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ARTICLE INFO ABSTRACT

MSC: In this paper, we propose and analyze a Stabilization Free Virtual Element Method (SFVEM),
65N12 that allows the definition of bilinear forms that do not require an arbitrary stabilization term,
65N15

thanks to the exploitation of higher-order polynomial projections on divergence free vectors
of polynomials. The method is introduced in the lowest order formulation for the Poisson
Keywords: problem. We provide a sufficient condition on the polynomial projection space that implies
Vlr_t“al element methods the well-posedness, proved on particular classes of polygons, and optimal order a priori error
Poisson problem estimates. Numerical tests on convex and non-convex polygonal meshes confirm the theoretical
Polygonal meshes . . . .

convergence rates and show that the method is suitable for solving problems characterized by
anisotropies.

65N30

1. Introduction

In recent years, the study of polygonal methods for solving partial differential equations has received a huge attention. The main
reason for this great interest relies in the flexibility of polygonal meshes to discretize domains with high geometrical complexity.
One of the most recent developments in this field is the family of the Virtual Element Methods (VEM). These methods were first
introduced in primal conforming form in [1] and were later on applied to most of the relevant problems of interest in applications.

Standard VEM discrete bilinear forms are the sum of a singular part maintaining consistency on polynomials and a stabilizing form
enforcing coercivity. In the literature, the stabilization term has been extensively studied, for instance in [2], and remains a somehow
arbitrarily chosen component of the method with several possible effects on the stability and conditioning of the method. Due to the
issues that can be caused by the arbitrary choice of the stabilization (see for instance SUPG stabilizations [3,4], multigrid analysis [5],
complex non-linear problems [6]), in the last years the idea of proposing a new VEM formulation that does not require an arbitrary
non-polynomial stabilization has grown. In [7] the so called Enlarged Enhancement Virtual Element Method (E2VEM) was proposed,
based the definition of bilinear forms that involves only polynomial projections. This method is based on the exploitation of higher
order polynomial projections that are made computable by suitably enlarging the enhancement property of local virtual spaces,
without modifying the degrees of freedom. The degree of polynomial enrichment is chosen locally on each polygon, such that the
discrete bilinear form is coercive, and depends on the geometry of the polygon. The definition of a VEM scheme based on higher order
polynomial projections has been studied numerically and applied in many different contexts, and in particular on elasticity problems
[8-111], in the study of eigenvalue problems [12], in case of convection-dominated problems [13] and on problems characterized by
anisotropies [7]. Numerical results show that a stabilization-free formulation can speed up convergence in the case of anisotropic
diffusion tensors, and can reduce the magnitude of the error in some situations, in general being never worse than the standard
one. In [14], in the context of a comparison between the proposed method and standard Virtual Elements [15], a stabilization free
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method that involves projection operators defined on spaces of harmonic polynomials was proposed. This scheme can be defined
without changing the definition of the VEM space. Similarly, in [16] a mixed SFVEM scheme was proposed and theoretically studied
for the particular case of quadrilaterals. At the meantime, other Virtual Element schemes for which no stabilization form is required
have been recently presented in [17,18] and new studies about the stabilization have been proposed in [19,20].

In this work, we propose a new Stabilization Free Virtual Element Methods (SFVEM), designed to allow the definition of a
coercive bilinear form that involves higher order polynomial projections with respect to the standard one [15], while the original
discrete space is untouched. In particular, we prove explicitly that on general quadrilateral elements the projection of gradients of
VEM functions in the space of curls of quadratic harmonic polynomials is a coercive operator. Regarding more general geometries,
we identify sufficient conditions that the local polynomial space has to satisfy such that the gradient projection is coercive. These
conditions can be verified numerically in the projection construction to build a coercive projection of VEM gradients that is a
divergence-free polynomial. Moreover, we provide explicit sufficient conditions for convex polygons, polygons with one concavity
and an edge belonging to their kernel, and polygons with arbitrary number of aligned edges whose boundary lies on exactly three
straight lines.

For the sake of simplicity, we focus on the two dimensional Poisson’s problem with homogeneous Dirichlet boundary conditions,
the extension to general boundary conditions and more general second order elliptic problems being analogous to what is done for
classical VEM, since the results about the projection of gradients depend only on the element’s geometry and not on the operator.
Moreover, the formulation and proofs presented in this work can also be easily extended to the case of a non constant anisotropic
diffusion tensor.

The outline of the paper is as follows. In Section 2 we state our model problem. In Section 3 we introduce the approximation
functional spaces and projection operators and we state the discrete problem. Section 4 contains the theoretical results about the
well-posedness. In Section 5 we present optimal order H' and L? a priori error estimates. Section 7 contains some numerical results
assessing the stability of the method and confirming the predicted rates of convergence, as well as some comparisons with standard
VEM schemes. Finally, Appendix contains some theoretical results about sufficient projection degrees for certain classes of polygons.

Throughout the work, (-, -),, denotes the standard L? scalar product defined on a generic @ C R?, ||-||,, denotes the corresponding
norm, y°? denotes the trace operator, that restricts on the boundary dw an element of a space defined over @ c R2. Inside the proofs,
the symbol C denotes any constant, independent of the mesh size.

2. Model problem

Let 2 c R? be a bounded open set. We are interested in solving the following problem:

—Au = in Q,
f (@D)]
u=0 on 0Q.

Assuming f € LX), the variational formulation of (1) is given by: find u € H(l)(Q) such that,
(Vu,Vo)g = (f.v)g Vv € HYQ). )
3. Discrete formulation

Let M,, denote a conforming polygonal tessellation of ©2 and E € M, denotes a generic polygon. Let 4, denote the diameter of
each E € M, and h := maxgey,, hg. Let {V] }Z‘f be the N vertices of E clockwise ordered, £, the set of its edges and n‘ = nZ, ”;i )
the outward-pointing unit normal vector to the edge e; of E, which links the vertex V; to the vertex V;,; (with the usual notation
Vng+1 = V7). We assume that M, satisfies the standard mesh assumptions for VEM (see for instance [2,21]), i.e. 3x > 0 such that

A.1 for all E € M,, E is star-shaped with respect to a ball of radius p > xhg;
A.2 for all edges e € £, |e| 2 xhg.

For any given E € M,, let P, (E) be the space of polynomials of degree up to k defined on E. Let I lv £ HYE) > P, (E) be the

H!(E)-orthogonal projection defined up to a constant by the orthogonality condition:

Vu e HY(E), (v (Hlv’Eu—u),Vp) =0 VpeP,(E). 3)
E
In order to define IT IV’E uniquely, we set [, yF (H IV'E u) = [, v°E(w). In the following, for the sake of simplicity we omit the trace

operator y when it is clear from the integration domain.
For any given E € M,, let Vf , be the local Virtual Element Space of order 1:

VE i={veHE): aweP (E), () EP (e) Ye € &, veC'OE)
w.pp = (11" v.p) VP e P (E)).

