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Introduction

In this thesis, we study some curvature-dependent energies, with a specific emphasis
on their applications to biological membranes and geometric flows. The contents of
the thesis are based on the contributions of the research papers [32, 34, 33, 68] in
collaboration with Daniele De Gennaro, Antonia Diana, Andrea Kubin, Luca Lussardi,
and Marco Morandotti.

The modeling of biological membranes has become a dynamic topic in recent years,
with numerous applications in biophysics, biology, and materials science. Biological
membranes are modeled as regular surfaces in the three-dimensional space, and their
equilibrium configurations are associated with the minima of the Canham–Helfrich
functional. This functional takes into account the bending and stretching of the
membrane and is formulated in terms of the curvatures of the membrane surface.

Geometric flows are evolution equations that describe the behavior of sets as they
evolve over time based on their geometry. The velocity at which each set moves is
determined by its geometric attributes, such as curvature. The equations that arise
from this study are, in a suitable sense, parabolic differential equations that have
broad applications across various fields, including materials science, computer vision,
image processing, and physics. In particular, in this thesis we focus on two examples of
geometric flows which depend on the mean curvature: the volume-preserving mean
curvature flow and the surface diffusion flow, which describe the evolution of surfaces
under the influence of surface tension and mass diffusion, respectively.

The thesis is organized into two main parts: biological membranes and geometric
flows. Each part begins with a preliminary chapter that establishes the notation and
reviews the auxiliary results required for the subsequent discussions.
In Chapter 2, which focuses on the Canham-Helfrich functional, we investigate the
existence of minimizers for this functional on generalized Gauss graphs, a class of
currents which include regular surfaces as a special case. As a first step, we extend
the Canham–Helfrich energy, usually defined on regular surfaces, to generalized
Gauss graphs, and then we prove lower semicontinuity and compactness, under a
suitable condition on the bending constants ensuring coerciveness. Finally, we show
the existence of a minimizer by applying the direct method of the Calculus of Variations.
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In Chapter 4, we prove the stability of strictly stable critical sets of the perimeter, in
the flat torus TN , for the volume-preserving mean curvature flow and surface diffusion
flow. Chapter 5 and Chapter 6 address the time discretization of the volume-preserving
mean curvature flow. In Chapter 5, we prove the stability of stable sets in TN for
the discrete flow, and we completely characterize the asymptotic behavior starting
from any initial set in dimension N = 2. In Chapter 6, we focus on the time-discrete
fractional mean curvature flow. We develop the long-time convergence analysis for
this evolution, proving that the flow converges exponentially fast to a single ball under
suitable hypotheses on the dimension N and on the fractional exponent s, namely: N ≤ 7
and s ≈ 1, or N = 2 and s ∈ (0,1).

In the following we give a more detailed presentation of the contents of the thesis.

Biological membranes

The mathematical modeling of biological membranes is an active field of research that
has received much attention in the last half century starting with the pioneering works
of Canham [21] and Helfrich [59]. They modeled the membranes as regular surfaces in
the space and associate the equilibrium configurations with the minimum of an energy
functional depending on the curvatures.

If we denote by M ⊆ R3 a compact, oriented surface, by H and K its mean and
Gaussian curvatures, respectively, and by H0 a constant spontaneous curvature, the
so-called Canham–Helfrich energy functional reads

E (M) :=
ˆ

M

(
αH(H(p)−H0)

2 −αKK(p)
)

dH 2(p),

where αH ,αK > 0 are the physical, model-specific, bending constants.
The lipid bilayer that usually constitutes biological membranes is composed of

amphiphiles, polar molecules featuring a hydrophilic head and a hydrophobic fatty
tail, that are arranged in a fashion so that the tails are in the inner part of the bilayer,
screened from the watery surrounding environment. Given the thickness of a few
nanometers, one such bilayer can be effectively described as a surface M and the form of
the energy depending on the mean curvature H of M responds to the need of explaining
the bi-concave shape of red blood cells [21]. The competing contribution coming from
the Gaussian curvature K was added by Helfrich [59], whereas the presence of the
spontaneous mean curvature H0 takes into account possibly preferred configurations:
this is the case in which the asymmetry between the two layers, or the difference in the
chemical potential across the membrane determine a natural bending of the membrane,
even at rest.
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If the surface M is without boundary, one can invoke the Gauss–Bonnet theorem
and obtain that the term involving K gives a constant contribution (determined by the
Euler characteristic χ(M) of M) to the energy, so that it can be neglected in view of
the minimization of E among all surfaces with prescribed topology. In this case, and
under the further constraint that the spontaneous curvature vanishes, the functional E

reduces to the well-known Willmore energy functional [70, 89, 93, 96, 99]

W (M) :=
ˆ

M
H2(p)dH 2(p).

Both functionals E and W are geometric in nature, since they depend on geomet-
ric features of the surface M, and can be studied in a number of different contexts,
according to the regularity requests on M. Sobolev-type approaches to the minimiza-
tion either of the Willmore functional (see [70] and the references therein) or of the
Canham–Helfrich functional (see, e.g., [25, 27, 60, 61, 80, 100]) assume that M has
fixed topology, or even symmetry constraints. Aiming at considering more general
surfaces, that include physically interesting configurations (see Figure 1), a successful
approach is the one through varifolds [63, 101], see [17, 42, 43]. We point out that

Fig. 1 Baumgart, Hess, Webb, Nature 2003 [13].

other frameworks are available in the study of geometric functionals: for instance,
currents [47] have been used to tackle the minimization of the area functional. Despite
not being suitable for the formulation of problems involving curvatures, due to their
lack of an intrinsic notion of curvature, special classes of currents have been introduced
to overcome this issue. Nonetheless, it is possible to apply the technical tools of the
theory of currents to the class of the so-called generalized Gauss graphs [10], which are
motivated by a generalization of the graph of the Gauss map on smooth surfaces M.
Instead of generalizing M itself, this approach has the remarkable advantage to al-
low one to exploit the fact that the curvatures of M are coded in its Gauss map, see
Section 1.3 for details.
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In order to ensure both the coercivity and the lower semicontinuity of the Canham–
Helfrich energy we assume that the bending constants satisfy

4αH > αK > 0.

This condition is the same assumed in [27, Theorem 1] and [25, formula (1.9)] in the
Sobolev setting, see also [60, 61], whereas the more restrictive condition 12αH > 5αK > 0
is considered in [17] in the varifold setting. We note that the typical physical range of
the parameters is 2αH ≥ αK ≥ 0, see for example [12, 15, 97], the case αK = 0 essentially
reducing to the Willmore functional W .

In Chapter 2, we provide a suitable formulation of the Canham–Helfrich func-
tional E in the class of generalized Gauss graphs and study some minimization prob-
lems. The main results are Theorems 2.3.5, 2.3.6, and 2.3.9 stating that, under the
condition 4αH > αK > 0, there exists a minimizer of the Canham–Helfrich functional in
certain classes of generalized Gauss graphs, also enforcing area and enclosed volume
constraints.

Geometric flows

We consider two smooth evolutions of sets t 7→ Et . The first one is the forced mean
curvature flow which is defined by the equation

Vt(x) =−HEt (x)+ f (x, t) for x ∈ ∂Et ,

where Vt denotes the velocity in the normal direction, HEt denotes the scalar mean
curvature of Et , and f is a forcing term. In the case where f is zero, this flow is known as
the classical mean curvature flow. When f is equal to the average of the mean curvature
HEt , we refer to it as volume-preserving mean curvature flow. In Chapter 6, we also
consider the fractional counterpart of this evolution where the mean curvature HEt is
substituted by the s–fractional mean curvature Hs

Et
.

The mean curvature flow is a fundamental concept with far-reaching geometric and
physical applications, and it has a rich history dating back to its use in material science.
One notable application is in physical systems involving multiple phases, such as the
motion of grain boundaries in materials science, as first discussed by Mullins [84].
This model has then found numerous applications in image segmentation [22], and
materials science [5]. Moreover, the fractional mean curvature flow has also been
considered to model dislocation dynamics (see [64]).
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The second evolution we consider is the surface diffusion flow which is a smooth
flow of sets Et evolving according to the law

Vt(x) = ∆Et HEt (x) for x ∈ ∂Et ,

where ∆Et denotes the Laplace-Beltrami operator on ∂Et . Similar to the mean curvature
flow, the surface diffusion flow has significant applications in materials science, partic-
ularly in physical systems with multiple phases. It was introduced by Mullins [85] as a
model for surface dynamics in phase interfaces when the evolution is driven by mass
diffusion in the interface.

The volume-preserving mean curvature flow can be viewed as a simplified second-
order version of the surface diffusion flow, as both flows exhibit several common
properties. Notably, both flows preserve the volume of the evolving sets while decreas-
ing the perimeter (as discussed in Section 3.3). Furthermore, these evolutions can
be considered, at least formally, as gradient flows of the perimeter functional with
respect to suitable metrics. Specifically, the mean curvature flow can be regarded as the
L2-gradient flow of the perimeter, while the surface diffusion flow can be interpreted as
its H−1-gradient flow.

In both cases, the generated flows may present singularities of different kinds in a
finite time-span even if the initial data is smooth. We can see merging or collision of
near sets, pinch-offs or shrinking of connected components to points, and there exist
examples of singular solutions even in the two dimensional case [77, 78]. Therefore, in
general, only short-time existence results are available, see [45] for the mean curvature
flow and [44] for the surface diffusion flow (see also [53] for the case of triple junction
clusters), and it is an important question to identify sufficient conditions for global
existence.

In Chapter 4 we focus on the stability of these two smooth evolutions in the flat
torus TN , which is particularly interesting due to the great variety of possible limit
points for the flows, namely periodic constant mean curvature hypersurfaces. In the
Euclidean space only unions of balls have constant mean curvature, whereas the flat
torus admits a much broader range of such sets. However, a full characterization of
periodic constant mean curvature hypersurfaces is still not available in any dimension.
For N = 2 the only sets with constant mean curvature are discs and stripes (also called
lamellae), while for N ≥ 3 there exist many nontrivial examples, as seen in Figure 2.

Given the (formal) gradient flow structure of the two evolutions, it is natural to
expect that the flow starting close to “stable” sets for the perimeter exists for all
times and asymptotically converges to those “stable” sets. We refer to this property
as dynamical stability. We will properly define the notion of critical and stable set in
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Fig. 2 The critical points in T3: balls, cylinders, gyroids and lamellae.

Definition 3.1.6, however we can summarize them as follows: critical sets are those with
boundary with constant mean curvature, while stable sets are critical sets with positive
definite second variation of the perimeter (i.e., they are “stable” for the perimeter
functional).

It is a classical approach in the study of this type of flows to restrict the analysis to
small enough neighborhoods of strictly stable sets, in order to show global existence
and convergence of the flows. This method was employed in [3, 50, 51] (see also [35]
for a complete survey), where the authors considered the surface diffusion and the
Mullins-Sekerka flows in the 2,3-dimensional flat torus. In these works, it was proved
that strictly stable sets are dinamically stable for the aforementioned flows.

Regarding the volume-preserving mean curvature flow, recent progresses have been
made in proving the dynamical stability of strictly stable sets in the 3-dimensional flat
torus [86], while, in the Euclidean setting, the asymptotic convergence to a ball has
been proven under various hypotheses on the initial set in [45, 52, 62, 72] (see also the
approach based on weak solutions of [65] in R2 and the one in [14] in the anisotropic
and crystalline setting). For the surface diffusion flow, some results have focused on
the stability of balls [44, 98], infinite cylinders [71], triple junctions [54, 55], and also
double bubbles [2].

Building upon recent developments in the study of geometric flows, in Chapter 4
we extend to all dimensions the aforementioned results on the dynamical stability
of strictly stable sets in the flat torus, both for the surface diffusion flow and the
volume-preserving mean curvature flow. Specifically, we will employ a quantitative
Alexandrov-type estimate recently established in [33], based on prior results in the
Euclidean setting [82] (see also [24, 34] for similar results in the nonlocal setting).
More precisely, for initial sets close in the C1,1-topology to a strictly stable set, we
prove global existence and asymptotic convergence of both flows to a translated of
such set exponentially fast. This is surprising for the surface diffusion flow, which is a
fourth-order flow, but is made possible by applying estimates from [58], which provide
a fourth-order counterpart to the results for mean curvature flows with rough initial
data [67].

In Chapter 5, we focus on the volume-preserving mean curvature flow in the flat
torus. As we already mentioned, singularities may appear in a finite time during the
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evolution even for smooth initial sets. Therefore, after the onset of singularities, the
classical or smooth formulation of the flow ceases to hold and needs to be replaced
by a weaker one. Due to the lack of a comparison principle, a natural approach is
the minimizing movement approach proposed independently by Almgren, Taylor, and
Wang in [6] and by Luckhaus and Sturzenhecker in [73] for the unconstrained case,
and adapted to the volume-preserving setting in [83].

We briefly recall the scheme in the volume constrained setting. First of all we define
a discrete-in-time approximation of the flow that will be called the discrete (volume-
preserving) flow. Given any initial set E0 and a time-step h > 0 we define iteratively
E0

h := E0, and for all n ≥ 0 we set

En+1
h ∈ argmin

{
P(F)+

1
h

ˆ
F△En

h

dist∂En
h
(x)dx : F ⊂ TN , |F |= |E0|

}
,

where dist∂En
h

is the distance function from the set ∂En
h . We can define for every t ≥ 0,

the approximate flow by Eh(t) := E [t/h]
h . Any limit point of this approximate flow as the

time-step h converges to zero is called a flat flow. As for the classical mean curvature
flow, this approach produces global-in-time solutions as shown in [83]. The existence of
such global solutions then permits to analyse the equilibrium configurations reached
in the long-time asymptotic.

In [82] the authors characterized, in the Euclidean space, the long-time behavior of
the discrete flow: they proved that the evolution starting from an arbitrary bounded
initial set converges exponentially fast to a finite union of disjoint balls with equal radii.
Moreover, the same authors and collaborators were able to send the discretization
parameter h to 0 in [65], in the case N = 2.

In Chapter 5, we develop the asymptotic analysis for the discrete flow in the flat
torus TN . As we have already mentioned, in such a framework the class of possible
long-time limits is much richer than in RN as it includes not only union of balls with
equal radii but also different type of critical sets for the perimeter. In particular, we
prove the stability of strictly stable sets for the discrete flow, that is we show that the
flow starting near a stable set asymptotically convergences to a translate of this set,
and we completely characterize the long-time behavior starting from any initial set
of finite perimeter when N = 2. Moreover, an estimate on the convergence speed is
provided.

Finally, in Chapter 6 we consider the volume-preserving fractional mean-curvature
flow and we characterize the asymptotic behaviour of its time-discretization. In partic-
ular, we prove that the discrete flow starting from any bounded set of finite fractional
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perimeter converges exponentially fast to a single ball if the dimension N ≤ 7 and the
fractional exponent s ≈ 1, or for any s ∈ (0,1) when N = 2.



Part I

Biological membranes





Chapter 1

Notation and preliminaries

In this chapter, we define the class of currents on which we will work in Chapter 2.
These currents are known as generalized Gauss graphs and were introduced by Anzel-
lotti, Serapioni, and Tamanini in [10]. We refer the reader to [40, 41] for the classical
notions of differential geometry and to [46, 95] for comprehensive treatises on the
theory of currents.

1.1 Exterior algebra and rectifiable currents

Let k, N ∈ N be such that 1 ≤ k ≤ N. We say that α : (RN)k → R is a k-linear alternating
form if it is linear in each variable and it is alternating, i.e.

α(vσ(1), . . . ,vσ(k)) = sgn(σ)α(v1, . . . ,vk)

for every v1, . . . ,vk ∈ RN and every permutation σ of the indexes {1, . . . ,k}, where sgn(σ)

denotes the sign of the permutation. We define
∧0(RN) := R and we denote by

∧k(RN)

the space of k-covectors in RN , that is the space of k-linear alternating forms on RN . We
denote by

∧
k(RN) the dual space (

∧k(RN))∗ =
∧k((RN)∗), called the space of k-vectors

in RN . We recall that, if {e1, . . . ,eN} is a basis of RN , then {ei1 ∧ . . .∧eik : 1 ≤ i1 < .. . < ik ≤
N} is a basis of

∧
k(RN), where ∧ denotes the exterior (or wedge) product. We recall that

the exterior product v∧w∈
∧

k+h(RN) between v∈
∧

k(RN) and w∈
∧

h(RN) is characterized
by the following properties: it is bilinear, and alternating, i.e. ei ∧ e j =−e j ∧ ei for every
i ̸= j and ei ∧ ei = 0 for every i. Similarly, one can define the exterior product on k-
covectors. A k-vector v is called a simple k-vector if it can be written as v = v1 ∧ . . .∧ vk,
for some v1, . . . ,vk ∈

∧
1(RN)≃ RN .

Let Ω ⊂ RN be an open set. A (differential) k-form ω on Ω is a (differentiable) map
that to each x ∈ Ω associates ω(x) ∈

∧k(RN). Given ω a 0-form on Ω (that is, a scalar
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function ω : Ω → R), we define dω as the 1-form on Ω given by the differential of ω; for
k > 0, the definition of the exterior differential operator d is extended from k-forms to
(k+1)-forms through the usual algebra of the exterior product. We denote by Dk(Ω)

the space of k-forms of class C∞ with compact support in Ω.

Definition 1.1.1 (Current). We define the space of k-currents Dk(Ω) as the dual of
Dk(Ω).

Given a sequence of currents {Tn}n∈N ⊂ Dk(Ω) and a current T ∈ Dk(Ω), we say
that Tn converges weakly to T , and write Tn ⇀ T , if and only if ⟨Tn,ω⟩ → ⟨T,ω⟩ for
every ω ∈ Dk(Ω), where ⟨·, ·⟩ denotes the dual product. We denote by ∂T ∈ Dk−1(Ω) the
boundary of the current T ∈ Dk(Ω), defined as ⟨∂T,ω⟩ := ⟨T,dω⟩ for every ω ∈ Dk−1(Ω),
while the boundary of a 0-current is set equal to 0. We notice that dω ∈Dk(Ω) whenever
ω ∈ Dk−1(Ω), that is, exterior differentiation preserves the compactness of the support,
so that the duality ⟨∂T,ω⟩ is well defined. The mass of a current T ∈ Dk(Ω) in the open
set W ⊂ Ω is defined as

MW (T ) := sup
{
⟨T,ω⟩ : ω ∈ Dk(W ), ∥ω(x)∥ ≤ 1 for every x ∈W

}
,

for simplicity, we denote by M(T ) the mass of T in Ω. Here, ∥ · ∥ denotes the comass
norm, namely, for α ∈

∧k(RN),

∥α∥ := sup{⟨α,v⟩ : v is a simple k-vector with |v| ≤ 1
}
,

where |v| := |v1 ∧ . . .∧ vk| is the volume of the parallelepiped generated by v1, . . . ,vk.
We denote by H k the k-dimensional Hausdorff measure. Given a set M ⊂ RN , we

say that M is k-rectifiable if M ⊂
⋃

∞
i=0 Mi, for a certain H k-negligible subset M0 ⊂ RN

and for certain k-dimensional C1 surfaces Mi ⊂ RN , for i > 0. One can prove that, if M
is a k-rectifiable set, for H k-almost every p ∈ M there exists an approximate tangent
space denoted by TpM. We say that a map η : M →

∧
k(RN) is an orientation of M if it

is H k-measurable and if η(p) is a unit simple k-vector that spans the approximate
tangent space TpM for H k-almost every p ∈ M. We say that a map β : M → R is an
integer multiplicity on M if it is H k-locally summable and with values in N.

Definition 1.1.2 (Rectifiable current with integer multiplicity). We say that a current
T ∈ Dk(Ω) is a k-rectifiable current with integer multiplicity if there exist a k-rectifiable
set M ⊂RN , an orientation η of M, and an integer multiplicity β on M such that for every
ω ∈ Dk(Ω) we have

⟨T,ω⟩=
ˆ

M
⟨ω(p),η(p)⟩β (p)dH k(p).

We denote by Rk(Ω) the set of such currents and write T = JM,η ,β K.
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We remark that for k-rectifiable currents T we have

MW (T ) =
ˆ

M∩W
β (p)dH k(p), (1.1.1)

which simply returns H k(M∩W ) if the multiplicity β is 1.
Oriented k-dimensional surfaces are a fundamental example of k-rectifiable currents

with integer multiplicity. To each smooth oriented surface S is canonically associated
the current T defined by ⟨T,ω⟩ =

´
S⟨ω(p),τ(p)⟩dH k(p), where τ is the orientation of

S. By Stokes Theorem, the boundary of T corresponds to the current associated with
the boundary of S, and thus the notion of boundary for currents is compatible with the
classical definition for oriented surfaces. Moreover, M(T ) = H k(S), and therefore the
mass naturally extend the concept of k-dimensional volume to k-currents.

We now state the celebrated Federer–Fleming theorem, which establishes the
compactness and closeness for k-rectifiable currents with integer multiplicity.

Theorem 1.1.3 ([46, Theorem 4.2.17]). Let {Tn}n∈N be a sequence in Rk(Ω) such that
∂Tn ∈ Rk−1(Ω) for any n ∈ N. Assume that for any open set W with compact closure in Ω

there exists a constant cW > 0 such that

MW (Tn)+MW (∂Tn)< cW .

Then there exist a subsequence {n j} j∈N and a current T ∈Rk(Ω) with ∂T ∈Rk−1(Ω) such
that Tn j ⇀ T as j → ∞.

1.2 Gauss graphs

In the next chapter, our focus will be on two-dimensional objects in R3, thus we present
all the concepts and results in this specific context. However, we note that everything
can be readily adapted to a more general setting.

Let M ⊂ R3 be a compact two-dimensional surface of class C2; we say that M is
orientable if there exists a map ν from M to the unit sphere S2 of class C1 on M such
that, for every p ∈ M, the vector ν(p) is perpendicular to the tangent space TpM. Once
we fix a choice of such a map ν, we say that the surface M is oriented and we call ν

the Gauss map of M. Since M is of class C2, the Gauss map is differentiable at any
p ∈ M and, upon identifying Tν(p)S2 ≃ TpM, its differential in p, dνp : TpM → Tν(p)S2, is a
self-adjoint linear operator that has two real eigenvalues κ1(p) and κ2(p), called the
principal curvatures of M at p. We define the mean and Gaussian curvatures of M at p
by

H(p) := κ1(p)+κ2(p), K(p) := κ1(p)κ2(p).
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The map dνp can be extended to a linear map Lp : R3 → R3 by setting

Lp := dνp ◦Pp, (1.2.1)

where Pp : R3 → TpM denotes the orthogonal projection on the tangent space. With a
little abuse of notation, we denote again by Lp the matrix associated with the linear
map Lp. Observe that Lp has egeinvalues κ1(p), κ2(p), and 0; in particular, detLp = 0.

For convenience, we denote by R3
x the space of points p ∈ M and by R3

y the space
where ν(p) takes its values, and we consider the graph of the Gauss map

G :=
{
(p,ν(p)) ∈ R3

x ×R3
y : p ∈ M

}
⊂ R3

x ×R3
y ≃ R6. (1.2.2)

Since M is a two-dimensional surface of class C2, G is a two-dimensional embedded
manifold in R3

x ×R3
y of class C1. We remark that if M has a boundary then also G has a

boundary which is given by ∂G =
{
(p,ν(p)) : p ∈ ∂M

}
and we notice that if ∂M = /0 then

∂G = /0.
We now define an orientation on G. We equip M with the orientation induced by ν

and let τ(p) := ∗ν(p), where ∗ :
∧

1(R3)→
∧

2(R3) is the Hodge operator. In general, for
every 0 ≤ k < N, we recall that the Hodge operator

∗ :
∧

N−k(RN)→
∧

k(RN)

is the linear operator defined by v ∧ ∗v = e1 ∧ . . . ∧ eN for v = e1 ∧ . . . ∧ eN−k, where
{e1, . . . ,eN} is the standard basis of RN . Notice that τ(p) ∈

∧
2(TpM) for every p ∈ M,

thus the field p 7→ τ(p) is a tangent 2-vector field on M. Let Φ : M → M×S2 ⊂ R3
x ×R3

y be
given by Φ(p) := (p,ν(p)) which is of class C1 on M. Observe that G = Φ(M). For each
p ∈ M we have

dΦp : TpM → TpM×Tν(p)S2 ⊂ R3
x ×R3

y

u 7→ (u,dνp(u)).

Finally, we define ξ : G →
∧

2(R3
x ×R3

y) as

ξ (p,ν(p)) := dΦp(τ1(p))∧dΦp(τ2(p)), for τ = τ1 ∧ τ2. (1.2.3)

Since dΦp = I ⊕ dνp, where I : R3
x → R3

x denotes the identity map, we have that |ξ | ≥ 1,
hence we can normalize ξ obtaining

η :=
ξ

|ξ |
, (1.2.4)
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which is an orientation of G. By combining [10, Proposition 1.1 and Example 1.2], we
obtain the following formula for the area of G.

Proposition 1.2.1. The area of the Gauss graph G of the smooth oriented surface
M ⊂ R3 is given by

H 2(G) =

ˆ
M
|ξ (x,ν(x))|dH 2(x),

and the norm of ξ is given by

|ξ (x,ν(x))|=
√

1+κ1(x)2 +κ2(x)2 +(κ1(x)κ2(x))2

=
√

H(x)2 +(1−K(x))2.

1.3 Generalized Gauss graphs

We now introduce the more general setting of generalized Gauss graphs. Let {e1,e2,e3}
be the canonical basis of R3

x, and {ε1,ε2,ε3} be the one of R3
y. Moreover, we denote by

{dx1,dx2,dx3} and {dy1,dy2,dy3} their dual basis, respectively.

Definition 1.3.1 (Stratification). Given a 2-vector ξ ∈
∧

2(R3
x ×R3

y), we define the strati-
fication of ξ as the unique decomposition

ξ = ξ0 +ξ1 +ξ2, where ξ0 ∈
∧

2(R3
x), ξ1 ∈

∧
1(R3

x)∧
∧

1(R3
y), ξ2 ∈

∧
2(R3

y),

given by

ξ0 = ∑
1≤i< j≤3

⟨dxi ∧dx j,ξ ⟩ei ∧ e j =: ∑
1≤i< j≤3

ξ
i j
0 ei ∧ e j,

ξ1 = ∑
1≤i, j≤3

⟨dxi ∧dy j,ξ ⟩ei ∧ ε j =: ∑
1≤i, j≤3

ξ
i j
1 ei ∧ ε j,

ξ2 = ∑
1≤i< j≤3

⟨dyi ∧dy j,ξ ⟩εi ∧ ε j =: ∑
1≤i< j≤3

ξ
i j
2 εi ∧ ε j.

Notice that the three equalities above serve as a definition of ξ
i j
h ; ξ0 and ξ2 are

represented by 3×3 skew-symmetric matrices while ξ1 is represented by a 3×3 matrix.
From now on we consider Ω ⊂ R3

x an open set.



8 Notation and preliminaries

Definition 1.3.2 (Generalized Gauss graph). We say that Σ = JG,η ,β K is a generalized
Gauss graph in Ω, and write Σ ∈ curv2(Ω), if

Σ and ∂Σ are rectifiable currents supported on Ω×S2,

⟨Σ,gϕ
∗⟩=

ˆ
G

g(x,y)|η0(x,y)|β (x,y)dH 2(x,y) for all g ∈Cc(Ω×R3
y),

⟨∂Σ,ϕ ∧ω⟩= 0 for all ω ∈ D0(Ω×R3
y),

(1.3.1)

where

ϕ(x,y) :=
3

∑
j=1

y jdx j, ϕ
∗(x,y) :=

3

∑
j=1

(−1) j+1y jdx̂ j (1.3.2)

and dx̂ j = dx j1 ∧dx j2 for 1 ≤ j1 < j2 ≤ 3, j1, j2 ̸= j.

We can associate with the regular Gauss graph G the current ΣG ∈ R2(Ω×S2) given
by ΣG := JG,η ,1K, and this turns out to be an element of curv2(Ω), see [10, Section 2].
Moreover, one can show that the smallest weakly sequentially closed subset of

{T ∈ D2(Ω×R3
y) : MW (T )+MW (∂T )< ∞ for every W ⋐ Ω×R3}

containing the currents associated with the regular Gauss graphs is a subset of curv2(Ω)

(see again [10, Sec. 2]). This is the motivation why the elements of curv2(Ω) are called
generalized Gauss graphs, and it shows that curv2(Ω) contains, as a particular case,
smooth oriented manifolds.

Remark 1.3.3. One can prove (see [10, Remark 2.3]) that the second condition in
(1.3.1), i.e.

⟨Σ,gϕ
∗⟩=

ˆ
G

g(x,y)|η0(x,y)|β (x,y)dH 2(x,y),

is equivalent to
⟨Σ,ϕ ∧ω⟩= 0 for every ω ∈ D1(Ω×R3

y) (1.3.3)

together with
⟨Σ,gϕ

∗⟩ ≥ 0 for all g ∈Cc(Ω×R3
y), (1.3.4)

where ϕ and ϕ∗ are defined in (1.3.2). One can easily note that (1.3.3), (1.3.4) and also
the third condition in (1.3.1) are closed with respect to weak convergence of currents.
From this and from Federer–Fleming Theorem 1.1.3, it follows that curv2(Ω) is a
weakly sequentially closed subset of R2(Ω×S2), that is, if Σ j ∈ curv2(Ω) and Σ j ⇀ Σ,
then Σ ∈ curv2(Ω).

The geometric meaning of the first condition in (1.3.1) is evident. The meaning
of (1.3.3) and the third condition in (1.3.1) is given by the theorem below and can be
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summarised as follows: the variable y is orthogonal to the tangent space to p1G, where
we denote by p1 : R3

x ×R3
y →R3

x the projection on the first component; a similar property
holds for the support of the boundary ∂Σ. Finally, condition (1.3.4) fixes the orientation
of the generalized Gauss graph.

Theorem 1.3.4 ([10, Theorem 2.9]). Let Σ = JG,η ,β K ∈ curv2(Ω). Then

⟨v,(y,0)⟩= 0

for H 2-almost all (x,y) ∈ G and for every v ∈ T(x,y)G. In addition,

(p1|G)−1(x)⊂ {(x,ν(x)),(x,−ν(x))}

for H 2-almost every x ∈ P := p1G, where ν : P → S2 is H 2-measurable, and ν(x) ∈ (TxP)⊥

for H 2-almost every x ∈ P. The analogous statements for ∂Σ = JG′,η ′,β K are

⟨v,(y,0)⟩= 0

for H 1-almost all (x,y) ∈ G′ and for every v ∈ T(x,y)G′, and

(p1|G′)−1(x)⊂
{
(x,y) : |y|= 1 and y is orthogonal to Tx(p1G′)

}
for H 1-almost every x ∈ P := p1G′.

In [10] the following structure theorem for generalized Gauss graphs Σ = JG,η ,β K ∈
curv2(Ω) was shown. It proves that the support G of Σ is the union of two parts: a
“vertical” one and a (possibly double valued) graph over the 2-rectifiable set p1G of a
unit vector field ν normal to p1G and approximately differentiable. A similar result for
the boundary current ∂Σ was proved in [10, Theorem 2.11].

Theorem 1.3.5 ([10, Theorem 2.10]). Let Σ = JG,η ,β K ∈ curv2(Ω), then

i) G = G(0)∪G(1)∪
(⋃

∞
j=1 G j

)
where G(0), G(1) and G j are H 2-measurable and

– H 2(G(0)) = 0,

– ∀(x,y) ∈ G\G(0), T(x,y)G exists,

– G(1) = {(x,y) ∈ G\G(0) : (
∧2 p1)η(x,y) = 0},

– H 2(p1G(1)) = 0,

– Gi ∩G j = /0 for i ̸= j.

ii) There are two-dimensional, oriented and embedded submanifolds S j ⊂ Ω×R3
y,

j ∈ N of class C1 such that:
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– G j ⊂ S j,

– p1S j are class C1 2-dimensional, oriented and embedded submanifolds of Ω,

– there are class C1 functions f j : p1S j → R3
y such that

S j = {(x, f j(x)) : x ∈ p1S j}.

iii) p1G ⊂ P(0)∪
(⋃

∞
j=1 p1S j

)
where P(0) = p1(G(0)∪G(1)) and H 2(P(0)) = 0.

iv) It is possible to fix the orientation of each p1S j, choosing a continuous normal
vector field ν j : p1S j → S2 such that:

y = f j(x) = ν j(x) for j ∈ N and (x,y) ∈ R j.

v) ν j is approximately differentiable on p1G j.

For a rectifiable current Σ = JG,η ,β K, according with the stratification of η, we
define the strata Σi by

Σi(ω) :=
ˆ

G
⟨ω(x,y),ηi(x,y)⟩β (x,y)dH 2(x,y)

for every ω ∈ D2(R3
x ×R3

y), and we define the measure |Σi| by

|Σi|= |ηi|βH 2 G.

Given k ∈ {1,2,3}, consider a multi-index λ ∈ {(λ1, . . . ,λk) : 0 ≤ λ1 < .. . < λk ≤ 2}. A
generalized Gauss graph Σ ∈ curv2(Ω) is said to be λ -special if

|Σλi| ≪ |Σ0| for i = 1, . . . ,k

and we write Σ ∈ curvλ
2 (Ω). We set curv∗2(Ω) := curv(0,1,2)2 (Ω) and we call its elements

special generalized Gauss graphs; in the sequel, we will also make use of the space

curv(0,1)2 (Ω) =
{

Σ ∈ curv2(Ω) : |Σ1| ≪ |Σ0|
}
.

