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Abstract

The microwave response of superconducting devices can be affected by nonlinearity effects of both intrinsic and extrinsic origin.
In this study, we report on the nonlinear behavior of NbTi microwave resonators, in the presence of dc magnetic fields up to 4 T.
The aim of this work is to characterize the vortex-induced nonlinearity, which in these conditions of frequency (11 GHz) and fields
is expected to give the major contribution to dissipation, when the circulating rf current exceeds a given threshold. Nonlinearity is
investigated by analyzing Q-degradation and resonance curve distortion as a function of the input rf power, while the emergence
of sharp discontinuities is associated to the existence of an rf limiting current density. The current densities corresponding to the
onset of these features are compared to the critical current density from dc measurements, helping us to outline a comprehensive
picture. Moreover, the pinning constant was extracted as a function of temperature by means of a Gittleman-Rosenblum analysis,
revealing the prominent role of δTc−type pinning. We also analyzed the effects of introducing controlled artificial disorder and
pinning sites through 1.5−MeV proton irradiation. After irradiation, we observed an increase of both the pinning constant and the
in-field nonlinearity threshold and limiting current.

Keywords: NbTi films, microwave superconductivity, proton irradiation, nonlinear vortex dynamics, vortex pinning, microwave
coplanar resonators

1. Introduction

The employment of superconducting coatings in technolog-
ical applications, as for example rf cavities in particle accel-
erators [1], or − more recently − in axion haloscopes [2], suf-
fers from the limits imposed by the onset of nonlinear response.
Although this issue is known since the ’70s for Nb SRF cavi-
ties [3], the literature is lacking data about nonlinear effects in
NbTi films in the high frequency range, and virtually nothing is
known about nonlinearity in this material in conditions of high
dc magnetic field, i.e. when the vortices are expected to give
the major contribution to dissipation and nonlinearity.

In this work, we analyze the nonlinear response of mi-
crowave coplanar waveguide resonators (CPWRs) made by pat-
terning NbTi films. Nonlinearity is characterized through the
study of the degradation of the quality factor of the resonator,
at increasing values of the circulating rf currents. We define the
rf current density value corresponding to the onset of nonlin-
earity, jr f

nl , and the limiting rf current density, above which the
resonator or part of it switches to the normal state, jr f

lim. Then,
to highlight the high-frequency peculiar aspects, we compare
these current densities to the onset of dissipation obtained by
dc current-voltage characteristics, jdc

th . By the comparison, we
discuss the mechanisms of nonlinearity and dissipation induced
by the vortex dynamics and the role of pinning. The specific

pinning mechanism in the samples is investigated through the
temperature dependence of the pinning constant, obtained by
a Gittleman-Rosenblum analysis. Finally, we modify the pin-
ning landscape by 1.5-MeV proton irradiation and further in-
vestigate the interaction of vortices with pinning centers at high
frequency.

2. Materials and methods

2.1. NbTi deposition and CPWR fabrication

Nb31Ti69 films were deposited onto quartz substrates by dc
magnetron sputtering. All details were given in a recent work
[4]. In brief, in the deposition system a target-sample distance
of 11 cm was set and the chamber was baked at 600 ◦C before
starting the deposition. The growth process was carried out at
550 ◦C using Ar as working gas, with a pressure of 6·10−3 mbar.

Patterning is challenging, due to the quite high thickness of
the films usually required as coating for haloscopes (1-3 µm)
and to the need of sharp, well defined, and clean edges, since
in CPWRs most of the rf currents flow at the edges. Therefore,
devices were produced through a combination of laser optical
lithography, sputtering deposition of an Al hard mask (120 nm
thick), and highly directional Reactive Ion Etching (SF6 at 2 ·
10−2 mbar). Further details were given in Ref. 4.
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Figure 1: Resonance curves for different values of dc magnetic field, from 0
to 4 T, in the low rf-power linear regime. Experimental data are fitted by the
function reported in Eq.1.

2.2. Measurements and irradiation

The complex transmission coefficient of the CPWRs, S 21 (ra-
tio of the voltage transmitted to the incident voltage), was mea-
sured as a function of the driving frequency, f , by means of a
vector network analyzer (VNA) near the resonance frequency
of the device. Resonance curves were obtained in different con-
ditions of temperature, dc magnetic field (applied perpendicu-
lar to the film plane), and rf input power (examples are given in
Fig.1).

