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Abstract

We initiate the design and the analysis of stabilization-free Virtual Element
Methods for the Poisson problem written in mixed form. A Virtual Element
version of the lowest order Raviart-Thomas Finite Element is considered.
To reduce the computational costs, a suitable projection on the gradients
of harmonic polynomials is employed. A complete theoretical analysis of
stability and convergence is developed in the case of quadrilateral meshes.
Some numerical tests highlighting the actual behaviour of the scheme are
also provided.
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1. Introduction1

In these years, the study of numerical methods for solving partial dif-2

ferential equations on polygonal/polytopal meshes has been experiencing3
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a growing interest in the scientific community. In particular, one of the4

most recent developments in this field is represented by the Virtual Element5

Method (VEM). This technology was first introduced for the primal con-6

forming Poisson problem in [1] as a generalization of H1-conforming Finite7

Element Method. Successively, the extension to the H(div)-conforming vec-8

tor fields, generalizing Mixed Finite Elements [2], has been introduced in [3]9

and developed in [4, 5, 6]. Thanks to the great flexibility of the method,10

both the primal and the mixed formulation of VEM have been applied to a11

large range of applications, such as elastic and inelastic problems [7, 8, 9, 10],12

simulations in fractured media [11, 12, 13, 14] and in porous media mechanics13

[15, 16, 17], just to mention a few of them.14

The key ideas of VEM may be summarised as follows.15

• The local approximation spaces are defined as the solutions to suitable16

local partial differential problems. Therefore, VEM functions are not17

explicitly known, but only a limited information is available. However,18

the local approximation spaces contain polynomials up to a suitable19

degree.20

• A computable projection onto a polynomial space is involved. Typi-21

cally, the projection is evaluated onto the polynomials contained in the22

approximation spaces.23

• The discrete bilinear forms are characterized by the sum of a singular24

part maintaining consistency on polynomials, and a stabilizing form25

enforcing coercivity.26

However, in general the stabilising form mentioned above is designed27

without a clear physical meaning, but only requiring minimal assumptions28

to make the method stable. Though efficient recipes to tune the stabilisation29

term have been proposed (see for instance [18, 19]), in certain complex situ-30

ations it might be preferable to avoid dealing with the choice of such forms.31

As examples, we mention highly non-linear problems; problems where highly32

anisotropic meshes occurs; advection-diffusion problems. In addition, the33

stabilization term could be problematic in connection with the analysis of34

a-posteriori error estimates [20, 21] (however, the recent work [22] presents35

a first study which provides stabilization-free upper and lower a-posteriori36

bounds for triangular meshes with hanging nodes).37
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Virtual Element schemes for which no stabilisation form is required have38

been recently presented, in different 2D frameworks, in [23, 24, 25, 26, 27, 28].39

These approaches share the idea to employ a projection onto a polynomial40

space of higher degree than the one usually taken in standard VEM. It is41

worth noticing that the polynomial degree depends on the number of edges42

of each polygon: as expected, it increases as the edge number gets larger.43

As a consequence, the quadrature computational cost significantly grows in44

presence of elements with many edges, without any improvement in the con-45

vergence rate.46

This paper follows similar lines of the above-mentioned stabilisation-free47

attempts [23, 24, 25, 26, 27, 28], but for the Poisson problem written in the48

usual H(div)−L2 mixed formulation. In particular, we consider a VEM ver-49

sion of the lowest order Raviart-Thomas Finite Element Method, see [4]. To50

reduce the computational cost connected to quadrature, a suitable projection51

operator onto the gradients of harmonic polynomials is selected, similarly to52

the scheme introduced for the primal formulation in [29]. The resulting53

scheme has the following features.54

• It is a conforming mixed VEM method for which no stabilization term55

is needed.56

• The method shows first order convergence rate for the natural norms57

and, in most cases, a behaviour comparable with the standard lowest58

order Raviart-Thomas VEM for which the stabilisation term is suitably59

tuned. However, for highly anisotropic meshes, our method seems to60

display a better performance.61

• Despite a projection over higher-order polynomial spaces is employed,62

the use of harmonic polynomials greatly alleviate the additional com-63

putational costs.64

These properties indicate that the present approach could be a valid alterna-65

tive to the lowest order Raviart-Thomas Virtual Element Methods, especially66

in those complex situations where, for the latter scheme, a particular care in67

the treatment of the stabilising form is required.68

From a theoretical point of view, the present paper can be considered as69

a first contribution, since we present a rigorous analysis only for the quadri-70

lateral case. Of course, similar and simpler arguments could be applied also71

for triangular elements. For such a case, there is no need to introduce the72
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Hourglass space H(E), see (27), since the flux variable is locally approxi-73

mated only by means of the standard lowest-order Raviart-Thomas Finite74

Element RT0(E), see (26). However, the general theory for polygons with an75

arbitrary number of edges is not currently available and will be treated in a76

future work.77

A brief outline of the paper is as follows. In Section 2 we define the78

model problem. Section 3 contains the statement of the discrete problems,79

introducing all the bilinear and linear forms involved. In section 4, we prove80

the well-posedness of the discrete problem in the quadrilateral case. For81

the same kind of meshes, we derive optimal error estimates in Section 582

and, finally, in Section 6 we present some numerical results that assess the83

convergence rate of the method; a comparison with the standard lowest order84

Raviart-Thomas VEM is also provided.85

2. Model problem86

Let Ω ⊂ R2 be a computational domain. We are interested in studying87

the following mixed formulation of the Poisson problem:88 
− divσ = f in Ω

σ = ∇u in Ω

u = 0 on ∂Ω,

(1)

