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Abstract

The classical Pell equation can be extended to the cubic case consid-
ering the elements of norm one in Z[{/r], which satisfy

2+ ry3 +r22 = 3rxyz = 1.

The solution of the cubic Pell equation is harder than the classical case,
indeed a method for solving it as Diophantine equation is still missing [2].
In this paper, we study the cubic Pell equation over finite fields, extending
the results that hold for the classical one. In particular, we provide a
novel method for counting the number of solutions in all possible cases
depending on the value of r. Moreover, we are also able to provide a
method for generating all the solutions.

1 Introduction

The Pell equation
2 —dy? =1,

is an important and well studied Diophantine equation, for d a non—square
positive integer. Finding its solutions is equivalent to finding the elements of
Z[\/d] of norm one. There are well known methods for solving this equation.
They are mainly based on continued fractions that allow to find a fundamental
solution, which is then used for generating all the other ones. Currently, there
are still several important issues regarding the Pell equation. For instance, the
study of the size of the fundamental solution is an interesting problem addressed
in several papers, e.g., [7, 11, 22]. Recently, the solvability of simultaneous Pell
equations and explicit formulas for their solutions have been also studied in
[14, 8, 12]. Moreover, it is also interesting to study the Pell equation over finite
fields, determining the number of solutions and their properties [18, 20, 19, 9].
For further information about the importance of the study of the Pell equation
see, e.g., [10].

Thus, it is natural to consider generalizations of the Pell equation, starting
from the cubic case. Considering the connection between the Pell equation and
the elements of norm one in a quadratic field, the analogue of the Pell equation
in the cubic case is given by the equation

2 +ry® + 228 = 3rayz =1,



where 7 is a cube—free integer, i.e., we are asking for the elements of norm one
in Z[¥/r]. First studies of the cubic Pell equation can be found in [17] and [21].
In [10], the author proposed a method for solving the cubic Pell equation by
means of a generalization of continued fractions due to Jacobi [15]. However,
this method is not always useful for this purpose, since the periodicity of the
Jacobi algorithm is still a fascinating open problem for all cubic irrationals. This
question was also addressed, e.g., in [5] and [6]. The solutions of the cubic Pell
equation were studied in [1] from the point of view of recurrent sequences, since
Lucas sequences are solutions, up to constants, of the classical Pell equation. In
general, the cubic Pell equation is very hard to solve for any cube—free . In [2],
the author exhibited an algorithm for finding the fundamental solutions of the
cubic Pell equation that works only in some cases. Thus, the problem of solving
the cubic Pell equation is still open. For more motivation and results about the
cubic Pell equation see also [13].

In this paper, we address the problem of solving the cubic Pell equation over
finite fields. In particular, in Section 2 we recall the classical Pell equation and
its definition as the elements of norm one in a quadratic field. We also introduce
a particular parameterization, which is useful for studying the Pell equation
over finite fields and it is also handy for a generalization in the cubic case. In
Section 3, we recall the structure of the Pell conic over finite fields obtaining also
the results of [18] in a different way. Section 4 is devoted to the introduction of
the cubic Pell equation. Here, we also introduce its parameterization that will
allow to study its structure over finite fields, giving also methods for generating
the solutions. Finally, in Section 5, we describe the behavior of the cubic Pell
equation over finite fields.

2 The Pell equation
The classical Pell equation is the equation of the form
2 —dy? =1,

where d is a positive square—free integer and solutions are sought for (z,y) € Z2.
In this work we consider the Pell equation in general terms, considering any
element d in a field F and taking the polynomial ring

Ra = Flt]/ {2~ d)
whose elements are the classes of equivalence
[z 4+ yt] := {x +yt + k(t)(t* — d) | k(t) € F[t]}, for any z,y € F.
This quotient ring inherits from the polynomial product the operation
(21 + 1] - [z2 + yat] = [(T122 + dy1y2) + (T1y2 + y122)1]. (2.1)

The conjugate of an element [z + yt] € Ry is defined as [x — yt]. The product
of an element with its conjugate defines the norm

Na([z +yt]) := [z +yt] - [ — yt] = 2® — dy® € F.



The unitary elements of R, with respect to the norm Ny
URq) = {[z + yt] € Ra| Na([z + yt]) = 1},
form a commutative group that is clearly isomorphic to the Pell conic
Ca:={(z,y) € F?|2® — dy?® =1},
equipped with the classical Brahmagupta product

(x1,71) Q4 (22, y2) = (z122 + dy1y2, T1Y2 + Y122).

Due to this isomorphism, in the following we will use the norm Ny also for the
points of the conic and the notation ®4 also for denoting the product over R .
In general, we denote by (z,y)®4* the k-power of (z,y) with respect to ®g.

The operation ®, over the Pell conic has an interesting geometric interpreta-
tion [4]: in order to obtain the point (21, y1)®4(x2,y2), consider the line through
(21,91), (22, y2) and take its parallel line through (1, 0); the latter intersects the
conic in a second point that is actually (z1,y1) ®4 (2,y2). As observed in [1],
this geometric interpretation is analogous to the classical operation on elliptic
curves.

In the following, we introduce a particular parametrization for the Pell conic,
which is useful for studying it over finite fields and also for generalizing this study
to the cubic Pell equation.

Definition 2.1. The projectivization of R4 is Py = Rff"'/]FX, where R?d is
the set of the invertible elements of R, with respect to ®4. We denote the
elements of Py by [m : n]. In particular, they are the classes of equivalence of
the elements [m + nt] € RY* given by

[m:n] = {A[m+nt] |\ € F*}.

