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Introduction

In this thesis, we study some curvature-dependent energies, with a specific emphasis
on their applications to biological membranes and geometric flows. The contents of
the thesis are based on the contributions of the research papers [32, 34, 33, 68] in
collaboration with Daniele De Gennaro, Antonia Diana, Andrea Kubin, Luca Lussardi,
and Marco Morandotti.

The modeling of biological membranes has become a dynamic topic in recent years,
with numerous applications in biophysics, biology, and materials science. Biological
membranes are modeled as regular surfaces in the three-dimensional space, and their
equilibrium configurations are associated with the minima of the Canham—Helfrich
functional. This functional takes into account the bending and stretching of the
membrane and is formulated in terms of the curvatures of the membrane surface.

Geometric flows are evolution equations that describe the behavior of sets as they
evolve over time based on their geometry. The velocity at which each set moves is
determined by its geometric attributes, such as curvature. The equations that arise
from this study are, in a suitable sense, parabolic differential equations that have
broad applications across various fields, including materials science, computer vision,
image processing, and physics. In particular, in this thesis we focus on two examples of
geometric flows which depend on the mean curvature: the volume-preserving mean
curvature flow and the surface diffusion flow, which describe the evolution of surfaces
under the influence of surface tension and mass diffusion, respectively.

The thesis is organized into two main parts: biological membranes and geometric
flows. Each part begins with a preliminary chapter that establishes the notation and
reviews the auxiliary results required for the subsequent discussions.

In Chapter 2, which focuses on the Canham-Helfrich functional, we investigate the
existence of minimizers for this functional on generalized Gauss graphs, a class of
currents which include regular surfaces as a special case. As a first step, we extend
the Canham—Helfrich energy, usually defined on regular surfaces, to generalized
Gauss graphs, and then we prove lower semicontinuity and compactness, under a
suitable condition on the bending constants ensuring coerciveness. Finally, we show
the existence of a minimizer by applying the direct method of the Calculus of Variations.
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In Chapter 4, we prove the stability of strictly stable critical sets of the perimeter, in
the flat torus T?, for the volume-preserving mean curvature flow and surface diffusion
flow. Chapter 5 and Chapter 6 address the time discretization of the volume-preserving
mean curvature flow. In Chapter 5, we prove the stability of stable sets in TV for
the discrete flow, and we completely characterize the asymptotic behavior starting
from any initial set in dimension N =2. In Chapter 6, we focus on the time-discrete
fractional mean curvature flow. We develop the long-time convergence analysis for
this evolution, proving that the flow converges exponentially fast to a single ball under
suitable hypotheses on the dimension N and on the fractional exponent s, namely: N <7
and s~ l,or N=2and s € (0,1).

In the following we give a more detailed presentation of the contents of the thesis.

Biological membranes

The mathematical modeling of biological membranes is an active field of research that
has received much attention in the last half century starting with the pioneering works
of Canham [21] and Helfrich [59]. They modeled the membranes as regular surfaces in
the space and associate the equilibrium configurations with the minimum of an energy
functional depending on the curvatures.

If we denote by M C R? a compact, oriented surface, by H and K its mean and
Gaussian curvatures, respectively, and by Hj a constant spontaneous curvature, the
so-called Canham—Helfrich energy functional reads

£(M) = /M (o (H(p) — Ho)? — oK (p)) A (p),

where ay,ax > 0 are the physical, model-specific, bending constants.

The lipid bilayer that usually constitutes biological membranes is composed of
amphiphiles, polar molecules featuring a hydrophilic head and a hydrophobic fatty
tail, that are arranged in a fashion so that the tails are in the inner part of the bilayer,
screened from the watery surrounding environment. Given the thickness of a few
nanometers, one such bilayer can be effectively described as a surface M and the form of
the energy depending on the mean curvature H of M responds to the need of explaining
the bi-concave shape of red blood cells [21]. The competing contribution coming from
the Gaussian curvature K was added by Helfrich [59], whereas the presence of the
spontaneous mean curvature Hy takes into account possibly preferred configurations:
this is the case in which the asymmetry between the two layers, or the difference in the
chemical potential across the membrane determine a natural bending of the membrane,
even at rest.
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If the surface M is without boundary, one can invoke the Gauss—Bonnet theorem
and obtain that the term involving K gives a constant contribution (determined by the
Euler characteristic y(M) of M) to the energy, so that it can be neglected in view of
the minimization of & among all surfaces with prescribed topology. In this case, and
under the further constraint that the spontaneous curvature vanishes, the functional &
reduces to the well-known Willmore energy functional [70, 89, 93, 96, 99]

W (M) = /M H2(p) 4 (p).

Both functionals & and # are geometric in nature, since they depend on geomet-
ric features of the surface M, and can be studied in a number of different contexts,
according to the regularity requests on M. Sobolev-type approaches to the minimiza-
tion either of the Willmore functional (see [70] and the references therein) or of the
Canham-Helfrich functional (see, e.g., [25, 27, 60, 61, 80, 100]) assume that M has
fixed topology, or even symmetry constraints. Aiming at considering more general
surfaces, that include physically interesting configurations (see Figure 1), a successful
approach is the one through varifolds [63, 101], see [17, 42, 43]. We point out that

Fig. 1 Baumgart, Hess, Webb, Nature 2003 [13].

other frameworks are available in the study of geometric functionals: for instance,
currents [47] have been used to tackle the minimization of the area functional. Despite
not being suitable for the formulation of problems involving curvatures, due to their
lack of an intrinsic notion of curvature, special classes of currents have been introduced
to overcome this issue. Nonetheless, it is possible to apply the technical tools of the
theory of currents to the class of the so-called generalized Gauss graphs [10], which are
motivated by a generalization of the graph of the Gauss map on smooth surfaces M.
Instead of generalizing M itself, this approach has the remarkable advantage to al-
low one to exploit the fact that the curvatures of M are coded in its Gauss map, see
Section 1.3 for detalils.
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In order to ensure both the coercivity and the lower semicontinuity of the Canham—
Helfrich energy we assume that the bending constants satisfy

4oy > ag > 0.

This condition is the same assumed in [27, Theorem 1] and [25, formula (1.9)] in the
Sobolev setting, see also [60, 61], whereas the more restrictive condition 120y > 50 >0
is considered in [17] in the varifold setting. We note that the typical physical range of
the parameters is 2ay > ox > 0, see for example [12, 15, 97], the case ax = 0 essentially
reducing to the Willmore functional 7.

In Chapter 2, we provide a suitable formulation of the Canham—Helfrich func-
tional & in the class of generalized Gauss graphs and study some minimization prob-
lems. The main results are Theorems 2.3.5, 2.3.6, and 2.3.9 stating that, under the
condition 4ay > ag > 0, there exists a minimizer of the Canham—Helfrich functional in
certain classes of generalized Gauss graphs, also enforcing area and enclosed volume
constraints.

Geometric flows

We consider two smooth evolutions of sets ¢ — E;. The first one is the forced mean
curvature flow which is defined by the equation

Vi(x) = —HE,(x) + f(x,t) for x € JE;,

where V; denotes the velocity in the normal direction, Hg, denotes the scalar mean
curvature of E;, and f is a forcing term. In the case where f is zero, this flow is known as
the classical mean curvature flow. When f is equal to the average of the mean curvature
Hg,, we refer to it as volume-preserving mean curvature flow. In Chapter 6, we also
consider the fractional counterpart of this evolution where the mean curvature Hg, is
substituted by the s—fractional mean curvature Hj, .

The mean curvature flow is a fundamental concept with far-reaching geometric and
physical applications, and it has a rich history dating back to its use in material science.
One notable application is in physical systems involving multiple phases, such as the
motion of grain boundaries in materials science, as first discussed by Mullins [84].
This model has then found numerous applications in image segmentation [22], and
materials science [5]. Moreover, the fractional mean curvature flow has also been
considered to model dislocation dynamics (see [64]).
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The second evolution we consider is the surface diffusion flow which is a smooth
flow of sets E; evolving according to the law

Vt(x) = Ag, HE, (x) for x € JE;,

where Ag, denotes the Laplace-Beltrami operator on JE;. Similar to the mean curvature
flow, the surface diffusion flow has significant applications in materials science, partic-
ularly in physical systems with multiple phases. It was introduced by Mullins [85] as a
model for surface dynamics in phase interfaces when the evolution is driven by mass
diffusion in the interface.

The volume-preserving mean curvature flow can be viewed as a simplified second-
order version of the surface diffusion flow, as both flows exhibit several common
properties. Notably, both flows preserve the volume of the evolving sets while decreas-
ing the perimeter (as discussed in Section 3.3). Furthermore, these evolutions can
be considered, at least formally, as gradient flows of the perimeter functional with
respect to suitable metrics. Specifically, the mean curvature flow can be regarded as the
L*-gradient flow of the perimeter, while the surface diffusion flow can be interpreted as
its H~!'-gradient flow.

