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Abstract

In many tokamaks ferromagnetic material, usually referred to as an iron-core, is present
in order to improve the magnetic coupling between the solenoid and the plasma. The
presence of the iron core in proximity to the plasma changes the magnetic topology
with consequent effects on the magnetic field structure and the plasma boundary. This
paper considers the problem of obtaining the free-boundary plasma equilibrium so-
lution in the presence of ferromagnetic material based on measured constraints. The
current approach employs a model described by O’Brien et al.[1] in which the magne-
tization currents at the air-iron boundary are represented by a set of free parameters and
appropriate boundary conditions are enforced via a set of quasi-measurements on the
material boundary. This can lead to the possibility of overfitting the data and hiding un-
derlying issues with the measured signals. Although the model typically achieves good
fits to measured magnetic signals there are significant discrepancies in the inferred
magnetic topology compared with other plasma diagnostic measurements that are in-
dependent of the magnetic field. An alternative approach for equilibrium reconstruction
in iron-core tokamaks, termed the deterministic magnetisation model is developed and
implemented in EFIT++. The iron is represented by a boundary current with the gra-
dients in the magnetisation dipole state generating macroscopic internal magnetisation
currents. A model for the boundary magnetisation currents at the iron-air interface is
developed using B-Splines enabling continuity to arbitrary order; internal magnetisa-
tion currents are allocated to triangulated regions within the iron, and a method to en-
able adaptive refinement is implemented. The deterministic model has been validated
by comparing it with a synthetic 2-D electromagnetic model of JET. It is established
that the maximum field discrepancy is less than 1.5mT throughout the vacuum region
enclosing the plasma. The discrepancies of simulated magnetic probe signals are accu-
rate to within 1% for signals with absolute magnitude greater than 100mT; in all other
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cases agreement is to within 1mT. The effect of neglecting the internal magnetisation
currents increases the maximum discrepancy in the vacuum region to >20mT, result-
ing in errors of 5-10% in the simulated probe signals. The fact that the previous model
neglects the internal magnetisation currents (and also has additional free parameters
when fitting the measured data) makes it unsuitable for analysing data in the absence
of plasma current. The discrepancy of the poloidal magnetic flux within the vacuum
vessel is to within 0.1Wb. Finally the deterministic model is applied to an equilibrium
force-balance solution of a JET discharge using experimental data. It is shown that
the discrepancies of the outboard separatrix position, and the outer strike-point posi-
tion inferred from Thomson Scattering and Infrared camera data are much improved
beyond the routine equilibrium reconstruction, whereas the discrepancy of the inner
strike-point position is similar.
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tokamak; magnetic; equilibrium reconstruction; ferromagnetic

1. Introduction

Accurate knowledge of the magnetic field structure in a tokamak is a prerequisite
first step for the analysis and control of plasma discharges. In order to improve the
magnetic coupling between the solenoid and the plasma many tokamaks (eg. JET[1],
ISTTOK[2], Tore Supra[3], STOR-M[4], TEXT[5]) incorporate a ferromagnetic core,
usually referred to as an iron core. The presence of the iron core in proximity to the
plasma changes the magnetic topology with consequent effects on the plasma boundary
shape. From the numerical point of view the presence of the iron core represents a
complication by adding an additional non-linearity to the calculation of equilibrium
force-balance. This calculation in tokamaks, based on measured constraints, known as
equilibrium reconstruction is carried out by codes such as EFIT[6, 7], EQUAL[8, 9],
CLISTE[10] and EQUINOX[11, 12, 13].

This paper considers the case of the JET tokamak using EFIT++[14]. The code
is used for equilibrium reconstruction on JET between discharges (ie. during intershot
operation) and in subsequent detailed interpretive analyses. The EFIT++ code, based
on the algorithm of EFIT[6], is machine-agnostic, written mainly in C++ and was de-
veloped at JET and the Culham Centre for Fusion Energy. Originally the EFIT++ code
implemented a magnetisation model based on [1]. For the computation of equilibrium
reconstructions carried out between discharges the boundary magnetisation currents
(at the air-iron interface) are represented by a set of free parameters and appropri-
ate boundary conditions are enforced via a set of quasi-measurements on the mate-
rial boundary. These quasi-measurements are used in a χ2 minimization together with
other measurements (typically magnetic flux, local magnetic field and power supply
currents) to determine the equilibrium reconstruction based only on magnetic data.
This is the so-called EFIT++ fitting model. The advantage of running EFIT++ in this
manner is that it is fast, typically 0.1-1s per time-slice. The rapid execution time is
a result of the boundary iron magnetisation being represented by comparatively few
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discrete piecewise constant currents. This is possible because the iron currents are
adjusted during the χ2 minimization, the purpose being to get a strong fit to the diag-
nostics in the proximity of the plasma. Furthermore, only the iron boundary closest
to the plasma is included. Including the boundary currents as additional degrees of
freedom in the χ2 fit can significantly increase the number of free parameters, par-
ticularly because the number of boundary curents is generally much greater than the
number of free parameters from the other current sources. This can lead to the possi-
bility of overfitting the data and hiding underlying issues with the measured signals:
although the EFIT++ fitting model typically achieves good fits to measured magnetic
signals there are significant discrepancies in the inferred magnetic topology compared
with other plasma diagnostic measurements. In this work we present an alternative
approach for equilibrium reconstruction in iron core tokamaks, termed the determin-
istic model. The iron is represented by a boundary current with the gradients in the
magnetisation dipole state generating macroscopic internal magnetisation currents. A
model for the boundary magnetisation currents at the iron-air interface is developed
using B-Splines enabling continuity to arbitrary order; internal magnetisation currents
are allocated to triangulated regions within the iron, and a method to enable adaptive
refinement is implemented. This model is strongly based on the underlying physics
described by Maxwell’s equations coupled with the constitutive relations of the fer-
romagnetic materials. Therefore, the magnetisation currents, both the boundary and
internal currents, are enforced exactly and do not appear as quasi-measurements in the
χ2 minimisation. Compared to the fitting model there are no quasi-measurements en-
abling improved interpretation of the real measurements. A practical implication of
this is to enable the possibility of carrying out in-vessel calibration of the magnetic
diagnostic system to improve the consistency of the model against the experimental
data in iron-core toakamaks. Section 2 summarises the key components of the EFIT++

algorithm followed by a derivation of the current distribution in a ferromagnetic ma-
terial. Section 3 develops a model for the representation of boundary magnetisation
currents at the air-iron interface. Section 4 describes the implementation of the internal
magnetisation currents. Section 5 validates the deterministic model by comparing it
with a synthetic 2-D electromagnetic model of JET. Finally section 6 describes the use
of the EFIT++ deterministic model on an equilibrium force-balance solution of a JET
discharge using only magnetic signals; results are compared with other independent
diagnostic measurements.