If n € F¥, then [m +nt] € RY? is equivalent to [mn~! +¢] € R$*. Thus, when
n = 0 we choose as canonical representative in Pg [1 : 0] while, in the other
cases, we take [mn~! : 1].

Since the Brahmagupta product ®4 consists of homogeneous polynomials, it is
well defined also on Py and determines a commutative group with identity [1 : 0]
and inverse of [m : 1] given by [—m : 1].

The structure of Py depends on that of R?d:
1. if d is a non-square element in F, then RS = R4 ~ {[0]} and
Pyi={[m:1]|meFtU{[l:0]} ~FU{a}, (2.2)

where a denotes an element not in F that can be seen as the point at
infinity;

2. if d is a square in F and s is a fixed square root of d in F, then there is the
factorization t? —d = (t + s)(t — s) € F[t] and, for any y € F, the classes
[y(s+t)] and [y(—s + t)] are zero—divisors in R, so that

R =Ra~A{[0], [sy + yt], [=sy + yt] |y € F}.
Thus,
Po={[m:1]|meF~{£s}}U{[1:0]} ~ (F~ {xs})U{a}. (2.3)



The projectivization is actually a parameterization of the Pell conic, which is
useful for studying some of its properties over finite fields and will be naturally
generalized also for the cubic case. The following theorem provides an explicit
group isomorphism between (Py, ®4) and (C4,®4). The result was introduced
in [3], here we give a different formulation and a proof that can be adapted to
the cubic case.

Theorem 2.1. Given d € F, the following map is a group isomorphism

¢: (Pa,®q) — (Ca, ®a),
(m,n)®+% (m2 +dn?  2mn )

[+ n] — Ny(m,n)  \m2 —dn2’ m?2 — dn?

and its inverse is
o7 (Cay®a) = (Pa, ®a),
(_170) — [O : 1]a
(z,y) — [z +1:y].
Proof. In order for ¢ to be a group isomorphism, it must be:

o well defined: if [m : n] = [m' : n/] € Py, then there is A € F* such that
[m’ :n'] = [Am: An], and

(Am, An)®a2 X2(m,n)®42  (m,n)®
NyAm,An) — X2Ng(m,n)  Ng(m,n)’

therefore ¢ is well defined. In addition, ¢(Pg) C C4 since

e a group homomorphism: for any [mq : n1], [ms : n2] € Py we have
[m1 : ’l’Ll] Ra [m2 : 77/2} = [m1m2 + dning : mins + nlmg],
so that

(m1m2 + dning, ming + n1m2)®d2

#([m1 : n1] ®q [m2 : nol) = Na(mama + dnina, mans + nims)

~(m1,n1)%4? ®@q (Mg, ng)®+?
Ng(mi,n1)Ng(ma,n2)

= ¢([m1 : m1]) ®a ¢([m2 : nal);

e injective: for any [m : n] € Py,

m? —dn? = m? + dn?,

0=2mn

¢([m:n]) = (1,0) & {

< n=0%sker(¢) ={[1:0]};



e surjective: if (2,0) € Cq4, then 22 = 1, that is * = 41 and we have
#([1:0]) = (1,0) and ¢([0: 1]) = (—1,0). Now let (z,y) € Cq with y # 0.

We have d = ngl and, since d # 0, x # £1. In particular, we are looking

for [m : n] € P4 such that

_ 2mny
Y= m2y2—(z2—1)n?

2 2 2 2
o= [mPy — 2mnay + et~ 1) =0,
’ m2y? — 2mny — n?(2? — 1) = 0.

Subtracting the second equation to the first one, we obtain
2n? (2% — 1) = 2mn(z — 1).

Since x # 1 and n # 0, we get m = nxTH Therefore ¢([z+1:y]) = (z,y)
and this concludes the proof of the surjectivity.

In conclusion, ¢ is a group isomorphism with the wanted inverse. O

When ¢~ (z,y) = [z +1:9y] = [””TH : 1] = [m : 1], m can be interpreted
geometrically: since x = my — 1, it represents the slope of the line through
(z,y) and (—1,0) written with = depending on y. With this interpretation,
[1:0] is correctly seen as the slope of the horizontal line through (1,0), so that
its relation with the point at infinity « is coherent.

The group isomorphism ¢ gives also a direct method to generate all the
solutions of the Pell equation 2 — dy? = 1 € F from the elements of Py, which
require half the size to be stored when the notation introduced in Egs. (2.2)
and (2.3) is exploited, since

6(0) = 6([1 : 0)) = (1,0),
6(0) = ([0 : 1]) = (~1,0),

m2 m
o(m) (b([m:l])( td 2

m2—d m2—d

), for m # «, 0.

3 The Pell conic over finite fields

When F = F,, with ¢ = p* and p prime, the group structure of the Pell conic
depends on the parameter d being or not a square. These situations are fully
described by Menezes and Vanstone [13] giving also the order of the Pell conic in
these two cases, i.e., the number of solutions of the Pell equation over finite fields.
In Sections 3.1 and 3.2, we report these results including the proofs and proving
them also in an alternative way connected to the previous parameterization. In
this way, we provide the ideas that will be exploited for studying the cubic Pell
equation over finite fields in Section 5.

3.1 d non—square
When d is a not a square, t* — d € F,[t] is irreducible over F,, so that
Ra = Fq[t]/<t2 — d> = qu.