In both cases, the generated flows may present singularities of different kinds in a
finite time-span even if the initial data is smooth. We can see merging or collision of
near sets, pinch-offs or shrinking of connected components to points, and there exist
examples of singular solutions even in the two dimensional case [77, 78]. Therefore, in
general, only short-time existence results are available, see [45] for the mean curvature
flow and [44] for the surface diffusion flow (see also [53] for the case of triple junction
clusters), and it is an important question to identify sufficient conditions for global
existence.

In Chapter 4 we focus on the stability of these two smooth evolutions in the flat
torus TV, which is particularly interesting due to the great variety of possible limit
points for the flows, namely periodic constant mean curvature hypersurfaces. In the
Euclidean space only unions of balls have constant mean curvature, whereas the flat
torus admits a much broader range of such sets. However, a full characterization of
periodic constant mean curvature hypersurfaces is still not available in any dimension.
For N =2 the only sets with constant mean curvature are discs and stripes (also called
lamellae), while for N > 3 there exist many nontrivial examples, as seen in Figure 2.

Given the (formal) gradient flow structure of the two evolutions, it is natural to
expect that the flow starting close to “stable” sets for the perimeter exists for all
times and asymptotically converges to those “stable” sets. We refer to this property
as dynamical stability. We will properly define the notion of critical and stable set in
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Fig. 2 The critical points in T3: balls, cylinders, gyroids and lamellae.

Definition 3.1.6, however we can summarize them as follows: critical sets are those with
boundary with constant mean curvature, while stable sets are critical sets with positive
definite second variation of the perimeter (i.e., they are “stable” for the perimeter
functional).

It is a classical approach in the study of this type of flows to restrict the analysis to
small enough neighborhoods of strictly stable sets, in order to show global existence
and convergence of the flows. This method was employed in [3, 50, 51] (see also [35]
for a complete survey), where the authors considered the surface diffusion and the
Mullins-Sekerka flows in the 2,3-dimensional flat torus. In these works, it was proved
that strictly stable sets are dinamically stable for the aforementioned flows.

Regarding the volume-preserving mean curvature flow, recent progresses have been
made in proving the dynamical stability of strictly stable sets in the 3-dimensional flat
torus [86], while, in the Euclidean setting, the asymptotic convergence to a ball has
been proven under various hypotheses on the initial set in [45, 52, 62, 72] (see also the
approach based on weak solutions of [65] in R? and the one in [14] in the anisotropic
and crystalline setting). For the surface diffusion flow, some results have focused on
the stability of balls [44, 98], infinite cylinders [71], triple junctions [54, 55], and also
double bubbles [2].

Building upon recent developments in the study of geometric flows, in Chapter 4
we extend to all dimensions the aforementioned results on the dynamical stability
of strictly stable sets in the flat torus, both for the surface diffusion flow and the
volume-preserving mean curvature flow. Specifically, we will employ a quantitative
Alexandrov-type estimate recently established in [33], based on prior results in the
Euclidean setting [82] (see also [24, 34] for similar results in the nonlocal setting).
More precisely, for initial sets close in the C"!-topology to a strictly stable set, we
prove global existence and asymptotic convergence of both flows to a translated of
such set exponentially fast. This is surprising for the surface diffusion flow, which is a
fourth-order flow, but is made possible by applying estimates from [58], which provide
a fourth-order counterpart to the results for mean curvature flows with rough initial
data [67].

In Chapter 5, we focus on the volume-preserving mean curvature flow in the flat
torus. As we already mentioned, singularities may appear in a finite time during the
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evolution even for smooth initial sets. Therefore, after the onset of singularities, the
classical or smooth formulation of the flow ceases to hold and needs to be replaced
by a weaker one. Due to the lack of a comparison principle, a natural approach is
the minimizing movement approach proposed independently by Almgren, Taylor, and
Wang in [6] and by Luckhaus and Sturzenhecker in [73] for the unconstrained case,
and adapted to the volume-preserving setting in [83].

We briefly recall the scheme in the volume constrained setting. First of all we define
a discrete-in-time approximation of the flow that will be called the discrete (volume-
preserving) flow. Given any initial set E;, and a time-step 4 > 0 we define iteratively
E) :=Ey, and for all n > 0 we set

1 .
EM'e argmin{P(F)-l—Z/ distypy (x)dx : F C TV, |F| = |E0|},
F

AED

where dist,g» is the distance function from the set JE;. We can define for every r > 0,
}

time-step & converges to zero is called a flat flow. As for the classical mean curvature

the approximate flow by Ej(¢) := E;[lt/ h. Any limit point of this approximate flow as the
flow, this approach produces global-in-time solutions as shown in [83]. The existence of
such global solutions then permits to analyse the equilibrium configurations reached
in the long-time asymptotic.

In [82] the authors characterized, in the Euclidean space, the long-time behavior of
the discrete flow: they proved that the evolution starting from an arbitrary bounded
initial set converges exponentially fast to a finite union of disjoint balls with equal radii.
Moreover, the same authors and collaborators were able to send the discretization
parameter & to 0 in [65], in the case N = 2.

In Chapter 5, we develop the asymptotic analysis for the discrete flow in the flat
torus TV. As we have already mentioned, in such a framework the class of possible
long-time limits is much richer than in R" as it includes not only union of balls with
equal radii but also different type of critical sets for the perimeter. In particular, we
prove the stability of strictly stable sets for the discrete flow, that is we show that the
flow starting near a stable set asymptotically convergences to a translate of this set,
and we completely characterize the long-time behavior starting from any initial set
of finite perimeter when N = 2. Moreover, an estimate on the convergence speed is
provided.

Finally, in Chapter 6 we consider the volume-preserving fractional mean-curvature
flow and we characterize the asymptotic behaviour of its time-discretization. In partic-
ular, we prove that the discrete flow starting from any bounded set of finite fractional
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perimeter converges exponentially fast to a single ball if the dimension N <7 and the
fractional exponent s~ 1, or for any s € (0,1) when N = 2.



Part 1

Biological membranes






Chapter 1
Notation and preliminaries

In this chapter, we define the class of currents on which we will work in Chapter 2.
These currents are known as generalized Gauss graphs and were introduced by Anzel-
lotti, Serapioni, and Tamanini in [10]. We refer the reader to [40, 41] for the classical
notions of differential geometry and to [46, 95] for comprehensive treatises on the
theory of currents.

1.1 Exterior algebra and rectifiable currents

Let k, N € N be such that 1 <k <N. We say that o : (RV)* — R is a k-linear alternating
form if it is linear in each variable and it is alternating, i.e.

a(vG(l)""7vG(k)) - Sgn<6)a(V1,...,Vk)

for every vy,...,v, € RV and every permutation o of the indexes {1,...,k}, where sgn(o)
denotes the sign of the permutation. We define /\O(RN ) :=R and we denote by A\ (RN)
the space of k-covectors in RY, that is the space of k-linear alternating forms on RY. We
denote by A,(R") the dual space (A*(RV))* = A*((RV)*), called the space of k-vectors
in RY. We recall that, if {ej,...,ey} is a basis of R, then {e;, A...Ae; 1 1 <ip <...<i; <
N} is a basis of A, (RY), where A denotes the exterior (or wedge) product. We recall that
the exterior product vAw € A\, ,(RY) between v € A\ (RY) and w € \,(RY) is characterized
by the following properties: it is bilinear, and alternating, i.e. ¢; Aej = —e; A¢; for every
i # j and e; Ae; = 0 for every i. Similarly, one can define the exterior product on k-
covectors. A k-vector v is called a simple k-vector if it can be written as v =v{ A... Ay,
for some vy,...,v € \;(RY) ~ RV,

Let Q C RY be an open set. A (differential) k-form ® on Q is a (differentiable) map
that to each x € Q associates w(x) € A(RY). Given @ a 0-form on Q (that is, a scalar



4 Notation and preliminaries

function w: Q — R), we define dw as the 1-form on Q given by the differential of ®; for
k > 0, the definition of the exterior differential operator d is extended from k-forms to
(k+1)-forms through the usual algebra of the exterior product. We denote by 2*(Q)
the space of k-forms of class C* with compact support in Q.

Definition 1.1.1 (Current). We define the space of k-currents 7;(Q) as the dual of
DK(Q).

