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Abstract. Thanks to their easy implementation via radial basis functions (RBFs), meshfree
kernel methods have proved to be an effective tool for, e.g., scattered data interpolation, PDE col-
location, and classification and regression tasks. Their accuracy might depend on a length scale
hyperparameter, which is often tuned via cross-validation schemes. Here we leverage approaches
and tools from the machine learning community to introduce two-layered kernel machines, which
generalize the classical RBF approaches that rely on a single hyperparameter. Indeed, the proposed
learning strategy returns a kernel that is optimized not only in the Euclidean directions, but that
further incorporates kernel rotations. The kernel optimization is shown to be robust by using re-
cently improved calculations of cross-validation scores. Finally, the use of greedy approaches, and
specifically of the vectorial kernel orthogonal greedy algorithm (VKOGA), allows us to construct
an optimized basis that adapts to the data. Beyond a rigorous analysis on the convergence of the
so-constructed two-layered (2L)-KOGA, its benefits are highlighted on both synthesized and real
benchmark datasets.
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1. Introduction. Kernel methods [13, 42] are an active field of research due
to their wide applicability in several tasks such as machine learning, approximation
theory, and numerical analysis. In order to increase the accuracy of kernel methods
and to avoid instability issues at the same time, many researchers already have worked
on the problem of selecting suitable center points, e.g., via greedy kernel methods, and
on the computational issue of finding suitable values for the kernel hyperparameter,
namely, the shape parameter in radial basis functions (RBFs) literature.

As far as the first item is concerned, assuming that a set of measurements sampled
at multivariate scattered points is given, the basic idea of greedy kernel methods
[46, 50] consists in selecting only a smaller subset (called centers) out of the large
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C102 T. WENZEL, F. MARCHETTI, AND E. PERRACCHIONE

training set of scattered points to build the kernel model. For this, one starts with
an empty set of centers and then adds one more center, step by step, according to
some selection criterion [9, 11, 30, 39], until a predefined number of centers or some
other stopping criterion is met. In this context, we will employ the vectorial kernel
orthogonal greedy algorithm (VKOGA) [38, 49], which implements several greedy
algorithms in an efficient way.

Moreover, besides greedy methods, we point out that in the literature there is
quite a lot of work on selecting or optimizing a single hyperparameter for RBFs; see,
e.g., [13, chapter 14] or [42] for a general overview and, e.g., [10, 14, 28] for specific
instances that comprise heuristic approaches, cross-validation methods, or schemes
based on maximum likelihood estimation. Such a hyperparameter determines the
shape of the basis function, which can be more spiky or more flat. This radial scaling
works fine as long as the data have similar scales along the Euclidean directions.
Some improvement in this sense is provided by the so-called anisotropic kernels that
need the selection of several scaling parameters, precisely as many as the problem
dimension (see [13, chapter 3] for a general discussion on the topic). Unfortunately,
anisotropic kernels in the classical sense do not allow any kernel rotation, and hence
here we face the more challenging problem of learning the metric from data, thus
allowing the presence of rotations. This issue is known as distance metric learning, and
several algorithms, such as the collapsing classes method, have been developed to solve
computational issues, e.g., in a k-nearest neighbor classification (see [1, 16, 17, 40]).
A different approach to generating anisotropic bases is represented by the so-called
variably scaled kernels, which demonstrated effectiveness in encoding steep gradients
and discontinuities [3, 8, 34, 36].

More recent research tries to predict suitable kernel shape parameters with the
help of machine learning methods; see, e.g., [29]. Another related approach is proposed
in [31], where random Fourier features are used for automatic relevance determination
of features; however, this does not incorporate rotated features. A more sophisticated
tool, which can be seen as very deep kernels, is provided under the notion of kernel
flows; see [32]. There the authors learn a nonparametric family of deep kernels of a
given form via incremental data-dependent deformations, thus obtaining very deep
(bottomless) kernels. Their optimization method is related to ours, but is based
on a different error criterion. See also subsection 3.3 for some more comments on
the relation. Moreover, [20] advances this approach by considering cross-validation
criteria based on the maximal Lyapunov exponent or maximum mean discrepancy
(MMD). Other approaches that are labeled deep kernels transform the considered
input data with the help of a neural network and apply a kernel model (e.g., via
a Gaussian process) on top of the prediction [48]. In contrast to these approaches,
we make use of a two-layered kernel and give a clear interpretation in terms of a
hyperparameter optimized kernel instead of using deep [48] or even ``bottomless""
kernels [32]. Another somewhat related topic is the active subspaces [6, 7]. Here
the idea is to identify active subspaces, along which the target function changes,
and inactive subspaces, along which the target function is invariant. However this
is done using gradient information, which is usually not available in scattered data
approximation. Furthermore, such active subspaces can in principle also be detected
with our approach, as shown in section 3.

In the above setting our main contributions are
1. developing a two-layered kernel machine for optimal data-driven kernel de-

signs, i.e., we learn the metric from the samples;
2. using such a kernel design to construct a sparse basis via greedy methods.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DATA-DRIVEN KERNEL DESIGNS C103

These two steps allow us to obtain more efficient kernel models for machine learning
than previous state-of-the-art greedy methods. For the second step, we employ the
VKOGA algorithm [38, 49], which implements several greedy algorithms in an efficient
way. As we focus on the scalar valued output case, we denote our resulting two-layered
greedy kernel machine as two-layered (2L)-KOGA. An extension of the method to the
vectorial output case was done in [43].

As far as the first item above is concerned, we go beyond state-of-the art literature
by using both kernel scalings and rotations and provide a helpful interpretation based
on a deep kernel representer theorem as two-layered kernel. Finally, leveraging recent
advancements on the computation of k-fold cross-validation scores, we provide efficient
optimization procedures. Specifically, the classical hyperparameter is replaced by a
more general linear mapping, and we prove that this turns out to be equivalent to a
two-layered kernel machine.

We then analyze both theoretical and computational aspects of the proposed
2L-KOGA. The convergence analysis shows that we may obtain faster rates of con-
vergence, and this depends on the singular values of the optimized first layer linear
mapping matrix. Numerical evidence stresses that the use of the two-layered op-
timized kernel possibly significantly outperforms state-of-the art techniques, and we
furthermore provide a practical criterion that allows us to discriminate when we should
and should not expect some benefit. Such a criterion can be implemented already af-
ter the kernel optimization, i.e., before running the slightly more expensive greedy
selection. Furthermore, we are also able to prove that the complexity of our approach
turns out to be much cheaper than a straightforward cross-validation of kernel length
scale parameters.

The outline of the paper is as follows. In section 2 we briefly review the basics
of kernel methods and we introduce the main tools needed to develop the 2L-KOGA
scheme. Section 3 is entirely focused on the two-layered kernel machines, from both
a theoretical and a computationally oriented viewpoint. Numerical experiments with
both synthetic and real datasets are carried out in section 4. Conclusions and possible
further developments are presented in section 5.

2. Background information. In subsection 2.1 we review the basics of kernel
methods [13, 42], while in subsection 2.2 we briefly introduce greedy kernel methods
[46, 50].

2.1. Kernel approximation. Let \Omega \subset \BbbR d, d\geq 1, d\in \BbbN , be a nonempty set, and
let us introduce a symmetric kernel function \kappa : \Omega \times \Omega  - \rightarrow \BbbR . For a given set of N
scattered data XN = \{ \bfitx 1, . . . ,\bfitx N\} \subseteq \Omega , we define the associated kernel matrix \sansK N

whose entries are given by (\sansK N )ij = \kappa (\bfitx i,\bfitx j), i, j = 1, . . . ,N . We remark that if the
kernel matrix is positive definite for any set of pairwise distinct scattered data, then
the kernel is said to be strictly positive definite.

To each strictly positive definite kernel we can associate a unique reproducing
kernel Hilbert space (RKHS) N\kappa (\Omega ) equipped with an inner product \langle \cdot , \cdot \rangle . The RKHS
is also known as native space, and it contains functions f : \Omega  - \rightarrow \BbbR for which \kappa acts
as a reproducing kernel, i.e.,

\bullet \kappa (\cdot ,\bfitx )\in N\kappa (\Omega ) \forall \bfitx \in \Omega ,
\bullet f(\bfitx ) = \langle f,\kappa (\cdot ,\bfitx )\rangle \forall \bfitx \in \Omega , \forall f \in N\kappa (\Omega ).