We recall that the degrees of freedom of this space are the values of functions at the vertices of E (see [15,22]). Moreover, we
define the global discrete space as

Y, = {veH(Q) g €Vy )
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To define our local discrete bilinear form, for any given E € M,, let £, € N be given, as detailed in the following, where we
will choose 7, depending on E.

Let ﬁg’EEV : H(E) - curlP, (F) be the LY E)-projection operator of the gradient of functions in H(E), defined, Yu € H'(E),

£+l

by the orthogonality condition

(19 Vucurlp) = (Vucurlp)y VpeP, , (E). @
w9 . . e
where for any p € Pf5+1(E)’ curlp = (ﬁ —0—2). Notice that for any p € IP“KEH(E), curl p = 0 if and only if p is constant.

For each function u;, € Vfl, the above projection is computable given the degrees of freedom of u;,, applying the Gauss-Green
formula, indeed Vp € P

ff+1(E) we have, thanks to known results about De Rham diagrams in Sobolev spaces, see e.g. [23]

(Vuh,curlp)E = (Vu, ~t"E,p)dE . 5)

Remark 1. It can be easily seen that, thanks to Schwartz theorem,
2

crlP,  (E)=(pe [PfE(E)] V.p=0).

Moreover, it holds VP, (E) = curl P, (E).
Let a¥ : H(E) x H(E) — R be defined as

af (up,vp) = (ﬁg’EEV”h’ﬁgfvvh)E Yu,, v, € H(E), 6)

and a, : H(Q) x H(Q2) - R as

ay (up,vp) i= Y af (up,vy) Vuy,v, € H(Q). )
EeMm,

We can state the discrete problem as: find u, € V, | such that

a, (up.v;) = z (f,Hg’Euh>E Vv, €V, 8
EeM,

where 178’5 vy = ﬁ /5 vy, computable by standard VEM techniques [24].
4. Well-posedness

This section is devoted to prove the well-posedness of the discrete problem stated by (8). First we focus on the proof of the
continuity and the coercivity of the local discrete bilinear form af defined in (6), which implies that the bilinear form g, of the
problem (8) satisfies the hypotheses of the Lax-Milgram theorem. Then, in Section 4.3 we prove the coercivity of the global discrete
problem (8) with respect to the H(l)(Q) norm.

In Proposition 1, we prove the continuity of the local discrete bilinear form af defined in (6). The proof of the coercivity of
the local discrete bilinear form ahE is split in two cases. First, in Section 4.1 (Theorem 1), we prove the coercivity in the case
of quadrilaterals, showing that the gradient projection in the space of curls of quadratic harmonic polynomials is coercive. In
Section 4.2, for each E € M, with Ny > 5, we provide a sufficient condition on the polynomial projection space that implies
the coercivity. In Appendix we provide proofs of the validity of this sufficient condition for some classes of polygons. We omit the
proof of the coercivity if E is a triangle (N =3 and ¢ = 0), indeed in this case Vfl =P (E) and then flg’EVvh = Vuy,.

Proposition 1. For every E € M,, the discrete bilinear form af defined by (6) satisfies
af (up,von) < |\ Vupllg Vol Ve vn € VhEJ . ©
The proof can be derived immediately applying the definition of f]?’EE and the Cauchy-Schwarz inequality.

4.1. Local coercivity for N = 4

In this section we focus on the case N = 4 and we follow an approach similar to the one used in [16]. We choose 7 = 1, so
that 17 ?E V projects onto the space of curl of quadratic polynomials, see (4).
Let &, € VF, be defined such that

EWVD == Vi=1,...,4, (10
then we introduce the virtual space

H(E) := span(&,) C Vj, . amn



S. Berrone et al. Computer Methods in Applied Mechanics and Engineering 424 (2024) 116885

Notice that H(E) is a one dimensional space and that &, ¢ P, (E), in fact by definition (10) fe &, =0 for each edge e C E, then

(Ven Vp1) p = (6 VP - n°F) 1 = Z Vp; - n° /fh =0. 12)

eCoE
Then H(E) is H(E)-orthogonal to P, (E) and
Vi, =P (E)®HE), (13)

i.e. any function v, € vm can be uniquely written as v, = p, + c¢&,, for some polynomial p; € P|(E) and some constant ¢ € R.

Finally, from the boundedness of the norms of gradients of standard VEM basis functions (see [25, Lemrna 4.9]), we immediately
obtain that there exists C;, > 0, independent of Ay, such that

IVénlle < Ce, - a4

The following auxiliary result is the fundamental tool to prove the well-posedness in the case of quadrilaterals.

Lemma 1. Under the mesh assumptions A.1, A.2, for every E € M, with N = 4, there exists C, > 0, independent of hp, such that

4 0,E H
e, =

”“E vull € H(E). (15)

Proof. By definition of H(E) (11), it is sufficient to prove (15) for uhH =¢,. Using (4) and (5), we get

(ﬁO‘Evgh,curlpz) VeE, - 9F
HIAIO’EV.f,,” = sp ~ L VE_ gy M. (16)
1
PEPAE) [|curlp, || pebp)  |leurlpy|

For each edge ¢; € £, by definition of &, (10) and since the trace of ¢, is a linear polynomial on each edge of E, we have

i+1
ve, 1= L, 17
el
Let M;, with i =1, ..., 4, be the edge midpoints. Now, we construct p’; € P,(E) such that
M) =(=D"*, vi=1,...4. (18)

Notice that by Varignon’s theorem, the quadrilateral K, whose vertices are the edge midpoints {M; }4 is a non degenerate
parallelogram (under assumptions A.1 and A.2), whose area is equal to IE '

so that M, = M, + M;, and we define M, = (m,,m,,), M3 = (m3,.m;3)). Moreover, let ||My* = =m + m and || M| = =ml + m
we can define p; as

N Myx Moy my Moy
pz(x,y)=—1+2<—+—>x+2<—+ )y
(LA A [ A

- +
-z<—m"‘m2"2 m”";“)w—yz)—4<—m“‘m2y2 m]ym;x)xy. (19)
14, || | 022 | 1M, ]| [| (22

It is not hard to verify that p; satisfies (18) and that there exists Cp >0, independent of hj such that

. Without loss of generality, let us assume M, = (0,0),

eurtps|, = |[Va3]|, < € - (20)

Finally, starting from (16), and applying Cavalieri-Simpson’s quadrature rule, (14), (18) and (20), we have that

« 4 (1)“r
| o VéhH N (VT’h~t"E,p2)aE _ Y (p2<1|/)+4p2(M)+p2( 1)
e
(21)

L AR g

T T e IVl

Vp; -
Thus (15) hold with C, = 3C‘jC O

Notice that by definition (19), the inf-sup polynomial p; used in the above proof is harmonic. Then, similarly to [16], let
]P’f (E) = span{x, y,xy,x*> — y*} be the space of non-constant harmonic polynomials of degree < 2, when E is a quadrilateral we
define the projection operator IT ?’E V : H(E) > curl]P’f (E) C curlP,(E) with ]Pf (E)-orthogonality condition in (4).

