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THE DIRICHLET PROBLEM FOR NONLOCAL ELLIPTIC
OPERATORS WITH C%* EXTERIOR DATA

ALESSANDRO AUDRITO AND XAVIER ROS-OTON

ABSTRACT. In this note we study the boundary regularity of solutions to non-
local Dirichlet problems of the form Lu = 0 in Q, u = g in RN \ ©, in non-
smooth domains 2. When g is smooth enough, then it is easy to transform this
problem into an homogeneous Dirichlet problem with a bounded right hand
side, for which the boundary regularity is well understood. Here, we study
the case in which g € C%® and establish the optimal Holder regularity of
u up to the boundary. Our results extend previous results of Grubb for C'*°
domains Q.

1. INTRODUCTION

Given a bounded Lipschitz domain Q C RY, we study the regularity of solutions
to nonlocal Dirichlet problems of the form

Lu = 0 in Q
(1.1) { u =g in RV \ Q,

where L is an operator of the form

12 - rue) = [ (w0 - U ke

2
with kernel K satisfying

(13)  K(y)=K(—y) and Wﬁz <K(y) < WAH y € RN\ {0},

Here, s € (0,1) and 0 < A < A.
In most of our results we will assume in addition that

(1.4) K is homogeneous.

Notice that, when A = A, we recover (a multiple of) the fractional Laplacian (—A)?.
Even in that case, the results that we establish in this paper were only known for
C* domains §2; see Grubb [I1, Theorem 2.5].

The existence, regularity, and further properties of solutions to nonlocal Dirichlet
problems of this type has been an active topic of research in the last years; we refer
to [1L, B, 4 [6l @], T4, [15] and references therein.
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2 ALESSANDRO AUDRITO AND XAVIER ROS-OTON

When g is smooth enough (e.g., g € C?**¢ for some € > 0) then it is easy to
transform into a homogeneous Dirichlet problem of the type Lu = f in ,
u=0in Q°, with f € L*>®(Q). It is well known then that (as long as {2 is smooth
enough), solutions u are C%* up to the boundary.

However, when g is less regular (e.g., g € C%%) then the boundary regularity of
solutions to has to be treated more carefully, and to the best of our knowledge
this has only been studied in case of C*° domains by [11].

Roughly speaking, the aim of this paper is to show that, when g € C%% (a > 0
small) and  is Lipschitz, then u is C%® up to the boundary. This is explained in
more detail next.

1.1. The local case. When s = 1, solutions to the Dirichlet problem
{ Ay = 0 in Q
u = g on 0f)
satisfy the following (cfr. [10} 12]):
(a) If g € C%(99) for some « € (0,1), and Q is at least C*, then u € C%(Q).
(b) If g € C%1(99) then in general u ¢ C%1(Q2), even if Q is of class C™.
(c) If g € CH*(9Q) for some o € (0,1), and Q is at least C1<, then u €
Co(Q).
Finally, when € is not C'* but only Lipschitz, we have the following:
(d) If Qis Lipschitz, then there exists ag = ao(£2) > 0 such that if g € C%(9€)
for some « € (0, ], then u € C%*(Q).

The above results are sharp in terms of the regularity of g, and also in terms of the
regularity of Q.

1.2. Our results. The goal of this paper is to provide analogous results to (a),

(b), (c), and (d) for nonlocal Dirichlet problems of the type (1.1), with s € (0,1).
The right assumption on the exterior datum g turns out to be

(1.5) lg(z) — g(2)| < Colz — 2|*  forall z e RV \ Q, z € 99,

for some constant Cp and « € (0,1). Notice that, in particular, g is C%“ on 99 (but
not necessarily outside ). Moreover, taking Cy larger if necessary, g will satisfy
the growth condition

(1.6) l9(@)| < Co(1+]2[*), = eRV\Q,
Our first (and main) result provides the analogue of property (a) above.

Theorem 1.1 (a < s). Let Q C RN be any bounded C' domain, s € (0,1), L as

m..cmdgasm.,wzthae (0,5).

Then the solution u to is of class C%*(Q), with
||U||cova(§) < CCy,
where C' depends only on n, s, A\, A, a, and €.

Moreover, we will show that the previous result fails when a = s, even if 2 is
smooth. This is the analogue of property (b) above.

Proposition 1.2 (o = s). Let s € (0,1) and —L = (—A)".
Then, there exists a C*° domain ) C R2 and a function g satisfying . .
with o = s, such that the solution u to (1.1)) satisfies u ¢ C%*(Q).
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When a > s, using known results from [18], we will establish the following.
Notice that, for nonlocal operators of this type, the best Holder regularity one can
get is C%*(Q), even if g and 2 are C*°; see [I5]. This is why the analogue of
property (c) above reads as follows.

