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Abstract

Variability measures, such as the variance or the Gini mean difference, are widely used to

summarize the dispersion of random variables. In the statistical setting, it is quite natural to
assume that if a random quantity has more variability, then the estimators of its variability
measures should be greater in some stochastic sense.
inequalities in this regard, confirming, or not, this suitable property. This paper is devoted to
the stochastic comparison of some variability measure estimators; conditions such that some
of these estimators are comparable in the usual stochastic order and in the increasing convex
order whenever the involved random variables have different variability are provided. Special
attention is devoted to the cases of sample variance and Gini mean differences, and to the case

of simple random samples.

Stochastic orders can be used to give
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1 Introduction

Given a random quantity X whose distribution represents, for example, the distribution of a char-
acter of a given population, location and variability measures are often used to summarize its
behavior. The most commonly considered variability measures include the variance, the range,
the interquantile range and the Gini mean difference (see, e.g., Rohatgi and Saleh, 2015, Sordo et
al., 2016 and La Haye and Zizler, 2019). Well established estimators of these variability measures
based on samples of observations of X, such as the sample variance, are commonly considered in the
statistical setting. For these estimators, it is quite natural to assume that if the random variable
X increases variability, then they should correspondingly increase in some stochastic sense.

Consider for example two random quantities X and Y, and let X = {Xj,Xo,...,X,} and
Y = {Y1,Ya,...,Y,} be two corresponding random samples (random vectors with independent and
identically distributed components) of the same size n. Assume that Var[X] < Var[Y]. Then it is
well known that the expectations of the sample variances

k=g 1 D (Xi-X)= Qn(nl_l) > o> (Xi-Xy) (1.1)

i=1 i=1 j=1
and . o
1 — 1
S = Y, - YV)?2=_— Y — V)2

are also ordered, i.e., E[S%] < E[SZ], since sample variances are unbiased.

However, one may wonder if they are also ordered in the usual stochastic order (5’% <st S%/), i.e.
if the cumulative distribution function of S% is pointwise greater than the cumulative distribution
function S% (see next section for the formal definition of the usual stochastic order). Apart from
obvious theoretical motivations, there are several reasons why a stochastic inequality like ng <st 532,
can be more useful than an inequality between the corresponding expected values. For example,
suppose one wants to determine the confidence intervals for the means of X and Y having two large
samples of the same size n for both populations. Fixed the confidence level 1 — « and denoting
the ranges of the two intervals with R (X) = 221_4/21/S%/n and Ro(Y) = 221_4 21/ 5% /n (being
the z;_,/o the quantile of order 1 — a/2 from the standard normal distribution), thanks to the
closure with respect to increasing functions of the usual stochastic order, from S% <y 532/ follows
R (X) <5t Ro(Y), i.e., the first interval has higher probabilities to be smaller than the second one.
An analogous conclusion cannot instead be obtained from the simple comparison E[S%] < E[SZ],
not even in terms of comparison between the expected values of the two ranges, given that from
E[S%] < E[SZ] does not necessarily follow that E[R.(X)] < E[Ra(Y)].

Unfortunately, the condition Var[X] < Var[Y] is not sufficient for the comparison S% <y SZ,
as illustrated in the following example.

Example 1.1. Let X1, Xo be two independent random variables with standard uniform distribution
and Y1,Ys two independent random variables with exponential with parameter A\ = 3 distribution,
so that Var[X1] = 35 and Var[Y1] = §. However, is not true that S% <q S%. In fact, note that
P(X; - Xp)? <a]=1—(1—-x)? x€[0,1] and P[(Y1 —Y2)? <] =1—e V7 z€[0,00]. If
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Figure 1: Distribution functions of the square of the difference of two independent random variables
with standard uniform distribution and exponential distribution with parameter \ = 3.

we represent both distribution functions, see Figure 1, they cross. Noticing that S% = %(Xl —X5)?
and 53 = (Y1 — Y2)? it is concluded that S% £ S even with Var[X1] < Var[Yi] being true.

What has just been shown with a counterexample also applies to other kinds of estimators
of variability or dispersion indices, such as for example the Gini mean difference, defined as
GMD(X) = E[|X; — X32|] where X; and X» are independent copies of X, whose classical esti-
mator is , .

Gn(X)=—> "> X — X (1.2)

n(n—1) ==

With a direct calculation as the one described in Example 1.1, one can easily verify that the
inequality GMD(X) < GMD(Y) does not implies Gp,(X) <g Gp(Y). However, one can be
interested in the inequality G, (X) <g Gy (Y) for different purposes. For example, recall that the
Gini mean difference is a widely used measure of inequality in many fields such as economics and
social sciences (the greater the GMD, the greater the inequality in the population). Given two
populations X and Y with unknown distributions, suppose one is interested in evaluating whether
GMD(X) or GM D(Y') are greater than a fixed threshold s. Then, from the inequality G,,(X) <g
G, (Y) one can affirms that P[G,(X) > s| < P[G,(Y) > s], i.e., that the empirical version of the
Gini mean difference has higher probability to be above the threshold for the population X rather
than for Y, while the same can not be affirmed by the fact that GM D(X) < GMD(Y).

