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Abstract

We initiate the design and the analysis of stabilization-free Virtual Element
Methods for the Poisson problem written in mixed form. A Virtual Element
version of the lowest order Raviart-Thomas Finite Element is considered.
To reduce the computational costs, a suitable projection on the gradients
of harmonic polynomials is employed. A complete theoretical analysis of
stability and convergence is developed in the case of quadrilateral meshes.
Some numerical tests highlighting the actual behaviour of the scheme are
also provided.

Keywords: Virtual element method, Mixed formulation, Quadrilateral
meshes, Poisson problem
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1. Introduction

In these years, the study of numerical methods for solving partial dif-
ferential equations on polygonal/polytopal meshes has been experiencing
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a growing interest in the scientific community. In particular, one of the
most recent developments in this field is represented by the Virtual Element
Method (VEM). This technology was first introduced for the primal con-
forming Poisson problem in [I]| as a generalization of H'-conforming Finite
Element Method. Successively, the extension to the H(div)-conforming vec-
tor fields, generalizing Mixed Finite Elements [2], has been introduced in [3]
and developed in [4, B, [6]. Thanks to the great flexibility of the method,
both the primal and the mixed formulation of VEM have been applied to a
large range of applications, such as elastic and inelastic problems |7, [8, 9] 10],
simulations in fractured media [I1], 12, 13|, 4] and in porous media mechanics
[15], [16, 17], just to mention a few of them.
The key ideas of VEM may be summarised as follows.

e The local approximation spaces are defined as the solutions to suitable
local partial differential problems. Therefore, VEM functions are not
explicitly known, but only a limited information is available. However,
the local approximation spaces contain polynomials up to a suitable
degree.

e A computable projection onto a polynomial space is involved. Typi-
cally, the projection is evaluated onto the polynomials contained in the
approximation spaces.

e The discrete bilinear forms are characterized by the sum of a singular
part maintaining consistency on polynomials, and a stabilizing form
enforcing coercivity.

However, in general the stabilising form mentioned above is designed
without a clear physical meaning, but only requiring minimal assumptions
to make the method stable. Though efficient recipes to tune the stabilisation
term have been proposed (see for instance [I8] 19]), in certain complex situ-
ations it might be preferable to avoid dealing with the choice of such forms.
As examples, we mention highly non-linear problems; problems where highly
anisotropic meshes occurs; advection-diffusion problems. In addition, the
stabilization term could be problematic in connection with the analysis of
a-posteriori error estimates [20), 21| (however, the recent work [22] presents
a first study which provides stabilization-free upper and lower a-posteriori
bounds for triangular meshes with hanging nodes).
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Virtual Element schemes for which no stabilisation form is required have
been recently presented, in different 2D frameworks, in [23] 24], 25] [26], 27, 28].
These approaches share the idea to employ a projection onto a polynomial
space of higher degree than the one usually taken in standard VEM. It is
worth noticing that the polynomial degree depends on the number of edges
of each polygon: as expected, it increases as the edge number gets larger.
As a consequence, the quadrature computational cost significantly grows in
presence of elements with many edges, without any improvement in the con-
vergence rate.

This paper follows similar lines of the above-mentioned stabilisation-free
attempts [23] 24], 25 26], 27, 28], but for the Poisson problem written in the
usual H(div) — L? mixed formulation. In particular, we consider a VEM ver-
sion of the lowest order Raviart-Thomas Finite Element Method, see [4]. To
reduce the computational cost connected to quadrature, a suitable projection
operator onto the gradients of harmonic polynomials is selected, similarly to
the scheme introduced for the primal formulation in [29]. The resulting
scheme has the following features.

e It is a conforming mixed VEM method for which no stabilization term
is needed.

e The method shows first order convergence rate for the natural norms
and, in most cases, a behaviour comparable with the standard lowest
order Raviart-Thomas VEM for which the stabilisation term is suitably
tuned. However, for highly anisotropic meshes, our method seems to
display a better performance.

e Despite a projection over higher-order polynomial spaces is employed,
the use of harmonic polynomials greatly alleviate the additional com-
putational costs.