2. EFIT++ equilibrium force-balance algorithm in presence of ferromagnetic ma-
terial

The EFIT++ algorithm sets out to provide an equilibrium force balance solution
that is consistent with measurements whilst taking into account the presence of fer-
romagnetic material. The flow diagram of the EFIT++ algorithm, valid for both the
fitting and the deterministic iron models, is illustrated in figure 1a. The programme
enters a loop which iterates towards a converged equilibrium force balance solution by
successively invoking the magnetisation model, the linearised Grad-Shafranov solver
and a least-squares algorithm to update values of poloidal field circuit currents and
coefficients of the plasma-based flux functions defined below. Optionally there may
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be an inner loop to improve the convergence of the magnetisation model. Below we
summarise the algorithm.

The state of axisymmetric equilibrium force balance in a tokamak is encapsulated
in the Grad-Shafranov equation:

∆∗ψp = −2µ0RJφ (1)

The equation, expressed in right-handed cylindrical coordinates (R,φ,Z), is written in
terms of poloidal flux ψp=RAφ where Aφ is the toroidal component of the magnetic
vector potential[15], and toroidal current density, Jφ, which can itself be expressed as a
function of two plasma-based flux functions, p(ψp) and f (ψp) and a non-plasma based
component Jext:

Jφ = R
∂p
∂ψp

+
1
µ0R

f
∂ f
∂ψp

+ Jext(R,Z) (2)

The parameter Jext = Jpf + Jinduced + Jiron in which Jpf is associated with the set of np f c

poloidal field circuit currents {Ip f c
i }; Jinduced is associated with nind independent induced

currents {Iind
i }; and Jiron is associated with niron independent currents {Iiron

i }. The first
two terms on the right hand side of (2) represent the plasma current flowing in a closed
region bounded by a magnetic separatrix. The flux functions have the following generic
form:

p′(ψp) =

nα∑
i=1

αici(ψ̄p) (3)

f f ′(ψp) =

nβ∑
i=1

βidi(ψ̄p) (4)

where {ci(ψ̄p)} and {di(ψ̄p)} are sets of basis functions; a typical choice is to use ci =

di = ψ̄i−1
p but EFIT++ also permits other choices for example tension splines [16]

enable more realistic current distributions in advanced reconstructions. This is out of
scope of this paper. Here,

ψ̄p = (ψp − ψ0)/(ψb − ψ0) (5)

is the normalized poloidal flux where ψb and ψ0 are the poloidal flux values at the
plasma separatrix and at the magnetic axis [6].

Referring to the EFIT++ flow diagram shown in figure 1 the Linearised Grad-
Shafranov solver solves (1) with Jφ constructed using ψ̄p generated at a previous
step[6]. The field solution in the region containing the plasma current is solved using
the fast 2-D cyclic reduction finite difference method of Buneman[17]. Having com-
puted a solution for ψp(R,Z), the loci of the separatrix and magnetic axis are identified
enabling ψ̄p to be recomputed using (5).

The Least-Squares Solver computes updated values for the current coefficients I =

{αi} ∪ {βi} ∪ {I
p f c
i } ∪ {I

ind
i } ∪ {I

iron
i } by finding a solution which minimises

χ2 =
∑

i

(
Mi −Ci

σi

)2

(6)
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In the above equation, Mi denotes a measurement (or user designed) constraint value
and σi denotes its associated uncertainty. The parameter Ci expresses a linearised
equation for Mi in terms of the current coefficients:

Ci =

npfc∑
j=1

Gpfc
i j Ipfc

j +

niron∑
j=1

Giron
i j Iiron

j +

nind∑
j=1

Gind
i j Iind

j +

nα∑
j=1

Gα
i jα j +

nβ∑
i=1

Gβ
i jβi (7)

where the Gx
i j functions are commonly referred to as response functions. Equation 6

can be expressed in the form (for polynomial basis functions)

χ2 = ||AI − b|| (8)

where the ith row of AI and b contain respectively Ci/σi and Mi/σi. Utilising tension
splines, equation 8 is supplemented by the exact constraints:

CI − D = 0 (9)

where C is a rectangular matrix and D a vector constructed to enforce appropriate
interface conditions between spline intervals [18]. In general A will not be square
and the minimum norm of equation 8 is computed using singular value decomposition
unless tension splines are employed in which case a constrained least squares solver is
used[19].

Figures 1b and 1c plot poloidal flux surfaces for discharges in MAST and JET
tokamaks.

2.1. Dipole current distribution in a ferromagnetic material

The macroscopic result of microscopic dipole currents gives rise to the magnetisa-
tion vector M[20] and results in a magnetisation current

Jm = ∇ ×M (10)

In terms of the magnetising force H and relative magnetic permeability µr,

M = (µr − 1)H (11)

Substituting,

Jm = ∇ ×
[
(µr − 1)H

]
(12)

It is instructive to split this into three separate components. First we consider the inter-
face between the ferromagnetic material and another material where µr is discontinu-
ous. Integrating over an element δx of the boundary yields the boundary magnetisation
current Ib,

Ib = Jb · δx =

∮
M · d` (13)
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Figure 1: (a) Flow diagram of EFIT++ algorithm; (b) EFIT++ equilibrium reconstruction of discharge 29916
at 240ms on MAST; (c) EFIT++ equilibrium reconstruction of discharge 82783 at 52.9s on JET

in which the integral is evaluated on a path enclosing δx. The magnetisation model
based on O’Brien[1] only takes account of Jb. This is strictly correct only in the case
when µr is constant. In the bulk of the ferromagnetic material,

Jm = Jf + Jµ (14)

where

Jf = (µr − 1)∇ ×H (15)

resembles an enhanced current of free charges in the iron due to the presence of the
dipoles. The term is non-zero only when a macroscopic current Jiron = ∇ × H flows
in the iron and describes a supplementary current (µr − 1)Jiron due to the dipoles. The
final term is

Jµ = ∇µr ×H, (16)

the dipole current contribution resulting from the spatial variation in magnetic satu-
ration state. For brevity this will be referred to below as the internal magnetisation
current density. The magnetisation model described in the current work includes the
Jµ and Jb components but excludes Jf . The assumption Jf = 0 is reasonable for toka-
maks that have a laminated iron-core as is the case for JET.

The EFIT++ model is implemented in cylindrical (R, φ, Z) geometry assuming
axisymmetry as the linearised Grad-Shafranov solver described earlier. Denoting the
unit vector (R̂, φ̂, Ẑ), Jm × φ̂ = 0 ie. the only finite components are Jb

φ ≡ Jb · φ̂ and
Jµφ ≡ Jµ · φ̂ .
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3. Representation of boundary magnetisation currents at the air-iron interface

The design of the boundary magnetisation current model for Jb
φ should take into

account rapid field and current variations that can occur in the proximity of corners due
to the requirement of ensuring that the tangential magnetitzation force H is conserved
across the material interface (this requirement is stated formally in equation 28). On
studies with 2-D elliptic problems, Fix et al. [21] have shown that high order elements
are more satisfactory than simply relying on local mesh refinement to model singular
functions. The implication is that a 1-D boundary magnetisation current model that
uses higher order elements will be more computationally efficient than using lower
order elements. The boundary magnetisation model developed in this paper is based
on B-splines[22, 23], permitting users to specify continuity at each knot location to any
desired order. To further mitigate the effect of singularities users are provided with the
ability to model the boundary shape by both straight line segments and arcs.

