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On the existence and Holder regularity of solutions to some
nonlinear Cauchy—-Neumann problems

ALESSANDRO AUDRITO

Abstract. We prove uniform parabolic Holder estimates of De Giorgi-Nash—Moser type for sequences of
minimizers of the functionals

oo ,—t/e
Eo(W) =f ¢ {fN+1 §a (s|8,W|2+|VW\2) dX+/ <I>(w)dx}dt, ee(0,1)
0 € RY RN x{0}

where a € (—1, 1) is a fixed parameter, R_l.\_’ +1is the upper half-space and dX = dxdy. As a consequence,
we deduce the existence and Holder regularity of weak solutions to a class of weighted nonlinear Cauchy—
Neumann problems arising in combustion theory and fractional diffusion.

1. Introduction

In this paper we construct Holder continuous weak solutions to the weighted non-
linear Cauchy—Neumann problem

YU —V-(*'VU) =0 inRY*! x (0, 00)
—39U = —B(u) in RN x {0} x (0, 00) (1.1)
Uli=o = U in R,

where N > 1,a € (—1, 1), Rﬁ“ ={X=,y):x € RN, y > 0}, V and V- stand
for the gradient and the divergence operators w.r.t. X, respectively, and

u:="Uly= and U := ““0‘+ y*o,U.
y—

The weight y* belongs to the Muckenhoupt A,-class (cf. [16,20]), the function Uy is
a given initial data and € C(RR; R) is of combustion type, satisfying

1
>0, suppp =10, 1], / Bwydv= 1. (1.2)
0
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Problem (1.1) is related to the localized/extended version of the reaction-diffusion
equation

(0 — A)'u=—Bu), (1.3)

where 5 := 1%“ € (0, 1) (see [35,45] and [5, Section 2]), and the diffusion process is
governed by the fractional power of the heat operator, which is nonlocal both in space
and time:

s 1 ! Gy(x —2z,t— 1)
(8, — A) M(X,t) = m[m \/RN [M(X,t) —M(Z, T)] WdZdT,

where G y is the fundamental solution to the heat equation and I is the gamma function
(cf. [39, Section 28]). For smooth functions u# depending only on the space variables
x € R, it reduces to the fracional laplacian (—A)*, while if u = u(¢), it is the
Marchaud derivative (9;)* (cf. [28,45]).

Such operator appears in a wide range of applications such as biology, physics
and finance (see e.g. [2,17] and the monograph [23]) and has notable interpretations
in Continuous Time Random Walks theory (see [29] and the references therein). In
recent years this class of equations has been the subject of intensive research: we quote
[12,13] for traveling wave analysis, [2,5-7,17] for unique continuation and obstacle
problems, and [4] for nodal set analysis. In our context, solutions to (1.3) may be
employed to approximate some free boundary problems arising in combustion theory
and flame propagation, in the singular limit § — %80 (cf. [14,37] for the nonlocal
elliptic framework and [15] for the local parabolic one).

In this work, weak solutions to (1.1) will be obtained through a variational approx-
imation procedure known in the literature as the Weighted Inertia-Energy-Dissipation
method, introduced in the works of Lions [27] and Oleinik [36] (see also the paper
of De Giorgi [19] in the context of nonlinear wave equations). Later, it has been in-
vestigated by many authors: we quote the works of Akagi and Stefanelli [1], Mielke
and Stefanelli [30], Bogelein et al. [8,9], Rossi et al. [38] and the references therein.
However, the variational techniques we use are inspired by the methods developed by
Serra and Tilli in [40,41] (see also the more recent [3]). We introduce below the main
ideas in a rather informal way, and postpone the formal definitions and statements in
subsequent sections.

We set

u
D) = 2/ B(v)dv,
0
and, for every fixed ¢ € (0, 1), we introduce the functional

oo ,—t/e
ES(W)=/ ¢ {/ ¥ (e|a,W|2+|VW|2)dX+/ d>(w)dx}dt.
0 & ]Rf;_’“ RN x{0}

(1.4)
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If & has a minimizer U, (or a minimizer pair (U, us := U;|y=0)) in some suitable
space Uy (see (1.9)) with U, |;—0 = Uy, then U, satisfies

—ey* 3 U + '8, Us — V- (0*VU) =0 inRY™ x (0, 00)
—05Ue = —P(ue) inRY x {0} x (0,00) (1.5)
Ueli=o = Uo in R,

in the weak sense (see Lemma 2.2). The above problem is nothing more than (1.1)
with the extra term —ey“?9,,;U,: it is thus reasonable to conjecture that under suitable
boundedness and compactness properties, one may pass to the limit as ¢ — 0 along
some subsequence and obtain a limit weak solution U to (1.1).

