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Abstract 

This work proposes two alternative analytical models to evaluate the ac losses of High-Temperature 
Superconducting (HTS) tapes during their hysteretic and resistive modes. These models intend to 
extend the application range of state-of-the-art analytical models for current values higher than the 
critical one, i.e., for the resistive state, and to correctly predict the ac losses during the transition 
between the hysteretic and resistive modes. Two analytical models are proposed, one considering an 
extension of the Norris model for the HTS tape’s resistive mode and the other based on a Sigmoid 
function to characterize the hysteretic losses and their smooth transition to the resistive mode. 
Analytical models capable of estimating ac losses of superconducting (SC) tapes are an important 
tool for the design of complex SC systems, such as SC fault current limiters, SC electrical machines 
and SC cables. The proposed models are validated experimentally, for a 1st generation BSCCO tape 
and a 2nd generation ReBCO tape. Finite element simulation is also carried out to verify the accuracy 
of the proposed models. Results show that the proposed Extended-Norris model presents some 
deviation at the transition between the hysteretic and resistive modes, while the Sigmoid model 
presents very accurate results for the whole spectrum of applied current. Also, the parameters of the 
Sigmoid models are independent of the tape geometry.  
 

Keywords: Analytical model, Equivalent circuit; Hysteretic losses, Resistive losses, HTS Tape, Experimental tests, BSCCO, 
ReBCO.  

 

1. Introduction 

The use of High-Temperature Superconductors (HTS) in 
electrical machines has been identified as a potential 
technology to unlock the further electrification of transportation 
systems [1]-[2], specifically in aeronautical transportation [3]-
[7]. Using HTS materials, such as bulks and tapes, fully [3] and 

 
 

partial [5] superconducting electric machines are being 
designed with different topologies, such as radial and axial flux 
synchronous machines and superconducting induction 
machines [6]-[8].  

With the continuous developments of HTS technologies, the 
existing limitations of superconductors are being surpassed [9]. 
While some limitations still remain, the current HTS materials 
already offer some key advantages due to their facilitated 
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cooling, their high critical current, and near-zero DC losses. 
However, under ac conditions, HTS materials, such as tapes or 
bulks, present non-negligible losses that must be considered in 
the design of electrical components [10]. It is imperative to 
estimate their ac losses during the design stage of electrical 
devices because they affect their efficiency and the operation of 
the superconductors (SC).  

The ac losses computation can be performed through the use 
of Finite Element Analysis tools (FEA), using multiple 
electromagnetic formulations, such as H-, H-A, or T-A 
formulations [11]-[13], or using approximated analytical 
equations [14]-[15]. While FEA tools present an accurate 
method to estimate the SC losses, they require high 
computational times. Hence, they may not be compatible with 
early design stages of electromechanical devices, where the 
basic topology is still to be determined. Analytical models, such 
as the Norris model [14], offer advantages for early design 
stages due to their easy computation, physical interpretation, 
and sufficiently accurate results under some assumptions. 
These analytical models were already presented in the literature 
for HTS bulks and tapes.  

In [14], Norris presents an analytical model for ac losses in 
elliptical and thin-strips HTS tapes under the assumption of 
constant critical current, i.e., independent of the magnetic field. 
While this assumption seems limited, studies show that the 
model is a good approximation to experimental results, when 
the critical current is not surpassed [16]-[17]. In [15], Ernst 
Brandt proposed analytical models for the thin strip under a) an 
applied current, b) an applied perpendicular magnetic field, and 
c) both applied current and perpendicular magnetic field. This 
model was further developed in [18] and verified against 
experimental results [19]-[20]. 

While still limited in their applications, these analytical 
models already present important advantages for the early 
design stages of electrical devices. However, some applications 
still require more complete models, where the transitions 
between the SC hysteresis and resistive losses are important. 
Some examples are:  
• In the design optimization and transient analysis of short-
circuits in HTS cables, for power transmission. These are 
typically characterized by a high number of tapes in parallel 
and working conditions that include the transition between the 
hysteretic and resistive models [21]-[23];  
• In the supervision and analysis of transient performance of 
superconducting fault current limiters (SFCL) [24]-[27];  
• In HTS induction machines where the SC exceeds its 
critical current during its start-up conditions and reaches its 
hysteretic state near synchronism [28]-[29], and; 
• In the identification of HTS tapes parameters under 
experimental ac tests [30]-[32].  
Following this research line, these models can be corrected 