Proposition 1.3 (a > s). Let Q@ C RY be any bounded C17 domain, v > 0,

s €(0,1), L as in (1.2)-(L.3)-(L.4) and g as in (L1.5)-(L.6), with a > s and o < 2s.
Then the solution u to (1.1)) is of class C%%(Q), with

||U||Coys(§) < CCy,
where C' depends only on n, s, A\, A, a, and Q.

Finally, when 2 is of class C'! we establish the following result, analogue to (d)
above. Notice that here we do not need to assume that the kernel K is homogeneous.

Theorem 1.4 (0Q € Lip). Let @ C RY be any bounded Lipschitz domain, s €

(0,1), and L as in —. Then, there exists By > 0, depending only on €, s,

A, and A, such that the following holds. Let g be as in —, with « € (0, Bo].
Then, the solution u to is of class C%(Q), with

ull o) < CCo,
where C' depends only on n, s, A\, A, a, and €.

The strategy in our proof of the C%® regularity of u is as follows. The basic idea
is to extend the exterior data g to a function g, defined in RY, and such that it is
as regular as it can be inside . Then, we show that |Lg| < Cd*~2% in 2, where
d(z) := dist (:z:, RY\ Q) Thanks to this, defining v = u —7g, we are led to the study
of the problem

Lv = f in
(1.7) { v = 0 in RV \ Q,

with |f] < Cd*=2% in Q. We then prove regularity properties up to the boundary
of solutions v to (1.7)), and show that

[0l co.a @y < CNA*~ Fll Loe

for some C' > 0. To do this, we need to construct fine barriers, which must take
into account two important features: first, f is very singular near the boundary
09; and second, the domain 2 is only C! (or C%1).

Remark 1.5. In the statements above, we have not specified the nature of the
solutions we consider (weak or viscosity). Whenever weak or viscosity solutions
exist, our results apply to them. Actually, using our new regularity results it is
easy to prove the existence of a viscosity solution to the problem under our
assumptions on L, €, and g; see Corollary

The paper is organized as follows. In Section [2] we present some preliminary
results we will employ later in the main proofs. Section [3]is the core of the paper:

we prove Theorem[I.I]and Propositions[I.2]and[I.3] Finally, in Section[d]we consider
domains of class C%!, showing Theorem [1.4
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2. PRELIMINARY RESULTS

This section is devoted to the proof of some preliminary results. The first one is
a L bound on (weak) solutions, based on the maximum principle.

Lemma 2.1. Let Q C RY be any bounded domain, s € (0,1), a € (0,2s), L as in

[2)-[3), and g satisfying (LO).

Then, the solution u to (1.1) is bounded in Q) and satisfies
l|lul oo () < CCo,
with C depending only on N, s, a, 2, and the ellipticity constants.
Proof. First notice that, dividing by a constant if necessary, we may assume that
Cy = 1. Since the function ¢ is not assumed to be bounded, the boundedness
of u in Q does not follow immediately. Thus, we construct an equivalent version
of problem (1.1)), with a nontrivial r.h.s. f € L*°(Q) and a new exterior data
g1 € L®(RN \ Q). Then we will apply some known L> estimates, obtaining the

proof of our statement.
Let Ro > 0 be such that {2 C Bg, /2, and we consider the functions

91(2) =g XBp\0  and g2 := gXRN\Bp, -
so that g = (g1 + g2)|r~\q- The function w := u — gy satisfies
—Lw = f in Q
wo o= ¢ on RV \ Q,

with f := Lgo. Now, since g2 is supported outside Bg,, and Br, DD (2, then it
is easy to check that |f| < C in Q. Therefore, since |g;| < C in RV \ €, it follows
from [I5] Corollary 5.2] that w € L*°(2), and thus u € L™ (). O

The second one gives an extension g in €2, which is as smooth as possible inside (2.

Lemma 2.2. Let Q C RN be any bounded C* domain, and g be as in (L.B), with
a € (0,1). Then, there exists a function g € C%*(Q) N C>(Q) such that
g =g in RY \ Q7
(2.1) D2 < Cd*  inQ,
where C' depends only on N, «, and €.

Proof. We consider the solution of Ag = 0in Q, g = g on 99Q. Since g € C**(99Q),
and Q is of class O, it follows from standard regularity theory that g € C°°(Q) N
C%*(Q) and thatll] |[D?g] < Cd*~2 in Q. O

Lemma 2.3. Let Q C RY be any bounded Lipschitz domain. Then, there exists
ap = () such that the following holds. Let g be as in (1.5)), with o € (0,1).
Then, there exists a function g € C%P(Q) N C>=(Q) such that
g =9 in RV \ Q,
|D%g] < Cdf~%  inQ,
with B8 := min{a, ap}. The constant C > 0 depends only on N, a and Q.