Dc measurements, resistivity as a function of temperature
and current−voltage characteristics, were performed with 15
and 96-µm-wide Hall bars, by a standard four probes technique.
In order to minimize the thermoelectric voltage offset and time
drift, a pulse-delta mode was employed [5], by inverting the
bias current polarity and by averaging over some voltage mea-
surements.

Both CPWRs and Hall bars were irradiated in vacuum at
room temperature with a 1.5 MeV proton beam at the AN2000
facility of the INFN - Laboratori Nazionali di Legnaro, Italy, up
to a fluence of 4× 1016 cm−2. Protons were directed perpendic-
ular to the film plane and implanted into the quartz substrate, at
a depth of 27 µm, as calculated by means of the Monte Carlo
SRIM code [6]. The same code can be used to evaluate the
displacements per atom (dpa), discriminating the values for Nb
and Ti atoms. Starting from displacement energies of 78 eV
and 30 eV for Nb and Ti, respectively [7], it turns out that in
our experiment dpa(Nb)≈ 1.4 · 10−3 and dpa(Ti)≈ 2.2 · 10−3.

3. Results and discussion

3.1. Microwave linear regime

A first set of CPWR measurements was done within the lin-
ear regime, i.e. with low input rf power (−30 ÷ −20 dBm). In

Fig.1, resonance curves (magnitude of S 21 as a function of fre-
quency) measured at T = 6 K in different dc magnetic fields are
reported. All these curves can be fitted well by the function

|S 21( f )| =
Ŝ 21√

1 + Q2
L

(
f
f0
−

f0
f

)2 (1)

where f0 is the resonance frequency, Ŝ 21 is the maximum |S 21|

value at the resonance, QL is the loaded quality factor (the un-
loaded quality factor, Q0, is obtained by accounting for the cou-
pling coefficients [8]). The good quality of the fit assures that
even in the presence of vortices (at high dc fields), for these val-
ues of the rf input power the linearity regime is preserved: the
addition of a dc magnetic field increases dissipation but does
not drive the system to a nonlinear regime. Linear measure-
ments in zero dc field as a function of temperature were used to
determine the London penetration depth and the surface resis-
tance, as discussed in details in Refs.9, 8, 4. For our NbTi films,
it turns out that the penetration depth extrapolated to zero tem-
perature is λL(0) ≈ 300 nm, [4] an estimation consistent with
literature for similar compositions [10, 11].

3.2. Nonlinear effects

The relatively low power-handling capability of CPWRs
turns out to be an advantage when nonlinear effects have to be
studied. In fact, even with the moderate rf power available in
standard VNAs, the device can be driven to nonlinear regimes.
Figure 2 shows how nonlinearity emerges as the input power
is increased. The curve obtained with Pin = −20 dBm is in
the linear regime and can be fitted well by Eq.1. For increas-
ing input power, the curves start to distort gradually, with de-
creasing values of both f0 and Ŝ 21 (e.g. curves at −2, +2, and
+3.4 dBm). This behavior has been observed in other super-
conductors [12, 13], and this issue for Nb rf cavities has been
known since the ’70s [3]. Although it is generally attributed to
global heating effects, the asymmetry of the curves − due to the
power dependence of the surface reactance − may have differ-
ent either intrinsic or extrinsic origins: pair breaking, nucleation
of high-frequency vortices, Abrikosov vortex dynamics, gran-
ularity, or other effects. Thus, the mechanisms producing such
nonlinearity must be discussed case by case.

When Pin is further increased, another nonlinear effect
emerges, in the form of abrupt jumps in the resonance curve
that temporary drive the response to another curve, then recov-
ering the original one (e.g., for the curves at Pin ≥ 3.5 dBm).
This behavior can be ascribed to fast switching of the sample or
a part of it (i.e. a weak link) to the normal state, with the con-
sequent nucleation of a localized hot-spot, that vanishes as the
superconducting state is recovered, when the rf current flowing
in the resonator decreases [14]. This happens when the density
of the rf currents approaches a critical value [15], but, again,
what the origin of this critical value is (whether depairing, de-
pinning, etc.) has to be investigated case by case.