Given any set of pairwise distinct interpolation points XN \subseteq \Omega and an associated
set of function values f \in N\kappa (\Omega ), FN = \{ f(\bfitx 1), . . . , f(\bfitx N )\} = \{ f1, . . . , fN\} \subseteq \BbbR ,
the well-known kernel representer theorem [22, 41] states that there exists a unique
minimum-norm interpolant sXN

\in N\kappa (\Omega ) of the form

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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C104 T. WENZEL, F. MARCHETTI, AND E. PERRACCHIONE

sXN
(\cdot ) =

N\sum 
i=1

\alpha i\kappa (\cdot ,\bfitx i).(2.1)

The coefficients \{ \alpha i\} Ni=1 of the kernel-based interpolant are determined by imposing
the interpolation conditions sXN

(\bfitx i) = fi for all i = 1, . . . ,N , thus by solving the
linear system

\sansK N\bfitalpha = \bfitf ,(2.2)

where \bfitalpha = (\alpha 1, . . . , \alpha N )\intercal and \bfitf = (f1, . . . , fN )\intercal . If one strives for approximation
instead of interpolation, a regularization parameter \lambda > 0 can be incorporated and
the coefficients \{ \alpha i\} Ni=1 are obtained by solving instead

(\sansK N + \lambda \sansI N )\bfitalpha = \bfitf .(2.3)

A particular class of kernels are so-called translational invariant kernels, for which
there exists a function \Phi :\BbbR d  - \rightarrow \BbbR such that the kernel can be written as

\kappa (\bfitx ,\bfity ) =\Phi (\varepsilon \cdot (\bfitx  - \bfity )),

whereby we already included a so-called shape or length scale parameter \varepsilon > 0.
The choice of the shape or length scale parameter \varepsilon from (2.4), which affects the

localization of the basis functions \Phi (\varepsilon \cdot (\bfitx  - \bfitx \bfiti )) around the respective center \bfitx \bfiti , is
a critical issue. Because of the influence of this hyperparameter in the reconstruction
process, many optimization and searching strategies have been studied for its fine
tuning [5, 15]; a review of different techniques is proposed, e.g., in [13, chapter 14].

In the following, we will generalize the concept of optimizing the hyperparameter
\varepsilon , and in doing so, with abuse of notation, we will formally omit the dependence of
the kernel on \varepsilon . An important subclass of translational kernels is given by radial
basis function (RBF) kernels, for which there exists a univariate radial basis function
\phi :\BbbR +  - \rightarrow \Omega , which might depend on a positive and real scale parameter \varepsilon , such that

(\sansK N )i,j = \kappa (\bfitx i,\bfitx j) =\Phi (\varepsilon \cdot (\bfitx i  - \bfitx j)) = \phi (\varepsilon \cdot \| \bfitx i  - \bfitx j\| 2)(2.4)

with the Euclidean norm \| \cdot \| 2, whereby in general it is also possible to use different
distance metrics from the Euclidean one.

The function \Phi (\bfitx )\equiv \phi (\| \bfitx \| ) from (2.4) allows us to characterize the native space
N\kappa (\Omega ) in terms of Sobolev spaces: Assume that the decay of the Fourier transform
of \Phi : \BbbR d  - \rightarrow \BbbR with \Phi \in L1(\BbbR d) can be characterized by a decay rate \tau > d/2 and
constants c\Phi ,C\Phi > 0 as

c\Phi (1 + \| \bfitomega \| 22) - \tau \leq \^\Phi (\bfitomega )\leq C\Phi (1 + \| \bfitomega \| 22) - \tau \forall \bfitomega \in \BbbR d.(2.5)

If, additionally, the domain \Omega has a Lipschitz boundary, then the native space N\kappa (\Omega )
can be shown to be norm-equivalent to the Sobolev space H\tau (\Omega ), i.e., N\kappa (\Omega )\asymp H\tau (\Omega )
[42, Corollary 10.48].

The interpolant sXN
from (2.1) can be equivalently defined as the orthogonal

projection \Pi V (XN ) of f onto the linear subspace V (XN ) = span\{ \kappa (\cdot ,\bfitx i),\bfitx i \in XN\} ,
i.e.,

sXN
=\Pi V (XN )(f) =

N\sum 
i=1

ci\kappa (\cdot ,\bfitx i).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DATA-DRIVEN KERNEL DESIGNS C105

Classical pointwise error bounds for kernel-based interpolants are of the form

| f(\bfitx ) - sXN
(\bfitx )| \leq PXN

(\bfitx )\| f  - sXN
\| N\kappa (\Omega )

\equiv PXN
(\bfitx )\| rXN

\| N\kappa (\Omega ), \bfitx \in \Omega , f \in N\kappa (\Omega ),
(2.6)

where rXN
denotes the residual, i.e., rXN

= f  - sXN
, and PXN

, known as the power
function, is defined as

PXN
(\bfitx ) = \| \kappa (\cdot ,\bfitx ) - \Pi V (XN )(\kappa (\cdot ,\bfitx ))\| N\kappa (\Omega ).(2.7)

Other error indicators are based on the so-called fill distance, which is given by

hXN
= h\Omega ,XN

= sup
\bfitx \in \Omega 

\biggl( 
min

\bfitx k\in XN

\| \bfitx  - \bfitx k\| 2

\biggr) 
(2.8)

and indicates how well \Omega is filled out by data points. Then the pointwise error also
suffices the following relation:

| f (\bfitx ) - sXN
(\bfitx ) | \leq Ch

\tau  - d/2
XN

| | f | | N\kappa (\Omega ), \bfitx \in \Omega ,(2.9)

for hXN
\leq h0, where \tau > d/2 is the rate of the decay of \^\Phi from (2.5), i.e., depending

on the smoothness of the kernel.
As we point out in subsection 2.2, such error estimates and in particular (2.6) can

be used to define selection criteria for greedy center selection.

2.2. Greedy kernel methods. Building the kernel model on all data points
XN \subseteq \Omega , i.e., in the form given by (2.1), might be detrimental in some cases. For
instance, if the dataset is too huge, computing the kernel matrix and solving the
linear system of (2.2) is either too costly or even infeasible. Furthermore, in the case
of surrogate modeling [38], one would like to deal with cheap and quickly evaluable
models, thus aiming at small expansion sizes n \ll N . Due to its small expansion
size, the greedy interpolant sXn

can be understood as a sparse approximation of sXN
.

An established way to achieve this in the context of surrogate modeling is to select
a meaningful subset Xn \subset XN of the training data XN via greedy kernel methods
[46, 50]. These are iterative schemes that start with an empty set X0 = \{ \} . Then for
n\geq 1, at the nth step the set Xn is defined as Xn =Xn - 1\cup \{ \bfitx n\} and \bfitx n is such that

\bfitx n := argmax
\bfitx \in XN\setminus Xn - 1

\eta (n)(\bfitx ),

using some error indicator \eta (n) : \Omega  - \rightarrow \BbbR .
In the kernel literature, the following criteria are frequently used [9, 30, 39], and

they make use of either the residual rXn
\equiv f  - sXn

(see (2.6)) or the power function
(see (2.7)) or both:

1. P -greedy: \eta 
(n)
P (\bfitx ) = PXn

(\bfitx ),

2. f -greedy: \eta 
(n)
f (\bfitx ) = | rXn(\bfitx )| ,

3. f/P -greedy: \eta 
(n)
f/P (\bfitx ) = | rXn

(\bfitx )| /PXn
(\bfitx ).

The convergence rates for the P -greedy algorithm were analyzed in [37, 44, 47]. Based
on these works, the P -greedy, f -greedy, and f/P -greedy algorithms were recently
unified within the scale of so-called \beta -greedy algorithms and also analyzed in terms
of their convergence rates [46]. Especially target data-dependent algorithms like the
f -greedy provide a faster rate of convergence, thus usually yielding more accurate

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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C106 T. WENZEL, F. MARCHETTI, AND E. PERRACCHIONE

(or cheaper) models. These faster convergence rates of the f -greedy models motivate
their use later on in the numerical experiments in section 4.

For practical implementation, the algorithms stop as soon as a predefined maximal
expansion size is obtained or a predefined accuracy threshold \eta (n) \leq \delta or some stability
measure is reached. An efficient implementation of these greedy kernel algorithms with
the selection criteria from above was provided in a matrix free way under the notion
VKOGA [38, 49]. For our approach, which will be introduced in section 3, we build
on this VKOGA implementation.

3. The 2L-KOGA. As already mentioned in the introduction, in order to ob-
tain an efficient and effective kernel model, one can

1. select suitable center points \{ \bfitx i\} ni=1, for example, via greedy kernel methods
as elaborated in subsection 2.2;

2. use a suitable kernel \kappa with tuned hyperparameters, as presented in subsec-
tion 2.1.

With regard to the first, the best known greedy selection strategies in terms of conver-
gence rates are target data-dependent algorithms, especially the f -greedy algorithm
[46].

In the following we do not want to further investigate the greedy selection strate-
gies, but instead focus on optimal kernel design for use in conjunction with a subse-
quent greedy center selection as implemented in VKOGA.

Precisely, we advance in two ways. First, in subsection 3.1 we generalize the
hyperparameters of (2.4) to any arbitrary linear mapping and subsequently show how
this setup can be seen as a two-layered kernel machine. Second, in subsection 3.3 we
introduce a machine learning inspired strategy for the optimization of the two-layered
kernel machines. In particular this optimization approach is much more time efficient
than cross-validating several kernel shape parameters; see also subsection 3.4.2.