Given Σ = JG,η ,β K ∈ curv2(Ω), we let G∗ := {(x,y) ∈ G : η0(x,y) ̸= 0} (notice that G∗ is
defined only H 2-a.e.), and we remark that, if also Σ ∈ curv∗2(Ω), then G = G∗.

In order to consider functionals defined on generalized Gauss graphs, we introduce
the following class of integrands.

Definition 1.3.6 (Standard integrand). A function f : Ω×R3
y ×
(∧

1(R3
x)∧

∧
1(R3

y)
)
→ R

is said to be a standard integrand in the setting of curv2(Ω) if
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(i) f is continuous;

(ii) f is convex in the last variable, i.e.,

f (x,y, t p+(1− t)q)≤ t f (x,y, p)+(1− t) f (x,y,q),

for all t ∈ (0,1), for all (x,y) ∈ Ω×R3
y , and for all p,q ∈

∧
1(R3

x)∧
∧

1(R3
y);

(iii) f has superlinear growth in the last variable, i.e., there exists a continuous function
ϕ : Ω×R3

y × [0,+∞)→ [0,+∞), non-decreasing in the last variable and such that
ϕ(x,y, t)→+∞ locally uniformly in (x,y) as t →+∞, and with

ϕ(x,y, |q|)|q| ≤ f (x,y,q)

for all (x,y,q) ∈ Ω×R3
y ×
(∧

1(R3
x)∧

∧
1(R3

y)
)
.

Remark 1.3.7. A function f as in Definition 1.3.6 is called a (1)-standard integrand in
[39, Definition 3.3].

Functions of this type are natural energy densities of functionals depending on
curvatures, such as the Canham–Helfrich energy that we will study in Chapter 2.

The next theorem ensures that an integral functional with a standard integrand as
density is lower semicontinuous.

Theorem 1.3.8 ([39, Theorem 3.2]). Let f be a standard integrand in the setting of
curv2(Ω) and, for every Σ = JG,η ,β K ∈ curv2(Ω), set

I f (Σ) :=
ˆ

G∗
f
(

x,y,
η1(x,y)
|η0(x,y)|

)
|η0(x,y)|β (x,y)dH 2(x,y).

Consider a sequence {Σ j} j∈N ⊂ curv(0,1)2 (Ω) such that

(i) Σ j ⇀ Σ, where Σ ∈ R2(Ω×S2);

(ii) sup j∈N I f (Σ j)<+∞.

Then
Σ ∈ curv(0,1)2 (Ω) and I f (Σ)≤ liminf

j→∞
I f (Σ j).

Finally, we recall a compactness result for special generalized Gauss graphs. Before
stating it, we remark that, since |η |2 = |η0|2 + |η1|2 + |η2|2 = 1, we can write 1

|η0| =

|η0|+ |η1|2
|η0| +

|η2|2
|η0| .
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Corollary 1.3.9 ([38, Corollary 4.2]). Consider a sequence Σ j = JG j,η j,β jK ∈ curv∗2(Ω)

such that

sup
j∈N

{ˆ
G∗

j

(
|(η j)0(x,y)|+

|(η j)1(x,y)|2

|(η j)0(x,y)|
+

|(η j)2(x,y)|2

|(η j)0(x,y)|

)
β j(x,y)dH 2(x,y)+M(∂Σ j)

}
<+∞.

Then there exist a subsequence {Σ jk}k∈N and Σ ∈ curv∗2(Ω) such that Σ jk ⇀ Σ as k → ∞.



Chapter 2

Minimization of the
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2.1 Introduction

In this chapter, which presents the results of [68], we investigate the existence of
minimizers of the Canham–Helfrich functional among generalized Gauss graphs (see
Section 1.3).

We recall that for any two-dimensional, compact, and oriented submanifold M ⊂ R3

(possibly with boundary), the Canham–Helfrich functional on M is defined by

E (M) :=
ˆ

M

(
αH(H(p)−H0)

2 −αKK(p)
)

dH 2(p), (2.1.1)
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where H0 ∈ R is the spontaneous curvature and αH ,αK > 0 are the bending constants.
We will provide a suitable formulation of the Canham–Helfrich functional in the

class of generalized Gauss graphs and study three minimization problems. The main
results of this chapter are Theorems 2.3.5, 2.3.6, and 2.3.9 stating that, under condition

4αH > αK > 0, (2.1.2)

there exists a minimizer of the Canham–Helfrich functional (2.1.1) in certain classes of
generalized Gauss graphs, also enforcing area and enclosed volume constraints, the
latter being the physically relevant setup for biological applications. Their proof is a con-
sequence of the direct method in the Calculus of Variations, once lower semicontinuity
and compactness are proved.

The plan of the chapter is the following: in Section 2.2 we define the Canham–
Helfrich energy of a generalized Gauss graph; Section 2.3 is devoted to the main
results, and is complemented by a regularity result, Theorem 2.3.12.

2.2 The Canham–Helfrich energy of a Generalized
Gauss graph

In this section, we are going to define the Canham–Helfrich energy of a generalized
Gauss graph in a way that is the natural extension of the definition for smooth surfaces.
Let H0 ∈R. Here, M ⊂R3 denotes a compact and oriented (with an understood choice of
the normal ν) two-dimensional manifold of class C2.

Lemma 2.2.1 ([74, Lemma 4.2]). For ξ ∈
∧

2(R3
x ×R3

y) as in (1.2.3) the following hold
true 

ξ0 = τ1 ∧ τ2,

ξ1 = τ1 ∧dν(τ2)− τ2 ∧dν(τ1),

ξ
i j
1 = (τ1 ⊗dν(τ2)− τ2 ⊗dν(τ1))i j,

ξ2 = dν(τ1)∧dν(τ2) = κ1κ2τ1 ∧ τ2.

(2.2.1)

Proof. By the definition of ξ (see (1.2.3)) we have

ξ (p,ν(p)) = (τ1(p),dνp(τ1(p)))∧ (τ2(p),dνp(τ2(p)))

= τ1 ∧ τ2 + τ1 ∧dνp(τ2)− τ2 ∧dνp(τ1)+dνp(τ1)∧dνp(τ2)

= τ1 ∧ τ2 +κ2τ1 ∧ τ2 −κ1τ2 ∧ τ1 +κ1κ2τ1 ∧ τ2.

Then, recalling Definition 1.3.1, the equalities follow straightforwardly.
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Remark 2.2.2. If M is a two-dimensional oriented manifold of class C2 with multiplicity
β̄ : M → N, G is the Gauss graph associated with M via (1.2.2), and ΣG := JG,η ,β K with
β (x,y) = β̄ (x), then the equalities

M(M) =

ˆ
M

β̄ (p)dH 2(p) =
ˆ

G

β (x,y)
|ξ (x,y)|

dH 2(x,y) =
ˆ

G
|η0(x,y)|β (x,y)dH 2(x,y) (2.2.2)

hold true by means of the area formula, (1.2.4), and the first identity in (2.2.1); here, by
M(M) we mean the mass of the current JM,∗ν , β̄ K, see (1.1.1) with k = 2. In particular,
if β̄ ≡ 1, we obtain

H 2(M) =

ˆ
G
|η0(x,y)|dH 2(x,y). (2.2.3)

The next two lemmas are proved in [74]. We provide the proof in our context for the
sake of completeness.

Lemma 2.2.3 ([74, Lemma 4.5]). Let Σ = JG,η ,β K ∈ curv2(Ω) be a generalized Gauss
graph. Then

• for H 2-almost every (x,y) ∈ G

3

∑
i=1

η
i j
1 (x,y)yi = 0 for all 1 ≤ j ≤ 3, (2.2.4)

• for H 2-almost every (x,y) ∈ G∗

3

∑
j=1

η
i j
1 (x,y)y j = 0 for all 1 ≤ i ≤ 3. (2.2.5)

Proof. As in the proof of [10, Proposition 2.4], we have that

⟨η(x,y),(y,0)∧ (0,w)⟩= 0 for all w ∈ R3 and for H 2-almost every (x,y) ∈ G.

From this we deduce that ∑i j η
i j
1 (x,y)yiw j = 0 for all w ∈ R3, which implies (2.2.4).

By (ii) of Theorem 1.3.5, for H 2-almost every (x,y) ∈ G∗, there are an embedded C1

surface S ⊂ R3 and a map ζ : S → S2 of class C1 such that

ζ (x) = y,
∧

2(I⊕dζx)(∗y) = ξ (x,y).

By Lemma 2.2.1, we obtain, for i = 1,2,3 and ∗y = τ1 ∧ τ2,

3

∑
j=1

ξ
i j
1 y j = ei · (τ1 ⊗Dζ (x)τ2 − τ2 ⊗Dζ (x)τ1)y = 0,
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since Dζ (x)τk · y = Dζ (x)τk ·ζ (x) = 0 for k = 1,2 as ζ takes values in S2. Then (2.2.5) is
proved recalling (1.2.4).

We recall that the permutation symbols are given by

εi jk =


1 if (i jk) is an even permutation of {1,2,3},

−1 if (i jk) is an odd permutation of {1,2,3},

0 otherwise.

For any z ∈ R3, we define

Ψz :=
3

∑
i, j,k=1

εi jk zk dxi ∧dy j. (2.2.6)

Lemma 2.2.4 ([74, Lemma 4.6]). For the linear operator L as in (1.2.1), the following
formulas hold

H = trL = ν1(ξ
23
1 −ξ

32
1 )−ν2(ξ

13
1 −ξ

31
1 )+ν3(ξ

12
1 −ξ

21
1 ) = ⟨Ψν ,ξ1⟩, (2.2.7)

K = tr(cofL) = ν · (cofξ1)ν ,

where L and ν are evaluated at p ∈ M and ξ is evaluated at (p,ν(p)).

Proof. Since {τ1,τ2,ν} is an orthonormal basis of R3, we observe that for any r ∈ R

−r tr(cofL)+ r2 trL− r3 = det(L− r I) = det(τ1|τ2|ν)det(L− r I)

= (L− r I)ν · [(L− r I)τ1 × (L− r I)τ2] (2.2.8)

=−r(Lτ1 ×Lτ2) ·ν + r2(τ1 ×Lτ2 − τ2 ×Lτ1) ·ν − r3,

where we used the fact that Lν = 0. Therefore, from Lemma 2.2.1 we deduce that

trL = (τ1 ×Lτ2 − τ2 ×Lτ1) ·ν =
3

∑
i, j,k=1

(τ1,ie j ·Lτ2 − τ2,ie j ·Lτ1)νkεi jk

=
3

∑
i, j,k=1

ξ
i j
1 νkεi jk = ∑

i< j

3

∑
k=1

(ξ
i j
1 −ξ

ji
1 )νkεi jk

= ν1(ξ
23
1 −ξ

32
1 )−ν2(ξ

13
1 −ξ

31
1 )+ν3(ξ

12
1 −ξ

21
1 ).

Moreover, from (2.2.1) and (2.2.8) we also deduce that

tr(cofL) = (Lτ1 ×Lτ2) ·ν = (Lτ1 ∧Lτ2) ·ξ0 = κ1κ2.
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Using (2.2.1) again and, since det(ξ1) = 0, by [94, Prop. 3.21], we have

ν · cof(ξ1)ν = ν · cof(τ1 ⊗Lτ2 − τ2 ⊗Lτ1)ν = det(τ1 ⊗Lτ2 − τ2 ⊗Lτ1 +ν ⊗ν) =: D.

We can represent the matrix τ1⊗Lτ2−τ2⊗Lτ1+ν ⊗ν with respect to the basis {τ1,τ2,ν},
obtaining

D = det

 Lτ2 · τ1 Lτ2 · τ2 0
−Lτ1 · τ1 −Lτ1 · τ2 0

0 0 1

= det

(
Lτ1 · τ1 Lτ1 · τ2

Lτ2 · τ1 Lτ2 · τ2

)

= κ1κ2 det

(
τ1 · τ1 τ1 · τ2

τ2 · τ1 τ2 · τ2

)
= κ1κ2 = trcofL,

which concludes the proof.

The next proposition provides the expression of the Canham–Helfrich functional
defined on manifolds, seen as regular Gauss graphs. In turns, this suggests how to
define the Canham–Helfrich functional for general elements in curv2(Ω).

Proposition 2.2.5. Fix y ∈ S2 and let

Xy :=
{

ζ ∈
∧

1(R3
x)∧

∧
1(R3

y) :
3

∑
k=1

ζ
kiyk =

3

∑
k=1

ζ
ikyk =

3

∑
k=1

ζ
kk = 0 for all i = 1,2,3

}
. (2.2.9)

Let fy : Xy → [0,+∞) be defined by (recall (2.2.6))

fy(ζ ) := αH⟨Ψy,ζ ⟩2 −2αHH0⟨Ψy,ζ ⟩+αHH2
0 −αKy · (cofζ )y. (2.2.10)

Then, defining η as in (1.2.4), we have

E (M) =

ˆ
Φ(M)∗

fy

(
η1(x,y)
|η0(x,y)|

)
|η0(x,y)|dH 2(x,y).

Proof. First observe that, by Lemma 2.2.3 and since by (2.2.1) the trace of ξ1 is zero,
η1(x,y) belongs to Xy for almost every (x,y) ∈ Φ(M)∗. Moreover, by (2.1.1), Lemma 2.2.4,
and the area formula, we have

E (M) =

ˆ
M

(
αH(trLp −H0)

2 −αK tr(cofLp)
)

dH 2(p)

=

ˆ
M

(
αH
(
⟨Ψν(p)),ξ1(p,ν(p))⟩−H0

)2 −αKν(p) · (cofξ1(p,ν(p)))ν(p)
)

dH 2(p)

=

ˆ
Φ(M)∗

(
αH

(〈
Ψy,

η1(x,y)
|η0(x,y)|

〉
−H0

)2

−αKy ·
(

cof
η1(x,y)
|η0(x,y)|

)
y
)
|η0(x,y)|dH 2(x,y),
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where we have used that |ξ |= 1/|η0|= |detDΦ|.

We are now ready to define the functional E on a generalized Gauss graph.

Definition 2.2.6. The Canham–Helfrich functional defined on generalized Gauss
graphs is the functional E : curv2(Ω)→ [−∞,+∞] defined by

E (Σ) :=
ˆ

G∗
fy

(
η1(x,y)
|η0(x,y)|

)
|η0(x,y)|β (x,y)dH 2(x,y), (2.2.11)

for every Σ = JG,η ,β K ∈ curv2(Ω).

2.3 Existence and regularity of minimizers

2.3.1 Technical lemmas

For every ζ ∈
∧

1(R3
x)∧

∧
1(R3

y) and for every y ∈ S2, let us define

gy(ζ ) := αH⟨Ψy,ζ ⟩2 −αKy · (cofζ )y and hy(ζ ) := 2αHH0⟨Ψy,ζ ⟩ (2.3.1)

and let us identify ζ with a vector in u = u[ζ ] ∈ R9 by

u = u[ζ ] := (ζ 11,ζ 12,ζ 13,ζ 21,ζ 22,ζ 23,ζ 31,ζ 32,ζ 33).

With these positions, we have (compare with the expression in (2.2.7))

⟨Ψy,ζ ⟩= (0,y3,−y2,−y3,0,y1,y2,−y1,0) ·u = y1(u6 −u8)− y2(u3 −u7)+ y3(u2 −u4).

Lemma 2.3.1. Let (2.1.2) holds. The function gy :
∧

1(R3
x)∧

∧
1(R3

y)→R defined in (2.3.1)
is represented by a quadratic form u 7→ u ·Ayu on R9, that is gy(ζ ) = u[ζ ] ·Ayu[ζ ], where

Ay =



0 0 0 0 −αK
2 y2

3
αK
2 y2y3 0 αK

2 y2y3 −αK
2 y2

2

0 αHy2
3 −αHy2y3 −γy2

3 0 γy1y3 γy2y3 −αHy1y3
αK
2 y1y2

0 −αHy2y3 αHy2
2 γy2y3

αK
2 y1y3 −αHy1y2 −γy2

2 γy1y2 0
0 −γy2

3 γy2y3 αHy2
3 0 −αHy1y3 −αHy2y3 γy1y3

αK
2 y1y2

−αK
2 y2

3 0 αK
2 y1y3 0 0 0 αK

2 y1y3 0 −αK
2 y2

1
αK
2 y2y3 γy1y3 −αHy1y2 −αHy1y3 0 αHy2

1 γy1y2 −γy2
1 0

0 γy2y3 −γy2
2 −αHy2y3

αK
2 y1y3 γy1y2 αHy2

2 −αHy1y2 0
αK
2 y2y3 −αHy1y3 γy1y2 γy1y3 0 −γy2

1 −αHy1y2 αHy2
1 0

−αK
2 y2

2
αK
2 y1y2 0 αK

2 y1y2 −αK
2 y2

1 0 0 0 0


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for γ := (αH − αK
2 ). Let

v(−αK/2) :=



y2
1 −1
y1y2

y1y3

y1y2

y2
2 −1
y2y3

y1y3

y2y3

y2
3 −1


, v(2αH −αK/2) :=



0
−y3

y2

y3

0
−y1

−y2

y1

0


,

v1(αK/2) :=



2y1y2y3

y3y2
2 − y3y2

1

y2y2
3 − y2

y3y2
2 − y3y2

1

−2y1y2y3

y1 − y1y2
3

y2y2
3 − y2

y1 − y1y2
3

0


, v2(αK/2) :=



y1y2
2 − y1y2

3

y3
2 − y2

y3y2
1 + y3y2

2

y3
2 − y2

y1 − y1y2
2

0
y3y2

1 + y3y2
2

0
−y3

1 − y1y2
2


.

Then these vectors are eigenvectors of the matrix Ay with corresponding eigenvalues
−αK/2, 2αH −αK/2, and αK/2 with multiplicities 1, 1, and 2, respectively. The six vectors

v1(0) :=

y
0
0

 , v2(0) :=

0
y
0

 , v3(0) :=

0
0
y

 ,

v4(0) :=

y1e1

y2e1

y3e1

 , v5(0) :=

y1e2

y2e2

y3e2

 , v6(0) :=

y1e3

y2e3

y3e3


generate the 5-dimensional subspace associated with the eigenvector 0.

The function hy :
∧

1(R3
x)∧

∧
1(R3

y) → R defined in (2.3.1) is represented by a linear
map u 7→ u · vy where vy :=−2αHH0v(2αH −αK/2).
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Moreover, we have that

span{v1(0),v2(0),v3(0),v4(0),v5(0),v6(0),v(−αK/2)}

= span


y

0
0

 ,

0
y
0

 ,

0
0
y

 ,

y1e1

y2e1

y3e1

 ,

y1e2

y2e2

y3e2

 ,

y1e3

y2e3

y3e3

 ,

e1

e2

e3


 (2.3.2)

and by the isomorphism ζ 7→ u[ζ ] the space Xy introduced in (2.2.9) transforms to

X̃y := {u ∈ R9 : u ⊥ span{v1(0),v2(0),v3(0),v4(0),v5(0),v6(0),v(−αK/2)}} . (2.3.3)

Proof. The claims follow by straightforward calculations. To prove (2.3.2), we observe
that,

v(−αK/2) =y1

y
0
0

+ y2

0
y
0

+ y3

0
0
y

−

e1

e2

e3


and this concludes the proof.

Lemma 2.3.1 shows that the quadratic form Ay (and therefore the function gy) has
both a negative eigenvalue and the zero eigenvalue, which prevent positive definiteness.
Nonetheless, since the space Xy defined in (2.2.9) transforms to X̃y defined in (2.3.3),
which is the orthogonal to the directions where there is loss of positive definiteness, we
are able to prove, in the next Proposition, that it is possible to modify the integrand fy

defined in (2.2.10) to obtain the new function f̃ defined in (2.3.4) below, which is a
standard integrand in the sense of Definition 1.3.6.

Proposition 2.3.2. Let (2.1.2) hold. For y ∈ S2, define the map Fy : R9 → R

Fy(u) := gy(u)−hy(u)+αHH2
0 +

αK

2
|π0u|2 +αK|π−αK/2u|2

= u ·Ayu−u · vy +αHH2
0 +

αK

2
|π0u|2 +αK|π−αK/2u|2,

where gy,hy are defined as in (2.3.1), π0,π−αK/2 : R9 → R9 are the orthogonal projections
on span{v1(0), . . . ,v5(0)} and span{v(−αK/2)}, respectively. Moreover, let

f̃ : Ω×S2 ×
(∧

1(R3
x)∧

∧
1(R3

y)
)
→ R, f̃ (x,y,ζ ) := Fy(u[ζ ]). (2.3.4)
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Then f̃ is continuous, convex in the third variable, and there exist two constants c1 > 0
and c2 ≥ 0 such that

f̃ (x,y,ζ )≥ c1|ζ |2 − c2. (2.3.5)

In particular, f̃ has uniform superlinear growth in the third variable.

Proof. Let π2αH−αK/2,παK/2 : R9 → R9 be the orthogonal projections on span{v(2αH −
αK/2)} and span{v1(αK/2),v2(αK/2)}, respectively. For every u ∈ R9, by Lemma 2.3.1,
we have

Fy(u) = − αK

2
|π−αK/2u|2 + αK

2
|παK/2u|2 +

(
2αH − αK

2

)
|π2αH−αK/2u|2

+2αHH0 u · v(2αH −αK/2)+
αK

2
|π0u|2 +αK|π−αK/2u|2 +αHH2

0

=
αK

2
|π−αK/2u|2 + αK

2
|παK/2u|2 +

(
2αH − αK

2

)
|π2αH−αK/2u|2

+
αK

2
|π0u|2 +2αHH0 u · v(2αH −αK/2)+αHH2

0 .

(2.3.6)

By (2.1.2), we deduce that Fy is convex (and therefore continuous) in u, so that f̃ is
convex (and therefore continuous) in the third variable. Moreover, by reconstructing
the norm |u[ζ ]|2 = |ζ |2 from the projections π• and by recalling that they are 1-Lipschitz
functions, we have that

f̃ (x,y,ζ ) = Fy(u[ζ ])≥ min
{

αK

2
,2αH − αK

2

}
|ζ |2 −2

√
2αH |H0||ζ |+αHH2

0

(the factor
√

2 = |v(2αH −αK/2)| comes from Schwarz inequality), from which we deduce
the boundedness from below of f̃ and (2.3.5), with (a possible choice of)

c1 =
1
4

min{αK,4αH −αK} and c2 = αHH2
0

(
8αH

min{αK,4αH −αK}
−1
)
.

Finally, the continuity of f̃ with respect to y follows from the structure of the matrix Ay

and of the vector vy in Lemma 2.3.1.

Proposition 2.3.3. Let f̃ be the function defined in (2.3.4). The, for every Σ = JG,η ,β K ∈
curv2(Ω), it holds that

E (Σ) =

ˆ
G∗

f̃
(

x,y,
η1(x,y)
|η0(x,y)|

)
|η0(x,y)|β (x,y)dH 2(x,y). (2.3.7)

Proof. Let (x,y) ∈ G∗. By Lemma 2.2.3 and Lemma 2.3.1 we have that u[ξ1(x,y)] ∈ X̃y,
from which we obtain that π0u[ξ1(x,y)] = π−αK/2u[ξ1(x,y)] = 0. Keeping (2.2.10), (2.3.1),
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and (2.3.4) into account, this implies that

f̃ (x,y,ξ1(x,y)) = Fy(u[ξ1(x,y)]) = fy(ξ1(x,y)),

which, by (2.2.11), implies (2.3.7).

Lemma 2.3.4. Let A ⋐ Ω and let Σ j = JG j,η j,β jK ∈ curv2(Ω) be such that sptΣ j ⊂ A×S2

for every j ∈ N and Σ j ⇀ Σ = JG,η ,β K ∈ curv2(Ω) as j → ∞. Then sptΣ ⊂ A×S2 and

lim
j→∞

ˆ
G j

|(η j)0(x,y)|β j(x,y)dH 2(x,y) =
ˆ

G
|η0(x,y)|β (x,y)dH 2(x,y). (2.3.8)

In particular, if M j,M are two-dimensional oriented manifold of class C2 contained
in A, if G j,G are the associated Gauss graphs by (1.2.2), and Σ j = ΣG j = JG j,η j,1K,
Σ = ΣG = JG,η ,1K are the associated currents, if Σ j ⇀ Σ, then H 2(M j)→ H 2(M).

Proof. We first observe that the condition on the supports is closed, so that sptΣ ⊂ A×S2.
Let g ∈Cc(Ω×R3

y) be such that g = 1 on A×S2. Then the convergence

ˆ
G j

|(η j)0(x,y)|β j(x,y)dH 2(x,y) = Σ j(gϕ
∗)→ Σ(gϕ

∗) =

ˆ
G
|η0(x,y)|β (x,y)dH 2(x,y)

follows immediately by (1.3.1). The proof of the last statement is obtained by combining
(2.2.3) and (2.3.8):

lim
j→∞

H 2(M j) = lim
j→∞

ˆ
G j

|(η j)0(x,y)|dH 2(x,y) =
ˆ

G
|η0(x,y)|dH 2(x,y) = H 2(M).

This concludes the proof.

2.3.2 Minimization problems

In this section we study various minimization problems for the energy E in (2.2.11). In
the first two (see Theorems 2.3.5 and 2.3.6 below), reasonable sufficient conditions for
unconstrained minimization are provided. In the third one (see Theorem 2.3.9 below),
we tackle constrained minimization in terms of prescribed enclosed volume and surface
area for a closed membrane.

For A ⋐ Ω and c > 0, we define the class

X
(0,1)

A,c (Ω) :=
{

Σ = JG,η ,β K ∈ curv(0,1)2 (Ω) : sptΣ ⊂ A×S2,M(∂Σ)+M(Σ)≤ c
}

(2.3.9)

of generalized Gauss graphs with compact support and equi-bounded masses. Our first
existence result is the following.
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Theorem 2.3.5. Let (2.1.2) hold. The minimization problem

min
{

E (Σ) : Σ ∈ X
(0,1)

A,c (Ω)
}

(2.3.10)

has a solution.

Proof. Let c2 be the constant in (2.3.5) and, for every Σ = JG,η ,β K ∈ curv(0,1)2 (Ω), define
the functional

E (0,1)(Σ) :=
ˆ

G∗

(
f̃
(

x,y,
η1(x,y)
|η0(x,y)|

)
+ c2

)
|η0(x,y)|β (x,y)dH 2(x,y)

=E (Σ)+ c2

ˆ
G∗

|η0(x,y)|β (x,y)dH 2(x,y),

where the last equality follows from Proposition 2.3.3. Inequality (2.3.5) allows us to
apply Theorem 1.3.8 and obtain that E (0,1) is lower semicontinuous in curv(0,1)2 (Ω). By
Lemma 2.3.4, it follows that also the functional E is lower semicontinuous in curv(0,1)2 (Ω).
By Theorems 1.1.3 and 1.3.8, any minimizing sequence Σ j = JG j,η j,β jK∈X

(0,1)
A,c (Ω) for E

is compact in X
(0,1)

A,c (Ω). The thesis then follows from the direct method of the Calculus
of Variations.

Inequality (2.3.5) and Lemma 2.3.4 suggest that it is not necessary to bound the
entire

´
G∗

β

|η0|dH 2 for Σ = JG,η ,β K ∈ curv∗2(Ω) in order to apply Theorem 1.3.9, so that
we can consider the class

X ∗
A,c(Ω) :=

{
Σ = JG,η ,β K ∈ curv∗2(Ω) : sptΣ ⊂ A×S2,

M(∂Σ)+

ˆ
G∗

(
|η0(x,y)|+

|η2(x,y)|2

|η0(x,y)|

)
β (x,y)dH 2(x,y)≤ c

}
.

(2.3.11)

The bound on
´

G∗
|η1(x,y)|2
|η0(x,y)|2

|η0(x,y)|β (x,y)dH 2(x,y), together with the one on the second
term in (2.3.11), imply the boundedness of the mass of Σ. Moreover, these bounds are
needed in order to have closedness in the class curv∗2(Ω), which in general is not closed,
contrary to curv2(Ω). In particular, for the regular Gauss graph G of a manifold M, they
imply an L4-bound on the curvatures of M, since

ˆ
G∗

(
|η0|+

|η1|2

|η0|
+

|η2|2

|η0|

)
dH 2 =

ˆ
M
|ξ |2dH 2 =

ˆ
M

(
H(x)2 +(1−K(x))2) dH 2(x),

for the proof see [10, Proposition 1.1 and Example 1.2]. We present now our second
existence result.
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Theorem 2.3.6. Let (2.1.2) hold. The minimization problem

min
{

E (Σ) : Σ ∈ X ∗
A,c(Ω)

}
(2.3.12)

has a solution.

Proof. Let us consider a minimizing sequence Σ j = JG j,η j,β jK ∈ X ∗
A,c(Ω) for the func-

tional E . By Proposition 2.3.3 and (2.3.5), we obtain

E (Σ j) =

ˆ
G∗

j

f̃
(

x,y,
(η j)1(x,y)
|(η j)0(x,y)|

)
|(η j)0(x,y)|β j(x,y)dH 2(x,y)

≥c1

ˆ
G∗

j

|(η j)1(x,y)|2

|(η j)0(x,y)|2
|(η j)0(x,y)|β j(x,y)dH 2(x,y)

− c2

ˆ
G∗

j

|(η j)0(x,y)|β j(x,y)dH 2(x,y).

Now, by (2.3.11), the minimizing sequence satisfies the hypotheses of Corollary 1.3.9
and therefore there exist a subsequence {Σ jk}k∈N and a special generalized Gauss graph
Σ∞ ∈ curv∗2(Ω) such that Σ jk ⇀ Σ∞ as k → ∞. The thesis follows from the direct method of
the Calculus of Variations.

Remark 2.3.7. We called the minimization problems (2.3.10) and (2.3.12) uncon-
strained because the classes X

(0,1)
A,c (Ω) in (2.3.9) and X ∗

A,c(Ω) in (2.3.11) do not contain
geometric constraints, namely, there are no generalized Gauss graphs excluded from
these classes based on their geometry. In particular, this allows us to consider the zero
current Σ = 0 as a competitor for both minimization problems, and it turns out to be
an absolute minimizer if H0 = 0. Indeed, in this case, (2.3.5) becomes f̃ (x,y,ζ )≥ c1|ζ |2,
so that E ≥ 0. Notice that also a generalized Gauss graph Π supported on a plane
(H = K = 0) has zero energy, showing that both (2.3.10) and (2.3.12) have no unique
solution.

On the other hand, if H0 ̸= 0, observe that a sphere Σ (or a portion of it, compatibly
with A) with mean curvature H = H0 makes the functional E negative. Indeed, since
for spheres there holds K = H2/4, we have E (Σ) =−αKH2

0 H 2(Σ)/4 < 0 = E (0)< αHH2
0 =

E (Π).

Given Σ = JG,η ,β K ∈ curv2(Ω), we define

A (Σ) :=
ˆ

G
|η0(x,y)|β (x,y)dH 2(x,y). (2.3.13)
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In light of Remark 2.2.2, if Σ is a regular Gauss graph with multiplicity, the quantity
A (Σ) has the geometric interpretation of mass of p1Σ, see (2.2.2); in particular, if β ≡ 1,
then A (Σ) = H 2(M), the area of the manifold M := p1G, see (2.2.3).

We also define the quantity

V (Σ) :=
1
3

ˆ
G
(x · y) |η0(x,y)|β (x,y)dH 2(x,y). (2.3.14)

If Σ is a closed (∂Σ = 0) regular Gauss graph with multiplicity β ≡ 1, by a simple applica-
tion of the Divergence Theorem, the quantity V (Σ) has the geometric interpretation of
the enclosed volume in M := p1Σ. Indeed, if M = ∂A, then by means of the area formula
we get

1
3

ˆ
G
(x · y) |η0(x,y)|dH 2(x,y) =

1
3

ˆ
M

p ·ν(p)dH 2(p) =
1
3

ˆ
A

div(p)dp = L 3(A).

Lemma 2.3.8. Let A ⋐ Ω and let Σ j = JG j,η j,β jK ∈ curv2(Ω) be such that sptΣ j ⊂ A×S2

and ∂Σ j = 0 for every j ∈N and Σ j ⇀ Σ = JG,η ,β K∈ curv2(Ω) as j → ∞. Then sptΣ ⊂ A×S2,
∂Σ = 0, and

lim
j→∞

ˆ
G j

(x · y) |(η j)0(x,y)|β j(x,y)dH 2(x,y) =
ˆ

G
(x · y) |η0(x,y)|β (x,y)dH 2(x,y).

In particular, if M j = ∂E j and M = ∂E for E j,E sets of class C2 contained in A, if G j,G
are the associated Gauss graphs by (1.2.2), and Σ j = ΣG j = JG j,η j,1K, Σ = ΣG = JG,η ,1K
are the associated currents, if Σ j ⇀ Σ, then H 3(E j)→ H 3(E).

Proof. The proof is the same as that of Lemma 2.3.4.

Next we study constrained minimization problems, namely we prescribe the surface
area and the enclosed volume. Given a,v > 0, we define the classes

X
(0,1)

A,c;a,v(Ω) :=
{

Σ = JG,η ,β K ∈ curv(0,1)2 (Ω) : sptΣ ⊆ A×§2,∂Σ = 0,

M(Σ)≤ c,A (Σ) = a,V (Σ) = v
}
.