In order to characterize the onset of nonlinearity, we plot in
Fig.3 the normalized resonance parameters as a function of the
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Figure 2: CPWR resonance curves measured for different values of input rf
power, Pin, from the linear regime to the nonlinear one. Reference curves
are highlighted, corresponding to: −20 dBm input power (linear regime); +3.4
dBm and +3.5 dBm, just before and after the first weak link switching.

Figure 3: Resonance frequency, normalized by its low-power value (a), inverse
of the loaded quality factor, normalized by its low-power value (b), and in-
sertion loss (c) as a function of the rf current circulating in the CPWR at the
resonance, calculated by Eq.2. Data were extracted from Lorentzian fits of the
resonance curves ( f0, QL) and directly from the experimental S21(T ) resonance
curves (frequency at the maximum, fmax, curve width at −3 dB, ∆ f ), insertion
loss IL = −20Log(|S 21 |

max)). The limiting rf current Ir f
lim is the maximum cur-

rent flowing in the CPWR.

rf current circulating in the resonator at the resonance, Ir f . This
current can be calculated in CPWRs as [16]

Ir f =

√
4Ŝ 21QLPin

πZ0
(2)

where Z0 ≈ 50 Ω is the characteristic impedance of the line.
In the linear regime − low Ir f values − the parameters do not
show a dependence on the circulating current, while at higher
values a clear Ir f dependence emerges, indicating nonlinear-
ity. Of course, in the nonlinear regime the fitting parameters f0
and QL start to lose their significance, since the resonance devi-
ates from the Lorentzian shape. Therefore we also plot the fre-
quency of the |S 21( f )| maximum in the upper panel, and ∆ f / f
in the medium panel, where ∆ f is the resonance curve width at
−3 dBm, as an estimation of 1/QL. It is clear from the figure
that, in any case, the threshold between the linear and the non-
linear regimes can be well determined as the rf current Ir f

nl indi-
cated by the arrows. Small differences between these thresholds
for f0, 1/QL, and the insertion loss (IL = −20Log(|S 21|

max)) are
probably due to small differences in inductive, resistive and dis-
sipation nonlinearity [17].
It is also clear that there is an upper limit in the rf current that
can flow in the device. This limiting value is here labeled Ir f

lim
and corresponds to the onset of switching, when present, or sim-
ply as a vertical asymptote, as in Fig.3.

Figure 4 shows the resonance frequency and the quality fac-
tor, both normalized to their values at low input power, as a
function of the rf circulating current for different values of ap-
plied dc field, up to 4 T. Up to 0.3 T of dc field, the sudden jump
characterizing the limiting rf current was directly observed and
Ir f
lim was calculated by means of Eq.2 with QL = f /∆ f . These

values are reported in panel (b) as star symbols. The Ir f
lim values

for the other dc fields were deduced from the shift of the curves
at the level of the black dashed line in panel (b). In any case,
Ir f
lim is actually a limiting current, since the current flowing in

the device cannot be further increased even upon supplemen-
tary input power. However, the mechanisms responsible of the
existence of a limit could be different in the two cases, con-
nected to an intrinsic limit when the discontinuity appears, and
more related to the vortex dynamics when the limit is reached
smoothly. This will be further discussed in Section 3.6, where
the results of the addition of pinning by proton irradiation will
be shown.

In order to translate these reference currents in current den-
sity values, one should consider that Ir f is distributed in the
CPWR in a non-homogeneous way, with maxima at the edges.
The edge region extends over the edge penetration depth λ⊥,
which is related to the London penetration depth by λ⊥ =
λLcoth[d/(2λL)], where d is the film thickness. In this edge
region [18]:

jr f = jmax
r f =

Ir f

K
(

w
d

)
d
√

wλ⊥
[
1 −
(

w
d

)2] (3)

where K(x) is the complete elliptic integral of the first kind and
w is the width of the CPWR stripline. Eq.3 allows comput-
ing the maximum value of current density in the CPWR when
the total current Ir f is circulating (the dependence of the pen-
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Figure 4: (a) Resonance frequency normalized by its low-power value, as a
function of the rf current circulating in the CPWR at the resonance, for differ-
ent values of applied dc magnetic field. (b) Normalized unloaded quality factor.
Star symbols indicate limiting rf current values, obtained as the maximum cur-
rent just before jump occurrence in the resonance curves. The black dashed line
was used to determine the shifts in Ir f

lim as a function of dc field, when jumps
were not observed.