Additionally, an analysis of the first layer and a convergence analysis for the
greedy selection are discussed in subsection 3.2. Furthermore, in subsection 3.4 we
comment on implementation details as well as on the complexity of the introduced
2L-KOGA.

3.1. Hyperparameter optimized kernels as two-layered kernel machines.
As elaborated in subsection 2.1, usually only one single length scale parameter \varepsilon is
used within RBF kernels. However, especially in dimensions d\gg 1, different direc-
tions within the data might be unequally relevant. Furthermore, as those directions
do not necessarily need to be aligned with the Euclidean ones, it is advisable to also
incorporate possible rotations and transformations of the input space into the kernel.
This can be done by using a b\times d matrix \sansA \bfittheta ,

\sansA \bfittheta =

\left(   \theta 11 . . . \theta d1
...

. . .
...

\theta 1b . . . \theta db

\right)   ,

and then considering the kernel

\kappa \bfittheta (\bfitx ,\bfity ) = \kappa (\sansA \bfittheta \bfitx ,\sansA \bfittheta \bfity ).(3.1)

For the special choice of \sansA \bfittheta = \varepsilon \cdot \sansI d, where \sansI d is the d \times d identity matrix, we
obtain the classical RBF setting, while if \sansA \bfittheta = diag(\varepsilon 1, . . . , \varepsilon d) we recover the so-
called anisotropic kernels. As the b \cdot d hyperparameters within the matrix \sansA \bfittheta can be

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DATA-DRIVEN KERNEL DESIGNS C107

optimized, in the following we generalize the concept of anisotropic kernels by learning
the optimal kernel design, i.e., the matrix \sansA \bfittheta . In the following, we will mostly focus
on the d\times d case, i.e., b= d.

Now we want to point out that this hyperparameter optimized kernel can be
naturally understood as a two-layered kernel according to the deep kernel representer
theorem. Precisely, according to [2, eq. (10)], with slightly modified notation, a deep
L-layered kernel looks like

\scrK L(\bfitx ,\bfity ) =KL(fL - 1 \circ . . . \circ f1(\bfitx ), fL - 1 \circ . . . \circ f1(\bfity )),

with intermediate mappings

fi(\cdot ) =
N\sum 
j=1

\alpha 
(i)
j Ki(\cdot , fi - 1 \circ \cdot \cdot \cdot \circ f1(\bfitx j)).(3.2)

For the special case L = 2 (thus two-layered), and using an RBF kernel \kappa as outer
kernel KL, we obtain

\scrK 2(\bfitx ,\bfity ) = \kappa (f1(\bfitx ), f1(\bfity )).(3.3)

Now we use a linear kernel for the first layer mapping f1 (3.2); more precisely, we
choose a d\times d matrix valued linear kernel as done in [45, section 3.2]:

k1(\bfitx ,\bfity ) := klin(\bfitx ,\bfity )\equiv \langle \bfitx ,\bfity \rangle \BbbR d \cdot \sansI d.

In that manner we obtain

f1(\cdot ) =
N\sum 
j=1

klin(\cdot ,\bfitx j)\alpha 
(1)
j .(3.4)

Here we can leverage the following Theorem 3.1 from [45, Proposition 2], which allows
us to describe all possible mappings for kernel mappings (3.4).

Theorem 3.1. A linear mapping, i.e., a mapping \BbbR d  - \rightarrow \BbbR d,\bfitx \mapsto \rightarrow \sansA \bfitx with \sansA \in 
\BbbR d\times d can be realized as a kernel mapping

s :\BbbR d  - \rightarrow \BbbR d,\bfitx \mapsto \rightarrow 
N\sum 
i=1

\alpha ik(\bfitx ,\bfitz i), \alpha i \in \BbbR d,

with given centers \{ \bfitz i\} Ni=1 \subset \BbbR d by using a matrix valued linear kernel klin(\bfitx ,\bfity ) \cdot \sansI b =
\langle \bfitx ,\bfity \rangle \BbbR d \cdot \sansI d, iff the span of the center points \bfitz i, i= 1, . . . ,N , is a superset of the row
space of the matrix \sansA .

We remark that if the center matrix [\bfitz 1, . . . ,\bfitz N ]\in \BbbR d\times N has rank d, then the span
of the center points is always a superset for the row space of any matrix \sansA \in \BbbR d\times d.
Then, we can formalize the following corollary.

Corollary 3.2. Let \{ \bfitx 1, . . . ,\bfitx N\} \subset \BbbR d such that the data matrix [\bfitx 1, . . . ,\bfitx N ]\in 
\BbbR d\times N has rank d. Then the kernel \kappa \bfittheta from (3.1) is an instance of a two-layered kernel
according to the deep kernel representer [2, Theorem 1].
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Fig. 1. Visualization of the evaluation at \bfitx of the presented kernel machine. The input layer is
highlighted in blue, while the output layer is framed in green. In this example, b= d= 3 and N = 7.
(Color figure available online.)

Proof. Using Theorem 3.1 applied to (3.4), we obtain

N\sum 
j=1

klin(\bfitx ,\bfitx j)\alpha 
(1)
j =\sansA \bfittheta \bfitx .

Thus, the general two-layered kernel from (3.3) specializes to

\scrK 2(\bfitx ,\bfity ) = \kappa (f1(\bfitx ), f1(\bfity )) = \kappa (\sansA \bfittheta \bfitx ,\sansA \bfittheta \bfity ),

which is exactly the hyperparameter tunable kernel \kappa \bfittheta from (3.1).

The evaluation of the proposed model is visualized in Figure 1, making use of
common neural network layout structures: our framework includes two hidden lay-
ers, and the first one is used to map the input evaluation point \bfitx via the learned
matrix \sansA \bfittheta .

Again we want to emphasize that this two-layered kernel is indeed a generalization
of standard shape parameter tuned kernels. If we choose \sansA \bfittheta as a scaled identity
matrix, we directly reobtain the well-known shape parameter tuned kernel model
because (3.1) boils down to

N\sum 
j=1

\alpha 
(2)
j \kappa (\sansA \bfittheta \bfitx ,\sansA \bfittheta \bfity ) =

N\sum 
j=1

\alpha 
(2)
j \kappa (\varepsilon \sansI d\bfitx , \varepsilon \sansI d\bfity ) =

N\sum 
j=1

\alpha 
(2)
j \kappa (\varepsilon \bfitx , \varepsilon \bfity ).

This especially also means that the flat limits of kernels (i.e., \varepsilon \rightarrow 0; see, e.g., [13,
Chapter 14]) can be realized with our frameworks of two-layered kernels.

The general structure of the kernel from (3.3) also suggests using other kinds of
mappings to transform the base kernel \kappa . As our greedy approach aims at constructing
a reduced-data model, it is heading in the same direction as well-established machine
learning techniques such as, e.g., autoencoders [19], that map the data onto a feature
space whose tuned dimensionality is typically smaller than the original one. However,
our scheme mainly aims at reducing the cardinality of the dataset without acting
directly on the dimensionality of the feature space. Indeed, the first layer of 2L-
KOGA is employed to learn active spatial directions with respect to the dataset, and
this may not lead to some dimensionality reduction. Moreover, while autoencoder
models are often designed as deep networks composed by many parameters, and are
deeply trained and tailored on the data at disposal, in 2L-KOGA the first layer is
built to be an auxiliary light linear model, which may enhance the performance of
the subsequent greedy algorithm. Therefore, the numerical experiments presented in
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DATA-DRIVEN KERNEL DESIGNS C109

section 4 aim at comparing the 2L-KOGA with standard (greedy) kernel approaches,
rather than with general dimensionality reduction techniques.

Sticking to light linear mappings as transformations within the kernel, the con-
sideration of two layers is enough: The use of several linear mappings can always be
reduced to a single layer, as the product of matrices A1 \cdot . . . \cdot AL is simply another
matrix.

3.2. Theoretical analysis. In this subsection we first of all want to analyze
and interpret the meaning of the first kernel layer, allowing us to incorporate linear
transformations of the input. Subsequently we provide some preliminary convergence
rate analysis for the subsequent greedy selection.