These properties indicate that the present approach could be a valid alterna-
tive to the lowest order Raviart-Thomas Virtual Element Methods, especially
in those complex situations where, for the latter scheme, a particular care in
the treatment of the stabilising form is required.

From a theoretical point of view, the present paper can be considered as
a first contribution, since we present a rigorous analysis only for the quadri-
lateral case. Of course, similar and simpler arguments could be applied also
for triangular elements. For such a case, there is no need to introduce the
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Hourglass space H(FE), see , since the flux variable is locally approxi-
mated only by means of the standard lowest-order Raviart-Thomas Finite
Element RTy(FE), see . However, the general theory for polygons with an
arbitrary number of edges is not currently available and will be treated in a
future work.

A brief outline of the paper is as follows. In Section [2| we define the
model problem. Section [3| contains the statement of the discrete problems,
introducing all the bilinear and linear forms involved. In section [4 we prove
the well-posedness of the discrete problem in the quadrilateral case. For
the same kind of meshes, we derive optimal error estimates in Section
and, finally, in Section [6] we present some numerical results that assess the
convergence rate of the method; a comparison with the standard lowest order
Raviart-Thomas VEM is also provided.

2. Model problem

Let Q C R? be a computational domain. We are interested in studying
the following mixed formulation of the Poisson problem:

—dive = f in ()
oc=Vu in 2 (1)
u=20 on 052,

where the forcing term f € LX2). We consider homogeneous natural bound-
ary conditions only for sake of simplicity. The extension to non-homogeneous
or essential boundary conditions can be treated with the same techniques
used for other more classical Galerkin methods, such as the FEM. Let (-, ),
denote the L? scalar product and a(o,7) := (0,7)y. Then the mixed vari-
ational formulation of is given by: find (o,u) € ¥ x U, where ¥ :=
H(div,Q) and U := LAQ) such that

(2)

alo,7)+ (divr,u), =0 VTekX,
(dive,v)g = —(f,v)q Vovel.

Well posedness of the above problem is standard and the details can be
found, for instance, in [2].
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3. VEM discrete formulation

In order to state the discrete formulation of , let M, be a polygonal
tessellation of €2. For every element EF € M,, its area and diameter are
denoted by |E| and hg, respectively. As usual, the maximum of the diameters
hg for E € My, is the mesh size, denoted by h, i.e. h = maxgepm, hp. We
assume that each £ € M, is such that

A.1 F is star-shaped with respect to a ball of radius > vhg,
A.2 for any edge e of OF, |e| > vhg,

where v is a positive constant. To continue, for any given £ € M, and
non-negative integer k, P, (F) denotes the space of polynomials of degree up
to k defined on E. Moreover, we introduce P¥(E) C P, (E) as the space of
harmonic polynomials of degree up to k defined on E; the dimension of this
latter space is 2k + 1.

3.1. The local spaces

In this section we introduce the discrete local spaces and their interpola-
tion properties. Given an element E € M, we introduce the following local
VEM space:

Si(E) = {7, € H(div, E): Jv € H(E) s.t. 7} = Vv,

3
Th-n. € Pyle) VeecdE, divr, e Py(E)}. )

Accordingly, for the local space ¥, (E) the following degrees of freedom can

be taken: )
Th — —

P 75N, de =T, - N, Ve € OF. (4)

| Je
The unisolvence of the above degrees of freedom is proved, e.g., as in [5], so
that dim(X,(E)) = ng, where ng is the edge number of . We remark that,
once Ty -n. = ¢, € Py(F) is given for all e € OF, the quantity div 1, € P,(FE)
is uniquely determined. Since div ), € Py(E) then

, IR 1 1
divry, = E/leTh dE = E Z Ty - M de = E Z lelce. (5)
E

ecdE V¢ ecOF

The local approximation space for U is simply defined as follows

Un(E) = {u, € L*(E) : u, € Py(E)}. (6)

5
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Accordingly, for the local space Uy (F) the following degrees of freedom can
be taken:

1
— E.
It follows that dim(U,(E)) = 1.