We stress that for each ¢ € (0, 1) the approximating problem (1.5) is elliptic in
space-time and the drift y“9, U, is a lower order term, while, as ¢ — 0, it degenerates
along the time direction and, in the limit, the problem completely changes nature,
becoming parabolic.

As already mentioned, our main goal is to establish uniform estimates for families
of minimizers of the functional & and then pass to the limit by compactness. We will
deal with two types of uniform bounds: global energy estimates and Holder estimates.
The former are obtained adapting the techniques of [40,41], while the latter will follow
from a De Giorgi-Nash-Moser type result ( [18,32,34]) for weak solutions to

—ey 0 We + y 9 We — V- (3°VW,) = F, inRYT! xR

(1.6)
—0yWe = fe, in RN x {0} x R,

where F; and f; belong to suitable classes of spaces (see Appendix A and (3.2)).

This is our main contribution: we prove parabolic Holder estimates “up to {y = 0}”
for weak solutions to problem (1.6), that we transfer to sequences of minimizers of
(1.4) and, in turn, to the limit function U, as ¢ — 0. We anticipate that even though
these Holder estimates have a local nature (we work directly with the local weak
formulation of (1.6)), we will need an extra compactness assumption guaranteed by
the global energy estimates, and depending on the initial data Uy (see Proposition 2.1).

Since problem (1.6) is elliptic for every ¢ > 0 but becomes parabolic in the limit
¢ = 0, we cannot expect to prove uniform elliptic Holder estimates (i.e. elliptic in
the (X, ) variables), but “only” parabolic ones. To do this, we will combine uniform
local energy estimates, uniform local L> — L bounds and a uniform oscillation
decay lemma. It is important to stress that the proofs of these intermediate steps are
not just the mere adaptation of the parabolic theory (see for instance [32,46]), but are
tailored to the degeneracy of the problem along the time direction. We refer the reader
to Sect. 1.2 for further discussions and connections with the existing literature.

Finally, it is important to mention that our strategy seems to be quite flexible and
different parabolic problems may be attacked with similar techniques. For instance,
one may fix s € (0, 1) and try to approximate weak solutions to

du+ (—A)'u = —Bu)
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with a sequence of minimizers of

- 00 ,—t/e wix, ) —w(z, H?
gg(w)zf {sf |8,w|2dx+/ [wlx, 1) N+(ZS ! dxdz
0 3 RN RN xRN lx — z|

+/ O (w) dx} de,
RN

over a suitable functional space (notice that here we work in the purely nonlocal
framework, without making use of the extension theory for the fractional laplacian).
In view of [1,41], the techniques we use to prove the energy estimates should easily be
adapted to this setting too, whilst the general strategy we follow to obtain the Holder
bounds seems to be more difficult to repeat and must be adapted depending on the
different nature of the problem.

1.1. Functional setting
To simplify the notation, we work with the functional

oo eft/e
FS(U)=/ {/ ly|“ (8|8,U|2+|VU|2)dX+/ ¢>(u)dx}dt,
0 £ RN+1 RN x {0}

(1.7)

and then we will transfer the information to the minimizers of (1.4), using standard
even reflections w.r.t. y (see Lemma 2.4 and Remark 2.5). Indeed, notice that F,
is nothing more than &, but the integration is on the whole RV*! and, as always,
u = Uly—o.

We consider the space

U= (H"@p, Qf =Bgx©, R,
R>0

made of functions U € Lz'“(Q}F) with weak derivatives 0,U € LZ'“(Q;), VU €
(L* (QX))N‘H, for every R > 0 (the definitions of the L7 spaces are given in
Appendix A). In particular, by [33], each function U € Uf has a trace on the hyperplane
{y = 0} and an “initial” trace we denote with

=4 l-a
u:="Uly=0 € H,. (Q0),  Up:=Uli= € H,,; ®"™D,

respectively (Q := RY x {0} x (0, 00)).

Since each term in (1.7) is nonnegative, we will view F, as a functional defined on
U taking values in [0, +00] and we will minimize it on the space U, subject to the
initial condition

Uli=o = Uy, Uy e HY@RNT),
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The choice of Uy € H"“(RN*1) is quite important for our approach: we have Uy € U
(and thus U is not empty) and, by [33] again, we also have that

la N
ug := Uply=o € H 2 (R™)
is well-defined. To prove our main estimates, it will be crucial to assume
LY ({uo > 0)) < +o0,

where £V denotes the N-dimensional Lebesgue measure. This is not a very restrictive
assumption: in the majority of the applications the function u is assumed to be smooth
and compactly supported in RY . To simplify the notations, it is convenient to introduce
the set of initial traces

T :={Up € H"“RY ™) : Uy £ 0, LY ({ug > 0}) < +o0}, (1.8)
and the (non-empty) closed convex linear space
Uy :={U €U : Uls=0 = Uy € Tp}. (1.9

Notice that the assumptions on the initial trace guarantee that any minimizer U € Uy
is nontrivial.