3.2.1. Analysis of the first layer. In order to understand the impact of the
first kernel layer on the performance of the overall kernel machine, we analyze the
matrix \sansA \bfittheta via its singular value decomposition given by

\sansA \bfittheta =\sansU \sansSigma \sansV \intercal 

with orthogonal matrices \sansU ,\sansV \in \BbbR d\times d respectively consisting of the left and right
singular vectors and the diagonal matrix \sansSigma \in \BbbR d\times d with the nonnegative singular
values on the diagonal. Denoting the columns of \sansU ,\sansV by, respectively, \bfitu i and \bfitv i, i=
1, . . . , d, we have

\sansA \bfittheta \sansV =\sansU \sansSigma \leftrightarrow \sansA \bfittheta \bfitv i = \sigma i\bfitu i \forall i= 1, . . . , d.(3.5)

For a given input \bfitx \in \BbbR d, which can be decomposed as \bfitx =
\sum d

i=1\langle \bfitx ,\bfitv i\rangle \BbbR d\bfitv i, we
obtain

\sansA \bfittheta \bfitx =

d\sum 
i=1

\langle \bfitx ,\bfitv i\rangle \BbbR d\sansA \bfittheta \bfitv i =

d\sum 
i=1

\langle \bfitx ,\bfitv i\rangle \BbbR d\sigma i\bfitu i

\Rightarrow \sansA \bfittheta (\bfitx  - \~\bfitx ) =

d\sum 
i=1

(\langle \bfitx ,\bfitv i\rangle \BbbR d  - \langle \~\bfitx ,\bfitv i\rangle \BbbR d)\sigma i\bfitu i

\Rightarrow \| \sansA \bfittheta (\bfitx  - \~\bfitx )\| 2\BbbR d =

d\sum 
i=1

(\langle \bfitx ,\bfitv i\rangle \BbbR d  - \langle \~\bfitx ,\bfitv i\rangle \BbbR d)2\sigma 2
i .(3.6)

The last line, i.e., (3.6), is of importance, as the RBF kernel \kappa from (3.1) in the second
layer of the kernel only requires distances as an input. Therefore we can see that the
matrix \sansU \in \BbbR d\times d does not matter at all for the 2L-KOGA model, because it is not
seen due to the radiality of the RBF kernel. In particular it would be possible to set
\sansU := \sansV , such that the matrix \sansA \bfittheta is even symmetric. However enforcing symmetry of
the matrix \sansA \bfittheta during the optimization step indeed impedes the performance of the
optimization; in particular, the resulting matrix \sansA \bfittheta is frequently not as good as when
one uses a nonsymmetric optimization.

From (3.6) we see that the distance is scaled along the directions provided by the
right singular vectors of \sansA \bfittheta by the corresponding singular value \sigma i \geq 0. In particular, if
a singular value \sigma i is very small or even zero, this means that data along the directions
of the corresponding right singular vectors \bfitv i is squeezed or even mapped to the same
point.
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C110 T. WENZEL, F. MARCHETTI, AND E. PERRACCHIONE

3.2.2. Convergence analysis. The convergence analysis for (greedy) kernel
interpolation is usually done either in the number of (greedily) selected points [37, 46]
or in terms of the fill distance [42, Chap. 11], which was defined in (2.8). Both of
those approaches focus on the asymptotic rate of the decay of the error.

Given a two-layered kernel \kappa \bfittheta (\bfitx ,\bfity ) = \kappa (\sansA \bfittheta \bfitx ,\sansA \bfittheta \bfitx ), we can derive convergence
rates by considering this kernel as a standard radial basis function kernel acting on the
transformed domain \sansA \bfittheta \Omega \subset \BbbR rank(\sansA ). We will distinguish the two cases rank(\sansA \bfittheta ) = d
and rank(\sansA \bfittheta )< d. For the first case, Theorem 3.3 shows that we obtain at least the
same rate of convergence as when one uses the standard kernel \kappa instead of the two-
layered kernel \kappa \bfittheta (\bfitx ,\bfity ). For the second case, Theorem 3.4 shows that the convergence
rate is indeed increased, depending on the number of singular values of the matrix \sansA \bfittheta 

equal to zero.

Theorem 3.3. Consider an RBF kernel \kappa that satisfies (2.5) with \tau > d/2 on a
bounded Lipschitz domain \Omega \subset \BbbR d. Consider f \in N\kappa (\Omega ) and the kernel interpolant
sXN

using the two-layered kernel \kappa \bfittheta with rank(\sansA \bfittheta ) = d.
Then the following pointwise error estimate holds:

| f(\bfitx ) - sXN
(\bfitx )| \leq Ch

\tau  - d/2
XN

.

For asymptotically equidistributed points hXN
\asymp N - 1/d it then holds that

| f(\bfitx ) - sXN
(\bfitx )| \leq CN1/2 - \tau /d.

Proof. We consider the two-layered kernel \kappa \bfittheta as a standard RBF kernel \kappa applied
to the transformed data \sansA \bfittheta XN from the transformed domain \sansA \bfittheta \Omega . As it holds that
rank(\sansA \bfittheta ) = d, we have dim(\sansA \bfittheta \Omega ) = dim(\Omega ) = d. By standard Sobolev arguments (as
x \mapsto \rightarrow \sansA \bfittheta x is just a linear full rank transformation), we have H\tau (\Omega ) \asymp H\tau (\sansA \bfittheta \Omega ), in
particular f \circ A - 1

\bfittheta \in H\tau (\sansA \bfittheta \Omega ). Furthermore, due to rank(\sansA \bfittheta ) = d, all the singular
values of \sansA \bfittheta are positive, i.e., it holds that smin(\sansA \bfittheta )\| x\| 2 \leq \| \sansA \bfittheta x\| 2 \leq smax(\sansA \bfittheta )\| x\| 2
or in short \| \cdot \| 2 \asymp \| \sansA \bfittheta \cdot \| 2. Therewith we obtain for the respective fill distances

h\sansA \bfittheta \Omega ,\sansA \bfittheta XN
\equiv sup

\~\bfitx \in \sansA \bfittheta \Omega 

\biggl( 
min

\~\bfitx k\in \sansA \bfittheta XN

\| \~\bfitx  - \~\bfitx k\| 2
\biggr) 

= sup
\bfitx \in \Omega 

\biggl( 
min

\bfitx k\in XN

\| \sansA \bfittheta \bfitx  - \sansA \bfittheta \bfitx k\| 2
\biggr) 

\asymp sup
\bfitx \in \Omega 

\biggl( 
min

\bfitx k\in XN

\| \bfitx  - \bfitx k\| 2
\biggr) 
= h\Omega ,XN

.

Hence we can make use of the error bound of (2.9) to derive the final statement.

From the previous proof it is obvious to see that we can obtain a faster rate of
convergence, as soon as the fill distance decays faster. An asymptotically faster decay
of the fill distance is only possible if the dimension of the underlying input domain
is effectively reduced. This is the case iff rank(\sansA \bfittheta ) < d, because then dim(\sansA \bfittheta \Omega ) <
dim(\Omega ).

In order to avoid technical discussion on RBFs and the corresponding Fourier
transforms, we focus for the following theorem on the class of Mat\'ern kernels, which
are also used throughout the numerical experiments of section 4. In their general form
they are given as [12, section 4.4]

\Phi (\bfitx ) =
K\tau  - d/2(\| \bfitx \| )\| \bfitx \| \tau  - d/2

2\tau  - 1\Gamma (\tau )
, \tau > d/2,(3.7)
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DATA-DRIVEN KERNEL DESIGNS C111

whereby K\nu is the modified Bessel function of second order. The corresponding
Fourier transform is given as

\^\Phi (\bfitomega ) = (1 + \| \bfitomega \| 2) - \tau ,

i.e., as in (2.5) but with c\Phi =C\Phi = 1.

Theorem 3.4. Consider a Mat\'ern kernel \kappa of (3.7) with \tau > d/2 on a bounded
Lipschitz domain \Omega \subset \BbbR d. Consider f \in N\kappa (\Omega ) and the kernel interpolant sXN

using
the two-layered kernel \kappa \bfittheta such that rank(\sansA \bfittheta ) =: deff <d.

Assume that f \in N\kappa (\Omega ) is invariant along the subspace Null(\sansA \bfittheta ) \subset \BbbR d, i.e.,
f(\bfitx ) = f(\bfitx \prime ) for any \bfitx ,\bfitx \prime \in \Omega with \bfitx  - \bfitx \prime \in Null(A\bfittheta ). For points Xn \subset \Omega such that
h\sansA \bfittheta \Omega ,\sansA \bfittheta Xn \asymp n - 1/deff it then holds that

| f(\bfitx ) - sXn(\bfitx )| \leq Cn
d

2deff
 - \tau 

deff .

Note that it holds that d
2d\mathrm{e}\mathrm{f}\mathrm{f}
 - \tau 

d\mathrm{e}\mathrm{f}\mathrm{f}
< 1

2  - 
\tau 
d < 0 due to \tau > d/2, i.e., the decay rate

is faster than in Theorem 3.3:

d

2deff
 - \tau 

deff
 - 
\biggl( 
1

2
 - \tau 

d

\biggr) 
=

d(d - deff) - 2\tau (d - deff)

2ddeff
=

(d - 2\tau )(d - deff)

2ddeff
< 0.