Given a sequence of currents {7,},cn C Z(Q) and a current T € Z;(Q), we say
that 7, converges weakly to 7, and write 7, — T, if and only if (7,,, ) — (T, w) for
every o € 2X(Q), where (-,-) denotes the dual product. We denote by 9T € Z;_,(Q) the
boundary of the current T € Z,(Q), defined as (T, ®) := (T,dw) for every o € 25" 1(Q),
while the boundary of a 0-current is set equal to 0. We notice that dw € 2*(Q) whenever
o € 2"1(Q), that is, exterior differentiation preserves the compactness of the support,
so that the duality (d7, w) is well defined. The mass of a current T € Z;(Q) in the open
set W C Q is defined as

My (T) == sup {(T,0) : 0 € Z*W), ||o(x)|| < 1 for every x € W},

for simplicity, we denote by M(7) the mass of T in Q. Here, || - || denotes the comass
norm, namely, for oo € \F(RV),

||et|| == sup{{e,v) : v is a simple k-vector with |[v| <1},

where |v| := |v] A... Avg| is the volume of the parallelepiped generated by vy,...,v.

We denote by .7#* the k-dimensional Hausdorff measure. Given a set M C RV, we
say that M is k-rectifiable if M C U7, M;, for a certain /#*-negligible subset M, C RY
and for certain k-dimensional C! surfaces M; C RV, for i > 0. One can prove that, if M
is a k-rectifiable set, for ./#*-almost every p € M there exists an approximate tangent
space denoted by 7,M. We say that a map n: M — A\, (R") is an orientation of M if it
is ##*-measurable and if n(p) is a unit simple k-vector that spans the approximate
tangent space T,M for s#*-almost every p € M. We say that a map f: M — R is an
integer multiplicity on M if it is ##*-locally summable and with values in N.

Definition 1.1.2 (Rectifiable current with integer multiplicity). We say that a current
T € Zx(Q) is a k-rectifiable current with integer multiplicity if there exist a k-rectifiable
set M C RN, an orientation N of M, and an integer multiplicity B on M such that for every
o € 7*(Q) we have

(T.0) = /M (@(p),1(p))B(p) A (p).

We denote by % (Q) the set of such currents and write T = [M,n, B].
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We remark that for k-rectifiable currents T we have

My, (T) = B(p)ds*(p), (1.1.1)
MW
which simply returns J#%(M NW) if the multiplicity j is 1.

Oriented k-dimensional surfaces are a fundamental example of k-rectifiable currents
with integer multiplicity. To each smooth oriented surface S is canonically associated
the current T defined by (7,0) = [((® p))ds#*(p), where 1 is the orientation of
S. By Stokes Theorem, the boundary of T corresponds to the current associated with
the boundary of S, and thus the notion of boundary for currents is compatible with the
classical definition for oriented surfaces. Moreover, M(T) = 2#%(S), and therefore the
mass naturally extend the concept of k-dimensional volume to k-currents.

We now state the celebrated Federer—Fleming theorem, which establishes the
compactness and closeness for k-rectifiable currents with integer multiplicity.

Theorem 1.1.3 ([46, Theorem 4.2.17]). Let {T,},cn be a sequence in %;(Q) such that
0T, € %r_1(Q) for any n € N. Assume that for any open set W with compact closure in Q
there exists a constant cy > 0 such that

Then there exist a subsequence {n;}jcn and a current T € %(Q) with T € % (Q) such
that T,; =~ T as j — oo.

1.2 Gauss graphs

In the next chapter, our focus will be on two-dimensional objects in R3, thus we present
all the concepts and results in this specific context. However, we note that everything
can be readily adapted to a more general setting.

Let M C R? be a compact two-dimensional surface of class C?; we say that M is
orientable if there exists a map v from M to the unit sphere S? of class C! on M such
that, for every p € M, the vector v(p) is perpendicular to the tangent space 7,M. Once
we fix a choice of such a map v, we say that the surface M is oriented and we call v
the Gauss map of M. Since M is of class C?, the Gauss map is differentiable at any
p € M and, upon identifying 7, p)Sz ~ T,M, its differential in p, dv,,: T,M — T, p)Sz, isa
self-adjoint linear operator that has two real eigenvalues «x;(p) and x»(p), called the
principal curvatures of M at p. We define the mean and Gaussian curvatures of M at p
by

H(p) =K (p)+x2(p), K(p)=rxi(p)ka(p).
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The map dv, can be extended to a linear map L,: R®> — R? by setting
L, =dv,oP,, (1.2.1)

where P,: R® — T,M denotes the orthogonal projection on the tangent space. With a
little abuse of notation, we denote again by L, the matrix associated with the linear
map L,. Observe that L, has egeinvalues «(p), k2(p), and 0; in particular, detL, = 0.

For convenience, we denote by R? the space of points p € M and by R; the space
where v(p) takes its values, and we consider the graph of the Gauss map

G:={(p,v(p)) ER}xR}: pe M} CR} xR} ~ RO, (1.2.2)

Since M is a two-dimensional surface of class C2?, G is a two-dimensional embedded
manifold in R} x R} of class C'. We remark that if M has a boundary then also G has a
boundary which is given by dG = {(p,v(p)) : p € IM} and we notice that if IM = 0 then
G =0.

We now define an orientation on G. We equip M with the orientation induced by v
and let 7(p) := *v(p), where *: A\;(R?) = A\,(R?) is the Hodge operator. In general, for
every 0 < k < N, we recall that the Hodge operator

0 Ay i (RY) = A(RY)

is the linear operator defined by vAxv =e; A...Aey for v=e; A... Ney_i, Where
{e1,...,en} is the standard basis of RY. Notice that t(p) € \,(T,M) for every p € M,
thus the field p — 7(p) is a tangent 2-vector field on M. Let ®: M — M xS* C R} X R) be
given by ®(p) := (p,v(p)) which is of class C' on M. Observe that G = ®(M). For each
p € M we have

: 2 ~ 3 o R3
dd,: )M — T,M X T,,(,S” C Ry x Ry

u— (u,dv,(u)).
Finally, we define &: G — Ay (R] xR;}) as
E(p,v(p)) =d®,(t1(p)) NdP,(Ta(p)), for T=1ATD. (1.2.3)

Since d®, =I® dv,, where I : R? — R} denotes the identity map, we have that || > 1,
hence we can normalize £ obtaining

= (1.2.4)
=g
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which is an orientation of G. By combining [10, Proposition 1.1 and Example 1.2], we
obtain the following formula for the area of G.

Proposition 1.2.1. The area of the Gauss graph G of the smooth oriented surface
M C R is given by

HG) = / E (v (@) A2 (),
M

and the norm of & is given by

& (x,v(x))| = \/1 + 1 (x)% + K () + (k1 (0) 12 (x))

= \JH@?+ (1 - K@)

1.3 Generalized Gauss graphs

We now introduce the more general setting of generalized Gauss graphs. Let {e},e2,e3}
be the canonical basis of R?, and {¢,&,,&3} be the one of R;. Moreover, we denote by
{dx;,dx;,dx3} and {dy;,dy,,dys} their dual basis, respectively.

Definition 1.3.1 (Stratification). Given a 2-vector & € \,(R3 x RS ), we define the strati-
fication of & as the unique decomposition

=8+ +&, where & e (R, & eANRIANRY), &R,
given by

5(): Z <dx,~/\dxj,§>e,-/\ej:: Z féje,-/\ej,

1<i<j<3 1<i<j<3
_ . . N i, Ag.
- ) - )
1<i,j<3 1<i,j<3
52: Z <dyi/\dyj,5>8i/\8j = Z 521J8i/\€j.
1<i<j<3 1<i<j<3

Notice that the three equalities above serve as a definition of Qij ; & and &, are
represented by 3 x 3 skew-symmetric matrices while & is represented by a 3 x 3 matrix.

From now on we consider Q C R? an open set.
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Definition 1.3.2 (Generalized Gauss graph). We say that £ = [G,n,B] is a generalized
Gauss graph in Q, and write ¥ € curvy(Q), if

Y and JY are rectifiable currents supported on Q x S?,

(£,50%) = /G s (e )Mo )|B(ry) A (xy) for all g € CAQ X RY), (1.3.1)
(0L, 9 ANw) =0 forall ® € 7°(QxR}),

where . .
Q(xy) =Y yidv;, " (x,y) =Y (-1)/"ydg; (1.3.2)
J=1 j=1
and d%j = dxj, Adxj, for 1 < ji < j» <3, ji,jo # J.

We can associate with the regular Gauss graph G the current £ € %,(Q x S?) given
by s := [G,n,1], and this turns out to be an element of curv,(Q), see [10, Section 2].
Moreover, one can show that the smallest weakly sequentially closed subset of

{T € 2h(Q x Rf) : My, (T) + My, (9T) < oo for every W € Q x R}

containing the currents associated with the regular Gauss graphs is a subset of curv,(Q)
(see again [10, Sec. 2]). This is the motivation why the elements of curv,(Q) are called
generalized Gauss graphs, and it shows that curv,(Q) contains, as a particular case,
smooth oriented manifolds.