etration depth on the dc field was taken into account). We as-
sume that the reference currents Ir f

nl and Ir f
lim are connected to

the maximum value of the flowing current density. Thus, one
can obtain from Eq.3 the nonlinearity threshold current den-
sity jr f

nl (Hdc) and the limiting current density jr f
lim(Hdc), that are

shown in Fig.5 at T = 6 K, and compared to dc measurements,
described and discussed below.

3.3. Dc measurements

Figure 6 shows the dc resistance vs. temperature curve for
a NbTi Hall bar, with the superconducting transition occurring
at about 9 K. In the inset, we provide an example of current-
voltage (I-V) curve measured at T = 6 K and in a dc field of 1T,
applied perpendicular to the film plane. The experimental I-V
curves are well reproduced by fitting the data with the electric
field-current density (E-j) relationship predicted by the percola-
tion model described in Ref.19. In the framework of this model,
no power dissipation is expected below a certain current density
threshold, jdc

th , where the vortices are ’frozen’ in the supercon-
ductor [20]. Above this threshold, the superconductor enters
the ’flux creep’ regime where the vortices start to have enough

Figure 5: Comparison among the reference current densities discussed through-
out the text: jr f

nl is the threshold current density above which nonlinearities

emerge; jr f
lim is the limiting rf current density (solid symbols: data measured in

the presence of a jump, open symbols: extrapolated data, see main text); jdc
th

indicates the onset of dissipation in current-voltage dc characteristics.

Figure 6: Dc resistance vs. temperature curve of a NbTi Hall bar, at zero field.
In the inset, a current-voltage curve is reported at the temperature of 6 K and
for an applied dc magnetic field of 1 T. The fit to a flux creep model is shown
(see text for details) and the onset of dissipation jdc

th is indicated by an arrow.

energy to hop from one pinning center to another one, percolat-
ing across the sample and generating dissipation. Note that the
jdc
th threshold is lower than the depinning critical current den-

sity, defined as the value at which the Lorentz force equals the
pinning force, thus removing the pinning potential barrier, and
above which the virtually free ‘flux flow’ regime sets up. The
jdc
th values yielded by fitting the I-V curves measured at different

applied fields are plotted in Fig.5.
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3.4. Reference current densities
We now turn to comparing the current densities defined

above, with the aim of discussing the differences induced by
the frequency regime. It was suggested that the nonlinear mi-
crowave behavior is strongly related to the dc critical current
density of the superconductor, as reported for YBCO [21] and
for MgB2 [8]. For other superconductors (such as Nb alloys)
this relation is more questionable [22]. We found a complex
picture, summarized in Fig.5, that we can tentatively describe
as follows.

The onset of nonlinearity jr f
nl in zero field matches quite well

the onset of dissipation in dc measurements, jdc
th . However,

when a dc field is applied the two current densities behave dif-
ferently, with a much steeper drop for jr f

nl . This behavior can be
explained by the fact that in dc conditions dissipation emerges
when vortices start to escape from the pinning centers (creep),
while in rf measurements vortices oscillate even when they are
confined in the pinning potential well, where they can experi-
ence a flux flow resistivity. Therefore, the sharp degradation of
jr f
nl can be attributed to the fact that the confined vortices can

probe a non parabolic potential at the bottom of the well.
It is straightforward to associate jr f

lim to an rf critical current
density, that at zero-field is higher than jdc

th . It may be worth re-
calling here that jdc

th is not the dc critical current density (which
is somehow higher), but the minimum current density allow-
ing the vortices to escape from a pinning center [19], being
the materials still in the superconducting state. However, the
rf critical current density could be reasonably higher than the
dc counterpart, due to the virtual absence of relaxation in mi-
crowave measurements. Notwithstanding, jr f

lim shows an initial
steep field decrease, due to the flux-flow resistance term men-
tioned above.