Proof. Define \scrN := Null(\sansA \bfittheta ) and consider the orthogonal projector \Pi \scrN \bot :\BbbR d  - \rightarrow 
\scrN \bot . The mapping \sansA \scrN \bot 

\bfittheta :\scrN \bot  - \rightarrow R(\sansA \bfittheta ),\bfitx \mapsto \rightarrow \sansA \bfittheta \bfitx is now full rank and thus invertible.
Consider \bfitx \in \Omega and decompose \bfitx = \bfitx \| + \bfitx \bot with \bfitx \| \in \scrN ,\bfitx \bot \in \scrN \bot . Using the
invariance assumption on f along \scrN , we have

| (f  - sXn
)(\bfitx )| =

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| f(\bfitx \| +\bfitx \bot ) - 
n\sum 

j=1

\alpha 
(n)
j \kappa (\sansA \bfittheta (\bfitx \| +\bfitx \bot ),\sansA \bfittheta (\bfitx j,\| +\bfitx j,\bot ))

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
=

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (f(\bfitx \bot ) - 
n\sum 

j=1

\alpha 
(n)
j \kappa (\sansA \bfittheta \bfitx \bot ,\sansA \bfittheta \bfitx j,\bot )

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
=

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| (f \circ (\sansA \scrN \bot 

\bfittheta ) - 1)(\sansA \scrN \bot 

\bfittheta \bfitx \bot ) - 
n\sum 

j=1

\alpha 
(n)
j \kappa (\sansA \bfittheta \bfitx \bot ,\sansA \bfittheta \bfitx j,\bot )

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| .(3.8)

As dim(\sansA \bfittheta \Omega ) \equiv deff, the native space N\kappa (\sansA \bfittheta \Omega ) is now norm-equivalent to the
Sobolev spaceH\tau \prime 

(\sansA \bfittheta \Omega ) of smaller smoothness \tau \prime = \tau  - d - d\mathrm{e}\mathrm{f}\mathrm{f}

2 < \tau ; see (3.7). Therefore

we obtain f \circ (\sansA \scrN \bot 

\bfittheta ) - 1 \in H\tau \prime 
(\sansA \bfittheta \Omega )\asymp N\kappa (\sansA \bfittheta \Omega ).

Furthermore,
\sum n

j=1\alpha 
(n)
j \kappa (\cdot ,\sansA \bfittheta \bfitx j,\bot )\in H\tau \prime 

(\sansA \bfittheta \Omega ) and due to the kernel interpola-
tion condition it holds that

n\sum 
j=1

\alpha 
(n)
j \kappa (\bfity i,\sansA \bfittheta \bfitx j,\bot ) = (f \circ (\sansA \scrN \bot 

\bfittheta ) - 1)(\bfity i)

for all \bfity i \in \{ \sansA \bfittheta \bfitx i | \bfitx i \in Xn\} . Therefore we can leverage (2.9) to bound the error as\bigm| \bigm| \bigm| \bigm| (f \circ (\sansA \scrN \bot 

\bfittheta ) - 1)(\bfity ) - 
n\sum 

j=1

\alpha 
(n)
j \kappa (\bfity ,\sansA \bfittheta \bfitx j,\bot )

\bigm| \bigm| \bigm| \bigm| <Ch
\tau \prime  - d\mathrm{e}\mathrm{f}\mathrm{f}/2
\sansA \bfittheta \Omega ,\sansA \bfittheta Xn

, \bfity \in \{ \sansA \bfittheta \bfitx | \bfitx \in \Omega \} 

\leftrightarrow 
\bigm| \bigm| \bigm| \bigm| (f \circ (\sansA \scrN \bot 

\bfittheta ) - 1)(\sansA \scrN \bot 

\bfittheta \bfitx \bot ) - 
n\sum 

j=1

\alpha 
(n)
j \kappa (\sansA \bfittheta \bfitx \bot ,\sansA \bfittheta \bfitx j,\bot )

\bigm| \bigm| \bigm| \bigm| <Ch
\tau \prime  - d\mathrm{e}\mathrm{f}\mathrm{f}/2
\sansA \bfittheta \Omega ,\sansA \bfittheta Xn

, \bfitx \in \Omega ,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/0

7/
24

 to
 1

30
.2

51
.6

0.
24

8 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



C112 T. WENZEL, F. MARCHETTI, AND E. PERRACCHIONE

such that in conjunction with (3.8) we obtain

| (f  - sXn
)(\bfitx )| \leq Ch

\tau \prime  - d\mathrm{e}\mathrm{f}\mathrm{f}/2
\sansA \bfittheta \Omega ,\sansA \bfittheta Xn

, \bfitx \in \Omega .

Finally using h\sansA \bfittheta \Omega ,\sansA \bfittheta Xn
\asymp n - 1/d\mathrm{e}\mathrm{f}\mathrm{f} which is possible due to dim(\sansA \bfittheta \Omega )\equiv deff we obtain

the desired statement:

 - 1

deff
\cdot 
\biggl( 
\tau \prime  - deff

2

\biggr) 
= - 

\tau  - d - d\mathrm{e}\mathrm{f}\mathrm{f}

2

deff
+

1

2
= - \tau 

deff
+

d

2deff
.

Theorem 3.4 can be leveraged in the following way. Given f \in N\kappa (\Omega ), which is
invariant in some directions, the two-layered kernel \kappa \bfittheta can be chosen such that the
null space Null(\sansA \bfittheta ) of the matrix \sansA \bfittheta coincides with this invariant subspace. Then,
as rank(\sansA \bfittheta )\equiv deff < d, the fill distance h\sansA \bfittheta \Omega ,\sansA \bfittheta Xn

can decay as h\sansA \bfittheta \Omega ,\sansA \bfittheta Xn
\asymp n - 1/d\mathrm{e}\mathrm{f}\mathrm{f}

for suitable chosen points Xn (namely, such that \sansA \bfittheta Xn is asymptotically equidis-
tant within \sansA \bfittheta \Omega ). As remarked above, this provides a faster convergence rate, thus
providing a benefit of using the two-layered kernel. Section 4 shows that our used
optimization approach is indeed capable of (approximately) finding those invariant
directions, i.e., inactive subspaces of the considered function f \in N\kappa (\Omega ).

In order to avoid too many technical details, we do not show convergence results
for the f -greedy algorithm using the two-layered kernel \kappa \bfittheta (\bfitx ,\bfity ), albeit we use it
later on in section 4. However, we remark that roughly speaking the convergence
analysis of the f -greedy algorithm from [46] is based on convergence rates for the
P -greedy algorithm, i.e., those rates from Theorems 3.3 and 3.4. Its analysis shows
an additional convergence rate of log(N)N - 1/2 for the f -greedy algorithm by making
use of its target data-dependent selection criterion. Therefore we expect that the use
of the f -greedy algorithm within Theorem 3.3, respectively, Theorem 3.4 provides
faster convergence rates, namely, by the additional factor of log(N)N - 1/2.

As can also be seen in the numerical experiments in section 4, we want to point
out that our 2L-KOGA approach does not only necessarily provide benefits in terms of
the asymptotic convergence rate, but also in terms of improvements for finite datasets.
This can be frequently observed if singular values of the final optimized matrix \sansA \bfittheta 

are not exactly zero, but close to zero.

3.3. Loss function for optimization. Learning the kernel \kappa \bfittheta is equivalent
to optimizing the matrix \sansA \bfittheta ; thus \kappa \bfittheta is a parametric model that depends on b \times d
parameters belonging to some space \Theta \subseteq \BbbR b\times d. We aim at optimizing the kernel by
minimizing a loss function that depends on the input and target data:

min
\sansA \bfittheta \in \Theta 

\ell (XN , FN ,\sansA \bfittheta ).(3.9)

For the actual optimization we will make use of well-known optimization strategies
from the machine learning community [19], in particular gradient based optimization
and the use of mini-batches; more details on the optimization and implementation
will be given in subsection 3.4. In the following, we will focus on the structure of the
loss function and on its use in conjunction with the optimization via mini-batches.

The loss consists in the cross-validation (CV) error, which is an established crite-
rion in the scientific community to assess the effectiveness of a model [18]. However,
instead of directly evaluating the CV error on XN with respect to FN using the kernel
\kappa \bfittheta , we evaluate the k-fold cross-validation error on so-called mini-batches. This is nec-
essary and even beneficial, as the evaluation of k-fold cross-validation scores is time
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DATA-DRIVEN KERNEL DESIGNS C113

consuming on large datasets and full batch learning is known to be detrimental for
generalization in machine learning tasks [19]. Mini-batches are randomly drawn sub-
sets (Xbatch, Fbatch) of input data with corresponding target values of size nbatch\ll N
from the large dataset XN with corresponding target data FN . A commonly used
value, which is later employed in the numerical experiments, is nbatch = 64.

As mentioned in the introduction, this strategy is related to the optimization ap-
proaches in [20, 32], where mini-batches are also used. However there the optimization
criterion was based on the premise that a kernel must be good ``if the number of points
used to interpolate the data can be halved without significant loss in accuracy""; see
[20, eq. (6)]. In contrast, we use for every mini-batch the k-fold CV error by taking
advantage of an efficient implementation proposed by Rippa for the case k = nbatch

(leave-one-out CV (LOOCV)) [35] and then extended to the general 1 < k < nbatch

framework in [26]. In the following, we briefly outline this strategy, which we refer to
as extended Rippa's algorithm (ERA).