3.2. Approzimation in X; and Uy,
Let us consider the space W () = H(div, Q) N [L"(Q)]* (r > 2), equipped
with the natural norm. We define an interpolation operator

I W(Q) — 3 (8)

by requiring

/(g —Iy6) -n. de =0, V edge e of the elements in M, . 9)

[

Using the unisolvence of the degrees of freedom, e.g. see [5], it is not difficult
to check that such a Zj¢ exists and it is unique in ;. This definition implies
that for each £ € My,

/ div(¢ —Zns) dE=0. (10)

Hence, since for each £ € M, divZ,s € Py(E), we obtain the commuting
diagram property
div Zj¢ = I 5 div, (11)

where II§  : LAE) — Py(E) is the L* projection operator onto constants.
We now remark that (Z,6)z = Ve*, ¢ being the solution to the local
(compatible) Neumann problem
Ap* =1I§ pdive in B (12)
Ve*-n, =113 (¢-n.)  on every e side of OF,
where H876 denotes the L? projection operator onto the constant functions on

e. Regularity results of elliptic problems and Sobolev embedding theorems
show that there exists r* > 2 such that for r € (2,7*] it holds

1Znsllo,z < Crellslw ) - (13)
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Moreover assuming s € [H()]* and divs € H((), the following approxima-
tion results hold true: for each h, for each £ € M,,

Idiv(s = Tus)llop < Cabiy ldivel, 5. s=0,1 (14)

and
s — 7:h§||07E < Cihp |§|1,E : (15)

Above, C,+, Cyq and C; are positive constants depending only on the constant

~ of the mesh assumptions and [A.2]

Moreover, we recall that, given w € H(Q), for its L* projection II§ yu €
U}, it holds for each h, for each £ € M,

Hw—H&EwHO’ESCh% wl,; s=0,1, (16)

where C' > 0 depends only on the constant v of the mesh assumptions
and [A.2]

3.3. The local forms

In this section we introduce the VEM counterparts of the local forms
associated with the continuous problem.

The local mized term. Given E € M), we notice that the term

(diVTh,Uh)E = / UhdiVTh dE
E

is computable for every 7, € Y,(E) and v, € Uy(E) via the degrees of
freedom. For this reason, we do not need to introduce any approximation of
the continuous terms (div 7, u) and (dive,v) in problem (2).

The local bilinear form a¥(-,-). The local bilinear form

CLE(O'h,Th):/O'h'Th dFE
E

is not computable for a general pair (o, T,) € X5 (F) x 35(E). Here, instead
of using the standard VEM procedure (cf. [4]), we introduce a local self-
stabilized discrete bilinear form. Let

M, [L2(B)] = VE(E) (17)

7
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be the LA E)-projection operator onto the space VIPH (E), i.e. the space of
gradients of harmonic polynomials of degree at most k, with £ > 1. More
precisely, f[% is defined by the orthogonality condition: for each 7 € [L2(E)]2,
it holds R

(Hg_LET, Vp)E = (1,Vp),, vV pePH(E). (18)

In order to attain stability, the approximation of a®(,-) depends on ng, i.e.
the number of edges of E. More precisely, [| being the integer part, we select

b — [nE; 1] (19)

(i.e. k is the smallest integer such that 2k > ng). We then use the corre-
sponding projection 1%, see and , to define

a¥ (o, Th) = <ﬁ2_17E0'h,ﬂ2_17ETh>E Vo, T € Xn(E). (20)

Remark 1. We remark that, although a rigorous analysis is still missing for
general polygons, the numerical tests (see Section seem to suggest that
the choice always leads to a stable scheme.

Remark 2. Given 7, € ¥,(E), to compute ﬂ%_LETh one has solve, from
(18) and integrating by parts:

(ﬂg,wrh, Vp)E =—(divTy,p)p + / (Th,-m)p de VpePI(E),

OF
(21)
which is clearly computable, as div Ty, is computable and constant. Moreover,
integrating by parts also the left-hand side and taking into account that the
inwvolved polynomaials are harmonic, one realizes that the integral over E can
be computed as an integral over OE. In fact, recalling , ﬂg,LErh = Vg
for some q € PH(E). Hence, since q is harmonic, we have

(ﬂi_l,ETm Vp>E = (Vq,Vp)p = /

(Vg-n)p de = / (ﬂg_lerh -n)p de.
OF

OE

Therefore, only 1D quadrature rules are required to compute the left-hand
side of . Furthermore, since div Ty, is constant, the first term in the right-
hand side requires only to evaluate the integral of a harmonic polynomial of
degree at most k. Hence, the computation of ﬂgil’ETh s not as cumbersome
as it may appear at a first sight.
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The local right-hand side term. We split the right-hand side term on each
quadrilateral and we have

(f, Uh)E = /Efvh dE

Since vy, € Uy(F) = Py(FE), we have that

o= 3 o [ 1B,

EeMy

which is computable via quadrature rules for polygonal domains, see for
instance [30)].