1.2. Main results

Our main result is the following theorem.

Theorem 1.1. LetN > 1,a € (—1, 1), B € L*(R) satisfying (1.2) and Uy € Ty asin
(1.8). Then there exist a € (0, 1), a sequence g — 07 and a sequence of minimizers
{Ug, Yken of (1.4) inUy depending only on N, a, || B|| L) and Uy, such that for every
open and bounded set K C RN1! x (0, 00), there exists C > 0 independent of k,
such that

1Uei lcoer2kngy=op =< C, (1.10)
for every k € N.

This is the first result concerning uniform Holder bounds for minimizers of (1.4):
to the best of our knowledge, the existing literature treats exclusively uniform bounds
of energy type (see the already mentioned [1,3,8,9,30,40,41]). Theorem 1.1 has an
interesting corollary, that we state after giving the definition of weak solutions to
problem (1.1).

Definition 1.2. Let N > 1,a € (—1, 1) and 8 € L*°(R) satisfying (1.2). We say that
the pair (U, u) is a weak solution to (1.1) if
e UelL? (0,00: H@®RY) with 9,U e L2 (0, 00 : L>RY ).

o u = Uly—o and Uy = Ul,;— in the sense of traces.
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o U satisfies

oo oo
/ / y4(0,Un+ VU -Vn)dth+/ / Bu)n|y=odxdr =0,
o JrYt! 0 JRN ’

(1.11)

for every i € C(‘)’O(RN“ x (0, 00)).

Corollary 1.3. Let N > 1,a € (—1, 1), B € L*®(R) satisfying (1.2) and Uy € 1y as
in (1.8). Then there exist « € (0, 1), a weak solution (U, u) to (1.1) satisfying

CUZRNH (0, 00)),

loc

UecC

a sequence g — 0" and a sequence of minimizers {Uy, }ken of (1.4) in Uy such that,
as k — 400,

Ug, = U weakly inU
U, = U in Croe ([0, 00) : L2 (RY )
Uy = U in CLP RN x (0, 00)).

loc

Some comments are in order. Our approach allows to treat both the existence and
the Holder regularity of weak solutions using the same approximating sequence, in
contrast with the classical theory where the two issues are often unrelated. Indeed, the
existence and Holder regularity for weak solutions to (1.1) can be proved separately
using more classical methods. For the existence, we believe that the approximation
scheme used in [24, Section 2] can be easily adapted to our framework. It is also
important to notice that both methods allow to construct weak solutions with bounded
H' energy (locally in time), depending on the H'! energy of the initial data: this
automatically excludes “pathological” solutions such as Jones’ solution [26], in the
casea =0and g =0.

On the other hand, the results concerning the Holder regularity of weak solutions
to parabolic weighted equations like (1.1) are obtained working in the pure parabolic
setting, and are based on the validity of some Harnack inequality in the spirit of
Moser [32], see e.g. [5,10,16,21]. In our framework neither an elliptic nor a parabolic
Harnack inequality for weak solutions of (1.5) can hold, with constants independent
of ¢ € (0, 1). This is due to the different nature of the elliptic and parabolic Harnack
inequality (see [31, Theorem 1] and [32, Theorem 1], respectively) and the drastic
loss of ellipticity in the limit ¢ — O (see also the counter-example in [32, pp. 103] in
the case a = 0 and 8 = 0). On the contrary, parabolic Holder regularity is preserved
under the limit.

We end this paragraph with a few words about the reaction function g. It is worth
to mention that other kind of reactions can be considered but, for simplicity, we
decided to focus on the class defined in (1.2): the positivity of 8 guarantees that
the functional F; is nonnegative (uniformly in ¢), while the fact that ®(#) < x{u>0)
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allows us to prove the crucial level estimate (2.6). The assumption suppf = [0, 1]
gives some additional properties such as the weak maximum principle stated in Lemma
2.4. For what concerns the uniform Holder bounds, the only information we use is
that B € L (R).

1.3. Structure of the paper

The paper is organized as follows.

In Sect.2 we prove the existence of minimizers of F, in Uy (for every fixed ¢ €
(0, 1)) and we establish the main global uniform energy estimates (2.8) and (2.9),
which play a key role in the proof of Proposition 2.1. This is the first main step in our
analysis: we show the existence of a sequence of minimizers U; weakly converging
to some function U which is also a weak solution to (1.1).