Let k \in \BbbN , 1 < k \leq nbatch, be the number of folds used for the k-fold validation
scheme, and suppose, for simplicity, that p = nbatch/k \in \BbbN . Then, for each fold
j = 1, . . . , p, let us split the mini-batchXbatch into a training set Tn\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h} - p of cardinality
nbatch - p and a validation set Vp, so thatXn\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}

= Tn\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h} - p\cup Vp and Tn\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h} - p\cap Vp = \emptyset .
Let us denote by \bfitr = \bfitr (j) = (r1, . . . , rp)

\intercal , ri \in \{ 1, . . . , nbatch\} , the vector of distinct
validation indices for a given fold, i.e., Vp = \{ \bfitx ri , i= 1, . . . , p\} . Then, we are interested
in computing the residual vector \bfite \bfitr = \bfite \bfitr (j) = (e1, . . . , ep) whose components are
ei = sTn\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h} - p

(\bfitx ri)  - f(\bfitx ri), \bfitx ri \in Vp, with sTn\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h} - p
the interpolant constructed

upon the training set Tn\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h} - p. A standard application of the k-fold CV scheme
would require the inversion of k different (nbatch  - p)\times (nbatch  - p) linear systems of
the form (2.2), leading to a complexity cost of about \scrO (n3

batchk). Fortunately, letting

\sansK \bfittheta 
n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}

=

\left(   \kappa \bfittheta (\bfitx 1,\bfitx 1) . . . \kappa \bfittheta (\bfitx 1,\bfitx n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}
)

...
. . .

...
\kappa \bfittheta (\bfitx n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}

,\bfitx 1) . . . \kappa \bfittheta (\bfitx n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}
,\bfitx n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}

)

\right)   ,

in [26], the author proved that \bfite \bfitr is the unique solution of the linear system

(\sansK \bfittheta 
n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}

) - 1
Vp

\bfite \bfitr = \bfitc \bfitr ,(3.10)

where (\sansK \bfittheta 
n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}

) - 1
Vp

is the submatrix of the nbatch \times nbatch inverse kernel matrix

(\sansK \bfittheta 
n\mathrm{b}\mathrm{a}\mathrm{t}\mathrm{c}\mathrm{h}

) - 1, built on \kappa \bfittheta , which is defined by restricting to the validation indices,
and \bfitc \bfitr are the components of the solution vector from (2.2) for which i \in \bfitr . Hence,
such an implementation requires a total complexity cost which is about \scrO (n3

batch) +
\scrO (n3

batch/k
2). Finally, we point out that any norm of the vector \bfite \bfitr can be used to

have an a priori error estimate, because Rippa's scheme is independent of the used
norm in the end. In the following we will consider the squared two-norm, and we will
apply Tikhonov regularization with a parameter \lambda to (3.10).

Thus finally we are optimizing the kernel \kappa \bfittheta by minimizing the following loss
function from (3.9):

\ell \lambda ,p(XN , FN ,\sansA \bfittheta ) :=

p\sum 
j=1

\| \bfite \bfitr (j)\| 22.(3.11)

The ERA may be further sped up by allowing a stochastic approximation, which,
however, affects the exactness of the scheme [25]. While ERA, as Rippa's scheme,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/0

7/
24

 to
 1

30
.2

51
.6

0.
24

8 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y
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Algorithm 3.1. SGD optimization of the kernel \kappa \bfittheta \equiv \kappa (\sansA \bfittheta \bfitx ,\sansA \bfittheta \bfity ).
Input: Data (XN , FN ), base kernel \kappa , k-fold parameter k, learning rate \mu ,
regularization parameter \lambda 
Output: Optimized matrix \sansA \bfittheta 

\sansA \bfittheta \leftarrow diag(1, . . . ,1) /* Initialization of \sansA \bfittheta */

for nepoch = 1, . . . ,maxepoch do
Lepoch\leftarrow 0
shuffle (XN , FN )
for nepoch = 1, . . . ,maxepoch do

(Xbatch, Fbatch)\leftarrow GET BATCH((XN , FN ))
L= \ell \lambda (Xbatch, Fbatch,\sansA \bfittheta , k) /* Using (3.11) */

\sansA \bfittheta \leftarrow \sansA \bfittheta  - \mu \cdot \partial L
\partial \sansA \bfittheta 

/* Gradient descent update */

Lepoch\leftarrow Lepoch +L
end for
early stopping(Lepoch)

end for

was originally designed for the tuning of the shape parameter, we employ it as a more
general error indicator as recently done in [4, 27]. This allows us to find a good two-
layered kernel, which can be used for subsequent kernel approximation tasks. In the
next subsection we provide more details on the optimization and implementation.

3.4. Optimization, implementation, and computational complexity.This
section is devoted to the optimization and implementation of the two-layered kernel
and the investigation of its computational complexity.

3.4.1. Optimization and implementation. In subsection 3.3 we elaborated
on the (family of) loss functions which we employ for the optimization of the kernel
\kappa \bfittheta . Here we give some more details on the actual optimization procedure. Based on
the computed loss values, we employ an iterative gradient based optimization using
the adaptive Adam optimizer [23] (instead of plain stochastic gradient descent (SGD))
and early stopping [19] on the accumulated loss values during one epoch. The imple-
mentation is done in Python leveraging the deep learning framework pytorch [33] and
especially making use of the autodifferentiation for computing the gradients. The code
(with its extension to the vectorial case [43]) is implemented as an extension of the
VKOGA software package [38] and can be found at https://gitlab.mathematik.uni-
stuttgart.de/pub/ians-anm/2L-VKOGA.

The algorithm used for the optimization of the two-layered kernel is depicted in
Algorithm 3.1 for the case of plain SGD. For the use of the Adam optimizer, the
weights are more sophistically updated and we do not delve into details concerning
this. The crucial step of the optimization, namely, the computation of the gradients
of the loss with respect to the matrix \sansA \bfittheta , is conveniently handled by PyTorch via
automatic differentiation. To improve the numerical stability of the algorithm, a
Tikhonov regularization is added to the kernel matrix as elaborated in subsection 3.3.
The early stopping criterion in line 11 stops the optimization if the loss does not decay
further, thus avoiding unnecessary further optimization steps.

3.4.2. Computational complexity. In this section, we briefly analyze the
complexity of our proposed 2L-KOGA approach against a standard cross-validation
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approach. Furthermore we comment on the speed up of using Rippa's and extended
Rippa's scheme as described in subsection 3.3 for the kernel optimization:

As our 2L-KOGA approach is based on a gradient descent optimization using
up to maxepoch epochs with each N/nbatch iterations using batches of size nbatch, it
requires

\scrO (nepoch \cdot N/nbatch \cdot n3
batch) =\scrO (nepoch \cdot N \cdot n2

batch)

operations for the calculation of the CV errors on the small matrices. The subsequent
run of VKOGA up to an expansion size of nvkoga is typically of order \scrO (n2

vkoga \cdot N);
thus the overall complexity of the 2L-KOGA is

\scrO (nepoch \cdot N \cdot n2
batch) +\scrO (n2

vkoga \cdot N).

For typical values of nbatch, nepoch, nvkoga such as nbatch = 64, nepoch = 10, nvkoga =
1000, which were used for the numerical experiments in section 4, it holds that nepoch \cdot 
N \cdot n2

batch <n2
vkoga \cdot N , i.e., there is only a small computational overhead for the kernel

optimization before running VKOGA.
This is in contrast to a straightforward shape parameter cross-validation using

VKOGA. Indeed, full cross-validation for the matrix \sansA \bfittheta is infeasible, because vali-
dating nCV many values for d2 many matrix entries requires an effort of nd2

CV, which
is exponential in the number of parameters (curse of dimensionality). Also, a full
cross-validation for a classical anisotropic kernel, i.e., just for the d diagonal entries
of \sansA \bfittheta , is infeasible, as this requires n

d
CV runs. Thus, a cross-validation of nCV many

shape parameters takes the effort

\scrO (nCV \cdot n2
vkoga \cdot N),

which elucidates the additional factor nCV. Hence we conclude that our approach is
favorable and cheaper than the classical CV implementation, in particular for large N .

Especially for large space dimension d only a cross-validated shape parameter is
likely inferior to a whole optimized matrix (in terms of the explored parameter space
\Theta \subset \BbbR d\times d).

4. Numerical experiments. In this section we provide three different kinds
of numerical experiments. First, in subsection 4.1 we use our two-layered approach
for the efficient approximation of given functions. Second, in subsection 4.2 we show
the applicability of two-layered kernels for sparse surrogate modeling on real world
machine learning datasets. Finally, in subsection 4.3 we investigate the optimization
of the first layer, i.e., the matrix \sansA \bfittheta , with the help of the extended Rippa's for-
mula. The code to rerun the numerical experiments can be found at https://gitlab.
mathematik.uni-stuttgart.de/pub/ians-anm/paper-2023-data-driven-kernel-designs.