Proof. The proof is that of Lemma[2.2] recalling that when 2 is Lipschitz, then the
harmonic extension of g € C%(99) satisfies g € C%#(Q), with 8 = min{a, ag}. O

(2.2)

IThis can be shown by using that g € C%*(Q), standard elliptic regularity estimates, and the
fact that the function g — g(zo) is harmonic in Q, for any choice of zg.
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We next compute the operator L evaluated on the extension g constructed above.

Lemma 2 4 (a) Let Q C RN be cmy bounded C* domain, s € (0,1), o € (0,2s),
L as in . -, g as in ., and g be given by Lemma . Then,

|Lg| < CCod®™ %  inQ,

for some constant C depending only on N, s, a, Q, and the ellipticity constants.
(b) Let @ C RY be any bounded Lipschitz domain, s € (0,1), a € (0,2s), L as in

(1.2)-(1.3), and g be as in (L.5)-(L.6), and g and ag be given by Lemma . Then,
|Lg| < CCod’~2  inQ,

where § = min{«a, apg}. The constant C depends only on N, s, a, Q, and the
ellipticity constants.

Proof. We prove (a) —the same proof works for (b) replacing a by . As before,
we may assume Cy = 1. Let zg € Q, and define ¢ := d(xg). Notice that we may
assume 9 € (0, gg) for some small gy > 0 —since g € C*°(2), the result is obvious
if d(zg) > 0o > 0.

Now, up to a positive multiplicative constant, we write

Lateo) = 5 [ (@lao+ ) + 30 —9) — 25(a0) K )y
e/2

1 1 1
+f/ (30 + ) + F(zo — ) — 25(w0)) K (y)dy = ~1, + LI,
IRN\BQM 2 2

2
We notice that when o > s, it is crucial to have also o < 2s so that the second
integral above is ﬁnite. Up to taking gy > 0 smaller, the first integral can be
estimated by using (2.1) as follows:

D2 (z 2
|I1| < C | 0 ||y| d S CQa_2 ‘y|2—N—2sdy — CQa_2S.
|N+29
By/2 By/2

To estimate the second integral, we pick a point zg € 9 such that |zg — 20| = o,
and we consider

Ll <C / [9(z0 +y) — g(z0)| + |g(x0o —Ny+)2f 9(20)] + 2[g(x0) — g(20)| dy
RN\B, |y|N+2s

|zo — 20 + y|* + |xo — 20 — Y|* + 2|z — Zo\
|y|N+25

<C
RN\BQ/z

(o+ ly)* + / “(o/r +1)* + o
<C d +C dr
RN\B, 5 ‘Z/|N+29 rit2s

<C/ a 1— 2sdT‘+CQ / 7‘_1 2Sd’f’—CQa_2s.
e/2

In the second inequality we used that, since g € C%(Q), if zg £y € Q then
[9(z0 £ y) —7(20)| < Colzo — 20 £ y|*

while if zg &y € RV \ €, the same inequality holds by the assumption (1.5 on g.
The third one follows since |xg — z0 £ y| < |xg — 20| + |y| = 0 + |y|, while the last
one since o/r < 2. Combining the estimates on I and Iy, the lemma follows. O

We end the section with the following.
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Lemma 2.5. Let s € (0,1), a € (0,s), v € SN~ and L as in (1.4). Then the
function ¢3(v) := (x-v)$ satisfies
—LoS(x) >0 in {z-v >0}

Proof. First, note that ¢, (z) = u(x - v), where u(t) := (¢4+)*. Consequently (cfr.
with [16] Lemma 2.1 and Lemma 2.3]), it follows that

Ly () = (cs /SM |19n28K(9)d9> (=A)u(z-v) infe-v> 0},

where ¢; > 0 is a suitable constant. Therefore, it suffices to prove the result for the
fractional Laplacian (—A)j in dimension N = 1.

For this, notice that u is homogeneous of degree «, and hence Lu is homogeneous
of degree v — 2s. Thus, it is enough to show that

(=A)gu(zo) >0 for some zy > 0.

We consider the function v.(z) := (x + ¢)%, which satisfies (—A)gve(z) = 0 for all

x > —c, where ¢ > 0 is a free parameter (cfr. with [16, Lemma 2.2]). Since v, > u

in R for ¢ large enough, it easy to see that there is ¢y > 0 and ¢ > 0 such that

ve(xo) = u(xo) and ve > u in R.