3.4. The discrete scheme

Starting from the local spaces and local terms introduced in the previous
sections, we can set the global self-stabilized problem. More specifically, we
introduce these two global approximation spaces, by gluing the local approx-

imation spaces, see and @:
Y, = {7, € H(div,Q) : Ty, € T4(E), VE € My} (22)

and
U, = {uh eU: Up|p € Uh(E), VE € Mh} . (23)

Now, given a local approximation of a®(-, ), see , Vo, Th € X we set

ay (op, Th) = Z af (on, 1) . (24)
EeMy

We can state the discrete problem as: find (o, up) € 3, X Uy, such that

| | (25)
(le o, Uh)Q = (f, Uh)Q Yo, € Uy,

{ah (on, Th) + (divTy,up)g =0 V1, € Xy,
In the next section we focus on the well-posedness of this discrete scheme, in
the case of quadrilateral meshes, which requires in particular the coercivity-
on-the-kernel condition for the bilinear form a, (-,-) (also called ellipticity-
on-the-kernel condition).



191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

Figure 1: A general quadrilateral £ € My,

4. Well-posedness in the quadrilateral case

From now on we focus on the case where the mesh M, is made up by
quadrilaterals. This implies that we choose k& = 2, so that we use the local
projection fl? 5 see (19). Hence, we project onto the gradients of quadratic
harmonic polynomials, a space of dimension 4. For each quadrilateral £ €
My, Vi (for i =1,...,4) denote its vertices counterclockwise ordered and e;
the edge connecting V; to V;, 1, where V5 = V; (see Figure. , where a convex
element is depicted. However, we remark that the same argument applies
also to non convex shapes). Let n;, be the unit normal vector of the edges
e; for e =1,...,4. This section is devoted to prove the well-posedness of the
discrete problem stated by .

We introduce the following two useful spaces RTo(FE) and H(E), and we
prove some properties of their functions.

Definition 1 (Raviart-Thomas space RTo(E)). It is the space of the poly-
nomial functions defined as follows:

RTy(FE) := {r € [L2(E)}2 cT = (?) +c3 (Qyj) , St 09,03 € R},
2
(26)
whose dimension is equal to 3.

10
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Definition 2 (Hourglass space H(E)). Let & € X,,(E) be the function such
that

—1) _
E.nj:(‘e’) Vi =1,....,4, (27)
J

then we introduce the following one dimensional virtual space

H(E) := span (&) . (28)
Using the divergence theorem, it is straightforward to see that a function
Tn € H(FE) satisfies div 7, = 0.
Remark 3. We notice that the two spaces above are two subspaces of X5 (E).

Proposition 1. Let RT((E) be the space defined in (26) and let H(E) be the
space defined in , then

Yu(E) =RTy(E)® H(E). (29)
Moreover, let us define the local divergence-free subspace:
SUE) = {1, € Su(E) : divr, =0}. (30)
Then it holds
Sh(E) = (Py(E))* & H(E) (31)

and the decomposition is L*-orthogonal.