4.1. Function approximation on the unit cube. As a first class of example
we highlight the benefits of the proposed 2L-KOGA for function approximation. For
this, we picked functions where different behaviors can be seen. We consider the unit
cube \Omega = [0,1]d for d= 5,6,7, discretized with N = 50000 uniformly randomly selected
points. The corresponding target data are given as the evaluation of the function

fd(\bfitx ) =

\left\{     
e - 4(

\sum 5
j=1 \bfitx i - 0.5)

2

for d= 5,

e - 4
\sum 6

j=1(\bfitx i - 0.5)2 + 2| \bfitx 1  - 0.5| for d= 6,

e - 
\sum 7

j=1(\bfitx i - 0.5)2 + e - 9
\sum 2

j=1(\bfitx i - 0.3)2 for d= 7.
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Table 1
Optimization and VKOGA runtime for f5, f6, and f7. The optimization of the two-layered

kernel takes approximately as much time as the runtime of VKOGA. The optimized two-layered
kernel is several orders of magnitude more accurate, in terms of mean squared error (MSE), than
a standard kernel model when using the same expansion size.

f5 f6 f7

Kernel optimization 8.936s 9.173s 9.817s

Average VKOGA runtime 8.087s 8.329s 8.787s

2L-KOGA kernel MSE 4.351 \cdot 10 - 8 5.553 \cdot 10 - 4 2.730 \cdot 10 - 3

Standard kernel MSE 9.009 \cdot 10 - 3 4.174 \cdot 10 - 3 6.261 \cdot 10 - 3

While the first function f5 clearly possesses an active subspace along the direction
(1,1,1,1,1)\intercal \in \BbbR 5, this does not hold for f6 and f7. However, for f6 the kink exists
only in the x1 direction, while for f7 the second bump depends only on the first two
variables.

For the approximation we use as a base kernel the Mat\'ern kernel \kappa (\bfitx ,\bfity ) =
exp( - \| \bfitx  - \bfity \| /

\surd 
d), but we remark that the results are qualitatively the same when

using other Mat\'ern kernels.
We compare the approximation given by f -greedy (up to 250 centers) of the 2L-

KOGA introduced in section 3 with a standard hyperparameter tuned kernel method.
\bullet The two-layered kernel is optimized for 25 epochs using a batch size of 64 and

the Adam optimizer with an initial learning rate of 5 \cdot 10 - 3. A regularization
of 10 - 5 was added to stabilize the numerical calculation of Rippa's formula
in (3.10).

\bullet The standard Mat\'ern kernel was used with 10 logarithmically equally spaced
shape parameters \varepsilon between 0.05 and 10, i.e., \kappa (\bfitx ,\bfity ) = exp( - \varepsilon \cdot \| \bfitx  - \bfity \| /

\surd 
d).

The results are visualized in Figure 2 and furthermore listed in Table 1: In the left
column of Figure 2 we note that the 2L-KOGA performs better than any of the
hyperparameter tuned kernels. There seem to be two cases:

\bullet For f5 (top), the convergence rate of the two-layered kernel is significantly
faster than the convergence rates of the standard kernels. Just in the begin-
ning the convergence rate seems to decrease. The faster convergence rate can
be explained by the final optimized matrix \sansA \bfittheta , which has eigenvalues

\lambda 1 = 2.6623, \lambda 2 = 1.5540 \cdot 10 - 2, \lambda 3 = 1.8592 \cdot 10 - 3,

\lambda 4 = 2.4576 \cdot 10 - 4, \lambda 5 = - 4.1398 \cdot 10 - 3,

i.e., one major eigenvalue and four more eigenvalues which are significantly
smaller. The eigenvector associated to the largest eigenvalue is given by

\bfitv \lambda 1
= (0.4453,0.4418,0.4364,0.4461,0.4480)\intercal ,

which is close to (a multiple) of (1,1,1,1,1)\intercal and thus quite well aligned with
the active subspace direction of f5.

\bullet For both f6 and f7 the convergence rate seems to be the same; however, the
prefactor is smaller, i.e., the two-layered approach is consistently better by
some factor. Neither f6 nor f7 has an active subspace, nevertheless still there
exist ``more important directions"" for the approximation, which are found by
the optimization of the matrix \sansA \bfittheta of the first layer.

In all the cases the optimized two-layered kernel is better suited for the approxima-
tion of the given target function than any kernel with a tuned single hyperparameter
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Fig. 2. Top: 5D experiment; middle: 6D experiment; bottom: 7D experiment. Left: Visualiza-
tion of the \| \cdot \| L\infty (\Omega ) error (y-axis) in the number of greedily selected points (x-axis) for both the
standard kernel and the 2L-KOGA. Right: Visualization of the change of several matrix entries of
the matrix \sansA \bfittheta (y-axis) during the optimization epochs (x-axis).

in view of the preasymptotic range. These results on function approximation also raise
the demand for further theoretical work, to better understand the faster convergence
rates with approximation theory results.

We remark that the results do not qualitatively change if some small noise is
added on the target data, i.e., to the function evaluations fd(\bfitx ). The case of presence
of noise is discussed in subsection 4.2 as well as subsection 4.3, as the machine learning
datasets considered in those sections are naturally affected by noise.

4.2. Machine learning datasets. In order to show the usability of our 2L-
KOGA method also on real world datasets, we compare our method to standard
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Table 2
Overview of the runtimes (mean and standard deviation over five reruns) for the standard one-

layered kernel model and the two-layered kernel models. The time required for the two-layered kernel
optimization is only a small fraction of the subsequent greedy runtime.

Short name 1L greedy [s] 2L optimization [s] 2L greedy [s]

ct 264.34 \pm 1.06 53.04 \pm 10.95 264.01 \pm 0.54

sgemm 509.16 \pm 6.85 67.63 \pm 5.57 511.77 \pm 6.50

wecs 173.63 \pm 0.73 22.26 \pm 3.09 179.48 \pm 0.45
mlr knn rng 338.69 \pm 1.66 86.58 \pm 13.98 339.61 \pm 1.10

fried 94.92 \pm 0.61 10.57 \pm 2.18 94.76 \pm 0.44
kegg undir uci 149.76 \pm 0.86 18.77 \pm 1.62 150.19 \pm 1.03

online video 158.68 \pm 0.71 18.69 \pm 1.91 158.72 \pm 0.60

diamonds 128.79 \pm 0.53 15.54 \pm 1.40 128.66 \pm 0.49
stock 133.17 \pm 0.80 15.53 \pm 2.65 133.18 \pm 0.31

sarcos 106.09 \pm 0.57 11.56 \pm 1.42 106.71 \pm 0.81

query agg count 410.40 \pm 3.08 52.21 \pm 2.41 396.19 \pm 4.32
road network 848.32 \pm 10.30 108.23 \pm 6.19 815.47 \pm 3.15

hyperparameter tuned approaches on 12 out of 15 regression datasets which were
used in [21]. We excluded the three datasets methane, poker, and protein because
those datasets are not suitable for sparse kernel models. These datasets have input
dimensionality ranging from 2 to 379 and sampling sizes between 8153 and 300000;
see Table 3. For more details on the used datasets, we refer the reader to [21, Tables
E.1 and E.2].

We note that the motivation of surrogate modeling might not be intrinsically given
on those datasets; however, they still provide a meaningful benchmark for comparing
our method with standard cross-validated kernel models.

We used the same setup for our comparison as in subsection 4.1, with the small
modification that we used a regularization of 10 - 3 for the stabilization of the numerical
calculation of Rippa's formula in (3.11) and a regularization of \lambda = 10 - 4 (see (2.3))
within the greedy approximation. These higher regularizations are due to the fact
that these real world datasets are possibly noisy. Note that these hyperparameters
were used out of the box without any fine tuning or adaption to any specific datasets,
which shows the general applicability of the approach. The experiments were rerun
five times for different training test splits in order to mitigate the randomness of the
split. We note that we did not rerun the (partly randomized, due to batch selection)
kernel optimization several times within a given training test split. This is discussed
in more detail in subsection 4.3, which highlights the robustness and stability of our
optimization procedure.

The results for the different datasets are visualized in Figures 3 and 4, where the
decay of the test mean squared error (MSE) is displayed for one out of the five reruns.
We opted to not include the error bars, because they provided very limited further
insights but made the visualizations of the results more difficult. The timings of the
experiments are summarized in Table 2.

The results for the 12 datasets are ordered from better to worse (from the 2L-
KOGA point of view) by using the mean relative improvement of the 2L-KOGA
approach in comparison to the best hyperparameter tuned kernel as a criterion.

\bullet For the six datasets ct, sgemm, wecs, mlr knn rng, fried, and kegg undir uci
one can observe that the 2L-KOGA approach is quite consistently better than
any hyperparameter tuned kernel. Especially for, e.g., ct or sgemm, the 2L-
KOGA approach with around 50 centers can already reach the same accuracy
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Table 3
Overview on the machine learning datasets which were used.

