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Abstract—This work presents a fast direct solver strategy
allowing full-wave modeling and dosimetry at terahertz (THz)
frequencies. The novel scheme leverages a preconditioned com-
bined field integral equation together with a regularizer for its el-
liptic spectrum to enable its compression into a non-hierarchical
skeleton, invertible in quasi-linear complexity. Numerical results
will show the effectiveness of the new scheme in a realistic skin
modeling scenario.

Index Terms—integral equations, dosimetry, terahertz, fast
solver

I. Introduction

With the technological advances in THz technology, a
growing number of interdisciplinary applications in the THz
range have emerged and gained popularity in the last two
decades within areas ranging from security, to communica-
tions, or biomedicine [1]. As the impact of THz devices in
our societies grows, accurately assessing the effects of THz
waves on the human body gains crucial importance [2]. Hence
the need for exposure analyses that aim at quantifying the
amount of energy absorbed by biological tissues subject to
electromagnetic radiations [3].

Preliminary dosimetry assessments are a fundamental
phase during the design of THz equipments, to guarantee
their compliance with the limits on the power absorbed by
human tissues set by international agencies [4]. Exposure
measurements are often challenging to perform, especially in
the near field, but this challenge can be, in part, sidestepped
by reliable and accurate numerical dosimetric assessments,
when they are within reach. However numerical modeling at
THz also comes with its own set of complications.

On the one hand, many of the solvers proposed in the
literature employ approximations of the Maxwell’s system,
suitable to the high frequency regime considered, or apply
geometrical simplification to make use of proper analytic
solutions. However, application of these approximations can
degrade the solution accuracy, and potentially compromise
the reliability of the dosimetric analyses. On the other hand,
full-wave models leverage the original Maxwell system and
can be applied to arbitrarily complex geometries, but the
higher computational costs incurred can become prohibitive.
In addition, they suffer from numerical issues, such as ill-
conditioning or spurious resonances at high frequencies [5]
that need to be handled to obtain reliable results.

We propose here a novel full-wave approach, well suited
to modeling reflection and absorption of THz waves by
biological samples. Being a fast direct solution strategy, this

approach allows for the efficient solution of the THz problems
for multiple exposures at once, with a complexity which
grows only quasi-linearly with the number of unknowns,
that is, with increasing frequency. This is obtained by first
defining a proper set of boundary integral equations and
leveraging a tailored preconditioning scheme, resulting in
a well-conditioned system of linear equations freed from
spurious resonances. This formulation is then coupled with
a recently proposed fast inversion strategy [6], that relies
on the compression of the elliptic spectrum of the boundary
operator into a rank-deficient skeleton form and on the use of
the Woodbury matrix identity [7].

II. Background and Notation

Dosimetry analyzes aim at assessing the amount of energy
absorbed by the human body when exposed to an electromag-
netic radiation. This estimation can be performed by numer-
ically simulating the response of the biological tissue to the
impinging field through a full-wave electromagnetic solver.
In this work we employ the two-dimensional approximation,
that assumes tha invariance of the geometries and field along
an axis 𝒛̂. This lends itself well to the case under study given
the large dimensions of some body parts compared to THz
wavelengths. However, this approximation is not suited to
modeling all body parts.

Based on the representation theorem [8], different boundary
integral equations (BIEs) can be set up to numerically model
the time-harmonic electromagnetic scattering and absorption
of a penetrable body. Given a two-dimensional domain 𝛺 with
boundary 𝛤 B ∂𝛺 characterized by the outgoing normal field
𝒏̂, the boundary integral operators [8](
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which are respectively the single layer, double layer, adjoint
double layer, and hypersingular operator, constitute the build-
ing blocks of any of these formulations. The notations p.v. and
f.p. indicate the Cauchy principal value and the Hadamard



finite part. We denote by 𝐺𝑘 the two-dimensional Green’s
function in free-space

𝐺𝑘 (𝒓 − 𝒓′) = − 𝑗

4
𝐻

(2)
0

(
𝑘 | |𝒓 − 𝒓′ | |

)
, (5)

where 𝐻
(2)
0 is the Hankel function of the second kind with

order zero as defined in [9].
Moreover, numerical exposure assessments also require the

a priori definition of a realistic model of the tissue under
study, both in terms of geometry and dielectric permittivity.
Research on THz external dosimetry is often focused on the
skin [3], [10], as THz impinging field is absorbed by this
organ. Different geometrical models of the skin have been
proposed [11] to accurately reproduce the human anatomy.
They usually aim at modeling the stratification of compart-
ments with different physical properties, such as the stratum
corneum, the epidermis, and the dermis layers, sometimes
even modeling anisotropies and depth-varying water percent-
age [11], at the cost of increasing model complexity. For
the sake of simplicity, in this work we employ a single-
dielectric model. Following the double Debye model [12],
the permittivity of the skin as a function of the frequency is
modeled as

𝜖𝑟 (𝜔) = 𝜖∞ + 𝜖𝑠 − 𝜖2

1 + 𝑗𝜔𝜏1
+ 𝜖2 − 𝜖∞

1 + 𝑗𝜔𝜏2
, (6)

with parameters 𝜖∞ = 3, 𝜖𝑠 = 60, 𝜖2 = 3.6, 𝜏1 = 10 ps, and
𝜏2 = 0.2 ps [13]. The validity of this approximation has been
demonstrated in previous works [14], which however have
also highlighted a limitation of the model when applied to
dry skin and, in general, to tissues characterized by low water
contents.