The deterministic model sets out to enforce magnetic boundary conditions either
over the entire extent or over a portion of the material boundary. We will refer to these
respectively as closed boundaries and open boundaries. The latter case is useful for
modelling semi-infinite regions and can also be used to reduce the size of the numerical
problem if it is unnecessary to implement magnetic continuity conditions over the en-
tire boundary. In cylindrical geometry, the open boundary is used to model boundaries
at R=0. The description of the magnetisation model below refers to a single boundary,
but the implementation in EFIT++ is for multiple boundaries and the extension to that
case is straightforward. Figure 9 shows the material boundaries implemented for the
JET iron-core. There are three boundaries: an open boundary to represent the central
iron pillar and two closed boundaries.

The following section describes the representation of the boundary magnetisation
current by B-splines. As is generally the case for all spline representations, the mag-
netisation is represented as a finite sum of products involving a set of basis functions
(equation 22). The basis functions are defined via a set of knots and are computed us-
ing a recursive relation (equation 23). Whilst the order of the of the B-splines specifies
the limiting continuity at knot locations, the continuity at these knots can be reduced
by defining multiple knots at the same location. The locations of the knots are referred
to as breakpoints; for example figure 10 plots the locations of the breakpoints repre-
senting the JET iron boundaries analysed in sections 5 and 6. Section 3.2 describes the
EFIT++ model for the boundary magnetisation current.

3.1. B-spline representation of the boundary magnetisation current
We denote the region over which the boundary is defined as L, the length of the

boundary, `a and the distance around the boundary from a reference position, ` (see
figure 9). In the case of a closed boundary, ` = 0 and ` = `a represent the same point.
The numerical solution for the magnetisation model will be in terms of a variation of
Jb
φ(`). In previous work [1] a discrete current representation was used, splitting L into

n sub-intervals L j = [` j, ` j+1] such that

Jb
φ(`) =

n∑
j=1

I jδ(` − ¯̀ j)
L j

(17)
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where δ denotes the Dirac delta function, I j is a filamentary current at ¯̀ j = (` j +` j+1)/2
and L j = ` j+1 − ` j.

In the present work we use a B-spline representation adopting the syntactic style
introduced by[24] which uses the definitions:

• Polynomials of order k (maximum degree k − 1) are

p(x) = a0 + a1x + . . . + ak−1xk−1 (18)

• A function which is continuous (on a given interval) together with its derivatives
up to order n, that is f (x),D f , . . . ,Dn f is said to be of class Cn. Then C0 means
that only f is continuous and C−1 that f is discontinuous.

• Consider the interval L divided into q sub-intervals L j = [ξ j, ξ j+1] by a sequence
of q + 1 points {ξ j} in strict ascending order:

0 = ξ1 < ξ2 < . . . < ξq+1 (19)

In the case that L lies on a closed boundary, ξ1 and ξq+1 are at the same physical
location. The ξ j will be called breakpoints (bps).

• We specify a second sequence of non-negative integers ν j, j = 1, . . . , q+1 which
define the continuity condition Cν j−1 at the associated bps ξ j.

• Finally, let us call knots another sequence of m points {ti} in ascending order, not
necessarily distinct,

t1 ≤ t2 ≤ . . . ≤ tm (20)

associated with ξ j and ν j as follows:

t1 = . . . = tµ1 = ξ1;

open boundary: µ1 = k
closed boundary: 1 ≤ µ1 ≤ k

tµ1+1 = . . . = tµ1+µ2 = ξ2;
. . .

tp+1 = . . . = tp+µi = ξi; p =

i−1∑
j=1

µ j

. . .

tn−µq+1 = . . . = tn = ξq; n =

q∑
j=1

µ j

(21)

in which µ j is the multiplicity of knots at ξ j and is given by µ j = k− ν j. An open
boundary has k additional knots:

tn+1 = . . . = tn+k = ξq+1;
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The B-spline representation of Jb
φ is a piece-wise polynomial function expressed in the

form

Jb
φ(`) =

n∑
j=1

J jNk
j (`) (22)

where, Nk
j (`) is the jth basis function of order k evaluated via the recurrence relation[22,

23]

Nk
j (`) =

` − `(t j)
`(t j+k−1) − `(t j)

Nk−1
j (`) +

`(t j+k) − `
`(t j+k) − `(t j+1)

Nk−1
j+1 (`) (23)

with the case of k = 1 defined

N1
j =

{
1 `(t j) ≤ ` < `(t j+1)
0 elsewhere (24)

Equation (22), expressed in terms of n independent basis functions and m = n + µq+1
knots, enforces the continuity condition of up to Ck−2 at every breakpoint; enforcing
higher continuity is generally only possible by representing Jb

φ with a single polynomial
over the entire boundary. To achieve Ck−2 at the jth breakpoint we assign ν j = k − 1
and µ j = 1 . This is the usual practice for interior bps but continuity may need to be
reduced for instance if ξ j is at a cusp. Continuity requirements at the end-points will
vary. Here we assume for an open boundary that the requirement is C−1 and we put
ν1 = νq+1 = 0 (ie. µ1 = µq+1 = k). In the case of a closed boundary continuity is usually
Ck−2 ie. the same as for interior bps and we put ν1 = k − 1 (ie. µ1 = 1). For these cases,
n = q + k − 1 for an open boundary, and n = q for a closed boundary.

The Nk
j basis function has a positive non-zero value in the range `(t j) ≤ ` < `(t j+k)

and is zero elsewhere. Over each interval `(t j) ≤ ` < `(t j+1), exactly k B-splines are
non-zero,

Nk
i (`) , 0 for i = j, . . . , j + k − 1 (25)

Closed regions utilise the transformations i → i − n for i > n. Finally, in each interval
`(t j) ≤ ` < `(t j+1),

j+k−1∑
i= j

Nk
i (`) = 1 (26)

Figures 2 and 3 show examples of basis functions for the cases k=1 and k=4. The
locations of breakpoints {ξ1, ξ2, . . .} and knots {t1, t2, . . .} are indicated on the figures.
The number of non zero basis functions at any point on the boundary is equal to k. The
case k=1 defines a set of piecewise constant basis functions with C−1 continuity at the
breakpoints; the basis functions are top hat functions with value 0 or 1. The case k=4
achieves C2 continuity at each breakpoint with ` > 0 and C−1 continuity at ` = 0.