Remark 1.3.3. One can prove (see [10, Remark 2.3]) that the second condition in
(1.3.1), i.e.

(Z.507) = /G §(x.9) Moo, )| B (x,y) A2 (x, ),

is equivalent to
(Z,9Aw)=0 forevery € 7' (QxR}) (1.3.3)

together with
(,89") >0 forall g€ C.(QxR])), (1.3.4)

where ¢ and ¢* are defined in (1.3.2). One can easily note that (1.3.3), (1.3.4) and also
the third condition in (1.3.1) are closed with respect to weak convergence of currents.
From this and from Federer—Fleming Theorem 1.1.3, it follows that curv,(Q) is a
weakly sequentially closed subset of %,(Q x S?), that is, if £; € curv»(Q) and £; — X,
then ¥ € curv,(Q).

The geometric meaning of the first condition in (1.3.1) is evident. The meaning
of (1.3.3) and the third condition in (1.3.1) is given by the theorem below and can be
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summarised as follows: the variable y is orthogonal to the tangent space to p;G, where
we denote by pi: R} x R} — R} the projection on the first component; a similar property
holds for the support of the boundary JX. Finally, condition (1.3.4) fixes the orientation
of the generalized Gauss graph.

Theorem 1.3.4 ([10, Theorem 2.9]). Let ¥ = [G,n,B] € curv,(Q). Then

v (»,0)) =0

for s#?-almost all (x,y) € G and for every v € T(xy)G. In addition,

(P1l6) ™' (x) € {(x,v(x)), (x, =V (x))}

for s%-almost every x € P := p1G, where v: P — S? is /#*-measurable, and v(x) € (T,P)*
for s*-almost every x € P. The analogous statements for X = [G',n’,B] are

(v (10)) =0
for ' -almost all (x,y) € G' and for every v € Tixy)G', and
(p1le)'(x) C {(x,y) : [y = 1 and y is orthogonal to T:(p:G') }

for 7€' -almost every x € P = p,G'.

In [10] the following structure theorem for generalized Gauss graphs X = [G,n, ] €
curv,(Q) was shown. It proves that the support G of ¥ is the union of two parts: a
“vertical” one and a (possibly double valued) graph over the 2-rectifiable set p;G of a
unit vector field v normal to p;G and approximately differentiable. A similar result for
the boundary current dX was proved in [10, Theorem 2.11].

Theorem 1.3.5 ([10, Theorem 2.10]). Let X = [G,n, B] € curvy(Q), then
i) G=GOYUGVU (U7, G)) where GO, G\ and G; are #*-measurable and
- (G =0,
- Y(x,y) € G\ GO, Tiyy)G exists,
- G ={(xy) € G\G: (N’p1)n(x,y) = 0},
- A (p1GY) =0,
- GiNG;=0fori# .

ii) There are two-dimensional, oriented and embedded submanifolds S; C Q x R3,
j €N ofclass C! such that:
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- Gj C Sj,
— p1S; are class C! 2-dimensional, oriented and embedded submanifolds of Q,

- there are class C' functions f;: p1S; — B such that
Sj={(xfj(x)) : x € p1S;}.

iii) p1G C POU (U7 p1S;) where PO = p (GO UGW) and 7#72(PV) = 0.

iv) It is possible to fix the orientation of each pS;, choosing a continuous normal
vector field v;: p1S; — S? such that:

y=fi(x)=v;(x) for jeNand (x,y) €R;.

v) Vv, is approximately differentiable on p,Gj.

For a rectifiable current £ = [G,n,B], according with the stratification of 1, we
define the strata X; by

%(0) = [ (@) mix))Bx) A7)
for every w € 2%(R} x R;), and we define the measure |Z;| by
[Zi| = il BALG.

Given k € {1,2,3}, consider a multi-index A € {(A,...,4) : 0 <A <...< A4 <2}. A
generalized Gauss graph X € curv,(Q) is said to be A-special if

|le.| < |Z()| for i=1,...,k

and we write X € curv} (Q). We set curvi(Q) := curvéo’]’z)(Q) and we call its elements

special generalized Gauss graphs; in the sequel, we will also make use of the space
curvi?M(Q) = {£ € curvy(Q) : |Z1] < [Zo]}.

Given X = [G,n,B] € curv,(Q), we let G* := {(x,y) € G : no(x,y) # 0} (notice that G* is
defined only #?-a.e.), and we remark that, if also £ € curv}(Q), then G = G*.

In order to consider functionals defined on generalized Gauss graphs, we introduce
the following class of integrands.

Definition 1.3.6 (Standard integrand). A function f: Q xR} x (A{(R})AN(R]))) = R
is said to be a standard integrand in the setting of curv,(Q) if
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(i) fis continuous;

(it) f is convex in the last variable, i.e.,

feytp+(1—=t)g) <tf(x,y,p)+ (1 —1)f(x,y,9),
for all 1 € (0,1), for all (x,y) € Q xR}, and for all p,q € \;(R}) AN (R);

(iti) f has superlinear growth in the last variable, i.e., there exists a continuous function
Q: QX Rg X [0,400) — [0,+0), non-decreasing in the last variable and such that
@(x,y,t) — 4oo locally uniformly in (x,y) as t — +oo, and with

¢(x.y:lq)lal < f(x,q)
fOT' all (X,y,Q) €Qx Ri X (/\I(R)%) /\/\IGR;))

Remark 1.3.7. A function f as in Definition 1.3.6 is called a (1)-standard integrand in
[39, Definition 3.3].

Functions of this type are natural energy densities of functionals depending on
curvatures, such as the Canham—Helfrich energy that we will study in Chapter 2.

The next theorem ensures that an integral functional with a standard integrand as
density is lower semicontinuous.

Theorem 1.3.8 ([39, Theorem 3.2]). Let f be a standard integrand in the setting of
curvo(Q) and, for every £ = [G,n,B] € curvy(Q), set

. X 771(%)’) X x 2y
10 = [ (o ) ) B ) 4% ).

Consider a sequence {%;}jcn C curvgo’l)(Q) such that
(i) £; — X, where £ € % (Q x S?);
(ll) supJ-GNIf(Zj) < o0,

Then
re curvéo’l)(Q) and I¢(X) <liminf;(X;).

J—e

Finally, we recall a compactness result for special generalized Gauss graphs. Before
stating it, we remark that, since |n|> = |no|> + |m1|* + |2|> = 1, we can write ‘— =

Mo
e, Il
Mol + "Tgor + o
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Corollary 1.3.9 ([38, Corollary 4.2]). Consider a sequence £; = [G;,n;,B,] € curv;(Q)
such that

. S (T [ N I YO N
ja‘%{/ *<'“”>°( M oG T 1 0Gy)] )W )47 ’”*M(‘E’)} < e

Gj

Then there exist a subsequence {%, }rcny and X € curv;(Q) such that ¥, — X as k — oo,
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2.1 Introduction

In this chapter, which presents the results of [68], we investigate the existence of
minimizers of the Canham—Helfrich functional among generalized Gauss graphs (see
Section 1.3).

We recall that for any two-dimensional, compact, and oriented submanifold M C R3
(possibly with boundary), the Canham—Helfrich functional on M is defined by

&(M) = /M (0w (H(p) — Ho)? — axK(p)) 477 (p), @2.1.1)
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where H) € R is the spontaneous curvature and oy, ox > 0 are the bending constants.
We will provide a suitable formulation of the Canham—Helfrich functional in the

class of generalized Gauss graphs and study three minimization problems. The main

results of this chapter are Theorems 2.3.5, 2.3.6, and 2.3.9 stating that, under condition

dag > og > 07 (2.1.2)

there exists a minimizer of the Canham—Helfrich functional (2.1.1) in certain classes of
generalized Gauss graphs, also enforcing area and enclosed volume constraints, the
latter being the physically relevant setup for biological applications. Their proof'is a con-
sequence of the direct method in the Calculus of Variations, once lower semicontinuity
and compactness are proved.

The plan of the chapter is the following: in Section 2.2 we define the Canham—
Helfrich energy of a generalized Gauss graph; Section 2.3 is devoted to the main
results, and is complemented by a regularity result, Theorem 2.3.12.

2.2 The Canham-Helfrich energy of a Generalized
Gauss graph

In this section, we are going to define the Canham—Helfrich energy of a generalized
Gauss graph in a way that is the natural extension of the definition for smooth surfaces.
Let Hy € R. Here, M C R? denotes a compact and oriented (with an understood choice of
the normal v) two-dimensional manifold of class C2.