This paper is devoted to the description of conditions which guarantee the comparison among
variability estimators in terms of stochastic orderings stronger than the simple comparison of their
expected values. In particular, it mainly deals with conditions for the usual and the increasing
convex orders between sample variances and estimators of the Gini mean differences, providing
conditions in a general setting by considering random vectors of observations with possibly de-
pendent and differently distributed components. Variability measures that involve weight vectors
or the order statistics will be considered as well. In addition, some results about the stochastic
comparison of the differences of the components of the random samples are provided.



The remainder of the paper is organized as follows. In Section 2 the useful notions and preliminary
results are briefly recalled . Section 3 is focused on giving conditions that lead to the usual stochastic
order of the variability measure estimators. Similarly, conditions that lead to the increasing convex
order are provided in Section 4. Section 5 is devoted to briefly present a practical application of our
theoretical results in testing the dispersion and the convex orders between random vectors. Finally,
the conclusions are discussed in Section 6.

2 Preliminaries

We devote this section to briefly introduce the concepts that are needed for the development of
the paper and to recall some useful preliminary results. In particular, the definition of several
stochastic orders, of copulas and of some basic notions of minimization problems in Statistics and
Aggregation Theory are provided.

A huge amount of relations between distributions, known as stochastic orders, has been defined
in the literature to compare the behavior of random quantities. We briefly recall here the or-
ders considered in the rest of the paper. A detailed list of their characterizations, properties and
applications may be found, e.g., in the monograph Shaked and Shanthikumar (2007).

The most prominent stochastic order is the usual stochastic order, which is applied to compare
random variables and vectors in terms location (or magnitude), and defined by comparisons of
expectations of increasing transformations of the random quantities.

Definition 2.1. Let X and Y be two random vectors of dimension n. If E[p(X)] < E[¢(Y)] for
any measurable increasing function ¢ : R™ — R such that E[p(X)] and E[p(Y)] exist, then X is
said to be smaller than or equal to Y in the usual stochastic order and it is denoted as X <4 Y.

For dimension n = 1, the usual stochastic order (also known as First Order Stochastic Dominance)
is equivalent to a pointwise order of the distribution functions of the two random variables. A
characterization of this order that will be used in the next sections is the following, based on
construction in the same probability space.

Theorem 2.1. Let X and Y be two random vectors of dimension n. Then X <4 Y if and only if
there exist two random vectors X and Y defined in the same probability space such that X =4 X,
Y=Y and X <, Y.

Obviously, there exit cases where the random quantities can not be ordered in the usual stochastic
order. In these cases, weaker stochastic orders can be used. The most common alternative to the
usual stochastic order is the increasing convex stochastic order, defined as follows.

Definition 2.2. Let X and Y be two random vectors of dimension n. If E[p(X)] < E[p(Y)] for
any measurable increasing convex function ¢ : R™ — R such that E[p(X)] and E[o(Y)] exist, then

X is said to be smaller than or equal to Y in the increasing convex stochastic order and it is denoted
as X <jez Y.

Trivially, the usual stochastic order implies the increasing convex stochastic order.



In some cases we are not interested in comparing the distributions in terms of location, but
considering the variability. One of the classical variability stochastic comparisons is the dispersion
order.

Definition 2.3. Let X and Y be two random wariables with distribution functions F and G,
respectively, and let F~' and G~' denote their right continuous inverses. Then X is said to be
smaller than or equal to Y in the dispersion order, denoted as X <gisp Y, if

FYB) —FYa) <G YB) -G Ha) forall 0<a<p<l. (2.1)

Note that (2.1) holds (i.e., X <gisp Y holds) if and only if the transformation ¢ = F~! o G, for
which X =4 ¢(Y), satisfies the properties to be increasing and such that

¢(y/) - ¢(?/) < y' —y  whenever y < y/,

with both y and %’ in the support of Y (see Shaked and Shanthikumar, 2007, for details). Also
note that, in this case, the function ¢ is a contraction, i.e., it is such that |¢p(z) — ¢(y)| < |z — y|
for any z,y € R

Another common alternative to define stochastic comparisons based on variability is to use con-
vexity. Recall that, given a function ¢ : R™ — R, then ¢ is said to be convex if ¢(Ax+ (1 —A\)y) <
Ap(x) 4+ (1 — AN)e(y) for any x,y € R™ and A € [0,1], and ¢ is said to be componentwise convex
if ¢ is convex in each argument when the other arguments are held fixed. It is well-known that
componentwise convexity implies convexity.

Definition 2.4. Let X and Y be two random vectors of dimension n. If E[p(X)] < Elp(Y)]
for any measurable convex [componentwise convex] function ¢ : R™ — R such that E[p(X)] and
E[o(Y)] exist, then X is said to be smaller than or equal to Y in the convex [componentwise convex]
stochastic order and it is denoted as

X Scm [Sccx] Y.