Theorem 3.1. If d is a non-square in Fg, then (C4,®4) is a cyclic group of
order ¢+ 1 [13].



Proof. We have that Rf?d = IE‘qX2 has ¢> — 1 elements. If G C FqXQ denotes the
multiplicative subgroup of order ¢ + 1, then z + yt € G & (z + yt)9™1 =1 and
(z+yt)™" = (z +yt)"(z + yt)

= (x + yt?)(x + yt)

= (z +y(tH) V%) (z + yt)

= (z +yd= V%) (z + yt)

= (z —yt)(z+yt)

= 2% — dy’,

so that z +yt € G & (x,y) € Cq4. This association is a group isomorphism
between G and (Cy4, ®4), hence the Pell conic is a cyclic group of order g+1. O

Looking at the projectivization Py, since there are no square roots of d in
F,, then #Pq = ¢+ 1 from Eq. (2.2). This is confirmed also considering

(Py,®a) = RY*/F; = T35 /Fx,

which proves also that (Pg, ®4) is cyclic because quotient of cyclic groups. Thus,
using the group isomorphism ¢ obtained for a general field in Theorem 2.1 also
proves that (Cq, ®4) is cyclic of order g+ 1. In addition, ¢ allows also to describe
each point of the conic with half the size with respect to the group isomorphism
obtained in Theorem 3.1.

3.2 d square

If we suppose d is a square and fix a square root s of d, then £s € F, and Ry is
a ring. As in the previous case, the Pell conic is cyclic because of the following
result.

Theorem 3.2. If d is a square in [y, then there is the group isomorphism

(Ca,®a) = Fy
(z,y) — x — sy,

14+u2 1—u?
, —iu.
2u 2su

Therefore (Cy4, ®4) is a cyclic group of order ¢ — 1 [18].

Proof. Fix a square root s € F, of d, the norm of a point (z,y) € Cq4 can be
factorized as

1 =2 —dy* = (z — sy)(x + sy) = uv,

so that

vt+u V—U

5 y= 95

which results in a bijective correspondence between (z,y) € Cq and (u,v) € F2
such that uv = 1. The equation uv = 1 has exactly ¢ — 1 solutions ]F(ZI and, in
particular, a unique solution for each u € Fy. Thus, the map in the statement
is bijective and a group homomorphism, and (Cg4, ®4) is cyclic of order g—1. O



When considering the projectivization Py, Eq. (2.3) implies #P; = ¢ — 1
and, as a corollary of Theorems 2.1 and 3.1, we have that Py is cyclic. However,
as will be observed in Sections 4 and 5, we have a cubic analogous of Theo-
rem 3.1 but not of Theorem 2.1. Thus, in order to have a starting point for the
generalization in the cubic case with cube parameter (Sections 5.2 and 5.3), we
give an alternative standalone proof of the structure of P; in the quadratic case.

Theorem 3.3. If d is a square in [y, then there is the group isomorphism

(P4, ®a) = F,

m—sn
[m:n] —

m+ sn’
[s(1+wu):1—u] +—u.

Therefore, (Py, ®4) is a cyclic group of order g — 1.
Proof. Fix s square root of d in Fg, t? — d is reducible over F, as
2 —d=(t—s)(t+s),
so that, using the Chinese remainder theorem, there is the ring isomorphism
Ra = F, /(8 — d) < Fylt)/{t — ) x B[/ (¢ + 5),
[z +yt] — ([z + syl, [z — sy]).

In addition, F,[t]/(t — s) = F,[t]/(t + s) = F,. When passing to the quotients,
we obtain that

(Py,®4) = RGJF) 22 (F x FX)/F) = F

q q”’

through the map in the statement. This confirms that (IP’d, ®d) is a cyclic group
of order ¢ — 1. [

An interesting property of the explicit group isomorphisms obtained in The-
orems 3.2 and 3.3 is that their composition gives the same group isomorphism
obtained for a general field in Theorem 2.1. Indeed, the resulting map is

(Pg, ®a) — F = (Ca,®4),

2 2
m—sn m—sn
m — Sn 1+<m+sn) ]'_ (m+sn>
[m : n] — m+ sn — m—sn ’ 9gm=5sn o (I’y)
m-+sn m-+sn

We have

(2,9) = ((m +sn)% + (m —sn)? (m+sn)? — (m— sn)2>
’ 2(m — sn)(m+sn) ~ 2s(m — sn)(m + sn)
_ 2m? + 2dn? 4smn _ m? + dn? 2mn
N (2(m2 —dn?)’ 2s(m? — dn2)> B <m2 —dn?’ m? — dn2> ’

which is exactly the isomorphism ¢ obtained for a general field in Theorem 2.1.



On the other hand, the inverse is given by

(Ca,®q) — FY = (Pa,®a),
(,y) r—zx—syr—[s(l+z—sy):1—xz+sy]=[m:n].

If 1+ 2 + sy # 0, then we have

m:n]=[s(1+z—sy)l+z+sy): (1 —z+sy)(l+z+ sy)]
= [s(1 + 2z + 2% — dy?) : 1 + 2sy + dy® — 27
=[2s(1+z): 28y =[1+z:y]

On the other hand, if 1 + x + sy = 0, then we have

1+z+sy=0, x=—1-— sy, x=-1,
= =
2?2 —dy? =1 14 2sy +dy? —dy? =1 y=0,

so that

[1+x:y], otherwise.