where the forcing term f ∈ L2(Ω). We consider homogeneous natural bound-89

ary conditions only for sake of simplicity. The extension to non-homogeneous90

or essential boundary conditions can be treated with the same techniques91

used for other more classical Galerkin methods, such as the FEM. Let (·, ·)Ω92

denote the L2 scalar product and a(σσσ, τττ ) := (σσσ, τττ )Ω. Then the mixed vari-93

ational formulation of (1) is given by: find (σ, u) ∈ Σ × U , where Σ :=94

H(div,Ω) and U := L2(Ω) such that95 {
a(σσσ, τττ ) + (div τ , u)Ω = 0 ∀ τ ∈ Σ ,

(divσ, v)Ω = − (f, v)Ω ∀ v ∈ U.
(2)

Well posedness of the above problem (2) is standard and the details can be96

found, for instance, in [2].97
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3. VEM discrete formulation98

In order to state the discrete formulation of (2), letMh be a polygonal99

tessellation of Ω. For every element E ∈ Mh, its area and diameter are100

denoted by |E| and hE, respectively. As usual, the maximum of the diameters101

hE for E ∈ Mh is the mesh size, denoted by h, i.e. h = maxE∈Mh
hE. We102

assume that each E ∈Mh is such that103

A.1 E is star-shaped with respect to a ball of radius ≥ γhE,104

A.2 for any edge e of ∂E, |e| ≥ γhE,105

where γ is a positive constant. To continue, for any given E ∈ Mh and106

non-negative integer k, Pk(E) denotes the space of polynomials of degree up107

to k defined on E. Moreover, we introduce PH
k (E) ⊆ Pk(E) as the space of108

harmonic polynomials of degree up to k defined on E; the dimension of this109

latter space is 2k + 1.110

3.1. The local spaces111

In this section we introduce the discrete local spaces and their interpola-112

tion properties. Given an element E ∈Mh, we introduce the following local113

VEM space:114

Σh(E) :=
{
τ h ∈ H(div, E) : ∃v ∈ H1(E) s.t. τ h = ∇v ,
τ h · ne ∈ P0(e) ∀e ∈ ∂E , div τ h ∈ P0(E)} .

(3)

Accordingly, for the local space Σh(E) the following degrees of freedom can115

be taken:116

τ h →
1

|e|

∫
e

τ h · ne de = τ h · ne ∀e ∈ ∂E. (4)

The unisolvence of the above degrees of freedom is proved, e.g., as in [5], so117

that dim(Σh(E)) = nE, where nE is the edge number of E. We remark that,118

once τ h ·ne = ce ∈ P0(E) is given for all e ∈ ∂E, the quantity div τ h ∈ P0(E)119

is uniquely determined. Since div τ h ∈ P0(E) then120

div τ h =
1

|E|

∫
E

div τ h dE =
1

|E|
∑
e∈∂E

∫
e

τττ h · ne de =
1

|E|
∑
e∈∂E

|e|ce. (5)

The local approximation space for U is simply defined as follows121

Uh(E) :=
{
uh ∈ L2(E) : uh ∈ P0(E)

}
. (6)
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Accordingly, for the local space Uh(E) the following degrees of freedom can122

be taken:123

uh →
1

|E|

∫
E

uh dE. (7)

It follows that dim(Uh(E)) = 1.124

3.2. Approximation in Σh and Uh125

Let us consider the space W (Ω) = H(div,Ω)∩ [Lr(Ω)]2 (r > 2), equipped126

with the natural norm. We define an interpolation operator127

Ih : W (Ω) −→ Σh (8)

by requiring128 ∫
e

(ς − Ihς) · ne de = 0, ∀ edge e of the elements inMh . (9)

Using the unisolvence of the degrees of freedom, e.g. see [5], it is not difficult129

to check that such a Ihς exists and it is unique in Σh. This definition implies130

that for each E ∈Mh131 ∫
E

div (ς − Ihς) dE = 0 . (10)

Hence, since for each E ∈ Mh div Ihς ∈ P0(E), we obtain the commuting132

diagram property133

div Ihς = Π0
0,E div ς, (11)

where Π0
0,E : L2(E) → P0(E) is the L2 projection operator onto constants.134

We now remark that (Ihς)|E = ∇ϕ∗, ϕ∗ being the solution to the local135

(compatible) Neumann problem136 {
∆ϕ∗ = Π0

0,E div ς in E
∇ϕ∗ · ne = Π0

0,e(ς · ne) on every e side of ∂E,
(12)

where Π0
0,e denotes the L2 projection operator onto the constant functions on137

e. Regularity results of elliptic problems and Sobolev embedding theorems138

show that there exists r∗ > 2 such that for r ∈ (2, r∗] it holds139

‖Ihς‖0,E ≤ Cr∗||ς||W (E) . (13)
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Moreover assuming ς ∈ [H1(Ω)]
2 and div ς ∈ H1(Ω), the following approxima-140

tion results hold true: for each h, for each E ∈Mh141

‖div(ς − Ihς)‖0,E ≤ Cdh
s
E |div ς|s,E , s = 0, 1 (14)

and142

‖ς − Ihς‖0,E ≤ CςhE |ς|1,E . (15)