We note [25] that the error will be bound by

ε ∼ hk
j |D

k Jb
φ(`)| (27)

where h j is the width of the interval L j, ` ∈ L j and Dk denotes the kth derivative.
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Figure 2: B-spline basis functions with k = 1 for the inner boundary shown in figure 9 in the range 0 <
`/`a < 0.00145. The locations of the breakpoints {ξ1, ξ2, . . .} are indicated by  ; these are also the locations
of the knots {t1, t2, . . .}. The basis function {N1

1 ,N
1
2 , . . .} are a set of rectangular top-hat functions with peak

value 1. The multiplicity of knots at each breakpoint is µ = {1, 1, 1, . . .}; continuity is C−1 at each breakpoint.
The locations for which the boundary magnetisation model satisfies Ampère’s Law (section 3.2) , {`1, `2, . . .}
are shown in the figure.
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Figure 3: B-spline basis functions with k = 4 for the inner boundary shown in figure 9 in the range 0 <
`/`a < 0.00145. The locations of the breakpoints {ξ1, ξ2, . . .} are indicated by  ; these are also the locations
of the knots {t1, t2, . . .}. The basis function {N4

1 ,N
4
2 , . . .} are a set of 4th order polynomial functions. The

multiplicity of knots at each breakpoint is µ = {4, 1, 1, . . .}; continuity is C2 at each breakpoint apart from at
ξ1 where continuity is C−1. The locations for which the boundary magnetisation model satisfies Ampère’s
Law (section 3.2) , {`1, `2, . . .} are shown in the figure.
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3.2. Boundary magnetisation current model in EFIT++

In formulating the magnetisation model, EFIT++ ensures that Ampère’s law is
satisfied at a set of r distinct constraint points {`i} within the region L = [0, `a]. In
the case of a closed boundary, ` = 0 and ` = `a represent the same point and cannot
therefore both be included in {`i}.

In terms of the magnetising force H, Ampère’s law reduces to:

H(`i) · ˆ̀i

∣∣∣
air = H(`i) · ˆ̀i

∣∣∣
iron (28)

where ˆ̀i is a unit vector tangential to the boundary at `i such that

ˆ̀i = φ̂ × n̂i (29)

in which n̂i is a unit vector normal to the boundary and pointing out of the iron re-
gion. In practice this means that coordinates of inner iron-air boundaries are defined
anti-clockwise, and outer boundaries are defined clockwise. In the most basic bound-
ary description {L j} are straight line segments. In this case, if `i coincides with the
jth breakpoint ξ j, ˆ̀i is taken as the average gradient of the sub-intervals L j−1 and L j.
This has the effect of rounding corners with the curvature dependent on the location of
ξi−1, ξi and ξi+1. Finite curvature sub-intervals are also permitted which can eliminate
gradient discontinuities. Substituting the constitutive relation B = µH into (28) yields

B(`i) · ˆ̀i

∣∣∣
air = B(`i) · ˆ̀i/µr(`i)

∣∣∣
iron . (30)

The magnetic field tangential to the boundary at `i can be written

B(`i) = Bext(`i) +

∫ `a

0
Jb
φ(`)G`(`i; `) d` (31)

where Bext is the contribution from the poloidal field coils, the plasma current and
induced currents; the integral is the contribution from the magnetisation arising at the
material interface with G`(`i; `) = G(`i; `) · ˆ̀ the magnetic field tangential to the bound-
ary at `i due to a unit current at `. In cylindrical coordinates G(`i; `) can be written

G(`i; `) · R̂ = −
2 × 10−7ηδZ
Ri
√

4R`Ri

−K(η) +
R2
` + R2

i + δZ2

(R` − Ri)2 + δZ2 E(η)
 (32)

G(`i; `) · Ẑ =
2 × 10−7η
√

4R`Ri

K(η) +
R2
` − R2

i − δZ
2

(R` − Ri)2 + δZ2 E(η)
 (33)

where `i ≡ (Ri,Zi), ` ≡ (R`,Z`), δZ = Z` − Zi and

η2 =
4R`Ri

(Ri + R`)2 + δZ2 (34)

K(η) and E(η) are complete elliptic integrals of the first and second kind respectively
defined

K(η) =

∫ π/2

0

dθ√
1 − η2 sin2 θ

(35)

E(η) =

∫ π/2

0

√
1 − η2 sin2 θ dθ (36)
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Substituting (22) into (31) and applying (25),

B(`i) = Bext(`i) +
∑m−1

p=1

∫ `(tp+1)
`(tp)

∑p+k−1
j=p J jNk

j (`)G`(`i; `) d` (37)

The second term is expressed as the contribution of Jb
φ(`) over each of m−1 knot inter-

vals; within each interval there are k non-zero basis functions. Alternatively, expressed
as a summation from the n basis functions,

B(`i) = Bext(`i) +
∑n

j=1

∫ `(t j+k)
`(t j)

J jNk
j (`)G`(`i; `) d` (38)

In this case the integral expresses the contribution from the jth basis function over the
range of the k + 1 knots for which it is non-zero. Special care is required to evaluate
the integral in the neighbourhood of ` = `i where G`(`i; `) is singular. A zero curvature
contribution arises from consideration of the singular point where ` = `i; application
of Ampère’s law expressed in integral form yields

δI0 =
λµ0

2

p∗+k−1∑
j=p∗

J jNk
j (`i) (39)

with λ=+1 on the air-side of the material and λ=-1 on the iron-side and in which
`(tp∗ ) ≤ `i < `(tp∗+1) . The finite curvature contribution is contained in the remainder of
the integral excluding the singular point. Combining (38) and (39), the total magnetic
field is

B(`i) = Bext(`i) + δI0 +
∑n

j=1

∫
Γ j

J jNk
j (`)G`(`i; `) d` (40)

where Γ j = [`(t j), `i)+(`i, `(t j+k)] for `(t j) ≤ `i < `(t j+k) and otherwise Γ j = [`(t j), `(t j+k)].
(Here, [] and () indicate closed and open intervals respectively.) Evaluation of the inte-
gral in (40) for the case of a semi-open interval employs Romberg integration using the
extended midpoint rule[26]. We note in passing that the magnetisation model described
in[1] neglects the finite curvature contribution of line-segments enclosing singularities.
Although strictly incorrect, this component is small for large n.

Substituting (40) into (30) yields a set of r equations

CJ = E (41)

where C is an r × n matrix:

C =


C1,1 · · · C1,n
...

. . .
...

Cr,1 · · · Cr,n

 (42)

in which

Ci, j = (µr(`i) − 1)
∫

Γ j

Nk
j (`)G`(`i; `) d` +

(µr(`i) + 1) µ0

2

p∗+k−1∑
j∗=p∗

δ( j − j∗)Nk
j (`i) (43)

13



where Γ j and p∗ are defined above. E is a column vector of length r with elements
(e1, e2, . . . , er) for which

ei = (1 − µr(`i))Bext(`i) (44)

and

J =


J1
...