In Sect.3 we prove a L%2 —» [ ]ocal uniform bound for weak solutions to (1.6)
(see Proposition 3.1). The main difficulty here is to derive a uniform energy estimate:
since problem (1.6) is elliptic for every fixed ¢ > 0 but becomes parabolic in the
limit as ¢ — 0, the best we can expect is to obtain a uniform energy estimate of
parabolic type. We anticipate that the standard parabolic techniques do not work in
this framework (see Remark 3.7) and new methods that exploit the degeneracy of the
equation are used.

In Sect.4 we show Proposition 4.1: under the additional compactness assumption
(4.1), there is a sequence of weak solutions to (1.6) having locally bounded C . /2
seminorm. As explained in Remark 4.4, this compactness assumption is required in
order to prove a parabolic version of the so-called “De Giorgi isoperimetric lemma”
(cf. Lemma 4.2).

In Sect. 5 we show Theorem 1.1 and Corollary 1.3: the proofs are easy consequences
of Propositions 2.1, 4.1 and a standard covering argument.

Finally, in the appendices (Appendix A, B and C) we recall some technical tools
and results we exploit through the paper, and the full list of notations.

2. Global uniform energy estimates

This section is devoted to the proof of the following proposition.

Proposition 2.1. Let {Ug}ec0,1) € Up be a family of minimizers of F. Then there
exist U € Uy and a sequence € ; — 0 such that if u = U|,—o, then

Ug; =~ U weakly inUd

Us; > U in Cloe([0, 00) : L>“(RNT)

ug, ~ u in L7, (RN x (0, 00)), 2.1
and, furthermore, the pair (U, u) satisfies

f [y|“(0;Un + VU - Vn)dXdr + Bu)nly—o dxdr =0, (2.2)
QOO QOO
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foreveryn € Cgo (Qo0). In particular, (U, u) is a weak solution to (1.1).

Before addressing to the proof of the above statement, we show some basic prop-
erties of minimizers of the functional F.

2.1. Existence and basic properties of minimizers

We begin with the Euler-Lagrange equations.

Lemma 2.2. Fixe € (0, 1) and let Uy € Uy be a minimizer of F,. Then
8/ |y|“8,U88tndth+f |y|“(0;Ugn + VU, - Vi) dXdr
Qo Qoo
+/ Bueg)nly=odxdr =0, 2.3)
Ooo

foreveryn € C3°(Qoo).

Proof. Fixe > 0, let ¢ € Cé’o(Qoo), h # 0, and assume that U := U, € Uy is a
minimizer of F;. It is not difficult to compute

FolU + hg) = Fo(U) _

o0 e—t/s
2/ / Iy|¢ (£8;Udp + VU - Vo) dXdt
0 RNH

h e
oo ,—t/e ® h ) — ®
N / e f (u+ hoply—o) = D) |
0 & JRN h
00 eft/s 5 5
+h/ / Iyl (e|8,¢| + Vol )dth.
0 & RN+I1

Notice that, since ¢ € C(‘)>Q (Qo0), the last integral converges to zero as h — 0, while

DU+ holy=0) — P(u)
h

— @' (Wgly=0 = 2BW)¢ply=0 ae.in O,

as h — 0. Consequently, using that 8 is bounded, ¢|y—¢ is compactly supported and
the minimality of U, we can pass to the limit as 7 — 0, to deduce

o
/ e—t/s{ / [y|* (£0,Ud;p + VU - Vp)dX +/ Bw)ely=o dx}dt =0.
0 RN+1 RN
Now, 11 € C3®(Quo) and take ¢ = ¢'/#1. Noticing 3¢ = e'/* (1 + 9;1) and rear-
ranging terms, (2.3) follows. O

Now, we show that for every ¢ € (0, 1) the functional F; has a minimizer in Uy. To
simplify the notations, we introduce the functional

J.(V) :=/ e—f{/ ly|@ (|8tV|2+e|VV|2>dX+e/ @(v)dx}dt,
0 RN+1 RN x {0}
2.4)
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defined for V' € U, where v = V|, —¢. This functional is related to (1.7) through the
following relations

Fe(U) = éjs(V), V(X,t) =U((X, et). (2.5)

Since Vy := V=0 = Ul;=0 (and so vy := Vply=o = up) and Uy is convex and
invariant under time transformations, the minimization of 7, on U is equivalent to
the minimization of F, on the same space. In other words, U € U is a minimizer of
Fe if and only if V € Uy is a minimizer of 7.

Lemma 2.3. For every ¢ € (0, 1), the functional J; defined in (2.4) has a minimizer
in Up.