Consequently, it follows

ve(zo +y) + ve(wo — y) uc(2o +y) + uc(ro — y)
2 2 ’

(with strict inequality in Ry \ {zo}), and so 0 = (—=A)Zv.(x0) < (—A)gu(zo). O

S U‘C(IO) -

ve(xo) — y€eR

3. PROOF OF THE MAIN RESULTS

The main goal of this section is to prove Theorem For this, we will use the
following.

Lemma 3.1 ([13]). Let Q C RY be any bounded C* domain. Then, there exists a
modulus of continuity w and a function v € C1(Q) satisfying
Cld<y<cd inQ,
(3.1) IVi(z) = Vi(y)l <w(jz —yl)  forallz,y €,
|D?(z)| < w(d(x))d  (x)  for all v € 9,
where d(x) = dist(x, Q) and C > 0 is a constant depending only on Q.

In the case of C*7 domains (), it is easy to see that one can choose w(r) = Cr?Y
in ; see [I8, Definition 2.1]. For a proof in case of general C'* domains, we refer
to [I3| Lemma 1.1 and Theorem 2.1].

We next prove two technical lemmas —in case that Q is C*7, they correspond
to Lemmas 2.4 and 2.5 of [I8].

Lemma 3.2. Let Q be any C* domain and let ¢ and w be defined as in (3.1)).
Then, for each xqg € €, it holds

(o +y) — (Blwo) + Vewo) ), | < Cully) lyl, yeRY,

where C' > 0 depends only on Q.
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Proof. Since 1 € C(Q)), there is an extension ¢ € C1(RY) with ¢ < 0in RV \Q and
¥|q = 1, preserving also the modulus of continuity w of ¢ (up to a multiplicative
constant). Thus, if 2y €  we have

B(x) — P(xo) — Vip(20)-(a — o)

= ’(V{/)v(/\x + (1= N)zo) — V{/;(l”o)) (z = 5170)‘

< [V90 + (1= Nao) = Vi(wo)| | — ol
< Cw(Mz — zo|)|z — 20| < Cw(|z — 20])|2z — 0],

for all z € RN, since A € (0,1) and w is increasing. Now, using that ¢ (zq) = (z0),
Vip(x0) = Vip(x0), (¥)4 = ¢, and that |ay —by| < |a — b, we obtain

(@) = ((@0) + V¥(a0) - (& = 20))., | < wle = zo])|o — o],
for all z € RY, and the thesis follows. O

The next lemma is similar to [I8, Lemma 2.5].

Lemma 3.3. Let Q be any C' domain, z¢ € 2, 0 = d(z0)/2 and let w be a modulus
of continuity. Then, there exists a modulus of continuity w such that, if 6 > —1

and B # 9, then

dy ~ _
d5x+yw(|y|) gCl+wgg56,
/31\39/2 ( ’ ) |y|N+ﬁ ( ( ) )

for some constant C > 0 depending only on §, B, Q and w.

Proof. Let us take xg = 0 (this can always be done up to a translation of the
coordinate system), define ¢ = d(0)/2 and take k., > 0 such that the level sets
{d = t} are C! for all t € (0,k.] (this k. exists since Q € C'). Without loss of
generality, we can assume k. > 29 (i.e. o > 0 small). Notice that if o > g > 0 the
inequality in our statement is just

dy
d6($0 +y)w(|y\) < 07
/BI\BQ/Q |y NP

and it is immediately verified. So, from now on, we will assume 0 < ¢ < g, for
some small gg. First of all, we have

/(Bl\Bg/z)ﬂ{dZm}
where C' > 0 depends only on 6, 3, 2 and w, thanks to the choice k., > 2p.

Now we fix M > M, such that 2=M < o < 2=M+1 (M is large and depends on
00 > 0) and, using the coarea formula, we obtain

w(ly)) & w(ly))
/(Bl\BQ/Q)m{d<K*} |y|N+IB kX:;J (By—k\By—k—1)N{d<rs} |y|N+IB
(A}(?ik) / 5
o3 @) d’(y)|Vd(y)|dy
2—(N+B)k (By—k \By—k—1)N{d<c2F}

(2-F) /ch s N-1
e 2 t0dt / dH" " (y),
2—(N+B)k 0 (By—k\By—k—1)N{d=t}

€

M= 1=

=~
Il

0
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for some ¢ > 0 depending only on €. Now, since 2 € C*, we have for each t € (0, k.)
’HN_l((BQ—k \ By-x-1)N{d = t}) < 02_(N_1)k,
for some constant C' > 0 depending only on Q. Consequently, it follows that

w(ly)dy < CZ k)g(B=0k

/(Bl\Bg/z)ﬁ{d<m} |Z/|N+B

Thus if § < §, it is immediate to see that the above sum is bounded independently
of M (i.e. ). Keeping in mind that 2= < p < 27M+1 when 8 > §, it is enough
to prove the existence of a modulus of continuity w such that