Theorem 1. Under the mesh assumptions A.1, A.2, for every E € M,, with N = 4, the discrete bilinear form af defined in (6) with
¢ = 1 is coercive, namely there exists of > 0, independent of hy, such that

af (up,up) 2 af ||V”h||25 Yu, € VhEJ . (22)
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Proof. Let u, € Vfl be given. Applying (13), we have the following orthogonal decomposition u, = p, + uhH , where p; € P|(E)

2 N
and u/' € H(E), and (Vu;!, Vp,) . =0, that implies ||Vuh||2E = “Vuf HE + Ve ||2E Applying the definition of the projection H?’E @,
Lemma 1 and noticing IT ?‘E Vp, = Vp,;, we obtain

E 7 0.E 7 0.E
, = (1, Vu,, II,"°V )
ay (up> up) ( 1 Vet Vi )
= (VP Vp1) p+ 2 (Vufl Vy) o+ (1) Vufl 1) uf! ) (23)

2
> (Vo[ + €2 |[Vaf | = ming1, €.} [[Va ]I

which yields the thesis, with «f :=min{1,C,}. O

4.2. Local coercivity for Np > 5

In this section we deal with the case N > 5. This proof requires the following assumption on .

H.1 ¢ is such that there exists a set of degrees of freedom for p € P

(E) which contains the integral mean ﬁ fe p on each
edgee € &,.

g+l

Theorem 2. Under assumptions A.1, A.2 and H.1, for every E € M,, the discrete bilinear form af defined by (6) is coercive, namely
there exists af > 0, independent of hy, such that

af (upup) > o ||Vuh||i_ Yu, € VhEJ . 24)

Proof. VE € M,, Vn € N we define the auxiliary space:

PY, (E) = {p €P, ,(E): /()Ep = o},

Using the definition of the norm of the operator ﬁg‘EE , (4) and (5), we get, Vu,, € th1’

A0.E
~0.E (HL’E Vuh,curlp>E (V“h : taE»P)aE
|V, = s llcurl p] T e D lleurlp] @
el e ewrPle e Ly lleurl
Denoting by {qb}i]if the set of Lagrangian basis functions of VhEJ, we have that u, = ,1:? ¢;¢; and for each edge ¢; € £,
C; —C;
V“h Ll = il R (26)
lei]
Moreover, let §; :=¢;,; — ;. For each p € [P"} 1 (E) we get
E
Ne s
OE _ i
(Vuy -t ,p)aE—Zm p. 27)
i=1 [Zil Jei

Under assumption H.1 we can define p € IP’(;EH(E ) such that its degrees of freedom are

L/ﬁ:h_’f&,. Vi=1,..,Ng,
|e,-| ¢ |e,-|

and all other degrees of freedom of j are zero. Since Zﬁf 5, =0,then [, p=hg Zfi‘f 6; = 0 and, applying the equivalence of norms

between ||Vj| ; and the />-norm of the vector of degrees of freedom of p, 3C, > 0 independent of i such that

Ng 2 2 Ng c?
- ~ 1 o h 2
leurl 51 = 1V SC§Z<_/ ”> D e Ll D e (28)
i=1 e i i

lei|

i

1 1
where we define |uy|,, := (hE Zﬁf |Vuy, ~tell|j>2 - (ZNE "_5512) *. It was proved in [2,21] that, considering u, € VF, such that

=1 e
Jyg un =0 then |up|, . is a norm for uy,

ltnlog = Cu || Vunl|g - (29)
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holds true with a constant C, only depending on the radius p of the mesh assumption A.1. With the above definition of 5 and
applying (28), and (29), starting from (25) we get,

(Vay, - 1°F.p) 4 1 g |e [ /"
lleurlpll;  — ”C“rlP”E

|‘ﬁ2’EVuh” = sup
BT e (®

_E
_ 21 l i e \/_|uh|0E > \/;Cu ||Vu ”
leurldlly = C,funlyy ~ Cp o MIE

(30)

Then, (24) is proved. [J

In Appendix we provide some theoretical results about the validity of Assumption H.1 for certain classes of polygons. The
following theorem summarizes those results.

Theorem 3. Let E € M, be such that N > 5. Then the following results hold true.

« If E is strictly convex, then Assumption H.1 is satisfied by £, = Ny — 3.

« If E has one reentrant corner and such that at least one edge lies on the boundary of the kernel of the polygon, then, Assumption H.1
is satisfied by ¢ = N — 3. This also holds if E has two aligned edges.

» If E is a polygon with aligned edges such that the edges lie on exactly three straight lines, then Assumption H.1 is satisfied by
fp=Ng—4.

Notice that the case of convex polygons is a direct consequence of a known result about mean value interpolation (see [26,
Theorem 12.1 and Definition 9.9]).

In Section 7 we provide an algorithm for the numerical computation of ¢ ensuring coercivity. In general, the computed 7
results to be smaller than the ones that guarantee coercivity by the above theorem.

4.3. Global coercivity

Now, we state the coercivity of the global bilinear form a, defined in (7) with respect to the standard H(l)(Q) norm.

Theorem 4. For each E € M, we assume that

CifNp=3, ¢;=0,
« if Ny =4, ¢ = 1 and the local projection operator IT ?’E V is defined onto the space of curl of quadratic harmonic polynomials,
» if Np > 5, H.1 is satisfied.

Then, 3C, independent of h such that

ay (v3.03) 2 C, |Vou|l5, Vo, €V, €30

Proof. Applying the definition of a, and local coercivity Theorems 1 and 2, we have

a, (vpv) = X ay (oneon) 2 Y, | Vou[l} = €, Vo5, (32)
EEM,, EEM,,

where C, := mingey, C(E). O

This theorem and the global continuity of a,, which follows from Proposition 1, imply that a, satisfies the hypothesis of the
Lax-Milgram theorem, hence the discrete problem (8) admits a unique solution.

5. A priori error analysis

The proof of a priori error estimates for problem (8) is obtained following the same analysis done in [15]. First, we recall some
auxiliary results that are well-known in the literature about polynomial approximation.