Further, there exists a constant C > 0 depending only on N, a and Vy such that for
every family {Ve}ee(0,1) € Uy of minimizers of Je, we have

Je(Ve) = Ce. (2.6)

Proof. Let V = V,. First, we have [J, # 400 on Uy. Indeed, Vj € Uy by definition
and, further,

[e¢)
T (Vo) =/ e"{/ [y|? (|8,V0|2+8|VV0|2) dX+£/ <I>(vo)dx}dt
0 RN+ RN

2 2
=< E/RNH [y|*|VVp|~dX +8/RN X{vo>0y dx < EHVO”HI,“(RNH)
+eLN ({vg > 0)) < Ce,

where we have used Holder’s inequality and assumption (1.9). From the above in-
equality, (2.6) follows too: if V € Uy is a minimizer, we have 7. (V) < J.(Vp) < Ce
and C depends only on N, a and Vj.

We are left to prove the existence of a minimizer. Since Vjy € Up and 7, (V) < 00,
there exists a minimizing sequence {V;};en C Up:

lim  J.(V;) = inf Ju(V) € [0, +00). (2.7)
j—oo Vel

In particular, for every fixed R > 0, we have
/+ Iy (IanjI2 + 8|VVj|2> dX dr < Cg,
Qg

for some Cr > 0 independent of j and so, since Vj|;—o = Vyl=o for every j,
{V;j}jen is uniformly bounded in H La (Q;). By the compactness of the inclusion
L24(Q}) < H'“4(Q}), there exists V € H'“(Q}) such that V; — V weakly
in H“’(Q}f) and V; — V ae.in Q; and in Lz’“((@;), up to passing to a suitable
subsequence, still denoted with V.
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Similar, setting v; := Vj|,=0, we have that {v;};en is uniformly bounded in
H 5 (Q}f) by the trace theorem (see for instance [33]) and so, up to a subsequence,
v; — vae.in Q‘Ig and in LZ(Q;), where v := V|y—0.

Now, since Qn = UR>0Q'£ and Qo = Upgso Q‘Ig, a standard diagonal argument
shows that

V; =V weakly inlf
Vi — V ae.in Qx andin L>*(Qs),

v; > v ae.in O andin Lz(Qoo),

up to passing to an additional subsequence. Notice that since U is closed and convex,
we have V € Uj. Further, by continuity, we have ®(v;) — ®(v) a.e. in Q and so, by
lower semicontinuity and Fatou’s lemma, it follows

Je(V) < lim Ju(Vj) = inf Ju(V),
Jj—>+oo Vel

i.e., V is a minimizer of 7. O

Lemma 2.4. Let ¢ € (0, 1) be fixed. Then:
o If Vo > 0a.e. and Vy € Uy is a minimizer of Je, then Vo > 0 a.e. (and V, % 0).
o If Vo <1lae and Vy € Uy is a minimizer of T, then Vo < 1 a.e.
o [fVyisevenw.rt. y, then there exists a minimizer of J, in Uy which is even w.r.t.
y.
Proof. Let V := V, € Uy be a minimizer of 7, and assume Vy > 0 a.e.. Then V. is
an admissible competitor, with 7, (Vy) < J:(V), unless V > 0 a.e.
Similar if Vy < 1 aee.,, W := min{V, 1} is an admissible competitor and, since
®(v) = 1 forv > 1in view of (1.2), we have J,(W) < J.(V),unless V < 1 a.e.
Finally, if Vj is even w.r.t. y and V € U is a minimizer of T, then

Vx,y,t) ify>0

Volx, y,t) =
et {V(x,—y,t) ify <0

is an admissible competitor, with 7, (V,) = J: (V). O

Remark 2.5. The last point of the above statement and Lemma 2.3 tell us that if the
initial data is even w.r.t. y, then we may assume that F, has a minimizer U, which is
even w.r.t. y. Such minimizer satisfy

Fe(Ue) = 28€(U8|y>0)’

where & is defined in (1.4) and Ug|y~0 is the restriction of U, to Rﬁ“ x (0, 00).
It thus turns out that minimizing F in Uy (with Up even w.r.t. y) is equivalent to
minimizing &, in the space Z/{O+ ={Uly>0: U € Up}.
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2.2. Proof of Proposition 2.1

Proposition 2.1 will be obtained as a consequence of the following energy estimates.