M
(3.3) D w(@ k)20 < (27 M) 20OM,

k=0

Finally, thanks to the Stolz-Cesaro theorem (I’'Hopital rule for sequences), we obtain

M _ _ M+1 _ _ M _ _
lim D r=ow(2 k)2(ﬂ o)k — lim kJ(F) w(2 k)2(5 6)k_2k:0w(2 k)z(ﬁ Ok
Moo 2(B=0)M T Moo 2(B=08)(M+1) _ 9(B-86)M
w(2—M+1)2(5—6)(M+1) . w(Q—M—H)Q(ﬂ—é)M
= lim =0
M—o0 2(B—0)M

and recalling that M > M, for some large My, (3.3) follows, for some modulus of
continuity @. Combining (3.2)) and (3.3)) we complete the proof of our statement. [

We next prove that the function ¥® is a supersolution near 9f).

Lemma 3.4. Let s € (0,1), a € (0,s) and L as in (1.2)-(1.3)-(1.4). Then for any
C' domain Q and for any function v satisfying (3.1), there is oo > 0 such that:

—L(*) > cod* ™ >0 in{0<d< o},

for some constant cg > 0 depending only on N, s, a, Q, w and the ellipticity
constants.

Proof. Let a € (0,5), g € Q and p := d(zp). We assume ¢ € (0, 0g), for some
0o > 0 small which will be chosen later, and we consider the function

I(z) := (Y(x0) + Vip(z0) - (x — l‘o))+7

satisfying 1(xzg) = ¥ (x¢) and V¢ (xg) = Vi(xg). Notice that we can also assume
1> 0in B,/s(xo) and so, we obtain

(3-4) — L(I%) (o) = k1725 (29) = kp® 2 () > Cp™~ 2,

where we have used the assumptions on 1 and set k := [25=%(xq)[~L(1%)(x0)] =
—L(1%)(1) > 0 (thanks to the homogeneity of [* and [16, Lemma 2.3]).
Now, from Lemma [3.2] we know that

¥ =0 +y) <w(lyDlyl, yeRY,
and so, since |a® — b¥| < Cla — b[(a®~! + b>~1) for all a,b > 0, it follows
(3-5) 9 = 1%|(zo +y) < O+ 10 (w0 +y)w(lyl)lyl, v €RY,

for some C' > 0 depending only on €2 and «, where we have used the first inequalities
in (3.1). Furthermore, thanks to the properties of 1, we have

(3.6) D (¢ —1%)| < Cw()e®™?  in Byys(zo),

)



NONLOCAL DIRICHLET PROBLEMS WITH C%* EXTERIOR DATA 9

for some new C' > 0, which implies
(3.7) [ = 1%(z0 +y) < D@ = 1)l Loe (B, aag |UI* < Cw(0)0® 2yl
for y € B,/2(x0). To check the validity of , we compute
(% = 17)110, (@) = @l = 1) [0 2 @), ()0, (@) = 12 (@)t (@0}, (20)
+ o (@), (),

and we notice that [1p* 11,5, | < Cw(0)e® 2 from (3.1). On the other hand, we
have

(@), (@), (2) 1072 (@), (w0, (20) =
= 2 (@) [, ()0, () = Y, (20) s, (20)] +
+ [T (@) = 1972 ()] o, (20) 8, (20),
and so, since V1 is continuous up to 92 with modulus of continuity w(-), it follows
(072 () (e, (€)1, (2) = Y, (20)10a; (0)] | < Cw(0)e™ 2, & € Byya(wo).
Further, since |D?¢(z)| < Cw(d(z))d~!(x), we obtain
| [ 2 () = 1972 (@)] Wa, (20) s, (w0) | < Clp() = Uz)[[ 2 () 4+ 197 ()
< C’\D2 (a:o)||m — x| }wa 3(x) + lo‘_g(x)|
< Cw(‘g)g‘kz7 x € By/a(xo),
and so follows. Finally, since o € (0, s) and ¢ = 0 in RV \ Q,
(3.8) 6% — 1220 +) < Clyl*, yERY\By.
Consequently, if « + v # 2s, using , , , and it follows
—L(y*)(wo) = —L(I*)(w0) — L($* = 1%)(z0) = Co*™** — L(* — %) (x0)

oo = [ @ ) Py

072 o dy

2 C/ —1 !L‘o + y)m
_ _ dy dy
a—2s a—2
> 00—l [ =1 C/RN\Bl [y
_ _ w(lyl)
-C (@1 1" (zo +y) dy

Bi\B,/» |y|NF2s—1

> Cga—Zs _ Cw(g)ga—Qs —C-=C (1 + ’LAU'(Q)QQ_QS) > Cvgoz—Qs7

for some new constant C' > 0 and all 0 < g < gg, where gy > 0 depends only on NV,
s, a, Q, w and the ellipticity constants. Notice that we have applied Lemma [3-3]
twice (once to d(-), once to I(+)). O