Jn

 (45)

The constraint points {`i} should be suitably distributed to ensure that (41) is well con-
ditioned; a useful prescription is to place them at the peak of each basis function; in
this case r = n and the matrix C is square. Finally, to minimise local variations of the

numerical error in Jb
φ, the knot spacing should be chosen according to (27):

h(`) ∝

 1
|Dk Jb

φ(`)|

1/k

(46)

indicating that knots should be concentrated in regions of higher gradients, whilst
higher order splines will generally enable larger knot spacings to achieve a given accu-
racy. EFIT++ permits breakpoint spacing according to:

{0, hα, (2h)α, . . . , (n − 1)αhα} (47)

with the user specifying h and (n − 1)αhα − (n − 2)αhα.
To illustrate the use of the EFIT++ iron model, we consider a simple case of a

single filament carrying 10MA close to a corner material boundary in which the B-
H characteristic is shown in figure 4. Figure 5 plots the poloidal flux surfaces. Two
cases are considered, where the corner has a right-angle, and where the corner has
been rounded with a 5mm radius-of-curvature. The current distributions computed
by EFIT++ for each case is shown in figure 6. In the case of a right-angled corner,
the current exhibits a singularity at the corner; whereas introducing finite curvature
eliminates the rapid change in current. The variation of magnetic permeabilities shown
in figure 7 exhibits a similarly rapid variation in the case of a right-angled corner, with
the large corner current resulting in a local saturation with µr ≈ 1; rounding the corner
removes the local saturation. Results of convergence tests for the case of a right-angle
corner are shown in figure 8. Here fractional error is defined ε = 1/nε

∑nε
i=1 J(`i) −

Jre f (`i) where {`1, `2, . . . , nε} are a set of equally spaced points along the boundary,
J(`i) is the boundary magnetisation current at `i, Jre f (`i) is the reference value and
nε = 105. The figure demonstrates convergence with decreasing h and constant k;
also convergence with increasing k provided that h is sufficiently small. The use of
higher-order elements has computational advantage for ε < 10−2

Figure 9 shows an example of multiple boundaries, in this case the locations of
the JET iron boundaries to be analysed in sections 5 and 6. There are two closed
boundaries and one open boundary, in each case the start of each boundary and the
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Figure 5: Contours of poloidal magnetic flux for the case of a single filament carrying 10MA close to a
corner material boundary.
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Figure 6: Current distribution on the material boundary for the case shown in figure 5. The boundary is
traversed from (R, Z)=(1., 1.).
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Figure 7: Variation of µr on the material boundary for the case shown in figure 5. The boundary is traversed
from (R, Z)=(1., 1.).

direction of increasing ` is indicated. Whereas over most of each boundary there are
straight-line segments, the pole pieces facing the plasma cavity are defined using arc
segments with the radii of curvature indicated in red in the figure. The location of
breakpoints is shown in figure 10; in this case the density of the breakpoints increases
exponential towards corners. The basis functions shown in figures 2 and 3 are for the
start of the inner boundary displayed in figure 9.

4. Internal magnetisation currents

In cylindrical coordinates the internal magnetisation current density (equation 16)
can be written

Jµφ =

(
2BrBz

∂Br
∂R + (B2

z − B2
r ) ∂Bz

∂R +
B2

r Bz

R

)
∂µr
∂|B|

µrB2
r
∂µr
∂|B| − µoµr |B|

(48)

in which Br and Bz are components of the magnetic field vector B = BrR̂ + Bφφ̂ + BzẐ

and |B| ≡
√

B2
r + B2

z .

The following procedure is carried out to include the effect of Jµφ :

1. Using the mesh generator TRIANGLE[27] iron regions are covered with a trian-
gular mesh of size nm. As computational run times are dependent on the number
of free parameters, it is advisable to employ a very coarse mesh and refine as
necessary for the required accuracy in subsequent steps.

2. The triangular mesh forms the basis of a discretisation over the interior of the
iron enabling Jµφ to be approximated by a set of nm discrete current densities.
Field values for each element are evaluated at its centroid.
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Figure 8: Dependence of fractional error (ε) on h and k for the example shown in figure 5. (The parameters h
and k are respectively the knot spacing and the order of the B-spline.) The figure demonstrates convergence
with decreasing h and constant k; also convergence with increasing k provided that h is sufficiently small.
The use of higher-order elements has computational advantage for ε < 10−2
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Figure 9: The locations of the JET iron boundaries analysed in sections 5 and 6. There are three boundaries:
two closed boundaries and an open boundary.
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Figure 10: The locations of the breakpoints for the JET iron boundaries analysed in sections 5 and 6.

3. Figure 1a is a flow diagram for EFIT++. The internal magnetisation currents
are computed in the step after solving for the boundary magnetisation currents.
To improve computational speed tabulated response functions for each of the
parameters appearing in equation 48 are computed and stored for subsequent
runs.

4. Adaptive refinement of the triangular mesh is carried out by subdividing trian-
gular elements that make the largest contribution to ψp within the vacuum vessel
(the primary region of interest). After each mesh refinement steps 2 to 4 are re-
peated until the system has converged, determined by the maximum change in
the computed magnetic probe signals between mesh refinement steps.

Figure 11 shows an example of a triangular mesh for the cases analysed in sections
5 and 6. This mesh, with 231 elements was generated by TRIANGLE. Figure 12 shows
a refined mesh generated by the above procedure with 4570 elements. Preliminary
runs carried out of a simulated plasma discharge described in section 5 indicated that
significant internal currents are present only close to the ends of the solenoid and at
corners; consequently the mesh was placed in these regions and elsewhere Jµφ=0.

5. Validation of the deterministic magnetisation model

In order to validate the results of the EFIT++ deterministic magnetization model,
a detailed code benchmark has been carried out between EFIT++ and the finite ele-
ment code COMSOL Multiphysics [28]. The COMSOL Multiphysics AC/DC physics
module is widely used to predict and design electric and magnetic fields in static and
dynamic low-frequency applications in two-dimensional and three-dimensional spaces
along with traditional circuit-based modelling of passive and active components. The
main objective of this code benchmark is to validate the deterministic model by com-
paring it with a synthetic 2-D electromagnetic model of JET. The COMSOL Multi-
physics 2D axisymmetric electromagnetic model of JET[29] is based on Maxwell’s
equations with appropriate boundary conditions at the physics interfaces of different
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material (air, iron-core, conductors) and components (poloidal field circuits, and pas-
sive conducting structures like vacuum vessel, the restraint rings, the mechanical struc-
ture, and the divertor supporting structure [30]).

Previous studies of the JET breakdown scenario using the CREATE code [30] pro-
vide a convenient comparison of the iron model implementation in COMSOL Multi-
physics. Both the CREATE and COMSOL Multiphysics models of the JET iron take
into account the presence of a gap in the upper magnetic circuit according to [29, 31].
The air-gap is not taken into account in the EFIT++ model, however comparisons be-
tween EFIT++ and COMSOL described later in this section show that the effect on the
field is local. Figure 13 plots the magnetic characteristics of the ferromagnetic mate-
rial. This is based on the available data of the dominant material used for the JET iron
core, Nomatil RD[32]. Figure 14 shows a static COMSOL Multiphysics reconstruction
of the magnetic topology for a JET breakdown configuration with prescribed primary
(IP1) and vertical (IP4) circuit currents before the loop voltage application. The hexap-
olar flux structure and the magnetic null location are in good agreement with the results
provided by the CREATE model as discussed in [29].