Lemma 2.2.1 ([74, Lemma 4.2]). For & € \y(R} xR}) as in (1.2.3) the following hold
true
)
So =TI\,
51 =1 /\dV(Tz) () /\dV(Tl),
V= (1 ®dv(n) - nedv(n))),

(S =dv(T) AdV(T) = K10 T) A T

(2.2.1)

Proof. By the definition of £ (see (1.2.3)) we have

&(p,v(p)) = (t1(p),dvy(t1(p))) A (m2(p),dvp(72(P)))
=T AT+ T AV (T2) — T2 AdV,(T1) +dV,(T1) AdVy(T2)

=TAD+KTIADLD—KITOAT +KKTATD.

Then, recalling Definition 1.3.1, the equalities follow straightforwardly. [
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Remark 2.2.2. If M is a two-dimensional oriented manifold of class C? with multiplicity
B: M — N, G is the Gauss graph associated with M via (1.2.2), and X; := [G,n, 8] with
B(x,y) = B(x), then the equalities

o [ BEY) ,
/ﬁ a7 /Gwmld%xy /|noxy|ﬁ<xy>d%<xy> (2.2.2)

hold true by means of the area formula, (1.2.4), and the first identity in (2.2.1); here, by
M(M) we mean the mass of the current [M, v, ], see (1.1.1) with k = 2. In particular,
if B = 1, we obtain

A M) = / Molx.y) |42 (x,). (2.2.3)
G

The next two lemmas are proved in [74]. We provide the proof in our context for the
sake of completeness.

Lemma 2.2.3 ([74, Lemma 4.5]). Let X = [G,n,B] € curv,(Q) be a generalized Gauss
graph. Then

* for #*-almost every (x,y) € G

Zn (x,y)yi=0 foralll<j<3 (2.2.4)

* for s?-almost every (x,y) € G*

“M“’

xyy]—O forall 1 <i<3. (2.2.5)

Proof. As in the proof of [10, Proposition 2.4], we have that
M (x,y),»0)A(0,w)) =0 for all we R* and for .#*-almost every (x,y) € G.

From this we deduce that };; nij (x,y)yiw; = 0 for all w € R3, which implies (2.2.4).
By (ii) of Theorem 1.3.5, for .#>-almost every (x,y) € G*, there are an embedded C!
surface S C R? and a map {: S — S? of class C' such that

Cx) =y, M(I@d&)(xy) =SE(x,y).

By Lemma 2.2.1, we obtain, for i = 1,2,3 and xy = 71 A 1o,

3
Z 1yj—e, (11@DE(x)T, — T @DE(x)11)y =0,
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since D (x)7-y = DE(x) 7 - §(x) = 0 for k = 1,2 as { takes values in S?. Then (2.2.5) is
proved recalling (1.2.4). Il

We recall that the permutation symbols are given by

1 if (ijk) is an even permutation of {1,2,3},
&jr =1 —1 if (ijk) is an odd permutation of {1,2,3},

0 otherwise.

For any z € R3, we define

3
Z 8,~jkzkdx,~/\dyj. (2.2.6)
ijk=1

Lemma 2.2.4 ([74, Lemma 4.6]). For the linear operator L as in (1.2.1), the following
formulas hold

H=trL = vy (EF — E2) —va(E — &)1 + va(E12 —&2') = (¥, &), 2.2.7)
K =tr(cof L) = v - (cof&;)v,

where L and v are evaluated at p € M and & is evaluated at (p,v(p)).

Proof. Since {t],1,,v} is an orthonormal basis of R?, we observe that for any r € R
—rtr(cof L) + r* trL — r° = det(L — r1) = det(7; |72 |V) det(L — rI)

=(L—r)v-[(L—rD)1 x (L—r])1] (2.2.8)

= —r(L7 XLTQ)-V—l—I’z(T] XLt — T xLty)-v—r,

where we used the fact that Lv = 0. Therefore, from Lemma 2.2.1 we deduce that

3
trL = (Tl XLt — T X L’L’l) V= Z (Tl,,‘ej Lt — i€ -L‘Cl)VkSijk

i,j,k=1
3
Z g ngz]k—zz 51 Vi€ijik
i,j,k=1 i<jk=
23 13 31 12 21
=Vvi(§P = &%) — (&7 — &) +va(&7 - &)

Moreover, from (2.2.1) and (2.2.8) we also deduce that

'[I‘(COfL) = (L‘L'l X LT2) -V = (L’L'] /\L’L'z) ~§0 =K1 K>.
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Using (2.2.1) again and, since det(&;) = 0, by [94, Prop. 3.21], we have
v-cof(§)v=v-cof(1i QLT — h ®QLT)V =det(T) LTy — 1 QLT + VR V) = D.

We can represent the matrix 7 ® Lt — 7 ® LT; + v ® v with respect to the basis {71, 7, v},

obtaining
LT Lu-1p O
2 207 Lt-71 Lti-™
D=det| —Lty-11 —Lt1-17p 0| =det
LTh-11 L T
0 0 1
T1-T] T1-7T
= K] Ky det < ERL 2) = K1Kp = trcofL,
Th-T1 To-T
which concludes the proof. O

The next proposition provides the expression of the Canham—Helfrich functional
defined on manifolds, seen as regular Gauss graphs. In turns, this suggests how to
define the Canham—Helfrich functional for general elements in curv,(Q).

Proposition 2.2.5. Fix y € S? and let

{Ce/\1<R3 AAL(RS) : Zc"’yk—ZC’kyk Zc"k=0foralli=1,2,3}. (2.2.9)

k=1

Let f,: Z, — [0,4) be defined by (recall (2.2.6))

£() = oy (®,,0)2 — 2 Ho (P, {) + oy HE — oy - (cof &)y. (2.2.10)

Then, defining n as in (1.2.4), we have

_ nl(xay) X 2 X
s = [ o (mo<x,y>1> M0(x,y) | 42 (x,).

Proof. First observe that, by Lemma 2.2.3 and since by (2.2.1) the trace of &; is zero,
N1(x,y) belongs to Z; for almost every (x,y) € ®(M)*. Moreover, by (2.1.1), Lemma 2.2.4,
and the area formula, we have

£(M) = /M (au(trLy — Ho)® — ot te(cof L)) d.A7%(p)

= [ (o (90 &1V (0)) — Ho)? = V() ot &1 (poV(p)V()) %)

(o) ) i (cor 22 ) ),
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where we have used that |§| = 1/|no| = |detDP|. O
We are now ready to define the functional & on a generalized Gauss graph.

Definition 2.2.6. The Canham—Helfrich functional defined on generalized Gauss
graphs is the functional &: curv,(Q) — [—oo, +o0| defined by

—( ) X X 2.X
o= | fy(m( ),)mo( DIBey) A (x.3), @.2.11)

for every £ = [G,n, B] € curv,(Q).

2.3 Existence and regularity of minimizers

2.3.1 Technical lemmas

For every { € \; (R AN, (R;) and for every y € S?, let us define

2 (0) = an (P, 0 —agy- (cof )y and  hy(¢) = 2auHy(¥,, ) (2.3.1)

and let us identify ¢ with a vector in u = u[{] € R® by

U= M[C] — (Clla CIZ’ C137 6217 szv C237 C317 C32’C33>_

With these positions, we have (compare with the expression in (2.2.7))

<1Py7 C> = (07)’37 —Y2, _y3707y17y27 —)’170) U=y1 (MG - MS) _yZ(u3 - I/t7) +)’3(u2 - l/t4).