Proof of Theorem[I.1]. Dividing g and u by a constant if necessary, we may assume
Cop = 1. Thanks to Lemma [2.1} we have ||u|z =) < C. On the other hand, let g
denotes the extension of g given by Lemma [2.:2] Then, the function

v=u—4g

solves (1.7) with f := Lg. Moreover, thanks to Lemma [2.4] we have |f| < Cd*~2¢
in Q.
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Step 1. We claim that
(3.9) [v]| < Cd¥ in Q.
To prove this, we consider the function
o) == My*(z), = €RY,
where v is given by Lemma Thanks to Lemma for some gy > 0 we have
—Lp > MCd*™*  inQ, ={zeQ:0<d(z) <o},

for some constant C' > 0 depending only on N, s, «, §2, and the ellipticity constants.
We now compare ¢ with v:

e We clearly have ¢ = v =0 in RY \ , for all M > 0.
e Since ||v||p~(q) < C and ¥* > 0 in Q, taking M > 0 large enough we have

e>v  in Q\ Q.
e Thanks to Lemma we may choose M > 0 large enough such that
—Lp>—Lv in Q,,.

Consequently, taking M large enough (depending only on n, s, «, Q, A, and A),
it follows from the comparison principle that v < ¢ in Q. Repeating the above
argument with —v, (3.9) follows.

Step 2. We next claim that

(3.10) [U]C‘Jv“(Br(zg)) <C,

for any ball B,(xo) C Q with d(z¢) = 2r, and some constant C independent of
rg € Q and r > 0.
To do this, we recalﬂ that if w is a solution to —Lw = f in Bs then

lw(z)]
(3.11) [w]co.ap) < C <||f|L°°(B2) + /RN T4 [pN o de ).

Now, for any zg € Q and r := d(z¢)/2, we take w(x) := v(xo + rz), which satisfies
—Lw(z) = fr(z) == 1> f(xo + r2) < Cr?%d® > (2o +rz) < Cr® in B,

since zg + 1z € Bay(x0). On the other hand, since |v| < Cd® in Q (thanks to Step
1), we have

lw(z)| = [v(z +rx)| < Cd¥(xo +rz) < Cro(1+|z|*) in RY,

where C' > 0 is a new constant independent of xg € 2 and r > 0, and so

/ MdeCTa/ Bl i RO
R R

x 1+ |z]NF2s N 1 [z[N+2s
since a < 2s. Above, we have used the fact that
d(zo +rx) = yienafn ly — (w0 +rz)| < yienafsz ly — xo| + r|z| = d(zo) + r|z| = (2 + |z]),
whenever xg + rz € 2. Consequently, applying , we obtain
[w]co.e(p,) < Cr,
from which immediately follows.

2This follows for example from [17} Theorem 1.1] and [7, Theorem 5.1].
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Step 3. We can now finish the proof. Indeed, take z,y € Q, with r = |z — y| and
o0 = min{d(z),d(y)}. There are two possibilities:

e If o < 2r, assuming for instance ¢ = d(y) and recalling (3.9), we have
[o(z) = o()] < [v(@)| + [v(y)| < Cd*(2) +d*(y)] < Cl(e+ 7)™ + 0] < Cr°,

for some constant C > 0 independent of z,y € Q and r > 0.
e If p > 2r and ¢ = d(y), it follows that Ba,.(x) C Q, and thus thanks to
(13.10)

o(z)—v(y)| = r* <r% sup

v(z) —v(y)| v(z) —v()|
z—yl* T yeB.@ lT—yl*

Putting together the last two inequalities we find

lv(z) —v(y)| < Clz —y|* forall z,y € Q.

< Ta[v]co,a(Br(z)) < Cr~.