Trivially, the componentwise convex stochastic order implies the convex stochastic order, while
they are equivalent for n = 1, and both implies the increasing convex stochastic order.

In the following we will use [X | A] to denote the random vectors whose distribution is the
distribution of X conditioned on an event A. Using conditional distributions, a characterization of
the convex and increasing convex orders that will be specially useful in our results can be stated.

Theorem 2.2. Let X and Y be two random vectors of dimension n. Then X <., [<icz] Y if and
only if exist two random vectors X and Y defined in the same probability space such that X =4 X,
Y =4Y and E[Y | X] =45 [Zas] X.

The distribution of a random vector can be separated in two parts. Firstly, one can consider the
marginal distributions of the components of such vector, that describe the behavior of each compo-
nent. Secondly, there is also the dependence structure between the components. The dependence
structure can be described by using copula functions, briefly recalled here.



Definition 2.5. Let X be a random vector with marginal distributions Iy, ..., F, and joint distri-
bution function F'. Then, a function C : [0,1]" — [0,1] such that

F(z1,...,2n) = C(Fi(x1),..., Fa(zy)), Y(z1,...,2,) € R"

1s said to be a copula for the vector X.

It must be recalled that if the marginal distributions are continuous then the copula is unique. For
this reason, we will assume here, and everywhere throughout the paper, continuity of the marginal
distributions for the involved vectors. We address the readers to the monograph Nelsen (2006), or
to the recent monograph Durante and Sempi (2015), for further details.

When the copula can be chosen to be the same for two random vectors, we will call them random
vectors with the same copula, which means they share the same dependence structure. It is worth
noting that if two random vectors have the same margins and copula, they also have the same
distribution. Additionally, it’s important to mention that an increasing transformation of the
margins of a random vector does not change its copula (see, e.g., Theorem 2.4.3 in Nelsen, 2006).
For our purposes it is also important to recall the following property.

Theorem 2.3. Let X and Y be two random vectors of dimension n with the same copula. Then,

o If X; <aY; foranyic {l,...,n}, then X <4 Y;

o If X; <. Y for anyi € {1,...,n} and the copula is the independence (product) copula, then
X <cz Y.

Apart for the sample variance and the estimator of the Gini mean difference recalled in Section 1,
other estimators of variability, of main interest in Aggregation Theory, will be considered through
the paper. These are estimators defined as weighted averages of increasing transformations of the
absolute difference between the argument and the elements of a sample, or between the ordered
elements of the sample. Applications of these estimators may be found, for example, in Amemiya
(1985) or Calvo and Beliakov (2010), while we address the reader to Grabisch et al. (2009) for an
introduction on Aggregation Theory. For the proof of the results dealing with estimators defined
as weighted averages we will make use of the following statement, whose proof be found, e.g., in
Calvo and Beliakov (2010).

Theorem 2.4. Consider a weight vector @ € [0,1]" such that >, w; =1 and x € R". Then,
(a) Y0, wizi = argminger > iy wi(x; —y)%;

(b) DI wixy = argminger Y iy wi(w(;) — y)? with Ty < S Ty

3 Conditions for the usual stochastic order of variability measure
estimators

The aim of this section is to give sufficient conditions such that the variability measures estimators
mentioned above can be compared in terms of the usual stochastic order.



In the following we will consider two random vectors in which all the components have the
same distribution, within each of them, and that share the same copula. They can be seen as
random samples but with not necessarily independent variables. Let us start by proving that,
under additional regularity conditions, one of the vectors has the same distribution than the other
when applying a contraction to all its components. To this aim, given two random variables X and
Y, the following two conditions will be considered in the next statements:

(P1) both X and Y have continuous distribution functions (say, F' and G, respectively);

(P2) the transformation ¢ = F~! o G such that X =4 ¢(Y) is strictly monotone.

Note that condition (P2) is satisfied, for example, if both X and Y have non-zero density over an
interval of the real line, that can be different for X and Y.

Lemma 3.1. Let X = (X1,...,X,) be a random vector with identically distributed components
and Y = (Y1,...,Yn) another random vector with also identically distributed components and with
the same copula as X. If X1 <gisp Y1 and X1 and Yy satisfy the properties (P1) and (P2), then it
holds X =4 (¢(Y1),...,0(Yy)), where ¢ = F~1 oG, being F' and G the distributions of X1 and Y1,
respectively.

Proof. Since X1 =4 -+ =5 Xy and Y1 =4 -+ =4 Y, and Xy <y Y1, then we have that X; =g
o(Y;) for any i € {1,...,n}. In addition, since the marginal distributions are continuous by (P1) and
¢ is strictly increasing by (P2), we have that the copulas of the random vectors (¢(Y1),...,¢(Y3))
and Y are the same. Therefore, (¢(Y1),...,¢(Y,)) and X have the same copula. Moreover, since
they have the same copula and the same marginal distributions, X =g (¢(Y1),...,0(Y,)). O

We want to remark that the random vectors can have different margins, the margins inside the two
random vectors are the ones which should be the same. A direct consequence of this result is that
the vectors consisting of the absolute differences between the components are ordered in the usual
stochastic order. On this aim, given a random vector X, we will denote as {|X; — Xj|}; jeq1,...n}
the random vector consisting on the absolute difference between all the possible combinations of
the components of X.