III. Fast Direct Solver Strategy for THz Dosimetry
We propose here a fast direct solver strategy for modeling

the electromagnetic response of a biological tissue of bound-
ary 𝛤𝑠 to an excitation realized by means of a metallic body
of boundary 𝛤𝑚. It is based on a composite formulation made
up of the combined field integral equation (CFIE) for perfect
electric conductor (PEC) materials [15] and of the Poggio-
Miller-Chang-Harrington-Wu-Tsai (PMCHWT) equation for
penetrable media [16]. As is sometimes done in the literature,
we assume that the coupling terms between the metallic and
the dielectric objects can be neglected [17], [18]. In the case
where both objects (i.e., the metallic and the dielectric ones)
are subject to a TM polarized field, the resulting system of
integral equations is given in eq. (7) at the bottom of the
page. Similar results can be found for different polarizations.

In these equations, we denote by the subscript 0 the quan-
tities related to the exterior medium, which can be assumed

to be the air, and by the subscript 1 the ones related to
the interior, penetrable, medium. The exterior and interior
wavenumbers are denoted as 𝑘0 = 𝜔

√
𝜖0𝜇0 and 𝑘1 = 𝜔

√
𝜖1𝜇1,

while 𝜂0/1 =
√︁
𝜇0/1/𝜖0/1 are the characteristic impedances

of the exterior or interior medium. (𝐸 inc,𝑚, 𝐻inc,𝑚) and
(𝐸 inc,𝑠 , 𝐻inc,𝑠) are the electromagnetic fields incident over 𝛤𝑚
and 𝛤𝑠 respectively, further separated into the transversal and
longitudinal components, denoted by 𝑡 and 𝑧 . In the following,
we will denote by the subscripts 𝑚 and 𝑠 quantities related to
𝛤𝑚 and 𝛤𝑠 respectively.

The unknowns in eq. (7) are the surface equivalent currents
defined on the metallic and dielectric boundaries. They are
of electric type only in the former case, 𝑗𝑧,𝑚, and of both
electric and magnetic type in the latter, 𝑗𝑧,𝑠 and 𝑚𝑡 ,𝑠 . In
particular, by superimposing the radiation provided by these
currents, it is possible to retrieve the scattered electromagnetic
field, to be summed to the incident field in order to determine
the resulting electric and magnetic fields everywhere and, in
particular, inside the biological sample.

The application of a Galerkin discretization scheme, based
on the approximation of the unknown currents as linear
combinations of 𝑁𝑚/𝑠 piecewise linear basis functions 𝜆𝑖 (𝒓)
defined on a mesh of the boundary 𝛤𝑚/𝑠 , as 𝑗𝑧,𝑚/𝑠 ≃∑𝑁𝑚/𝑠

𝑖=1 (j𝑧,𝑚/𝑠)𝑖𝜆𝑖 and 𝑚𝑡 ,𝑠 ≃ ∑𝑁𝑚/𝑠
𝑖=1 (m𝑡 ,𝑠)𝑖𝜆𝑖 , results in the

linear system of equations
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In the above system,
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(
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inc,𝑚/𝑠
𝑧

)
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(9)
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inc,𝑚/𝑠
𝑡

)
𝐿2 (𝛤𝑠/𝑚 )

, (10)

and the matrices C, P11, P12, P21, and P22 are defined as
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+ 1
2
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𝑘0
(11)
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𝛤𝑠
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𝑘0
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(13)

P21 = −
(
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)
(14)
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𝑘0

− 1/( 𝑗 𝑘1𝜂1)N𝛤𝑠
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where we have used the generic notation (O𝛤
𝑘
)𝑖 𝑗 =(

𝜆𝑖 ,O𝛤
𝑘
𝜆 𝑗
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, where O stands for one of {S,D,D∗,N}.
The gram matrix G𝛤 is obtained as (G𝛤 )𝑖 𝑗 = (𝜆𝑖 , 𝜆 𝑗 )𝐿2 (𝛤 ) .
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As a consequence of the fact that the metallic radiator
is electrically much larger than the biological sample under
study, a significantly higher number of basis functions is
required for the discretization of the unknown currents on
its boundary 𝛤𝑚 (following the Nyquist sampling principle).
Hence, we infer that the numerical solution of the linear
system resulting from the discretization of the CFIE is the
bottleneck, in terms of time and memory required, towards the
solution of the entire system (8), both directly or iteratively.
To alleviate this computational burden, we propose here to
extend the Calderón preconditioned scheme presented in [6],
[19] for C and to extend the fast direct solver tailored for
the resulting well-conditioned operator recently proposed in
[6]. In particular, we define the Calderón stabilized operator
matrix as