X ∗
A,c;a,v(Ω) :=

{
Σ = JG,η ,β K ∈ curv∗2(Ω) : sptΣ ⊆ A×§2,∂Σ = 0,
ˆ

G∗

|η2(x,y)|2

|η0(x,y)|
β (x,y)dH 2(x,y)≤ c,A (Σ) = a,V (Σ) = v

}
.
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In order for two-dimensional closed oriented manifolds of class C 2 to belong to these
classes, we enforce the isoperimetric inequality

36π v2 ≤ a3. (2.3.15)

Theorem 2.3.9. Let (2.1.2) hold and let a,v > 0 satisfy (2.3.15). The minimization
problems

min
{

E (Σ) : Σ ∈ X
(0,1)

A,c;a,v(Ω)
}
, min

{
E (Σ) : Σ ∈ X ∗

A,c;a,v(Ω)
}

(2.3.16)

have a solution.

Proof. The proof is the same as that of Theorems 2.3.5 and 2.3.6, upon noting that
Lemmas 2.3.4 and 2.3.8 provide the continuity for the area and enclosed volume
constraints.

We conclude this subsection with a remark on the necessity of assumption (2.1.2).

Remark 2.3.10 (4αH ≤ αK). In the case, then there exists a constant r ≥ 0 such that
αK = 4αH + r. For the Gauss graph G of a smooth surface M, we have

H 2(G) =

ˆ
M
|ξ (x,ν(x))|dH 2(x) =

ˆ
M

√
4H(x)2 +(1−K(x))2 dH 2(x),

where ξ is defined in (1.2.3) (see Proposition 1.2.1). We consider M j = ∂B1/ j, where B1/ j

is the ball of radius 1/ j centered in the origin, and we let Σ j := ΣG j = JG j,η j,1K. Since
the principal curvatures of M j are both equal to j, we get from the above formula

M(Σ j) = H 2(G j)≤
4π

j2

√
j4 +14 j2 +1,

which is uniformly bounded for every j ∈ N \ {0}. Thus, for Ω = B2, we have that
Σ j ∈ curv(0,1)2 (Ω) for every j ∈ N and, since ∂Σ j = 0, we also have that Σ j belongs to
X

(0,1)
A,c (Ω), for every j ∈ N \ {0}, for a suitable choice of A and c. Since Σ j is a regular

Gauss graph, E (Σ j) = E (M j), so that, using the expression in (2.1.1), we obtain

E (M j) = 4π

(
αHH2

0
j2 − 4αHH0

j
− r
)
, (2.3.17)

using the fact that H2 = 4K for spheres. We now consider two cases.

(1) r > 0: the functional E is no longer lower semicontinuous, since Σ j ⇀ 0 and, by
(2.3.17), liminf

j→∞
E (M j) =−4πr < 0 = E (0).
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(2) r = 0 and H0 = 0: from (2.3.6) it is easy to see that E ≥ 0 and by (2.3.17) E (M j) = 0
for every j ∈ N\{0}, from which we obtain that E is minimized on spheres. We
also notice that E is minimized on flat surfaces (H = K = 0).

The construction above can adapted to the constrained case by taking

M j = ∂BR ∪∂Bρ/ j

for suitable R,ρ > 0, where all the spherical surfaces are oriented with the outward
normal, such that A (M j) = H 2(M j) = a and V (ΣM j) = v. Then ΣM j ∈ X

(0,1)
A,c (Ω), with

area and volume constraints, and E (M j) has an expression similar to that in (2.3.17),
so that the same conclusions above hold.

The case r = 0 and H0 ̸= 0 is open and we do not have a counterexample at the
moment.

Remark 2.3.11 (αK = 0). In this case, the Canham–Helfrich functional E in (2.1.1)
reduces to the functional

W0(M) := αH

ˆ
M
(H(p)−H0)

2 dH 2(p),

which is non-negative and is minimized by a (portion of a) sphere with mean curvature
H = H0. Moreover, if H0 = 0, this further reduces to the Willmore functional W , which
is again non-negative and minimized, for instance, on flat surfaces or on minimal
surfaces. There is a vast literature on the Willmore functional both in the constrained
and unconstrained case, see, e.g., [69, 87, 88, 92, 91] in addition to those already
mentioned in the Introduction.

Here we observe that Lemma 2.3.1 provides the eigenvalue 2αH with multiplicity 1
and the zero eigenvalue with multiplicity 8. Moreover, it is necessary for the coercivity
of E that all the eigenvectors associated with the zero eigenvalue belong to X̃ ⊥

y and
this is not the case. Therefore, we cannot prove the coercivity in (2.3.5) so that the
direct method of the Calculus of Variations cannot be applied to show existence of
minimizers. This suggests that the space of generalized Gauss graphs is not a good
environment to study the Willmore functional W .

2.3.3 Regularity of minimizers

We prove a regularity result for minimizers of E .

Theorem 2.3.12. Let (2.1.2) hold and let Σ ∈ curv2(Ω) be a solution either of problem
(2.3.10) or of problem (2.3.12) with ∂Σ = 0, or of problem (2.3.16). Then p1Σ is C2-
rectifiable, that is there exists a countable family {S j} j∈N of surfaces of class C2 in R3
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such that
H 2

(
p1Σ\

⋃
j∈N

S j

)
= 0.

Proof. We start by observing that, by [37, Theorem 6.1], since ∂Σ = 0 and |Σ1| ≪ |Σ0|, we
get that p1Σ is the support of a two-dimensional curvature varifold (see the proof of [37,
Theorem 6.1] for the explicit construction). The regularity of Σ is now a consequence of
[79, Theorem 1].

Remark 2.3.13. We point out that Theorem 2.3.12 cannot be obtained using the
Structure Theorem 1.3.5, which asserts that if Σ is a generalized Gauss graph then p1Σ

is (only) C1-rectifiable.



Part II

Geometric flows





Chapter 3

Notation and preliminaries

We start by recalling some definitions we will use in the following.
Let E be an open set with C1 boundary and let ν = νE(x) be its outer normal at

x ∈ ∂E. Given a vector X , its tangential part on ∂E is Xτ = X − (X ·ν)ν . In particular, we
denote by ∇τ the tangential gradient given by ∇τϕ = (∇ϕ)τ , and similarly the tangential
divergence divτ ; when no confusion arises we will drop the subscript τ. If E is also of
class C2, the second fundamental form BE of ∂E is given by Dτν, its eigenvalues are
called principal curvatures and its trace HE is called mean curvature.

Let TN := RN/ZN be the N-dimensional flat torus, that is the quotient space RN/∼,
where ∼ is the equivalence relation given by x ∼ y if and only if x−y ∈ ZN . The distance
between two points x,y ∈ TN is simply defined by

distTN (x,y) = min
z∈ZN

|(x+ z)− y|;

when no confusion arises we will drop the subscript TN . The definition of functional
spaces on the torus is straightforward: for example, Lp(TN) is identified as the subspace
of Lp

loc(R
N) of functions that are one-periodic with respect to all coordinate directions.

3.1 The classical perimeter

In this section we recall some definitions and results about sets of finite perimeter in
RN and TN . For simplicity we focus on the ambient space RN , however, we note that,
where not otherwise stated, all the definitions and results can be readily extended to
the periodic setting.
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We say that u ∈ L1(RN) is a function of bounded variation if its total variation is
finite, that is

|Du|(RN) := sup
{ˆ

RN
u(x)divϕ(x)dx : ϕ ∈C1(RN ;RN), ∥ϕ∥∞ ≤ 1

}
<+∞.

We denote the space of such functions by BV (RN). Let M(RN) be the set of measurable
subsets of RN . We say that E ∈ M(RN) is a set of finite perimeter if its characteristic
function χE ∈ BV (RN). The perimeter P(E) of E in RN is simply the total variation
|DχE |(RN), and the perimeter of E relative to the open set Ω ⊂ RN is P(E;Ω) := |DχE |(Ω).
We refer to [8] and [75] for complete references about BV functions and sets of finite
perimeter.

Definition 3.1.1 (Normal deformation). Let E ⊂ RN be an open set of class C1. Given a
function f : ∂E → R such that ∥ f∥L∞(∂E) is sufficiently small, we set

∂E f := {x+ f (x)νE(x) : x ∈ ∂E}

and we call E f the normal deformation of E induced by f .

Let E ⊂ RN be an open set of class C1. Let X(∂E) denote a functional space that can
either be Lp(∂E), W k,p(∂E), Ck,α(∂E), for some k ∈ N, p ∈ [1,+∞] and α ∈ [0,1]. For any
set F = E f with f ∈ X(∂E), with a slight abuse of notation, we set

distX(F,E) := ∥ f∥X(∂E).

Definition 3.1.2 (Convergence in C1,α ). Given α ∈ [0,1], a sequence {En}n∈N ⊂ RN of
open sets of class C1,α is said to converge in C1,α to a set E ⊂ RN if: for any x ∈ ∂E, up to
rotations and relabelling of the coordinates, there exist a cylinder C = B′× (−1,1), where
B′ ⊂RN−1 is the unit ball centred at the origin, and functions f , fn ∈C1,β (B′;(−1,1)) such
that, for n large enough, it holds

(E − x)∩C = {(x′,xN) ∈ B′× (−1,1) : xN ≤ f (x′)},
(En − x)∩C = {(x′,xN) ∈ B′× (−1,1) : xN ≤ fn(x′)},

fn → f in C1,α(B′).

A set of finite perimeter E ⊂ RN is said to be a Λ-minimizer of the perimeter if there
exists Λ ≥ 0 such that

P(E)≤ P(F)+Λ|E△F |.

We recall a classical result for Λ-minimizers, for the proof see [28, Lemma 3.6].
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Theorem 3.1.3. Let Λ ≥ 0 and let E ⊂ RN be an open bounded set of class C2. Then for
every ε > 0, there exists δ = δ (ε,E)> 0 with the following property: for every Λ-minimizer
F such that |E△F | ≤ δ , then, for every β ∈ (0,1), F is of class C1,β and

distC1,β (E,F)≤ ε.

Definition 3.1.4 (First and second variations). Let E ∈ M(RN) and F : M(RN)→R. For
every map X : RN →RN of class C2, we consider the associated flow Φ : RN × (−1,1)→RN

defined by ∂tΦ = X(Φ), Φ(·,0) = I. We define the first and second variations of the
functional F at E with respect to the flow Φ to be respectively the values

d
dt

∣∣∣
t=0

F (Et),
d2

dt2

∣∣∣
t=0

F (Et)

where Et = Φ(·, t)(E).

Let E ⊂ RN be a set of finite perimeter. It is a classical result that the the first
variation of the perimeter has the following expression

d
dt

∣∣∣
t=0

P(Et) =

ˆ
∂ ∗E

divτX dH N−1 =

ˆ
∂ ∗E

HEνE ·X dH N−1, (3.1.1)

where HE is the weak mean curvature of E.
We now consider the flat torus TN and we recall some preliminary results from [4].

Theorem 3.1.5 ([4, Theorem 3.1]). Let E ⊂ TN be a set of class C2, let X be as in
Definition 3.1.4, then we have

d2

dt2

∣∣∣
t=0

P(Et) =

ˆ
∂E

(
|Dτ(X ·νE)|2 −|BE |2(X ·νE)

2) dH N−1

−
ˆ

∂E
HEdivτ(Xτ(X ·νE))dH N−1 +

ˆ
∂E

HE(divX)(X ·νE)dH N−1.

(3.1.2)

Since the expressions of the first and second variation only depend on the normal
projection of X , we set

∂P(E)[ϕ] :=
d
dt

∣∣∣
t=0

P(Et), ∂
2P(E)[ϕ] :=

d2

dt2

∣∣∣
t=0

P(Et),

where ϕ = X · νE ∈ C2(∂E). We remark that due to the translation invariance of the
perimeter functional, the second variation degenerates along flows of the form Φ(x, t) =
x+ tη , where η ∈ RN . In view of this, it is convenient to introduce the subspace T (∂E)
of H̃1(∂E) :=

{
ϕ ∈ H1(∂E) :

´
∂E ϕ dH N−1 = 0

}
generated by the functions νi, i = 1, . . . ,N.
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Its orthogonal subspace, in the L2-sense, is denoted by T⊥(∂E) and is given by

T⊥(∂E) =
{

ϕ ∈ H̃1(∂E) :
ˆ

∂E
ϕνi dH N−1 = 0, i = 1, . . . ,N

}
.

Definition 3.1.6 (Critical and strictly stable sets). We say that a set of finite perimeter
E is a critical set of the perimeter functional if

∂P(E)[ϕ] = 0, ∀ϕ ∈ H̃1(∂E).

We say that E is a strictly stable set if it is a critical set of the perimeter of class C2 and
its second variation of the perimeter is positive in the sense that

∂
2P(E)[ϕ]> 0, ∀ϕ ∈ T⊥(∂E)\{0}.

Remark 3.1.7. We remark that the last two integral in (3.1.2) vanish when E is a
critical set for the perimeter and if |Φ(·, t)(E)| = |E| for all t ∈ [0,1]. Indeed, if E is a
C2-regular critical set for the perimeter then its curvature is constant, therefore the
second integral vanishes. Moreover, if the flow Φ is volume-preserving then it can be
shown (see equation (2.30) in [26]) that

0 =
d2

dt2 |Et |=
ˆ

∂E
(divX)(X ·νE)dH N−1.

Hence, if Φ is a volume-preserving variation of a regular critical set E we have

∂
2P(E)[X ·νE ] =

ˆ
∂E

(
|Dτ(X ·νE)|2 −|BE |2(X ·νE)

2) dH N−1. (3.1.3)

The following result ensures that the second variation of a strictly stable set E is
coercive on the subspace T⊥(∂E).

Lemma 3.1.8 ([4, Lemma 3.6]). Assume that E is a strictly stable set, then

m0 := inf
{

∂
2P(E)[ϕ] : ϕ ∈ T⊥(∂E), ∥ϕ∥H1(∂E) = 1

}
> 0

and
∂

2P(E)[ϕ]≥ m0∥ϕ∥2
H1(∂E) ∀ϕ ∈ T⊥(∂E).

From Step 1 in the proof of [4, Theorem 3.9] one can prove the following result.
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Lemma 3.1.9. Assume that E is a strictly stable set, then there exists δ̄ > 0 such that

inf
{

∂
2P(E)[ϕ] : ϕ ∈ H̃1(∂E), ∥ϕ∥H1(∂E) = 1,

∣∣∣∣ˆ
∂E

ϕνE dH N−1
∣∣∣∣≤ δ

}
≥ m0

2
,

for every δ ≤ δ̄ , where m0 is the constant in Lemma 3.1.8.

We will also need the following lemma which shows that any set F sufficiently close
to a smooth set E can be translated in such a way that the resulting set F̃ satisfies
∂ F̃ = {x+ϕ(x)νE(x) : x ∈ ∂E}, with ϕ having a suitably small projection on T (∂E).

Lemma 3.1.10 ([4, Lemma 3.8]). Let E ⊂ TN be of class C3 and let p > N −1. For every
δ > 0 there exist C > 0 and η0 > 0 such that, if F ⊂ TN satisfies ∂F = {x+ψ(x)νE(x) : x ∈
∂E} for some ψ ∈C2(∂E) with ∥ψ∥W 2,p(∂E) ≤ η0, then there exist σ ∈ TN and ϕ ∈W 2,p(∂E)
with the properties that

|σ | ≤C∥ψ∥W 2,p(∂E), ∥ϕ∥W 2,p(∂E) ≤C∥ψ∥W 2,p(∂E),

and
∂F +σ = {x+ϕ(x)νE(x) : x ∈ ∂E},

∣∣∣∣ˆ
∂E

ϕνE dH N−1
∣∣∣∣≤ δ∥ϕ∥L2(∂E).

Let E,F ⊂ TN be measurable sets, we define

α(E,F) := min
x∈TN

|E△(F + x)|.

Theorem 3.1.11 ([4, Corollary 1.2]). Let E ⊂ TN be a strictly stable set. Then, there
exist σ = σ(E), C =C(E)> 0 such that

Cα
2(E,F)≤ P(F)−P(E)

for all F ⊂ TN with |F |= |E| and α(E,F)< σ .

3.2 The fractional perimeter

Let s ∈ (0,1), we define the s-fractional perimeter as the following functional

Ps : M(RN)→ [0,+∞], Ps(E) :=
ˆ

E

ˆ
Ec

1
|x− y|N+s dxdy =

1
2
[χE ]

2
H

s
2 (RN)

,
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where we recall
[u]pW s,p(RN)

:=
ˆ
RN

ˆ
RN

|u(x)−u(y)|p

|x− y|N+sp dxdy

for every measurable function u : RN → R, s ∈ (0,1) and p ∈ [1,+∞). More in general, for
every E,F ∈ M(RN), we set

Ls(E,F) :=
ˆ

E

ˆ
F

1
|x− y|N+s dxdy (3.2.1)

and, for any open set Ω ⊂ RN , we define the fractional perimeter of E relative to Ω as

Ps(E;Ω) := Ls(E ∩Ω,Ec ∩Ω)+Ls(E ∩Ω,Ec \Ω)+Ls(E \Ω,Ec ∩Ω).

Let E ⊂ RN be a set of class C2. Given ϕ ∈ C2(∂E) with
´

∂E ϕ dH N−1 = 0, the first
variation of the s-fractional perimeter of E along ϕ (recall definition 3.1.4 and the
subsequent discussion) is given by

∂Ps(E)[ϕ] =
ˆ

∂E
Hs

E(x)X(x) ·νE(x)dH N−1(x),

where Hs
E(x) is the s-fractional mean curvature of E evaluated at x ∈ ∂E, that is

Hs
E(x) :=

ˆ
RN

χc
E(y)−χE(y)
|x− y|N+s dy,

where the integral has to be intended in the principal value sense.
We recall two convergence theorems: the first one concerns the convergence of the

fractional perimeter to the classical one (see [20, Theorem 1]); the second one regards
the convergence of the fractional curvature (see for instance [1]).

Theorem 3.2.1. Let E be a bounded set of class C1,α for α ∈ (0,1). Then,

lim
s→1−

(1− s)Ps(E) = ωN−1P(E).

Theorem 3.2.2. Let E be a bounded set of class C2. Then,

lim
s→1−

(1− s)Hs
E = ωN−1HE uniformly on ∂E.

Finally, we recall the pointwise convergence of the fractional Gagliardo seminorms
to the Sobolev one. The classical proof is contained in [16, Theorem 2], see also [57,
Proposition 3.7] for the same result in a more general setting.
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Theorem 3.2.3. Assume f ∈ Hs(∂B). Then there exists a dimensional constant C > 0
such that

lim
s→1−

(1− s)[ f ]2
H

1+s
2 (∂B)

=C∥∇ f∥2
L2(∂B).

3.3 Smooth flows

In this section we introduce two geometric evolutions and some of their properties.

Definition 3.3.1 (Smooth flow). Let E0,{Et}t∈(0,T ] ⊂ RN be smooth open sets. We say
that {Et}t∈[0,T ] is a smooth flow starting from E0 if there exists Φ : RN × [0,T ] → RN a
smooth map such that Φ0(·) := Φ(·,0) = Id, Φt(·) := Φ(·, t) are smooth diffeomorphisms
and Et = Φt(E0) for every t ∈ [0,T ]. The normal velocity of the flow on ∂Et is defined by

Vt(x) = ∂tΦt(y) ·νEt (x)

for every t ∈ [0,T ] and x = Φ
−1
t (y) ∈ ∂Et .

Definition 3.3.2 (Volume-preserving mean curvature flow and surface diffusion flow).
We say that {Et}t∈[0,T ] is the volume-preserving mean curvature flow starting from E0 if

Vt(x) =−HΣt (x)+HΣt for x ∈ ∂Et . (3.3.1)

Similarly, we define the surface diffusion flow starting from E0 by

Vt(x) = ∆Et HΣt (x) for x ∈ ∂Et . (3.3.2)

If we consider Hs
Σ

instead of HΣ in (3.3.1) we call the evolution fractional mean
curvature flow.

As already mentioned in the Introduction, these two evolutions share some similar-
ity. Firstly, from the evolution laws (3.3.1) and (3.3.2), it follows that the volume of the
evolving sets is preserved along the flows, indeed we have

d
dt
|Et |=

ˆ
∂Et

Vt(x)dH N−1(x)


(3.3.1)
=

´
∂Et

(−HEt (x)+HEt )dH N−1(x)
(3.3.2)
=

´
∂Et

∆Et HEt (x)dH N−1(x)
= 0.

Another important feature is that the perimeter does not increase during the evolutions.
This property can be directly inferred from (3.3.1) for the mean curvature flow:

d
dt

P(Et) =

ˆ
∂Et

VtHEt dH N−1 =−
ˆ

∂Et

(HEt − H̄Et )
2 dH N−1 ≤ 0. (3.3.3)
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Similarly, for the surface diffusion flow given by (3.3.2), integration by parts yields:

d
dt

P(Et) =

ˆ
∂Et

VtHEt dH N−1 =−
ˆ

∂Et

|∇HEt |2 dH N−1 ≤ 0. (3.3.4)

3.4 Discrete flows

Let F ̸= /0 be a measurable subset of TN . In the following we will always assume that
F coincides with its Lebesgue representative. Fixed h > 0, m > 0, we consider the
minimum problem

min
{

P(E)+
1
h

ˆ
E

sdF(x)dx : E ⊂ TN , |E|= m
}
, (3.4.1)

where sdF(x) := distF(x)−distFc(x) is the signed distance from the set F . Observe that
the minimum problem (3.4.1) is equivalent to

min
{

P(E)+
1
h

ˆ
F△E

dist∂F(x)dx : E ⊂ TN , |E|= m
}
.

For every E ⊂ TN , we set

Jh(E,F) := P(E)+
1
h

ˆ
F△E

dist∂F(x)dx =: P(E)+
1
h
D(E,F), (3.4.2)

with a little abuse of notation we will sometimes denote by Jh(·,F) also the functional

E 7→ P(E)+
1
h

ˆ
E

sdF(x)dx

and, when no ambiguity arises, we will write Jh instead of Jh(·,F).

Definition 3.4.1 (Discrete flow). Let E0 ⊂ TN be a measurable set such that |E0| = m,
we define the discrete-in-time, volume-preserving mean curvature flow {En

h}n∈N starting
from E0 (or for simplicity the discrete flow starting from E0) in the following way: set
E0

h = E0, by induction assume that Ek
h is defined for 1 ≤ k ≤ n− 1, and let En

h to be a
solution of (3.4.1) with F replaced by En−1

h , i.e.

En
h ∈ argmin

{
P(E)+

1
h

ˆ
E

sdEn−1
h

(x)dx : E ⊂ TN , |E|= m
}
.

Remark 3.4.2. We start by remarking that the sequence of the perimeters along the
discrete flow is non-increasing. Indeed, by testing the minimality of En

h with En−1
h , we
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obtain
P(En

h)≤ P(En
h)+

1
h

ˆ
En−1

h △En
h

dist
∂En−1

h
(x)dx ≤ P(En−1

h ).

In particular, this proves that, even if the initial set E0 is not of finite perimeter,
the perimeters of the sets En

h , for n ≥ 1, are uniformly bounded by a constant that only
depends on the dimension N, the fixed volume m and h. To prove this, consider any
set E0 ⊂ TN of volume m and let Qm be the cube of the same volume. By testing the
minimality of E1

h with Qm as a competitor, we obtain

P(E1
h)≤ P(Qm)+

1
h

ˆ
E0△Qm

dist∂E0(x)dx− 1
h

ˆ
E0△E1

h

dist∂E0(x)dx

≤ P(Qm)+
1
h

ˆ
TN

√
N =C(N,m,h),

where we estimated dist∂E0 ≤ diam(TN) =
√

N.

We recall some preliminary results that can be found in [82]. First of all, we observe
that the problem (3.4.1) admits a solution via the direct method of the calculus of vari-
ations. The regularity properties of the discrete flow are investigated in the following
proposition. Some of the results are classical, others follow from [82, Proposition 2.3].

Proposition 3.4.3. Let h, m, M > 0 and let F ⊂ TN be a set with |F |= m and P(F)≤ M.
Then, any solution E ⊂ TN to (3.4.1) satisfies the following properties:

i) There exist c0 = c0(N) > 0 and a radius r0 = r0(m,h,N,M) > 0 such that for every
x ∈ ∂ ∗E and r ∈ (0,r0] we have

|Br(x)∩E| ≥ c0rN and |Br(x)\E| ≥ c0rN .

In particular, E admits an open representative whose topological boundary coin-
cides with the closure of its reduced boundary, i.e. ∂E = ∂ ∗E.

ii) There exists Λ = Λ(m,h,N,M) > 0 such that E is a Λ-minimizer of the perimeter,
that is

P(E)≤ P(E ′)+Λ|E△E ′|

for all measurable set E ′ ⊂ RN such that diam(E△E ′)≤ 1.

iii) The following Euler-Lagrange equation holds: there exists λ ∈ R such that for all
X ∈C1

c (TN ,RN) we have
ˆ

∂ ∗E

sdF

h
X ·νE dH N−1 +

ˆ
∂ ∗E

divτX dH N−1 = λ

ˆ
∂ ∗E

X ·νE dH N−1. (3.4.3)
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iv) There exists a closed set Σ, whose Hausdorff dimension is less than or equal to
N−8, such that ∂ ∗E = ∂E \Σ is an (N−1)-submanifold of class C2,α for all α ∈ (0,1)
with

|HE(x)| ≤ Λ, for all x ∈ ∂E \Σ.

v) There exist k0 = k0(m,h,N,M) ∈ N, d0 = d0(m,h,N,M)> 0 and a0 = a0(m,h,N,M)> 0
such that E is made up of at most k0 connected components with mutual Hausdorff
distance at least a0, and each one having diameter bounded from above by d0.

The following result characterizes the stationary sets of the discrete scheme. The
last assertion of the proposition is a technical result that will be employed in the proof
of Lemma 5.3.1.

Proposition 3.4.4. Every stationary set E ⊂ TN for the discrete flow is a critical set of
the perimeter.
Viceversa, if E ⊂ TN is a regular critical set of the perimeter, then there exists h∗ =
h∗(E)> 0 such that, for every h < h∗, the volume-preserving discrete flow starting from E
is unique and given by En

h = E. Moreover, if E is a strictly stable set then it is also the
unique volume-constrained minimizer of the functional

J̃h(F) := P(F)+
1
h

ˆ
F

distE(x)dx.

Proof. The first statement is an immediate consequence of (3.4.3). Since E is a station-
ary point for the discrete flow, it satisfies

ˆ
∂ ∗E

divτX dH N−1 = λ

ˆ
∂ ∗E

X ·νE dH N−1

for all X ∈C1
c (TN ,TN), i.e. E is a critical point for the perimeter.

The second part follows using the same argument of the proof of [82, Proposition 3.2].
Indeed, recall that the second variation has the following expression

∂
2Jh(E)[ϕ] =

ˆ
∂E

|∇ϕ|2 +
(

1
h
−|BE |2

)
ϕ

2 dH N−1,

which is positive if h is small enough. Then we proceed as in the proof of [82, Proposi-
tion 3.2].

Analogously, we prove that E is the unique volume-constrained minimizer of J̃h.
Firstly, observe that, by Theorem 3.1.11, E is a strict local L1-minimizer of the perimeter
and it is a global minimizer of the second term in J̃h. Therefore, there exists ε > 0 such
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that
J̃h(E)< J̃h(F)

for all measurable set F such that |F | = |E| and |E△F | ≤ ε, i.e. E is an isolated local
minimizer for J̃h in L1 with the volume constraint, with minimality neighbourhood
uniform with respect to h. Now, given any sequence {hn}n∈N going to zero, let Fn be a
volume-constrained minimizer of J̃hn; we then easily deduce that |E△Fn| → 0 as n → ∞,
and therefore, for n large enough, |E△Fn| ≤ ε . Finally, the strict minimality of E implies
Fn = E.

In Chapter 6 we will consider a similar incremental minimum problem which
defines the discrete-in-time approximation of the volume-preserving fractional mean
curvature flow. More precisely, let F ̸= /0 be a bounded, measurable subset of RN and fix
h, m > 0, we consider the minimum problem

min
{

Ps(E)+
1
h

ˆ
E

sdF(x)dx+
1

h
s

s+1
||E|−m| : E ⊂ RN

}
, (3.4.4)

where we recall sdF(x) = distF(x)−distFc(x). For the proof of the existence of minimizers
of (3.4.4) see for example [23, Theorem 1.1]. We set Jh(F, ·) : M(RN)→ (−∞,+∞] the
functional

Jh(F,E) := Ps(E)+
1
h

ˆ
E

sdF(x)dx+
1

h
s

s+1
||E|−m|. (3.4.5)

Definition 3.4.5 (Fractional discrete flow). Let E0 ⊂ RN be a measurable set and fix
m > 0, we define the discrete-in-time, volume-preserving fractional mean curvature flow
{En

h}n∈N starting from E0 by

En
h ∈ argmin

{
Ps(F)+

1
h

ˆ
F

sdEn−1
h

(x)dx+
1

h
s

1+s
||F |−m| : F ⊂ RN

}
.

Remark 3.4.6. Proposition 3.4.3 holds also in the fractional setting for the problem
(3.4.4). The only difference is that iv) becomes: the boundary ∂E is of class C2,α for any
α ∈ (0,s) outside of a closed set Σ of Hausdorff dimension at most N−3. Moreover, there
exists s0 ∈ (0,1) such that, if s ∈ (s0,1), then ∂E is of class C1,α for any α ∈ (0,1) outside
a closed set Σ of Hausdorff dimension at most N −8. This follows from [90, Corollary 2]
and [20, Theorem 5].
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4.1 Introduction

In this chapter, which contains the results of [32], we prove the stability of strictly
stable sets (see Definition 3.1.6) for the volume-preserving mean curvature flow (3.3.1)
and the surface diffusion flow (3.3.2) in the flat torus.
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Theorem 4.1.1. Let E ⊂ TN be a strictly stable set and let E0 = Eu0 ⊂ TN be the normal
deformation of E induced by u0 ∈C1,1(∂E) (see Definition 3.1.1) with |E0| = |E|. There
exists δ = δ (E)> 0 such that if ∥u0∥C1,1(∂E) ≤ δ , then

(i) the volume-preserving mean curvature flow {Et}t≥0 starting from E0 exists smooth
for all times t ≥ 0, and Et → E + τ as t → ∞, for some τ ∈ TN , in Ck for every k ∈ N
exponentially fast;

(ii) the surface diffusion flow {Et}t≥0 starting from E0 exists smooth for all times t ≥ 0,
and Et → E + τ as t → ∞, for some τ ∈ TN , in Ck for every k ∈ N exponentially fast.

Where with exponentially fast we mean that the sets Et can be written as normal
deformations of E + τ induced by functions u(·, t) ∈C∞(∂E + τ) such that

∥u(·, t)∥Ck(∂E+τ) ≤Cke−Ckt for t > 0.

The plan of the chapter is the following: in Section 4.2 we show Schauder estimates
for short-time solutions of the two flows; Section 4.3 is devoted to the proof of the main
result which relays on a quantitative Alexandrov estimate for normal deformations of
a strictly stable set (Theorem 5.2.1 in Chapter 5).

4.2 Preliminaries

In this section, we present improved short-time existence results for both the mean
curvature and surface diffusion flows. Our goal is to establish the Schauder estimates,
which play a crucial role in proving Theorem 4.1.1.

In the following, if not otherwise stated, we will always denote by E an open subset
of TN . We start by recalling the definition of inner and outer ball conditions.

Definition 4.2.1 (Uniform ball condition). We say that a set E satisfies a uniform inner
(respectively outer) ball condition with radius r if there exists r > 0 such that for every
x ∈ ∂E there exists a ball Br(y)⊂ E (resp. Br(y)⊂ Ec) with x ∈ ∂Br(y).

Note that all sets E of class C1,1 satisfy a uniform inner and outer ball condition (see
e.g. [31]). Arguing as in the proof of [4, Lemma 3.8], we can prove the following result.

Lemma 4.2.2. Let E ⊂ TN be of class C∞ and let m > 0. There exists η = η(m,E)> 0 such
that, for every k ≥ 2, u ∈ Ck(∂E) with ∥u∥Ck(∂E) ≤ m, ∥u∥C0(∂E) ≤ η and for every σ ∈ TN

with |σ | ≤ η , then Eu +σ can be written as a normal deformation of E induced by a
function v : ∂E → R such that

∥v∥C0(∂E) ≤ 2η , ∥v∥Ck(∂E) ≤C(E)(∥u∥Ck(∂E)+ |σ |).
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Proof. Being the set E smooth, it satisfies a uniform inner and outer ball condition,
hence there exists a positive radius r > 0 such that the signed distance sdE from the
set E, defined by

sdE(x) =

dist∂E(x) if x ∈ Ec

−dist∂E(x) if x ∈ E,

is a function of class C∞ (by the regularity of ∂E) in the r-tubular neighborhood (∂E)r,
which we recall is (∂E)r = {x : dist∂E(x)≤ r} (for further properties of the distance
function see [56, section 14.6]). Since, for some k ≥ 2, u has Ck-norm bounded by m, we
also have ∥u∥C1,1(∂E) ≤ m. Then, there exists a radius ρ = ρ(m,E) such that ∂Eu satisfies
a uniform inner and outer ball condition of radius ρ. We can assume without loss of
generality that ρ < r.