This implies that v € C%%(Q) and, therefore, that u € C%*((Q). O

Proof of Proposition[I.3 Let Q :=R2 := {(z1,22) € R? : 25 > 0} and u solve
(=A)°u = 0 in Q,

(3.12) { u = g in R%\ €,

with g(z) := min{|z|*, 1}. The solution to is given by the Poisson kernel

(Z1,22) )
u(xy, o) = csx2/ /Oo AT = 207 + (22 _22)2]d21d22,

see [2]. Notice that, since g > 0, we clearly have
9(21, Zz)
u(xy,T2) > ¢ xs/ dz1dzs,
(01,22) 2 653 | TP + (=227
where S := {z2 < —|z1|} N B;. Thus, in order to prove that u ¢ C%*(Q), it is

enough to show that the last integral is unbounded for 1 = 0 and x5 > 0 small.
For this, we set t = x5, and we consider

2 2\2
/ 92(217 22) ledZQ / (Zl * 2:2) ’ ledZQ
s [22]*[21 + (t = 22)?] |22]®

% 7,.5+1

déd
/ / 78| sin 0] (r2 + 2r| sin 0|t + t2) "

ir 1 r
/ |sinf]|~* / - drdd,
5 o T2+ 2r|sinft + ¢2

4

where we have passed to polar coordinates z; = rcosf, z = rsinf. Since |sinf| €
[v/2/2,1], it follows that

/1 " dr>/1r dr—1/12(r+t)dr—t/1dr
o T2 2r[sinflt+12 T Jy r2+2rt+12  2), (r+1)? o (r+1)?

=In (1> +1In(1+1t) — 1%% =In C) +0(1)

as t — 0%. Consequently, setting x, := f |sin 0| ~%, we obtain

g(z1,22) 1> ¥
u(0,t) > c4t® dz1dzo > cskst’In | = | + O(t%), ast— 0T,
00z et [ R e et in (1) +0)
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which shows that u ¢ C%*(Q).
Finally, notice that using such function u one can actually construct a coun-
terexample in a bounded domain, too. O

Proof of Proposition[1.3 As in the proof of Theorem we have that v =u —7g
solves , with |f] < Cd*~2 in Q. Setting 6 := min{a — 5,7} > 0, we can apply
[18, Theorem 1.2, Proposition 3.2] (cfr. with [I8 Remark 3.4]) to conclude that
v e C%(Q). O

4. LIPSCHITZ DOMAINS

We focus now on the case in which 2 is Lipschitz. Again, the idea is to construct a
suitable super-solution for problem exploiting that the r.h.s. explode as d®~2°
near the boundary 99, for some § € (0,1). Since the domain is only Lipschitz
and the operator L is not homogeneous, the strategy followed in the above section
cannot work in this more general framework. The construction of a new barrier is
the main difficulty here, and it works as follows.

For any fixed direction e € S¥~! and 1 > 0, we consider the function

¥(z) == ez + x| (1—W>, e RN,

||
and, for any 8 € (0, 1), we define
(41) By = ()",
Notice that ®5 € C®#(RM) and it is positive in the cone

(4.2) c_n:{xeRN:‘T;”>n<1(e|g'c‘|?2>},

while zero otherwise. We begin with the following lemma (cfr. also with [8] [19]).

Lemma 4.1. Let s € (0,1), e € SN=1 and L as in (L.2)-(1.3). Then for alln >0,
there exists By € (0,1) such that the function ®g defined in (4.1) satisfies
(4.3) { ngg godﬁ*% >0 in HCQ_A?

B m \ C*m
for all B € (0, Bo] and some ¢y > 0. The constants By and cy depend only on n, s,
A, A, and .

v

Proof. As in [I8, Lemma 4.1], using the homogeneity of ®5 and d’~2*, and the
properties of the kernel K, it is enough to prove

—L®s>C>0 ine+dC_,y.

This is because {A(e + 0C_;)}as0 = C—y.
Now, let us take ¢ = o(n) > 0 so that
0<o< xeigcf_n |z —y| :=dist (0C_,,e + IC_,),
y€e+dC_,
and notice that
|Vy| <C  and |D%*p| < Clz|~! in RV \ {0},
for some constant C' depending on 1. Consequently, it follows that

(4.4) H(DﬁHCZ(BQ(x)) <C forallzee+ 5'C_n,
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for some new constant C' > 0 independent of z. On the other hand, we have
(4.5) ®g — &g :=xc_, pointwise in RY

as 8 — 07, and moreover

(4.6) |®Pp(z) — gz —y)| < C(L+|y|*) forallzce+RY\C_,, y e RY,

for all 8 € (0, Bp] and some constant C' independent of z,y € RY and independent
of 8. Finally, let us define

S e L]

Thus, using (4.4) and (4.6, we obtain
lhs(z,y)] < Cly| N720=9)  forallz €e+dC_,, y € B,,

and
lhs(z,y)] < C (1 + |y N 72%)  forallz € e+C_,, y € RY,

for some constant C' independent of x and y (actually it depends only on n, s, A, A,
«, and §2). Recalling (4.5)), we can apply Lebesgue dominated convergence theorem
to deduce