Above, Cr∗ , Cd and Cς are positive constants depending only on the constant143

γ of the mesh assumptions A.1 and A.2.144

Moreover, we recall that, given w ∈ H1(Ω), for its L2 projection Π0
0,Ew ∈145

Uh it holds for each h, for each E ∈Mh146 ∥∥w − Π0
0,Ew

∥∥
0,E
≤ ChsE |w|s,E s = 0, 1 , (16)

where C > 0 depends only on the constant γ of the mesh assumptions A.1147

and A.2.148

3.3. The local forms149

In this section we introduce the VEM counterparts of the local forms150

associated with the continuous problem.151

The local mixed term. Given E ∈Mh, we notice that the term

(div τ h, vh)E =

∫
E

vh div τ h dE

is computable for every τττ h ∈ Σh(E) and vh ∈ Uh(E) via the degrees of152

freedom. For this reason, we do not need to introduce any approximation of153

the continuous terms (div τττ , u) and (div σσσ, v) in problem (2).154

The local bilinear form aE(·, ·). The local bilinear form

aE(σσσh, τ h) =

∫
E

σσσh · τττ h dE

is not computable for a general pair (σσσh, τττ h) ∈ Σh(E)×Σh(E). Here, instead155

of using the standard VEM procedure (cf. [4]), we introduce a local self-156

stabilized discrete bilinear form. Let157

Π̂0
k−1,E :

[
L2(E)

]2 → ∇PH
k (E) (17)
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be the L2(E)-projection operator onto the space ∇PH
k (E), i.e. the space of158

gradients of harmonic polynomials of degree at most k, with k ≥ 1. More159

precisely, Π̂0
E is defined by the orthogonality condition: for each τ ∈ [L2(E)]

2,160

it holds161 (
Π̂0

k−1,Eτ ,∇p
)
E

= (τ ,∇p)E ∀ p ∈ PH
k (E) . (18)

In order to attain stability, the approximation of aE(·, ·) depends on nE, i.e.162

the number of edges of E. More precisely, [·] being the integer part, we select163

164

k =

[
nE + 1

2

]
(19)

(i.e. k is the smallest integer such that 2k ≥ nE). We then use the corre-165

sponding projection Π̂0
E, see (17) and (18), to define166

aEh (σh, τ h) =
(

Π̂0
k−1,Eσh, Π̂

0
k−1,Eτ h

)
E
∀σh, τ h ∈ Σh(E). (20)

Remark 1. We remark that, although a rigorous analysis is still missing for167

general polygons, the numerical tests (see Section 6.1) seem to suggest that168

the choice (19) always leads to a stable scheme.169

Remark 2. Given τττ h ∈ Σh(E), to compute Π̂0
k−1,Eτ h one has solve, from170

(18) and integrating by parts:171

(
Π̂0

k−1,Eτ h,∇p
)
E

= − (div τ h, p)E +

∫
∂E

(τττ h · n)p de ∀ p ∈ PH
k (E) ,

(21)
which is clearly computable, as div τττ h is computable and constant. Moreover,
integrating by parts also the left-hand side and taking into account that the
involved polynomials are harmonic, one realizes that the integral over E can
be computed as an integral over ∂E. In fact, recalling (17), Π̂0

k−1,Eτ h = ∇q
for some q ∈ PH

k (E). Hence, since q is harmonic, we have(
Π̂0

k−1,Eτ h,∇p
)
E

= (∇q,∇p)E =

∫
∂E

(∇q · n)p de =

∫
∂E

(Π̂0
k−1,Eτ h · n)p de.

Therefore, only 1D quadrature rules are required to compute the left-hand172

side of (21). Furthermore, since div τττ h is constant, the first term in the right-173

hand side requires only to evaluate the integral of a harmonic polynomial of174

degree at most k. Hence, the computation of Π̂0
k−1,Eτ h is not as cumbersome175

as it may appear at a first sight.176
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The local right-hand side term. We split the right-hand side term on each
quadrilateral and we have

(f, vh)E =

∫
E

fvh dE.

Since vh ∈ Uh(E) = P0(E), we have that

(f, vh) =
∑

E∈Mh

vh

∫
E

f dE,

which is computable via quadrature rules for polygonal domains, see for177

instance [30].178

3.4. The discrete scheme179

Starting from the local spaces and local terms introduced in the previous180

sections, we can set the global self-stabilized problem. More specifically, we181

introduce these two global approximation spaces, by gluing the local approx-182

imation spaces, see (3) and (6):183

Σh =
{
τ h ∈ H(div,Ω) : τ h|E ∈ Σh(E), ∀E ∈Mh

}
(22)

and184

Uh =
{
uh ∈ U : uh|E ∈ Uh(E), ∀E ∈Mh

}
. (23)

Now, given a local approximation of aE(·, ·), see (20), ∀σh, τ h ∈ Σh we set185

ah (σh, τ h) :=
∑

E∈Mh

aEh (σh, τ h) . (24)