We now let η ≤ ρ/2 to be chosen later, take any |σ |< η and set F = Eu +σ . Clearly,
F still satisfies a uniform inner and outer ball condition of radius ρ. Then, for every
y ∈ ∂F there exists x ∈ ∂Eu such that y = x+σ , hence we have

dist∂E(y)≤ |σ |+dist∂E(x)< η +∥u∥C0(∂E) ≤ 2η ,

and in particular ∂F ⊂ (∂E)2η ⊂ (∂E)r. We now define the map Tu : ∂E → ∂E as

Tu(x) := πE(x+u(x)νE(x)+σ) = y−sdE(y)∇sdE(y), (4.2.1)

where πE is the projection map on ∂E and y = x+ u(x)νE(x)+σ ∈ ∂F. By choosing η

smaller, by interpolation, it holds ∥u∥C1(∂E)+ |σ |< 1
2 , which implies that the function

x 7→ x+u(x)νE(x)+σ is a diffeomorphism (since it is a small perturbation of the identity).
Moreover, since E is of class C∞ (and possibly for η smaller), πE

∣∣
∂F : ∂F ⊂ (∂E)2η → ∂E

is a diffeomorphism of class Ck, Ck-close to the identity. Therefore, Tu ∈Ck(∂E) and, by
(4.2.1), we get

∥Tu − I∥Ck(∂E) ≤C(∥u∥Ck(∂E)+ |σ |). (4.2.2)

Moreover, using again (4.2.1) and the invertibility of the map x 7→ x+u(x)νE(x)+σ , we
obtain

∥T−1
u − I∥Ck(∂E) ≤C(∥u∥Ck(∂E)+ |σ |). (4.2.3)

Using the fact that Tu is a diffeomorphism and (4.2.1), we can find a function v : ∂E →R
such that F is the normal deformation of E induced by v, more precisely for every x ∈ ∂E
it holds

x+u(x)νE(x)+σ = Tu(x)+ v(Tu(x))νE(Tu(x)).
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Finally, using the above expression and the bounds in (4.2.2) and (4.2.3), we conclude
that there exists C =C(E)> 0 such that

∥v∥Ck(∂E) ≤ ∥T−1
u ∥Ck(∂E)(∥u∥Ck(∂E)+ |σ |+∥Tu − I∥Ck(∂E))≤C(∥u∥Ck(∂E)+ |σ |).

We now state a quantitative version of Alexandrov’s theorem which we will prove in
Section 5.2. It will be the main tool to prove the exponential stability of the flows.

Theorem 4.2.3. Let E ⊂ TN be a strictly stable set. There exist δ ∗ ∈ (0,1/2) and C =

C(E)> 0 with the following property: for any f ∈C1(∂E)∩H2(∂E) such that ∥ f∥C1(∂E)≤ δ ∗

and satisfying

|E f |= |E|,
∣∣∣∣ˆ

∂E
f νE dH N−1

∣∣∣∣≤ δ
∗∥ f∥L2(∂E),

setting HE f (x) = HE f (x+ f (x)νE(x)) for x ∈ ∂E, we have

∥ f∥H1(∂E) ≤C∥HE f −H̄E f ∥L2(∂E). (4.2.4)

Remark 4.2.4. Note that equation (4.2.4) in particular implies that, under the hy-
potheses of Theorem 4.2.3, for any λ ∈ R it holds

∥ f∥H1(∂E) ≤C∥HE f −λ∥L2(∂E).

We conclude by recalling the Poincaré and Gagliardo-Nieremberg inequalities on
smooth hypersurfaces (see [11] for instance).

Lemma 4.2.5. Let Σ ⊂ TN be a smooth closed hypersurface and f ∈ H1(Σ). There exists
C =C(Σ)> 0 such that

∥ f − f̄∥L2(Σ) ≤C∥∇τ f∥H1(Σ).

Theorem 4.2.6. Let Σ ⊂ TN be a smooth closed hypersurface. Let l, m, k ∈ N be such
that 1 ≤ l < m, and let 1 ≤ r ≤ ∞. There exists a constant C, depending on these constants
and on Σ, with the following property: for every u ∈W l,p(∂Σ) we have

∥∇
lu(·, t)∥Lp(Σ) ≤C∥u(·, t)∥θ

W m,r(Σ)∥u(·, t)∥1−θ

Lq(Σ),

where
1
p
=

l
N −1

+θ

(
1
r
− m

N −1

)
+(1−θ)

1
q

for all θ ∈ [l/m,1) for which p is nonnegative.
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4.2.1 Short-time existence for the mean curvature flow

Let T > 0 and let E0 ⊂ TN be a smooth open set. We recall that the volume-preserving
mean curvature flow in [0,T ) starting from E0 is the family of sets {Et}0≤t<T whose
outer normal velocity is given by

Vt(x) =−HEt (x)+ H̄Et , x ∈ ∂Et , t ∈ (0,T ),

see Section 3.3 for a rigorous definition of the flow. Assuming that the flow starting
from E0 exists, following classical computations (see for instance [76]) one can deduce
that the evolution equation satisfied by u is

∂tu = ∆Eu+ ⟨A(x,u,∇u),∇2u⟩+ J(x,u,∇u)−HE + H̄Et ,

where ∆E is the Laplace-Beltrami operator on ∂E, A is a smooth tensor such that
A(·,0,0) = 0, and J is a smooth function.

In order to prove the stability of such flow, we need the following short-time existence
result.

Theorem 4.2.7. Let ε > 0, let β ∈ (0,1) and let E ⊂ TN be a smooth open set. There
exists δ = δ (ε,β ,E) > 0 with the following property: if E0 is the normal deformation
of E induced by u0 ∈ C1,1(∂E), ∥u0∥C1,1(∂E) ≤ δ , and |E0| = |E|, then there exists T >

0, which only depends on E, β and the bound on ∥u0∥C1,1(∂E), such that the volume-
preserving mean curvature flow Et starting from E0 exists in [0,T ), the sets Et are normal
deformations of E induced by u(·, t) ∈C∞(∂E) for all t ∈ (0,T ), and

sup
t∈(0,T )

∥u(·, t)∥C1,β (∂E) ≤ ε. (4.2.5)

Moreover, for every k ∈ N, there exist two constants ck = ck(N)> 0 and Ck =Ck(N,E)> 0
such that

sup
t∈(0,T )

tck∥∇
k+2u(·, t)∥C0(∂E) ≤Ck(∥u0∥C1,1(∂E)+1). (4.2.6)

We remark that the proof of this result is classical and can be derived from the
Schauder estimates for quasi-linear parabolic equations, as u solves a lower-order,
nonlinear perturbation of the heat equation. In the following subsection we will
provide a brief outline of the proof for an analogous short-time existence result for the
surface diffusion flow (see Theorem 4.2.17). Similar and simplified arguments would
prove the previous result for the mean curvature flow, which is a second order flow.

For the sake of completeness, we provide here an alternative proof of Theorem 4.2.7
which follows from some results found in the literature. Even if these results are shown
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in the ambient space RN , the same arguments can be repeated in the flat torus. The
first part of the theorem is the short-time existence result of [45].

Theorem 4.2.8 ([45, Main Theorem]). Let E ⊂ TN be a smooth open set and β ∈ (0,1).
There exists δ = δ (E,β )> 0 with the following property: if E0 is the normal deformation
of E induced by u0 ∈ C1,1(∂E), ∥u0∥C1,1(∂E) ≤ δ , and |E0| = |E|, then there exists T > 0,
only depending on E, β and the bound on ∥u0∥C1,1(∂E), such that the volume-preserving
mean curvature flow Et starting from E0 exists in [0,T ), and the sets Et are normal
deformations induced by u(·, t) ∈ C∞(∂E) for all t ∈ (0,T ). Furthermore, the mapping
(t,E0) 7→ Et is a local smooth semiflow on C1,β (E).

We remark that the local smooth semiflow property in particular implies that
∥u(·)∥C1,β depends continuously on ∥u0∥C1,β (see for instance [7, pag. 66]). In particular,
for every ε > 0 there exists δ (E,ε,β )> 0 and T (E,ε,β )> 0 such that if ∥u0∥C1,β ≤ δ then

∥u(·, t)∥C1,β ≤ ε for every t ∈ (0,T ). (4.2.7)

In order to obtain the higher-order regularity inequalities, we apply some curvature
estimates obtained recently in [66].

Theorem 4.2.9 ([66, Theorem 1.1]). Assume that E0 ⊂ RN is an open bounded set
satisfying a uniform inner and outer ball condition with radius r. Then, there exists a
time T = T (r,N) > 0 such that the volume-preserving mean curvature flow Et starting
from E0 exists in [0,T ) and it satisfies a uniform inner and outer ball condition of radius
r/2. Moreover, it is smooth in (0,T ) and satisfies for every k ∈ N

sup
t∈(0,T )

(
tk∥HEt∥2

Hk(∂Et)

)
≤Ck, (4.2.8)

where Ck depends on k, |E0|,r.

Before proving the short time existence result, we remark a classical result concern-
ing the uniform ball condition.

Remark 4.2.10. Let E be a smooth set satisfying a uniform ball condition of radius
rE . Then every small C1,1-normal deformations of E satisfy a uniform ball condition of
radius r ≈ rE . Indeed, it is easy to see that if E f is the normal deformation of E induced
by f ∈C1,1(∂E), then the Hausdorff distance between E and E f is bounded by ∥ f∥C0(∂E).

Furthermore, since ∇sdE f = νE f and νE f can be written as

νE f =

(
νE −

N−1

∑
i=1

∇ f · vi

1+κi f
vi

)(
1+

N−1

∑
i=1

(∇ f · vi)
2

(1+κi f )2

)−1/2

,
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where the family {vi}i=1,...,N−1 denotes an orthonormal frame of the tangent space on
∂E (see (5.2.5)), by expanding the above equation one can see that

∥sdE f −sdE∥C1,1(∂E) ≤CE∥ f∥C1,1(∂E),

which then implies that E f → E in C1,1 if ∥ f∥C1,1 → 0. Therefore, by [31, Theorem 2.6]
and [31, Remark 2.7] one infers that the radius r of the uniform ball condition of the
set E f depends continuously on ∥ f∥C1,1 when it is small enough. In particular, for every
ε > 0 there exists δ (rE ,ε)> 0 such that, if ∥ f∥C1,1 ≤ δ then

|rE − r| ≤ ε.

Proof of Theorem 4.2.7. By Theorem 4.2.8 there exist a time T ′ > 0 and a family of
evolving functions u(·, t), which are smooth in (0,T ′) and satisfy the inequality (4.2.5).
The second bound follows from classic elliptic regularity arguments that we now sketch.
Fix t ∈ (0,T ′), from the bound on supt∈(0,T ′) ∥u∥C1,β (∂E) and (up to rotations) for any given
point x = (x′,xN) ∈ ∂E we can parametrize in a cylinder C = B′

r(x)× (−L,L) both ∂E and
∂Et as graphs of smooth functions g,gt . From Theorem 4.2.9 there exists a time T ′′

(depending on E,δ by Remark (4.2.10)) such that the evolving sets Et satisfy a uniform
inner and outer ball condition of radius r/2 for any t ∈ (0,T ′′). Let us set T = min{T ′,T ′′}.
From estimate (4.2.8) we get that

HEt = div

(
∇gt√

1+ |∇gt |2

)
=

1√
1+ |∇gt |

(
I − ∇gt ⊗∇gt

1+ |∇gt |2

)
: ∇

2gt

is bounded in L2(B′
r(x

′)) by a constant which depends on |E0|,T,r. Then, by uniform
geometric Calderon-Zygmund inequalities (see [36, Section 3] or [4, Lemma 7.2]) we
deduce that, for some ρ < r, independent of x, in the ball B′

ρ(x
′) the function gt is

bounded in H2(B′
ρ(x

′)) by a constant, depending only on the L2-bound on HEt , the norm
of the coefficients of the elliptic operator, which are in turn bounded by ∥u0∥C1,1 thanks
to the previous step. Iterating this procedure, we bound the higher norms Hk(B′

ρ(x
′))

of gt , for every k ∈ N. Then, we conclude by means of Sobolev embeddings and by a
covering argument.

4.2.2 Short-time existence for the surface diffusion flow

We now consider the evolution called surface diffusion flow, defined by

Vt(x) = ∆Et HEt (x), x ∈ ∂Et , t ∈ (0,T ). (4.2.9)
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As for the mean curvature flow, see Section 3.3, the equation above means that there
exist a smooth open set E ⊂ TN and a 1-parameter family of smooth diffeomorphism
Φt : E → TN such that Φt(x) = x+u(x, t)νE(x), Φt(∂E) = ∂Et and

∂tu(x, t)νE(x) ·νEt (Φt(x)) = ∆Et HEt (Φt(x)).

Assuming that the diffeomorphisms above exist, arguing as in [76, pag. 21], one can
deduce that the evolution equation satisfied by u is

∂tu =−∆
2
Et

u− 1
νE ·νEt

∆Et (νE ·νEt )∆Et u+
1

νE ·νEt

∆Et P(x,u,∇u)

=−∆
2
Et

u+ J̃(x,u,∇u,∇2u,∇3u),
(4.2.10)

where P is a smooth function (assuming that ∥u∥L∞ and ∥∇u∥L∞ are small), the function
J̃ can be written as

J̃(x,u,∇u,∇2u,∇3u) = ⟨B̃1,∇
2u⟩+ ⟨B̃2,∇

2u⊗∇
2u⟩+ ⟨B̃3,∇

3u⟩+ b̃4

and B̃1, B̃2, B̃3 and b̃4 are tensor-valued, respectively scalar-valued functions depending
on (x,u,∇u) and smooth if their arguments are small enough. Here ∇ denote the
covariant derivative on ∂E.

On the other hand, linearizing the Laplace-Beltrami operator yields the evolution
equation (compare with [51, Section 3.1])

∂tu =−∆
2
Eu+ ⟨A(x,u,∇u),∇4u⟩+ J(x,u,∇u,∇2u,∇3u), (4.2.11)

where A is a smooth 4th-order tensor, vanishing when both u and ∇u vanish, and J is
given by

J =⟨B1,∇
3u⊗∇

2u⟩+ ⟨B2,∇
3u⟩+ ⟨B3,∇

2u⊗∇
2u⊗∇

2u⟩
+ ⟨B4,∇

2u⊗∇
2u⟩+ ⟨B5,∇

2u⟩+b6,
(4.2.12)

where Bi, i = 1, . . .5 and b6 are smooth tensor-valued, respectively scalar-valued func-
tions depending on (x,u,∇u).

In this subsection we want to prove a short-time existence result for the surface
diffusion flow, in particular we will obtain a priori estimates that will be used to prove
the stability of the flow. We will follow the classical approach of linearization and
fixed point to solve the nonlinear evolution problem, and then employ Schauder-type
estimates to show higher order regularity of the flow. We will follow closely what has
been done in [51], combining it with the results of [58].
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To start we recall some classical results concerning the Cauchy problem for the
biharmonic heat equation on a smooth Riemannian manifold Σ with metric g, which is
the solution to the following problem∂tu =−∆2

Σ
u+ f (x, t) on Σ× [0,∞)

u(·,0) = u0 on Σ,
(4.2.13)

once the functions f ,u0 are assigned.

Theorem 4.2.11 ([49, Theorem 2]). Given (Σ,g) a smooth Riemannian manifold, there
exists a unique biharmonic heat kernel with respect to g denoted as bg ∈C∞

(
Σ×Σ×(0,∞)

)
.

Moreover let T > 0, for any integers k, p,q ≥ 0 and for any (x,y, t) ∈ Σ×Σ× (0,T ) we have

|∂ k
t ∇

p
x ∇

q
ybg(x,y, t)|g ≤Ct−

n+4k+p+q
4 exp{−δ

(
t−

1
4 dg(x,y)

) 4
3}, (4.2.14)

where | · |g =
√

g(·, ·), ∇x and ∇y are covariant derivatives with respect to g, and the
constants C,δ > 0 depend on T , g and p+q+4k.

Given the biharmonic heat kernel bg ∈ C∞
(
Σ×Σ× (0,∞)

)
on (Σ,g) and a function

u0 ∈C0(Σ), we define for (x, t) ∈ Σ× (0,∞)

Su0(x, t) =
ˆ

Σ

bg(x,y, t)u0(y)dVg(y) (4.2.15)

where Vg is the Riemannian volume form. Hence, as usual, Su0 is the solution to the
homogeneous Cauchy problem∂tv+∆2

Σ
v = 0 on Σ× (0,+∞)

v(·,0) = u0(·) on Σ.
(4.2.16)

Moreover, since the biharmonic heat kernel is smooth for every t > 0, we get Su0 ∈
C∞
(
Σ× (0,+∞)

)
.

We now collect some results, which are shown in [58], about the solution of (4.2.13).
The following Schauder-type estimates on the solution of the homogeneous problem
(4.2.16) can then be proved, see [58, Theorem 3.8]. In particular, we modify slightly the
formulation of the result, to fit our purposes.

Theorem 4.2.12 ([58, Theorem 3.8]). Suppose u0 ∈ C1,1(Σ) and fix T > 0. Then there
exists C1(Σ,T )> 0 such that

sup
t∈(0,T )

∥Su0∥C1,1(Σ) ≤C1∥u0∥C1,1(Σ), (4.2.17)
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Furthermore, for any l,k ∈ N, we have

sup
t∈(0,T )

t l+ k
4

∥∥∥∥(∂t)
l
∇

k+2
g Su0(t)

∥∥∥∥
C0(Σ)

≤Cl,k∥u0∥C1,1(Σ), (4.2.18)

for some constants Cl,k > 0 depending on l, k, Σ and T .

In order to study the evolution problem (4.2.11) we introduce the following two
Banach spaces. Fix 0 < T < ∞ and 0 < β < 1. We define

YT :=
{

u ∈C0(
Σ× (0,T )

)
: ∥u∥YT < ∞

}
, (4.2.19)

where

∥u∥YT := sup
t∈(0,T )

(
t

1
2∥u(·, t)∥C0(Σ)+ t

1
2+

β

4 [u(·, t)]Cβ (Σ)

)
+ sup

(x,t)∈Σ×(0,T )
sup

0<h<T−t
t

1
2+

β

4
|u(x, t +h)−u(x, t)|

|h|
β

4

(4.2.20)

and [·]Cβ is the usual Hölder seminorm. Similarly, we introduce the space

XT :=
{

u ∈C0(Σ× (0,T )) : u(·, t) ∈C4(Σ), ∥u∥XT < ∞
}
, (4.2.21)

where

∥u∥XT := sup
t∈(0,T )

( 4

∑
k=0

t−
1
2+

k
4∥∇

ku(·, t)∥C0(Σ)+ t
1
2+

β

4 [∇4u(·, t)]Cβ (Σ)

+ t
1
2∥∂tu(·, t)∥C0(Σ)+ t

1
2+

β

4 [∂tu(·, t)]Cβ (Σ)

)
+ sup

(x,t)∈Σ×(0,T )
sup

0<h<T−t
t

1
2+

β

4
|∇4u(x, t +h)−∇4u(x, t)|g

|h|
β

4

+ sup
(x,t)∈Σ×(0,T )

sup
0<h<T−t

t
1
2+

β

4
|∂tu(x, t +h)−∂tu(x, t)|

|h|
β

4

.

(4.2.22)

Proposition 4.2.13. The spaces (YT ,∥ · ∥YT ) and (XT ,∥ · ∥XT ) are Banach spaces.

The proof of the completeness of the spaces YT and XT is standard, indeed one can
prove directly that all Cauchy sequence converge to a function in the space and the
candidate limit is obtained using a diagonal argument.

Remark 4.2.14. Since the norm ∑
4
k=0 ∥∇ku∥C0 is equivalent to the norm ∥u∥C0 +∥∇4u∥C0

for C4(Σ), we have that the norm ∥ · ∥XT defined in (4.2.22) is equivalent to the following
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norm

∥u∥
′
XT

:=∥u∥XT +
3

∑
k=0

sup
(x,t)∈Σ×(0,T )

sup
0<h<T−t

t−
1
2+

k
4+

β

4
|∇ku(x, t +h)−∇ku(x, t)|g

|h|
β

4

.

Now we study the nonhomogeneous initial value problem∂tu+∆2
Σ
u = f on Σ× (0,T )

u(·,0) = 0 on Σ,
(4.2.23)

where f is a function on Σ× (0,T ). Given the biharmonic heat kernel bg ∈ C∞
(
Σ×

Σ× (0,T )
)

on (Σ,g), the solution (if it exists) to the nonhomogeneous problem (4.2.23)
should be given by Duhamel’s principle

V f (x, t) :=
ˆ t

0

ˆ
Σ

bg(x,y, t − s) f (y,s)dVg(y)ds, (4.2.24)

and, for every λ > 0, V f ∈C∞(Σ× (λ

2 ,λ )).

We then recall the following fundamental Schauder-type estimates proved in [58]
on solutions of (4.2.23) (see [58, Remark 3.12] for the final comments on the constant
C).

Theorem 4.2.15 ([58, Theorem 3.10]). Fix 0 < T < ∞, if f ∈ YT , then V f ∈ XT and there
exists a constant C > 0 depending on Σ,T such that

∥V f∥XT ≤C∥ f∥YT . (4.2.25)

Moreover, equation (∂t +∆2
Σ
)V f = f holds in the classical sense on Σ× (0,T ) and thus

V f ∈C∞(Σ× (0,T )).

We now turn our attention to the evolution equation (4.2.11), and use the results
above for the particular choice Σ = ∂E with the Riemaniann metric induced by the
Euclidean one. We consider the map

f [u](x) := ⟨A(x,u,∇u),∇4u⟩+ J(x,u,∇u,∇2u,∇3u), (4.2.26)

where A, J are the operators defined in (4.2.11). We now provide the fundamentals
estimates on f [u], which represents the nonlinear error generated linearizing (4.2.11).
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Lemma 4.2.16. For any ε, m > 0 there exist T, δ > 0 depending on E,ε with the following
properties. For every u0 ∈C1,1(Σ) and ψ ∈ XT satisfying ∥ψ∥XT ≤ m it holds

f [ψ +Su0] ∈ YT . (4.2.27)

Moreover, if ∥u0∥C1,1(Σ) ≤ δ it holds

∥ f [Su0]∥YT ≤ ε(∥u0∥C1,1(Σ)+1). (4.2.28)

Finally, ψ1,ψ2 ∈ XT satisfying ∥ψi∥XT ≤ m, it holds

∥ f [ψ1 +Su0]− f [ψ2 +Su0]∥YT ≤ ε∥ψ1 −ψ2∥XT . (4.2.29)

Proof. Let T < 1 to be chosen later and fic ε,m > 0. We prove only equation (4.2.28),
giving a sketch of the proof for (4.2.29) and (4.2.27) as they are analogous; we also
drop the dependence on the set E in the norms. For clarity of exposition, we prove the
results for the simplified error term

f̃ [u](x, t) := ⟨A(x,u(x, t),∇u(x, t)),∇4u(x, t)⟩+ ⟨B,∇3u(x, t)⊗∇
2u(x, t)⟩, (4.2.30)

where B is a (constant) tensor of the same dimension of ∇3u⊗∇2u with ∥B∥< 1. We will
also write A(x, t) and assume implicitly the dependence on u,∇u.

Firstly, we prove (4.2.28). In what follows we use the short-hand notation u = Su0.
From the definition of f̃ [·] we have

∥ f̃ [u]∥C0 ≤ ∥A∥C0∥∇
4u∥C0 +∥∇

3u∥C0∥∇
2u∥C0,

[ f̃ [u]]Cβ ≤ ∥∇
4u∥C0 sup

τ∈TN

(
|τ|−β |A(x+ τ, t)−A(x, t)|

)
+∥A∥C0[∇4u]Cβ

+[∇3u]Cβ ∥∇
2u∥C0 +∥∇

3u∥C0[∇2u]Cβ .

(4.2.31)

Then, we multiply by t
1
2 the first equation in (4.2.31) to get

t
1
2∥ f̃ [u]∥C0 ≤ ∥A∥C0t

1
2∥∇

4u∥C0 + t
1
4 t

1
4∥∇

3u∥C0∥∇
2u∥C0.

By (4.2.18), with the choice of l = 0, k = 0,1,2, we have that all the terms t
1
2∥∇4u∥C0,

t
1
4∥∇3u∥C0 and ∥∇2u∥C0 are bounded by ∥u∥C1,1 (times a constant that depends on E

which we can suppose equal to one for simplicity). We now fix δ > 0 sufficiently small,
depending on ε and E, so that ∥A∥C0 is bounded by ε, which can be done since A is a
smooth tensor and A(·,0,0) = 0. Finally, taking T small enough, depending on ε and E,
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we conclude
sup

t∈(0,T )
t

1
2∥ f̃ [u]∥C0 ≤ ε∥u0∥C1,1.

Therefore, taking into account the full expression for the error term f [u] given by
(4.2.26), one can show that

sup
t∈(0,T )

t
1
2∥ f [u]∥C0 ≤Cε (∥u0∥C1,1 +1) ,

where the last constant comes from the term b6.
Concerning the Hölder seminorm in space, we first remark that

sup
τ∈TN

|A(x+ τ, t)−A(x, t)|
|τ|β

≤ [A(·,u,∇u)]Cβ +∥∂2A∥C0[u]Cβ +∥∂3A∥C0[∇u]Cβ ,

where ∂2A and ∂3A denote the derivative of A(x,y,z) with respect to the second and third
components. Therefore, employing again the bounds in (4.2.17) and (4.2.18) we can
bound

t
1
2∥∇

4u∥C0 sup
τ

|A(x+ τ, t)−A(x, t)|
|τ|β

≤ ε∥u0∥C1,1,

where we took δ > 0 sufficiently small, depending on ε and E, such that

[A(·,u,∇u)]Cβ +∥∂2A∥C0 [u]Cβ +∥∂3A∥C0[∇u]Cβ ≤ ε,

which is possible since A is smooth and A(·,0,0) = 0. Thus, multiplying by t
1
2+

β

4 the
second equation in (4.2.31) we obtain

t
1
2+

β

4 [ f̃ [u]]Cβ ≤ t
β

4 ε∥u0∥C1,1 +∥A∥C0t
1
2+

β

4 [∇4u]Cβ

+ t
1
4 t

1
4+

β

4 ∥∇
3u∥Cβ ∥∇

2u∥C0 + t
1
4 t

1
4∥∇

3u∥C0t
β

4 ∥∇
2u∥Cβ .

(4.2.32)

Then, all the terms in (4.2.32) with the norms of u can be bounded employing (4.2.17)
and (4.2.18), thus we can make the right-hand side above as small as needed taking
T,δ small enough. Analogous calculations show a similar inequality for the complete
error term f [u].

Finally, we show how to bound the Hölder seminorm in time appearing in ∥ f̃ [u]∥YT .
We fix t ∈ (0,T ),h ∈ (0,T − t). To ease notation, we omit to write the evaluation at x in
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the following. We have by the very definition of f̃ [u](t) that

| f̃ [u](t +h)− f̃ [u](t)|
≤ |⟨A(u(t +h),∇u(t +h)),∇4u(t +h)⟩−⟨A(u(t),∇u(t)),∇4u(t)⟩|
+ |⟨B,

(
∇

3u(t +h)⊗∇
2u(t +h)

)
⟩−⟨B,

(
∇

3u(t)⊗∇
2u(t)

)
⟩|.

Now by the triangular inequality we obtain

|⟨A(u(t +h),∇u(t +h)),∇4u(t +h)⟩−⟨A(u(t),∇u(t)),∇4u(t)⟩|
≤ ∥A∥C0 |∇4u(t +h)−∇

4u(t)|+∥∂3A∥C0|∇u(t +h)−∇u(t)|∥∇
4u(t)∥C0

+∥∂2A∥C0|u(t +h)−u(t)|∥∇
4u∥C0,

(4.2.33)

and analogously

|⟨B,
(
∇

3u(t +h)⊗∇
2u(t +h)

)
⟩−⟨B,

(
∇

3u(x, t)⊗∇
2u(x, t)

)
⟩|

≤ |∇3u(t +h)−∇
3u(t)|∥∇

2u∥C0 +∥∇
3u∥C0 |∇2u(t +h)−∇

2u(t)|.
(4.2.34)

Therefore from formulas (4.2.33) and (4.2.34), we obtain

| f̃ [u](t +h)− f̃ [u](t)|
≤ (∥∂2A∥C0|u(t +h)−u(t)|+∥∂3A∥C0|∇u(t +h)−∇u(t)|)∥∇

4u(t)∥C0

+∥A∥C0|∇4u(t +h)−∇
4u(t)|+ |∇3u(t +h)−∇

3u(t)|∥∇
2u∥C0

+∥∇
3u∥C0|∇2u(t +h)−∇

2u(t)|.

Applying again (4.2.17), (4.2.18), and using the smallness of ∥A∥C0 , we conclude (4.2.28)
by taking T, δ small enough.

Following the computations above one can easily prove that if u0 ∈ C1,1(Σ) and
∥ψ∥XT ≤ m, it holds

f [ψ +Su0] ∈ YT .

The only difference is that, in addition to (4.2.17), (4.2.18) one can directly exploit
the definition of ∥ · ∥XT to obtain the required bounds. Also the proof for (4.2.29) is
essentially the same, only much more tedious to write. We show the computations only
for the term supt∈(0,T ) t1/2∥ · ∥C0 appearing in the norm of YT and for the simplified error
term (4.2.30). For ui := ψi +Su0 we can write

| f̃ [u1]− f̃ [u2]|
=
∣∣⟨A(x,u1,∇u1),∇

4u1⟩−⟨A(x,u2,∇u2),∇
4u2⟩+ ⟨B,(∇3u1 ⊗∇

2u1 −∇
3u2 ⊗∇

2u2)⟩
∣∣

≤ ∥∇
4u1∥C0 (∥∂1A∥C0|ψ1 −ψ2|+∥∂2A∥C0|∇ψ1 −∇ψ2|)+∥A∥C0|∇2

ψ1 −∇
2
ψ2|
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+∥∇
3u1∥C0|∇2

ψ1 −∇
2
ψ2|+∥∇

2u2∥C0|∇3
ψ1 −∇

3
ψ2|.

Multiplying the inequality above by t
1
2 we have

t
1
2 | f̃ [u1]− f̃ [u2]|

≤
(
∥∇

4u1∥C0

(
t∥∂1A∥C0 + t

3
4∥∂2A∥C0

)
+ t

1
2
(
∥A∥C0 +∥∇

3u1∥C0
)

+ t
1
4∥∇

2u2∥C0

)
∥ψ1 −ψ2∥XT

≤ t
1
4

(
t

1
2∥∇

4u1∥C0∥A∥C1 +∥A∥C0 + t
1
4∥∇

3u1∥C0 + |∇2u2∥C0

)
∥ψ1 −ψ2∥XT .

Again, by definition of ∥ · ∥XT and by (4.2.17),(4.2.18) we conclude taking T, δ small
enough.

We are now able to prove a short-time existence result for the surface diffusion
evolution. Thanks to the previous lemmas, we provide also higher order regularity
estimates depending on the C1,1-bound on the initial datum only. The proof follows
closely the corresponding one in [58, 51].

Theorem 4.2.17. Let ε > 0 and let E ⊂ TN be a smooth open set. There exist δ = δ (ε,E),
T = T (ε,E)> 0 with the following property: if E0 is the normal deformations of E induced
by u0 ∈C1,1(∂E), ∥u0∥C1,1(∂E) ≤ δ , and |E0|= |E|, then the surface diffusion flow Et starting
from E0 exists in [0,T ), the sets Et are normal deformation of E induced by u(·, t)∈C∞(∂E)
for all t ∈ (0,T ), and

sup
t∈(0,T )

∥u∥C2(∂E) ≤ ε. (4.2.35)

Moreover, for every k ∈ N\{0}, there exist constants Ck =Ck(ε,E)> 0 such that

sup
t∈[ T

2 ,T )
∥∇

k+2u∥C0(∂E) ≤Ck(∥u0∥C1,1(∂E)+1). (4.2.36)

Proof. In this proof we denote by C > 0 a constant that depends on N and E and may
change from line to line. Fix ε > 0.
Step 1: We show existence for (4.2.11) via a fixed point argument. Let T < 1, δ < 1 to
be chosen later, and let u1 ∈C∞((0,T );C∞(∂E)) be the solution of∂tu1 =−∆2

Eu1 on ∂E × [0,T ),

u1(·,0) = u0 on ∂E,

where u0 ∈C1,1(∂E) is such that ∥u0∥C1,1(∂E) ≤ δ . The solution exists and it is given by
(4.2.15), that is u1 = 0+Su0 =: ψ1 +Su0. Moreover (4.2.35) and (4.2.36) are satisfied by
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u1 thanks to Theorem 4.2.12, for δ small enough depending on ε. Let now u2 be the
solution of ∂tu2 =−∆2

Eu2 + f [u1] on ∂E × [0,T ),

u2(·,0) = u0 on ∂E,

where f [u] is defined as in (4.2.26). By (4.2.15) and (4.2.24), the unique solution is
given by u2 =V f [u1]+Su0 =V f [Su0]+Su0 =: ψ2 +Su0. Moreover, by Theorem 4.2.15 and
(4.2.28) we have the estimate

∥ψ2∥XT ≤C∥ f [Su0]∥YT ≤Cε(∥u0∥C1,1(∂E)+1)≤ m,

for m sufficiently large. We are then led to define an iterative scheme. We set u1,u2 as
above and for n ≥ 3 we let un be the solution to∂tun =−∆2

Eun + f [un−1] on ∂E × [0,T ),

un(·,0) = u0 on ∂E,
(4.2.37)

and we split it as un = Su0 +V f [un−1] =: ψn +Su0. We will show that the sequence ψn is
converging in XT . To do so, assume that ψ j ∈ XT for j = 1, . . . ,n−1 with

∥ψ j∥XT ≤ m.