Remarkably, at high dc fields jr f
lim matches jdc

th very well. This
result is not trivial, since the two reference current densities
rely on different and in principle independent properties of the
pinning potential well, i.e. on its shape for the former rf current
and on its height for the latter dc one. This could be explained
by the increasing importance of the intervortex interaction at
higher applied field [23], where it dominates over the details of
single potential wells, and the qualitative differences between
dc and rf dynamics start to decrease and eventually to vanish.

3.5. Flux pinning mechanism
We used the Gittleman-Rosenblum model [24] to calculate

the pinning constant kp as a function of temperature, from our
CPWR measurements. Details were given in a previous recent
paper [4], where the kp(Hdc) dependence was reported, pointing
to the presence of a collective pinning regime. Figure 7 shows
the kp temperature dependence at µ0Hdc = 1 T (with kp span-
ning over three decades), that is used here to investigate the spe-
cific pinning mechanism. Within the collective pinning regime,
kp is generally determined by the vortex interaction with the
pinning sites and by the vortex elasticity, according to the ex-
pression [25, 26] kp = Uc/(ξ2Lc) = µ0H2

cδ
2/3, where Uc is the

pinning potential, Lc is the collective pinning length, Hc is the
thermodynamic critical field, Hc =

√
Hc1Hc2, and δ is a di-

mensionless parameter, depending on temperature and pinning

type [26]. Thus, kp(t) ∼ Hc1(t)Hc2(t)δ(t)2/3, where t = T/Tc is
the reduced temperature. Different temperature dependencies
are expected for pinning induced by local fluctuations of criti-
cal temperature (δTc disorder) or mean free path (δℓ disorder),
namely δ ∼ (1− t)−1/2 in the former case and δ ∼ (1− t)3/2 in the
latter one. As for the critical fields, Hc1(t) ∼ λL(t)−2 ∼ (1 − t 4)
(the functional form for λL was validated by our CPWR data,
see Ref.4), and for Hc2(t) we fitted our data [4] with the phe-
nomenological function Hc2 = Hc2,0(1 − t β), so finally we get

kp(t) ∼ (1 − t 4)(1 − t β)(1 − t) (δℓ pinning) (4)

kp(t) ∼ (1 − t 4)(1 − t β)(1 − t)−1/3 (δTc pinning) (5)

Figure 7 clearly shows that, in the studied temperature range,
experimental data are much better described by the δTc pin-
ning curve (Eq.5) than by the δℓ one (here, the β = 4.1 value
was used, determined for the specific CPWR, see discussion in
Ref.4). Slight discrepancy of data from the δTc curve could
originate from a small contribution of δℓ pinning. It is also
possible that δℓ-type pinning becomes more important at lower
temperatures. The consistency of our data with the δTc mecha-
nism for pinning is reasonable for at least two reasons: (i) due to
granularity and to the presence of proximized α−Ti inclusions,
we expect that the Ti distribution is not uniform in the material,
and it is well known that Tc in NbTi critically depends on the
local Ti content. (ii) We observed an anomaly in the resonance
frequency near Tc (the dip shown in the inset of Fig.7) that has
recently been observed also in Nb SRF cavities [27], and that
was explained [28] by a spread in Tc values.

Concerning granularity, the presence of a granular struc-
ture with well-connected sub-micrometric grains was observed
in our films by FESEM (field emission scanning electron mi-
croscopy) and can also be inferred from the dc resistivity su-
perconducting to normal state transition, with moderately large
width of 0.4-0.5 K, as already reported in Ref.4. Generally,
granularity can be invoked to explain several properties of our
films beyond δTc pinning, e.g. the peculiar Hc2(T ) dependence
[4], and the difference between the low-field dc and rf critical
current densities.

3.6. Effects of proton irradiation

Proton irradiation is expected to modify the δTc-pinning sce-
nario first of all through the introduction of further disorder in
the Ti distribution in the material. Note that Nb and Ti have
different cross sections for protons at MeV energies [29] and
we actually calculated different dpa values for the two atomic
species that in our specific case differ by 60% (see Section 2.2).
Moreover, defects themselves could locally influence Tc with a
mechanism already reported for pure Nb. In fact, in the pres-
ence of gap anisotropy, even non-magnetic impurity scattering
is pair breaking, leading to the violation of Anderson’s theorem
and a suppression of Tc [30, 31].