and extended to cover a wider range of operating conditions. 
This work focuses on improving these analytical models for the 
computation of ac losses in a wider range of operations. More 

specifically, the novelty of this work resides in a) the extension 
of their use for current values higher than the critical current 
(resistive losses), b) the correction of their behaviour when 
approaching the critical current (transition between the 
hysteretic and resistive models), and c) when in the presence of 
magnetic fields (self ac and external dc). Besides the 
improvements proposed for the Norris and Brandt analytical 
models, a Sigmoid model is also proposed to better characterize 
the transition between the hysteretic and resistive losses of HTS 
tapes. For both modified Norris, Brandt and Sigmoid models, 
lumped parameters models are also developed, and 
experimental results are shown to validate their applicability.  

This work is divided into 5 sections. In the first section, the 
introduction, novelty, and relevance of this work are 
highlighted. In section 2, the proposed analytical models are 
presented. Experimental methodology and results are presented 
in sections 3 and 4. The discussion and conclusions are made in 
sections 5 and 6. 

2. Extended Norris Analytical Formulation 

The Norris model is only valid for Im<Ic, where Im is the 
amplitude of the applied current and Ic is the critical current 
amplitude. Thus, this model is not valid for the resistive 
behaviour of the HTS tape, i.e., for Im>Ic, and does not consider 
the impact of the average magnetic flux density (self ac and 
external dc) on the critical current. To overcome these 
limitations two analytical models are proposed: an “extended 
Norris model” and a “Sigmoid Model”. 

a) Extended Norris Model: based on the Norris model [14] 
for the hysteretic behaviour of the ac HTS tape for Im<Ic, 
and the resistive losses based on the E-J power law; 

b) Sigmoid Model: based on a Sigmoid function to 
represent the hysteretic losses for all values of currents 
and the resistive losses based on the E-J power law. 

 
Due to the characteristics of the proposed extended Norris 

model, the hysteretic losses in the Norris model are only defined 
for Im < Ic, making the model defined by parts. This creates the 
illusion of a “knee” point on the losses evolution, as a function 
of the current, in the transition between the hysteretic and 
resistive zones. To avoid this discontinuity effect, a Sigmoid 
function is proposed to characterize the hysteretic losses, 
introducing a smoother transition between the hysteretic and 
resistive modes. Within this framework, this analytical model 
presents a unique and continuous function for all ranges of 
current amplitudes. 

2.1. Extended-Norris Analytical Model  

The losses on the superconductor can be estimated 
considering two different amplitudes for the current: Im < Ic and 
Im ≥ Ic. In this model, it is considered that hysteretic losses occur 
when Im < Ic, and both hysteretic and normal resistive losses 
occur when Im ≥ Ic. Disregarding the magnetization initial 
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losses, the steady-state losses are computed considering a 
sinusoidal current is applied to the tape, I(t)=Imcos(ωt). The 
Extended-Norris model is thus developed for typical 1st 
generation elliptical HTS tapes and for 2nd generation thin strips 
HTS tapes.  

2.1.1. Hysteretic Stage (Im < Ic) 

For Im < Ic, the hysteretic losses can be computed considering 
the same approach proposed by Norris by computing half of the 
losses from Im to -Im, where the reverse supercurrents penetrate 
the superconductor. In detail, Norris computed the losses, Lc, in 
elliptical and thin-strip superconductors as in (1) and (2), 
respectively [14]. 

 

  (1
) 

 (2
) 

 
Ic is the critical current amplitude and F = Im/Ic. The average 
value of the hysteretic losses, Physt, can be computed 
considering the applied electric frequency, f: 

 

 (3) 

 (4) 

 

2.1.2. Resistive and Hysteretic Stages (Im > Ic) 

When the current amplitude is higher than the critical current, 
Im > Ic, it is assumed that the hysteretic losses still occur 
instantaneously when I(t) < Ic, i.e., while the current is lower 
than the critical current. This means the hysteretic losses remain 
equal to their maximum value for any current amplitude higher 
than the critical current (F→1). The maximum value of the 
hysteretic losses can be defined by computing the limit of (1) 
and (2) when F→1, as reported in (5) and (6).  