Theorem 3.1. Let X = (X1,...,X,,) be a random vector with identically distributed components
and Y = (Y1,...,Yy) another random vector with also identically distributed components and with
the same copula as X. If X1 <gisp Y1 and if X1 and Yy satisfy the properties (P1) and (P2), then

UXi = X1 }ijeqn, oy <st 1Y = Yjl}ijeq,. .n}-

Proof. Applying Lemma 3.1, we have that X =4 (¢(Y1),...,¢(Ys)). Define, in the same probability
space where Y is defined, the vector X = (¢(Y1),...,¢(Yy)). Then, by using the fact that ¢ is a
contraction, we have

UXs = Xjl}ijeqr,my =st {1o(Yi) = 6V} ijeqr,ny Zas {1Yi = Yjl}hijeqi,..m)

-----
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In particular, as an immediate consequence of Theorem 3.1 and equations (1.1) and (1.2), by
applying Theorem 6.B.16 (a) in Shaked and Shanthikumar (2007), which states the closure of the
<4t order with respect to increasing functions, one gets the following conditions for the comparisons
among sample variances and estimators of the Gini mean difference.

Corollary 3.1. Let (X1,...,Xy) and (Y1,...,Y,) be two simple random samples of, respectively,
X andY. If X <gisp Y and if X and Y satisfy the properties (P1) and (P2), then Sg( <st S% and
Gn(X) <5t Gp(Y).

Conditions for the stochastic ordering between weighted versions of the sample variances can be
also stated. In particular, in the same condition than the latter results, the dispersion order of the
random vectors implies the usual stochastic order between these quantities. In the following we
consider a weight vector w € [0, 1] such that » ;" ; w; = 1.

Theorem 3.2. Let X = (X1,...,X,) be a random vector with identically distributed components
and Y = (Y1,...,Yn) another random vector with also identically distributed components and with
the same copula as X. Assume that X1 and Y] satisfy the properties (P1) and (P2). Then, for any
weight vector w,

2 2

n n n n
X1 <dgisp Y1 = Zwi Xi_zijj <st Zwi Yi_zwjyj
i—1 j=1 i—1 j=1

Proof. Applying Lemma 3.1, we have that X =4 (¢(Y1),...,¢(Y,)). Define, in the same probability
space where Y is defined, the vector X = (¢(Y1),...,¢(Y,)), where ¢ = F~! o G. Then,

2 2
Sowi (X =Y wiX; | =D wi | oY) =D wie(Y;)
i=1 =1 i=1 j=1
Sas Ywi | 0(YD) =@ [ D wi¥y | | <D wi [Yi-D> wyj|
i=1 Jj=1 i=1 j=1

where the first inequality follows from Theorem 2.4 (a) and the second by the fact that ¢ is a
contraction. Observing that

2 2

n n n n
E Wy Xi — E ’u)ij st E w; Xi — E ijj )
i=1 j=1 i=1 j=1

the result hold by applying Theorem 2.1. O

It must be observed that the conditions for the <, order between sample variances stated in
Corollary 3.1 also follows from Theorem 3.2. Recall that, as mentioned in Section 2, estimators
based on order statistics are relevant in many areas. A result similar to Theorem 3.2 can be stated
also when working with ordered samples.



Theorem 3.3. Let X = (X1,...,X,) be a random vector with identically distributed components
and Y = (Y1,...,Yn) another random vector with also identically distributed components and with
the same copula as X. Assume that X1 and Y] satisfy the properties (P1) and (P2). Then, for any
weight vector w,

2 2

n n n n
X1 <aisp Vi = Y wi | Xoy = D wiXgy | <ot Y wi [ Yiy =D wi¥y)
j=1 i=1 j=1

=1

Proof. Applying Lemma 3.1, we have that X =4 (¢(Y7),...,6(Y,)) with ¢ an increasing con-
traction. Since ¢ is increasing, we have that the order statistics of (¢(Y7),...,¢(Yy)) equal
(0(Y)),---»¢(Y(ny)). Thus, we have that (X(1y,..., X)) =s (6(Y1)),---,0(Y(m))). Then, we
just need to consider Theorem 2.4 (b) and proceed exactly as in Theorem 3.2. O

The next statements generalize Theorem 3.2 and Theorem 3.3 relaxing the condition of the
same copula for X and Y. In particular, the following results can be applied to random vectors
having distributions that depend on a set of random parameters, such as, for example, vectors of
lifetimes described by multivariate frailty models (see Marshall and Olkin, 1988); as pointed out in
subsequent Example 3.1, the involved vectors can in fact have different copulas.