Short name Number of examples Number of features

ct 53500 379
sgemm 241600 14

wecs 72000 48

mlr knn rng 111753 132
fried 40768 10

kegg undir uci 64608 27

online video 68784 26
diamonds 53940 29

stock 59049 9

sarcos 44484 21
query agg count 200000 4

road network 434874 2

as the best hyperparameter tuned kernel model with 1000 centers. We note
that in some datasets (e.g., in fried) one can observe an overall saturation
of the accuracy for any method. However, the 2L-KOGA approach achieves
this saturation already with a much smaller expansion size.
One should note that this does not necessarily imply that the 2L-KOGA
approach is cheaper to evaluate, because the linear mapping of the first layer
is possibly costly, especially, e.g., for the 379-dimensional ct dataset. Though
for the 14-dimensional sgemm dataset we can for sure expect a benefit.

\bullet For the six datasets diamonds, sarcos, stock, road network, online video, and
query agg count, the 2L-KOGA approach is not consistently better: One can
observe alternating performances, e.g., for the diamonds, sarcos, and on-
line video dataset, where the 2L-KOGA approach provides better models for
small expansion sizes, but no longer for large expansion sizes. For stock
and road network the 2L-KOGA approach is (asymptotically) on par with
the hyperparameter tuned method. Only for the query agg count does the
2L-KOGA approach seem to be consistently inferior to well-chosen hyperpa-
rameter tuned kernels. A possible remedy in view of the alternating behavior
might be larger or even varying batch sizes during training or other opti-
mization objectives. We leave these points for future research, while in the
following we try to give some explanations about the fact that the 2L-KOGA
is not necessarily better than a well-chosen hyperparameter tuned model.

We can again leverage the eigenvalues of the optimized first layer matrix \sansA \bfittheta : A
standard kernel can be seen as using the identity matrix and therefore having all
eigenvalues equal to one, meaning that all directions in the Euclidean space are of
equal importance. A matrix \sansA \bfittheta with only a few large singular values might, on
the other hand, indicate that there are more important directions in the dataset.
Therefore we use the cumulative power

m \mapsto \rightarrow 
\sum m

i=1 | si(\sansA \bfittheta )| \sum d
i=1 | si(\sansA \bfittheta )| 

, 1\leq m\leq d,(4.1)

as a criterion (whereby the singular values si(\sansA \bfittheta ) are ordered from the largest to
the smallest one according to their absolute value) that allows us to understand how
much power is clustered in the top singular values. The behavior of the quantity in
(4.1) is depicted in Figure 5, whereby n/d is used for the x-axis. This allows us to
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Fig. 3. Visualization of the test MSE (y-axis) over the number of greedily selected centers
(x-axis) for the first six datasets. The black line shows the 2L-KOGA, while the colored lines show
the use of standard kernels with different length scale parameters \varepsilon . (Color figure available online.)

compare datasets with different dimension d. One can see that the 2L-KOGA models
are better if the quantity (4.1) increases quickly, i.e., if a lot of power is captured
by a few large singular values, which is the case, for example, for ct or sgemm. On
the other hand, a slow increase (e.g., for query agg count or online video) is linked
to the fact that we have no benefit in using the 2L-KOGA approach. Therefore the
decay of the absolute values of the singular values si(\sansA \bfittheta ), or especially the existence
of particular large singular values, can be used as a criterion to assess whether or not
the kernel optimization is likely to improve the kernel model.
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Fig. 4. Visualization of the test MSE (y-axis) over the number of greedily selected centers
(x-axis) for the last six datasets. The black line shows the 2L-KOGA, while the colored lines show
the use of standard kernels with different length scale parameters \varepsilon . (Color figure available online.)

Based on this observation it might make sense to use and optimize a b\times d matrix
with b < d instead of the full d\times d matrix. We leave this idea to future research.

4.3. Stability of the kernel optimization. In order to verify that the 2L-
KOGA approach indeed uses a stable data-driven kernel optimization, we employ
different criteria for the kernel optimization. While subsection 4.2 relied on LOOCV
(i.e., k-fold cross-validation for k= 64, which was the batch size) for the optimization
of the kernel, here we rerun the same experiments and make use of different values of
k for our cross-validation, leveraging the efficient implementation described in subsec-
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Fig. 5. Visualization of the ratio
\sum m

i=1 | si(\sansA \bfittheta )| /
\sum d

i=1 | si(\sansA \bfittheta )| (mean and standard deviation
over five reruns) (y-axis) over the ratio m/d of considered singular values (x-axis). In conjunction
with Figures 3 and 4 one can see that the 2L-KOGA approach works better when the ratio of the
singular values approaches the value one more quickly.

tion 3.3. This is motivated by the fact that it is a priori unclear whether leave-one-out
cross-validation is a suitable choice for k-fold cross-validation, or whether one should
rather use a different value.

In Figure 6 the results for three out of the twelve datasets are depicted. In the
left column, the decay of the singular values is shown. In the right column, the
principal angle between subspaces according to [24] is plotted. In detail, we depicted
the principal angle between the subspace spanned by the first n right singular vectors
of the optimized matrix \sansA \bfittheta for some method with the corresponding subspace of a
benchmark method (for which we here used the LOOCV method, i.e., k= 64). For a
precise definition of the principal angle, see [24, section 1]. For comparison reasons,
also the corresponding quantities for the standard approach are computed, i.e., all
the singular values are equal to one as we have \sansA \bfittheta = \sansI d.

1. From the plots of the singular value decays we can infer that the singular
value distributions are always very close to each other, in particular for large
singular values. Those large singular values are more important, as data in
the direction of singular vectors to larger singular values are stretched, while
those in the direction of smaller singular values are compressed. Furthermore,
one can clearly observe the difference of the classical approach, where all the
singular values have the same value 1, i.e., all the directions within the dataset
have equal importance.

2. From the plots of the overlap we can observe that the right singular vectors
to the largest singular values of the matrix \sansA \bfittheta are quite aligned (i.e., small
angles) for all the optimization methods. Only for larger subspaces, which,
however, also correspond to less important singular values, the angle starts
to grow.

We remark that the plots for other datasets are qualitatively similar and showing
them does not provide further insights.
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Fig. 6. Analysis of the optimized matrices \sansA \bfittheta for three datasets. Left: Visualization of the sin-
gular values of the matrix \sansA \bfittheta . Right: Visualization of the principal angle (y-axis) between subspaces
spanned by the first n right singular vectors (x-axis). We set the number of folds as n\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d} = 64 as
reference and compare to n\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d} \in \{ 64,32,16,8,4\} and no optimization (i.e., the classical VKOGA).
Errorbars are used to visualize the mean and standard deviation for five reruns.

Since both the (large) singular values and the corresponding singular vectors are
similar, we infer that the optimized matrices \sansA \bfittheta are quite close to each other in the
sense of detecting the same features and applying the same scalings to those features.
The differences within the smaller singular values and corresponding singular vec-
tors actually do not negatively impact the performance of the kernel model, as the
f -greedy selection criterion can accommodate for this. In fact the test error decays
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(i.e., Figures 3 and 4) when using those slightly different matrices match almost per-
fectly (not shown here). We note that the optimized matrices \sansA \bfittheta are not necessarily
close to each other, which is related to the irrelevance of the right singular vectors for
the overall kernel model as elaborated in subsection 3.2.1.

All in all these experiments using different k-fold cross-validation parameters for
our kernel optimization showed that the used optimization procedure is stable. This
was desired, because we strove to obtain a data adapted kernel.

For the experiments in subsection 4.2 we simply used k = 64 (batch size) for
the optimization as it is slightly more time-efficient than using another value of k.
However, also the use of another k fold cross-validation parameter is not detrimental,
as the time consumption for the kernel optimization is always smaller than the time
required for the greedy selection; see also Table 1. This was, however, possible only
by making use of the efficient implementation due to the extended Rippa's algorithm;
see (3.10).

5. Conclusion and outlook. In this paper we introduced a machine learn-
ing way of choosing kernel hyperparameters, which is done by a stochastic gradient
descent optimization. For the optimization, we leveraged a recent efficient way to
compute k-fold cross-validation errors and compared their performances. Especially
those hyperparameter optimized kernels can be seen as a two-layered kernel machine,
i.e., a deep kernel. The method was used in conjunction with greedy methods to
select proper data points in order to obtain sparse models. Fundamental analysis on
the proposed method was provided as well as experiments on synthetic and real world
data, which highlight the benefits of the approach.

Future work will aim at combining the kernel optimization with the greedy selec-
tion procedure and generalizing the first layer map. Instead of using only linear kernels
which give rise to linear mappings, the use of nonlinear kernels seems appealing.

Acknowledgments. The first author thanks Gabriele Santin and Bernard Haas-
donk for discussions.
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