Proposition 2.6. (Global uniform energy estimates) There exists C > 0 depending
only on N, a and Uy such that for every family {U¢}ec(0,1) € Uy of minimizers of F,
we have

o0
/ / 1118, Ug|* dXdt < C, 2.8)
0 RN+

and, for every R > ¢,

R R
f / IyI“IVUsldedr +/ / ®(ug)dxdr < CR. 2.9
0 JRN+I 0 JRNx{0}

The above statement is the key result of this section and will be proved by combining
Lemma 2.7 and Corollary 2.8 that we show below. As in the above subsection, we
consider a minimizer V of 7, and we write

T (V) = / e T[I(t) + R(»)]dt, (2.10)
0
where
1(¢) ::/ |y|“|8tV|2 dX, R(?) := 8/ |y|”|VV|2dX +s/ O (v)dx.
RN+1 RN+1 RN
2.11)

Notice that, since V isaminimizer, we havel, R € Llloc (Ry)andt — e [I(r) + R(1)] €
L'(R,). Further, we introduce the function

E(t) :=¢' /Oo ¢ " [I(r) + R(7)]dx, (2.12)
t

which belongs to Wllo’c1 (R4) N C(R,), and satisfies E(0) = J,(V) and
E—E—I—-R inD'(Ry). (2.13)

The main idea of the following lemma is to find a different expression for the derivative
of the function E defined in (2.12). The new formulation for E’ is crucial to prove our
main estimates.

Lemma 2.7. Let V € Uy be a minimizer of J,. Then

E =21 inDR.). (2.14)
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Proof. We follow the proof of [40, Proposition 3.1] (see also [8, Lemma 4.5] and [3,
Lemma 4.2]).

Let V e Uy be a minimizer of ;. Fix n € C§°(0, 0o), consider £ (1) := fot n(r)dr,
and, given A € R, define

ot):=t—Ac@), t=>0. (2.15)
It is easily seen that, if |A| < Ao for some Xy > O small enough, then ¢ is strictly

increasing with ¢(0) = 0. In particular, the inverse ¥ = ¢!
by (2.15), satisfies

exists, it is smooth and,

Y(t) =7+ 1Y (). (2.16)

The key idea of the proof is to use the function ¢ to construct a competitor W. It is
obtained as an inner variation of V:

W(X, 1) :=V(X, o(1)).

Since ¢(0) = 0, we have W = V when t = 0 and so W € Uj. Further, by (2.15),
W = V when A = 0 (by sake of simplicity, the dependence on A is omitted in the
notations for ¢, ¥ and W).

Now, from the formulation of 7, introduced in (2.10) and the change of variable
t = ¥ (t), we have

0

Te (W) =f e—’{ /Rﬁ“ ¥ (|8tW|2 +s|VW|2) dX+s/RN @(w)dx}dt
- fo et [0’ e ) + Rip) | dr
- fo Y @O [/ @) 10 +R(@)] dr.

In view of (2.15) and (2.16), ¢/, ¥’ € L¥@R") and e V@ < Alélix@p =7 and
thus J; (W) < +o0. In particular, we deduce that, for any small A (1] < X9), W € Uy
is an admissible competitor. Actually, recalling that W = V when A = O and V is a
minimizer, it must be

. Je(W) = T(V)
lim —————= =

0. 2.17
A—0t A ( )

Proceeding exactly as in [3, Lemma 4.2], we compute
2 (w@e®)|  —d@e e
EN 2=0 ’

9 PRk = -2¢'(2). (2.18)
oA 2=0
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Consequently, recalling that t — e~ {I(r) + R(r)} € L'(R,) and using the dom-
inated convergence theorem, we can pass to the limit in (2.17) and, making use of
(2.18), we can write (2.17) explicitly:

oo

/ [¢/()e™™ — (e T ][I(x) + R(v)]dT — 2/ e 7 (1) I(r)dr = 0,
0 0
(2.19)

where we have used ¥ (1) = 7,and ¢’ = /' = 1 when A = 0 (see (2.15) and (2.16)).
Now, we show how equation (2.19) leads to (2.14). Recalling that ¢’ = 7 and
writing (2.13) with test function ¢’(t)e™ ", we easily obtain

A 5”V4Wﬂ+RMMT=A E@[¢ @e ™™ + (' (0)e) Jar

=/ g"(f)e_TE(t)dt—l-/ E(r)(n(r)e™ ") dr.
0 0
(2.20)

Further, using the definition of E given in (2.12) and integrating by parts, it follows
[e¢) o o
/ ' (D)e "E(r)dr = f () / e ?[1(®) + R(®)]dvdr
0 0 T

=/ ¢(0)e " [I(z) + R(r)]dr. (221
0

The “boundary terms” in the integration by parts disappear since ¢(0) = 0 and
e 'E(t) — 0ast — +oo. Finally, plugging (2.20) and (2.21) into (2.19), it fol-
lows

fwmw@ﬂmwﬁh=2/wfwwﬂumn
0 0

and, since n € C§° (R™) is arbitrary, (2.14) is proved. O
Corollary 2.8. Let V € Uy be a minimizer of J,. Then

o0
/O /RNH ly|“18; V> dXdt < Ce, (2.22)

and, for everyt > 0,

t+1 1+1
/ / |y|“|VV|2dth -I—/ / ®(v)dxdr < C, (2.23)
; RN+1 t RN x{0}

for some constant C > 0 depending only on N, a and Uy.