Lemma 2. Under the current mesh assumptions, VE € M,, if u € H(E) then 3C > 0 independent of hy such that

Hu - Hg‘Eu”E < Chy || Vull - (33)
Moreover if u € HXE) then 3C > 0 independent of hy such that

Hw - H(?’EVu”E < Chy lul, . (34)

Furthermore, we recall the following interpolation estimate, that was proved in [27].
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Lemma 3. Under the current mesh assumptions, YE € M,, if u € HYE) then there exists u; € Vfl such that

llu=ur|l g+ he ||Vu = Vi ||z < ChRE Jul, | (35)
with a constant C independent of hp.

The above theoretical tools are used to prove the following a priori error estimate.

Theorem 5. Let u € HYQ) be the exact solution to (2) and let u, € VhE] be the solution to the discrete problem (8), with ¢, chosen locally
VE € M,, according to Sections 4.1 and 4.2. Then, under the current mesh regularity assumptions,

(| Ve = V| sCh<|u|2+ > ”f—]]g*EfH>’ (36)
EeM,
with a constant C independent of the mesh-size.

Proof. Exploiting Lemma 3, there exists u; € V, | such that
[[Vu = Vuy|| < ||Vu = Vug || + ||Vup — Vug|| < Chluly + || Vuy = Vuy || -

Then, let e, =u; —u, €V, . Since £; is chosen in order to provide well-posedness, exploiting problems (8) and (2) we get

1
[[Vuy = V|| < o 2 ay, (uy —up.ep)
* EEM,

= 1 z af (u, —u,eh) +af (u,eh) - (Vu,Veh)E + (f,eh —H(())’Eeh>
% pem,

5
The first local term is estimated using the continuity of af (9) and the interpolation estimate (35):
ay (up —u.e;) < ||Vuy = Vul g [|Vey |l < Chi || Ven|| luls i

Regarding the second and third local terms, they provide the approximation error with respect to polynomials and can be bound
exploiting the definition of ﬁg’EE (4), and a Cauchy-Schwarz inequality as follows:

a,’f (u, eh) - (Vu, Veh)E = (IAY;’EEVu - Vu,Veh)E < ”f]g’EEVu - Vu”E IVenll s »
and the above projection error, since []P’O(E)]2 C curlP fE+1(E) V¢ > 0, can be bound exploiting (34):

7 0.E 0.E
1 Vu— v = f =Vl < |19 Vu- v < :
” ‘E Vu=Vu E pecurlllng (E) ”p u”E - 0 Vu “ E ™ ChE |u|2

+1
Finally, the term involving the right-hand side can be bound exploiting the definition of 178‘5 and the projection estimate (33):
0,E _ 0.E 0.E
(f,eh -1 eh)E = (f—HO frep—1II eh)E
0,E 0.E 0,E
<= ] e - 110 en] < 7 =35 1] U9l
Collecting the above estimates, we obtain (36) []

Following the same proof as in [15, Theorem 5.2] and exploiting estimate (36), we can also obtain the following a priori estimate
in the L?>-norm.

Theorem 6. Let u be the exact solution to (2) and let u;, € Vfl be the solution to the discrete problem (8), with ¢ chosen locally

VE € M,, according to Sections 4.1 and 4.2. Then, under the current mesh regularity assumptions if u € HX) then, assuming f € HY(E)
VE € M,,

llu = uy]| < C? <|u|2 + ||Vf||E> : (37)

EeM,;,

Remark 2. The local regularity of the right-hand side required in Theorem 6 can be relaxed if we discretize the right-hand side
with a projection of test functions on P (E). In that case, with f € LYQ) we get

||u—uh||ESCh2<|”|2+ )y Hf‘”?’Ef”L-)'
EeM,
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Remark 3 (Extension to more general elliptic problems). Consider a uniformly elliptic tensor X € L¥(£2), a scalar function y € L®(2)
and the following model problem:

-V-(KVuw)+yu=f in Q, 38)
u=0 on 0f2.
The coercivity of the bilinear form defined by (6) and (7) allows the discretization: find u;, € V, | such that
~0,E A 0,E 0.E 0.E _ 0.E
3 (]CHKE Vay, 117 th)E + (yUo o 118 vh)E =y (f,HO vh)E (39)
EeM,, EeM,,

for each v, €V, , . Indeed, if the local projection operators are coercive on each polygon, we can prove the well-posedness of (39),
exploiting the ellipticity of K and following [15, Lemma 5.7]. Optimal order a priori error estimates can be proved proceeding as
in Theorem 5 and [15, Theorem 5.1 and 5.2].

6. Computation of ﬁg’E v
E

Algorithm 1 Algorithm for the computation of # on a given polygon

Input: A polygon E € M, with N >5
Let £ be the smallest number satisfying (41)

. 00, .
Compute the matrix B such that B;; = (% p,-)d Vp; basis of P
E

Perform a QR decomposition of BT: BT = QR
N « number of diagonal elements of R whose absolute value is > le — 12
while N < Nz —1do
lp—tp+1
< < 00, - .
Compute B such that B;; = (%,p,)ﬁ Vp; basis of IP’KEH(E) /IP’KE(E)
Perform a QR decomposition of the matrix BT — QQTBT = OR
BT« [BT B
R QBT
R< [0 R ]
0o O
N <« number of diagonal elements of R whose absolute value is > le — 12
end while
return ¢y, B

(E)

Cp+l

Let us describe the construction of ﬁg’ E V on a generic polygon E € M,,. The computation of the matrix representing the gradient
projection follows standard VEM practice (see [24]). We recall it here for the sake of clarity of exposition. In the case N = 4 we use
curls of harmonic polynomials of degree 2, while in other cases we use curls of generic polynomials. In general, given a polynomial
space P(E), let ﬁgfv : thJ — curl P(E) be such that

Vo € VE

E (ﬁg‘EV(p — Vo, curlp) =0 VpeP(E).
: . .