 (5) 

 (6) 

 
Instantaneously, when I(t) ≥ Ic, the power law is used to 

estimate the resistive losses. This can be done using the E-J 
power law in (7), where Ec is the critical electric field that 
defines the critical current density, Jc, and n is the power-law 
coefficient. The resistive losses can be determined by 
computing the average value of the resistive losses, assuming a 
uniform distribution of the current density in the HTS tape and 
I(t) = Imcos(ωt), (8). Using a variable transformation, θ = ωt, 

and the integral of a power cosine in (9), the final expression 
for the resistive losses, Presist, can be achieved in (10), for both 
the elliptical and thin-strip HTS tapes.  

 (7) 

 (8) 

 
(9) 

 
(10) 

 
Therefore, the total superconducting tape losses when 𝐼! ≥

𝐼" can be obtained using (11) and (12), considering the 
hysteretic and resistive losses.  

 

  
(11) 

  
(12) 

Note that when parameter n is high, which is the typical case 
of HTS, the expression for the resistive losses in (10) can also 
be used for Im < Ic because, for this range of current amplitude, 
the resistive losses are typically much lower than the hysteretic 
losses. Thus, for the whole range of current amplitude, the HTS 
losses can be approximated by (13) and (14).  

 

 (13) 

 (14) 

 
An example of the Extended-Norris analytical model’s losses 

is shown in Fig. 1 for an elliptical superconductor with 
Ic = 140 A and n = 11. Results from a Finite Element Analysis 
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(FEA) tool are also present in this figure, for the same elliptical 
superconductor, considering a magnetic field independent 
critical current (Bean model [33]) and an H-formulation. More 
details about the FEA model are presented in the next sections. 
For the Extended-Norris analytical model, the zones where the 
hysteretic losses are predominant, Im < Ic, and where the 
resistive losses are predominant, Im ≥ Ic are easily verifiable. A 
“knee” point separates the two zones, due to the rapid limitation 
of the hysteretic analytical losses, as seen in Fig. 1 at Im = Ic. To 
avoid this, the Sigmoid model is presented in section 2.2. 

 
Fig. 1. Illustration HTS tape losses for Ic = 140 A and n = 11, considering 

Extended-Norris and the FEA BEAN model results. 
 

2.2. Sigmoid Analytical Model  

The merit of the Sigmoid function is to be capable of 
representing the hysteretic losses and introducing a continuous 
transition to the resistive mode. The hysteretic and resistive 
losses from the Extended-Norris model are represented in Fig. 
2(a) for an elliptical superconductor with Ic = 140 A and n = 11. 
While the resistive losses present a continuous behaviour, the 
hysteretic losses stop increasing drastically at F = 1, thus 
creating the “knee” point shown in Fig. 1. A Sigmoid function, 
(15), was tested to replace the hysteretic losses defined by 
Norris, to assure a smooth transient to the resistive state. In Fig. 
2(b) is shown a comparison between the hysteretic Norris 
model and a Sigmoid function.  

As a result, when using a Sigmoid function to replace the 
Norris hysteretic losses, there is a smooth transition between the 
hysteretic and resistive zones, and also a single continuous 
function to describe the whole range of current Plosses, (16). 

 

 (15) 

 (16) 

 
(a) (b) 

Fig. 2. (a) Separation of losses using the Extended-Norris model with a 
logarithmic y-axis, and (b) comparison between the Norris hysteretic model 

and a Sigmoid function. 
 

Of course, parameters a, b and c of the Sigmoid functions 
need to be calibrated for elliptical and thin-strip tapes. The best 
results for elliptical and thin-film HTS tapes were obtained for 
a = 0.8 and b = 5 for both tapes and c = 1.25 for the elliptical 
and c = 1.5 for the thin-strip tapes. In Fig. 3 are shown the 
analytical results for the Extended-Norris and Sigmoid model 
losses and the FEA Bean model, for an elliptical tape with 
Ic = 140 A and n = 11.  

 
Fig. 3. Comparison between the Extended-Norris and Sigmoid models with 

a=0.8, b=5 and c=1.25. Ic = 140 A, n = 11. 
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while parameter c introduces an influence for current values 
lower than 160A. To calibrate the proposed model, the 
following methodology can be used: both parameters b and c 
can be calibrated using the slope of the hysteretic losses, while 
parameter a can be calibrated to adjust its offset.  