Proof. First, recalling thatE € C (R_+) and I > 0, a direct integration of (2.14) shows
that E(r) < E(0) for all + > 0. Moreover, since E(0) = J.(V) and (2.6), we obtain

E@®) = Je(V) = Ce, (2.24)
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for all # > 0, where C > 0 depends only on N, a and Vj.
From (2.14), (2.24) and that E > 0, we deduce

t
2/ I(r)dr =E(0) — E(r) <E(0) < Ce,
0

for all + > 0. Consequently, (2.22) follows by passing to the limit as 1 — +o0 and
the first definition in (2.11).

To prove the second part of the statement, we fix # > 0 and we notice that (2.24)
implies

t+1 t+1
/ R(r)dr < el / ¢ "R(r)dt < ¢E(t) < eCe.
t t

The thesis follows by the second definition in (2.11). U

Proof of Proposition 2.6. Let U be a minimizer of F, in Uy and define V (X, 1) :=
U (X, et). Then, V is a minimizer of 7, in Up.

As a first consequence, we immediately see that (2.8) follows changing variable
(t = e1) in (2.22). Similar, the same change of variable in (2.23) yields

et+e et+e
/ / y“IVV[*dXdr +/ / @ (v)dxdr < Ce,
et RN+1 of RN

for all # > 0. Now, let R > ¢ and define k = [R/e]. In view of the arbitrariness of ¢,

we can apply the above estimate for t = j and sum over j =0, ...,k — 1 to obtain
ke ke
f f [y|9|VV|>dXdr +f / ®(v) dxdr < Cke.
0 RN+I1 0 RN
Since ¢ < R < ke, (2.9) follows. O

Proof of Proposition 2.1. In view of (2.8) and (2.9), {U.}ee(0,1) 1s equibounded in
Ha (Q‘,g) for every fixed R > 0. Consequently, the usual diagonal procedure shows
the existence of a sequence ¢; — 0 and U € Uy such that the first and the third limit
in (2.1) are satisfied (here we may also use Sobolev embedding and trace theorems as
in Lemma 2.3). The second limit in (2.1) follows by [42, Corollary 8], up to passing
to another subsequence, since for every R > 0, {Ug,}jen is uniformly bounded in
L*(0, R* : H"“(Bg)) and {9, U, } jen is uniformly bounded in L2(0, R : L*“(Bg)).

Finally, (2.2) follows by passing into the limitas j — +oointo (2.3) (withe = ¢;)
and using (2.1). O

3. Uniform L*% — L estimates

This section is devoted to the proof of some local and uniform L>* — L* estimates
for weak solutions to the linear problem (1.6) (the notion of weak solution is introduced
in Definition 3.2 below).
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Proposition 3.1. (Uniform L2 — L estimate) Let N > 1,a € (—1, 1) and (p, q)
satisfying (3.2). Then there exists a constant C > 0 depending only on N, a and q
such that every family (U }¢c(0,1) of weak solutions to problem (1.6) in Q1 in the sense
of Definition 3.2 satisfy

1Uellz@ < CI1Uel 200y + 1 Fellray + 1 fellig op)s GD)
forevery e € (0, 1).

We divide the proof of Proposition 3.1 in two main steps: we establish an energy
estimate for solutions and nonnegative subsolutions (Lemma 3.5) and then we exploit
it to prove a “no-spikes” estimate (see Lemma 3.8).

Before moving forward, we fix some important notations and give the definition of
weak solution to problem (1.6). Let N > 1 and a € (—1, 1). We will always consider
exponents p, g € R satisfying

N
l—a’

N+3+a
2

p>p:= max{ ,2} q > 3.2)
We anticipate that the assumption p > 2 is needed only when N = l anda € (—1, 0]
(for all other values of N and a we have p = (N 4 3 + a)/2): this is due to the fact
that this range of parameters is critical for the Sobolev inequality (cf. Theorem A.2
and Theorem A.3).

Let us proceed with the notion of weak solutions to (1.6). It is related to Definition
1.2, for problem (1.1):let R > 0, ¢ € (0, 1), (p, g) satisfying (3.2), F, € LP*“(]B%;; X
(—R%,R%)) and f, € LI, (Qr) '. We say that W, is a weak solution to (1.6) in
By x (—R?, R?) if

e W, € L2(—R? R?: H"““(B},)) with 9, W, € L>(—R?, R : L>“(B})).

o W, satisfies

R2
/ 2/+ v (e, Wedin + 0, Wen + VW, - Vip — Fen) dXdt
—R ]BR

R2
_f f fs77|y=0dth =0,
—R?2 JBg

for every n € C3°(Qg).