Let {¢;,, j =1,....Ng} be a basis of v,fl and consider a basis {m;, k = 1,...,dimP(E) — 1} of P(E)/P(E). Since ﬁg’EEVq;j IS
curl P(E), we have

dim P(E)-1

A0.E _
”fs Vo, = Z mjeurlmy.
k=1

It is then easy to check that the matrix IT collecting the coefficients ; is obtained by solving the matrix system
GIT = B, (40)

where Gy = (curlm;, curlmy) . = (Vm;, Vm,) . is symmetric and positive definite and B;; = (Vo; - t,m;) .
If Np =4, weset P(E)={p € P,(E) : 4p = 0} and solve (40). Notice that in this case the computation of G can be performed
by computing boundary integrals, indeed in this case (Vm;, Vm,) E= (m,-, I )

o Jor
If N > 5, we implement the following algorithm designed to numerically enforcing coercivity. Given a polygon E € M,, and a
degree ¢, let {m;, i=1,..., l(z,‘E +2)(ZE +3) — 1} be a set of basis functions of IP’/FH(E) /Py(E). Since dithEl = Ny, and thus

; E _ F0.E . gyE
dim VYV, = Ng — 1, then AI_IKE A curlIP’fEJrl
that the desired rank of IT is N; — 1 and, since G is non-singular, this is guaranteed if the rank of B is also Ny — 1. In order to

(E) is injective if and only if the dimension of its range is N — 1. This implies
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Table 1

Convex polygons. Values of £ provided by Algorithm 1 and corresponding oy, _;. The asterisk denotes the use of curls

of harmonic polynomials of degree 2 (see Lemma 1).

Ng=3,lp=0
ONp—1 = 4.8¢400

Np =09, (p=2
ONp-1 = 6.6e—01

Ng =15l =3
ONp-1 = 7.1e—04

Npg =4,lp=1*
ONp—1 = 1.2e—01

Ng =10, lg =2
ONp—1 = 1.7e—03

Ng =16, (g =4
oNp—1 = 1.7e—01

Ng=5, (g =1
ONp1 = 1.2¢400

Ng=11,05=3
ONp—1 = 8.1e—01

Ng=17,lg =4
ONp-1 = 4.5e—02

Computer Methods in Applied Mechanics and Engineering 424 (2024) 116885

Ng=6,lp=1
ONp—1 = 9.5e—01

Np =12, (p =3
ONp-1 = 3.3e—01

Np =18, (g =4
ONp-1 = 2.0e—02

Ng="T0lp=2
ONp—1 = 1.0e+00

Np=13, (=3
ONp1 = 3.20—01

Ng =19, (g =4
ONp-1 = 6.7e=05

N =8,lp=2
ONp—1 = 2.5e—01

Np =14, (p =3
Oxp-1 = 6.96—02

Ng =20,lg=5
ONp-1 = 3.2e—02

determine for each polygon E the minimum ¢ providing numerically the coercivity, we apply Algorithm 1. We first set # equal
to the necessary condition of the injectivity for the projector ﬁgf : val — curl P ot ((E), ie.

dimeurlP, . (E)=dimP, , (E)=12>dimVV,;’ =dmV; -1

= (Cp+D(p+3)>2Ng. (41)

Then, we start by computing the corresponding matrix B, we perform its QR decomposition and we evaluate if the number of
non-zero elements of the diagonal of the matrix R is equal to the dimension of the space of gradients of VEM functions, i.e. N — 1.
If not, we increase 7 until we satisfy the condition. Notice that the QR decomposition is updated at each iteration and that the
algorithm is based on the computation of boundary integrals only. Once we have the value of #; and the corresponding matrix B,
we compute the matrix G and solve (40). Note that the additional cost of performing Algorithm 1 with respect to knowing ¢ in
advance is the QR decomposition of a matrix of dimension dim P (E) X Ng. In the numerical tests, we consider the set of basis

g+l
functions of the space P (E)\ P (E) defined as follows: £

Cp+l

— Ay — o
MfE+1 (E) = {m EJPKEH(E) tm(x,y) = W’
E

Val,a2>()suchthat1§a1+a25f5+1}.

Remark 4. Notice that the elements of B are invariant with respect to rescaling of the polygon, and the same holds for ||curlp| s,
Vp € P(E) /IP’O(E). This implies that the smallest non zero singular value of B is independent of 4, and thus it holds true that, Vg,,

(Voi - 1. p)

feartpl, 2 % IVeille

|2 Ve, = s 42)

Py i)

with a, independent of Aj.
7. Numerical results

Here, we first consider single polygons and investigate numerically which is the minimum degree ¢ providing coercivity, then
we carry out some convergence tests.

7.1. Coercivity tests

In this section, we consider different sets of polygons and we investigate numerically the minimum ¢ chosen by Algorithm 1
comparing it with the £ given by the necessary condition (41) and, if available, with the sufficient condition theoretically proved
in Appendix. To test numerically the coercivity of the bilinear form af , for each polygon we compute the (N — 1)th from largest to
smallest singular value of the local stiffness matrix A* € RNe-Ne, denoted by oy, _;, using the value of ¢ provided by Algorithm
15 oy -1 # 0 ensures the rank of the stiffness matrix be equal to Ny — 1.

We consider five sets of polygons chosen in order to highlight different geometrical features that can influence the choice of the
local polynomial projection degree.
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Table 2

Regular polygons. Values of #; provided by Algorithm 1 and corresponding oy, _;.
Ng 3 4 5 6 7 8 9 10 11
e 0 1° 1 2 2 3 3 4 4
ON,-1 8.2e—01 3.3e-01 6.3e—01 5.8e—01 5.3e—-01 5.0e—01 4.7e-01 4.5e-01 4.3e-01
Ny 12 13 14 15 16 17 18 19 20
e 5 5 6 6 7 7 8 8 9
ONg-1 4.1e-01 3.9e—01 3.8e—01 3.7e—01 3.5¢e—01 3.4e—01 3.3e—01 3.2e—01 3.2e—01

2 Denotes the use of curls of harmonic polynomials of degree 2 (see Lemma 1).

18

16

14

12

10

(a) Convex Polygons (b) Regular Polygons

Fig. 1. Comparison between the ¢, provided by Algorithm 1 (pink line) and the ones relative to theoretical results, that is £, = N —3, provided by Theorem 3
(red line) and the necessary condition on 7, satisfying (41) (blue line). (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

0.3

0.3 03
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o ) "3 " D) 3 01 2 /13
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(a) Starting triangle. a1 = 1, b)) a1 =2, a2=2,az3=1 (c)ar1 =3, a0 =2, a3 =2

ar =1, a3 =1

Fig. 2. Examples of “triangular” polygons.

7.1.1. Convex polygons

First, we consider two family of convex polygons. Table 1 refers to a sequence of generic convex polygons, displayed in the table.
Table 2 we consider regular convex polygons, defined by the vertices V; = (cos (§;) ,sin (4;)), with g; = (’]’Vﬂ i=1,...Ng.InTable 1
we can see that the computed singular values oy, _; are significantly larger than machine precision. Co%cerning Table 2, we can
see that the polynomial degree provided by the algorithm corresponds to the one that we obtain if we use harmonic polynomials
only (see [14]). We notice that, in the case of regular polygons, the scheme is stable if and only if the projection space contains the
curls of harmonic polynomials of degree at least 7 + 1 = N3 11, ie. with the choice 2/ g > Ng—3.