Figures 8 and 9 illustrate the efficiency of proton irradia-
tion in improving both the pinning capability and the linear-
ity range. In Fig.8, we report the current density percentage
variation of the irradiated CPWR with respect to the very same
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Figure 7: Pinning constant kp as a function of temperature, for an applied dc
field of 1 T. The red line is the behavior expected for δTc pinning, according
to Eq.5, while the green dashed line shows what would be the temperature
dependence in the case of δℓ pinning. In the inset, the observed f0(T ) anomaly
is reported.

Figure 8: Effects of proton irradiation on the reference current densities, at T =
6 K, as a function of dc applied field: percentage variation of the nonlinearity
threshold current density jr f

nl , of the limiting current density jr f
lim, and of the

dc current density at the onset of dissipation, jdc
th . The same CPWR and Hall

bar were measured before and after irradiation. The dotted line at the dc curve
indicates that at low field the increment is undefined but surely higher than 100
% (we measured the current density before irradiation, but after irradiation we
could not because the critical current was higher than 100 mA, which is the
limit of our apparatus).

device before irradiation. It turns out that, after an initial de-
crease at low fields, both jr f

nl and jr f
lim start to increase above

about µ0Hdc = 0.25 T and 0.5 T, respectively. These curves,
overall increasing with field, show an opposite trend with re-
spect to the dc current density, showing a high increment at low
fields, decreasing with field. This opposite behaviour could be
justified considering that in the dc regime at low field the creep

Figure 9: Pinning constant as a function of temperature for different applied
magnetic fields, for the same CPWR before and after proton irradiation.

phenomenon is dominated by hopping of single vortices from
one pinning center to another one. In such a scenario, the ad-
dition of new point-like defects can help to contrast the vortex
movement more effectively than in the medium-high field re-
gion, where the intervortex interaction also play a relevant role.

The pinning constant as a function of temperature (at
µ0Hdc = 2 T and 4 T) is shown in Fig.9, where the improve-
ment given by proton irradiation clearly emerges.

4. Conclusions

The main aim of this study was to characterize the nonlin-
ear behavior of NbTi in high frequency and high magnetic field
conditions, and to discuss its origin, in particular to distinguish
the conditions at which the vortex-motion contribution is pre-
dominant. Accordingly, we developed a measurement and anal-
ysis protocol to define reference current density values and pin-
ning parameters. Among the results, we obtained the determi-
nation of the linearity and nonlinearity regions in the j(Hdc) dia-
gram (Fig.5), the determination of the main flux pinning mech-
anism, of δTc type (Fig.7), the determination of the pinning pa-
rameters (Fig.9) and their improvements upon 1.5-MeV proton
irradiation (Figs.8 and 9).

In fact, the introduction of new pinning centers by proton
irradiation allowed us to elaborate about the origin of nonlin-
earity. We argue that the limiting rf current (which can be
read as the microwave critical current density) and the thresh-
old of nonlinearity can be enhanced by introducing further pin-
ning centers by proton irradiation only in a field region where
vortex-dynamics-induced dissipation and nonlinearity are dom-
inant, since in this case they can be mitigated by an increased
pinning efficiency. This is what happens above µ0Hdc = 0.25 T
and 0.5 T for jr f

nl and jr f
lim, respectively. On the contrary, at low

fields the increase of pinning is not as effective and the concur-
rent effect of the additional defects, i.e. the increase of charge
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carrier scattering, affects the superfluid density and in turn the
more fundamental and intrinsic mechanisms of dissipation and
nonlinearity. This is a behavior specific of the high frequency
regime, since the dc characterization showed an opposite trend,
with a positive current shift after irradiation that decreases with
field, therefore with the highest increase precisely at the lowest
field values. The prevailing contribution of vortex motion only
above a given field for the microwave response is suggested af-
ter all by the direct experimental observation. In particular, dis-
continuities in the response (see Fig.2) implying the presence
of bistable states connected to sharp transitions (as expected for
weak-link switching, phase slip, critical velocity, etc.) could
only be achieved at low fields (star symbol in Fig.4 and hollow
symbols in Fig.5), while smooth transitions connected with the
evolution of a critical state where pinning is dominant occur at
higher fields.
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