 
Fig. 4. Variation of parameter a in the Sigmoid model. 

 
Fig. 5. Variation of parameter b in the Sigmoid model. 

 
Fig. 6. Variation of parameter c in the Sigmoid model. 

2.3. Influence of the Self-Magnetic Field 

For elliptical superconductors, which are typically the 1st 
generation tapes, the incorporation of the change of the critical 

current density with the SC self-magnetic field produces an 
analytical solution without closed-form. However, it has been 
verified that considering an average value of the self-magnetic 
field results in a better estimation of the HTS parameters. This 
can be done in an iterative process shown in Fig. 7, where Ic0 is 
the critical current density at no magnetic field, Bav is the 
average value of the superconductor magnetic flux density, and 
B0 is the value of magnetic flux density that reduces the critical 
current density to half. 
 

 
Fig. 7. Iterative process for the inclusion of the average magnetic field. 

 
For the 2nd generation thin-strip superconductors Brandt 

already calculated the flux through half of a strip as a function 
of F, for Im < Ic, (17) [15]. With this, the average magnetic flux 
density can be computed, Bav(F), (18), where a is half of the 
superconducting tape width and htape is its height, Fig. 8. 
  

 (17) 

 

 (18) 

 
When the full penetration of the currents is achieved (𝐹 ≥

1), the distribution of the magnetic flux density is assumed 
constant, but its amplitude increases with F = Im/Ic. This can be 
added by multiplying it with a max(.) function as described in 
(19). 
 

 (19) 

 
For the elliptical tapes, Norris avoided computing the 

average value of the magnetic flux density to compute the 
superconducting losses [14]. However, this value can be 
estimated using Ampère’s law and assuming elliptical contours 
of the magnetic field, H. Of course, assuming elliptical contours 
of H leads to an unfeasible solution due to the conservation of 
magnetic flux. Nevertheless, this unfeasible solution is a good 
approximation for the magnetic field average value along the 
tape. Considering Ampère’s law in (20), the evolution of the 
magnetic field, for Im < Ic, can be estimated, where k = b/a, a 
and b are the ellipse semi-major and semi-minor axis, and x0 
corresponds to the penetration of the supercurrents, Fig. 8. The 
term P(x) is the perimeter of the ellipse with a major axis x. This 
perimeter does not have an analytical solution but can be 
estimated using the approximation (21) [34].  
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Fig. 8. Elliptical wire geometry and penetration of the magnetic field. 

 

 (20) 

 

 (21) 
 

 The magnetic field and the average value of the magnetic 
flux density can be obtained from (22) to (23). 
 

 (22) 

 

 (23) 

 
Similar to the thin-strip HTS tape, when the full penetration 

is achieved, the distribution of the magnetic flux density is 
assumed constant, however, its amplitude increases with F. 
Therefore, its average value can be described as shown in (24). 
 

 (24) 

2.4. Equivalent resistance 

From these analytical models, equivalent HTS tape 
resistances per unit length can be determined for a sinusoidal 
applied current. Considering Im = √2Irms, the equivalent HTS 
tape resistance per meter can be defined as in (25) and (26), for 
the elliptical and thin-strip HTS tapes, respectively. The HTS 
tape’s losses can be computed using Ptotal = ReqIrms2, dividing 
equations (13), (14) and (16) by Irms2. 

Using the Extended-Norris model, for 1st generation elliptical 
superconductors: 

 

 
(25) 

 
Using the Extended-Norris model for 2nd generation thin-

strip superconductors: 
 

 
(26) 

 
Using the Sigmoid model for both 1st and 2nd generation 

superconductors: 
 

 
(27) 

 
Note that F, Γ and Ic must be updated with the average values 

of the magnetic flux density, as described in section 2.3, Fig. 7.  

3. Validation Methodology  
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2nd generation SC tape to validate the developed analytical 
models and verify their applicability. During these tests, a 
sinusoidal current is applied to the tape, the voltage is 
measured, and the losses are computed. 