0:1], if (z,y) = (-1,0),
[m:n]:{[ L i (ay) = (-1,0)
This is exactly the isomorphism ¢! obtained for a general field in Theorem 2.1.

4 The cubic Pell equation

In this section, we introduce and study the cubic Pell equation in a way similar
to the one used in Section 2 for the quadratic case. Then we approach the study
of the Pell cubic equation over finite fields in the next section.

Given a field F and an element r € F, we consider the polynomial ring

R, = F[t]/{t* —r)
= {[z+yt+2t°) = {z +yt + 2> + k()(¢* — ) | k(t) € F[t]} | 2,9,z € F},

which inherits from the polynomial product the operation

[21 + Y1t + 218°] - [T + Yot + 22t7] = w122 + 7 (Y122 + 21Y2)
+ (z1y2 + y1z2 + 12129t
+ (w122 + Y1y + 2122)t7].

Considering the cubic roots of unity {1, w,w?}, an element [z+yt+2t?] € R,
has two conjugates

[+ ywt + 20°t%], [z + yw?t + 2wt?],
which we use analogously to the quadratic case to define the norm

Np[z +yt + 2t%] = [z + yt + 2t?] - [v + ywt + 20°t%] - [z + yw’t + 20t?]

=23 — 3rayz +ry® + 223,



As for the Pell conic, this allows to provide a trivial group isomorphism between
the unitary elements of R, with respect to the norm N,

U(R,) = {[x + yt + 2t?] € R, | No[w + yt + 2t*] = 1},
and the Pell cubic
Cr = {(x,y,2) € F3|a® — 3rayz +ry® + r22° = 1},
that, with the generalization of the Brahmagupta product

(1,91, 21) Or (22,2, 22) = (561!102 + (Y122 + 2192),
T1Y2 + Y122 + 12122,

T122 + Y1y2 + 2122),

is a commutative group with identity (1,0,0) and inverse of an element (z,y, 2)
given by the product of its conjugates

(z,yw, 2w?) O (z,yw?, 2wt?) = (22 — ryz,r2% — 2y, y* — x2).
Due to this group isomorphism, in the following we will use the norm N, also
for the points of the cubic and the notation ®, also for denoting the product
over R,. In general, we denote by (z,y, 2)©* the k-power of (z,y, z) with ®,.
As for Definition 2.1, we can consider the set of the invertible elements of
R, with respect to ®,, denoted as

RO = {[z + yt + 2t*] € R, | N.[x + yt + zt?] # 0},
as well as introduce a projectivization related to the Pell cubic.

Definition 4.1. The projectivization of R, is P, := R /F*, so that the
elements of P,. are the classes of equivalence of the elements [l +mt+nt?] € RO",
i.e., they are of the form

[1:m:n] = {\l+mt+nt?]]| N e F*}.

If n € F*, then [l +mt +nt?] is equivalent to [In~t +mn =1t +¢%] and we choose
[In=! : mn=! : 1] as canonical representative in P,.. Otherwise, if n = 0 and
m € FX, then we can take [Im~! : 1 : 0] and finally, when m = n = 0, the
canonical representative is [1: 0 : 0].

Since the product ®,. consists of homogeneous polynomials, it is well defined
also on P, and determines a commutative group with identity [1 : 0 : 0] and

inverse of [l : m : n] given by [I2 —rmn : rn? — Im : m? — In], i.e.,

l:m:1) o [P—rm:r—Im:m?>—=1]=[1:0:0],
[1:1:0]0,[:=1:1]=[1:0:0].

Differently from the quadratic case, the group isomorphism between (P,., ®;.)
and (C,, ®,) is not easy to find. However, we study the structure of the projec-
tivization depending on the parameter r since it is useful for giving a complete
characterization of the Pell cubic over finite fields, i.e., generalizing the results
in Section 3. Specifically, there are three possible cases:



1. if 7 is not a cube in F, then N[z +yt+ 2t%] # 0 & [+ yt + 2t?] # [0] and

P,={[l:m:1],[l:1:0],[1:0:0]|{,m € F}

4.1
~ (F X F) U (F x {a}) U {(a, o)}, -y
where (a, o) denotes the point at infinity and F x {a} is a line at infinity;

2. if 7 is a cube and {1,w,w?} C IF, then [F contains also all the cubic roots of
r that, when denoting one of them with s, are {s, sw, sw?}. In this case,
t3 —r = (t—s)(t — sw)(t — sw?) and the elements of norm zero in R,. must
be multiples of the classes of the three zero—divisors, i.e.,

{lz +yt + 2t>] € R, | Np[z + yt + 2t°] = 0} = ([t — s], [t — sw], [t — sw?]).
Looking at the projectivization, this means that
P, ={[l:m:n]|l,m,ne€F}~([~s:1:0],[—sw:1:0],[—sw?:1:0]).

Hence, in order to obtain an explicit form for P, like in Eq. (4.1), we need
to study the multiples of these three elements.

The multiples of [—s : 1: 0] are, for any [ € F,
[-5:1:00©,[l:1:0]=[-ls:—=s+1:1],

and, for any I’,m’ € F,

[~5:1:0]0, [I':m 1] =[-Us+s:—m/s+1': —s+m]
[—s(l' —s%): 1" — s%:0], it m' = s,
N [f (i;l,_fi) S: (i;,‘fi) -5 1} , otherwise
_Jl=s:1:0], ifm' =s,
| [~ls:l—s:1], withl= ﬁ;,__sz otherwise.