In the next statements we assume that the random vector X(©x) has distribution depending
on the random parameter O x, while the random vector Y (0y ) has distribution depending on the
random parameter Oy. The notations [X(Ox) | Ox = 0] and [X;(Ox) | ©x = 6] used below refers
to the vector (or variable) whose distribution is the distribution of X(0©x) (or X;(©x)) given that
Ox =0.

Theorem 3.4. Let X(Ox) and Y(Oy) be two random vectors and ©x and Oy be two random
parameters with the same support T such that:

(1) each one of [X(Ox) | ©Ox = 0] and [Y(Oy) | Oy = 0] is a random vector with identically
distributed margins for any 0 € T;

(2) [X(0x) | Ox = 01], [X(Ox) | Ox = 03], [Y(Oy) | Oy = 01] and [Y(Oy) | Oy = 03] have
the same copula for any 61,02 € T;

(3) [Xi(Ox) | Ox = 61] <4isp [Xi(Ox) | Ox = 03], or [Y;(Oy) | Oy = 01] <gisp [Yi(Oy) | Oy =
0s], for alli € {1,...,n} and for any 01 < 0o, 61,02 € T;

(4) [ Xi(©x) | Ox = 0] <aisp [Yi(Oy) | Oy = 0] for alli € {1,...,n} and for any 0 € T;

(5) ©x <4 Oy.

Also assume that [X;(Ox) | Ox = 0] and [Y;(Oy) | Oy = 0] satisfy the properties (P1) and (P2)
for all 8 € T. Then, for any weight vector w we have that

2

2
Zwi Xi(©x) —ijXj(@X) Sst Zwi Yi(©y) _ijyj(@Y)
i=1 j=1 i=1 J=1

9



and

2 2

sz X (©x) - Zw]X(] (©x) Stzwl Yi(Oy) — ij (7 (Oy)

Jj=1 =1

Proof. Consider the case [X;(Ox) | Ox = 01] <aisp [Xi(Ox) | Ox = 6] for any 6; < 65 in
assumption (3) (for the case [Y;(Oy) | Oy = 1] <aisp [Yi(Oy) | Oy = 6] in (3) the proof is
similar).

By assumptions (1), (2) and (3), applying Theorem 3.2 one has that
n n 2
|:Zi1 w; (Xi(@x) — 21 ijj(QX)) | Ox = 91]
2
<st |:Z?:1 w; (Xi(@X) — > i ’ijj(@X)> | Ox = 92] Vo, < 02,

which in turns, by assumption (5) and Theorem 1.A.3(d) in Shaked and Shanthikumar (2007),
implies

2 2

Y wi [ Xi(Ox) =D wiX;(Ox) | <o D owi | Xi(Ox) =D wiX;(O0x)] . (3.1)
i=1 7=1 =1 7=l

By assumptions (1), (2) and (4), applying Theorem 3.2 one has that
2 2
n

> wi [ X ij Ox)| | Ox=0| < | D _wi |V Zw] Oy)| | ©x =8| Vo,
1=1

=1

which in turns, by assumption (5) and Theorem 1.A.6 in Shaked and Shanthikumar (2007), implies
2 2
n

Y wi [ Xi(Ox) =D wiX;(Ox) | <a D wi [YiOy) =) wiX;(Oy) ]| . (3.2)
i=1 7j=1 =1 7=1

Thus the first statement follows from (3.1), (3.2) and transitivity of the usual stochastic order. For
the second inequality the proof is the same but using Theorem 3.3 instead of Theorem 3.2. O

The proof of the following statement is similar as the previous one, and therefore omitted.

Theorem 3.5. Let X(Ox) and Y (©y) be two random vectors and ©x and Oy be two random
parameters with the same support T such that:

(1) each one of [X(Ox) | ©Ox = 0] and [Y(Oy) | Oy = 0] is a random vector with identically
distributed margins for any 0 € T;

(2) [X(©x) | Ox = 61], [X(Ox) | Ox = 6s], [Y(Oy) | Oy = 61] and [Y(Oy) | Oy = 03] have
the same copula for any 61,02 € T;

10



(3) [Xi(Ox) | Ox = 01] 24isp [Xi(Ox) | Ox = 03], or [Yi(Oy) | Oy = 01] >aisp [Yi(Oy) | Oy =
o), for alli € {1,...,n} and for any 01 < 03, 601,05 € T;

(4) [Xi(Ox) | ©x = 0] >aisp [Yi(Oy) | Oy = 0] for alli e {1,...,n} and for any 0 € T;
(5) ©x <4 Oy.

Also assume that [X;(Ox) | Ox = 0] and [Y;(Oy) | Oy = 0] satisfy the properties (P1) and (P2)
for all 0 € T. Then, for any weight vector w we have that

2 2
D wi | Xi(Ox) =D wiX;(0x) | Za Y wi [ Yi(Oy) =Y w;¥;(Oy) (3.3)
i=1 j=1 =1 j=1
and
n n 2 n n 2
Z ws X(Z)(@X) — Z WjX(j)(@X) Zst Z W; Y'(Z)(@y) — Z ijv(j)(@y) . (3.4)
i=1 j=1 i=1 j=1

The following is an example where the stochastic order between weighted variability measures is
guaranteed by the application of Theorem 3.5.