As COMSOL Multiphysics is not an equilibrium reconstruction code, for the pur-
pose of the benchmark between EFIT++ and COMSOL Multiphysics the plasma cur-
rent is represented as a lumped circuit element with constant current density enclosed in
a 20cm by 20cm toroidal conductor at the geometric axis of the machine (R,Z)=(3.,0.).
This setup is used because it can produce a magnetic topology similiar to an equilib-
rium reconstruction with results that can be directly compared between the two codes.
Below we describe this approach to model JET discharge 82937. Figure 15 shows the
time-traces of the poloidal field power supplies and plasma current. For details of the
configuration see[33, 34] . Plasma breakdown occurs at 40s and the plasma current
thereafter ramps up to a magnitude of 2MA.

Flux surfaces computed by EFIT++ at a number of times through the discharge are
shown in figure 16 from just prior to breakdown (t=39.9s), during the plasma ramp-
up (t= 42s), during the flat-top (t=52s) and in the latter part of the discharge (t=63s).
The runs have 1442 piecewise constant (k=1) boundary elements and 4570 internal
elements generated by iterative convergence using 25 time slices between t=39.9s and
63s. The choice of boundary and internal elements will be referred to below as the high
resolution EFIT++ configuration.

Figure 17 shows the variation of the boundary magnetisation current and magnetic
permeability at t=39.9 for the iron boundary facing the plasma traversing counter-
clockwise from the top left-hand corner (R,Z)=(1.832,4.45). The local current density
rises sharply near corners causing a local reduction in the value µr (ie. magnetic satura-
tion). The increased current density at corners generates a non-local field contribution
that must be resolved adequately. The implication is that the loading of knots must be
increased close to corners.

Figure 18 show the variation of the internal magnetisation current corresponding to
figure 16. There is a finite magnetization current close to internal corners lying near to
the shortest path length for magnetic flux to circulate around the iron core. The sign of
these current is in the same direction as the solenoid current indicating that the solenoid
current is the primary cause of these internal magnetisation currents. In addition, above
a threshold magnitude of solenoid current |Ip1| &10kA, stripes of current appear at the
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bottom and the top of the solenoid. These currents have opposite sign to the nearby
corner currents and appear at the point at which the bulk of the iron changes from
saturated to unsaturated state. Finally it should be noted that there are no significant
currents in the pole pieces apart from close to the ends of the solenoid.

Figure 19 shows the magnitude of the discrepancy in magnetic flux between EFIT++

and COMSOL Multiphysics. The results show that agreement between EFIT++ and
COMSOL Multiphysics in the region of interest (ie. close to and within the vacuum
vessel) is always better than 0.1Wb; relative to the magnetic flux values (these are
shown in figure 16 in units of Wb/rad) the discrepancy is less than 1% in the region of
interest. In addition the results demonstrate that the effect of the air gaps introduces a
local perturbation to the field that has only a marginal effect on the field in the region
of interest.

Figure 20 shows the discrepancy in δB = |BEFIT++ − BCOMSOL|. The locations of
the poloidal field coils are apparent as these are where the discrepancies are large;
these discrepancies are a consequence of the finite element grid resolution used by
COMSOL Multiphysics. This grid has been selected because it guarantees a converged
solution in the region of interest for a minimum number of elements. Over the entire
simulation, the maximum field discrepancy δB<1.5mT throughout the vacuum region.
For comparison, this is the same magnitude as the toroidal field ripple which is 0.1%
or 2-3mT[35]. The discrepancies of simulated magnetic probes signals is as follows:
calculated signal accuracy is within 1% for signals with absolute magnitude >100mT;
in all other cases agreement is to within 1mT. Figure 21 plots the same parameter,
but this time the EFIT++ calculation ignores the internal magnetisation currents. The
maximum discrepancy in the vacuum region has now increased to >20mT. This can
result in an error of a computed magnetic probe around 5-10%, thus indicating the
importance of including the internal magnetisation currents in the field calculation.

Figure 22 plots the measured and computed poloidal magnetic pickup coil signals
at t=39.9s prior to plasma breakdown. These probes are situated adjacent to the vac-
uum vessel and parallel to its surface. The probes are approximately equally spaced,
but without a detector on the outboard mid-plane; the first probe is at 60cm above the
mid-plane and the probes are numbered in anticlockwise order. Details are given in
table 1 and are indicated as red bullets in figure 1c. The calculated results purposely do
not constrain to the measured magnetic data because the primary purpose is to validate
the EFIT++ and COMSOL Multiphysics models against each other. The results con-
firm that the high resolution EFIT++ result and COMSOL Multiphysics result are in
good agreement. Both calculations exhibit a significant discrepancy with the measured
probe data; this is particularly apparent for probe 7 (situated towards the top inboard
side of the vessel). The origin of these errors could be related to the axisymmetric
nature of the 2D electromagnetic model, or the presence of locally induced currents, or
other factors and is the subject of further investigations. The low-resolution EFIT++

calculation uses the determinsitic iron model with the intershot magnetisation config-
uration ie. a single iron boundary with 98 piece-wise constant elements and without
internal magnetisation currents. The result indicates that the accuracy of this model is
not suitable for analysing data in the absence of plasma current.
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Figure 13: The magnetic characteristics of the iron in JET.
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Table 1: Poloidal magnetic probes in JET. The orientation is the anticlockwise poloidal angle measured
between the axis of the probe and R̂

probe R[m] Z[m[ orientation[deg]
BPME(1) 4.292 0.604 -74.1
BPME(2) 4.088 1.082 -60.5
BPME(3) 3.779 1.498 -47.0
BPME(4) 3.381 1.830 -33.5
BPME(5) 2.815 2.092 -13.2
BPME(6) 2.217 1.993 32.7
BPME(7) 1.864 1.493 75.4
BPME(8) 1.739 0.875 81.5
BPME(9) 1.679 0.247 87.6

BPME(10) 1.679 -0.247 92.4
BPME(11) 1.739 -0.875 98.5
BPME(12) 1.864 -1.493 104.6
BPME(13) 2.217 -1.993 147.3
BPME(14) 2.815 -2.092 -166.8
BPME(15) 3.381 -1.830 -146.5
BPME(16) 3.779 -1.498 -133.0
BPME(17) 4.088 -1.082 -119.5
BPME(18) 4.292 -0.604 -105.9

6. Equilibrium force-balance solution of JET discharge 91576

The deterministic magnetisation model has been used to study JET discharge 91576
in the lead up and and during its flat-top phase 53 < t[s] < 58 when the plasma current
Ip=1.5MA and deuterium neutral beam injected power, PNBI=9MW. The plasma is in
H-mode as is evident by regular ELM activity.