Proof. Notice that, according to the dimension of RTy(FE) and H(E), to get
we only have to prove that RTo(E) N H(E) = {0}. Then, take 7, €
RTo(E)NH(E). Since 75, € H(E) we have 75, = A € for a suitable real number
A. By the definition of &, we get divT, = Adiv€ = 0. Since 7, € RTy(F),
we thus infer 7, € (Py(E))?. Tt follows that 7, = V(75 - x) = AV(£ - x). We
have, using integration by parts and :

€ e -xY [T,
=1 J (32>

7l[25 = A2(&, V(€ -x))p = X2 /

OF

Therefore, an application of the trapezoidal rule gives

Irulld e = 2% (; S 1YV + vm)) -0, (3)

J=1

i.,e. 7, =0, and thus is proved. Furthermore, decomposition follows
from a dimensional count, while the L2-orthogonality is simply . O]

11
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Lemma 1. Let E € My, and let & be the hourglass function defined on E by
(27). Then 3C¢ > 0 independent of hg such that

1€]lp < Ce.. (34)

Proof. Since & € ¥ (FE), by Jv € HYE) such that & = Vou. It is clear
that v is defined up to a constant, so we choose v such that f v =10. This
implies that 3C' > 0 independent of hg such that

[olly < Chg[[Volly = Che €]y, (35)

by Poincaré’s inequality. Moreover, since div€ = 0, it holds Av = 0. Then,
by Green’s theorem and a Cauchy-Schwarz inequality we have

||£||(2) = (& Vv)p = (£ n,0),, < [|€- n”o,aE ||U||0,8E : (36)

We can apply a standard trace inequality to the last norm and obtain, by
exploiting also (35),

1 1 1
10llo,0r < Chiy (R Ilvllg + 1V0llg)* < Chi €]l - (37)

On the other hand, an explicit computation exploiting the definition of &
given by yields

4 _1 j 2 4
| {( )} CS et <A, (39
j=1"¢

e =

where the last inequality is obtained by exploiting the mesh assumption [A.2]

Using and into , we get

1 1 1
1€NIG < 1€ - nllo oz 0ll00m < 277 2R5" - CRE 1€l < C €]l -
which yields the thesis. O]

Lemma 2. Under the mesh assumptions and[A.2, for every E € M,
there exists a positive constant C, independent of hg, such that

|0 o7| = climilly  van e HED). (39)

12
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Proof. Since H(E) = span(ﬁ), it is sufficient to prove for 7, = €. Re-
calling that I 1u§ € VPE(E), see . from ({18} . we have

AO )
HIAIO EH = sup —( bl = sup —(é’ !
LE = = :

0 qeVPH(E) ||QHO qeVPH(E) HQHO

(40)

By Varignon’s theorem [31], for each element E € M,, the quadrilateral
K whose vertices are the edge midpoints M; (j = 1,...,4) of E, is a
parallelogram. With the identification V5 = V; we have

Vi+V;
Mj — J +2 Jj+1 :
and the area of K satisfies |Kg| = %' Under the mesh assumptions
and [A.2] it is not hard to show that the parallelogram is not degenerate,
i.e. assumptions and hold true for K as well. We now construct
p* € PE(E) such that

p* (M;) = (=1)7, foreach j=1,... 4. (41)

To this aim, it is useful to resort to complex numbers z = x + iy. Hence,
up to a translation, we can identify M; as 0 € C; accordingly, we also set
My = z1, My = z5 and M3 = z; + z3. A direct computation shows that the
complex-valued polynomial

21+ 2o 2

q(z) =—-1+2 z— 22
2129 2129

satisfies conditions (with the above-mentioned identifications of M;).
We now set p*(z,y) = Re(q(z)), where z = x + iy and Re(-) denotes the real
part. The real-valued polynomial p* is harmonic and satisfies conditions
as well. Let p* := Vp*; from we get

e )

By an explicit computation using Cavalieri-Simpson’s quadrature rule and

13
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(41]), we have that

— ;] y
B Z (_61)] (p" (V5) +4p™ (M;) + p* (Vig1)) (43)
-3 S (-1Pp" (M) =

We now notice that, due to assumptions and[A.2] there exists Cp» >
0, independent of hg, such that |[p*||, = [|Vp*||, < Cp+. Therefore, using
Lemma [I] we have

8 1€l g
) = - > el ()
|2 ] 3Hp o 3Tl 17T 30y Sl

Then, ([39) holds true with C, = 3050 O
4.1. Continuity and coercivity of the local bilinear form af(-,-)

In this section, applying the above preliminary results, in particular
Lemma , we prove the continuity and coercivity (on the divergence operator
kernel) of the local bilinear form af (-, -) in the L*-norm.