Then, by Theorem 4.2.15 and Lemma 4.2.16 we get ψn ∈ XT and

∥ψn∥XT = ∥V f [un−1]∥XT ≤C∥ f [un−1]∥YT =C∥ f [ψn−1 +Su0]∥YT

≤C
n−1

∑
j=2

∥ f [ψ j +Su0]− f [ψ j−1 +Su0]∥YT +C∥ f [Su0]∥YT

≤C
(n−1

∑
j=1

ε
j
)
(∥u0∥C1,1(∂E)+1)

≤Cε

(
1+

+∞

∑
j=1

ε
j
)
(∥u0∥C1,1(∂E)+1)

≤Cε(∥u0∥C1,1(∂E)+1)≤ m. (4.2.38)

Moreover, Lemma 4.2.16 implies that, for δ (ε,E), T (ε,E) small enough, it holds for all
n ≥ 3

∥ψn+1 −ψn∥XT ≤ ε∥ψn −ψn−1∥XT ,
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therefore ψn is a Cauchy sequence and admits a limit point ψ satisfying

∥ψ∥XT ≤Cε(∥u0∥C1,1(∂E)+1). (4.2.39)

We thus showed the existence of a fixed point u = ψ + Su0 for the problem (4.2.37).
Finally, by (4.2.17) and (4.2.39) it holds

∥u∥C2(∂E) = ∥ψ +Su0∥C2(∂E) ≤ ∥ψ∥XT +∥Su0∥C2(∂E) ≤Cε(∥u0∥C1,1(∂E)+1). (4.2.40)

Step 2: By (4.2.40) we get straightforwardly that (4.2.36) holds for k = 0,1,2. In order
to prove (4.2.36) for k ≥ 3, we consider x ∈ ∂E and we work under local coordinate,
B′

r
∼= U ⊂ ∂E such that the metric (gi j)i, j=1,...,N−1 of ∂E satisfies 1

2δi j ≤ gi j
E ≤ 2δi j. Note

in particular that the operator −∆2
E is uniformly elliptic in U . In the following we

identify B′
r and U ⊂ ∂E. We also set gt as the metric on ∂Et (see [76, pag. 20] for details).

Observe that u restricted to B′
r × [T

2 ,T ) is of class C∞ by the previous step. Recalling
that u = ψ +Su0, we have that the function ψ satisfies

∂tψ =−∆
2
gt

ψ +(∂t +∆
2
gt
)(Su0)+ f ′ =: −∆

2
gt

ψ + f̃ . (4.2.41)

Taking ∇g in (4.2.41) shows that the function ∇gψ satisfies the equation

∂t∇gψ =−∆
2
gt

∇gψ − (∇ggi j
t )g

kl
t (ψ)i jkl −gi j

t (∇ggkl
t )(ψ)i jkl +∇g f̃

=: −∆
2
gt

∇gψ +F,
(4.2.42)

where the error term F contains the derivative of ψ up to order four. To estimate
∥F∥Cβ/4([ T

2 ,T ];C
β (B′

r))
we first observe that, by (4.2.18), it follows

∥∇g
(
(∂t +∆

2
gt
)(Su0)

)
∥Cβ/4([ T

2 ,T );C
β (B′

1))
≤Cε(∥u0∥C1,1(∂E)+1).

Secondly, we remark that the other terms of F can be bounded analogously, recalling
that they contain derivatives of ψ up to order four and using (4.2.39), to show that

∥F∥Cβ/4([ T
2 ,T );C

β (B′
r))

≤Cε(∥u0∥C1,1(∂E)+1). (4.2.43)

Note now that ∂t +∆2
gt

is a uniformly parabolic operator, since the coefficients of ∆2
gt

are
close to the ones of ∆2

E depending on ∥u(·, t)∥C1,1(∂E) as gi j
Eu
− gi j

E = B(x,u,∇u) and B is a
smooth function with B(x,0,0) = 0, see again [76, pag. 20]. Since ∇gψ solves (4.2.42), by
the standard interior Schauder estimates and the bound (4.2.43), there exists C > 0,
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which depends on T and thus on ε and E, such that

∥∇gψ∥C1,β/4([ T
2 ,T );C

4,β (B′
r/2))

≤C
(
∥F∥Cβ/4([ T

4 ,T );C
β (B′

r))
+∥∇gψ∥C0(B′

r×[ T
4 ,T ))

)
≤Cε(∥u0∥C1,1(∂E)+1),

where we noted that ∥ψ∥C1((B′
r×[ T

4 ,T )))
≤ ∥ψ∥XT and employed again (4.2.39). Finally, we

conclude
sup

t∈[ T
2 ,T )

∥∇
5u∥C0(∂E) ≤C(∥u0∥C1,1(∂E)+1).

By induction, one can prove (4.2.36) for every k ∈ N.

4.3 Proof of the stability

4.3.1 Stability of the volume-preserving mean curvature flow

In this subsection, we study the evolution by mean curvature (3.3.1) of normal deforma-
tions of a strictly stable set, as defined in Definition 3.1.6. Suppose that E is a strictly
stable set and that E0 = Eu0 is a smooth normal deformation of E. By Theorem 4.2.7,
the volume-preserving mean curvature flow starting from E0 exists in a short time
interval, and the evolving sets Et can be parametrized as normal deformations of the
set E induced by functions u(·, t) satisfyingut(x, t)νEt (p) ·νE(x) =−(HEt (p)− H̄Et ) x ∈ ∂E,

u(·,0) = u0

where p = x+u(x, t)νE(x) and H̄Et =
ffl

∂Et
HEt . The scalar product above (see (5.2.6)) can

be written as

νEt (p) ·νE(x) =

(
1+

N−1

∑
j=1

(∂τ ju(x, t))
2

(1+κ j(x)u(x, t))2

)−1/2

,

where κ j(x) and τ j(x) are, respectively, the principal curvatures and the principal
directions of E at x. In particular, we remark that νEt (p) ·νE(x) = 1+O(∥u(·, t)∥H1). We
can prove the first part of Theorem 4.1.1 concerning the long-time behaviour of the
volume-preserving mean curvature flow.

Proof of (i) Theorem 4.1.1. Let ε, δ (ε) ∈ (0,1) to be chosen later. In the following, if
not otherwise stated, the constants depends on N,E and may change from line to line.
Fix for instance β = 1/2 and suppose that δ is smaller than the constant given by
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Theorem 4.2.7. We also use the short-hand notation π f := (πE |E f )
−1.

Step 1. We start by proving that P(Et)−P(E)≤Ce−ct as long as the flow exists.
Let u0 ∈C1,1(∂E) with ∥u0∥C1,1 ≤ δ < 1. By Theorem 4.2.7 there exist a time T > 0,

which depends on E and the bound on ∥u0∥C1,1 < 1, and a smooth flow Et starting from
E0 for t ∈ [0,T ). Moreover, Et = Eu(·,t) and u(·, t) satisfies (4.2.5) and (4.2.6). Without loss
of generality we can assume T < ∞.
We notice that, considering ε,δ smaller, the value of T does not change.

We recall the following well-known identities, holding along the smooth flow

d
dt
|Et |= 0,

d
dt

P(Et) =−∥HEt − H̄Et∥2
L2(∂Et)

. (4.3.1)

Let δ ∗ be the constant given by Theorem 4.2.3, p > N − 1 and η = η(δ ∗, p) given
by Lemma 3.1.10. By estimates (4.2.5), (4.2.6) and by interpolation we have that
∥u(·, t)∥W 2,p(∂E) ≤ η for every t ∈ [T/2,T ), up to taking ε smaller and therefore δ smaller.
Thus for any t ∈ [T/2,T ) we can apply Lemma 3.1.10 to find σt ∈ TN and a function ũ(·, t)
such that Et +σt = Eũ(·,t) and

|σt | ≤C∥u(·, t)∥W 2,p(∂E), ∥ũ(·, t)∥W 2,p(∂E) ≤C∥u(·, t)∥W 2,p(∂E),∣∣∣∣ˆ
∂Et

ũ(·, t)νEt

∣∣∣∣≤ δ
∗∥ũ(·, t)∥L2(∂E).

Furthermore, Lemma 4.2.2 (taking δ smaller if needed) implies that ∥ũ(·, t)∥C1(∂E) ≤ δ ∗.
We then apply Theorem 4.2.3 to the set Et +σt to obtain

∥ũ(·, t)∥H1(∂E) ≤C∥HEt+σt −λ∥L2(∂E) (4.3.2)

for any λ ∈R, where we recall HEt+σt (x)=HEt (x+ ũ(x)νE(x)). From the previous equation,
first by the change of variable y = x+ ũ(x, t)νE(x) (estimating the Jacobian with the
bounds on ũ and Lemma 4.2.2), and then by translation invariance, we arrive at

∥ũ(·, t)∥H1(∂E) ≤C∥HEt+σt −λ∥L2(∂Et+σt)
=C∥HEt −λ∥L2(∂Et)

. (4.3.3)

We now claim that

P(Et +σt)−P(E) = P(Eũ(·,t))−P(E)≤C∥ũ(·, t)∥2
H1(∂E), (4.3.4)

which is a classical result but we provide a proof for the sake of completeness.
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Let us define, for every x ∈ ∂E, the function

Q(x) :=
(

1+
N−1

∑
j=1

(∂τ j ũ(x, t))
2

(1+κ j(x)ũ(x, t))2

) 1
2

where τ1(x), . . . ,τN−1(x) and κ1(x), . . . ,κN−1(x) are, respectively, the principal directions
and curvatures of ∂E at x. Then by Lemma 5.2.3 we have

P(Et +σt) = P(Eũ(·,t)) =

ˆ
∂E

Q(x)
N−1

∏
i=1

(1+κi(x)ũ(t, x)) dH N−1(x)

= P(E)+
ˆ

∂E

(
HE ũ(·, t)+O(ũ(·, t)2)+O(|Dũ(·, t)|2)

)
dH N−1

≤ P(E)+C∥ũ(·, t)∥2
H1(∂E),

where we have used that HE = ∑
N−1
i=1 κi and the inequality∣∣∣∣ˆ

∂E
ũ(·, t)dH N−1

∣∣∣∣≤C
ˆ

∂E
ũ(·, t)2 dH N−1,

which follows from the fact that |Et |= |E0| (see Remark 5.2.4). Hence, we have proved
(4.3.4).

We now define the functional E (t) = P(Et)−P(E), which is non increasing by (4.3.1).
Moreover, by translation invariance, from (4.3.3), (4.3.4) and for any λ ∈ R we have

P(Et)−P(E) = P(Et +σt)−P(E)≤C∥HEt −λ∥2
L2(∂Et)

. (4.3.5)

Since for any t ∈ (0,T ) equation (4.3.5) for the particular choice of λ = H̄Et implies

E ′(t) =−∥HEt − H̄Et∥2
L2(∂Et)

≤−CE (t),

by Gronwall’s inequality we conclude (recalling E (0)≥ E (T/2))

E (t)≤ E (0)e−C(t−T/2), ∀t ∈ [T/2,T ). (4.3.6)

Step 2. We now show that the flow exists for every t ≥ 0 and it converges exponentially
fast to E up to translations.

Up to taking δ smaller, we can use the quantitative isoperimetric inequality in
Theorem 3.1.11 to find the existence of translations τt such that

C|E△(Et + τt)|2 ≤ P(Et)−P(E)≤ P(E0)−P(E).
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Furthermore, since all the evolving sets {Et}t∈[T/2,T ) satisfy a uniform inner and outer
ball condition by Remark 4.2.10, by classical convergence results (see e.g. [31, Theo-
rem 3.2]) we have that Et + τt is C1-close to E. In particular, there exist smooth (by the
implicit map theorem) functions v(·, t) : ∂E → R such that Et + τt = Ev(·,t) and

|τt | ≤ max
x∈∂Et+σt

dist∂Et (x)≤ ∥u(·, t)∥C0(∂E)+∥v(·, t)∥C0(∂E) ≤ 2ε,

up to taking δ smaller. Therefore, recalling (4.3.6), we have

∥v(·, t)∥2
L1(∂E) ≤C(P(E0)−P(E))e−C(t−T/2). (4.3.7)

By Lemma 4.2.2, we also have ∥v(·, t)∥Ck(∂E) ≤ C(∥u(·, t)∥Ck(∂E) + |τt |) for every k ≥ 2.
For every t ∈ [T/2,T ), by combining the previous estimate with (4.2.6), (4.3.7) and
interpolation inequalities, for any l ∈N there exist k(l)∈N,θ(l)∈ (0,1) and C =C(E, l)>
0 such that

∥∇
lv(·, t)∥C0 ≤C∥v(·, t)∥θ

L1∥v(·, t)∥1−θ

Ck ≤CT− k
4 (1−θ)(P(E0)−P(E))

θ

2 e−C(t−T/2). (4.3.8)

Choosing E (0) = P(E0)−P(E) small (hence choosing δ small) we can then apply
again Theorem 4.2.7 with the new initial set Ev(·,T/2) = ET/2 + τT/2 to get existence of
the translated flow up to the time 3T/2. We remark that, by uniqueness, the flow
above is well defined since it coincides in [T/2,T ) with the flow Et translated by τt

and estimate (4.3.6) now holds for all t ∈ [T/2,3T/2). By induction, choosing at every
step the times t = nT/2, we can iterate the procedure above to prove that the flow
exists for all times t ∈ [0,∞). Moreover, for every t ∈ (0,∞) there exists a translation
τt such that Et + τt = Ev(·,t) with v satisfying (4.3.8). In particular, we have that v → 0
exponentially in Ck for any k, as t → ∞ and thus Et + τt → E in Ck for every k. This also
implies (reasoning as in (4.3.3)) that ∥HEt − H̄Et∥L2(∂E) → 0 exponentially fast.
Step 3. We conclude by showing the convergence of the whole flow to a translate of E.

Let us prove the convergence of the translations {τt}t≥0. By compactness we can
find a sequence tn → ∞ such that τtn → τ. Defining

D(F,G) :=
ˆ

F△G
dist∂G(x)dx, (4.3.9)
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following the computations of [3, pag. 21] we∣∣∣∣ d
dt

D(Et ,E − τ)

∣∣∣∣=
∣∣∣∣∣ d
dt

ˆ
Et△(E−τ)

dist∂Eτt (x)dx

∣∣∣∣∣
=

∣∣∣∣ˆ
Et

div(sdE−τ(x)Vt(x)νEt (x))dx
∣∣∣∣

=

∣∣∣∣−ˆ
∂Et

sdE−τ(x)(HEt (x)− H̄Et (x))dH N−1(x)
∣∣∣∣

≤ P(E0)∥HEt − H̄Et∥L2(∂E)

(
sup

x∈∂Et

dist∂E−τ(x)

)

≤Ce−Ct

(
sup

x∈TN
dist∂E−τ(x)

)
≤Ce−Ct ,

(4.3.10)

where we recall that Vt is the velocity of the flow in the normal direction (see (3.3.1)).
Clearly, condition (4.3.10) implies that D(Et ,E − τ) admits a limit as t → +∞. By the
previous step and since τtn → τ, we deduce that

D(Et ,E − τ)→ 0 as t →+∞.

Assume now that σ ∈ TN is the limit of τsn along a subsequence sn → ∞ as n →+∞. By
the previous step, Esn → E −σ , therefore

0 = lim
n→+∞

D(Esn,E − τ) = D(E −σ ,E − τ),

which implies σ = τ by definition (4.3.9). This concludes the proof as the exponential
convergence follows from Step 2.

4.3.2 Stability of the surface diffusion flow

We now focus on surface diffusion flow, which we defined in (4.2.9). As in the previous
subsection, we consider E a strictly stable set and E0 =Eu0 a smooth normal deformation
of E. By Theorem 4.2.17, the surface diffusion flow starting from E0 exists smooth in
an interval [0,T ), moreover the evolving sets Et can be written as normal deformations
of E induced by functions u(·, t) satisfyingut(x, t)νEt (p) ·νE(x) = ∆Et HEt (p) ∀x ∈ ∂E,

u(x,0) = u0(x)

where p = x+u(x, t)νE(x).
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Now, we aim to show the stability result (ii) of Theorem 4.1.1 for the surface diffusion
flow. Due to the similarity of the arguments needed with those employed to prove item
(i) of Theorem 4.1.1, we will only highlight the main differencies between the two.

Proof of (ii) Theorem 4.1.1. Firstly, Theorem 4.2.17 ensures the existence of a smooth
flow Et for t ∈ (0,T ) of normal deformations of E induced by functions u(·, t) ∈C∞(∂E)
and satisfying (4.2.35) and (4.2.36). We recall the following identities, holding along
the flow Et as long as it exists smooth,

d
dt
|Et |= 0,

d
dt

P(Et) =

ˆ
∂E

HEt (x)∆Et HEt (x)dx =−∥∇HEt∥2
L2(∂Et)

≤ 0. (4.3.11)

Denoting by CEt the constant in the Poincaré inequality of Lemma 4.2.5, we get

∥HEt − H̄Et∥L2(∂Et)
≤CEt∥∇HEt∥L2(∂Et)

.

Combining the previous inequality with (4.3.11), we obtain

d
dt

P(Et)≤−CEt∥HEt − H̄Et∥L2(∂Et)
.

Since ∥u(·, t)∥C1,1(∂E) ≤ c for every t ∈ (0,T ), the Poincaré constants CEt are uniformly
bounded in the same time interval and the bound depends on E,∥u∥C1,1(∂E) (see e.g. the
results in [36]). Thus, we obtain the estimate d

dt P(Et)≤−C∥HEt − H̄Et∥L2(∂Et)
uniformly

in (0,T ). We then conclude by following the same arguments of part (i).
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5.1 Introduction

Within this chapter, which contains the results of [33], we analyse the asymptotic of
the discrete mean curvature flow (see Definition 3.4.1) in the flat torus TN . We recall
that in TN the class of possible long-time limits is much richer than in RN as it includes
not only union of balls with equal radii but also different types of critical sets for the
perimeter, for example cylinders and stripes. The first main result of the chapter is the
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theorem below. It provides a complete characterization of the long-time behaviour of
the discrete flow in TN starting near a strictly stable set (see Definition 3.1.6). Moreover,
an estimate on the convergence speed is provided.

Theorem 5.1.1. Let E be a strictly stable set in the flat torus. Then there exist δ ∗ =

δ ∗(E)> 0 and h∗ = h∗(E)> 0 with the following property: if h < h∗ and E0 ⊂ TN is a set
of finite perimeter satisfying

|E0|= |E|, E0 ⊂ (E)δ ∗,

then every discrete volume preserving mean curvature flow {En
h}n∈N starting from E0

converges to E +τ in Ck for every k ∈N, for some translation τ ∈ TN . Moreover, the conver-
gence is exponentially fast in the following sense: the sets En

h are normal deformations of
E + τ induced by functions un

h ∈C∞(∂E + τ) such that

∥un
h∥Ck(∂E+τ) ≤ cke−ckn, for every k ∈ N,

where ck are constants that only depend on k and E.

The second result of the chapter gives a complete characterization of the asymptotic
of the discrete flow starting from any initial set in dimension N = 2. In order to state the
precise result we first introduce the following notation: we call lamella any connected
set in T2 whose 1-periodic extension in R2 is a stripe bounded by two parallel lines.

Theorem 5.1.2. Fix h, m > 0 and an initial set E0 ⊂ T2 with finite perimeter and such
that |E0|= m. Let {En

h}n∈N be a discrete flow starting from E0 and let P∞ be the limit of
the non-increasing sequence P(En

h). Then one of the following holds:

i) {En
h}n∈N converges to a disjoint union of l discs of equal radii and total area m,

where l = π−1(4m)−1P2
∞ ∈ N;

ii)
{
(En

h)
c}

n∈N converges to a disjoint union of l discs of equal radii and total area
1−m, where l = π−1(4−4m)−1P2

∞ ∈ N;

iii) {En
h}n∈N converges to a disjoint union of l lamellae of total area m, with the same

slope and l ≤ P∞/2. Moreover, the equality l = P∞/2 ∈N holds if and only if the limit
is given by vertical or horizontal lamellae.

In all cases the convergence is exponentially fast in Ck for every k ∈ N.

The plan of the chapter is the following: in Section 5.2 we establish the Alexandrov-
type estimate (Theorem 5.2.1) for strictly stable sets in the flat torus, which is a crucial



5.2 A quantitative Alexandrov Theorem in the flat torus 67

step for the proof of the main result; Section 5.3 is devoted to prove an L1-estimate for
initial sets of the discrete flow sufficiently "close" to a strictly stable set; Section 5.4
is devoted to the stability result (Theorem 5.1.1); finally in Section 5.5 we completely
characterize the long-time behaviour of the flow in dimension two (Theorem 5.1.2).

5.2 A quantitative Alexandrov Theorem in the flat
torus

In this section, we will prove that, in the flat torus, strictly stable sets satisfy a
quantitative Alexandrov-type estimate.

Theorem 5.2.1. Let E ⊂ TN be a strictly stable set. There exist δ ∈ (0,1/2) and C > 0,
depending only on N and E, with the following property: for any f ∈C1(∂E)∩H2(∂E)
such that ∥ f∥C1(∂E) ≤ δ and satisfying∣∣∣∣ˆ

∂E
f dH N−1

∣∣∣∣≤ δ∥ f∥L2(∂E),

∣∣∣∣ˆ
∂E

f νE dH N−1
∣∣∣∣≤ δ∥ f∥L2(∂E),

we have

∥ f∥H1(∂E) ≤C∥HE f −HE f ∥L2(∂E) =: C
(ˆ

∂E
(HE f (x+νE(x) f (x))−HE f )

2 dH N−1
) 1

2

, (5.2.1)

where we recall E f is the normal deformation of E induced by f (see Definition 3.1.1),
HE f is the mean curvature of E f , and HE f =

ffl
∂E HE f (x+νE(x) f (x))dH N−1.

To prove this theorem we reproduce some arguments similar to the ones used in
the proof of [82, Theorem 1.3]. In this section, we consider E ⊂ TN a strictly stable
set. Thanks to some classical results for sets of finite perimeter (see for example [75,
Theorem 27.4]), the previous hypothesis implies that E is connected and it is of class C∞.

Remark 5.2.2. For some particular choices of the set E, a geometric explanation of the
condition ∣∣∣∣ˆ

∂E
f νE dH N−1

∣∣∣∣≤ δ∥ f∥L2(∂E) (5.2.2)

can be found. It is the case for the ball, the cylinder or the lamella.
First consider the case of the ball, for instance let E be the ball B with radius one

and centered at the origin. We show that in this case, by assuming that |E f |= |B| and
enforcing the following condition on the barycenters

bar(E f ) = bar(B) = 0
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inequality (5.2.2) follows. Indeed, the barycenter in polar coordinates is given by

0 =
1

(N +1)ωN

ˆ
∂B
(1+ f (x))N+1xdH N−1(x)

and thus, by a simple Taylor expansion, we obtain

0 =

ˆ
∂B

(
1+(N +1) f (x)+

1
2

R f (x)2
)

xdH N−1(x)

= (N +1)
ˆ

∂B
f (x)xdH N−1(x)+

1
2

ˆ
∂B

xR f (x)2 dH N−1(x)

where |R(x)| ≤C(N) for every x ∈ ∂B. We can then estimate∣∣∣∣ˆ
∂B

f (x)xdH N−1(x)
∣∣∣∣≤C∥ f∥2

L2(∂E),

and, provided ∥ f∥C1(∂E) ≤ δ , the conclusion follows recalling νB(x) = x.
Now, we take (for example) E equal to the cylinder C = (−1/2,1/2)×BN−1, then from

|EF |= |C| and the condition
bar(E f ) = bar(C) = 0,

we obtain for the last N −1 components of the barycenter

0 =
1

NωN−1

ˆ
∂BN−1

(1+ f (x))NxdH N−2(x),

and the conclusion follows as before.
The case of a lamella L follows immediately by assuming that |E f |= |L|, recalling

that in this case νL is a constant vector.

Let f ∈C1(∂E) with L∞ norm sufficiently small. First of all, we compute the (N −1)-
Jacobian of the map

Φ : ∂E → ∂E f ⊂ RN , x 7→ x+ f (x)νE(x).

Given x ∈ ∂E, we choose an orthonormal basis

B′ := {v1(x), . . . ,vN−1(x)}
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of the tangent TxE of ∂E at x such that, in this basis, the second fundamental form of E,
BE(x) : TxE → TxE ⊂ RN , has the following expression

BE(x) =


κ1(x)

. . .
κN−1(x)

0 . . . 0

 ,

where κ1(x), . . . ,κN−1(x) are the principal curvatures of E in x. We then complete B′ to
a basis B of the whole RN with the normal vector vN(x) := νE(x). In the following, to
simplify the notation, we will drop the dependence on x. The tangential differential of
Φ with respect to the basis B is given by

dΦ = I +νE ⊗∇ f + f dνE ,

where I is the immersion TxE ↪→ RN , ∇ f is the tangential gradient of f and dνE is the
tangential differential of νE . Given the regularity of ∂E, we recall that dνE is equal to
BE . Moreover, by definition of B, we have that

(νE ⊗∇ f )(vi,v j) = δN,i ∇ f · v j, i = 1, . . . ,N, j = 1, . . . ,N −1.

Thanks to the previous observations we obtain

dΦ =


1

. . .
1

0 . . . 0

+


0

. . .
0

∂v1 f . . . ∂vN−1 f

+


κ1 f

. . .
κN−1 f

0 . . . 0

 ,

thus we find the following expression

dΦ =


1+κ1 f

. . .
1+κN−1 f

∂v1 f . . . ∂vN−1 f

 . (5.2.3)

By Binet formula, the Jacobian JΦ can be explicitly computed as

JΦ =

(
N−1

∏
i=1

(1+κi f )2 +
N−1

∑
j=1

(∂v j f )2
∏
i ̸= j

(1+κi f )2

)1/2
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=
N−1

∏
i=1

(1+κi f )

(
1+

N−1

∑
j=1

(∂v j f )2

(1+κ j f )2

)1/2

. (5.2.4)

To show the previous formula, we characterize the minors of dΦ. If we omit the N-th
row of dΦ, we obtain the minor

MN =

1+κ1 f
. . .

1+κN−1 f

 ,

if we omit the i-th row of DΦ for 1 ≤ i ≤ N −1, we obtain the minor

Mi =



1+κ1 f
. . .

1+κi−1 f
1+κi+1 f

. . .
1+κN−1 f

∂v1 f . . . ∂vi−1 f ∂vi+1 f . . . ∂vN−1 f


.

We then deduce (5.2.4) by explicitly computing

det(MN)
2 =

N−1

∏
i=1

(1+κi f )2, det(Mi)
2 = (∂vi f )2

∏
j ̸=i

(1+κ j f )2.

The previous formula for JΦ allows us to calculate some quantities that will be useful
later on. Observe that, if ∥ f∥C1(∂E) is small enough, the map Φ is a diffeomorphism
from ∂E to Φ(∂E) = ∂E f , and thus the tangential differential dΦ : TxE → TΦ(x)E f is a
surjective map. In particular, this allows us to calculate the normal vector νE f in Φ(x).
We remark that a vector v orthogonal to every column of (5.2.3) is a normal vector to
the whole tangent space TΦ(x)E f , therefore a possible v is given by

v =−
N−1

∑
i=1

∂vi f
1+κi f

vi +νE ,

where the sign of the component along νE is taken positive so that the case f = 0 is
consistent with the orientation of νE . Since |v| ≥ 1, by normalizing v we obtain the
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normal vector

νE f =

(
νE −

N−1

∑
i=1

∂vi f
1+κi f

vi

)(
1+

N−1

∑
j=1

(∂v j f )2

(1+κ j f )2

)−1/2

, (5.2.5)

moreover, we remark that

νE ·νE f =

(
1+

N−1

∑
j=1

(∂v j f )2

(1+κ j f )2

)−1/2

. (5.2.6)

We can now compute explicitly the formula for the first variation of the perimeter.

Lemma 5.2.3. Setting Q :=

(
1+∑

N−1
j=1

(∂v j f )2

(1+κ j f )2

)1/2

, the following formulas hold true:

1. If f ∈C1(∂E) with ∥ f∥L∞(∂E) sufficiently small, then

P(E f ) =

ˆ
∂E

Q
N−1

∏
i=1

(1+κi f )dH N−1.

2. If f ∈C1(∂E) with ∥ f∥L∞ sufficiently small, then the first variation ∂P(E f )[ϕ] exists
for all ϕ ∈C1(∂E) and is given by

∂P(E f )[ϕ] =

ˆ
∂E

ϕ Q
N−1

∑
i=1

κi ∏
j ̸=i

(1+κ j f )dH N−1

+

ˆ
∂E

1
Q

N−1

∏
i=1

(1+κi f )

(
N−1

∑
j=1

∂v jϕ ∂v j f
(1+ k j f )2 −ϕ

N−1

∑
j=1

k j (∂v j f )2

(1+ k j f )3

)
dH N−1.

(5.2.7)

Proof. The first formula is a straightforward consequence of the area formula

P(E f ) =

ˆ
∂E f

dH N−1 =

ˆ
∂E

JΦdH N−1

and of the expression of the Jacobian JΦ in (5.2.4). Now, (5.2.7) easily follows by taking
the derivatives

d
dε

∣∣∣
ε=0

P(E f+εϕ)

in the first formula.

In the following, with C we will refer to a positive constant, possibly changing from
line to line, and we will specify its explicit dependence when needed.
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Remark 5.2.4. We observe that, if ∥ f∥L∞(∂E) is small enough and |E f |= |E|, then there
exists a constant C > 0, only depending on E, such that∣∣∣∣ˆ

∂E
f (x)dH N−1(x)

∣∣∣∣≤C
ˆ

∂E
f (x)2 dH N−1(x). (5.2.8)

Firstly, since ∂E is regular, for every ε > 0 sufficiently small there exists a tubular neigh-
borhood N of ∂E such that N is diffeomorphic to ∂E × (−ε,ε) via the diffeomeorphism
Ψ(x, t) = x+νE(x)t. The Jacobian of Ψ is given by

JΨ(x, t) =
N−1

∏
i=1

(1+κi(x)t). (5.2.9)

Secondly, if ∥ f∥L∞(∂E) is small enough, we remark that the condition |E f |= |E| is equiva-
lent to

0 = |E f |− |E|=
ˆ

∂E

ˆ f (x)

0
JΨ(x, t)dt dH N−1(x).

Then, we can conclude that

0 =

ˆ
∂E

ˆ f (x)

0
JΨ(x, t)dt dH N−1(x)

=

ˆ
∂E

f (x)dH N−1(x)+
ˆ

∂E

ˆ f (x)

0
(JΨ(x, t)−1)dt dH N−1(x)

=

ˆ
∂E

f (x)dH N−1(x)+
ˆ

∂E

ˆ f (x)

0
(HE(x) t +o(t))dt dH N−1(x),

that implies (5.2.8) for a constant depending only on N and the principal curvatures of
E.

We are now able to prove the following stability result; it ensures that the second
variation of the perimeter (3.1.3) remains strictly positive for small normal deforma-
tions of a strictly stable set E.

Lemma 5.2.5. Fix N ≥ 2. There exists δ = δ (E) > 0 small such that, if f ∈ L∞(∂E)∩
H1(∂E) with ∥ f∥L∞(∂E) ≤ δ ,∣∣∣∣ˆ

∂E
f (x)dH N−1(x)

∣∣∣∣≤ δ∥ f∥L2(∂E) and
∣∣∣∣ˆ

∂E
f (x)νE(x)dH N−1(x)

∣∣∣∣≤ δ∥ f∥L2(∂E),

(5.2.10)
then we have

∂
2P(E)[ f ] =

ˆ
∂E

(|∇ f (x)|2 −|BE(x)|2 f (x)2)dH N−1(x)≥ m0

8
∥ f∥2

H1(∂E),
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where m0 is the constant given by Lemma 3.1.8.

Proof. Set g = f − f̄ , where f̄ =
ffl

∂E f dH N−1, then g has zero average and, by the first
inequality in (5.2.10), we have

f̄ 2 =
1

P(E)2

(ˆ
∂E

f dH N−1
)2

≤Cδ
2∥ f∥2

L2(∂E). (5.2.11)

If δ is sufficiently small, from (5.2.11) we obtain

∥g∥2
L2(∂E) = ∥ f − f̄∥2

L2(∂E) = ∥ f∥2
L2(∂E)− f̄ 2P(E)≥ ∥ f∥2

L2(∂E)

(
1−Cδ

2)≥ 1
2
∥ f∥2

L2(∂E).

Using the previous inequality, (5.2.11) again and the second inequality in (5.2.10) we
infer that the function g satisfies∣∣∣∣ˆ

∂E
gνE dH N−1

∣∣∣∣≤ ∣∣∣∣ˆ
∂E

f νE dH N−1
∣∣∣∣+ ∣∣∣∣ˆ

∂E
f̄ νE dH N−1

∣∣∣∣≤Cδ∥g∥L2(∂E).

Then, we can apply Lemma 3.1.9 to obtain

∂
2P(E)[g]≥ m0

2
∥g∥2

H1(∂E),

provided δ small enough. We conclude

∂
2P(E)[ f ] = ∂

2P(E)[g]−∂
2P(E)[g]+∂

2P(E)[ f ]

= ∂
2P(E)[g]−2 f̄

ˆ
∂E

|BE(x)|2 f (x)dH N−1(x)+ f̄ 2
ˆ

∂E
|BE(x)|2 dH N−1(x)

≥ m0

2
∥g∥2

H1(∂E)−C| f̄ |∥ f∥L2(∂E) ≥
m0

2
(∥g∥2

L2(∂E)+∥∇g∥2
L2(∂E))−Cδ∥ f∥2

L2(∂E)

≥ m0

4
(∥ f∥2

L2(∂E)+∥∇ f∥2
L2(∂E))−Cδ∥ f∥2

L2(∂E) ≥
m0

8
∥ f∥2

H1(∂E),

up to taking δ smaller if needed, and where the constant C > 0 only depends on E.

