7T'.

each training step ¢ the parameters § = {IW, v} are updated according to:

O(t+1) =0(t) —nVeL(0(t)) + /2Tne(t) (F.5)

where T' = 1/ is the temperature, 7 is the learning rate, €(¢) is a white Gaussian noise vector
with entries drawn from a standard normal distribution, and the loss is the one defined in
equation (4.2). We employ 7' = 7 = 2-1073 throughout all these experiments. This is sufficient
to approximate the 7' = 0 dynamics in the regime we are considering. This dynamics requires
~ 10° steps to reach thermalization, in particular we run the experiment for 5 - 10° epochs.
When possible, we extract the generalization loss within a single run: after the train error has
reached its minimum and the test loss is thermalized, we average test loss values every 10°
epochs. In the case of FC architecture in Fig. 5.6, we averaged over n = 3 samples to reduce

the error.
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F.2 Numerical issues in sampling from the Bayesian

posterior

Obtaining a perfect agreement between theory and simulations when sampling from a Bayesian
posterior (especially in the zero temperature limit) is prevented by a number of technical

numerical issues presented in the following.

1. Finite-size effects certainly play a role in explaining the small mismatch between theory
and experiment. To address this point, we are currently performing high-precision

numerical simulations with fixed « = P/N; and increasing values of N; and P.

2. The T" — 0 limit, which corresponds to perfect interpolation of the dataset and is the
only case in which the saddle point equations can be solved analytically, was the most
logic to address for starting, but turns out to be very hard to simulate. This is clear
from some preliminary work we are doing, where we numerically solve the saddle point
equations at generic T for the saddle point variables Q, Q = f(Q). We find that the

function Q(T") changes rapidly for small temperatures, as is shown in Figure F.1.

3. AtT = 0.001, the autocorrelation time of the simulation is already very large, taking as
little as 5-10° epochs to thermalize. As the temperature is decreased, the autocorrelation
time increases, and we need hundreds of thousands of epochs to gain satisfactory

statistics.

4. The effect of a finite learning rate 7 has to be taken into account as well. From our
preliminary results, we empirically observe that finite-n effects are larger at higher
temperature. The standard way to take into account finite-7 effects is to perform the

extrapolation to  — 0 simulating different learning rates.

5. Computing the theory in the case of L > 1 networks requires to numerically minimize
a complex nested saddle-point functional of the variables (),. We are currently working

on a numerical routine to efficiently perform this task.
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