To assess the accuracy of the EFIT++ reconstructions, the results were compared to
the separatrix outboard position and of the inner and outer strike-point positions. These
values are themselves subject to some uncertainty as they are the result of numerical
processing of measured data. The position of the outboard separatrix is obtained from
the measured high resolution Thomson Scattering (HRTS) data as follows. Results
from scrape-off-layer calculations [36] require that the electron temperature, Te at the
separatrix is in the range 50 < Te[eV] < 100. The calculated location of the separa-
trix is obtained by fitting a quadratic function to the 8 outer non-zero HRTS channels.
Uncertainties in the separatix position arises from three main sources, namely HRTS
positional uncertainties, uncertainties in the separatrix electron temperature, and mod-
eling errors. From repeat measurements of the system’s absolute position calibration,
uncertainties in the HRTS profile position are correct to ±1cm. Uncertainties arising
from the choice of separatrix electron temperature can be deduced from plotting ra-
dial positions corresponding to 50eV and 100eV. Finally model uncertainties arising
from the polynomial fit is estimated as the mean average error between the polynomial
fit function and the data, and is indicated in the results presented. The strike-point
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positions are obtained by fitting the heat flux profile shape [37] to the infrared (IR)
cameras KL9A and KL9B viewing the divertor. The spatial registration has an uncer-
tainty within ±5mm of the measured position. An additional uncertainty arises from
relating the peak heat intensity to the location of the magnetic strike point: heat dif-
fuses across flux surfaces into the private flux region resulting in the peak heat flux
intensity being displaced relative to the separatrix. Results of model calculations[37]
predict that this displacement is ∼2-3mm; results presented in this paper remove this
offset when making comparisons with EFIT++ model calculations.

Equilibrium calculations were carried out using measurements from magnetic probes,
flux loops and power supply currents using the deterministic model with the high resolution
iron configuration described in section 5. EFIT++ was also run with the fitting model
using the standard JET intershot run configuration; the magnetisation model in this
case was configured with 98 piecewise constant boundary elements. The magnetic
data set in the standard JET intershot has 35 magnetic probes, 4 flux loops, 27 sad-
dle loops, and 10 measured power supply currents. The flux loops measure the total
magnetic flux through a single toroidal loop at a given poloidal position, whereas the
saddle loops measure the difference in magnetic flux between two toroidal loops. The
flux loop, saddle loop and magnetic probe measurements are obtained by a hardware
integration of the induced voltage signals. At the time that the integrators are initialised
there are finite currents flowing in the poloidal field coils; these generate a contribution
to the diagnostic signals that is not apparent in the measurement and is a source of
error in the measured signals. Calculations using the EFIT++ deterministic iron model
at this time predict that the errors resulting from this procedure are as follows: flux
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Figure 15: Time-traces of the power supply currents for JET discharge 82937. From top to bottom: Ip1 the
solenoid current responsible for driving the majority of flux in the iron; I f x current also generates solenoidal
field localised to the mid-plane; Iim connected to coils at R=6m and configured to drive a radial field; Ip4
connected to coils at R=6m and configured to drive a vertical field; Ish generates a poloidal field specifically
intendend to control the plasma shape; Id1 to Id4 coils located in the divertor region control the strike point;
IBφ the toroidal field current; Ip the plasma current.
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to flow in a rectangular toroidal conductor.
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Figure 17: Variation of boundary magnetisation current and magnetic permeability for the iron boundary
facing the plasma at t=39.9s in JET discharge 82937.
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Figure 18: Internal magnetisation currents for JET discharge 82937 with the details at the lower pole shown
in magnification. The plasma current (for t>39.9s) is assumed to flow in a rectangular toroidal conductor.
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Figure 19: Magnitude of discrepancy in magnetic flux between EFIT++ and COMSOL for JET discharge
82937. The plasma current (for t>39.9s) is assumed to flow in a rectangular toroidal conductor.
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Figure 21: Discrepancy in δB between EFIT++ and COMSOL Multiphysics for JET discharge 82937. Sim-
ilar to figure 20 the plasma current is represented by a fixed dimension toroidal conductor. The EFIT++ run
has not included the internal magnetisation currents. The plasma current (for t>39.9s) is assumed to flow in
a rectangular toroidal conductor.

loops: 0.45Wb, saddle loops: <0.2mWB, magnetic probes: 1mT. With the exception
of the flux loops, these discrepancies are small compared to the magnitude of the signal
contribution from the plasma current; consequently the EFIT++ calculations presented
in this section for the deterministic model exclude the flux loops. During initial runs
of the deterministic model, two saddle loops measuring the difference in magnetic flux
close to the mid-plane between the inner and outer vessel surfaces had individual χ2

values that were anomalously large, >35; in the fitting model the individual χ2 for
these signals were <3. As there is some uncertainty in the calibration of the magnetic
signals, the deterministic runs carried out excluded these two saddle loops. The re-
sults described below employ low order parameterisations for the plasma functions:
p′ ∝ 1 − ψ̄p and f f ′ ∝ 1 − ψ̄p as used in the intershot calculations on JET

Figure 23 shows a plot of the radial location of the outboard separatrix along the
line-of-sight of the HRTS diagnostic. The standard intershot run exhibits a discrepancy
of ∼40mm. Excluding the 2 saddle loops and 4 flux loops, the discrepancy is reduced to
33mm. In comparison, the discrepancy for the deterministic model is 15mm which is
compatible with the uncertainty of the HRTS alignment. Figure 24 shows a comparison
of the outboard strike-point position. Results using the fitting model exhibit a constant
discrepancy of ∼30mm independent of whether the 4 flux loops and 2 saddle loops are
included. The deterministic run has a much reduced discrepancy, between 0 and 10mm.
The downward spikes seen in the plots are due to the intersection of the separatrix
field line with the corner of a protruding tile at R ≈ 2.8m. Finally figure 25 shows a
comparison of the inboard strike point position. The IR-inferred inboard strike-point
location fluctuates within a range of 30mm which is large compared to the fluctuations
of inboard strike-point positions computed by the equilibrium reconstructions. Results
of the fitting model using the standard inter-shot configuration lie within the range of
the IR-inferred location and are insensitive to the inclusion of the flux loops and two
saddle loops; in comparison results from the deterministic run lie just below the IR-
inferred strike point.
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Figure 22: Computed and measured poloidal magnetic probe signals for JET discharge 82937 at t=39.9s just
prior to plasma breakdown. The high-resolution and low-resolution traces are EFIT++ runs with determin-
istic iron model configured with respectively (a) 1442 boundary elements and 4570 internal elements and (b)
98 boundary elements on a single iron boundary and without internal magnetisation currents as used during
intershot operation.
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For the cases plotted in figures 23 to 25, the χ2 minimization calculations in EFIT++

have 12 and 110 free parameters respectively for the deterministic and fitting models
arising from the 10 power supply currents, 2 plasma coefficients and (for the fitting
model) the iron model. The larger number of free parameters in the fitting model en-
ables it to absorb underlying errors in the measured signals. This is apparent in the plot
of <χ2> shown in figure 26. Here,

< χ2 >=
1
n m

nm∑
i=1

(
Mi −Ci

σi

)2

(49)

where
∑

denotes a summation over the nm measured data (but not the quasi-measurements
in the case of the fitting model). The intershot run has <χ2>=0.25, suggesting that the
error is a factor of two better than obtained from the underlying measurement calibra-
tions; an alternative explaination is that the model is overfitting. The deterministic run
has has a higher value <χ2> ≈ 1. Whilst this is in the expected range, there is a linear
variation in time that correlates with the variation of the P1 current. This may be due
to a number of factors including calibration errors, parasitic pick up, or limitations of
the 2-D treatment of the 3-D iron structure. Work is currently underway to understand
this issue further.