Theorem 1. Under the mesh assumptions (A. 1| cmd |A.2, for every E €
My, the discrete bilinear form af (-,-), defined in ([20), is L? continuous and
coercive-on-the kernel, namely there exist two posztwe constants o, and o*,
independent of hg, such that

ay (Th.on) < o™ |Imallglonlly — Y7a, 00 € Si(E) (45)

and
ap (Th,mh) > on |Tally Vi € SH(E), (46)

where 39 is the divergence-free subspace defined in .

Proof. Fixed an element £ € My, we first check the continuity. For every
Th,0n € X (F), applying the definition of 1%, its continuity and the Cauchy-
Schwarz inequality, we obviously obtain

af (T, 01) = (I 570, 119 pon) < [I7all lowll, - (47)

14
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Then holds true with o* = 1.

Now, we prove the X.9-coercivity of the bilinear form a (-, ). From Propo-
sition , we get that every 7, € £) can be written by means of the orthogonal
decomposition

Th = To + T h s

where 79 € (Py(E))? and 7, € H(E). Moreover, one has
174116 = lI7oll5 + 174115 -

Using Lemma , the definition of the projection operator and noticing
that IIY ;7o = 7o , we have

E(Th, Th) < Y 5Th 11 ETh) = (ﬁ?’ETO + 110 57, 19 57 + ﬂ(lJ,E%h)
= (70, 7T0) + 2 (70, Th) + (ﬂ?,E%m fl(l)’Ei'h>
= (

To,To) + (ﬂ(l),E% mﬂ?,E%h)
> (10,70) + Cs (Th, Th)
> min {1,C.} [||7ol2 + |74l 2]
= C.|I7all5

(48)
which yields the thesis, with a, = C,. n

4.2. Ellipticity-on-the-kernel condition and inf-sup condition

In this section, we consider the two conditions, i.e. the coercivity of the
bilinear form a(-,-) on the kernel of the mixed term and the LBB inf-sup
condition, that imply the well-posedness of the discrete problem ([25)).

Let us introduce the discrete kernel space given by
K, = {’Thezhi (diV’Th,Uh):OvthUh} . (49)

Notice that V7, € Kj we have that divr, = 0, so that 7, € 22 and
7wl = ||7nll,- Hence, applying the local coercivity property stated
in Theorem [l and the definition of the bilinear form a,, (-, -) (24)), we obtain
that 4C, > 0, independent of h, such that

ay, (Th,’l'h) > C. ||7-h||22 VTh c Kh. (50)
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Furthermore, the inf-sup condition, i.e. 48 > 0, independent of h, such

that _
(divTh,v)q (51)

inf sup =
veUL 1, €%, ||U||0 HThHE

is a consequence of the so-called Fortin’s trick, cf. [2], when the interpolation

operator Z, of Section is considered (see in particular , and
with s = 0).

5. Error estimates in the quadrilateral case

We prove optimal a priori error estimates for the method presented in
this work, when the mesh is made up by quadrilaterals. We remark that the
proof follows the usual guidelines for the VEM mixed schemes; however, we
provide all the details, for the sake of completeness.

Theorem 2. Let (o,u) € [H(Q)]> x H{Q) and f € HYQ) be respectively
solution and forcing term of . Then 3C > 0, independent of h, such that
the unique solution (o, up) € Xy X Uy, of satisfies the following error
estimates:

lo = onlly < Chlel, (52)
[div(e —an)lly < ChIfly (53)
[ = wnlly < Ch(Jul, + |of,) - (54)

Proof. In order to prove , let oy := Z,0 € X) be the interpolant of o
defined in Section [3.2] Then, applying the triangle inequality we obtain

||0' - o'h“o < ”‘7 - UIHO + HUI - Uh”o . (55)

Let us focus on the term ||o; — 4]|,. Notice that, applying the second
equation of discrete problem and the property of the interpolant ,
we have for each £ € M,,

dive, = -1 g f = I pdive =dive; = div(e; —0,) =0,  (56)
hence (o7 — o) g € X for each E € M,, (therefore (o7 — 0}) € Kj).