We obtain analogous results for the other multiples, specifically

([-s:1:0]) ={[-5:1:0],[-ls:l—s:1]|l € F},
([~sw:1:0]) ={[-sw:1:0],[~lsw:l—sw:1]|l € F}, (4.2)
([-sw®:1:0]) = {[—sw?:1:0],[~lsw® : | — sw® : 1] |l € F}.

In order to list precisely the elements of P,., we still need to study the
intersections between the three obtained sets: if 0 < i < j < 2, then
[—lsw?: | —sw': 1] = [~l'swl : ' — sw : 1] if and only if

—lsw' = —l'sw?, l=1wi l=—suw,
7 / 1 = !, J—1 / 7 J A / 7
| —swr=1"— sw’ Vw? =" =1 = sw' — sw? I/ = —sw’.

This means that, for any 0 <i < j <2,

{(—sw",1,0)) N {(—sw?, 1,0)) = {[s°w"™ : —s(w’ +w) : 1]}
={[s®w™ 1 swF 1], k=3 —i—j}.

10



Thus, when listing the elements of P, by using the sets in Eq. (4.2), we
have to consider that three elements are obtained twice. In particular, in
{[~sw?: 1:0]), they are those with second coordinate m = sw* for k # i.
For instance, one of the duplicates can be removed by the list by excluding
for each i € {0,1,2} the element with m = sw’~!, so that

Pr={[l:m:1],[l:1:0],[1:0:0]|l,m € F} (4.3)
~ U {[=sw*:1:0], [~ (m+sw’)sw’ :m:1] |m € F\{sw' '} }.
1€{0,1,2}

. if r is a cube and F does not contain any non—trivial cubic root of unity,
i.e., {w,w?} ¢ F, then only one root s of r is in F and in F[¢]

t3—r = (t—s)(t? + st + s?).
The elements of norm zero are multiple of the zero—divisors, i.e.,
{[x+yt+2t] € R, | Np[w + yt + 2t°] = 0} = ([t — 5], [t* + st + 5°]).

As before, when considering the projectivization, the non—trivial multiples
of [-s:1:0] are [-(m+ 8)s:m: 1] for m € F.

This list already contains all the non—trivial multiples of the second zero—
divisor since for every [l : m : n] non multiple of [—s : 1 : 0], we have

[s?:5:1] @, [l :m:n] = [s*(I4+ms+ns?) : s(I+ms+ns?) : [+ms+ns?]
=[s?:5:1].
In conclusion, the elements in the projectivization are exactly
P,={[l:m:1],[l:1:0],[1:0:0]|l,m e F}

“A{[=s:1:0), [-(m+s)s:m:1],[s*:s: 1] |m € F}. (44)

5 The Pell cubic over finite fields

In this section, we give a full description of the solutions of the cubic Pell
equation when F = IF, with ¢ = p* and p prime. This characterization depends
on the parameter r € F, and there are three different scenarios due to the value
of ged(3,¢ — 1) in the extended Euler criterion:

r € Fy is a cube < (@~ D/ecdBa=1) — 1

r non—cube

From the Euler criterion, a finite field F, contains a non-cube element r if and
only if ged(3,g—1) > 1 < g=1 (mod 3), so that (¢ —1)/3 = |¢/3] and

1 _q & rl9/3] = o, primitive cubic root of unity.
T =

{T(q—l)/l% £1,

In this case, the polynomial t* — r is irreducible over F,, so that

R, =TF,[t]/{t* —r) 2 Fp.

We can obtain a result analogous to Theorem 3.1.

11



Theorem 5.1. If r is a non—cube in Fy, then (C,, ®,) is a cyclic group of order
@ +q+1

Proof. We clearly have that RY" = ]qug has ¢> — 1 elements. If G C FqXS denotes
the multiplicative subgroup of order ¢? + ¢ + 1, then = + yt + zt> € G if and

only if (z + yt + 22)7 +7t1 =1 and
(x4 yt + 22)T T = (z 4yt + 242)T (2 + yt + 22) U (x + yt + 2t2)
= (z + yt? + 2620 (z + yt? + 2t2)(x + yt + 2t?),
where
19 — (t3)(q—1)/3t = pla/3ly = wt, w?= (w3)(q—1)/3w =w,
so that
(x+yt+ zt2)q2+q+1 = (z + ywt + 2%t (x + ywt + 20?t?)(z + yt + 2t%)
= (z + ywit? + 2% (x + ywt + 2wt?)(z + yt + 2t%)
= (z + yw?t + 2wt?)(z + ywt + 20°t%) (z + yt + 2t?)
=23 — 3rayz + ry® + 225,

Thus, z+yt+2t2 € G < (2,y,2) € C,.. This association is a group isomorphism
between G and (C,, ®,), hence the Pell cubic is cyclic with order ¢ +¢+1. O

Looking at the projectivization IP,., since there are no cubic roots of r in F,
then #P, = ¢®> + ¢+ 1 from Eq. (4.1). This is obtained also considering that

(IP’T,(D,,) = R,@T/F; = IFqX3/]FqX,
which proves also that (P, ®,) is cyclic because quotient of cyclic groups. In
addition, it is possible to obtain the following result.