From Fig. 1, we can observe that the projection degree computed numerically is much smaller than the one provided by
Theorem 3.

7.1.2. Polygons with edges on three straight lines

The third test that we consider relates to the third point of Theorem 3 (whose proof is given by Proposition 4 in Appendix). We
consider polygons whose boundary can be described by three straight lines, that in the following are called, for the sake of brevity,
“triangular polygons”. Following the notation of Proposition 4, let ; (i = 1,2,3) denote the number of aligned edges of the polygon
on each edge #; of the underlying triangle. We consider polygons obtained starting from a triangle creating «; aligned edges of the
same length on each #;. Each polygon in this sequence is identified by the triplet («,, a,, a3). Fig. 2 depicts the starting triangle and

10
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Table 3
“Triangular” polygons. Values of # provided by Algorithm 1 and corresponding oy, .
Ng 5 5 6 6 6
(o), a5, a3) (2,2,1) 3,11 (2,2,2) (3,2,1) 4,1,1)
Cr 1 1 2 1 2
ON,-1 4.4e+00 4.4e4+00 4.3e4+00 4.2e4+00 4.3e+00
Ng 7 7 7 7
(ay, a3, a3) (5,1,1) (4,2,1) (3,2,2) 331
Cy 3 2 2 2
ON,-1 4.1e4+00 4.0e4+00 4.0e4+00 4.0e4+00

Table 4
Concave polygons. Values of #; provided by Algorithm 1 and corresponding oy, _,. The asterisk denotes the use of curls of harmonic
polynomials of degree 2 (see Lemma 1). The second polygon of the table was suggested by Professor A. Russo.

<Vodws

Ng=4,lg=1" Ngp=5I(lg=1 Ng=T(lg=2 Ng=9 (=2 Ng=11,(=3
ONg—1 = 1.2e—=01 opn,—1 = 1.1e+00 opny—1 =4.5e—=01 opng—1 =3.5e—=01 ony,_1 = 3.Te—01

L

Ng=13,lp=3 Ngp=15lg=3 Ngp=17,lp=4 Np=19{lp=4 Np=21,{p=4
ONp—1 = 3.4e—01 ONp—1 — 2.3e—02 ONp—1 — 3.1e—01 ONp—1 = 3.0e—01 ONp—1 = 1.9e—02

Table 5

Regular stars. Values of ¢ provided by Algorithm 1 and corresponding oy __;.
Ng 6 8 10 12 14 16 18 20
‘p 2 3 4 5 6 7 8 9
ON,-1 5.1e—01 4.5¢e—01 4.0e—01 3.7e—01 3.4e—01 3.2e—01 3.0e—01 2.8e—01

some polygons of the sequence. Table 3 shows the computed oy, _,, corresponding to the # provided by Algorithm 1, which are
all O(1).

7.1.3. Concave polygons and regular stars

In Table 4 for non-regular concave polygons, we report the values £ provided by Algorithm 1 and the computed oy, _;, all
well-detached from zero. Finally, we consider a sequence of regular stars. The 2n vertices of these stars are defined for i = 1,...,n
by

cos ((2i—2)7r> cos ((21’—1)”)
n n

. V2i = Pmin .
sin ((2;;2)7: ) sin ( (21;1)7; )

and we choose p,,, = 1.5 and p,,;, = 0.5. Table 5 displays the values £ provided by Algorithm 1, for which we notice that the
value 7 corresponds to having in the polynomial basis a number of harmonic polynomials of degree 7 + 1 with 75 > NEZ_S. Also
in this case, the computed oy, _; are well-detached from zero.

Fig. 3 displays the #; computed by Algorithm 1 and the # corresponding to the necessary condition (41). Also in this case the
comment provided for Fig. 1 holds true.

Vaic1 = Pmax

7.2. Convergence tests

Let us consider problem (1) on the unit square with homogeneous Dirichlet boundary conditions and the right-hand side defined
such that the exact solution is

u(x,y) = 16xy(1 — x)(1 — y).

11
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~
s "
3
2
1

04 6 8 10 12 14 16 18 20 04 6 8 10 12 14 16 18 20

NE NE
(a) Non Convex Polygons (b) Regular Stars

Fig. 3. Comparison between the sufficient #, obtained numerical and the one relative to theoretical results. Pink: computed #. Blue: necessary condition on
¢ (satisfying (41)). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Random

(d) Polymesher (e) star

Fig. 4. Meshes used for convergence tests.

In the following, we show, the convergence curves of the L? and H' errors that we measure as follows,

L2 error = ﬁ\/EZ HHIV’E”h - u“?5

EM,,

1 .
H' error = 2 \/EEZMh HVHIV Eyy - Vul

where u,, is the discrete solution of (8), obtained selecting locally ¢ as described in the previous section. We also solve the test
problem with the standard VEM method [15], where

2
£

af (uy,vp) = (Hg’EVuh, HS’EVU,,)E +SE ((I — 17y (1 - HIV’E)U,,> (43)
and S¥: Vf xVE — R denotes the local dofi-dofi stabilizing bilinear form

SE (uh,vh) = ){E(uh) . ;(E(vh) Yuy, v, € Vfl,

with yf(v,) defined as the vector of degrees of freedom of v, on E. We consider five sequences of meshes for the convergence
test. The first sequence, labeled DistortedCartesian, is a tessellation made by quadrilaterals, obtained perturbing a cartesian
mesh, as shown in Fig. 4(a). The second sequence, shown in Fig. 4(b) and labeled ConvexConcave, is made by pentagons, half of
which are concave. Then, the third and the fourth sequences, depicted in Figs. 4(c) and 4(d), labeled Random and Polymesher

12
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Fig. 5. Tests on Poisson problem: H' convergence plots.
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Fig. 6. Tests on Poisson problem: L? convergence plots.

respectively, are made by convex polygons and are obtained using Polymesher [28], with two different smoothing parameters. Finally,

the last sequence, labeled Star, is a non-convex tessellation made by octagons and nonagons, shown in Fig. 4(e). For the five mesh

13
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Fig. 7. Test with anisotropic diffusivity: convergence plots.

(a) Starting mesh. (b) First anisotropic refinement.

Fig. 8. Test with anisotropic refinement: first two meshes.

sequences, we report the trend of the H! and the L? errors in Fig. 5 and in Fig. 6. In the legends, we report the computed convergence
rates with respect to h, denoted by m. We see that we get the expected values for all the meshes, as obtained in Theorems 5 and 6.
The behavior of the H' error is similar for the two methods, whereas in the L? error we can appreciate a smaller value of the error
for the stabilization-free approach. On the right of the panels of Figs. 5 and 6 we report the ratios between the errors corresponding
to the standard VEM and the SFVEM.