Notice that applying this relation to the first equation of the discrete problem
(25) and to the first equation of the continuous problem we obtain that
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a, (op, 01 —op) =0 and a(o,0; — o) = 0. Then, since o7 — o, € K}, we
can apply Theorem , in particular , and obtain the estimate

a o — oy < a, (0 — on o1 — o)

=ay, (0,01 — o)

E 70 E (Y0
= g (ah <01—H17Ea',0'1—0'h>+ah (HLEO',O'[—O'h))

EeM,
E 70 E ({70
= g (ah <0'1 — 1L} o, o —crh> +a <HLE0',0'[ —0'h>>
EeM,
E 70 E (70
= E (ah <0'I—H1,E0',0'1—a'h> +a <H1’E0'—0',0'1—0'h>> ,
EeMy

(57)
where the projector H?y g is defined by the orthogonality condition (18)) and

satisfies, for each £ € My, af <ICI(1)7E0', Th) =aF <12[(1),E0', ’Th) Y1, € X,. We

now notice that, since & = Vu and ﬁ? £ Drojects onto the space VP (E), it
holds

A

o—11° O'H = HVu — 110 Vu H = inf |u— < Chglo )
H LE 0.5 1,E( ) 0E  pepli )’ p’l,E S E’ ‘1,E
(58)

where the last estimate follows from the standard approximation theory,
see [32, 33, 34]. Then, by the continuity of a¥ (-,-) and a” (-,-), applying
estimates and , we obtain

ol <€ 32 ([lor-mpo o+ o -85
lor —oully < A (0'1 1,E0 0,E+ o 1,EO 0.
h

. (59)
sc(ua—az|ro+ > Ha—ni’,EaHOE>

EeMy
<Chlo|, .

Applying this relation and the interpolation estimate to ,estimate
is proved. Moreover, to prove (H3) we apply (b6), the interpolation
estimate and the equation dive = —f, to obtain

|dive — divey|, < |[dive — dive|, < Ch|f], . (60)
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Finally, we have to prove . Let u; := Hg,h“ € Uy. Notice that by its
definition u; satisfies (v — uy,divTy), = 0 for each 7, € ¥,. By triangle
inequality we have

lu = unlly < llu = wrllo + llur = unlly - (61)

First, let us consider the term ||u; — wy||,. Since u; — uy, € Uy, according to
the inf-sup condition , there exists 7} € X, be such that div 7} = u;—uy,

and
1

B

Then, applying the continuous problem , the discrete one and adding
and subtracting [1%o, we obtain

[7hllo < 2 llur = unlly - (62)

lur — unlly = (ur = up, div 7))
(u —up, div Ty),,
=a(o,T}) — ay, (oh, T})
= Z a <a’ — ﬂ(l]’Eo', 7'2) + aff <ﬂ(1),E0- — O, 7'2) (63)

EeMy,

<0 Y (Jo-ttae]],, + o= oull ) s =l
EeMy ’

where in the last step we exploit the continuity of the bilinear forms together

with . Finally, applying to , the interpolation estimate and

the error estimate of o (52)) already proved, we obtain

= unlly < = wnly + € ( 5
Fe

< C’h(|u|1 + |0'|1) .

U—ﬂo O'H + |lo — o
o= 10po,, +lle—ouls)

h

6. Numerical Tests

6.1. Convergence tests

In this section, we numerically assess the behaviour of our scheme with
respect to mesh refinement. We consider 2 = (0,1)? and solve Problem ([25))

18
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Figure 2: Meshes.

choosing f such that

u(z,y) = 2(1 = 2)y(l —y),

(1 —22)y(1 —y)
o(z,y) = Vu(zr,y) = (x(l B x)g(Jl B QZ)> .