Theorem 5.2. If ¢ =1 (mod 3) and 7 € F is a non—cube, then there is the
group isomorphism

wl : (]Pra@r) L> (CT7®T)7
[:m:n] — Np(l,m,n)93171 (1 m, n)®r3,
Proof. In order for 11 to be a group isomorphism, it must be:

o well defined: if [l : m:n]=[':m' :n'] €P,, then there is A € F* such
that [’ : m’ :n/] = [A : Am : An], and since |¢/3] — 1= (¢ —4)/3
N (AL A, An) 5 (AL Am, An)©73 = (ASN,(1m,n)) ® A3 (1, m, n)®*
= NN (1m,n) 5 (1 m, )7,
therefore v is well defined. In addition, ¥y (IP’T) C C, because
N, (¢1([l : m:n])) = N,(I, m,n)?*N,(I,m,n)?
= N.(I,m,n)" =1,

12



e a group homomorphism: given [l; : my : ny],[la : ma : ng] € P, by
denoting [ : m : n] = [l1 : my : n1] O [l2 : Mg : N3], we have
Ui ([l : m:n]) = Np(l,m,n) 93171 (1 m, n)©r3
- NT(Zl,ml,nl)Lq/‘r‘J_lNT(lg,mg,ng)LQ/?’J_l
(I, m1,n1)%7? ©p (2, ma, n2)®"?

=¢1([lh 2 ma 2 ma]) O Y1([l2 : M2 2 n2]);
e injective: for any [l : m :n] € Pr, ¢ ([l : m : n]) = (1,0,0) if and only if

N, (1, m, n)La/B31=1 (B 4 6rimn+rm3 +r2n3) = 1,
Nr(la m, n) La/3] _1(127’71 + Tl?’l2 + T‘an) = O’
N.(I,m,n) L‘]/‘rf)'J71(1277, +1im? +rmn?) = 0,

with N,.(I,m,n) # 0, so that:

— if m,n # 0, then
{lan +7rin +rm?n? =0, - l(rn3 _ m3) _o.

Pmn +Im> + rm2n? =0

Since r is not a cube, the only solution is [ = 0. However, this implies
that m2n? = 0, which is satisfied only if m = 0 or n = 0. Therefore,
there are no solutions such that m,n # 0;

— if m # n = 0, then from the third equation Im? = 0, i.e., | = 0,
so that [l : m : n] = [0 : 1 : 0] and the first equation becomes
rl9/3) = 1. This is in contradiction with 7(4=1/3 =« deduced from
our assumption at the beginning of the subsection. Therefore, there
are no solutions such that m # n = 0;

— if n # m = 0, then from the second equation rin? = 0, i.e., I = 0, so
that [l : m :n] = [0:0: 1] and the first equation becomes r2L9/3) = 1,
ie., r(@1/3 = £1. The case r(@~1/3 = 1 is again in contradiction
with 7(@=1/3 = ¢, obtained from the extended Euler criterion. On

the other hand, r(?2=1/3 = —1 implies 7¢~' = —1, which does not
respect the field order. Therefore, there are no solutions such that
n#m=0;

— m=n=0 implies [l : m :n] =[1:0:0] which is a solution.

We have finally proved that ker(i;) = {[1:0:0]};

e the surjectivity follows from the fact that we have an injective map be-
tween two finite groups of same cardinality ¢> + ¢ + 1.

In conclusion, 1 is a group isomorphism. O

Thus, using the group isomorphism 1 also proves that (C,,®,) is cyclic of
order ¢? + ¢ + 1. This construction allows also to find all the solutions of the
cubic Pell equation. Indeed, it is sufficient to evaluate i1 over all the elements of
P,, which are [l : m: 1] foralli,m e Fy, [[:1:0]foralll € F; and [1:0:0], as
obtained in Eq. (4.1). However, since the explicit inverse is missing, it is difficult
to describe each point of the Pell cubic as a point of the projectivization.
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Example 5.1. Let us consider ¢ = 7 and r = 2, which is not a cube in F7.
Thanks to the previous results we know that the cubic Pell equation

23+ 293 +42° —6zyz=1 (mod 7),
admits ¢ 4+ g + 1 = 57 solutions and we are able to find all of them evaluating
Yi([l:m:1]), VI,m ey,

P1([1:1:0]), VIeTFy,
Y1([1:0:0]) = (1,0,0).

For instance, for finding a random solution of the cubic Pell equation, we can
take two random elements [,m € F7, e.g., [ = 3 and m = 5 and evaluate

i([3:5: 1)) = (5,4,4).
One can check that
5542-4°44-43-6-5-4-4=1 (mod 7).
Similarly, we can take [ =4 and [4: 1 : 0] € Py, so that
Pr([4:1:0]) = (2,4,1),
is another solution of the cubic Pell equation.

Note that for large values of g this method for finding all the solutions of
the cubic Pell equation is not efficient, since it has complexity O(¢?), even if it
is surely better than an exhaustive search that has complexity O(¢?).

However, for large values of ¢ it is really interesting to use the above method
for generating random solutions of the cubic Pell equation since, exploiting
as in the previous example, we are always able to generate different solutions.

5.2 r cube with three roots in F,

If g = 1 (mod 3), given w primitive cubic root of unity, then {1,w,w?} C F,.
In addition, if r is a cube and s € F is a fixed cubic root of 7, then the other
two cubic roots are ws,w?s and {s,ws,w?s} C F;‘. In this case, with a proof
analogous to Theorem 3.2, we prove the following result.

Theorem 5.3. If ¢ =1 (mod 3) and r € F is a cube, then (C,, ®,) is isomor-
phic to Fy¢ x F through
(Cr, o) FxX x Fy
(z,y,2) — ( + wsy + w?s’z, 2 + w?sy + ws?z),

<1 +uv? + v 14 wuv? + wuo 1+ wu? + wue )
;| < (u,0).