Lemma 2.3.1. Let (2.1.2) holds. The function gy: \;(R}) A\ (R}) — R defined in (2.3.1)
is represented by a quadratic form u— u-Ayu on R’, that is g,({) = u[C] - Ayu[{], where

0 0 0 0 —%&yr Kyys 0 Kyys  — %Ky%
0 oYy —amyys  —V3 0 Y1y Wy —omyiys  Eyiy
0 —omyys oy} vy Eyiys —auyy: 13 iy 0
0 —73 Yy2y3 o y3 0 —opyys —Omyys  Yiys Ky
Ay=| —%» 0 vy 0 0 0 vy 0 — %y
Kyys WYy —0EYLY2  —OEY1Y3 0 any? iy2 —i 0
0 Yy2)3 —wi  —amyays ZLyivz vin anys  —amyiy: 0
2 Lyyzs  —apy1ys Yyiy2 Yyiy3 0 —mi —0HY1y2 oyt 0
—%&yz Ky, 0 LKyiy, —%y? 0 0 0 0
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for y:= (og — %). Let

-1 0
Y1y2 —Y3
y1y3 »
yiy2 ¥3
v(—og/2)= |y —1], vay —ag/2)=| 0 |,
y2y3 N
Y1Y3 -y
y2y3 )1
y% —1 0
2y1y2y3 Y1Y3 = Y1Y3
Y3Y5 — Vayi 2=y
Y25 — 2 y3y1 +y3y3
Y3Y3 = yayi Y=
vi(ax/2) = | —2y2ys | va(ak/2) = | y1—y1y3
YI— Y13 0
Y2y3 — 2 y3y1 +y3y3
YI—y1)3 0
0 ¥ =13

Then these vectors are eigenvectors of the matrix A, with corresponding eigenvalues
—o0g /2, 20y — 0k /2, and ok /2 with multiplicities 1, 1, and 2, respectively. The six vectors

y 0 0
vi0):=101], vwO0)=]y], vs(0):=|0]{,

0 0 y

yiei yiez yies
v4(0) = [ yaeq [, vs(0) == | yae2 |, v6(0) = | y2e3

y3el y3er y3es

generate the 5-dimensional subspace associated with the eigenvector 0.
The function hy: \;(R3) A /\I(R;) — R defined in (2.3.1) is represented by a linear
map u — u-vy, where v, = =20gHov(2om — ag /2).
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Moreover, we have that

span{v1(0),v2(0),v3(0),v4(0),v5(0),v6(0), v(—ak /2) }

y 0 0 yiei yiez yies el (2.3.2)
=spanq | O |,y |,|O0]:]xer|,|ye]:|xe]|,]|e
0 0 y y3el ez y3e3 e3

and by the isomorphism { — u[{] the space %, introduced in (2.2.9) transforms to
2y = {ueR9:u L span{vi(0),v2(0),v3(0),v4(0),vs(0),v6(0),v(—ak /2)}}. (2.3.3)

Proof. The claims follow by straightforward calculations. To prove (2.3.2), we observe
that,

y 0 0 el
v(—ak/2)=y1 |0 | +y2 |y |[+y3[0] —]e
0 0 y e3
and this concludes the proof. [

Lemma 2.3.1 shows that the quadratic form A, (and therefore the function g,) has
both a negative eigenvalue and the zero eigenvalue, which prevent positive definiteness.
Nonetheless, since the space 2 defined in (2.2.9) transforms to Ef&”; defined in (2.3.3),
which is the orthogonal to the directions where there is loss of positive definiteness, we
are able to prove, in the next Proposition, that it is possible to modify the integrand f,
defined in (2.2.10) to obtain the new function f defined in (2.3.4) below, which is a
standard integrand in the sense of Definition 1.3.6.

Proposition 2.3.2. Let (2.1.2) hold. For y € S?, define the map F,: R? — R

074
Fy(u) = gy () — hy(u) + o Hy + 7!7!0142 + Ok | T_g o1

(04
=u-Ayu—u- vy + OCHHg + 7K|7L'()u’2 + OCK‘E,(XK/ZMIZ,

where gy, hy are defined as in (2.3.1), M, T_g, ) R? — R? are the orthogonal projections
on span{v;(0),...,vs(0)} and span{v(—ok/2)}, respectively. Moreover, let

Fr xS (AR AN (RY) =R, fx,0,) = Fu[C]). (2.3.4)
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Then f is continuous, convex in the third variable, and there exist two constants ¢; >0
and ¢y > 0 such that

F,3,8) > c1|¢)? = o (2.3.5)

In particular, f has uniform superlinear growth in the third variable.

Proof. Let My, gy /2, ey j2: R = R” be the orthogonal projections on span{v(2ay —
ax/2)} and span{vi(ag/2),v2(0ox/2)}, respectively. For every u € R?, by Lemma 2.3.1,
we have

oK oK Ok
Fy () = = SN i+ S ot + (2001 = =) Moy’

(04
+20yHyu - v(2(xH — OCK/Q) + TK‘E()MF + aK’ﬂLaK/%l’z + OCHH(%
(2.3.6)

Ok

(074 (07474
= S ol S ol + (20 = =) oy

o
+ 7K|7'L'()u‘2 +2o0yHyu - V(ZOCH — OCK/Z) + aHHg.

By (2.1.2), we deduce that F, is convex (and therefore continuous) in u, so that f is
convex (and therefore continuous) in the third variable. Moreover, by reconstructing
the norm |u[{]|*> = |{|? from the projections 7, and by recalling that they are 1-Lipschitz
functions, we have that

~ ) (04 (04

F.3,8) = B(ulg)) > min { 5, 200 — 2 €12 =2V 20| Hol |£] + e H]
(the factor v/2 = |v(20y; — 0x /2)| comes from Schwarz inequality), from which we deduce
the boundedness from below of f and (2.3.5), with (a possible choice of)

. Sou
— ag, 4o —oag} and ¢ = oyH} -1
a=7 min{ ok, 40y — ok } €2 = Guto <min{OCK,4O¢H — o} )

Finally, the continuity of f with respect to y follows from the structure of the matrix A,
and of the vector v, in Lemma 2.3.1. O

Proposition 2.3.3. Let f be the function defined in (2.3.4). The, for every £ = [G,n,] €
curvy(Q), it holds that

= flx —m(x,y) X X 2(x
60 = [ F(vn e o) Be) 4 ). @37

Proof. Let (x,y) € G*. By Lemma 2.2.3 and Lemma 2.3.1 we have that u[&;(x,y)] € 3’?;,
from which we obtain that mu[&; (x,y)] = 7_g, »u[& (x,y)] = 0. Keeping (2.2.10), (2.3.1),
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and (2.3.4) into account, this implies that

Fxy. 61 (x.3) = B (ul& (x,y)]) = f(&1(x,)),

which, by (2.2.11), implies (2.3.7). Il

Lemma 2.3.4. Let A € Q and let £; = [G},n;,B;] € curvo(Q) be such that sptL; CA x S?
for every jeNand £; — £ = [G,n,B] € curvo(Q) as j — . Then sptL C A x S? and

tim [0y )o(e )1 ()4 ) = /G M0, ) [B(x,y) dA2(x,). (2.3.8)
j

In particular, if M;,M are two-dimensional oriented manifold of class C* contained

in A, if G;,G are the associated Gauss graphs by (1.2.2), and X; = Xg, = [G},n;,1],

Y =% = [G,n, 1] are the associated currents, if £; — X, then #>(M;) — s*(M).

Proof. We first observe that the condition on the supports is closed, so that sptX C A x S.
Let g € C.(Q x R}) be such that g = 1 on A x S%. Then the convergence

[ 1018 x0) 472 55) = 2,50°)  Ble0") = [ Imofe ) Blr.y) 4wy

follows immediately by (1.3.1). The proof of the last statement is obtained by combining
(2.2.3) and (2.3.8):

lim #2(Mj) = lim | |(0))0(x,9)|d%(x.) = /G Mo, y)] 42 (x,y) = #7(M),

J—roo = JG

This concludes the proof. [

2.3.2 Minimization problems

In this section we study various minimization problems for the energy & in (2.2.11). In
the first two (see Theorems 2.3.5 and 2.3.6 below), reasonable sufficient conditions for
unconstrained minimization are provided. In the third one (see Theorem 2.3.9 below),
we tackle constrained minimization in terms of prescribed enclosed volume and surface
area for a closed membrane.

For A € Q and ¢ > 0, we define the class

2,99(9Q) = {£=[G,n,B] € curvy”"(Q) : sptE C A x S, M(9T) + M(X) < ¢} (2.3.9)

of generalized Gauss graphs with compact support and equi-bounded masses. Our first
existence result is the following.
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Theorem 2.3.5. Let (2.1.2) hold. The minimization problem
min {5(2) Te %AF%”(Q)} (2.3.10)

has a solution.

Proof. Let ¢, be the constant in (2.3.5) and, for every £ = [G,n,B] € curvgo’l) (Q), define
the functional

500 = [ (f( yﬁ) +02) 1M0(e,9) 1B (3.3) 42 (x.y)

=6 er [ o) Bls) ),

where the last equality follows from Proposition 2.3.3. Inequality (2.3.5) allows us to
apply Theorem 1.3.8 and obtain that &1 is lower semicontinuous in curvg)’l) (Q). By
Lemma 2.3.4, it follows that also the functional & is lower semicontinuous in curvgo’l) ().
By Theorems 1.1.3 and 1.3.8, any minimizing sequence X; = [G;,n}, B;] € f%”;g’l)(fz) for &
is compact in .2 A(g’l) (). The thesis then follows from the direct method of the Calculus
of Variations. O

Inequality (2.3.5) and Lemma 2.3.4 suggest that it is not necessary to bound the
entire fG* ol ‘ d#? for £ = [G,n,B] € curvi(Q) in order to apply Theorem 1.3.9, so that
we can consider the class

Ly o(Q) = {Z =[G, n,B] € curvi(Q) : sptE C A x S?,
Mol @340
@)+ [ (Imoey]+ DL

2
oG] >’3 () A2 (%)) < }

The bound on |, ml x B |no(x y)|B(x,y)ds#?(x,y), together with the one on the second
term in (2.3.11), imply the boundedness of the mass of . Moreover, these bounds are
needed in order to have closedness in the class curv;(Q), which in general is not closed,
contrary to curv,(Q). In particular, for the regular Gauss graph G of a manifold M, they

imply an L*-bound on the curvatures of M, since

Im> | Imf? _ _ _
/* (In |+ ol +|n—0’> d%Z_/M|§|2d%2_/M(H(x)2+(1 K(x))?) do#2(x),

for the proof see [10, Proposition 1.1 and Example 1.2]. We present now our second
existence result.
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Theorem 2.3.6. Let (2.1.2) hold. The minimization problem
min {5(2) Te %;;(Q)} (2.3.12)

has a solution.