Remark 5.2.6. Remark 5.2.4 ensures that the conclusion of the previous lemma
also holds if we replace the hypothesis |

´
∂E f dH N−1| ≤ δ∥ f∥L2(∂E) with ∥ f∥L∞(∂E) small

enough and |E f |= |E|.

We are now able to prove the generalized version of the quantitative Alexandrov’s
inequality in the periodic setting, Theorem 5.2.1.

Proof of Theorem 5.2.1. First of all we notice that, if we take the constant C in (5.2.1) to
be bigger than

√
P(E)/2, then it is enough to consider only the case ∥HE f −HE f ∥L2(∂E) ≤ 1.



74 Contents

Set p = x+ f (x)νE(x) and let ϕ ∈C1(∂E), by the definition of scalar mean curvature
HE f and a change of coordinates we obtain

∂P(E f )[ϕ] =

ˆ
∂E

(HE f νE f )(p) ·νE ϕ JΦdH N−1. (5.2.12)

Combining (5.2.12), (5.2.4) and (5.2.6) we obtain

∂P(E f )[ϕ] =

ˆ
∂E

HE f ϕ JΦ

(
1+

N−1

∑
j=1

(∂v j f )2

(1+κ j f )2

)−1/2

dH N−1

=

ˆ
∂E

HE f ϕ

N−1

∏
i=1

(1+κi f )dH N−1.

In the following, with a slight abuse of notation, with the symbol O(g) we will mean any
function h of the form h(x) = r(x)g(x), where |r(x)| ≤C for all x ∈ ∂E and C is a constant
depending only on N and E.

By a simple Taylor expansion we have

∂P(E f )[ϕ] =

ˆ
∂E

HE f ϕ
(
1+HE f +O( f 2)

)
dH N−1. (5.2.13)

From (5.2.7) and again by Taylor expansion, we obtain

∂P(E f )[ϕ] =

ˆ
∂E

(
HE + f

N−1

∑
i=1

κi ∑
s̸=i

κs +O( f 2)+O(|∇ f |2)

)
ϕ dH N−1

+

ˆ
∂E

(∇ f +h) ·∇ϕ dH N−1

=

ˆ
∂E

(
HE + f H2

E −|BE |2 f +O( f 2)+O(|∇ f |2)
)

ϕ dH N−1

+

ˆ
∂E

(∇ f +h) ·∇ϕ dH N−1 (5.2.14)

where h is a vector field satisfying |h| ≤C(| f |+ |∇ f |2))|∇ f |. Set R = O( f 2)+O(|∇ f |2), by
comparing (5.2.13) and (5.2.14) we infer that

ˆ
∂E

(∇ f ·∇ϕ −|BE |2 f ϕ)dH N−1 =

ˆ
∂E

(HE f −HE)(1+HE f +R)ϕ dH N−1

−
ˆ

∂E
(h ·∇ϕ +(O( f 2)+O(|∇ f |2))ϕ)dH N−1. (5.2.15)
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Testing (5.2.15) with ϕ = 1, we get
ˆ

∂E
(HE f −HE)(1+HE f +R) dH N−1 =

ˆ
∂E

(O(| f |)+O(|∇ f |2))dH N−1,

then, for δ sufficiently small, using Hölder inequality we obtain

∣∣HE f −HE
∣∣= ∣∣∣∣− 

∂E
(HE f −HE)(HE f +R)dH N−1 +

 
∂E

(O(| f |)+O(|∇ f |2))dH N−1
∣∣∣∣

≤
∣∣∣∣ 

∂E
(HE f −HE f )(HE f +R)dH N−1

∣∣∣∣+ ∣∣∣∣ 
∂E

(HE f −HE)(HE f +R)dH N−1
∣∣∣∣

+

ˆ
∂E

(O(| f |)+O(|∇ f |2))dH N−1

≤ δ
|HE |+Cδ

P(E)
∥HE f −HE f ∥L2(∂E)+δ (|HE |+Cδ ) |HE f −HE |

+

ˆ
∂E

(O(| f |)+O(|∇ f |2))dH N−1,

with C =C(N,E) since δ ≤ 1. For δ small enough, recalling that ∥HE f −HE f ∥L2(∂E) ≤ 1,
the previous inequality implies

1
2
|HE f −HE | ≤Cδ∥HE f −HE f ∥L2(∂E)+

ˆ
∂E

(O(| f |)+O(|∇ f |2))dH N−1 ≤Cδ . (5.2.16)

Using the bound ∥ f∥C1(∂E) ≤ δ and the definition of h we easily see that

h ·∇ f = δ O(|∇ f |2).

Testing (5.2.15) with ϕ = f , using Hölder’s inequality and by the previous remark, we
get

ˆ
∂E

(|∇ f |2 −|BE |2 f 2)dH N−1 =

ˆ
∂E

(
HE f −HE

)
(1+HE f +R) f dH N−1

+δ

ˆ
∂E

(O( f 2)+O(|∇ f |2))dH N−1

=

ˆ
(HE f −HE f )(1+HE f +R) f dH N−1 +

ˆ
(HE f −HE)(1+HE f +R) f dH N−1

+δ

ˆ
∂E

(O( f 2)+O(|∇ f |2))dH N−1

≤C∥HE f −HE f ∥L2(∂E)∥ f∥L2(∂E)+ |HE f −HE |
ˆ
(1+HE f +R) f dH N−1

+δ

ˆ
∂E

(O( f 2)+O(|∇ f |2))dH N−1
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=C∥HE f −HE f ∥L2(∂E)∥ f∥L2(∂E)+ |HE f −HE |
ˆ
( f +O( f 2)+ f O(|∇ f |2))dH N−1

+δ

ˆ
∂E

(O( f 2)+O(|∇ f |2))dH N−1. (5.2.17)

By (5.2.8), (5.2.16) and by Hölder inequality, we obtain

|HE f −HE |
ˆ

( f +O( f 2)+ f O(|∇ f |2))dH N−1 ≤ δ

ˆ
∂E

(O( f 2)+O(|∇ f |2)).

Finally, by the above inequality, (5.2.8) again and by combining (5.2.17) with (5.2.16)
we deduce that, for any η > 0, it holds
ˆ

∂E
(|∇ f |2 −|BE |2 f 2)dH N−1 ≤C∥HE f −HE f ∥L2(∂E)∥ f∥H1(∂E)+δ

ˆ
∂E

(O( f 2 + |∇ f |2))dH N−1

≤ 1
η

C2∥HE f −HE f ∥
2
L2(∂E)+η∥ f∥2

H1(∂E)+Cδ∥ f∥2
H1(∂E).

(5.2.18)

The conclusion then follows combining (5.2.18) with Lemma 5.2.5 and taking δ and η

sufficiently small.

5.3 Uniform L1-estimate on the discrete flow

In this section, we prove Proposition 5.3.3, which plays a crucial role in the proof of
the main result of the chapter. Additionally, we show that the hypothesis of closeness
of the initial set to the stable set E in Theorem 5.1.1 cannot be weakened to closeness
only in L1.

5.3.1 Uniform L1 estimate

In this subsection we prove a uniform L1-estimate on the discrete flow starting from
an initial set E0 sufficiently “close” to a strictly stable set of the perimeter. Before we
recall the definition of Hausdorff distance and some of its properties, for a complete
reference see e.g. [9, Section 4.4], [81, Section 10.1].

Let C1, C2 ⊂ TN be closed sets, we define the Hausdorff distance between C1 and C2

as
dH(C1,C2) := inf

{
ρ > 0 : C1 ⊂ (C2)ρ ,C2 ⊂ (C1)ρ

}
,

where we recall that by Cρ we denote the closed δ -neighbourhood of C, that is Cρ =

{x ∈ TN : distC(x)≤ ρ}. Given Cn, C closed sets in TN , we say that {Cn}n∈N converges to
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C in the Hausdorff distance and we write Cn
H→C, if dH(Cn,C)→ 0 as n → ∞. We recall

that the space of closed subsets of a compact set equipped with the Hausdorff metric
is compact (see e.g [9, Theorem 4.4.15] or [81, Proposition 10.1]) and also that the
convergence in the Hausdorff distance is equivalent to the uniform convergence of the
respective distance functions, i.e.

Cn
H→C ⇐⇒ distCn → distC uniformly.

In the following, given two open smooth sets E1, E2, we will denote by dH(E1,E2) the
Hausdorff distance between their closures.

Lemma 5.3.1. Let E ⊂ TN be a strictly stable set and let ε > 0. Then, there exist
δ = δ (ε,E)> 0 and h∗ = h∗(E)> 0 such that, for every h< h∗ and for every set E0 satisfying

|E0|= |E|, dH(E0,E)≤ δ ,

we have
|E△F | ≤ ε,

where F is a solution of (3.4.1) with E0 replacing E.

Proof. Let h∗ = h∗(E) be the constant given by Proposition 3.4.4 so that, for every h < h∗,
E is the unique volume-constrained global minimizer of the functional

J̃h(G) := P(G)+
1
h

ˆ
G

distE(x)dx. (5.3.1)

Fix h < h∗ and let {En}n∈N be a sequence of sets satisfying

|En|= |E|, En
H→ E. (5.3.2)

Consider Fn a solution of (3.4.1) with En replacing E. We claim that

Fn
L1
→ E.

If we prove the claim, the conclusion easily follows.
First, Remark 3.4.2 ensures that {Fn}n∈N is a sequence of sets with uniformly

bounded perimeters, with the bound depending only on N,m,h. Therefore, there exist F
a set of finite perimeter such that |F |= m and a (unrelabelled) subsequence of {Fn}n∈N
such that

Fn
L1
→ F.
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Now, let K be a compact subset of TN such that, up to a subsequence, we have

Ec
n

H→ K.

From the second property in (5.3.2) we easily deduce that (E)c ⊂ K, and therefore
Kc ⊂ E. In particular, this inclusion implies that

ˆ
Kc

distK(x)dx =
ˆ

E
distK(x)dx ≥

ˆ
G

distK(x)dx

for every G ⊂ TN . Setting

J̄h(G) := P(G)+
1
h

ˆ
G
(distE(x)−distK(x))dx,

from the previous remark and from the fact that E is the unique minimizer of (5.3.1),
we have

J̄h(G) = J̃h(G)− 1
h

ˆ
G

distK(x)dx

> J̃h(E)−
1
h

ˆ
G

distK(x)dx

≥ J̃h(E)−
1
h

ˆ
E

distK(x)dx = J̄h(E),

for any measurable set G ⊂ TN with |G|= |E|. Finally, we obtain

J̄h(F) = P(F)+
1
h

ˆ
F
(distE(x)−distK(x)) dx

≤ liminf
n→∞

P(Fn)+
1
h

ˆ
F
(distE(x)−distK(x)) dx

= liminf
n→∞

(
P(Fn)+

1
h

ˆ
Fn

(
distEn(x)−distEc

n(x)
)

dx
)

≤ liminf
n→∞

(
P(E)+

1
h

ˆ
E

(
distEn(x)−distEc

n(x)
)

dx
)

= P(E)− 1
h

ˆ
E

distK(x)dx = J̄h(E)

where we exploited the lower-semicontinuity of the perimeter and the minimality of Fn.
Since E is the unique volume-constrained minimizer of J̄h, the set F must coincide with
E and this concludes the proof.
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Remark 5.3.2. We remark that under the hypotheses of Lemma 5.3.1 we could have
just assumed the one-sided inclusion

E0 ⊂ (E)δ ∗

instead of
dH(E0,E)≤ δ

for a suitable δ ∗ ≤ δ . Indeed, let δn → 0 and En ⊂ (E)δn such that |En|= |E|. We prove
that En converges to E in the sense of Kuratowski, and thus in the Hausdorff distance
(see [9] for the definition of Kuratowski convergence and its properties). Let {xn}n∈N be
a sequence such that xn ∈ En and xn → y. For every n ∈ N, there exists yn ∈ E such that
|xn − yn| ≤ δn. Therefore, for any ε > 0 there exists n0 such that, for n ≥ n0, we have

|yn − y| ≤ |yn − xn|+ |xn − y| ≤ δn + ε,

that is yn → y. Since {yn}n∈N ⊂ E, we have y ∈ E.
Fix now y∈E. Assume by contradiction that there exists δ > 0 such that distEn(y)> δ ,

i.e. it doesn’t exist a sequence of elements in En converging to y. From this (and up to
subsequences) it follows

En ⊂ (E)δn \Bδ (y) ∀n ∈ N.

Thus we have

m = lim
n→∞

|En| ≤ lim
n→∞

|(E)δn \Bδ (y)|

≤ lim
n→∞

|(E)δn \ (Bδ (y)∩E) |

= lim
n→∞

|(E)δn|− |Bδ (y)∩E|= m−|Bδ (y)∩E|

which is a contradiction.

We are now able to prove the main estimate that will be used in the proof of
Proposition 5.4.2.

Proposition 5.3.3 (Uniform L1-estimate). Let E ⊂ TN be a strictly stable set. Then, for
every ε > 0 there exist δ ∗ = δ ∗(ε,E)> 0 and h∗ = h∗(E)> 0 with the following property:
for every h < h∗, if E0 is a measurable set such that

|E0|= |E|, E0 ⊂ (E)δ ∗,
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then the discrete flow {En
h}n∈N starting from E0 satisfies

α(E,En
h)≤ ε

for every n ∈ N, where we recall α(G,F) = minx∈TN |G△(F + x)| for every measurable sets
G,F ⊂ TN .

Proof. Fix h < h∗, where h∗ = h∗(E) is the constant given by Lemma 5.3.1 and let
σ = σ(E), C =C(E) be the constants of Theorem 3.1.11. Moreover, let δ := δ (σ ,E) be
the constant given by Lemma 5.3.1 with σ replacing ε. Set δ ∗ ≤ δ to be chosen later
and consider E0 such that

|E0|= |E|, E0 ⊂ (E)δ ∗.

Recall that, from Remark 5.3.2 and from the hypothesis E0 ⊂ (E)δ ∗, without loss of
generality, we can assume dH(E0,E)≤ δ ∗. Moreover, by the regularity of E, we can also
suppose α(E0,E) ≤ C̃δ ∗, for a suitable constant C̃ > 0 that only depends on E. From
Lemma 5.3.1 we have that

|E1
h△E| ≤ σ . (5.3.3)

Let x0 be such that α(E0,E) = |E0△(E + x0)|. By choosing E + x0 as a competitor for the
minimality of E1

h and estimating dist∂E0 ≤ diam(TN) =
√

N, we find

P(E1
h)−P(E)≤ 1

h

ˆ
E0△(E+x0)

dist∂E0(x)dx ≤
√

N
h

α(E0,E)≤
√

N
h

C̃δ
∗.

By (5.3.3), we can apply Theorem 3.1.11 and the previous estimate to obtain

α(E1
h ,E)≤

1√
C

√
P(E1

h)−P(E)≤ 1√
C

√√
N

h
α(E,E0)≤

1√
C

√√
N

h
C̃δ ∗ ≤ min{σ ,δ ,ε},

where we have chosen δ ∗ such that δ ∗ ≤ Ch(min{σ ,δ ,ε})2 /(C̃
√

N). Since E1
h is a Λ-

minimizer and E is regular, up to taking δ ∗ smaller, the classical regularity theory for
Λ-minimizers (see Theorem 3.1.3) implies

dH(∂E1
h ,∂E + x1)≤ δ ,

where x1 is such that α(E1
h ,E) = |E1

h△(E + x1)|.
Now we iterate the procedure: by induction, suppose that

α(En−1
h ,E)≤ min{σ ,δ ,ε}, dH(∂En−1

h ,∂E + xn−1)≤ δ (5.3.4)
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where xn−1 is such that |En−1
h △(E+xn−1)|= α(En−1

h ,E). Observe that the second inequal-
ity in (5.3.4) implies that dH(En−1

h ,E + xn−1)≤ δ , therefore En−1
h and E + xn−1 satisfy the

hypotheses of Lemma 5.3.1 and thus

|En
h△(E + xn−1)| ≤ σ .

Observe that by definition α(En
h ,E + xn−1) = α(En

h ,E). Now, by Theorem 3.1.11 and the
monotonicity of the perimeters along the discrete flow we obtain

α(En
h ,E)≤

1√
C

√
P(En

h)−P(E)

≤ 1√
C

√
P(E1

h)−P(E)

≤ 1√
C

√√
N

h
C̃δ ∗ ≤ min{σ ,δ ,ε}.

Again, thanks to the choice of δ ∗, the hypotheses of Theorem 3.1.3 are satisfied and
thus

dH(∂En
h ,∂E + xn)≤ δ ,

where xn is such that α(En
h ,E) = |En

h△(E + xn)|. This concludes the proof.

5.3.2 Some remarks on the hypothesis of the L1-estimate

In this subsection we show that Proposition 5.3.3 does not hold if we weaken the
hypothesis of closeness in the Hausdorff distance between the starting set E0 and the
strictly stable set E. In particular, we prove that the sole hypothesis of closeness in L1

and in perimeter is not enough. We remark that a modification of this example yields
the same result in RN .

Fix h > 0 and G ⊂ TN . Recall that, for any set F ⊂ TN such that |F |= |G|, we have set

Jh(F,G) := P(F)+
1
h

ˆ
F△G

dist∂G(x)dx. (5.3.5)

Proposition 5.3.4. There exist m > 0 and a sequence {En}n∈N ⊂ TN with the following
properties: |En|= m for every n ∈ N, P(En) is uniformly bounded and, letting Fn be any
volume-constrained minimizer of (5.3.5) with En instead of G, we have

En
L1
→ E, P(En)→ P(E) but Fn

L1
→ F,

where E is a lamella and F is such that |E△F |> 0.
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Proof. Let m > 0 such that the ball of volume m has perimeter strictly less than the one
of the lamella of the same volume; we remark that for every smaller volume m′ ≤ m the
same property holds. Let E be a lamella of measure m, that is a set whose 1-periodic
extension in RN is stripe bounded by two parallel hyperplanes. Recall that E is a
strictly stable set of the perimeter in TN . From the assumption on m it follows that E is
only a local minimizer of the perimeter and not a global one.
Step 1. Firstly, we construct a sequence {En}n∈N such that En → E in L1 and ∂En → TN

in the Hausdorff distance. We define En by adding to E some balls contained in TN \E
and of overall small volume, and by subtracting to E balls contained in E with the same
overall volume.

Recall that TN = [0,1]N/ZN . In the following, with a little abuse of notation, we will
identify TN and [0,1)N . We define

In : =
{

k = (k1, . . . ,kN) ∈ ZN : 0 ≤ ki ≤ 2n −1 ∀i = 1, . . .N
}
,

Pn : =
{

Qn,k :=
[
0,

1
2n

)N
+

k
2n : k ∈ In

}
,

for every n ∈ N. Up to choosing m smaller, we can assume that m = 1/2s for some s ∈ N.
Moreover, we can suppose, up to translations, that E = [0,1)N−1× (0,1/2s), thus for n ≥ s
we have

E = Int

 ⋃
k∈In, 0≤kN≤2n−s−1

Qn,k

 ,

where Int(·) denotes the interior of a set in TN . For every n ≥ s and k ∈ In, we consider
the balls Bn,k ⊂ Qn,k centered in the center of the cube Qn,k and of radius rn,k chosen in
such a way that ∣∣∣∣∣∣ ⋃

k∈In, 0≤kN≤2n−s−1

Bn,k

∣∣∣∣∣∣=
∣∣∣∣∣∣ ⋃
k∈In, 2n−s≤kN≤2n−1

Bn,k

∣∣∣∣∣∣ . (5.3.6)

Moreover, we can also take the radii rn,k sufficiently small so that

lim
n→∞

∣∣∣∣∣⋃
k∈In

Bn,k

∣∣∣∣∣= 0, lim
n→∞

P

(⋃
k∈In

Bn,k

)
= 0. (5.3.7)

Set now

An :=
⋃

k∈In, 0≤kN≤2n−s−1

Bn,k ⊂ Int

 ⋃
k∈In, 0≤kN≤2n−s−1

Qn,k

= E,
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Cn :=
⋃

k∈In, 2n−s≤kN≤2n−1

Bn,k ⊂
⋃

k∈In, 2n−s≤kN≤2n−1

Qn,k ⊂ TN \E.

Define En = (E ∪Cn)\An and observe that, by (5.3.6), we have |En|= |E|. Now, by (5.3.7),
we also obtain

En
L1
→ E and P(En)→ P(E).

Observe that, from the definition of An and Cn, we have that

(∂An)√N/2n ∪ (∂Cn)√N/2n = TN

and therefore the set ∂En = ∂E ∪ ∂Cn ∪ ∂An converges in the Hausdorff metric to the
whole TN as n →+∞. Therefore we have constructed a sequence {En}n∈N that satisfies

En
L1
→ E, P(En)→ P(E), ∂En

H→ TN . (5.3.8)

Step 2. Let En be the sets previously defined. We consider the space X = {F ⊂
TN : F is measurable} endowed with the L1-distance, i.e. distL1(F,G) = |F△G| for every
F,G ∈ X . We extend our functional in the following way

J̃h(F,E) :=

Jh(F,E) if P(F)< ∞, |F |= m,

+∞ otherwise

and we set Jn := J̃n(·,En). We then prove the Γ-convergence of the functionals Jn to the
perimeter functional in X (see for istance [30] for the definition of Γ-convergence and
its properties), that is

Γ(X)− lim
n→∞

Jn = P. (5.3.9)

We can clearly restrict ourselves to consider sets of finite perimeter and volume m,
otherwise the result is trivial. For any given set F of measure m and finite perimeter
we choose the sequence constantly equal to F as a recovery sequence for F. Indeed,
by (5.3.8) we have

Jn(F) = P(F)+
1
h

ˆ
F△En

dist∂En → P(F).

We now prove the liminf inequality. Given a sequence Fn that converges to F in L1, by
the L1-semicontinuity of the perimeter, we have

P(F)≤ liminf
n→∞

P(Fn)≤ liminf
n→∞

(
P(Fn)+

1
h

ˆ
Fn△En

dist∂En

)
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and thus (5.3.9) is proved. Therefore, thanks to the equi-coercivity of the functionals
Jn, any sequence of volume-constrained global minimizers of Jn converges in L1, up
to a subsequence, to a volume-constrained global minimizer of the perimeter in the
torus. Let {Fn}n∈N be a sequence of global minimizers of the functional Jn and let F be
such that Fn → F in L1. We know that F is a global minimizer of the perimeter and
that by the choice of m the lamella is not a global minimizer. Therefore it must hold
|E△F |> 0.

5.4 Convergence of the flow

In this section, we will prove the first main result of the chapter concerning the stability
of the discrete flow.

5.4.1 Convergence of the flow up to translations

In this subsection we characterize the long-time behaviour up to translations of the
discrete mean curvature flow in the flat torus starting near a regular strictly stable set.
We start by recalling a Lemma.

Lemma 5.4.1 ([82, Lemma 3.6]). Let {En
h}n∈N be a volume-preserving discrete flow

starting from E0 and let Ekn
h be a subsequence such that Ekn

h + τn → F in L1(TN) for some
set F and a suitable sequence {τn}n∈N ⊂ TN . Then dist

∂Ekn−1
h

(·+ τn)→ dist∂F uniformly.

Proposition 5.4.2. Let E ⊂ TN be a strictly stable set. Then there exist δ ∗ = δ ∗(E)> 0
and h∗ = h∗(E) > 0 with the following property: if h < h∗ and E0 ⊂ TN is a set of finite
perimeter satisfying

|E0|= |E|, E0 ⊂ (E)δ ∗,

then, for every discrete flow {En
h}n∈N starting from E0, there exists a sequence of transla-

tions τn ∈ TN such that

En
h + τn → E in Ck for every k ∈ N.

Proof. Let ε > 0 be sufficiently small and let δ ∗ = δ ∗(ε,E), h∗ = h∗(E) be the constants
given by Proposition 5.3.3. Fix E0 an initial set satisfying |E|= |E0| and E0 ⊂ (E)δ ∗. It
is enough to show that any (unrelabelled) subsequence of the discrete flow starting
from E0 admits a further subsequence converging in Ck and up to translations to E. We
divide the proof into three steps.
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Step 1. (Existence and regularity of a limit point) From Proposition 3.4.3 we remark
that, for n ≥ 1, the sets En

h are uniform Λ-minimizers with uniformly bounded, non-
increasing perimeters. Therefore, by the compactness of (uniform) Λ-minimizers, we
can conclude that there exists a subsequence {Ekn

h }n∈N and a Λ-minimizer E∞
h such that

Ekn
h

L1
→ E∞

h , P(Ekn
h )→ P(E∞

h ), sdEkn−1
h

→ sdE∞
h

uniformly.

Let G be a set of finite perimeter such that |G|= m. By the minimality of Ekn
h we have

P(Ekn
h )+

1
h

ˆ
Ekn

h

sdEkn−1
h

(x)dx ≤ P(G)+
1
h

ˆ
G

sdEkn−1
h

(x)dx

and, taking the limit as n → ∞, we obtain

P(E∞
h )+

1
h

ˆ
E∞

h

sdE∞
h
(x)dx ≤ P(G)+

1
h

ˆ
G

sdE∞
h
(x)dx.

We have thus proved that E∞
h is a fixed point for the discrete flow and thus, by Proposi-

tion 3.4.4, it is a critical point for the perimeter.
Let τ∞ ∈ argminx|(E∞

h + x)△E|. By Proposition 5.3.3 we have α(E,Ekn
h )≤ ε for every

n ∈ N. Now, up to taking ε smaller, Theorem 3.1.3 and the smoothness of E, yields both
the C1,β -closeness between E∞

h + τ∞ and E, and the C1,β regularity of E∞
h + τ∞ (and thus

of E∞
h ), for every β ∈ (0,1). From Proposition 3.4.3 (iv) it follows that E∞

h is of class C2,β ,
therefore we conclude that E∞

h has constant classical mean curvature and thus it is of
class C∞. Finally, the smoothness of E∞

h allows us to use Theorem 3.1.3 to to ensure
that the sets Ekn

h are of class C1,β for n large enough and to improve the convergence of
the subsequence to

Ekn
h → E∞

h in C1,β . (5.4.1)

Step 2. (Convergence in C2,β of the flow and C2,β -closeness to E) In this step we
will prove that E∞

h is C2,β -close to E and that the convergence of Ekn
h to E∞

h is in C2,β .
Without loss of generality, we assume that α(E,E∞

h ) = |E△E∞
h | so that the translations

introduced by the previous step do not appear.
First of all we remark that, owing to the compactness of ∂E∞

h , it suffices to show that
the result holds locally. By a compactness argument and the definition of convergence
of sets in C1,β (Definition 3.1.2), up to rotations and relabelling the coordinates, we
can find a cylinder C = B′× (−L,L), where B′ ⊂ RN−1 is a ball centred at the origin, and
functions f∞, fn ∈ C1,β (B′;(−L,L)) describing locally ∂E∞

h ∩C and ∂Ekn
h ∩C respectively.
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We remark that the convergence (5.4.1) now reads as

fkn → f∞ in C1,β (B′). (5.4.2)

We now prove that the curvatures HEkn
h

of the sequence Ekn
h are converging in C0,β to

the curvature of E∞
h in the following sense

HEkn
h
(·, fkn(·))→ HE∞

h
(·, f∞(·)) in C0,β (B′). (5.4.3)

We will follow an argument used in Step 3 of the proof of [4, Theorem 4.3].
Since we described ∂Ekn

h ∩C as a graph, the following formula for the curvature of
∂Ekn

h holds

div

(
∇ fkn(·)√

1+ |∇ fkn(·)|2

)
= HEkn

h
(·, fkn(·)) on B′ (5.4.4)

and an analogous formula holds for ∂E∞
h . From (5.4.4) and the Euler-Lagrange equation

(3.4.3), by integrating on B′, we then obtain

λknH
N−1(B′)− 1

h

ˆ
B′

sdEkn−1
h

(x′, fkn(x
′))dH N−1(x′) (5.4.5)

=

ˆ
B′

HEkn
h
(x′, fkn(x

′))dH N−1(x′)

=

ˆ
B′

div

(
∇ fkn(x

′)√
1+ |∇ fkn(x′)|2

)
dH N−1(x′)

=

ˆ
∂B′

∇ fkn(y)√
1+ |∇ fkn(y)|2

· y dH N−2(y),

where we set y = x′/|x′| and integrated by parts in the last line. We can then exploit the
convergence (5.4.2) and the formula (5.4.4) for the curvature of E∞

h to prove

ˆ
∂B′

∇ fkn(y)√
1+ |∇ fkn(y)|2

· y dH N−2(y)→
ˆ

∂B′

∇ f∞(y)√
1+ |∇ f∞|2(y)

· y dH N−2(y)

=

ˆ
B′

div

(
∇ f∞(x′)√

1+ |∇ f∞(x′)|2

)
dH N−1(x′)

= HE∞
h
H N−1(B′).

Now, Lemma 5.4.1 ensures that sdEkn−1
h

→ sdE∞
h

uniformly and we can use the con-
vergence (5.4.2) to obtain sdEkn−1

h
((·, fkn(·)))→ sdE∞

h
((·, f∞(·))) = 0 uniformly on B′, since
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∂E∞
h ∩C = {(x′, f∞(x′)) : x′ ∈ B′)} by definition. Therefore we find

ˆ
B′

sdEkn−1
h

((x′, fkn(x
′)))dH N−1(x′)→

ˆ
B′

sdE∞
h
((x′, f∞(x′)))dH N−1(x′) = 0.

We then conclude that (5.4.5) converges to HE∞
h
H N−1(B′) and thus it must hold

λkn → HE∞
h
.

From (3.4.3), the previous result and the fact that the signed distance functions are
all equi-lipschitz, we conclude that for any β ∈ (0,1), the sequence (HEkn

h
(·, fkn(·))) is

bounded in C0,β (B′) and thus it converges uniformly to HE∞
h
(·, f∞(·)). This proves the

convergence (5.4.3).
We remark that the previous result also hold if we describe the sets of the flow Ekn

h
as normal deformations of E∞

h , that is there exist functions ϕkn : ∂E∞
h → R such that

Ekn
h = (E∞

h )ϕkn
. In this case the convergence (5.4.1) reads as

ϕkn → 0 in C1,β (∂E∞
h ),

and this and Lemma 5.4.1 ensure that

sdEkn−1
h

(·+ϕkn(·)νE∞
h
(·))→ sdE∞

h
(·) = 0 uniformly on ∂E∞

h .

Now, the convergence of the curvatures reads as

HEkn
h
(·+ϕkn(·)νE∞

h
(·))→ HE∞

h
(·) in C0,β (∂E∞

h ).

We can then apply directly [4, Lemma 7.2] to obtain that the subsequence Ekn
h is

converging to E∞
h in C2,β .

To prove the C2,β -closeness of the limit point we argue by contradiction. Assume
that a sequence of limit points {E∞,l

h }l∈N is converging in C1,β to E but there exists σ > 0
such that

distC2,β (E,E∞,l
h )> σ

for every l large enough. Again, we describe locally ∂E∞,l
h and ∂E as graphs of suitable

functions f∞,l, f : B′→ (−L,L) and we can repeat the same argument previously employed
to prove that

HE∞,l
h
((·, f∞,l(·)))→ HE((·, f (·))) in C0,β (B′).
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This time the argument is simpler, since the limit points are stationary sets for the
perimeter and thus their Euler-Lagrange equation is

HE∞,l
h

= λE∞,l
h

∈ R on ∂E∞,l
h .

Again, Lemma 7.2 in [4] yields the desired contradiction.
Step 3. (Uniqueness up to translations and Ck convergence) By the previous step
we can find a suitable function ϕ∞ ∈ C2,β (∂E) such that E∞

h = Eϕ∞
. Up to introducing

a further translation given by Lemma 3.1.10, the hypotheses of Theorem 5.2.1 are
satisfied and thus

∥ϕ∞∥H1(∂E) ≤C∥HE∞
h
−HE∞

h
∥L2(∂E) = 0,

since the set E∞
h is a stationary set for the perimeter. Therefore E∞

h is a translated of
the set E.

A standard bootstrap method based on the elliptic regularity theory combined with
the Euler-Lagrange equation (3.4.3) yields the convergence in Ck for every k ∈ N.

5.4.2 Exponential convergence of the whole flow

In this subsection we will prove that the translations introduced in Proposition 5.4.2
decay to zero exponentially fast. In order to prove this result we will estimate the
decay of the dissipations via a dissipation-dissipation inequality, which in turn relies
on the quantitative Alexandrov type estimate established in Theorem 5.2.1. We start
by recalling some preliminary results from [82].

For every measurable sets E,F , we recall the notation

D(E, F) :=
ˆ

E∆F
dist∂E(x)dx.

The following lemma is an adaptation to our case of [82, Lemma 3.8]. We report its
proof for the reader’s convenience.

Lemma 5.4.3 (A priori estimates). Let η > 0 and let E ⊂ TN be a strictly stable set.
There exists δ > 0 with the following property: if f1, f2 ∈C1(∂E) with ∥ fi∥C1(∂E) ≤ δ and
|E fi|= |E| for i = 1,2 we have

C1(1−η)∥ f1 − f2∥2
L2 ≤D(E f1,E f2)≤C1(1+η)∥ f1 − f2∥2

L2 (5.4.6)

1−η

2

ˆ
∂E f1

sd2
E f2

dH N−1 ≤D(E f1,E f2)≤
1+η

2

ˆ
∂E f1

sd2
E f2

dH N−1 (5.4.7)
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|bar(E f1)−bar(E f2)|
2 ≤C2∥ f1 − f2∥2

L2 ≤
C2

C1(1−η)
D(E f1,E f2) (5.4.8)

for suitable constants C1,C2 > 0.

Proof of Lemma 5.4.3. The proof of equations (5.4.6) and (5.4.7) are quite analogous
to the corresponding ones in [82]. We recall it for the sake of completeness and to
highlight the minor differences between the two versions.