7.3. Convergence tests on anisotropic problem

. . . . . 1072 0] . . C e
In this section, we consider problem (38) where Q is the unit square, £ = [ 0 1] is an anisotropic diffusivity tensor and

y = 0. The right-hand side f is defined such that the exact solution is given by u(x, y) = 10™*xy(1 — x)(1 — )(0.5 — x)(0.3 — y)e?**. We
aim to compare the behavior of standard VEM and SFVEM in terms of energy and L? errors, the first one being defined as

2
Energy error = Z H\/E (VH]V’Eu - Vu)
EeM,,

LXE)

According to [15], the standard VEM discretization of (38) with y = 0 can be given by: find ), € VY, such that

3 (ICH(?’EVuh, nngvU,,)E + 1Koy SE ((1 — 117 Fyu, (1 - n]V-E)Uh) =
EeMy,

E§4h (r.115%0), wev,,. (44)

For the proposed method, the discrete formulation is the one presented in (39), using the family of meshes Polymesher (Fig. 4(d)).
From Fig. 7 we can see that the proposed method performs better in this test case, noting that the L? rate of convergence is still
pre-asymptotic. This feature of the method was already observed in other similar test cases, see [7,14].

14
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Fig. 9. Test with anisotropic refinement: convergence plots.

7.4. Convergence test on anisotropic mesh refinement

To conclude our numerical tests, we consider a test that was performed also in [16], featuring a mesh that is refined following
an anisotropic rule. We solve the same problem as in Section 7.2, starting from the mesh in Fig. 8(a), and refining the mesh by
a factor « in the horizontal direction and by a factor «? in the vertical direction. Fig. 9 shows the convergence plots in the error
norms defined above. As observed in [16], the standard VEM method is not properly converging, while the method proposed here
exhibits an optimal convergence behavior.

8. Conclusions

We presented a Virtual Element Method whose discrete bilinear form is stabilization-free, in the sense that we do not write it as
the sum of a bilinear form involving polynomial projections and a non-operator preserving stabilizing bilinear form. On general
quadrilaterals, we proved that such a bilinear form can be obtained by using polynomial projections on the space of curls of
harmonic polynomials of degree 2. For more general polygons, we identified a sufficient condition for choosing the degree of the
polynomial projection. Moreover, we proposed an algorithm providing the polynomial projection degree ensuring stability. The
algorithm requires the computation of edge integrals needed for the construction of the polynomial projection and an incremental
local QR factorization. Numerical coercivity tests suggest that choosing locally ¢ such that 2¢; > N — 3 is sufficient for all the
shapes. However, the application of the proposed algorithm for polygons without particular shape symmetries leads to a smaller
¢ ;. Numerical results show that the method is especially suitable for solving problems characterized by anisotropic coefficients and
solutions and is more robust with respect to anisotropic refinements, whereas in isotropic cases it is equivalent to standard Virtual
Elements, usually providing a smaller L2-error.
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Appendix. Proof of the validity of assumption H.1 for some classes of polygons
In this section, we construct sets of unisolvent degrees of freedom that ensure Assumption H.1 for particular sets of polygons.
In details, we analyze convex polygons, polygons that have only one reentrant corner and an edge lying on the boundary of the

kernel of the polygon, and polygons that can be seen geometrically as triangles (with aligned edges). These results are intended to
provide sufficient conditions to satisfy Assumption H.1.

Proposition 2 (Convex polygons). Let E be a strictly convex polygon with N > 5. In P NE—Z(E)’ we have the following degrees of freedom
forpe ]P’NE_Z(E):

S.1 For each edge e; with i = 1,..., N — 3, the moments Ifl_zl [, paj, for each q; basis function ofIPNE_l_‘.(e,-).
S.2 For each edge e; withi = Np —2, N — 1, N, the moment |El_| L, p.

Then assumption H.1 holds choosing £, = Ny — 3.

Proof. We start by noticing that the total number of degrees of freedom defined in S.1 plus degrees of freedom defined in S.2 equals

dimP, ,(E) = NeWe=b) Then, to conclude the proof it is enough to see that a polynomial p Ng—2 EP NE—Z(E)’ such that for each
edgee withi=1,...,Ng -3,
el / Png2d=0 YgEPy | (e) . (A1)
i i
and fori= Ny -2, Np — 1, N,
1
_/PNE_z =0, (A.2)
|ef| e

is identically zero in E. In order to prove this, let us consider (A.1) with i = 1. This implies that the trace of p on e, is zero, then,
applying the factorization of polynomials we obtain that 3! py,_3 € P NE73(E) such that

PNp—2 =T1PNg-3>» (A.3)
where r| € P (E) is such that r(x, y) = 0 V(x, y) € e;. Then, we consider (A.1) with i = 2 together with (A.3), obtaining
1
1 / "Pnp-30=0 VaEPy s(e) (A4
|82| e

Since E is a convex polygon, we have that r; does not vanish at any internal point of e, (being either positive or negative) then the
previous relation implies that 3! p Np—4 EPy L (E) such that
.

PNp—2 =T1"2PNp—4- (A.5)

Applying the same argument for all the remaining edges considered in (A.1), we obtain that 3! p; € P (E) such that

Ng-3

PNp—2 =P H ri. (A.6)
Finally, we notice that (A.2) implies that there exist three points internal to ey _,,ey,_; and ey respectively, at which py__,
vanishes. Since E is convex, these three points are not aligned and they do not belong to any of the stralght linesr;,i=1,...,Np—3.
Then, p, takes zeros at those three points, which implies that p; = 0 and thus that p Np—2=0. O

Notice that another set of unisolvent degrees of freedom for P, 2(E) on convex polygons can be found in [26, Theorem 12.1].

The following Proposition states that the degrees of freedom used in Proposition 2 can also be used on polygons with a single
angle > r, provided at least one of the edges sees all vertices, i.e. belongs to the boundary of the kernel of the polygon. The degrees
of freedom are defined provided the edges are numbered in a particular way. The reader can refer to Fig. A.10 for an example of
the numbering of the edges used in the Proposition, in the case of an hexagon.

Proposition 3. Let E be a non convex polygon with N > 5, having only one internal angle with amplitude > = and at least one edge

lying on the boundary of the kernel of the polygon. Let ey, _, denote one of such edges, and let ey, _, and ey, of the reentrant corner.
Then, for a polynomial p € P NF_2(E) we have the following degrees of freedom:
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€4

Fig. A.10. Example of a polygon satisfying the hypothesis of Proposition 3. The numbering of the edges is the one used in the Proposition. Here edge e, lies
on the boundary of the kernel of the polygon, while edge e5 and e, are the ones realizing the non-convexity. The other edges are numbered arbitrarily.