Proof. Let us consider a minimizing sequence X; = [G;,1;,B;] € 2 .(Q) for the func-
tional &. By Proposition 2.3.3 and (2.3.5), we obtain

#) (0)ol.y) 1B (x.y) 42 (x,3)

(n7)0(x,)|Bj(x,y) 477 (x,y)

[\

o / (M7)0(x.y) 1B (x,y) dA2 (x. ).
G,

Now, by (2.3.11), the minimizing sequence satisfies the hypotheses of Corollary 1.3.9
and therefore there exist a subsequence {X;, }rcny and a special generalized Gauss graph
Lo € curv;(Q) such that £;, — X, as k — co. The thesis follows from the direct method of
the Calculus of Variations. O

Remark 2.3.7. We called the minimization problems (2.3.10) and (2.3.12) uncon-
strained because the classes ﬁg’l)(ﬂ) in (2.3.9) and 27 () in (2.3.11) do not contain
geometric constraints, namely, there are no generalized Gauss graphs excluded from
these classes based on their geometry. In particular, this allows us to consider the zero
current ¥ = 0 as a competitor for both minimization problems, and it turns out to be
an absolute minimizer if Hy = 0. Indeed, in this case, (2.3.5) becomes f(x,y,{) > ¢1|¢|?,
so that & > 0. Notice that also a generalized Gauss graph II supported on a plane
(H = K =0) has zero energy, showing that both (2.3.10) and (2.3.12) have no unique
solution.

On the other hand, if Hj # 0, observe that a sphere X (or a portion of it, compatibly
with A) with mean curvature H = Hy makes the functional & negative. Indeed, since
for spheres there holds K = H? /4, we have &(X) = —axH; (L) /4 < 0= &(0) < oy HS =
&(10).

Given X = [G,n,B] € curv,(Q), we define

A(5) = /G M0(x.y) B (x.y) dA?(x,). (2.3.13)
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In light of Remark 2.2.2, if ¥ is a regular Gauss graph with multiplicity, the quantity
</ (X) has the geometric interpretation of mass of p|X, see (2.2.2); in particular, if f =1,
then o7 (X) = J#*(M), the area of the manifold M := pG, see (2.2.3).

We also define the quantity

P 5 [ (eo9) o) By) (. 3), 2.3.14)

If ¥ is a closed (dX = 0) regular Gauss graph with multiplicity 8 = 1, by a simple applica-
tion of the Divergence Theorem, the quantity ¥ (X) has the geometric interpretation of
the enclosed volume in M := p|X. Indeed, if M = dA, then by means of the area formula
we get

1 1 (.
3 e )| a2 =5 [ pvip)anp) = [ divipp=2a).

G M A
Lemma 2.3.8. Let A € Qand let £; = [G},n;,B;] € curva(Q) be such that sptL; C A x S
and 0% ;=0 for every j e Nand £; — L =[G,n, ] € curvo(Q) as j — . Then sptL C A x S?,
0¥ =0, and

lim . (x-9) [(1))0(x,2)|Bj(x,y) A2 (x,y) = /G(X-Y) M0(x,)|B (x,y) 4772 (x,y).
j

In particular, if M; = dE; and M = JE for E;,E sets of class C? contained in A, if G;,G

are the associated Gauss graphs by (1.2.2), and X; =X¢, = [G;,n;,1], £=X = [G,n,1]

are the associated currents, if £; — %, then 7#3(E;) — 77 (E).

Proof. The proofis the same as that of Lemma 2.3.4. O

Next we study constrained minimization problems, namely we prescribe the surface
area and the enclosed volume. Given a,v > 0, we define the classes

LA (Q) = {2 = [G,n.B] € cury"(Q) : spLE C A x §2,9E =0,

A,c;a,v

ME)<c¢,(X)=a,7V(X)= v}.

A,c;a,v

Xy oy (Q) = {Z: [G,n,B] € curv3(Q) : sptE C A x §2,0X =0,
ma(x, )

2 =a =v.
[ O 0) 2 0) < 0t (2) =7 (D) =}
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In order for two-dimensional closed oriented manifolds of class €2 to belong to these
classes, we enforce the isoperimetric inequality

367V < a’. (2.3.15)

Theorem 2.3.9. Let (2.1.2) hold and let a,v > 0 satisfy (2.3.15). The minimization
problems
min{é”(Z) xe 2% (Q)}, min {5(2) Te %’im_y(m} (2.3.16)

,C3a,V

have a solution.

Proof. The proof is the same as that of Theorems 2.3.5 and 2.3.6, upon noting that
Lemmas 2.3.4 and 2.3.8 provide the continuity for the area and enclosed volume
constraints. O]

We conclude this subsection with a remark on the necessity of assumption (2.1.2).

Remark 2.3.10 (404 < ak). In the case, then there exists a constant r > 0 such that
ox = 4ay +r. For the Gauss graph G of a smooth surface M, we have

#%(6) = [ 1B ) = [ 4t (1- K ()20 (),

where ¢ is defined in (1.2.3) (see Proposition 1.2.1). We consider M; = dB, ;, where B, ;
is the ball of radius 1/ centered in the origin, and we let £; :=Xs, = [G},n;, 1]. Since
the principal curvatures of M; are both equal to j, we get from the above formula

M(E)) = #7(Gj) < .—Zvi‘“r 1472 +1,

J

o

which is uniformly bounded for every j € N\ {0}. Thus, for Q = B, we have that
re curv(o’l)(Q) for every j € N and, since dX; = 0, we also have that X; belongs to
5{14(2’1)(9), for every j € N\ {0}, for a suitable choice of A and c. Since X, is a regular
Gauss graph, £(X;) = £(M,), so that, using the expression in (2.1.1), we obtain

(2.3.17)

ogH? 4oy H,
(gf’(Mj):m( i O—r),
J J

using the fact that H?> = 4K for spheres. We now consider two cases.

(1) r > 0: the functional & is no longer lower semicontinuous, since X; — 0 and, by
(2.3.17), liminf&(M;) = —4nr < 0= &(0).
Jj—reo
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(2) r=0and Hy = 0: from (2.3.6) it is easy to see that & > 0 and by (2.3.17) &(M;) =0
for every j € N\ {0}, from which we obtain that & is minimized on spheres. We
also notice that & is minimized on flat surfaces (H = K =0).

The construction above can adapted to the constrained case by taking
Mj = 8BRU8Bp/j

for suitable R,p > 0, where all the spherical surfaces are oriented with the outward
normal, such that &/ (M;) = 7#*(M;) = a and 7V (Zm;) =v. Then Xy, € %2’1)(9), with
area and volume constraints, and &' (M;) has an expression similar to that in (2.3.17),
so that the same conclusions above hold.

The case r =0 and Hj # 0 is open and we do not have a counterexample at the
moment.

Remark 2.3.11 (ax = 0). In this case, the Canham—Helfrich functional & in (2.1.1)
reduces to the functional

Ho(M) = o [ (H(p) = Ho* 4 (p).
which is non-negative and is minimized by a (portion of a) sphere with mean curvature
H = Hy. Moreover, if Hy = 0, this further reduces to the Willmore functional 7', which
is again non-negative and minimized, for instance, on flat surfaces or on minimal
surfaces. There is a vast literature on the Willmore functional both in the constrained
and unconstrained case, see, e.g., [69, 87, 88, 92, 91] in addition to those already
mentioned in the Introduction.

Here we observe that Lemma 2.3.1 provides the eigenvalue 20y with multiplicity 1
and the zero eigenvalue with multiplicity 8. Moreover, it is necessary for the coercivity
of & that all the eigenvectors associated with the zero eigenvalue belong to ﬁf&”} and
this is not the case. Therefore, we cannot prove the coercivity in (2.3.5) so that the
direct method of the Calculus of Variations cannot be applied to show existence of
minimizers. This suggests that the space of generalized Gauss graphs is not a good
environment to study the Willmore functional 7.