First, using the developed analytical models, the values Ic, B0 
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tool is used to validate the analytical models. As will be seen, 
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provided in a spreadsheet file1 with the equations for the 
analytical models and the presented experimental results. By 
optimizing the HTS tape’s parameters in the analytical models, 
the designer can identify the most adequate range of parameters 
of the HTS tape. The superconducting tapes used are BSCCO 
and ReBCO tapes, whose geometric and characteristic 
parameters are shown in TABLE 1. Manufacturers provide a 
range of critical current, Ic, and n at DC conditions and self-
field, due to their anisotropy along its length, however no 
information is provided regarding B0. The latter was estimated 
based on literature [35]-[36]. The BSCCO tape was supplied by 
Nexans in 2008 (model C01-207) and the ReBCO tape was 
acquired from SuperPower in 2022 (model SCS4050-AP). The 
silver matrix of the BSCCO tape presents a non-linear electric 
resistivity with the temperature, however, for 77K its typical 
value is around 0.4× 10#$Ωm, slightly influenced by the Mg 
content [37]-[38]. 

TABLE 1  
HTS 1ST GEN. BSCCO AND ReBCO TAPES’ CHARACTERISTICS 

Characteristic BSCCO 
(1st gen.) 

ReBCO 
(2nd gen.) 

Ic (77K) @ dc 160-180A 155-175A 
n (77K) @ dc 10-13 30-35 
B0 (77K) @ dc 0.1 - 0.14 T 0.1 - 0.14 T 

Geometry Elliptical Thin strip 
wsc (wsc = 2a) 3.5 mm 4.01 mm 
hsc (hsc = 2b) 0.12 mm 0.095 mm 

k = b/a 0.0343 - 
Manufacturer Nexans SuperConductors 

BSCCO-2212 C01-207 
SuperPower 

SCS4050-AP 
 

The experimental setup used consists of a sinusoidal voltage 
source, Keysight AC6804B, connected to a step-down 
transformer with the secondary connected to the HTS tapes. A 
cancelation coil is used to allow the alignment of the tape’s 
voltage and current to reduce the error when computing the 
active power (losses). The voltage is measured using a 
micro-voltmeter, Keithley 2000, acquiring the voltage time 
evolution for at least 20 periods with around 40 points per 
period. Each measurement is repeated 5 times to mitigate noise. 
A schematic and photo of the experimental setup are shown in 
Fig. 9 and Fig. 10. 

 
Fig. 9. Schematic of the experimental setup. 

 
1 File submitted as supplementary data. Will be published in database. 

 
Fig. 10. Photo of the experimental setup. 

4. Experimental and Simulation Results 

In this section, the applicability and accuracy of the proposed 
analytical models are verified. First, the values of Ic, B0 and n 
are calibrated, in the analytical models, to replicate the 
experimental results. Please note that the experimental results 
are done in ac conditions, thus, the simple definition of the 
critical current density, Jc, for E=Ec, is not valid. The 
manufacturers provide a range of critical current, Jc, and n at 
self-field. Using these values as a reference, the values of Ic, B0 
and n are adjusted to converge to the experimental ac results. 
Then, to verify the correctness of this method, using the 
analytically obtained HTS tape’s parameters, FEM results are 
compared with the analytical and experimental ones. With the 
convergence between experimental, analytical and FEM 
results, the applicability of the proposed analytical models can 
be verified. 

In Fig. 11 are presented the experimental losses per meter for 
both BSCOO and ReBCO tapes when applying sinusoidal 
currents with f = 50 Hz. The current amplitude was changed 
between 50 to 280 A for the BSCCO tape and between 50 to 
190 A for the ReBCO tape. The latter presents lower losses than 
the BSCCO until the resistive state is reached. In the resistive 
state, the slope presented by the ReBCO is higher than the one 
presented by the BSCCO.  

 

 
Fig. 11. Experimental results for the BSCCO and ReBCO tape. 
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4.1. Determination of the Tapes’ Ic and n values 

4.1.1.  BSCCO Tape 

In Fig. 12 to Fig. 15, the experimental results are compared 
with the analytical models, for different combinations of 
parameters Ic0, B0 and n values. In particular, Fig. 12 and Fig. 
13 present the results from the analytical Extended-Norris 
model, and Fig. 14 and Fig. 15 present the results from the 
Sigmoid model. 

The parameter n can be calibrated by finding the value that 
reproduces a similar slope of the resistive losses, i.e., Im ≥ Ic, 
when compared with the experimental results. It has been found 
that, for the BSCCO tape, n = 11 reproduces the closest results 
for the resistive losses. The critical current, Ic0, and B0 values 
can be determined by inspecting the hysteretic losses for values 
of current lower than the critical one, Im < Ic. This is because 
these values influence the slope and offset of the hysteretic 
losses, as seen in Fig. 12 and Fig. 14 for the Extended-Norris 
and Sigmoid models, respectively. The values Ic0 = 175 A, 
B0 = 0.14 T and n = 11 result in the closest hysteretic and 
resistive losses to the experimental ones.  