We start by observing that for any η ′ > 0, if δ is sufficiently small, then for every
p0 ∈ ∂E f2 the boundary of E f2 in a small disc must be contained in a cone

∂E f2 ∩B4δ̄
(p0)⊂ G :=

{
y ∈ RN : |(y− p0) ·νE f2

(p0)|2 ≤
η ′2

1+η ′2 |y− p0|2
}
. (5.4.9)

We then divide the rest of the proof into two steps.
Step 1. If δ is small enough , for every point p = λ p0 ∈ B2δ (p0) (λ > 0), we have that

1
1+η ′ |p− p0| ≤ dist(p,∂E f2)≤ |p− p0|.

Indeed the second inequality is trivial by definition, since p0 ∈ ∂E f2. Concerning the
first one, set q ∈ ∂E f2 such that dist(p,∂E f2) = |p−q|, in particular |p−q| ≤ |p− p0| ≤ 2δ .
From (5.4.9) we infer that q ∈ G and thus we have

dist(p,∂E f2)≥ dist(p,G) =
1√

1+η ′2
|p− p0| ≥

1
1+η ′ |p− p0|

where we used the explicit formula for the projection of a point on a cone. If p0 :=
s+ f2(s)νE(s) ∈ ∂E f2 with s ∈ ∂E, we set

pt := p0 + t
f1(s)− f2(s)
| f1(s)− f2(s)|

νE(s) for all t ∈ [0,c| f1(s)− f2(s)|]

for an appropriate constant c such that the quantities defined are regular. We deduce
that

1
1+η ′ t ≤ dist(pt ,∂E f2)≤ t. (5.4.10)

Keeping the same notation and using the coarea formula (also recall (5.2.9)), we infer
that

D(E f1,E f2) =

ˆ
E f1△E f2

dist(x,∂E f2)dx

=

ˆ
∂E

dH N−1(s)
ˆ c| f1(s)− f2(s)|

0
dist(pt ,∂E f2)JΦ(s, t)dt
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=

ˆ
∂E

dH N−1(s)
ˆ c| f1(s)− f2(s)|

0
dist(pt ,∂E f2)dt

+

ˆ
∂E

dH N−1(s)
ˆ c| f1(s)− f2(s)|

0
dist(pt ,∂E f2)(JΦ(s, t)−1)dt. (5.4.11)

Recalling that for every s ∈ ∂E we have that JΦ(s, ·)−1 is Lipschitz continuous with
constant HE , for δ small enough and using (5.4.10), we get

D(E f1,E f2)≤ (1+δHE)

ˆ
∂E

dH N−1(s)
ˆ c| f1(s)− f2(s)|

0
t dt (5.4.12)

=
1+δHE

2
C2

ˆ
∂E

| f1(s)− f2(s)|2 dH N−1(s), (5.4.13)

from which the second inequality in (5.4.6) follows by taking δ small enough. On the
other hand, by (5.4.10) we also have

D(E f1 ,E f2)≥
1−δHE

1+η ′

ˆ
∂E

dH N−1(s)
ˆ c| f1(s)− f2(s)|

0
t dt

=
1−δHE

1+η ′ C2
ˆ

∂E
| f1(s)− f2(s)|2 dH N−1(s), (5.4.14)

from which the first inequality in (5.4.6) follows by taking η ′ and δ small enough.
Step 2. The inequalities (5.4.7) and (5.4.8) are now easy consequences. Indeed, by
(5.4.10) we have that, for every p1 = (1+ f1(s))νE(s) ∈ ∂E f1, it holds

c
1+η ′ | f1(s)− f2(s)| ≤ dist(p1,E f2)≤ c| f1(s)− f2(s)|.

Therefore (5.4.7) follows from (5.4.13) and (5.4.14), by taking η ′ and δ smaller if needed
and using the same change of coordinates used previously (recall that JΦ and its
inverse are estimated from above by 1+Cδ for a suitable constant C > 0).

Finally, we prove (5.4.8). For δ small enough, we can bound the Jacobian by 2 and
therefore we obtain

|bar(E f1)−bar(E f2)| |E|=

∣∣∣∣∣
ˆ

E f1\E f2

xdx−
ˆ

E f2\E f1

xdx

∣∣∣∣∣
=

∣∣∣∣ˆ
∂E∩{ f1> f2}

dH N−1(s)
ˆ f1(s)

f2(s)
(s+ tνE(s))JΦ(s)dt

−
ˆ

∂E∩{ f1< f2}
dH N−1(s)

ˆ f2(s)

f1(s)
(s+ tνE(s))JΦ(s)dt

∣∣∣∣
≤ 2

∣∣∣∣ˆ
∂E

(
2s+(| f1(s)|+ | f2(s)|)νE(s)

)
| f1(s)− f2(s)|dH N−1(s)

∣∣∣∣
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≤C∥ f1 − f2∥L2

and the conclusion follows from (5.4.6).

The following lemma proves the crucial dissipation-dissipation inequality (5.4.16)
(see [82, Lemma 3.9]). This result will play a central role in the proof of Theorem 5.1.1.
Its proof is based on the Alexandrov-type estimate contained in Theorem 5.2.1.

Lemma 5.4.4. Let h > 0 and let E ⊂ TN be a strictly stable set. There exist constants
C, δ > 0 with the following property: for any pair of normal deformations E f1 , E f2 with
fi ∈C2(∂E), ∥ fi∥C1(∂E) ≤ δ , and such that |E f2 |= |E|, |

´
∂E νE f2 dH N−1| ≤ δ∥ f2∥L2(∂E) and

HE f2
+

sdE f1

h
= λ on ∂E f2 (5.4.15)

for some λ ∈ R, we have
D(E,E f2)≤CD(E f2,E f1). (5.4.16)

Proof. By Theorem 5.2.1, for δ sufficiently small, we get

∥ f2∥2
L2(∂E) ≤C∥HE f2

−HE f2
∥2

L2(∂E) ≤C∥HE f2
−λ∥2

L2(∂E)

≤ 2C∥HE f2
−λ∥2

L2(∂E f2)
=

2C
h2

ˆ
∂E f2

sd2
E f1

dH N−1,

where the third inequality follows by bounding the Jacobian of the change of variables
by 2 (see (5.2.4)). By combining the previous inequalities with (5.4.6) and (5.4.7), we
obtain the thesis.

We are now able to prove our main result. The proof relies on our previous result
Proposition 5.4.2, however this time we have to show that the translations introduced
converge to an appropriate translation ξ . To achieve this result, we will obtain in Step
1 some estimates on the dissipations along the flow by comparing the energy with a
suitable competitor. Once the (exponential) decay of the dissipations is proved, the
convergence of the translations follows (see Step 2). The last step is devoted to prove
the exponential convergence of the sets.

Proof of Theorem 5.1.1. Let h∗ > 0, δ ∗ > 0 and {τn}n∈N be given by Proposition 5.4.2.
Fix h < h∗ and set En := En

h . We split the proof in three steps.
Step 1. (Exponential convergence of dissipations) Testing the minimality of En with
En−1 we obtain

P(En)+
1
h
D(En,En−1)≤ P(En−1).
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Recalling that P(En)→ P(E) and summing the previous inequality from n+1 to +∞ we
get

+∞

∑
k=n+1

1
h
D(Ek,Ek−1)≤ P(En)−P(E). (5.4.17)

We will now construct a suitable competitor to estimate the dissipation at the step
n−1 with the difference of perimeters. Since, by Proposition 5.4.2, we have

En + τn → E in Ck ∀k ∈ N, (5.4.18)

the translated sets of the flow, for n large enough, can be written as normal deformations
of the set E, that is there exists gn : ∂E → R such that

En + τn = Egn,

where Egn was defined in Definition 3.1.1. The convergence (5.4.18) then reads as gn → 0
in Ck as n → ∞. Let σn be the translations introduced by Lemma 3.1.10 with En + τn

instead of F . From the convergence in Ck of En+τn to E, we deduce that σn → 0 as n → ∞.
Therefore, setting

Fn := En + τn +σn,

we have that Fn → E in Ck and Fn = E fn with fn : ∂E → R satisfying∣∣∣∣ˆ
∂E

fnνE dH N−1
∣∣∣∣≤ δ∥ fn∥L2(∂E) and ∥ fn∥W 2,p(∂E) ≤C∥gn∥W 2,p(∂E)

for p > N −1. Consider now the competitor

En := E − τn−1 −σn−1.

From the minimality of En we easily deduce

P(En)+
1
h
D(En,En−1)≤ P(En)+

1
h
D(En,En−1) = P(E)+

1
h
D(E,En−1+τn−1+σn−1) (5.4.19)

where we used the translational invariance of the dissipations. From Lemma 5.4.1
we obtain that the sequence En−2 + τn−1 +σn−1 converges in Ck to the same limit of
En−1 + τn−1 +σn−1, that is to E. In particular, for n large enough we can write En−2 +

τn−1 +σn−1 = Eψ for a suitable function ψ : ∂E → R (depending on n) and with ∥ψ∥C1(∂E)

small. From Lemma 5.4.4 we can then estimate the right hand side of (5.4.19) with

D(E,En−1 + τn−1 +σn−1) =D(E,Fn−1) = D(E,E fn−1)≤CD(E fn−1,Eψ)



5.4 Convergence of the flow 93

=CD(En−1 + τn−1 +σn−1,En−2 + τn−1 +σn−1)

=CD(En−1,En−2).

From the previous inequality and (5.4.19) we obtain

P(En)−P(E) = P(En)−P(En)≤
C
h

D(En−1,En−2). (5.4.20)

Now, (5.4.17) and (5.4.20) yield

∞

∑
k=n−1

1
h
D(Ek,Ek−1) =

∞

∑
k=n+1

1
h
D(Ek,Ek−1)+

1
h
D(En,En−1)+

1
h
D(En−1,En−2)

≤C+1
h

D(En−1,En−2)+
1
h
D(En,En−1)

≤C+1
h

(D(En−1,En−2)+D(En,En−1)) .

We then apply Lemma 5.4.5 below (with l = 2) to conclude

D(En,En−1)≤
(

1− 1
C+1

)n/2

(P(E0)−P(E)) . (5.4.21)

Step 2. (Exponential convergence of barycenters) Set

b =

(
1− 1

C+1

) 1
4

∈ (0,1). (5.4.22)

From (5.4.18) and Lemma 5.4.1 both the sequences {En + τn}n∈N and {En−1 + τn}n∈N
converge in Ck to E. Therefore, for n large enough, there exist some functions f1,n, f2,n ∈
Ck(∂E) such that

En + τn = E f1,n, En−1 + τn = E f2,n

and ∥ fi,n∥Ck(∂E) → 0 as n → ∞ for i = 1,2. From (5.4.8) and (5.4.21) we can estimate for n
sufficiently large

|bar(En)−bar(En−1)|= |bar(En + τn)−bar(En−1 + τn)|
= |bar(E f1,n)−bar(E f2,n)|

≤C
√

D(E f1,n ,E f2,n) =
√

D(En,En−1)

≤C (P(E0)−P(E))1/2 bn.
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In turn, the above estimate implies that {bar(En)}n∈N satisfies the Cauchy condition,
thus the whole sequence admits a limit ξ̄ ∈ TN . Moreover, the convergence is exponen-
tially fast in the sense that

|bar(E f1,n)− ξ̄ | ≤
∞

∑
k=n+1

|bar(E f1,n)−bar(E f2,n)| ≤C (P(E0)−P(E))1/2 bn

1−b

for n large enough. Recalling (5.4.18) we thus conclude that there exists a suitable
translation ξ ∈ TN such that for every k ∈ N

En → E −ξ in Ck as n → ∞.

Step 3. (Exponential convergence of the sets) By the previous step we can write, for
n large, the boundaries of the evolving sets as radial graphs of the limit set E − ξ .
Precisely, for n large enough there exist functions fn such that

En +ξ = E fn and ∥ fn∥Ck(∂E) → 0 as n → ∞. (5.4.23)

From (5.4.6) and for n large enough we have ∥ fn− fn−1∥L2(∂E) ≤ 2
√

D(En,En−1) and thus,
recalling (5.4.21) and arguing as in Step 2, we get

∥ fn∥L2(∂E) ≤
∞

∑
k=n+1

∥ fn − fn−1∥L2(∂E) ≤ (P(E0)−P(E))1/2 bn

1−b
(5.4.24)

where b is as in (5.4.22). The above estimate yields the exponential decay of the L2-
norms of the radial graphs. We recall the well-known Gagliardo-Nieremberg inequality:
for every j ∈ N there exists C > 0 such that, if g is smooth enough on the boundary of a
smooth set E, then

∥Dkg∥L2(∂E) ≤C∥D2kg∥1/2
L2(∂E)∥g∥1/2

L2(∂E) (5.4.25)

where Dk stands for the collection of all the k-th order derivatives of g, see e.g. [11, Theo-
rem 3.70]. Now, by (5.4.23) for every k there exists nk such that supn≥nk

∥D2k fn∥L2(∂E) ≤ 1,
therefore we may apply (5.4.25) to fn to deduce from (5.4.24) that also ∥Dk fn∥L2(∂E)

decays exponentially fast for all k ∈ N. The Sobolev immersion theorem then yields the
exponential decay in Ck for every k thus completing the proof of the result.

Lemma 5.4.5. Let {an}n∈N be a sequence of non-negative numbers. Assume furthermore
that there exist c > 1, l ∈ N such that ∑

∞
n=k an ≤ c∑

k+l−1
j=k a j for every k ∈ N. Then

ak ≤
(

1− 1
c

) k
l

S
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for every k ∈ N, where S = ∑
∞
n=1 an.

The proof of the previous lemma can be found in [82, Lemma 3.11].

5.5 Two-dimensional case

In this section, we completely characterize the long-time behaviour of the discrete
flow in dimension two. This particular choice for the dimension is purely technical
and can be justified as follows. In the two-dimensional flat torus we have a complete
characterization of the critical points of the perimeter: they consist in unions of disjoint
discs (having the same area) or in unions of disjoint lamellae (possibly having different
areas), or their complements. It turns out that these sets are all strictly stable. This
allows us to conclude that either the connected components of any limit point of the
discrete flow or the ones of their complements are strictly stable sets. We remark that
in higher dimension this could not be true anymore.

Fix h, m > 0 and let {En
h}n∈N be a flow with initial set E0 ⊂ T2 such that |E0|= m. We

recall that, by Proposition 3.4.3, there exists a0 > 0 such that the distance between
the connected components of the set En

h is at least a0. Moreover, the proposition also
provides a bound from below on the diameter of the connected components. Set

P∞ := lim
n→∞

P(En
h)

as the limit of the monotone sequence of the perimeters along the discrete flow. Let F
be any possible limit point of the sequence {Eh

n}n∈N. We observe that if F is a union of
discs then its number of connected components must be π−1P2

∞/(4m) and therefore the
form of the limit point is uniquely determinated up to translations. Analogously, if F is
the complement of a union of discs, Fc is made of π−1P2

∞/(4−4m) connected components
and thus it is uniquely determinated up to translations of its complement. In the case
when F is a union of lamellae the number of connected components is, in general, less
than or equal to P∞/2, and we have no information on the area of the single components.

Since we will consider h as a fixed parameter, from now on we will denote by En the
set En

h .

Remark 5.5.1 (Remarks on the uniform C1,α -closeness to limit points). We remark
that for every ε > 0 there exists n0 = n0(ε) ∈ N such that for every n ≥ n0 it holds

|En△
ln⋃

i=1

Fi,n| ≤ ε or |Ec
n△

Ln⋃
i=1

Fi,n| ≤ ε, (5.5.1)



96 Contents

Fig. 5.1 The lamella L in light blue, the line a dashed in red.

where, in the first case,
⋃ln

i=1 Fi,n is a union of disjoint lamellae or a union of disjoint
discs, with Fi,n having the same mass of the i-th connected component of En; ln is either
less than or equal to P∞/2 if Fi,n, i = 1, . . . , ln, are lamellae or ln = π−1P2

∞/(4m) if they
are discs; in the second case,

⋃Ln
i=1 Fi,n is a union of disjoint discs, with Fi,n having the

same mass of the i-th connected component of Ec
n and Ln = π−1P2

∞/(4−4m). This can be
easily proved recalling that any subsequence of the flow admits a further subsequence
converging in L1 to a set of the aforementioned form.

Moreover, the classical regularity theory of Λ-minimizers implies that the previous
result can be improved. Consider, for the sake of simplicity, that En satisfies the first
inequality in (5.5.1) (the other case being analogous). Then one can prove that for every
ε > 0 there exists n0 = n0(ε) such that for every n ≥ n0 it holds

En =
ln⋃

i=1

(Fi,n) fi,n where fi,n ∈C1,α(∂Fi,n), ∥ fi,n∥C1,α (∂Fi,n)
≤ ε. (5.5.2)

Remark 5.5.2. In this remark, we identify T2 with the unit square [0,1)2. We prove
that for a fixed M > 0 there exists a finite number of slopes such that, for any lamella L
having one of those slopes, we have P(L)≤ M.

Fix a lamella L. Let a ⊂ T2 be one of the two components of the boundary of L, and
suppose that (0,0) ∈ a. Since a is a closed curve in T2, by periodicity, the line in R2

passing through the origin and with the same slope of a must also pass through a point
of the form (p,q) ∈ N×N with p,q coprime or equal to (0,1) or (1,0). We then remark
that the length in T2 of a is equal to the one of the segment between the origin and
(p,q), that is length(a) = |(p,q)|. Since P(L) = 2 length(a), in order to have P(L)≤ M, the
point (p,q) must be contained in the disc of radius M/2. Our claim follows since in the
disc of radius M/2 there is a finite number of points belonging to N×N.

In the following lemma we characterize the geometric form of any limit point of the
discrete flow.
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Lemma 5.5.3 (Uniqueness of the form of the limit). Fix h, m > 0 and an initial set
E0 ⊂ T2 with mass m. Let {En}n∈N be a discrete flow starting from E0. Then either one of
the following holds:

i) the limit points of the flow are disjoint unions of l discs of total area m, where
l = π−1(4m)−1P2

∞ belongs to N,

ii) the limit points of the flow are the complement of disjoint unions of l discs of total
area 1−m, where l = π−1(4−4m)−1P2

∞ belongs to N.

iii) the limit points of the flow are disjoint unions of l lamellae of total area m, with
the same slope and l ≤ P∞/2. Moreover, the equality l = P∞/2 ∈ N holds if and only
if the limit is given by vertical or horizontal lamellae.

Proof. We first employ a compactness argument and then use Lemma 5.4.1 to conclude.
We start by fixing some notation. We denote by

EB :=
lB⋃

i=1

Bi (5.5.3)

any disjoint union of lB = 4−1πm−1P2
∞ discs each having radius 2m/P∞; we denote by

EBc :=

(
lBc⋃
i=1

Bi

)c

(5.5.4)

the complement of any disjoint union of lBc = 4−1π(1−m)−1P2
∞ discs, each of radius

2(1−m)/P∞; we denote by

EL :=
lL⋃

i=1

Li (5.5.5)

any disjoint union of lL ≤ P∞/2 lamellae having the same slope (and possibly having
different masses). We remark that, for every fixed P∞ and m, the following holds

i := inf{dH(EB,EL)∧ dH(EBc,EL)∧ dH(EBc ,EB) : EL,EB,EBc as above}> 0, (5.5.6)

This is clear if we compare the families EB,EBc and a union of lamellae having the
same slope. Since, by Remark 5.5.2, there is a finite number of possible slopes for
the lamellae, we conclude (5.5.6). From Remark 5.5.1 the discrete flow is eventually
C1-close to a limit point of the form EL,EB or EBc . Assume now by contradiction that the
flow does not converge to a fixed configuration. Then, without loss of generality, we can
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assume that for every 0 < ε < i/3 there exist infinitely many indexes such that

dH(En−1,EB)≤ ε and dH(En,EL)≤ ε.

Therefore we get

dH(EB,EL)≤ dH(EB,En−1)+ dH(EL,En)+ dH(En,En−1)≤ 2ε + dH(En,En−1).

To reach the contradiction (compare (5.5.6)), it is enough to show that for every ε > 0
there exists n0 = n0(ε) such that for every n ≥ n0 it holds

dH(En−1,En)≤ ε. (5.5.7)

Assume by contradiction the existence of a subsequence nk along which the flow satisfies

dH(Enk−1,Enk)> ε.

Up to a further subsequence, Enk → F , with F being a set of the form EB,EL or EBc. But
then Lemma 5.4.1 implies sdEnk−1 → sdF uniformly, which is clearly a contradiction.

Finally, we observe that in case iii) the number of connected component is given by
P∞

2|(p,q)| , where we used the same notation of Remark 5.5.2. Thus, l = P∞/2 if and only
if (p,q) is equal to (0,1) or to (1,0) that means that the lamella is either vertical or
horizontal.

Thanks to the previous lemma we can then conclude the proof of Theorem 5.1.2, the
main result of this section. While the proofs of assertions i) and ii) of Theorem 5.1.2
are similar to the one of [82, Theorem 3.4], the third one is slightly different, the
main issue being that we can not fix the mass of the connected components of the
limiting configuration. We will prove nonetheless the exponential convergence of
the dissipations that, in turn, yields the convergence of the mass of the connected
components of the flow. We start by a simple remark.

Remark 5.5.4 (C1,α -closeness to lamellae). Let ε > 0. Consider two lamellae L1,L2

having the same slope, possibly having different area and two C1,α -deformations E1,E2,
respectively, of L1 and L2. Suppose also that

distC1,α (Ei,Li)≤ ε, i = 1,2.

Then the closeness in L∞ of E1 and E2 implies that E2 and L1 are close in C1,α . Indeed,
we first remark that

distC1,α (L2,L1) = distL∞(L2,L1)
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since the components of the boundaries of L1 and L2 differ only by a translation.
Moreover, the hypothesis distL∞(E1,E2)≤ ε implies distL∞(L2,L1)≤ 2ε. Now, let f2 be a
suitable function such that E2 = (L2) f2 , then ∥ f2∥C1,α (∂L2)

≤ ε and there exists a constant
|c| ≤ distL∞(L1,L2)≤ 2ε such that E2 = (L1) f2+c. Therefore we obtain

distC1,α (E2,L1) = ∥ f2 + c∥C1,α (∂L1)
≤ ∥ f2∥C1,α (∂L2)

+ |c| ≤ ε +2ε = 3ε.

Proof of Theorem 5.1.2. By Lemma 5.5.3, we can assume that all the limit points of the
flow are sets either of the form EB, EBc or EL (see (5.5.3), (5.5.4), (5.5.5)). To conclude
we need to prove that the whole sequence converges in Ck and exponentially fast to a
unique configuration.

In the case when the limit points are of the form EB, the proof follows the same spirit
of [82, Theorem 3.4], but it is easier since we work in a compact space. The case when
the limit points are of the form EBc is at all analogous: we simply remark that, if F is a
minimizer of 3.4.2, then its complement is a minimizer of the same problem with Ec

instead of E and with 1−m instead of m. By studying the evolution of the complement
of the discrete flow, we can conclude as before.

Now, suppose that the limit points are of the form EL. We begin by observing that
any subsequence of the flow admits a further subsequence converging in L1 to a union
of disjoint lamellae. Firstly, we prove the exponential decay of the dissipations. Testing
the minimality of Es with Es−1 we obtain

P(Es)+
1
h
D(Es,Es−1)≤ P(Es−1).

Summing for s ≥ n+1 we have
+∞

∑
s=n+1

1
h
D(Es,Es−1)≤ P(En)−P∞. (5.5.8)

With the notation previously introduced, for every ε we can choose n large enough
such that (5.5.2) holds. Let Fi,n be the sets given by (5.5.2): by Lemma 5.5.3, we know
that Fi,n, i = 1, . . . , ln, are eventually lamellae and ln = l ≥ P∞/2.

We will now construct a suitable competitor to estimate the dissipation at the step
n−1 with the difference of the perimeters. For n large enough consider the competitor
Ln =

⋃l
i=1 Fi,n−1. We remark that, by definition and for n large enough, this competitor

has perimeter P(Ln) = P∞. By Proposition 3.4.3, there exists s0 = s0(m,h,N,E0) > 0
such that the connected components Ei,n of En satisfy dist

(
Ei,n,E j,n

)
≥ s0 for every i ̸= j,

moreover Remark 5.5.1 ensures that dist
(
Fi,n−1,Fj,n−1

)
≥ s0/2 holds for n large enough

and i ̸= j. Thus, we can localize the dissipations
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D(En,En−1) =
l

∑
i=1

D(Ei,n,Ei,n−1), (5.5.9)

D(Ln,En−1) =
l

∑
i=1

D(Fi,n−1,Ei,n−1).

Testing the minimality of En with Ln and using the previous equality we have

P(En)+
1
h
D(En,En−1)≤ P(Ln)+

1
h

l

∑
i=1

D(Fi,n−1,Ei,n−1). (5.5.10)

Recalling Remark 5.5.4 and equations (5.5.2) and (5.5.7), we then obtain that the
connected components of both En−1 and En−2 are small normal C1,α -deformations of
the connected components of Ln−1. Thus we can assume that both Ei,n−1 and Ei,n−2

can be described as normal deformation of Fi,n−1 for i = 1, . . . ,k. Let fi,n−1 and fi,n−2 be
the functions (having small C1,α -norms) that describe respectively these deformations.
Now, recalling Lemma 5.4.4, we can estimate

D(Fi,n−1,Ei,n−1) =D(Fi,n−1,(Fi,n−1) fi,n−1)≤CD((Fi,n−1) fi,n−1 ,(Fi,n−1) fi,n−2)

=CD(Ei,n−1,Ei,n−2).

Thus, from equations (5.5.9) and (5.5.10) we get

P(En)−P∞ = P(En)−P(Ln)≤
C
h

l

∑
i=1

D(Ei,n−1,Ei,n−2) =
C
h

D(En−1,En−2)

and then (5.5.8) clearly yields
∞

∑
s=n−1

1
h
D(Es,Es−1) =

∞

∑
s=n+1

1
h
D(Es,Es−1)+

1
h
D(En−1,En−2)+

1
h
D(En,En−1)

≤ P(En)−P∞ +
1
h
D(En−1,En−2)+

1
h
D(En,En−1)

≤ C+1
h

D(En−1,En−2)+
1
h
D(En,En−1)

≤
(

C+1
h

D(En−1,En−2)+
1
h
D(En,En−1)

)
.

We can then conclude using the same arguments of [82, Theorem 3.4].
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6.1 Introduction

In this chapter, which is based on the results of [34], we develop the asymptotic analysis
of the discrete flow in the fractional setting (see (3.4.4)). We consider the ambient space
RN and assume that the dimension N is such that any Λ-minimizer of the fractional
perimeter is a smooth set. Namely, we will suppose that either:

• N = 2 and s ∈ (0,1);

• N ≤ 7 and s ∈ (s0,1), where s0 > 0 is the constant of [20, Theorem 3].

This is a technical hypothesis that could be dropped if, for instance, we knew that the
evolving sets were smooth. In particular, it is essential to characterize the possible
long-time limit points of the discrete flow. More precisely, the main theorem of the
chapter is the following.
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Theorem 6.1.1. Let m, M > 0 and let E0 ⊂RN be a bounded set with Ps(E0)≤ M, |E0|= m.
Then, for h = h(s,M,m)> 0 small enough the following holds: for any discrete flow En

h

starting from E0, there exists ξ ∈ RN such that

En
h −ξ → B(m) as n → ∞ in Ck for every k ∈ N,

where B(m) denotes the ball centered at the origin with volume equal to m. Moreover, the
convergence is exponentially fast, meaning that the sets En

h −ξ can be written as normal
deformations of B(m) (recall Definition 3.1.1) induced by functions fn ∈ C∞(B(m)) such
that ∥ fn∥Ck(∂B(m)) ≤ cke−ckn, for some constants ck > 0 possibly depending on k, m and M.

The proof of the main result follows the approach outlined in [82] regarding the
asymptotic convergence of the discrete flow in the local setting. In Section 6.2, we
establish a fractional quantitative Alexandrov theorem for normal deformations of a
ball. This result is a crucial step in proving the asymptotic convergence of the discrete
flow to a single ball, which is proved in Section 6.3. It is important to emphasize a
significant distinction between the classical setting and the fractional one. In the
classical setting, the possible limit points of the flow consist of unions of disjoint balls,
each with the same radius. However, in the fractional case, the limit points reduce
to a single ball. This is a peculiar feature of the nonlocal perimeter, that penalizes
non-connected components.

6.2 A fractional quantitative Alexandrov Theorem

In this section, we are going to prove a quantitative Alexandrov-type inequality. We
denote by B ⊂ RN the unit ball centered at the origin and by ωN its volume.

Theorem 6.2.1. There exists δ = δ (N)> 0 with the following property: for any f ∈C2(∂B)
such that ∥ f∥C1(∂B) ≤ δ , |B f |= ωN and bar(B f ) =

´
B f

xdx = 0, and for any s ∈ (0,1), there
exists C =C(N,s)> 0 such that

∥ f∥
H

1+s
2 (∂B)

≤C∥Hs
B f

− H̄s
B f
∥L2(∂B),

where we have set H̄s
B f

:=
ffl

∂B Hs
B f
(x+ f (x)x)dH N−1(x).

We will use the notation dH N−1
x = dH N−1(x) and

[ f ]21+s
2
= [ f ]2

H
1+s

2 (∂B)
=

ˆ
∂B

ˆ
∂B

| f (x)− f (y)|2

|x− y|N+s dH N−1
x dH N−1

y .
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We start by finding representation formulas for the s-fractional perimeter and its
first variation.

Lemma 6.2.2. The following equalities hold true:

1. If f ∈C2(∂B) with ∥ f∥∞ sufficiently small, then

Ps(B f ) =
Ps(B)
P(B)

ˆ
∂B
(1+ f )N−s dH N−1+

+
1
2

ˆ
∂B

ˆ
∂B

ˆ 1+ f (x)

1+ f (y)

ˆ 1+ f (x)

1+ f (y)
F|x−y|(r,ρ)dr dρ dH N−1

x dH N−1
y ,

(6.2.1)

where, for every θ ,r,ρ ∈ (0,+∞), we have set

Fθ (r,ρ) :=
rN−1ρN−1

((r−ρ)2 + rρθ 2)
N+s

2
.

2. If f ∈C2(∂B) with ∥ f∥∞ sufficiently small, then, for every ψ ∈C1(∂B), we have

∂Ps(B f )[ψ] = (N − s)
Ps(B)
P(B)

ˆ
∂B
(1+ f )N−s−1

ψ dH N−1

+2
ˆ

∂B

ˆ
∂B

ˆ f (x)

f (y)
ψ(x)F|x−y|(1+ f (x),1+ρ)dρ dH N−1

x dH N−1
y .

(6.2.2)

Proof. To obtain (6.2.1) we use the calculations in the proof of [48, Theorem 2.1]. Using
polar coordinates, we rewrite

Ps(B f ) =

ˆ
∂B

ˆ
∂B

ˆ 1+ f (x)

0

ˆ +∞

1+ f (y)
F|x−y|(r,ρ)dr dρ dH N−1

x dH N−1
y .

Then by simmetry we get

Ps(B f ) =
1
2

ˆ
∂B

ˆ
∂B

(ˆ 1+ f (x)

0

ˆ +∞

1+ f (y)
F|x−y|(r,ρ)dr dρ

+

ˆ 1+ f (y)

0

ˆ +∞

1+ f (x)
F|x−y|(r,ρ)dr dρ

)
dH N−1

x dH N−1
y .

Using the convention
´ b

a =−
´ a

b , we formally have

ˆ b

0

ˆ +∞

a
+

ˆ a

0

ˆ +∞

b
=

ˆ b

a

ˆ b

a
+

ˆ a

0

ˆ +∞

a
+

ˆ b

0

ˆ +∞

b
,
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which implies

Ps(B f ) =

ˆ
∂B

ˆ
∂B

(1
2

ˆ 1+ f (x)

1+ f (y)

ˆ 1+ f (x)

1+ f (y)
F|x−y|(r,ρ)dr dρ

+

ˆ 1+ f (x)

0

ˆ +∞

1+ f (x)
F|x−y|(r,ρ)dr dρ

)
dH N−1

x dH N−1
y .

(6.2.3)

By rescaling variables, for every x ∈ ∂B, we obtain that

ˆ
∂B

ˆ 1+ f (x)

0

ˆ +∞

1+ f (x)
F|x−y|(r,ρ)dr dρ dH N−1

y

= (1+ f (x))N−s
ˆ

∂B

ˆ 1

0

ˆ +∞

1
F|x−y|(r,ρ)dr dρ dH N−1

y .

By symmetry, we observe that the triple integral on the right hand side does not depend
on x ∈ ∂B, then, by taking f = 0 in (6.2.3), we can calculate its value and get

Ps(B) = P(B)
ˆ

∂B

ˆ 1

0

ˆ +∞

1
F|x−y|(r,ρ)dr dρ dH N−1

y .

Now, equation (6.2.1) follows from the previous observations.
To prove (6.2.2), we take the derivative

d
dt

∣∣∣
t=0

Ps(B f+tψ)

in formula (6.2.1) and, recalling that

d
dt

[ˆ
β (t)

α(t)

ˆ
β (t)

α(t)
F(r,ρ)dρ dr

]
=

ˆ
β (t)

α(t)
(F(β (t),ρ)β ′(t)−F(α(t),ρ)α ′(t))dρ

+

ˆ
β (t)

α(t)
(F(r,β (t))β ′(t)−F(r,α(t))α ′(t))dr

for every α, β : R→ R of class C1 and F ∈C0(R×R), we conclude

∂Ps(B f )[ψ] =

ˆ
∂B

ˆ
∂B

ˆ 1+ f (x)

1+ f (y)

(
ψ(x)F|x−y|(1+ f (x),ρ)−ψ(y)F|x−y|(1+ f (y),ρ)

)
dρ

+(N − s)
Ps(B)
P(B)

ˆ
∂B
(1+ f )N−s−1

ψ dH N−1.