2.3.3 Regularity of minimizers

We prove a regularity result for minimizers of &.

Theorem 2.3.12. Let (2.1.2) hold and let ¥ € curv,(Q) be a solution either of problem
(2.3.10) or of problem (2.3.12) with dX =0, or of problem (2.3.16). Then pX is C*-
rectifiable, that is there exists a countable family {S;} jen of surfaces of class C?in R?
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such that
:%02<p12\ U Sj) =0.
jEN
Proof. We start by observing that, by [37, Theorem 6.1], since d¥ =0 and |Z;| < |Xy|, we
get that pX is the support of a two-dimensional curvature varifold (see the proof of [37,

Theorem 6.1] for the explicit construction). The regularity of X is now a consequence of
[79, Theorem 1]. O

Remark 2.3.13. We point out that Theorem 2.3.12 cannot be obtained using the
Structure Theorem 1.3.5, which asserts that if ¥ is a generalized Gauss graph then p|X
is (only) C'-rectifiable.
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Chapter 3
Notation and preliminaries

We start by recalling some definitions we will use in the following.

Let E be an open set with C' boundary and let v = vg(x) be its outer normal at
x € JE. Given a vector X, its tangential part on JE is X; =X — (X - v)v. In particular, we
denote by V; the tangential gradient given by V¢ = (V¢)., and similarly the tangential
divergence div;; when no confusion arises we will drop the subscript 7. If E is also of
class C?, the second fundamental form B of JE is given by D.v, its eigenvalues are
called principal curvatures and its trace Hg is called mean curvature.

Let TV := RV /ZN be the N-dimensional flat torus, that is the quotient space RV/ ~,
where ~ is the equivalence relation given by x ~ y if and only if x —y € Z". The distance
between two points x,y € TV is simply defined by

distpv(x,y) = min |(x+2) —y|;
7€ZN
when no confusion arises we will drop the subscript T". The definition of functional
spaces on the torus is straightforward: for example, L”(T") is identified as the subspace
of LV

P (RM) of functions that are one-periodic with respect to all coordinate directions.

3.1 The classical perimeter

In this section we recall some definitions and results about sets of finite perimeter in
RN and TV. For simplicity we focus on the ambient space R", however, we note that,
where not otherwise stated, all the definitions and results can be readily extended to
the periodic setting.
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We say that u € L'(RY) is a function of bounded variation if its total variation is
finite, that is

|Du|(RY) := sup{/RN u(x)dive(x)dx : @ € CHRY:RY), [ @]l < 1} < oo,

We denote the space of such functions by BV (R"). Let M(R") be the set of measurable
subsets of RV. We say that E € M(R") is a set of finite perimeter if its characteristic
function yz € BV(RY). The perimeter P(E) of E in R" is simply the total variation
|Dxe|(RY), and the perimeter of E relative to the open set Q C RY is P(E;Q) = |Dye|(Q).
We refer to [8] and [75] for complete references about BV functions and sets of finite
perimeter.

Definition 3.1.1 (Normal deformation). Let E C R" be an open set of class C'. Given a
function f: JE — R such that || f||;=(oE) is sufficiently small, we set

QE; = {x+ f(x)ve(x) : x € IE}

and we call E; the normal deformation of E induced by f.

Let E C R" be an open set of class C'. Let X(dE) denote a functional space that can
either be LP(JE), WP (9E), CH%(JE), for some k € N, p € [1,+] and & € [0, 1]. For any
set F = E; with f € X(JE), with a slight abuse of notation, we set

distx (F,E) = || fllx(o)-

Definition 3.1.2 (Convergence in C''%). Given a € [0,1], a sequence {E,},en C RY of
open sets of class C% is said to converge in C1'* to a set E C RY if: for any x € dE, up to
rotations and relabelling of the coordinates, there exist a cylinder C = B' x (—1,1), where
B' € RN~ is the unit ball centred at the origin, and functions f, f, € C"B(B';(—1,1)) such
that, for n large enough, it holds

(E—x)NC={(,xny) €B' x (—1,1) : xy < f(xX")},
(E,—x)NC = {(x,xy) € B x (=1,1) :xy < fu(x)},
fa—f in Cl’a(B/).

A set of finite perimeter E C RY is said to be a A-minimizer of the perimeter if there
exists A > 0 such that
P(E) < P(F)+A|EAF|.

We recall a classical result for A-minimizers, for the proof see [28, Lemma 3.6].
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Theorem 3.1.3. Let A > 0 and let E C RN be an open bounded set of class C>. Then for
every € >0, there exists 6 = 6(¢€,E) > 0 with the following property: for every A-minimizer
F such that |EAF| < 8, then, for every B € (0,1), F is of class C''# and

disti5(E, F) <€.

Definition 3.1.4 (First and second variations). Let E € M(RY) and .7 : M(R") — R. For
every map X : RNV — RN of class C?, we consider the associated flow ®: RN x (—1,1) — RN
defined by 0,® = X(®), ®(-,0) =1L We define the first and second variations of the
functional .% at E with respect to the flow ® to be respectively the values

d d?

arlio”E Gl

dr lr=0 7 (E1)

where E; = ®(-,1)(E).

Let E C RY be a set of finite perimeter. It is a classical result that the the first
variation of the perimeter has the following expression

d

3| PE) = div.xdo#N = | Hpve-XdsN!, (3.1.1)

1=0 J*E J*E

where Hg is the weak mean curvature of E.
We now consider the flat torus TV and we recall some preliminary results from [4].

Theorem 3.1.5 ([4, Theorem 3.1]). Let E C TV be a set of class C2, let X be as in
Definition 3.1.4, then we have

d2
dr?

P(E;) :/ (ID<(X - ve)* — |Be (X - vg)?) ™!
=0 OE (3.1.2)

— | Hgdiv(X:(X-vg))dsN '+ | Hg(divX)(X - vg)doeN L.
OE OE
Since the expressions of the first and second variation only depend on the normal
projection of X, we set

d2

IP(E)[¢] . P(E), O*P(E)[g] =5

dr L:O

P(E

=0 (E2),

where ¢ = X - vp € C>(dE). We remark that due to the translation invariance of the
perimeter functional, the second variation degenerates along flows of the form ®(x,7) =
x+1tn, where n € R, In view of this, it is convenient to introduce the subspace T (JE)
of H'(0E) = {9 € H'(JE) : [, 9d#"N~! =0} generated by the functions v;,i=1,...,N.



34 Notation and preliminaries

Its orthogonal subspace, in the L2-sense, is denoted by T+ (dE) and is given by

Ti(aE)={<peH1(aE):/ ov,dN 1 =0, i:I,...,N}.
JE

Definition 3.1.6 (Critical and strictly stable sets). We say that a set of finite perimeter
E is a critical set of the perimeter functional if

IP(E)[@] =0, Vo cH(JE).

We say that E is a strictly stable set if it is a critical set of the perimeter of class C*> and
its second variation of the perimeter is positive in the sense that

I*P(E)[@] >0, Vo eT(IE)\{0}.

Remark 3.1.7. We remark that the last two integral in (3.1.2) vanish when E is a
critical set for the perimeter and if |®(-,7)(E)| = |E| for all t € [0,1]. Indeed, if E is a
C?-regular critical set for the perimeter then its curvature is constant, therefore the
second integral vanishes. Moreover, if the flow ® is volume-preserving then it can be
shown (see equation (2.30) in [26]) that

d2

0= —
ds?

|E;| = / (divX)(X - vg)doN L
OE
Hence, if ® is a volume-preserving variation of a regular critical set E we have

O*P(E)[X - vg] = /aE (ID<(X - ve)[> — |BE[*(X - vg)?) doN 1. (3.1.3)

The following result ensures that the second variation of a strictly stable set E is
coercive on the subspace T+(JE).

Lemma 3.1.8 ([4, Lemma 3.6]). Assume that E is a strictly stable set, then
mo = int { 2P(E)g] : @ € THIE), |9l (3 = 1} >0

and
P*PE) 9] > molgl op Vo € TQE).

From Step 1 in the proof of [4, Theorem 3.9] one can prove the following result.
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Lemma 3.1.9. Assume that E is a strictly stable set, then there exists 6 > 0 such that

inf{azP(E)[(p] @ € H'(OE), | 0llgi o) =1,

/ ovpdN !
JE

myg
<6p>—
ca)am

for every 8 < §, where my is the constant in Lemma 3.1.8.

We will also need the following lemma which shows that any set F sufficiently close
to a 