Example 3.1. Let X(O©x) and Y (©y) be two vectors described by two multivariate frailty models
having conditionally independent exponentially distributed underlying lifetimes with rate A =1 and
frailties © x and Oy, respectively, with O x ~ T'(1,ax) and Oy ~ (1, ay).

That is, let X(©x) and Y (Oy) have joint survival functions

Fx@©y)(t1, .- tn) = Eoy

i=1 i=1
Fyoy)(t1,...,tn) = Eoy H (e t’)GY] =Wy (Ztl) ,
i=1 =1

where Wx (t) = Eo, [e70X] = (1 + )X and Wy (t) = Eg, [e7®Y] = (1 +t)7ov.

Assume ax < ay. Conditions (1-5) in Theorems 3.5 are fulfilled because of the following facts:

(1) both [X(©x) | ©x = 0] and [Y(Oy) | Oy = 0] are random wvectors of independent and
exponentially distributed variables with the same rate 0;

(2) [X(©x) | Ox = 0] and [Y(Oy) | Oy = 0], have the independence copula for any 6;

(3) [Xi(Ox) | ©Ox = 01] >aisp [Xi(Ox) | Ox = 03] for any 01 < b5, since both are vectors of
independent and exponentially distributed variables with rates 61 and 65, respectively, and
since Z1 2aisp Zo whenever Z; ~ Exp(0;) and 01 < Oy

(4) the variables [X;(©x) | ©x = 0] and [Y;(Oy) | Oy = 0] have the same distribution for any 0;

(5) ©x <g Oy by properties of the gamma distribution.
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The properties (P1) and (P2) for [X;(©x) | ©x = 0] and [Yi(Oy) | Oy = 0] are clearly satisfied
for all® € T.

Thus, Theorem 3.5 can be applied and, for any weight vector w, the stochastic inequalities (3.3)
and (3.4) hold.

Note that the vectors X(Ox) and Y (Oy) have both different marginal survival functions, be-
ing Fx,ex)(t) = (14 t)7°% and Fy,,)(t) = (1 + )7 with t > 0, and different copu-
las. In fact, X(Ox) and Y(Oy) are special cases of the time transformed exponential model
(TTE) whose survival copulas are éx(ul, cooup) = Wx (Z?:l Wy_(l (uz)> and éy(ul, CeUp) =

Wy (2?21 W;l (ul)>, i.e. Archimedean copulas having inverse generators Wx and Wy. In par-
1

ticular, they are Clayton copulas with parameters ox

regard, we refer to Mulero et al. (2010).

and %, respectively. For more details in this

4 Conditions for the increasing convex order of variability mea-
sure estimators

As recalled already, other important variability orders are the convex and componentwise convex
orders. Similar Results similar as the ones for the dispersion order can be proved using these orders,
but obtaining the weaker increasing convex order between variability estimators.

The first statement is in the same spirit as Theorem 3.1. Here, {(X; — X})}; je(1,..n} denotes the
random vector consisting on the difference between all the possible combinations of the components
of X.

Theorem 4.1. Let X and Y be two random vectors such that X <... Y. Then,
{(Xi = X)) ijeqt,.nt Sea {(Yi = Y))bijeqr, .}

Proof. By Theorem 3.2 in Miiller (1997), it suffices to prove that E[p({(X; — X;)}ijeq1,..n})] <
Elo({(Yi = Yj)}ijeq1,..ny)] for any twice differentiable convex function ¢ : R" — R. Thus, let ¢
be any twice differentiable convex function. Denote as ¢; and ¢;;, with i, € {1,...,n}, its first
and second derivatives. In addition, denote as H its Hessian, which is positive semi-definite. Now,
consider the function ¢ : R* — R"* defined as ¢(X) = {(zi — 7)) }ijequ,..n}> and let us compute

9% po .
a%{z’vv1thk€{1,...,n}.

First, denote as I the set of indices such that ¢ € I if and only if (¢(X)); = @ — x; with
j €{1,...,n}. Similarly, denote as I~ the set of indices such that i € I~ if and only if (¢(X)); =
xj —xp with j € {1,...,n}. Then:

Opod _ . .
dry dier+ Pi = Dicr- Pis
D2po¢ _

97 dicrrur- Pii + Dijer+ Pis t i jer- Pis — ici+ jel- Pii — Dicl- jel+ Pij-

Now, consider the vector s of dimension n? defined such that s; = 1ifi € I, s; = —1ifi e I~

and s; = 0ifi ¢ ITUI~. The last expression of the second derivative is equivalent to 62%0(75 =sTHs.
k