The developed analytical models helped identify the 
characteristic values of the BSCCO tape. Compared with the 
Extended-Norris model, the Sigmoid model has better results 
during the transition between the superconducting and resistive 
modes. Please note that the self-magnetic field of the tape is 
considered in the analytical models. 

Additionally, the analytical models for very high values of 
currents start to deviate from the experimental results. This is 
due to the presence of the silver matrix in the 1st generation 
BSCCO tape, as explained in the next subsection.  

 

 
Fig. 12. BSCCO experimental and analytical Extended-Norris results for 

different critical currents, “Ic0” parameters. 

 
Fig. 13. BSCCO experimental and analytical Extented-Norris results for 

different “n” parameters. 
 

 
Fig. 14. BSCCO experimental results and analytical Sigmoid results for 

different “Ic0” parameters. 

 
Fig. 15. BSCCO experimental and analytical Sigmoid results for different “n” 

parameters. 
 

4.1.2.  ReBCO Tape 

In Fig. 16 and Fig. 17, the experimental results are compared 
with the analytical models, for different combinations of 
parameters Ic0, B0 and n values. It can be seen that the Extended-
Norris model diverges from the experimental results for lower 
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values of currents but presents good results for values of 
currents Im>100 A, when Ic0=162 A, B0=0.14 T and n=21. Thus, 
the resistive state is well defined while the Norris equation 
presents some deviations. This deviation was also verified in 
different works for ReBCO tapes [17], [20]. 

The sigmoid model presents accurate results for the whole 
range of applied current, with the same parameters Ic0=162 A, 
B0=0.14 T and n=21. These parameters are coherent with the 
manufacturer data presented in TABLE 1.  

To verify the accuracy of the analytical models and the 
identified parameters, each tape is simulated using a FEA tool. 
These results are shown in the following section. 

 

 
Fig. 16. ReBCO experimental results and analytical ext-Norris results for 

different critical currents “Ic0”. 
 

 
Fig. 17. ReBCO experimental and analytical Sigmoid results for different 

critical currents “Ic0”. 

4.2. Validation of the analytical model 

FEA simulations are carried out to validate the analytical 
models using the H-formulation [39] to simulate the 1st 
generation elliptical tape and the T-formulation [40] to simulate 
the 2nd generation thin strip tape. For each tape, the Kim model 
together with the SC power law are used. The meshes used for 
both FEA simulations are shown in Fig. 18 and Fig. 19, with 
2268 triangular elements for the BSCCO tape and 50 edge 
elements for the ReBCO tape. For the 1st generation BSCCO 

tape, in Fig. 18, firstly was considered an air layer around the 
BSCCO layer, and secondly the silver layer which is, in fact, 
around the BSCCO layer. 

 
Fig. 18. FEA mesh used for the 1st Generation BSCCO. 

 
Fig. 19. FEA mesh used for the 2nd Generation ReBCO. 

 

4.2.1. BSCCO Tape 

The experimental, Extended-Norris, Sigmoid model and 
FEA results are shown in Fig. 20 and Fig. 21 for the BSCCO 
tape. In Fig. 20, no silver layer is considered around the SC 
layer, while in Fig. 21 the silver layer is considered. In both 
figures, the FEA results are close to the analytical ones, for the 
same input parameters of the HTS tape. It is possible to obtain 
similar results using the FEA Kim model, with Ic0 = 175 A, 
B0 = 0.14 T and n = 11. In Fig. 20, for values of current 
amplitudes higher than 250A, both analytical and simulation 
results start deviating from the experimental ones due to the 
presence of the silver layer in the BSCCO tape, which was not 
considered in this simulation. This layer acts as a parallel path 
for the current when the BSCCO layer starts quenching, thus, 
decreasing the total resistive losses. 