C𝑝 B N
𝛤𝑚

𝑘̃0

(
G𝛤𝑚

)−1
S𝛤𝑚
𝑘0

+(
1
2
G𝛤𝑚 −D∗𝛤𝑚

𝑘̃0

) (
G𝛤𝑚

)−1
(
1
2
G𝛤𝑚 +D∗𝛤𝑚

𝑘0

)
(16)

where, following the approach introduced in [20], 𝑘̃0 B 𝑘0 −
𝑗0.4𝑘1/3

0 𝑎−2/3, with 𝑎 evaluated as a suitable average of the
radius of curvature along 𝛤𝑚. Then, following the procedure
described in [6], we express C𝑝 as the sum C𝑝 = C𝑝,c+C𝑝,ext,
where C𝑝,c is the circular counterpart of C𝑝 discretized over
an equi-perimeter circular boundary. We employ at this point
an adaptive randomized algorithm, such as the one presented
in [21], to compute a skeleton form of C𝑝,ext as

C𝑝,ext = C𝑝 − C𝑝,c ≃ UV T . (17)

Given the spectral properties of matrix C𝑝,ext, the rank of
the skeleton UV T grows only approximately as 𝑘

1/3
0 toward

the high frequency limit. As a consequence, by applying a
proper acceleration technique such as the fast multiple method
(FMM) [22], the solution of the system, for any number of
right hand sides, can be obtained efficiently, in quasi-linear
complexity, by directly evaluating the inverse [7]

C−1
𝑝 = C−1

𝑝,c − C−1
𝑝,cU

(
I + V TC−1

𝑝,cU
)−1
V TC−1

𝑝,c . (18)

In particular, after noticing that all operations involving
circulant matrices are computed rapidly via the use of the
fast Fourier transform (FFT) algorithm, we recognize that the
complexity of evaluating (18) scales in frequency approxi-
mately as 𝑘

4/3
0 , with an overhead complexity with respect to

the linear one determined by the skeleton rank increase.

IV. Numerical results
In this section, we first aim at assessing the efficiency of

the fast direct solver. The rank of the skeleton form UV T

is the key parameter to observe, as it directly determines
the computational complexity of the method, affecting both
time and memory required. The first geometry analyzed is
the ellipse. Figure 1 shows the rank of the skeleton of the
operator, for both TE and TM formulations, evaluated over an
ellipse with aspect ratio 1.5 and perimeter 2𝜋 m. Secondarily,
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Fig. 1 Rank of the skeleton form UV T evaluated over an ellipse with aspect
ratio 1.5 and perimeter 2𝜋 m as a function of the free-space wavenumber
𝑘0.

102 103 104

102

103

Fig. 2 Rank of the skeleton form UV T evaluated over an airfoil with perimeter
2𝜋 m as a function of the free-space wavenumber 𝑘0.

we have considered an airfoil geometry, resulting from the
application of the Joukowsky conformal mapping from the
circle, with perimeter 2𝜋 m (fig. 2). In both cases, we observe
that the rank grows less than linearly with frequency and
tends to stabilize to the expected behaviour of 𝑘

1/3
0 in the

high frequency limit. Consistently, the compression time (i.e.,
the time required for the skeleton evaluation), dominating
the overall inversion time, scales quasi-linearly, as shown in
table I.

Then, we applied the solver to the evaluation of the
electromagnetic scattering from a skin sample (fig. 3). In par-
ticular, we considered an ellipse of perimeter approximately
of 5.85 mm excited by a time-harmonic field at the frequency
of 1 THz. We employed the double Debye model (eq. (6)) to
approximate the permittivity of the skin, corresponding to a
penetration length of approximately 62 µm.

V. Conclusion

This paper presented a fast direct solver strategy for full-
wave modeling and dosimetry at terahertz frequencies. This
has been obtained by leveraging a preconditioned version of
the combined field integral equation, free of spurious high-



𝑁 𝑘0 [rad/m] compr. time [s] eri
15011 833.91 59.33 -
30021 1667.8 129.6 1.13
45032 2501.7 210.2 1.19

Tab. I Compression time required to evaluate the skeleton form UV T

evaluated over an ellipse with aspect ratio 1.5 and perimeter 2𝜋 m at
different frequencies, corresponding to different numbers of unknowns 𝑁 ,
and experimental rate of increase (eri). The simulations have been performed
on 25 parallel processes.

Fig. 3 Magnitude of the longitudinal electric field scattered by the skin given
a TM plane-wave excitation at the frequency of 1 THz impinging at an angle
of −1/5𝜋.

frequency resonances, and a suitable compression technique
for its elliptic spectrum, resulting in an operator matrix invert-
ible in quasi-linear complexity. The direct nature of the solver
makes its use convenient to solve multiple sources problems,
where the scatterer response to many different exposures
should be analyzed, as it can be the case in dosimetry studies.
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