12



Since H is positive semidefinite, we have ot > 0. This holds for any k € {1,...,n}, thus po ¢

o2
is a componentwise convex function. ’
Then, since X <. Y, one has F[pop(X)] < E[po¢(Y)] and therefore E[go({(Xi—Xj)}2-7j€{1,...7n})] <
Elo({(Y: = Yj)}ijeqr,...ny)] for any twice differentiable convex function . O

Unfortunately, from Theorem 4.1 does not follow a statement similar to Corollary 3.1 but having
the convex order as assumption. The reason is that the composition between two convex functions
(or between an increasing convex and a convex function) is not necessarily convex (or increasing
convex). However, conditions to order sample variances in the increasing convex order, under the
weaker assumption of convex order rather than the componentwise convex order, are provided in
the following statement. Here, on the contrary as in Theorem 3.2, no additional conditions on the
same marginal distribution or the same copula for the random vectors are required. Moreover,
the result involves two possible different weighting vectors for the pondering of the mean and the
squared differences.

Theorem 4.2. Let X, Y be two random vectors such that X <., Y. Then, for any pair of weight
vectors w and v one has

2 2

n n n n
> wi | Xi =) 0 X | Siew > wi [ Vi =D vY;
i=1 Jj=1 i=1 j=1

Proof. Since X <., Y, then there exist two random vectors X and Y defined in the same probability
space such that X =g X, Y =4 Y and E[Y|X] =4.5. X (see Theorem 2.2).
Define the function A : R — R as

2 2
n n

h()\):E Zn:wz ?i*ZUjf/j Zwl )?i*ivj)?j =
i=1 j=1

j=1 i=1

2 N
Consider a vector x € R™ such that Y ;" ; w; (xl =i vja;j) = ). If X = x, then we can

express Yas Y =x+ €, with € = (€1,...,€,) being a random vector with a null mean vector.
Then, we have

2 2
n n n n n
FE g w; | Y — v;Y; X=x|=F g w; | x — E VT + € — E V;€j
i=1 j=1 i=1 j=1 j=1
2 2
n n n n n
=F E w; €XT; — VT + | € — E Vj€; +2 | x; — E VT € — E Vj€5
i=1 j=1 j=1 j=1 j=1

n

2 2\ 2
n n n n
=F E w; ( xT; — V;T5 + € — E Vj€4 Z E w; | Xy — E V;T4 =\
j j= =1

i—1 j=1

13



2
Define the set C\ = {X eR™: " w; (xz — > vjxj> = )\} and denote as f the density

function of the conditional distribution of X given XeC \ Using it, we can establish the inequality

2
n n
h()\):/ ED w [V 0¥ | [X=x f(x)dxz/ Af(x)dx = A.
xeC'y i=1 =1 xeCy
Using the latter inequality, we have that
2 2
n N n N n N n N
h Zwi Xi—ZUij Za.s Zwi X,'—Z’Uij
i=1 j=1 i=1 j=1
Then, it is concluded that
2 2 2
n N n N n . n . n N .
B jwi (Vo= w¥i | D wi | Xi= Y 0iX; | | 2 wi | Xi= ) 0;X;
i=1 j=1 i=1 j=1 i=1 j=1
In addition, since
2 2
n n n n
Dwi | Xi= D wiXy | =a D wi | Xim ) v
i=1 Jj=1 i=1 j=1
and
2 2
n n . n n
SURCES oI IR ot (B i)
i=1 j=1 i=1 j=1
by applying Theorem 2.2 it holds that
2 2
n n n n
ST EED SRS D oit) (T witte
i=1 j=1 i=1 j=1

O]

Unfortunately, a similar result cannot be stated when working with the order statistics, since the
convex order is not preserved when the ordering is applied. However, it is possible to state and
prove a similar result dealing with the Gini’s mean difference.

Theorem 4.3. Let X,Y be two random vectors such that X <., Y. Then,

1 & 1 n
— . X < . V.| =
Gn(X) ni=1) iEjl 1X; — Xj| <ica D) iijl Y; = Y| = Gu(Y)

Proof. Since X <., Y, then there exist two random vectors X and Y defined in the same probability
space such that X =5 X, Y =5 Y and E[Y|X] =,5. X (see Theorem 2.2).
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Define the function h : R — R as

n

1 noo n N 1 n N .
h(A\) =FE m Z ’Yi—ZUij’ m Z \Xi_ZUjXﬂ =A

1,j=1 J=1 ,j=1 J=1

Consider a vector x € R"™ such that ﬁ szzl |z; —a;] = A If X = X, then we can express Y

as Y = x + €, with € = (e1,...,€,) being a random vector with a null mean vector. Then, we have

1 " - 1 &
E|——— Y:-Yj|| X=x|=E|—— |z; + € — x5 — €
n(n_ 1) 7;;1 (3 J n(n_ 1) i;1 ) 7 J J

1 n
:72 Ellx: s
a1 o Pl el

If we focus on each of the terms, we can use that the expectation of the absolute value is always
greater than or equal to the expectation of the original random variable to compute the following
inequality,

(E[1Xi+ e — Xj—¢|])* = (Ezi + 6 — 7 — ¢])* = (1 — 25)° = |zi — 3

Then, one has that E[|X; + ¢ — X; — €;]] > |X; — Xj| and, therefore,

1 - 1 -
nm 2o P e - X mall 2 gr D el =
4,j=1 i,j=1
For the rest of the proof, proceed analogously as in Theorem 4.2. O

We end this section by remarking an important consequence of the results for the case of random
simple samples, that follows applying Theorem 4.2, Theorem 4.3 and Theorem 2.3.