S*.1 For each edge e; with i = 1,..., N — 3, the moments |fl_z| [, paj, for each q; basis function ofIPNE_l_‘.(e,-).
S*.2 For each edge e; with i = N — 2, Np — 1, N, the moment ﬁ L, p.

Then assumption H.1 holds choosing £, = Ny — 3.

Proof. The proof follows the same steps as the one of Proposition 2. First, if the set of dofs defined by S*.1 is zero for a polynomial
PNy—2 € PNE—Z(E)’ then PNg—2 =P H’.'if_3 r; for some p; € P (E). Now, consider the convex hull of E. Hlf_3 r; does not vanish
inside ey, _, because it is on the boundary of the convex hull. Moreover, ,Iif - r; does not vanish inside ey, _; and ey, because
they are in the interior of the convex hull of E. This implies that [, PNg-2 = 0 if and only if p; vanishes at three points, each internal
toone of ey, _5, ey, 1, and ey, . These three points cannot be aligned because the straight lines defining ey, _, ey, cannot intersect
ey internally, by hypothesis. For example, considering Fig. A.10, we can see that the hull of all straight lines intersecting es and
eq is the region of the plane above the cone defined by the two dashed half-lines. [

The last result of this section deals with polygons with aligned edges forming a triangle. In the following, P, () /P, (») denotes
the space of polynomials in P, (@) that are Lw)-orthogonal to P (o).

Proposition 4. Let E be a polygon with N > 5 such that the minimum number of straight lines necessary to cover oE is 3. Then, let n;
i =1,2,3 denote the ith geometrical edge of the triangle, r; € P|(E) be such that r; = 0 on n;, and let a; be the number of aligned edges
contained in n;. Let us distinguish three different cases:

T.1 aj =ay=1and a3 =N -2,
T.2 011:1, a2:2anda3:NE_3,
T3IfNp>61<a;<Np—4Viand a; +a, + a3 = Np.

Then for a polynomial p € ]P’NE_3(E), we have the following degrees of freedom:

ST.1 The internal scaled moments ﬁ [ pb, where b=riryr;q € IPNE_3(E), for each q € PNE—s(E) (with P_ (E) = {0}),
ST.2 For each edge ¢; € £, the moment |el_,| /ei D
ST.3 IfT.1:

« the value of p at the vertex of the triangle given by n, N n,,
* if Np > 6, for each i = 1,2 the moments |'7l_,| fm p g, for each q basis function of IF’NE_S(m) /By (1;)-

If T.2:

+ the value of p at the vertex defined by n, N ns,
. if Ng 26,
1 . .
— the moments Tl Jn PO Vq basis function of PNE—S(m) /Py (m)-
1

— the moments Tl o P9 Vq basis function of ]P’NE_3(;12) /B, (m)s

If T.3:
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« the value of p at the three vertices of the triangle,
+ the moments In_lll /'7, pq Vq basis function of ]P’NE_3(;1,.) /Pa,-+1 (m), Vi=1,2,3.

Then assumption H.1 holds choosing £, = Ny — 4.

Proof. We start by noticing that the total number of degrees of freedom defined in S”.1, S”.2 and S .3 equals dim]P’NE_3(E) =
w, in all three configurations. To prove the unisolvence of the degrees of freedom for PP NE—3(E)’ we first notice that it if

pE€P, _,(E) is such that y?£(p) = 0, then p = ryryryq for some g € P, _ (E) and, if
E— h E~

1
m /pr =0, where b =r\r,r3q,Vq € IPNE%(E) (A7)

then p is identically zero on E. Then, it is sufficient to prove that the nullity of the dofs defined by S”.2 and S”.3 implies that the
trace of the polynomial is null on the boundary 9E, i.e. y?£(p) = 0. Let us prove it, considering separately the cases T.1, T.2 and
T.3.

Case T.1.Letpe P NE_3(E) and assume that all degrees of freedom are zero. By S”.2 we have that for each ¢; C 73, |€+| /e p=0.
Then there exist N — 2 distinct points lying on n; where p is zero. Then, since y"3(p) € P Np—3 (;13), then y(p) = 0, and in particular

piynm) =plny Nmp) =0. -
Let us consider 5;. By S”.2 and S’ .3 conditions, we have that

1
— [ pg=0,YqePy (n). (A.8)
m Jy £

and that p is zero at the endpoints of #;, then, by polynomial factorization, y" (p) = p,py,_s5, Where py, _s € ]P’NE_S(r/l) and
P> € P,(n;) is null at the endpoints of ; and positive inside #;. Conditions (A.8) with g = p N—s imply that /,7 P p%vb_ =0, then
PN-5=0 and y" (p) = 0. The same argument can be applied for y"2(p). Then p is zero on JE.

Case T.2. Let p € Py, —3(E) and assume that all degrees of freedom are zero. By S”.2 we have that for each ¢; C 73, |e+| L, p=0.

5

Then, there exist N — 3 distinct points that lie inside #; where p is zero. By S”.3, we also have that p is zero at one of the endpoints
of 73, in particular the vertex V,_; =, N ;. Then y"(p) = 0. Now, let us consider #,. Since by S”.3

1
2] Jn,

then y™2(p) is L1,)-orthogonal to P NE_3(;12) /B, (1), then y™(p) € P, (n,). Moreover, considering that for each ¢; C 1,

J_/p=o, (A.10)
|ei| ¢

which implies that there exists two distinct points inside of 5, such that p vanishes at that points, together with p(V,_3) = 0, then
y™(p) = 0. Finally, since we obtain that p vanishes at the endpoints of 5;, and by exploiting S”.3 and S”.2 for #,, we have

pg=0, VqEIP’NE_3(n2)/]}"2(r/2) , (A.9)

1
m/mpq=o, quIPNE_S(m), (A.11)

using the same arguments as in the previous case, we have that y" (p) = pypy,_s, where py,_s € IP’NE_S(nl) and p, € P, () is
null at the endpoints of 5, and positive inside #,. Conditions (A.11) with ¢ = pyy__s imply that fﬂ ' 1’21’%\1575 =0, then py,_s =0 and
y"(p) = 0. Then p is zero on JE.

Case T.3. Let p e ]I”NE_3(E), by the conditions in S”.3, we have that for each 5;, with i = 1,2,3,

1
mémﬂVﬁ%ﬁwmww, (A12)
1 i

which implies that y"(p) € P, (n;) for each i = 1,2,3. Then, applying the condition in S”.2 such that for each edge ¢; € £ > the

moment Ie]_l /e “p=0 and the condition in S”.3 such that the value of p is zero at the three vertices of the triangle, then for each 7,
i i
there exist a; + 2 distinct points where the value of p is zero. Then p is zero on dE. []
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