We can state the discrete problem as: find (σh, uh) ∈ Σh × Uh such that186 {
ah (σh, τ h) + (div τ h, uh)Ω = 0 ∀τ h ∈ Σh

(divσh, vh)Ω = (f, vh)Ω ∀vh ∈ Uh

. (25)

In the next section we focus on the well-posedness of this discrete scheme, in187

the case of quadrilateral meshes, which requires in particular the coercivity-188

on-the-kernel condition for the bilinear form ah (·, ·) (also called ellipticity-189

on-the-kernel condition).190
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Figure 1: A general quadrilateral E ∈Mh

4. Well-posedness in the quadrilateral case191

From now on we focus on the case where the mesh Mh is made up by192

quadrilaterals. This implies that we choose k = 2, so that we use the local193

projection Π̂0
1,E, see (19). Hence, we project onto the gradients of quadratic194

harmonic polynomials, a space of dimension 4. For each quadrilateral E ∈195

Mh, Vi (for i = 1, . . . , 4) denote its vertices counterclockwise ordered and ei196

the edge connecting Vi to Vi+1, where V5 = V1 (see Figure. 1, where a convex197

element is depicted. However, we remark that the same argument applies198

also to non convex shapes). Let ni, be the unit normal vector of the edges199

ei for i = 1, . . . , 4. This section is devoted to prove the well-posedness of the200

discrete problem stated by (25).201

We introduce the following two useful spaces RT0(E) and H(E), and we202

prove some properties of their functions.203

Definition 1 (Raviart-Thomas space RT0(E)). It is the space of the poly-204

nomial functions defined as follows:205

RT0(E) :=

{
r ∈

[
L2(E)

]2
: r =

(
c1

c2

)
+ c3

(
x
y

)
, s.t. c1, c2, c3 ∈ R

}
,

(26)
whose dimension is equal to 3.206
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Definition 2 (Hourglass space H(E)). Let ξ ∈ Σh(E) be the function such207

that208

ξ · nj =
(−1)j

|ej|
∀j = 1, . . . , 4, (27)

then we introduce the following one dimensional virtual space209

H(E) := span (ξ) . (28)

Using the divergence theorem, it is straightforward to see that a function210

τ̃h ∈ H(E) satisfies div τ̃h = 0.211

Remark 3. We notice that the two spaces above are two subspaces of Σh(E).212

Proposition 1. Let RT0(E) be the space defined in (26) and let H(E) be the213

space defined in (28), then214

Σh(E) = RT0(E)⊕ H(E) . (29)

Moreover, let us define the local divergence-free subspace:215

Σ0
h(E) = {τ h ∈ Σh(E) : div τ h = 0} . (30)

Then it holds216

Σ0
h(E) = (P0(E))2 ⊕ H(E) (31)

and the decomposition is L2-orthogonal.217

Proof. Notice that, according to the dimension of RT0(E) and H(E), to get218

(29) we only have to prove that RT0(E) ∩ H(E) = {0}. Then, take τττ h ∈219

RT0(E)∩H(E). Since τττ h ∈ H(E) we have τττ h = λ ξ for a suitable real number220

λ. By the definition of ξ, we get div τττ h = λ div ξ = 0. Since τττ h ∈ RT0(E),221

we thus infer τττ h ∈ (P0(E))2. It follows that τττ h = ∇(τττ h · x) = λ∇(ξ · x). We222

have, using integration by parts and (27):223

||τττ h||20,E = λ2(ξ,∇(ξ · x))E = λ2

∫
∂E

(ξ · nE)(ξ · x) = λ2

4∑
i=1

∫
ej

(−1)j

|ej|
(ξ · x) .

(32)
Therefore, an application of the trapezoidal rule gives224

||τττ h||20,E = λ2ξ ·

(
1

2

4∑
j=1

(−1)j(Vj + Vj+1)

)
= 0, (33)

i.e. τττ h = 0, and thus (29) is proved. Furthermore, decomposition (31) follows225

from a dimensional count, while the L2-orthogonality is simply (33).226
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Lemma 1. Let E ∈Mh and let ξ be the hourglass function defined on E by227

(27). Then ∃Cξ > 0 independent of hE such that228

‖ξ‖0 ≤ Cξ . (34)

Proof. Since ξ ∈ Σh(E), by (3) ∃v ∈ H1(E) such that ξ = ∇v. It is clear229

that v is defined up to a constant, so we choose v such that
∫
E
v = 0. This230

implies that ∃C > 0 independent of hE such that231

‖v‖0 ≤ ChE ‖∇v‖0 = ChE ‖ξ‖0 , (35)

by Poincaré’s inequality. Moreover, since div ξ = 0, it holds ∆v = 0. Then,232

by Green’s theorem and a Cauchy-Schwarz inequality we have233

‖ξ‖2
0 = (ξ,∇v)E = (ξ · n, v)∂E ≤ ‖ξ · n‖0,∂E ‖v‖0,∂E . (36)

We can apply a standard trace inequality to the last norm and obtain, by234

exploiting also (35),235

‖v‖0,∂E ≤ Ch
1
2
E

(
h−2
E ‖v‖

2
0 + ‖∇v‖2

0

) 1
2 ≤ Ch

1
2
E ‖ξ‖0 . (37)