The main deviations between the Extended-Norris and 
simulation results occur around Im = Ic, i.e., for Ic = 150 A, as 
expected due to the discrete behaviour of the Norris hysteretic 
losses. Please note that for Im = 150A, the average value of the 
self-magnetic flux density is about 𝐵%& = 23.5 mT, which 
decreases the critical current to 𝐼" = 𝐼"'𝐵'/(𝐵' + 𝐵%&) ≅ 
150 A and thus, Im = Ic. The Sigmoid model produces very 
accurate results when compared with the FEA, with the same 
parameters, and experimental results.  

In Fig. 21, the silver layer around the SC layer is added to the 
FEA simulation and analytical models. It is verified that the 
analytical and FEA losses for high values of currents resemble 
the experimental ones. To obtain the analytical results, the 
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equivalent circuit in Fig. 22 was used with an applied sinusoidal 
current, Iapp, and based on the equivalent resistances of the HTS 
tape in section 2.4 and approximated inductances of the 
superconducting and silver layers.  

Regarding the SC layer, its inner inductance coefficient, 
LHTSi, is non-linear due to the penetration of current over time. 
Please note that there is no unique representation of inductances 
in the frequency domain (assuming sinusoidal currents) when 
the material is non-linear, as is the case of superconductors. 
Depending on the method used, such as simple energy, average 
energy, reluctance, or other, different values of effective 
induction coefficients can be obtained. This effect is similar 
when computing effective BH curves of iron cores [41]. In this 
work, it is considered the average value of the magnetic flux 
density inside the SC layer, in (24), to compute the inner flux 
through the half layer, 𝜆′( = 𝑎𝐵%&, for each applied current 
amplitude. From this, and assuming linearity, an effective SC 
layer inductance coefficient, 𝐿8)*(, can be estimated as in (24). 
When full penetration occurs, F=1, 𝐿8+,)( = 8 × 10#-	H, which 
is similar in magnitude to the value obtained when using the 
method presented in [42] (𝐿8)*( = 9 × 10#-	H). Note that the 
external induction coefficient of the tape is not included in Fig. 
22, because with applied current it does not influence the 
distribution of the current between the superconducting and 
silver layers. 
 

𝜆′! = 𝑎𝐵"# → 𝐿($%! =
2𝜆′!
𝐼&

 (28) 

 
The estimation of the silver matrix resistance, Rsilver, and 

inductance, Lsilver, can be done using rectangular conductors’ 
theory and the skin effect as shown in (29) to (31) [43]. In (31), 
ω is the angular frequency and ρal = 0.4× 10#$	Ωm.   

 (29) 

 (30) 

 (31) 

 
Note that the applied current, Iapp, now divides into the 

superconducting layer current, Im, and the silver layer current, 
Isilver. Due to the dependence of the equivalent resistances on the 
SC layer current, its solution requires an iterative process. It 
was found that only 1 or 2 iterations are required for Im < Ic, 
while 4 to 5 are required when Im > Ic.  

 

 
Fig. 20. BSCCO. Comparison between experimental, Extended-Norris, 

Sigmoid, and FEA results. FEA results consider the Kim model. 
 

 
Fig. 21. BSCCO. Comparison between experimental, Extended-Norris, 

Sigmoid, and FEA results with silver layer.  
 

 
Fig. 22. Equivalent circuit for the inclusion of the silver layer. 

 

4.2.2.  ReBCO Tape 

The experimental, Extended-Norris, Sigmoid model and 
FEA results are shown in Fig. 23 and Fig. 24 for the ReBCO 
tape, without and with the copper layers stabilizers, 
respectively.  

The FEA results are close to experimental results and lay 
between the Extended-Norris and Sigmoid model results, for 
the same input parameters of the HTS tape. Regarding 
experimental results, due to its high n value, the voltage 
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drastically increased after surpassing Im=1.2Ic and the 
experimental measurements were oscillatory. Therefore, the 
experimental measurements were only recorded until this point.  

 
Fig. 23. ReBCO. Comparison between experimental, Extended-Norris, 
Sigmoid, and FEA results. FEA results consider Bean and Kim models. 
 