Corollary 4.1. Let X4,...,X,, and Y1,...,Y, be two simple random samples from X and Y,
respectively. If X <.. Y, then Sg( <icx S}Q/ and Gp(X) <icx Gn(Y).

We want to end this section by stating that the same results can be stated for the componentwise

convex order, since it implies the convex order.

5 Testing dispersion and convex orders for random vectors

We aim this section to briefly describe a possible application in hypothesis testing of the results
presented in the latter sections. In particular, in testing for stochastic orders between two distinct
populations with unknown distributions, which is a common problem in many applicative fields.

The most usual case in applications deals with the usual stochastic order between the distributions
of the two populations, for which different hypothesis testing procedures have been developed; see,
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e.g., MacFadden (1989), Barret and Donald (2003) and Tse and Zhang (2004). In the case of the
increasing convex order in the univariate case, there exist also several alternatives; see, e.g., Liu
and Wang (2003), Baringhaus and Gruebel (2009) or Zardasht (2015).

However, it is not possible to find in the literature hypothesis testing procedures for the disper-
sion order or the convex order between random vectors. By using our results, these tests can be
constructed using as base the well-known tests for the usual stochastic order and the increasing

convex order, respectively.

Suppose that we have two simple random samples of size N from two random vectors X and
Y of the same dimension n for which we want to test for the convex order. We can determine
the null hypothesis as Hy : X <., Y. Working under this hypothesis, we can use Theorem 4.2
and Theorem 4.3 to conclude that the quantities S% and S%, or G,,(X) and G,(Y), should be
ordered with respect the increasing convex order. Then, we can estimate the distributions of such
quantities and test for the increasing convex order among them. If we reject the increasing convex
order between the variability estimators, then we can reject the initial null hypothesis.

A similar procedure can be done with the dispersion order. In this case, we can consider the state-
ments of Theorem 3.2 and Theorem 3.3 (or of Corollary 3.1 when using the Gini mean difference)
and then test the usual stochastic order between the variability measures. A similar procedure can
be found in Sordo et al. (2016), in which the order between expectations of the Gini mean differ-
ences (which is a consequence of the here-presented Corollary 3.1) is used to test some variability
orders. However, this procedure was presented there only for the case of independent margins. In
addition, the usual stochastic order is a stronger condition than the order based on expectations,

which allows to construct more powerful tests.

6 Conclusions

Conditions that lead to the stochastic comparison of some variability measure estimators are pro-
vided. In particular, the variability measures are related to the solution of some minimization
problems involving the difference between a location measure and the components of the random
vector, weight vectors and possibly the order statistics. In addition, the Gini mean difference is
also considered.

This type of variability measures are proven to be ordered in the usual stochastic order if each of
the random vectors have identically distributed components and share the same copula (see Theo-
rems 3.2 and 3.3). These results are also generalized to the case of different copulas in Theorems 3.4
and 3.5, the latter results being useful in the case of TTE model (see Example 3.1).

In addition, the weighted versions of the sample variance and the Gini mean difference are
ordered in the increasing convex order if the initial random vectors are ordered in the convex order
(Theorem 4.2 and Theorem 4.3).

A scheme of this results can be found in Figure 2. In addition, conditions that lead to the
stochastic comparison of the difference of the components, which are closely related to the variability
measures, are given in Theorems 3.1 and 4.1. The particular case of simple random samples and
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sample variance, which is specially relevant is Statistics, is stated as a consequence of these results.

These results can be the starting point to define hypothesis testing procedures for the dispersion
and the convex order for random vectors, as explained in Section 5. One of the main challenges is
how to determine the choice of the variability measure and the test for the usual stochastic order
or the increasing convex order, since there are many alternatives. A deeper study in this regard,
along with numerical results, is left as a future research study.

X and Y as X and Y as 2 2
Y e\ ) ( R . ) < nw; -5 w;Y;
in Corollary 3.1 in Theorem 3.4 2 wi (X = 2j wiXg)) st iy wi (Y(z) 2 .7Y(J))

1 1 ’ 2 2
Ty iyt [ Xi = Xl St sy iy 1Yi — Y ‘ i wi (Xi -3 'ijj) st Doimy Wi (Yz -3 ij])

| -

2 2
iy St 1Ko = X5l Sieo 5y Lot [Yi = Vil =X <0 Y| Sy (X = 0 0X) e Xy wi (Y- iy 0

1

i

<

Figure 2: Scheme of the relation between the stochastic comparison of vectors and the stochastic
ordering of the variability measures.
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