First, we consider the four families of meshes depicted in Figure[2l We assess
the method behaviour by computing the following relative errors:

1

2

erruzL E = unll; :
[l 0F

EeM,
1 . : 2 \2
errgiv = m Eez/\/{ <Hd1V0' — le a'h”07E> y
h
1
1 o 2\’
wtg= (5 o110
7 ||U||O EeM,, FLE 0.E ’
1
2
(Zec, he o = ) - o, )
eIl = - ,

2
(Zoce, el o,

7 where &, denotes the set all edges of M,,. We also solve the test problem
s with the mixed finite element RTy — Py [2], and the standard VEM method
20 [4]. We recall that for this latter method, the local discrete bilinear form
30 ap(+,-) is given by

3

N

3

N

a, (o, h) = (1§ gon, 11§ 571) o + 7 (I =113 g)on, (I =115 g) 1), (65)
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Figure 3: Convergence curves on quadrilateral meshes. The vertical axis refers to the
values of the errors.
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Figure 4: Convergence curves on Random mesh. The left vertical axis refers to the values
of the errors (dotted lines). The right vertical axis refers to the ratio between the error
made by the standard VEM method and the error of the proposed method (orange dots).

where sZ(-, ) is the local stabilization term. In matrix form, the stabilization
term we choose is given by

S=(1-11°"D (111, (66)

where the matrix IT° represents the projection onto the constant vector func-
tions. Moreover, D is a diagonal matrix defined as

D;; = max (hE|€i’a (Hg,E‘Pia Hg,E%)E> : (67)
Above, the functions ¢, denote the elements of the Lagrangian basis corre-
sponding to the local degrees of freedom . This choice is known as D-recipe
stabilization, and it is inspired by the numerical assessment in [I8, 19]. We
also notice that in computing the error err,, for the standard VEM we use
the projection onto constants.

In Figure [3| we consider the quadrilateral meshes of Figures [2a] [2D] and
respectively named Cartesian, ConvexConcave and Distorted. The
computed errors obtained by the three methods are compared with respect
to the maximum diameter of the mesh, denoted by h, and the asymptotical
convergence rates (m) are reported in the legend. The results show that
the two VE methods behave equivalently on all meshes concerning all the
computed errors, whereas the mixed FE method has a similar behavior to
VE methods just on Cartesian mesh. Indeed, it is well-known that the
Piola transformation corresponding to the mapping from the square parent
element to a physical one, is a diffeomorphism only for convex elements.
This is the reason why the FE method does not converge on ConvexConcave
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Figure 5: Rhomboidal mesh: anisotropic h-refinement

mesh. Instead, as far as the Distorted mesh is concerned, it is known
that the errg;, does not converge for the Raviart-Thomas Finite Element
on general shape-regular, though convex, quadrilaterals (see [35] for more
details). We also remark that on all the meshes, both the VEM methods
return exactly the same results for erry;,. This is not surprising, since for all
the meshes and both the VEM methods, from the second equation of
we get dive, = —H&Ef7 while dive = —f. Hence errg;, is always the L?
error when the load term f is approximated by piecewise constant functions.
Accordingly, from now on we will not display that error quantity.

In Figure 2d| we consider the family of meshes named Random, i.e. polyg-
onal meshes obtained using Polymesher [36], whose elements are not only
quadrilaterals. On each polygon, we construct the local bilinear form a? (-, -)
(20) choosing k as in (19) (see Remark [I). As we can see in Figure [ the
proposed method is stable and exhibits the expected convergence rates.

6.2. Comparison with standard VEM on an anisotropic refinement test

In this section, we consider the problem presented in the previous section
with a Rhomboidal mesh, as depicted in Figure f] This mesh is refined
applying an anisotropic rule. In particular, at each step the mesh is refined
by a factor « in the x-direction and by a factor a? in the y-direction. In Figure
[6] we present the convergence plots. We observe that both the mixed finite
element method and the standard VEM method are not properly converging,
while the proposed scheme exhibits the expected convergence behaviour.
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Figure 6: Convergence curves on Rhomboidal mesh. The vertical axis refers to the values
of the errors.

7. Conclusions

We have presented a self-stabilized Virtual Element Method for the Pois-
son problem in mixed form. One of the main features of our approach is
the use of a projection operator over the gradients of harmonic polynomi-
als of suitable degree. This choice alleviates the computational costs arising
from the numerical quadrature. Despite the scheme is designed for arbitrary
polygons, the theoretical analysis has been developed only for quadrilateral
meshes. The method convergence and stability have been computationally
confirmed. Moreover, the numerical results show that our scheme is a valid
alternative to the standard lowest-order mixed VEM.

A possible future development of the present study is the extension of the
analysis to general polygonal meshes.
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