On the other hand, an explicit computation exploiting the definition of ξ236

given by (27) yields237

‖ξ · n‖2
0,∂E =

4∑
j=1

∫
ej

[
(−1)j

|ej|

]2

=
4∑

j=1

|ej|−1 ≤ 4γ−1h−1
E , (38)

where the last inequality is obtained by exploiting the mesh assumption A.2.
Using (37) and (38) into (36), we get

‖ξ‖2
0 ≤ ‖ξ · n‖0,∂E ‖v‖0,∂E ≤ 2γ−

1
2h
− 1

2
E · Ch

1
2
E ‖ξ‖0 ≤ C ‖ξ‖0 ,

which yields the thesis.238

Lemma 2. Under the mesh assumptions A.1 and A.2, for every E ∈ Mh,239

there exists a positive constant C∗, independent of hE, such that240 ∥∥∥Π̂0
1,E τ̃ττ h

∥∥∥
0
≥ C∗ ‖τ̃ττ h‖0 ∀τ̃ττ h ∈ H(E). (39)
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Proof. Since H(E) = span(ξ), it is sufficient to prove (39) for τ̃ττ h = ξ. Re-241

calling that Π̂0
1,Eξ ∈ ∇PH

2 (E), see (17), from (18), we have242

∥∥∥Π̂0
1,Eξ

∥∥∥
0

= sup
q∈∇PH

2 (E)

(
Π̂0

1,Eξ,q
)

‖q‖0

= sup
q∈∇PH

2 (E)

(ξ,q)

‖q‖0

. (40)

By Varignon’s theorem [31], for each element E ∈Mh, the quadrilateral
KE whose vertices are the edge midpoints Mj (j = 1, . . . , 4) of E, is a
parallelogram. With the identification V5 = V1 we have

Mj =
Vj + Vj+1

2
,

and the area of KE satisfies |KE| = |E|
2
. Under the mesh assumptions A.1243

and A.2, it is not hard to show that the parallelogram is not degenerate,244

i.e. assumptions A.1 and A.2 hold true for KE as well. We now construct245

p∗ ∈ PH
2 (E) such that246

p∗ (Mj) = (−1)j, for each j = 1, . . . , 4. (41)

To this aim, it is useful to resort to complex numbers z = x + iy. Hence,
up to a translation, we can identify M1 as 0 ∈ C; accordingly, we also set
M2 = z1, M4 = z2 and M3 = z1 + z2. A direct computation shows that the
complex-valued polynomial

q(z) = −1 + 2
z1 + z2

z1z2

z − 2

z1z2

z2

satisfies conditions (41) (with the above-mentioned identifications of Mj).247

We now set p∗(x, y) = Re(q(z)), where z = x+ iy and Re(·) denotes the real248

part. The real-valued polynomial p∗ is harmonic and satisfies conditions (41)249

as well. Let p∗ := ∇p∗; from (40) we get250 ∥∥∥Π̂0
1,Eξ

∥∥∥
0
≥ (ξ,p∗)

‖p∗‖0

. (42)

By an explicit computation using Cavalieri-Simpson’s quadrature rule and251
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(41), we have that252

(ξ,p∗) =

∫
E

ξ · ∇p∗ dE =

∫
∂E

(ξ · n)p∗ de =
4∑

j=1

(−1)j

|ej|

∫
ej

p∗ de

=
4∑

j=1

(−1)j

6
(p∗ (Vj) + 4p∗ (Mj) + p∗ (Vj+1))

=
4∑

j=1

2

3
(−1)jp∗ (Mj) =

8

3
.

(43)

We now notice that, due to assumptions A.1 and A.2, there exists Cp∗ >253

0, independent of hE, such that ‖p∗‖0 = ‖∇p∗‖0 ≤ Cp∗ . Therefore, using254

Lemma 1 we have255 ∥∥∥Π̂0
1,Eξ

∥∥∥
0
≥ 8

3 ‖p∗‖0

=
8 ‖ξ‖0

3 ‖ξ‖0 ‖p∗‖0

≥ 8

3CξCp∗
‖ξ‖0 . (44)

Then, (39) holds true with C∗ = 8
3CξCp∗

.256

4.1. Continuity and coercivity of the local bilinear form aEh (·, ·)257

In this section, applying the above preliminary results, in particular258

Lemma 2, we prove the continuity and coercivity (on the divergence operator259

kernel) of the local bilinear form aEh (·, ·) in the L2-norm.260

Theorem 1. Under the mesh assumptions A.1 and A.2, for every E ∈261

Mh, the discrete bilinear form aEh (·, ·), defined in (20), is L2 continuous and262

coercive-on-the kernel, namely there exist two positive constants α∗ and α∗,263

independent of hE, such that264

aEh (τττ h, σσσh) ≤ α∗ ‖τττ h‖0 ‖σσσh‖0 ∀τττ h, σσσh ∈ Σh(E) (45)

and265

aEh (τττ h, τττ h) ≥ α∗ ‖τττ h‖2
0 ∀τττ h ∈ Σ0

h(E) , (46)

where Σ0
h is the divergence-free subspace defined in (30).266

Proof. Fixed an element E ∈ Mh, we first check the continuity. For every267

τττ h, σσσh ∈ Σh(E), applying the definition of Π̂0
E, its continuity and the Cauchy-268