)

3uv 3suv ’ 3s2uw

Proof. Fix a cubic root s € F)* of r, the norm of a point (z,y,2) € C, can be
written as

1 =2 —3rayz +ry® + 1223

= (z + wsy + w?s?2)(z + wsy + ws’2)(z + sy + 522) = wvw,
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so that

w—+v+u w+wv+w2u w—i—w%—l—wu

- 9 - T 9. — ’

3 ’ 3s 352

is a bijective correspondence between the points (z,y, z) € C, and (u, v, w) € F3

such that uvw = 1. The equation uvw = 1 has exactly (¢ — 1)? solutions in IF%

and, in particular, a unique solution for each (u,v) € F;* x FX. Thus, the map
in the statement is bijective and also a group homomorphism. O

When considering the projectivization P,., it is clear from Eq. (4.3) that
#P. = +q+1-3¢=(¢—1)>%
This is confirmed by the following result, obtained analogously to Theorem 3.3.
Theorem 5.4. If ¢ =1 (mod 3) and r € F is a cube, then (P,, ®,) is isomor-
phic to F;¢ x F through
(P, ®p) = FX xFx,
IH+wsm~+w?s?n [+w’sm+ws?n
[l:m:n]— , ,
l+sm+s?n " 1+ sm+s?n

[s1+v+u):s(1+wv+w): 1+w+wu] < (u,v).

Proof. Fix s cubic root of r in F,, 3 — r is reducible over F, as
t3—r=(t—s)(t—ws)(t —w’s),
so that, using the Chinese remainder theorem, there is the ring isomorphism
Ry = Fy[t]/(t® —r) == Fylt]/(t — s) x Fq[t]/{t — ws) x Fy[t]/{t — w?s),
T+ yt + 2t? — (x+ sy + 822, T+ wsy + w2522, T+ wQSy + ws2z).

In addition, F,[t]/(t —s) X F,[t]/(t —ws) 2 F,[t]/(t —w?s) 2 F,. When passing
to the quotients, we obtain that

(Pr,0r) =R JFY = (FX x By x F)/Fr 2Ff xF,

q )

through the map in the statement. O
Combining the obtained results gives the explicit group isomorphism

Yo (PT,QT) ;(Cm ®r)a
13+ 2521(m? + smn + s2n2) + s*mn(m + sn)
[:m:n]— ,
N, (I, m,n)
s2m3 4+ 2m(12 + s%ln + s*n?) + sin(l + s?n)
N,.(I,m,n) ’
s5n3 4+ 2sn(1? + slm + s?>m?) + Im(l + sm)
sN.(I,m,n) ’

where the sum of the numerators is (I + sm + s%n)3. The inverse is given by

¥yt (CrOr) (B 0r),
(z,y,2) = [*(1+2z—sy—s°2) : s(1—z+2sy—s°2) : l—x—sy—+2s5°2].
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The group isomorphism 5 allows to find all the solutions of the cubic Pell
equation: it is sufficient to evaluate i over all the elements of P, described
explicitly in Eq. (4.3). In addition, differently from the previous case, the explicit
inverse of the group isomorphism can be used to describe each point of the Pell
cubic with two thirds of the size with respect to the classical notation for the
points in Fg.

Example 5.2. Let us consider ¢ = 13 and r = 5, which is the cube of {7,8,11}
in Fy3. Thanks to the previous results we know that the cubic Pell equation

23 +5y% — 23 —2zyz=1 (mod 13),
admits (¢ — 1) = 144 solutions and we are able to find all of them evaluating

Ya([l:m:1]), VmeTF3,leFis~{-Tm+3,-8m+1,—11m + 9},
wg([l 01 20])7 VlEIFlg\{—Z —8,—11},
Yo([1:0:0]) = (1,0,0).

For instance, for finding a random solution of the cubic Pell equation, we can
take a random m € Fi3, e.g., m = 3, and another element | € Fy3 \ {8, 3,2},
e.g., 1 =9, and evaluate

$a([9:3:1]) = (3,4,3).
One can check that
334+5.43-3-2.3.4-3=1 (mod 13).
Similarly, we can take | =4 ¢ {6,5,2} and [4: 1: 0] € P5, so that
$1([4:1:0]) = (10,4,9),

is another solution of the cubic Pell equation.

5.3 r cube with one root in F,

If g 21 (mod 3), then F, does not contain any non—trivial cubic root of unity.
In addition, each r € F is a cube and has only one cubic root s in F,.
In this case, Eq. (4.4) holds and the projectivization P, has

#P,=¢ +q+1—-(q+2)=¢ -1,

unless there is a m € F, such that [-(m +s)s:m:1]=[s?:5:1] & 352 =0,
which is satisfied only when ¢ = 3, in which case #P,. = ¢%. This result is also
confirmed by the following statement, obtained analogously to Theorem 3.3.

Theorem 5.5. If ¢ # 1 (mod 3), ¢ # 3 and r € FS, then there is the group
isomorphism

(HDTa ®T) = IF;<27

[l:m:n}:{)\[l+mt+nt2]|/\7é0},_>( 1 — s2n m— sn )7

l+sm+s2n’ 1+ sm—+ s?n

[s2(1—sv42u):s(14+250—u): 1—sv—u] +— (u,v).