(4.7) —Log(x) =/ hﬁ(x,y)der/ hg(@,y)dy — —L®o(x),
B, RN\ B,
as  — 0, for every fixed € e+ 9C_,,. Actually, the above convergence is uniform

w.r.t. x € e+ dC_, and L. Indeed, assume by contradiction that for any sequence
B; — 0%, there exist a sequence {z;}; € e + dC_, and a sequence of operators

{L;}; satisfying (1.2))-(1.3]) such that
(4.8) 1L ®g; (25) = Li®o(x;)| > €
for some € > 0 and all j € N. Then, using again the bounds in (4.4)) and (4.6]), we
easily deduce that |L;®g, (x;)| < C, for some constant C independent of j € N and
S0, up to passing to a subsequence, we obtain that L;®g, (z;) has a finite limit as
j — 4o0o. Further, using the pointwise convergence in (4.5) and a standard diagonal
procedure, we can extract a subsequence {f3;, }x C {;}; for which [Lx®g; (z) —
Li®o(zk)| < e/2 for all k € N, obtaining a contradiction with (4.8]).

On the other hand, since &y = x¢_. , we obtain

n?

L) = [ @)~ ) Ky = [ Ky

Consequently, writing £ = e + P with P € 9C_,, and noticing that RN \C_, C
—P+ RN\ C_,, it follows

~La(o) - | Kiy—ady> [ Kly—edyze>0
_P'HRN\C*” RN\Cfn
for some ¢ > 0 independent of z € e+9C_,,. Thus, recalling the uniform convergence
in (4.7), we deduce the existence of a small Sy € (0,1) such that
—L®g(z) > ¢/2 >0,
for all z € e+ 0C_,, and S € (0, fo]. O
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Proof of Theorem[I]. Let By > 0 be given by Lemma[{.3] and assume without loss
of generality that 8y < g, where o is given by Lemma [2.3

Let v = u — g, where g is chosen as in Lemma Thanks to Lemma b)7 we
have |Lg| < Cd*~2 in Q, and so

(4.9) |Lv| < Cd*™2% in Q,
since v satisfies (1.7) with f = Lg. We want to prove that
(4.10) [v(z)] < Clx — z|* = Cd*(z) in 9,

where zg € 0f) is the projection of & on 9. To do this, since 912 is Lipschitz we
have that for any point zy € 01, there are r,n > 0 such that

BQT(ZO) nQ - BQT(ZO) n (2’0 + C_y]) s

where C_,, is defined in (4.2). Moreover, we can choose r > 0 and 1 > 0 indepen-
dently of zp € Q (i.e. z € Q).
Now, we consider the truncation

w = ,UXBQT(ZO)’

which satisfies |Lw| < Cd®~2° in B,(20) N (2, thanks to (4.9).
On the other hand, we consider the function

o(x) = M®(z — 2) =RV,
where ®,, is defined in , and M > 0 is to be chosen. Thanks to Lemma
—Lp > Mcod® > >0 in By(20) N (20 +C—y).
Now, choose M > 0 so that
e>w inRY\ (B.(2)NQ)

—which is possible since w is bounded—, and so that

— Lo > Mcod®™%* > Cd*™* > —Lw in B.(z) N Q.
By the maximum principle, we deduce

v=w<Cyp<Clz—2|° =Cd°(x) in B.(20)NQ

and, repeating the above argument with w replaced by —w, (4.10)) follows.
To finish the proof, we can repeat the proof of Theorem |1.1} combing (4.10) with
the interior estimate (3.11)). O

As a consequence, we find:

Corollary 4.2. Let N, Q, s, L, and g be as in Theorem [1.4} Then, there exists a
viscosity solution v € C(2) to (L.1).

Proof. Let Q. CC Q be a sequence of smooth domains such that 2. — € in the
Hausdorff distance, and such that €. are Lipschitz sets (uniformly in €).

Let g be a Holder continuous extension of g inside €2, and let g. € C°(RY) be
such that g. — g uniformly in Q, g. — g a.e. in RY \ , and such that holds
uniformly in €.

Then, by [14, Theorem 5.6] there exists a viscosity solution u. to Lu. = 0 in
Qe, ue = g- in Q¢. By Theorem we have a uniform bound [[ue|co.0 @) < C,
with a > 0. By Arzela-Ascoli theorem, we have u. — u uniformly in Q, up to
subsequence, where u € C%%(Q). Moreover, u. — u almost everywhere in RV \ Q,
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where u := g outside 2. Then, by stability of viscosity solutions (see, e.g. [6l

Le

il
[2
3
4
5
6
[7
8
[9

10

[11

[12

[13

[14

[15

16

17

[18

[19

24,

mma 4.5]), we have that u is a viscosity solution of (|1.1]). O
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