Schwarz inequality, we obviously obtain269

aEh (τττ h, σσσh) = (Π̂0
1,Eτττ h, Π̂

0
1,Eσσσh) ≤ ‖τττ h‖0 ‖σσσh‖0 . (47)
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Then (45) holds true with α∗ = 1.270

Now, we prove the Σ0
h-coercivity of the bilinear form aEh (·, ·). From Propo-

sition 1, we get that every τττ h ∈ Σ0
h can be written by means of the orthogonal

decomposition
τττ h = τττ 0 + τ̃ττ h ,

where τττ 0 ∈ (P0(E))2 and τ̃ττ h ∈ H(E). Moreover, one has

||τττ h||20 = ||τττ 0||20 + ||τ̃ττ h||20 .

Using Lemma 2, the definition of the projection operator (18) and noticing271

that Π̂0
1,Eτττ 0 = τττ 0 , we have272

aEh (τττ h, τττ h) =
(

Π̂0
1,Eτττ h, Π̂

0
1,Eτττ h

)
=
(

Π̂0
1,Eτττ 0 + Π̂0

1,E τ̃ττ h, Π̂
0
1,Eτττ 0 + Π̂0

1,E τ̃ττ h

)
= (τττ 0, τττ 0) + 2 (τττ 0, τ̃ττ h) +

(
Π̂0

1,E τ̃ττ h, Π̂
0
1,E τ̃ττ h

)
= (τττ 0, τττ 0) +

(
Π̂0

1,E τ̃ττ h, Π̂
0
1,E τ̃ττ h

)
≥ (τττ 0, τττ 0) + C∗ (τ̃ττ h, τ̃ττ h)

≥ min {1, C∗}
[
||τττ 0||20 + ||τ̃ττ h||20

]
= C∗ ‖τττ h‖2

0 ,
(48)

which yields the thesis, with α∗ = C∗.273

4.2. Ellipticity-on-the-kernel condition and inf-sup condition274

In this section, we consider the two conditions, i.e. the coercivity of the275

bilinear form aEh (·, ·) on the kernel of the mixed term and the LBB inf-sup276

condition, that imply the well-posedness of the discrete problem (25).277

Let us introduce the discrete kernel space given by278

Kh := {τ h ∈ Σh : (div τ h, vh) = 0 ∀ vh ∈ Uh} . (49)

Notice that ∀τ h ∈ Kh we have that div τ h = 0, so that τττ h|E ∈ Σ0
h and279

‖τ h‖Σ = ‖τ h‖0. Hence, applying the local coercivity property (46) stated280

in Theorem 1 and the definition of the bilinear form ah (·, ·) (24), we obtain281

that ∃C∗ > 0, independent of h, such that282

ah (τττ h, τττ h) ≥ C∗ ‖τττ h‖2
Σ ∀τττ h ∈ Kh. (50)
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Furthermore, the inf-sup condition, i.e. ∃β > 0, independent of h, such283

that284

inf
v∈Uh

sup
τh∈Σh

(div τ h, v)Ω

‖v‖0 ‖τ h‖Σ

≥ β (51)

is a consequence of the so-called Fortin’s trick, cf. [2], when the interpolation285

operator Ih of Section 3.2 is considered (see in particular (10), (13) and (14)286

with s = 0).287

5. Error estimates in the quadrilateral case288

We prove optimal a priori error estimates for the method presented in289

this work, when the mesh is made up by quadrilaterals. We remark that the290

proof follows the usual guidelines for the VEM mixed schemes; however, we291

provide all the details, for the sake of completeness.292

Theorem 2. Let (σ, u) ∈ [H1(Ω)]
2 × H1

0(Ω) and f ∈ H1(Ω) be respectively
solution and forcing term of (2). Then ∃C > 0, independent of h, such that
the unique solution (σh, uh) ∈ Σh × Uh of (25) satisfies the following error
estimates:

‖σ − σh‖0 ≤ Ch |σ|1 , (52)
‖div(σ − σh)‖0 ≤ Ch |f |1 , (53)

‖u− uh‖0 ≤ Ch (|u|1 + |σ|1) . (54)

Proof. In order to prove (52), let σI := Ihσ ∈ Σh be the interpolant of σ293

defined in Section 3.2. Then, applying the triangle inequality we obtain294

‖σ − σh‖0 ≤ ‖σ − σI‖0 + ‖σI − σh‖0 . (55)

Let us focus on the term ‖σI − σh‖0. Notice that, applying the second295

equation of discrete problem (25) and the property of the interpolant (11),296

we have for each E ∈Mh297

divσh = −Π0
0,Ef = Π0

0,E divσ = divσI =⇒ div (σI − σh) = 0 , (56)

hence (σI − σh)|E ∈ Σ0
h for each E ∈ Mh (therefore (σI − σh) ∈ Kh).298

Notice that applying this relation to the first equation of the discrete problem299

(25) and to the first equation of the continuous problem (2) we obtain that300
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ah (σh,σI − σh) = 0 and a(σσσ,σI − σh) = 0. Then, since σI − σh ∈ Kh we301

can apply Theorem (1), in particular (46), and obtain the estimate302

α∗ ‖σI − σh‖2
0 ≤ ah (σI − σh,σI − σh)