By symmetry and by a simple change of coordinates we obtain (6.2.2).
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Lemma 6.2.3. If f ∈C2(∂B) with ∥ f∥C1(∂B) ≤ δ sufficiently small, then we have

∂Ps(B f )[1] = (N − s)
Ps(B)
P(B)

ˆ
∂B

(
1+(N − s−1) f +O( f 2))

)
dH N−1 +O([ f ]21+s

2
), (6.2.4)

∂Ps(B f )[ f ] =(N − s)
Ps(B)
P(B)

ˆ
∂B

(
1+(N − s−1) f +O( f 2))

)
f dH N−1

+

ˆ
∂B

ˆ
∂B

( f (x)− f (y))2

|x− y|N+s dH N−1
x dH N−1

y +O([ f ]21+s
2
)∥ f∥C1(∂B).

(6.2.5)

With a slight abuse of notation, we have denoted with O( f ) a function g(x) = r(x) f (x)
for every x ∈ ∂B, where ∥r∥L∞(∂B) ≤C, for some constant C depending only on the apriori
bound ∥ f∥C1(∂B) ≤ 1.

Proof. Let ψ ∈C1(∂B), by expanding the first term in (6.2.2), we obtain

∂Ps(B f )[ψ] =(N − s)
Ps(B)
P(B)

ˆ
∂B
(1+(N − s−1) f +O( f 2))ψ dH N−1

+2
ˆ

∂B

ˆ
∂B

ˆ f (x)

f (y)
ψ(x)F|x−y|(1+ f (x),1+ρ)dρ dH N−1

x dH N−1
y dρ.

(6.2.6)

We remark that, fixed x,y ∈ ∂B, for every ρ that varies between the values f (y) and
f (x), we have | f (x)−ρ| ≤ ∥∇ f∥∞|x− y| ≤ δ |x− y|. From this observation we can expand
the denominator of F|x−y|(1+ f (x),1+ρ), when x ̸= y, and get

|( f (x)−ρ)2 +(1+ f (x))(1+ρ)|x− y|2|−
N+s

2

=
1

|x− y|N+s

(
( f (x)−ρ)2

|x− y|2
+ f (x)+ρ + f (x)ρ +1

)−N+s
2

=
1

|x− y|N+s (1+O(∥ f∥C1)) .

(6.2.7)

Plugging formula (6.2.7) into the second addend of (6.2.6) and by symmetry again, we
obtain

2
ˆ

∂B

ˆ
∂B

ˆ f (x)

f (y)
ψ(x)F|x−y|(1+ f (x),1+ρ)dρ dH N−1

x dH N−1
y

= 2
ˆ

∂B×∂B

ψ(x)
N

(1+ f (x))N−1

|x− y|N+s

(
(1+ f (x))N − (1+ f (y))N)(1+O(∥ f∥C1))dH N−1

x dH N−1
y

=

ˆ (
ψ(x)(1+ f (x))N−1 −ψ(y)(1+ f (y))N−1)((1+ f (x))N − (1+ f (y))N)

N|x− y|N+s (1+O(∥ f∥C1)).
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Now, if ψ = 1 by a simple Taylor expansion we conclude

2
ˆ

∂B×∂B

ˆ f (x)

f (y)
F|x−y|(1+ f (x),1+ρ)= (N−1)

ˆ
∂B×∂B

( f (x)− f (y))2

|x− y|N+s (1+O(∥ f∥C1))=O([ f ]21+s
2
),

while the choice ψ = f yields

2
ˆ

∂B×∂B

ˆ f (x)

f (y)
f (x)F|x−y|(1+ f (x),1+ρ) =

ˆ
∂B×∂B

( f (x)− f (y))2

|x− y|N+s (1+O(∥ f∥C1)).

In order to prove Theorem 6.2.1, we need the following lemma, which states the
coercivity of the second variation of the fractional perimeter of a ball with respect to
normal deformations. Its proof is contained in [48, Theorem 8.1]. We start by defining

λ
s
1 := s(N − s)

Ps(B)
P(B)

. (6.2.8)

Lemma 6.2.4. There exists δ > 0 small such that, if f ∈ C2(∂B) with ∥ f∥C1(∂B) ≤ δ ,
|B f |= ωN and bar(B f ) = 0, then we have

∂
2Ps(B)[ f ] =

ˆ
∂B

ˆ
∂B

( f (x)− f (y))2

|x− y|N+s dH N−1
x dH N−1

y −λ
s
1

ˆ
∂B

| f |2 dH N−1

≥ 1
4

(
[ f ]21+s

2
+λ

s
1∥ f∥2

L2(∂B)

)
.

We are now in position to prove Theorem 6.2.1.

Proof of Theorem 6.2.1. Without loss of generality, we assume that ∥Hs
B f

− H̄s
B f
∥L2 ≤ 1.

Let Φ : ∂B → ∂B f ⊂RN be the map defined by Φ(x) = (1+ f (x))x, by direct computations
one can prove that

JΦ(x) = (1+ f (x))N−1
√

1+(1+ f (x))−2|∇ f (x)|.

For every ψ ∈C1(∂B), let

X : RN → RN , X(x) :=
x
|x|

ψ

(
x
|x|

)
.
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Employing the area formula we get

∂Ps(B f )[ψ] =

ˆ
∂B f

Hs
B f

νB f ·X dH N−1

=

ˆ
∂B

Hs
B f
(p)νB f (p) · xψ(x)JΦ(x)dH N−1

x

=

ˆ
∂B

Hs
B f
(p)ψ(x)(1+ f (x))N−1 dH N−1

x ,

where we have set p = (1+ f (x))x (for more details see Section 5.2 and [82, Section 1]).
Now, by a simple Taylor expansion we obtain

∂Ps(B f )[ψ] =

ˆ
∂B

Hs
B f
(p)ψ(x)(1+(N −1) f (x)+O( f 2))dH N−1

x . (6.2.9)

We recall that
Hs

B(x) = (N − s)
Ps(B)
P(B)

for all x ∈ ∂B.

If ψ = 1, by combining formulas (6.2.4) and (6.2.9), we infer
ˆ

∂B
(Hs

B f
(p)−Hs

B)(1+(N −1) f (x)+O( f 2))dH N−1
x =

ˆ
∂B

O( f )dH N−1 +O([ f ]21+s
2
) (6.2.10)

and if ψ = f , by combining equations (6.2.5) and (6.2.9), we get

ˆ
∂B

ˆ
∂B

( f (x)− f (y))2

|x− y|N+s dH N−1
x dH N−1

y − s(N − s)
Ps(B)
P(B)

ˆ
∂B

f 2 dH N−1

=

ˆ
∂B

(
Hs

B f
(p)−Hs

B

)
(1+(N −1) f (x)+O( f 2)) f (x)dH N−1

x +O([ f ]21+s
2
)∥ f∥C1.

(6.2.11)

Using the same arguments of the proof of Theorem 5.2.1 (see also [82, Theorem 1.3])
we can conclude. For the sake of completeness we present a sketch of the proof.

By (6.2.10), for δ sufficiently small, using Hölder’s inequality we obtain∣∣∣H̄s
B f

−Hs
B

∣∣∣≤ ∣∣∣∣− 
∂B
(Hs

B f
−Hs

B)((N −1) f +O( f 2))dH N−1
∣∣∣∣

+

ˆ
∂B

O(| f |)dH N−1 +O([ f ]21+s
2
)

≤
∣∣∣∣ 

∂B
(Hs

B f
− H̄s

B f
)((N −1) f +O( f 2))dH N−1

∣∣∣∣
+

∣∣∣∣ 
∂B
(H̄s

B f
−Hs

B)((N −1) f +O( f 2))dH N−1
∣∣∣∣

+

ˆ
∂B

O(| f |)dH N−1 +O([ f ]21+s
2
)
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≤ δ
N −1+Cδ

P(B)
∥Hs

B f
− H̄s

B f
∥L2 +δ (N −1+Cδ ) |H̄s

B f
−Hs

B|

+

ˆ
∂B

O(| f |)dH N−1 +O([ f ]21+s
2
),

with C = C(N). Recalling that ∥HB f − H̄B f ∥L2 ≤ 1, For δ small enough, the previous
inequality implies

1
2
|H̄s

B f
−Hs

B| ≤Cδ∥Hs
B f

− H̄s
B f
∥L2 +

ˆ
∂B

O(| f |)dH N−1 +O([ f ]21+s
2
)≤Cδ . (6.2.12)

By (6.2.11) and using again Hölder’s inequality, we get

ˆ
∂B

ˆ
∂B

( f (x)− f (y))2

|x− y|N+s dH N−1
x dH N−1

y − s(N − s)
Ps(B)
P(B)

ˆ
∂B

f 2 dH N−1

=

ˆ
∂B

(
Hs

B f
(p)−Hs

B

)
(1+(N −1) f +O( f 2)) f dH N−1 +O([ f ]21+s

2
)∥ f∥C1

=

ˆ
∂B
(Hs

B f
(p)− H̄s

B f
)(1+(N −1) f +O( f 2)) f dH N−1

+

ˆ
∂B
(H̄s

B f
−Hs

B)(1+(N −1) f +O( f 2)) f dH N−1 +O([ f ]21+s
2
)∥ f∥C1

≤C∥Hs
B f

− H̄s
B f
∥L2∥ f∥L2 + |H̄s

B f
−Hs

B|
ˆ

∂B
(1+(N −1) f +O( f 2)) f dH N−1

+O([ f ]21+s
2
)∥ f∥C1.

(6.2.13)

Since |B f |= ωN , we have ∣∣∣ˆ
∂B

f dH N−1
∣∣∣= ˆ

∂B
O( f 2)dH N−1. (6.2.14)

By (6.2.12) and (6.2.14), we obtain

|H̄s
B f

−Hs
B|
ˆ

∂B
( f +O( f 2))dH N−1 ≤ δ

ˆ
∂B

O( f 2).

Finally, by combining the above inequality, (6.2.12), (6.2.13) and (6.2.14), we deduce
that, for any η > 0, it holds

ˆ
∂B

ˆ
∂B

( f (x)− f (y))2

|x− y|N+s dH N−1
x dH N−1

y − s(N − s)
Ps(B)
P(B)

ˆ
∂B

f 2 dH N−1

≤C∥Hs
B f

− H̄s
B f
∥L2∥ f∥L2 +Cδ (∥ f∥2

L2 +[ f ]21+s
2
) (6.2.15)

≤ 1
η

C2∥Hs
B f

− H̄s
B f
∥2

L2 +η∥ f∥2
L2 +Cδ (∥ f∥2

L2 +[ f ]21+s
2
). (6.2.16)
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The conclusion then follows combining (6.2.16) with Lemma 6.2.4 and taking δ and η

sufficiently small.

Remark 6.2.5. By slightly changing the last step in the previous proof we can prove
the quantitative Alexandrov result in the classical case, [82, Theorem 1.1]. First, we
remark that (6.2.15) can be read as

(1− s)
(ˆ

∂B

ˆ
∂B

( f (x)− f (y))2

|x− y|N+s dH N−1
x dH N−1

y − s(N − s)
Ps(B)
P(B)

ˆ
∂B

f 2 dH N−1
)

≤C
∥∥∥(1− s)

(
Hs

B f
− H̄s

B f

)∥∥∥
L2
∥ f∥L2 +Cδ (1− s)(∥ f∥2

L2 +[ f ]21+s
2
),

by Lemma 6.2.4, we obtain

1− s
4

(
λ

s
1∥ f∥2

L2 +[ f ]21+s
2

)
≤C2

η

∥∥∥(1− s)
(

Hs
B f

− H̄s
B f

)∥∥∥2

L2
+η∥ f∥2

L2

+Cδ (1− s)(∥ f∥2
L2 +[ f ]21+s

2
).

(6.2.17)

By recalling the definition of λ s
1 (see (6.2.8)), and by Theorem 3.2.1 we obtain

lim
s→1

(1− s)λ s
1 = (N −1)ωN−1.

Finally, using Theorems 3.2.2, 3.2.3, we can take the limit as s → 1− in the inequality
6.2.17 and get

1
4
(
(N −1)ωN−1∥ f∥2

L2 +C∥∇ f∥2
L2

)
≤ C2

η

∥∥∥ωN−1
(
HB f − H̄B f

)∥∥∥2

L2
+η∥ f∥2

L2 +Cδ∥∇ f∥2
L2 ,

where C =C(N) and we also used that, by uniform convergence, (1− s)H̄s
B f

→ ωN−1H̄B f .

We then conclude by taking η and δ sufficiently small. Finally, the hypothesis f ∈C2(∂B)
can be weakened to f ∈C1(∂B)∩H2(∂B) by approximation.

6.3 The asymptotic of the fractional discrete flow

We recall the following density estimate holding for one-sided minimizers of the frac-
tional perimeter, which can be found in [19, Theorem 4.1].

Proposition 6.3.1. There exists a constant C =C(N,s)> 0 with the following property:
given E ⊂ RN , R, µ > 0 and x0 ∈ ∂E such that

Ps(E)≤ Ps(E \Br(x0))+µ|E ∩Br(x0)| for all 0 < r < R,
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then
CrN ≤ |E ∩Br(x0)| for all 0 < r < min{R,µ−1/s}.

We employ the density estimate above to bound the distance function between two
consecutive sets of the discrete flow (see Definition 3.4.5). The proof follows the line of
[83, Proposition 3.2] where it is proved in the local case, see also [73].

Proposition 6.3.2. There exists a constant γ = γ(N,s)> 0 with the following property:
let F ⊂ RN be a bounded set of finite fractional perimeter and let E be a minimizer of
Jh(F, ·), see (3.4.5), then

sup
E△F

dist∂F ≤ γh1/1+s.

Proof. Let γ =max
{

3,2s+1/sPs(B)1/sC−1/s}, where C =C(N,s) is the constant given by the
Proposition 6.3.1. Let c > γ and x0 ∈ E△F. Suppose by contradiction that dist∂F(x0)>

ch1/1+s. Since the other case is analogous, we assume x0 ∈ E \F . We then have

sdF(x0)> ch1/1+s (6.3.1)

and thus any ball Br(x0) of radius r ≤ ch1/1+s/2 is contained in Fc. By the minimality of
E, we have Jh(F,E)≤ Jh(F,E \Br(x0)), therefore

Ps(E)≤ Ps(E \Br(x0))−
1
h

ˆ
E∩Br(x0)

sdF dx+
1

hs/1+s
|E ∩Br(x0)|.

We use (6.3.1) and r ≤ ch1/1+s/2 to infer that

−1
h

ˆ
E∩Br(x0)

sdF dx <− c
2hs/1+s

|E ∩Br(x0)|.

Then we have
Ps(E)≤ Ps(E \Br(x0))−

1
hs/1+s

(c
2
−1
)
|E ∩Br(x0)|. (6.3.2)

By assumption c > 3 and we can apply Proposition 6.3.1 with µ = 0 and obtain

CrN ≤ |E ∩Br(x0)| ∀0 < r <
c
2

h1/1+s. (6.3.3)

On the other hand, from (6.3.2) we deduce, for every 0 < r < ch1/1+s/2, that

1
hs/1+s

(c
2
−1
)
|E ∩Br(x0)| ≤ Ps(E \Br(x0))−Ps(E)≤ Ps(Bc

r) = Ps(B)rN−s (6.3.4)
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(where the last inequality follows from the subadditivity of the perimeter on E and Bc
r).

Combining (6.3.3) and (6.3.4), we get that

CrN ≤ |E ∩Br(x0)| ≤ Ps(B)
(c

2
−1
)−1

hs/1+srN−s ≤ 2Ps(B)hs/1+srN−s

for all 0 < r < ch1/1+s/2, which gives the desired contradiction to the choice of c as soon
as r → ch1/1+s/2.

As a corollary of the previous result we obtain the following density estimates, their
proof is an adaptation of the one of [83, Corollary 3.3].

Corollary 6.3.3. Let F ⊂ RN be a bounded set of finite fractional perimeter and let E be
a minimizer of Jh(F, ·), see (3.4.5). Then for every r ∈ (0,γh1/1+s) and for every x0 ∈ ∂ ∗E,
it holds

min{|Br(x0)\E|, |E ∩Br(x0)|} ≥ crN (6.3.5)

crN−s ≤ Ps(E,Br(x0))≤CrN−s, (6.3.6)

where γ is the constant given by Proposition 6.3.2 and the constants c, C only depend on
N and s.

Proof. Since E is a minimizer of Jh(F, ·), for any x0 ∈ ∂E, it holds that Jh(F,E) ≤
Jh(F,E ∪Br(x0)), which implies

Ps(E)≤ Ps(E ∪Br(x0))+
1
h

ˆ
Br(x0)\E

sdF dx+
1

hs/1+s
|Br(x0)\E|

≤ Ps(E ∪Br(x0))+
C

hs/1+s
|Br(x0)\E|,

where we used that r < γh1/1+s and bounded sdF ≤ γh1/1+s by Proposition 6.3.2. Analo-
gously, one can show that

Ps(E)≤ Ps(E \Br(x0))+
C

hs/1+s
|E ∩Br(x0)| (6.3.7)

= Ls(E \Br(x0),Ec \Br(x0))+Ls(E \Br(x0),Br(x0))+
C

hs/1+s
|E ∩Br(x0)|,

where Ls(·, ·) was defined in (3.2.1). Therefore, by Proposition 6.3.1, we deduce

min{|E ∩Br(x0)|, |Br(x0)\E|} ≥ crN ∀0 < r < γh1/1+s.
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The first inequality in (6.3.6) is now an immediate consequence of the relative isoperi-
metric inequality. To prove the second inequality, by (6.3.7) we get

Ps(E,Br(x0)) = Ls(E ∩Br(x0),Ec)+Ls(E \Br(x0),Ec ∩Br(x0))

= Ps(E)−Ls(E \Br(x0),Ec \Br(x0))

≤ Ls(E \Br(x0),Br(x0))+
C

hs/1+s
|Br(x0)\E|

≤ Ps(Br(x0))+
Cγs

rs ωNrN ≤C(N,s)rN−s,

where we used that r < γh1/1+s.

Remark 6.3.4. From the monotonicity of the energy Ps(·)+ h−
s

1+s || · | −m| along the
discrete flow starting from E0 (recall Defnition 3.4.5) with |E0|= m, Ps(E0)≤ M, one can
observe that |E(h)

n | ∈ (m/2,3m/2) for all n ∈ N and for h = h(m,M) small.

We now characterize the stationary sets E for the discrete flow. We say that E is a
stationary set for the discrete flow if it is a fixed set for the functional (3.4.5), that is,
E = En

h for every n ∈ N. In the following, we will always assume that either:

• N = 2 and s ∈ (0,1);

• N ≤ 7 and s ∈ (s0,1), where s0 is the constant of [20, Theorem 3].

This hypothesis is essential for the proof of the following result.

Proposition 6.3.5. Every stationary set E for the discrete flow is a critical set of the
s-perimeter, that is, a single ball.

Proof. It is an immediate consequence of the Euler-Lagrange equation (3.4.3). Since E
is a stationary point for the discrete flow, it satisfies

ˆ
∂E

Hs
E dH N−1 = λ

ˆ
∂E

X ·νE dH N−1

for all X ∈C1
c (RN ,RN), i.e. E is a critical point for the s-perimeter. By [18, Theorem 1.1]

(or [29, Theorem 1.1]), we conclude that E is a single ball having constant fractional
mean curvature Hs

E = λ .

Before proving the convergence of the flow up to translations, we recall a uniform
convergence result contained in [82, Lemma 3.5] that will be used in the proof of the
next proposition. The proof in the fractional setting is analogous and will be omitted.
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Lemma 6.3.6. Let {En
h}n∈N be a discrete flow starting from E0 and let Ekn

h be a subse-
quence such that Ekn

h + τn → F in L1 for some set F and a suitable sequence {τn}n∈N ⊂RN .

Then dist
∂Ekn−1

h
(·+ τn)→ dist∂F uniformly.

The following result proves the convergence of the discrete flow, up to translations,
to a union of disjointed balls, all having the same radius. The proof follows closely
the one of [82, Proposition 3.6]. Moreover, we prove that the flow eventually has fixed
volume. We remark that, at this point, we cannot rule out that the flow is converging
to a union of balls (each at infinite distance from the others), and that the translations
introduced could be different along different subsequences. We will provide a sharper
result in the final theorem.

Proposition 6.3.7. Let m, M > 0 and E0 be an initial bounded set with Ps(E0) ≤ M,
|E0| = m. Then there exists h∗ = h∗(s,M,m) > 0 such that, for any h < h∗ and for any
discrete flow En

h starting from E0, the following properties hold:

i) for n sufficiently large |En
h |= m;

ii) there exists
Ps

∞ = lim
n→∞

Ps(En
h);

iii) En
h is made of K = (Ps

∞/ωs
N)

N
s (ωN/m)

N
s −1 distinct connected components En,i

h , and
En,i

h −bar(En,i
h ) converges in Ck, for every k ∈ N, to the ball centered at the origin

with mass m/K.

Proof. Let {Ekn
h }n∈N be any subsequence of {En

h}n∈N. By Proposition 3.4.3 (and Re-
mark 3.4.6), each set Ekn

h is made up of ln ≤ k0 connected components having diameter
uniformly bounded by d0. Therefore, there exist ln balls Bd0(ξ

i
n), each containing a

different component of Ekn
h and such that Ekn

h ⊂ ∪ln
i=1Bd0(ξ

i
n). Up to subsequences, we can

assume that ln = l̃, and for all 1 ≤ i < j ≤ l̃ the following limits exist

limsup
n→∞

|ξ i
n −ξ

j
n |=: di, j ∈ [0,+∞].

Now we define the following equivalence classes: we say that i≡ j if and only if di, j <+∞.

Denote by l ≤ l̃ the number of such equivalence classes, let j(i) be a representative
for each class i ∈ {1, . . . , l}, and set σ i

n := ξ
j(i)

n for i = 1, . . . , l. We have constructed a
subsequence Ekn

h satisfying Ekn
h ⊂∪l

i=1BR(σ
i
n), where R = d0+max{di, j : di, j <+∞}+1, and

for all i ̸≡ j it holds |σ i
n −σ

j
n | →+∞ as n →+∞.

Now, fix 1 ≤ i ≤ l, and set

F i
n := Ekn

h −σ
i
n, F̃ i

n := (Ekn
h −σ

i
n)∩BR, mi

n := |F̃ i
n|.
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Up to a subsequence, we have mi
n → mi > 0. Moreover, by Lemma 6.3.6 and by the

compactness of sets of equi-bounded fractional perimeters, there exist F̃ i ⊂ BR such
that, up to a subsequence,

F̃ i
n → F̃ i in L1, sdEkn−1

h
(·+σ

i
n)→ sdF̃ i(·) locally uniformly. (6.3.8)

Let G̃i be any bounded set with |G̃i| = mi and let G̃i
n :=

(
mi

n
mi

) 1
N

G̃i. We set now Gi
n :=

(F i
n \ F̃ i

n)∪ G̃i
n so that, for n sufficiently large, |F i

n|= |Gi
n| (since the components of F i

n \ F̃ i
n

diverge). By the minimality of Ekn
h we have

Ps(F i
n)+

1
h

ˆ
F i

n

sdEkn−1
h

(x+σ
i
n)dx ≤ Ps(Gi

n)+
1
h

ˆ
Gi

n

sdEkn−1
h

(x+σ
i
n)dx.

Using that for any disjoint measurable sets A, B we have

Ps(A∪B) = Ps(A)+Ps(B)−2
ˆ

A

ˆ
B

1
|x− y|N+s dxdy,

for n sufficiently large, we obtain

Ps(F̃ i
n)−2

ˆ
F̃ i

n

ˆ
F i

n\F̃ i
n

1
|x− y|N+s dxdy+

1
h

ˆ
F̃ i

n

sdEkn−1
h

(x+σ
i
n)dx

≤ Ps(G̃i
n)−2

ˆ
G̃i

n

ˆ
F i

n\F̃ i
n

1
|x− y|N+s dxdy+

1
h

ˆ
G̃i

n

sdEkn−1
h

(x+σ
i
n)dx.

Passing to the limit as n → ∞, using (6.3.8) and the uniform boundedness of F̃ i
n and G̃i

n,
we deduce that

Ps(F̃ i)+
1
h

ˆ
F̃ i

sdF̃ i(x)dx ≤ Ps(Gi)+
1
h

ˆ
Gi

sdF̃ i(x)dx.

This minimality property holds for every Gi with finite perimeter and volume mi,
therefore we deduce that F̃ i is a fixed point for the discrete scheme with prescribed
volume mi, and, thus by Proposition 6.3.5, it is a ball. Moreover, since the sets F̃ i are
uniform Λ-minimizers by Proposition 3.4.3 (and Remark 3.4.6), we also deduce, by
Theorem 3.1.3, that F̃ i

n converges to F̃ i in C1,α for every α ∈ (0,1). In particular, for n
large enough, F̃ i

n has only one connected component.
We have shown that, for n large enough, Ekn

h is made up by a fixed number K of
connected components (Ekn

h )i, i = 1, . . . ,K, and (Ekn
h )i −bar((Ekn

h )i)→ BRi where |BRi|= mi.
Now, we show that all the radii Ri are equal to R. To this aim, we consider the Euler-
Lagrange equation (3.4.3)
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1
h

sdEkn−1
h

+Hs
Ekn

h
= λn on ∂Ekn

h .

By Proposition 6.3.2, we deduce that

|λn| ≤ h−1∥sdEkn−1
h

∥L∞(∂Ekn
h )

+∥Hs
Ekn

h
∥L∞(∂Ekn

h )
≤ c+∥Hs

Ekn
h
∥L∞(∂Ekn

h )
.

To bound the right hand side, we use the Λ-minimality of Ekn
h to obtain

∥Hs
Ekn

h
∥L∞(∂Ekn

h )
≤ Λ.

Therefore, by passing to a further subsequence, we can assume λn → λ ∈ R. Arguing as
before, we can localize the Euler-Lagrange equation to each single F̃ i

n and obtain

1
h

sdF̃ i
n
(x+σ

i
n)+Hs

F̃ i
n
(x) = λn x ∈ ∂ F̃ i

n.

We can then pass to the limit as n → ∞ thanks to Lemma 6.3.6 and the continuity of
the fractional mean curvature, and obtain

Hs
F̃ i = λ on ∂ F̃ i.

In particular, this shows that, for every i, F̃ i is a ball of radius Ri = cλ−s, for a suitable
constant c depending only on s and N. In order to prove that eventually |En

h |= m, we
proceed as follows. Set |BRi| = c1λ−sN and Ps(BRi) = c2λ−s(N−s), for suitable constants
c1,c2 depending on N,s. From Remark 6.3.4, we take h = h(s,M) small enough such that

|Ekn
h | ∈

[
m
2
,
3m
2

]
, Ps(Ekn

h )≤ Ps(E0)≤ M

and, for n large enough, this implies

K

∑
i=1

mi
n ∈
[

m
2
,
3m
2

]
,

K

∑
i=1

Ps(F̃ i
n) = Ps(Ekn

h )+2 ∑
i< j

ˆ
F̃ i

n

ˆ
F̃ j

n

1
|x− y|N+s dxdy ≤ 2M.

Passing to the limit as n → ∞ we obtain

Kc1λ
−sN ∈

[
m
2
,
3m
2

]
, Kc2λ

−s(N−s) ≤ M,

which implies

λ
s2
≤ 2c1 M

mc2
. (6.3.9)
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If we suppose that |Ekn
h | ̸= m for infinitely many indexes, then, from the Euler-Lagrange

equation (3.4.3), we know that λ = sgn(m−|Ekn
h |)h−

s
1+s which is a contradiction to (6.3.9)

if h is sufficiently small. We have thus proved item i). Since, for n large enough,
|En

h | = m, the sequence {Ps(En
h)}n∈N is eventually non-increasing, from which item ii)

follows. Knowing the exact values of the volume and s-perimeter of any limit point,
we are able to compute K and obtain the convergence in L1 of the whole sequence.
Moreover, arguing as in [23] we conclude the convergence in Ck for every k ∈ N via a
bootstrap argument.

In order to prove the main theorem, we need to collect some results of [82]. Firstly,
recall D(E, F) :=

´
F△E dist∂F(x)dx.

Lemma 6.3.8 ([82, Lemma 3.8]). Let η > 0. There exists δ > 0 with the following
property: if f1, f2 ∈C1(∂B) with ∥ fi∥C1(∂B) ≤ δ and |B fi|= |B| for i = 1,2 we have

C1(1−η)∥ f1 − f2∥2
L2(B) ≤D(B f1 ,B f2)≤C1(1+η)∥ f1 − f2∥2

L2(B), (6.3.10)

1−η

2

ˆ
∂B f2

sd2
B f1

dH N−1 ≤D(B f1 ,B f2)≤
1+η

2

ˆ
∂B f−2

sd2
B f1

dH N−1, (6.3.11)

|bar(B f1)−bar(B f2)|
2 ≤C2∥ f1 − f2∥2

L2(B) ≤
C2

C1(1−η)
D(B f1,B f2),

for suitable constants C1,C2 > 0.

The following lemma proves a crucial dissipation-dissipation inequality, which plays
a central role in the proof of Theorem 6.1.1. Its proof is based on the Alexandrov-type
estimate contained in Theorem 6.2.1, and follows the lines of [82, Lemma 3.9].

Lemma 6.3.9. Let h > 0. There exist constants C =C(h,m,s), δ > 0 with the following
property: given two normal deformations B(m)

f1
, B(m)

f2
of the ball B(m) of volume m centered

at the origin with fi ∈C2(∂B(m)), ∥ fi∥C1(∂B(m)) ≤ δ , and such that |B(m)
f2

|= m, bar(B(m)
f2

) = 0
and

Hs
B(m)

f2

+

sd
B(m)

f1

h
= λ on ∂B(m)

f2
(6.3.12)

for some λ ∈ R, we have
D(B(m),B(m)

f2
)≤CD(B(m)

f2
,B(m)

f1
).
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Proof. By Theorem 6.2.1, for δ sufficiently small, we get by using (6.3.12)

∥ f2∥2
L2(∂B(m))

≤C∥Hs
B(m)

f2

−Hs
B(m)

f2

∥2
L2(∂B(m))

≤C∥Hs
B(m)

f2

−λ∥2
L2(∂B(m))

≤C∥Hs
B(m)

f2

−λ∥2
L2(∂B(m)

f2
)
=

C
h2

ˆ
∂B(m)

f2

sd2
B(m)

f1

dH N−1,

where the third inequality follows by bounding the Jacobian of the change of variables
by 1 (up to taking δ sufficiently small). By combining the previous inequalities with
(6.3.10) and (6.3.11), we obtain the thesis.

We now prove Theorem 6.1.1. We will follow closely the proofs of Theorem 5.1.1
and [82, Theorem 3.3]. The main difference is that we use the fractional perimeter
framework instead of the classical one. We present only a sketch of the proof.

Proof of Theorem 6.1.1. We start by outlining the proof of the exponential decay of the
dissipations following Step 1 in [82, Theorem 3.3].

From Proposition 6.3.7 we know that any limit point of the discrete flow is given by
the union of K disjoint balls, all having volume m/K. We then use two competitors to
obtain a discrete Gronwall-type inequality. Firstly, testing the minimality of Ek

h with
Ek−1

h and summing from n+1 to infinity, we obtain

∑
k≥n+1

D(Ek
h ,E

k−1
h )≤ Ps(En

h)−Ps
∞ = Ps(En

h)−KPs(B(m/K)),

where we used that for n sufficiently large |En
h |= m. On the other hand, recalling Propo-

sition 6.3.7, the sets (En
h)

i −bar((En
h)

i) =: (En
h)

i −ξ i
n are eventually C1,α -deformations of

B(m/K), having volume |(En
h)

i|= mi
n. We consider the admissible competitor for En

h given
by

Bn =
K⋃

i=1

(
B(mi

n−1)+ξ
i
n−1

)
.

Testing the minimality of En
h against Bn, one obtains, by employing Lemma 6.3.9, that

Ps(En
h)−Ps(Bn)≤CD(En−1

h ,En−2
h ).

Recalling that, if a measurable set F has L disjointed connected components F i, i =
1, . . . ,L, then

Ps(F) =
L

∑
i=1

Ps(F i)−2 ∑
i< j

ˆ
F i

ˆ
F j

1
|x− y|N+s dxdy,
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by concavity, we estimate

Ps(Bn)≤
K

∑
i=1

Ps(B(mi
n−1))≤ KPs(B(m/K)).

Thus, combining the previous estimates, we obtain the discrete Gronwall-type estimate

∑
k≥n+1

D(Ek
h ,E

k−1
h )≤CD(En−1

h ,En−2
h ).

Finally, employing [82, Lemma 3.10] we conclude the exponential convergence of the
dissipations

D(En
h ,E

n−1
h )≤

(
1− 1

C+1

) n
2

(Ps(E0)−KPs(B(m/K))).

From now on, one can follow directly the proof of [82, Theorem 3.3] employing Lemma
6.3.8 to conclude that the discrete flow En

h is eventually contained in a compact set and
converges in Ck to a union of K disjoint balls. Finally, by Proposition 6.3.5 we deduce
that the limit point is indeed a single ball, having volume equal to m, thus reaching the
conclusion of the proof.
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