Figure 27 plots the difference between the EFIT++ calculated signals and the mea-
sured signals for the poloidal probes discussed in section 5 and described in table 1.
The figure shows clearly that the fit to the magnetic probes for the EFIT++ determin-
istic model is considerably poorer than for the fitting model, exhibiting discrepancies
of up to 15mT or 5% of the measured signal magnitude. In addition, the graph shows
evidence that the discrepancy has a systematic trend between the detectors. The expla-
nation is currently being investigated: it could be due to an error in the applied external
vertical field either from a calibration error in the P4 current or from a limitation of the
2-D electromagnetic model.

As stated earlier, the plasma parameterisations used in the equilibrium calculations
describe the plasma in terms of just two degrees of freedom with the current density
falling to zero at the separatrix. McCarthy et al. [38] have shown that magnetic mea-
surements provide constraints on the edge-localised moments of the plasma current
distribution and it is reasonable therefore to expect that the separatrix location will be
influenced by the choice of plasma current parameterisation. To examine this issue
further additional runs of the deterministic model were carried out with p′ = a0 + a1ψ̄p

and f f ′ = b0 + b1ψ̄p with a0, a1, b1 and b2 constants whose value is determined by the
χ2 minimisation. This parameterisation permits finite pressure and current at the sepa-
ratrix. The results of these runs were similar to before with the following differences:
The calculation of the outboard separatrix position was within 1mm agreement; the
outboard strikepoint position was shifted inward by 2mm, and the inboard strikepoint
position was moved outward by 6mm. In all cases, these changes are small compared
to the positional uncertainties inferred by HRTS, and the IR data. The lack of sensitiv-
ity of the results to the choice of the plasma function parameterisation is explained by
the fact that even when a finite edge current is permitted by the choice of current pa-
rameterisation, the computed edge current is generally small. Whilst this result could
suggest that the edge current is small for this discharge, results could also be affected by
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Figure 23: The radial location of the outboard separatrix along the line-of-sight of the HRTS diagnostic
for JET discharge 91576. The radial location of Te=50eV and Te=100eV inferred from HRTS are the two
lower traces. The EFIT++ results are as follows (a) fitting (intershot) uses the fitting model configured with
the standard JET intershot settings; (b) fitting (excl 6 signals) uses the fitting model configured with the
standard JET intershot settings but excluding 4 flux loops and 2 saddle loops; (c) deterministic iron uses the
deterministic iron model with the same magnetic measurements as for case (b) .

systematic errors in the measurements; furthermore there is the possibility of strongly
localised current spikes at the separatrix due to bootstrap currents[39], or of currents
flowing outside of the separatrix. Whilst there is no direct evidence of either, theory[40]
predicts bootstrap currents are larger in regions of steep density and temperature gra-
dients. At the times of analysis, the plasma is in high-confinement (H-mode) regime
with strong gradients close to the separatrix; this is apparent from the measurement of
D-alpha emission showing the occurrence of ELMS at this time. Further studies are
currently underway to examine these aspects and will be reported in a future paper.

7. Conclusions

In this paper an alternative solution for the free-boundary plasma equilibrium prob-
lem in the presence of ferromagnetic material based on measured constraints, named
deterministic magnetisation model, has been introduced. The ferromagnetic material
has been represented by a boundary current with the gradients in the magnetisation
dipole state generating macroscopic internal magnetisation currents. A model for the
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Figure 24: The radial location of the outboard strike-point for JET discharge 91576 The EFIT++ results are
as follows (a) fitting (intershot) uses the fitting model configured with the standard JET intershot settings;
(b) fitting (excl 6 signals) uses the fitting model configured with the standard JET intershot settings but
excluding 4 flux loops and 2 saddle loops; (c) deterministic iron uses the deterministic iron model with the
same magnetic measurements as for case (b) .
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Figure 25: The radial location of the inboard strike-point for JET discharge 91576. The EFIT++ results are
as follows The EFIT++ results are as follows (a) fitting (intershot) uses the fitting model configured with
the standard JET intershot settings; (b) fitting (excl 6 signals) uses the fitting model configured with the
standard JET intershot settings but excluding 4 flux loops and 2 saddle loops; (c) deterministic iron uses the
deterministic iron model with the same magnetic measurements as for case (b) .
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Figure 26: Time-variation of < χ2 > for JET discharge 91576. The EFIT++ results are as follows (a) in
cyan, uses the fitting model configured with the standard intershot settings (b) in red, uses the deterministic
iron model.
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Figure 27: Poloidal probes signals for JET discharge 91576 at t=55.028s during the flat-top. The plot shows
EFIT++ calculated signals with measurements subtracted. (i) n deterministic model configured with the
standard JET intershot settings but excluding 4 flux loops and 2 saddle loops; (ii) n fitting iron model with
the same magnetic measurements as for case (i); (iii) n fitting model configured with the standard JET
intershot settings;

boundary magnetisation currents at the iron-air interface has been developed using B-
Splines enabling continuity to arbitrary order; internal magnetisation currents have
been allocated to triangulated regions within the iron, and a method to enable adap-
tive refinement has been implemented. The deterministic model has been validated by
comparing it with a synthetic 2-D electromagnetic model of JET. It is shown that the
maximum field discrepancy is less than 1.5mT throughout the vacuum region enclos-
ing the plasma. The discrepancies of simulated magnetic probe signals are accurate to
within 1% for signals with absolute magnitude greater than 100mT; in all other cases
agreement is to within 1mT. Moreover, the failure to take into account the presence of
internal magnetisation currents due to the gradients in the magnetisation dipole state
can lead to significant model errors >20mT around 5-10% of measured probe signals.
The discrepancy of the poloidal magnetic flux within the vacuum vessel is to within
0.1Wb. The deterministic magnetisation model has been applied to an equilibrium
force-balance solution of a JET discharge. The results are a significant improvement
over the intershot EFIT++ runs for fitting to HRTS and IR inferred strike-point loca-
tions and outboard mid-plane position of the separatrix. This is an important result
since prior work has only achieved good fits by simultaneously fitting to kinetic con-
straints such as polarimetry, MSE or pressure profiles [41].

The fact that generally the deterministic model has far fewer degrees of freedom (in
the case studied in section 6 the reduction is in the ratio 12:110) makes it all the more
remarkable that the deterministic model provides improved agreement with HRTS and
IR data. The reduction in the degrees of freedom leads to an increase in < χ2 >,
increased systematic errors and indications of the presence of drift in the magnetic
signals. As a corollary, the large number of free parameters in the fitting magnetisation
model have the possibility of absorbing inconsistencies in the data making systematic
errors difficult to identify. Analysis of the uncertainties associated with the HRTS and
IR data supports the view that these non-magnetic measurements provide more reliable
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positions for the outboard separatrix and strike points than the magnetic signals. Future
work will be to identify the origin of the inconsistencies using plasma dry-runs to
improve the calibration of the data signals.
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