= ah (σI ,σI − σh)

=
∑

E∈Mh

(
aEh

(
σI − Π̂0

1,Eσ,σI − σh

)
+ aEh

(
Π̂0

1,Eσ,σI − σh

))
=
∑

E∈Mh

(
aEh

(
σI − Π̂0

1,Eσ,σI − σh

)
+ aE

(
Π̂0

1,Eσ,σI − σh

))
=
∑

E∈Mh

(
aEh

(
σI − Π̂0

1,Eσ,σI − σh

)
+ aE

(
Π̂0

1,Eσ − σ,σI − σh

))
,

(57)
where the projector Π̂0

1,E is defined by the orthogonality condition (18) and303

satisfies, for each E ∈Mh, aEh
(

Π̂0
1,Eσ, τ h

)
= aE

(
Π̂0

1,Eσ, τ h

)
∀τ h ∈ Σh. We304

now notice that, since σ = ∇u and Π̂0
1,E projects onto the space ∇PH

2 (E), it305

holds306 ∥∥∥σ − Π̂0
1,Eσ

∥∥∥
0,E

=
∥∥∥∇u− Π̂0

1,E(∇u)
∥∥∥

0,E
= inf

p∈PH
2 (E)
|u− p|1,E ≤ ChE|σ|1,E,

(58)
where the last estimate follows from the standard approximation theory,307

see [32, 33, 34]. Then, by the continuity of aEh (·, ·) and aE (·, ·), applying308

estimates (15) and (58), we obtain309

‖σI − σh‖0 ≤ C
∑

E∈Mh

(∥∥∥σI − Π̂0
1,Eσ

∥∥∥
0,E

+
∥∥∥σ − Π̂0

1,Eσ
∥∥∥

0,E

)

≤ C

(
‖σ − σI‖0 +

∑
E∈Mh

∥∥∥σ − Π̂0
1,Eσ

∥∥∥
0,E

)
≤ Ch |σ|1 .

(59)

Applying this relation and the interpolation estimate (15) to (55),estimate310

(52) is proved. Moreover, to prove (53) we apply (56), the interpolation311

estimate (14) and the equation divσ = −f , to obtain312

‖divσ − divσh‖0 ≤ ‖divσ − divσI‖0 ≤ Ch |f |1 . (60)
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Finally, we have to prove (54). Let uI := Π0
0,hu ∈ Uh. Notice that by its313

definition uI satisfies (u− uI , div τ h)Ω = 0 for each τ h ∈ Σh. By triangle314

inequality we have315

‖u− uh‖0 ≤ ‖u− uI‖0 + ‖uI − uh‖0 . (61)

First, let us consider the term ‖uI − uh‖0. Since uI − uh ∈ Uh, according to316

the inf-sup condition (51), there exists τ ?
h ∈ Σh be such that div τ ?

h = uI−uh317

and318

‖τ ?
h‖0 ≤

1

β
‖uI − uh‖0 . (62)

Then, applying the continuous problem (2), the discrete one (25) and adding319

and subtracting Π̂0
Eσ, we obtain320

‖uI − uh‖2
0 = (uI − uh, div τ ?

h)Ω

= (u− uh, div τ ?
h)Ω

= a(σ, τ ?
h)− ah (σh, τ

?
h)

=
∑

E∈Mh

aE
(
σ − Π̂0

1,Eσ, τ
?
h

)
+ aEh

(
Π̂0

1,Eσ − σh, τ
?
h

)
≤ C

∑
E∈Mh

(∥∥∥σ − Π̂0
1,Eσ

∥∥∥
0,E

+ ‖σ − σh‖0,E

)
‖uI − uh‖0

(63)

where in the last step we exploit the continuity of the bilinear forms together321

with (62). Finally, applying (63) to (61), the interpolation estimate (16) and322

the error estimate of σ (52) already proved, we obtain323

‖u− uh‖0 ≤ ‖u− uI‖0 + C

( ∑
E∈Mh

∥∥∥σ − Π̂0
1,Eσ

∥∥∥
0,E

+ ‖σ − σh‖0

)
≤ Ch (|u|1 + |σ|1) .

(64)

324

6. Numerical Tests325

6.1. Convergence tests326

In this section, we numerically assess the behaviour of our scheme with
respect to mesh refinement. We consider Ω = (0, 1)2 and solve Problem (25)

18



(a) Cartesian (b) ConvexConcave (c) Distorted (d) Random

Figure 2: Meshes.

choosing f such that

u(x, y) = x(1− x)y(1− y) ,

σ(x, y) = ∇u(x, y) =

(
(1− 2x)y(1− y)
x(1− x)(1− 2y)

)
.