The results with the copper stabilizers are also presented in 

Fig. 24, now for higher values of currents. To apply the 
analytical model, a similar approach to the BSCCO tape with 
the silver layer is followed. The equivalent circuit in Fig. 25 is 
used with an applied sinusoidal current, Iapp. The equivalent 
resistances of the HTS tape are defined in section 2.4. The 
approximated inductances of the superconducting layer and the 
resistance and inductance of copper stabilizers are estimated 
using equations (28) to (31) but with the 2nd generator tape 
geometry and the copper electric resistivity of ρcu = 
0.233× 10#$	Ωm. The width and thickness of each copper layer 
are 4 mm and 20 μm, respectively. Regarding the FEA 
simulation, the T-A formulation is now used with three layers 
in parallel. One represents the superconducting layer and two 
others, surrounding the latter, represent the copper stabilizers, 
shown in Fig. 26. The relative position and dimensions of each 
layer were obtained from [44]. To ensure the parallel 
connection between layers, the global constraint (32) was used. 

 

𝐼"'' = +𝐽(𝑑𝛺)* ++𝐽(𝑑𝛺*+ (32) 

 

 
Fig. 24. ReBCO. Comparison between experimental, Extended-Norris, 

Sigmoid, and FEA results, with copper stabilizers. 

  
Fig. 25. Equivalent circuit for the inclusion of the copper layer stabilizers. 
 

 
Fig. 26. Geometry used in FEA for the ReBCO with copper stabilizers. 

 
For this tape, the Sigmoid model presented better results. 

While the Extended-Norris model diverges from the 
experimental results for lower values of currents, as verified in 
[17] and [20], the Sigmoid model is capable of presenting good 
results. Therefore, the proposed analytical models have been 
verified and can be used as important tools for the identification 
and simulation of both 1st and 2nd generation HTS tapes. 

5. Discussion 

The developed analytical models have shown to be capable 
of accurately predicting the ac losses in tested 1st and 2nd 
generation tapes (BSCCO and ReBCO tapes). The main 
differences between the Extended-Norris and Sigmoid models 
are their performance in the transition between the hysteretic 
and resistive modes, and the physical meaning of their 
parameters. The Sigmoid model presents a better performance 
for the whole range of current, including in the transition 
between the hysteretic and resistive modes, on which the 
Extended-Norris presents higher deviations. However, its 
parameters do not provide a physical meaning as in the 
Extended-Norris model.  

Both analytical models allow the development of equivalent 
circuits, which were used to include the presence of the silver 
matrix in the BSCCO tape and the copper stabilizers in the 
ReBCO tape. These equivalent circuit models can be used to 
estimate the losses of HTS tapes under complex geometries and 
applications:  

i) Where the transition between the SC’s hysteretic and 
resistive modes can occur. This is important because eddy 
current losses due to external variable magnetic fields are 
not considered. The main source of ac losses is considered 
to be the transport current losses;  
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ii) Where the HTS tape current can be decomposed by a set 
of sinusoidal harmonics. The model was developed for 
sinusoidal currents with amplitude Im. 

iii) For multiple tapes, for example tape stacks, however, it is 
required to estimate the distribution of the magnetic field 
(average magnetic field) at each tape. 

6. Conclusions 

This work presents two alternative analytical models to 
characterize the hysteretic and resistive losses of 1st and 2nd 
generation superconducting tapes, with applied currents: 
Extended-Norris and Sigmoid models.  

The Extended-Norris model is proposed by adding the 
resistive losses to the Norris model. Compared with finite 
element and experimental results, this model presents 
sufficiently accurate results for the overall range of applied 
current amplitudes. However, it presents one main inaccuracy 
related to the transition between the hysteretic and resistive 
states. Between these states, a “knee-point” appears due to the 
saturation of the analytical Norris hysteretic losses.  

To correct this transition, a Sigmoid model is proposed. This 
model presents a smoother transition between the hysteretic and 
resistive states, providing results closer to the finite element and 
experimental results, for both 1st and 2nd generation tapes. 

The proposed analytical models were validated with 
simulation and experimental results. These also allowed the 
definition of equivalent electric circuits. Due to the presence of 
a silver matrix in the 1st generation tape and the copper 
stabilizers in the 2nd generation tape, their equivalent electric 
circuits were tested with parallel silver and copper layers 
impedances. Results show that for high current amplitudes, in 
the resistive state, the applied current starts dividing between 
the superconducting and silver and copper layers. 

 The proposed analytical models proved useful, not only for 
the estimation of hysteretic and resistive losses for 1st and 2nd 
generation tapes, but also for the identification of their 
parameters and for the development of equivalent electric 
circuits. The external ac magnetic field's influence and different 
electric frequencies will be analysed in further works.  
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