Therefore, (P, ®,) is a cyclic group of order ¢* — 1.
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Proof. Given s cubic root of 7 in Fy, 3 — r is reducible over F, as
35— = (t—s)(t* + st + 5?),
so that, using the Chinese remainder theorem, there is the ring isomorphism
Ry = Fy[t]/(t® — ) == Folt]/{t — 5) x Fy[t]/(t* + st + 52,
x4yt + 2t? — (:r+sy+82z,x—522—|— (y — sz)t)

In addition, Fy[t]/(t — s) 2 F, and F,[t]/(t* + st + s*) = F,2. When passing to
the quotients, we obtain that

(P, 0r) = ROTJFS 22 (F) x F2%)/Fx =%,

through the map in the statement. This confirms that (P,., ®,) is a cyclic group
of order ¢? — 1. O

The relation with the Pell cubic when p # 3 is given by the following result.

Theorem 5.6. If ¢ =2 (mod 3) and r € F, then the following map is a group
isomorphism

3 (]PT‘7®T‘) - (CT7®T‘)a
[l :m :n] — N.(I,m,n) 93 (1, m,n)

and its inverse is

Vit (G @) = (B, o),
(1,0,0) — [1: 0: 0],
(z,y,0) — [x/y : 1:0],
(x,y,2) — [x/z 1 y/z: 1].

Proof. In order for 13 to be a group isomorphism, it must be:

o well defined: if [[: m:n]=1[":m' :n'] €P,, then there is A € F* such
that [I' : m/ :n/] = [\l : Am : An], and since |¢/3]| = (¢ — 2)/3

q—2

q—2
Ny(ALAm, An) " F (A, Am, An) = ()\3Nr(l,m,n))T)\(l,m,n)
= \INL(1, m,n)qii;z(l,m,n),
therefore 13 is well defined. In addition, ¥3 (IP’T) C C, because
NT(ng([l im: n])) = N.(I,m,n)72N,.(I,m,n)
= N.(I,m,n)"* =1;
e a group homomorphism: given [l1 : my : ni],[la : ma : na] € P, by
denoting [l : m : n] = [l1 : my : n1] ©r [l2 : M2 : na], we have
Us([l = m:n]) = Np(I,m,n) 193 (1, m, n)
= N, (li,m1,n1) 93 N, (Iy, ma, mo) L9/3)

(li,m1,n1) Or (lg, M2, n2)
= 3([lh : M1 a]) ©p ¥3([l2 : Mo 2 N2]);
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e injective: for any [l : m : n] € P, N,.(I,m,n) # 0 and

N, (I, m,n)l9/31] =1,
Y3([l:m:n]) =(1,0,0) & < N.(I,m,n)l9/3lm =0,
N, (1,m,n)l/3ln =0
(13)(q72)/3l =1,
< em=0,

S[l:m:n]=[1:0:0]

e surjective: we observe that an entry of ¥3([l : m : n]) is zero if and only
if the corresponding entry of [l : m : n] is null. Thus, given a point
(z,y, z) € C,, have three cases:

— if y = z = 0, then from the equation of the Pell cubic we have 23 = 1,
that admits only the solution = 1. Therefore (1,0,0) is the only
point of C, with y = z = 0, and it can be obtained through 5 only
from the identity [1: 0 : 0] of P,;

— if z =0 but y # 0, then the preimage of (z,y,0) must have canonical
representative [l : 1 : 0] with

x = (13 +r)la/3ly, L2
y:(ls+fp)LQ/3J _y7

— if z # 0, then the preimage of (x,y, z) must have canonical represen-
tative [l : m : 1] with

l=z/z,

y = No(l,m,1)l4%)m,
m=y/z.

x = N.(I,m,1)La/3]],
:> {
z = N,(I,m,1)la/3]

In conclusion, 13 is a group isomorphism with the wanted inverse. O

For sake of completeness, when ¢ = p* with p = 3, with an analogous proof,
we obtain the group isomorphism

Uy (P, ©r) — (Cr, ©r),

[[:m:n]— Nr(lamm)q/?’*l(l,m,n)@*'?,

Thanks to the group isomorphism 13, the properties of (IP’T, @,,) are inherited
by (CT, @r), i.e, it is cyclic with ¢? — 1 elements. In addition, it allows to find
all the solutions of the cubic Pell equation by simply evaluating 13 over all the
elements of P, which are described explicitly in Eq. (4.4). As in the previous
case, the explicit inverse can be used to describe each point of the Pell cubic
with two thirds of the size of points in F3.

Example 5.3. Let us consider ¢ = 11 and r = 9, which is the cube of 4 in Fq;.
Thanks to the previous results we know that the cubic Pell equation

23+ 9% + 428 +62yz =1 (mod 11),
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admits ¢?> — 1 = 120 solutions and we are able to find all of them evaluating

Ys3([l:m:1]), VmeTF,l€F~{—4m+5}, (I,m) # (5,4),
’Lpg([l 21 O]), VieF;; ~ {—4},
¥3([1:0:0]) =(1,0,0).

For instance, for finding a random solution of the cubic Pell equation, we can
take a random m € Fyy, e.g., m = 2, and another element [ € Fy; \ {8}, e.g.,
[ =7, and evaluate

Gs([7:2: 1)) = (9,1,6).

One can check that 9 +9-13+4-6346-9-1-6=1 (mod 11).
Similarly, we can take | =3 # 7 and [3:1: 0] € Py, so that

P1([3:1:0]) = (4,5,0),

is another solution of the cubic Pell equation.
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