First, we consider the four families of meshes depicted in Figure 2. We assess
the method behaviour by computing the following relative errors:

erru =
1

‖u‖0

( ∑
E∈Mh

‖u− uh‖2
0,E

) 1
2

,

errdiv =
1

‖divσ‖0

∑
E∈Mh

(
‖divσ − divσh‖2

0,E

) 1
2
,

errσ =
1

‖σ‖0

( ∑
E∈Mh

∥∥∥σ − Π̂0
k−1,Eσh

∥∥∥2

0,E

) 1
2

,

errσ·n =

(∑
e∈Eh he ‖(σ − σh) · ne‖0,e

) 1
2

(∑
e∈Eh he ‖σ · n

e‖0,e

) 1
2

,

where Eh denotes the set all edges of Mh. We also solve the test problem327

with the mixed finite element RT0 − P0 [2], and the standard VEM method328

[4]. We recall that for this latter method, the local discrete bilinear form329

ah(·, ·) is given by330

aEh (σh, τ h) =
(
Π0

0,Eσh,Π
0
0,Eτ h

)
E

+ sE
(
(I − Π0

0,E)σh, (I − Π0
0,E)τ h

)
, (65)
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(a) Cartesian, erru (b) ConvexConcave, erru (c) Distorted, erru

(d) Cartesian, errdiv (e) ConvexConcave, errdiv (f) Distorted, errdiv

(g) Cartesian, errσ (h) ConvexConcave, errσ (i) Distorted, errσ

(j) Cartesian, errσ·n (k) ConvexConcave, errσ·n (l) Distorted, errσ·n

Figure 3: Convergence curves on quadrilateral meshes. The vertical axis refers to the
values of the errors.
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(a) erru (b) errσ (c) errσ·n

Figure 4: Convergence curves on Random mesh. The left vertical axis refers to the values
of the errors (dotted lines). The right vertical axis refers to the ratio between the error
made by the standard VEM method and the error of the proposed method (orange dots).

where sE(·, ·) is the local stabilization term. In matrix form, the stabilization331

term we choose is given by332

S = (I−Π0)TD (I−Π0), (66)

where the matrix Π0 represents the projection onto the constant vector func-333

tions. Moreover, D is a diagonal matrix defined as334

Dii = max
(
hE|ei|,

(
Π0

0,Eϕi,Π
0
0,Eϕi

)
E

)
. (67)

Above, the functions ϕi denote the elements of the Lagrangian basis corre-335

sponding to the local degrees of freedom (4). This choice is known as D-recipe336

stabilization, and it is inspired by the numerical assessment in [18, 19]. We337

also notice that in computing the error errσ, for the standard VEM we use338

the projection onto constants.339

In Figure 3, we consider the quadrilateral meshes of Figures 2a, 2b and340

2c, respectively named Cartesian, ConvexConcave and Distorted. The341

computed errors obtained by the three methods are compared with respect342

to the maximum diameter of the mesh, denoted by h, and the asymptotical343

convergence rates (m) are reported in the legend. The results show that344

the two VE methods behave equivalently on all meshes concerning all the345

computed errors, whereas the mixed FE method has a similar behavior to346

VE methods just on Cartesian mesh. Indeed, it is well-known that the347

Piola transformation corresponding to the mapping from the square parent348

element to a physical one, is a diffeomorphism only for convex elements.349

This is the reason why the FE method does not converge on ConvexConcave350
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Figure 5: Rhomboidal mesh: anisotropic h-refinement

mesh. Instead, as far as the Distorted mesh is concerned, it is known351

that the errdiv does not converge for the Raviart-Thomas Finite Element352

on general shape-regular, though convex, quadrilaterals (see [35] for more353

details). We also remark that on all the meshes, both the VEM methods354

return exactly the same results for errdiv. This is not surprising, since for all355

the meshes and both the VEM methods, from the second equation of (25)356

we get divσh = −Π0
0,Ef , while div σσσ = −f . Hence errdiv is always the L2

357

error when the load term f is approximated by piecewise constant functions.358

Accordingly, from now on we will not display that error quantity.359

In Figure 2d we consider the family of meshes named Random, i.e. polyg-360

onal meshes obtained using Polymesher [36], whose elements are not only361

quadrilaterals. On each polygon, we construct the local bilinear form aEh (·, ·)362

(20) choosing k as in (19) (see Remark 1). As we can see in Figure 4, the363

proposed method is stable and exhibits the expected convergence rates.364

6.2. Comparison with standard VEM on an anisotropic refinement test365

In this section, we consider the problem presented in the previous section366

with a Rhomboidal mesh, as depicted in Figure 5. This mesh is refined367

applying an anisotropic rule. In particular, at each step the mesh is refined368

by a factor α in the x-direction and by a factor α2 in the y-direction. In Figure369

6, we present the convergence plots. We observe that both the mixed finite370

element method and the standard VEM method are not properly converging,371

while the proposed scheme exhibits the expected convergence behaviour.372
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(a) erru (b) errσ (c) errσ·n

Figure 6: Convergence curves on Rhomboidal mesh. The vertical axis refers to the values
of the errors.

7. Conclusions373

We have presented a self-stabilized Virtual Element Method for the Pois-374

son problem in mixed form. One of the main features of our approach is375

the use of a projection operator over the gradients of harmonic polynomi-376

als of suitable degree. This choice alleviates the computational costs arising377

from the numerical quadrature. Despite the scheme is designed for arbitrary378

polygons, the theoretical analysis has been developed only for quadrilateral379

meshes. The method convergence and stability have been computationally380

confirmed. Moreover, the numerical results show that our scheme is a valid381

alternative to the standard lowest-order mixed VEM.382

A possible future development of the present study is the extension of the383

analysis to general polygonal meshes.384
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