Even in the setting of problem (1.6), it is convenient to simplify the notation as
follows. If W, is a weak solution, we notice that the even extension

We(x, y,t) ify>0

Us(x,y,1) :=
‘ We(x, —y,t) otherwise,

Iyf Q:=BxI, ”f”LZo(Q) = esssup;ey [ @)l a(B), and LZO(Q) is the closure of C*°(Q) w.r.t.

Ilgc0r
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satisfies

/ Iyl”(satU881n+3zUsn+VUs~Vn—an)dth—/ fenly=o dxdr =0,
Qr Or

for every n € CSO(QR), where I:"E is the even extension of F, and fg := 2 f.. For
this reason, we will always work with weak solutions defined in the whole cylinder
Qg and, to recover the information on W,, we restrict them to the upper-half cylinder

QrN{y >0}

Definition 3.2. Let N > 1,a € (—1,1), R > 0,¢ € (0, 1), (p, q) satisfying (3.2),
F, € LP*(Qg) and f. € LL (Qr). We say that U, is a weak subsolution (superso-
lution) of (1.6) in Qp if

o U, € L>(—R?, R%; H 4(Bg)) with 8,U, € L?>(—R?, R? : L>“(Bg)).

e U, satisfies the differential inequality

/ IYI“(Eatearn+3rUgn+VUg-Vn—ﬁen)dth—/ Fonlyeo dxdt < (=) 0,
Qr ORr

for every nonnegative n € C;°(Qg).

We say that U, is a weak solution in Qg if it is both a weak subsolution and
supersolution, that is

o U, € L>(—R?, R%; H'4(Bg)) with 8,U, € L?>(—R?, R? : L>“(Bg)).
o U, satisfies
/ 1y (ed,;Ued;n + 8, Uen + VU, - Vg — Fonp) dXdr — / fenly=o dxdr =0,
Qr ORr
(3.3)

for every n € C3°(Qg).

Remark 3.3. In the whole section, even if not mentioned, we will always work with
weak solutions (or subsolutions) in the sense of Definition 3.2. Further, to simplify
the reading, we drop the notations }7"8 and fg, writing F, and f. instead. We stress that
this does not change our estimates, since the extra factor 2 can be easily reabsorbed
through a dilation of the variables (X, 7).

Remark 3.4. (Scaling) In the proof of Proposition 4.1 we will use that if R > 0 and
U, is a weak solution in Qp, then the function

Ve.r(X, 1) := U(RX, R*1), (X,1) € Qy,

satisfies

f@ IV1“(%9: Ve, RO + 0 Ve,r1 + VVe g - Vi) — Fe gn) dXdt
1

- fe,rnly=0 dxdt =0,
01
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for every n € C(‘)>o (Q1), that is V, g is a weak solution in Q; (replacing & with %),
with

Fe r(X,1) := R*F:(RX, R*1),
fer(x, 1) == R4 f.(Rx, R%1).

We are ready to prove the energy estimate for families of nonnegative weak solutions
(the same proof applies to family of weak solutions, see Remark 3.6).

Lemma 3.5. (Energy estimate) Let N > 1, a € (—1, 1) and (p, q) satisfying (3.2).
Then there exists a constant C > 0 depending only on N, a and q such that for every
re (%, 1], 0 € [%, r) and every family {Ug}¢c(0,1) of nonnegative subsolutions in Qi
such that

I Fellra@py + N fellLg o) =1

for every e € (0, 1), we have

Iy|*|VU,|> dXdr +£/ ly|*10, Us|> dX dr

e QQ

ess sup / |y|“U£2(X,t)dX+/
1e(=0%,0%) /B

<cfr-o [@ Y UZAXAE Ul ey | (3.4)

Proof. LetU = U, F = F,, f = f; and % <o <r < 1.Since U is a weak subso-
lution, we may assume F', f > O (up to replacing them with F and f,, respectively)
and so, by Lemma B.1 (part (ii)), we may also assume U > 1 in Q; (up to consider
the subsolution max{U, 1} instead of U).

Let ¢ be a Lipschitz function vanishing on dQy, which will be chosen later. Testing
the differential inequality of U with n = U2, we easily obtain the differential
inequality

1 / 198, (U)W (¥ + 260,9) dXdr + / YU Py dXdr
Q

Qi

+sf [y|919, U2 dX dt
Qi

< —2/ |y|“UwVU-deth+/ ly|“ FUy? dXdr
Q1

Q

+/ fuy?|,—odXdr, (3.5)
01

where we recall that u = U|,—¢ in the sense of traces and ¥|y,—o(x, ) = ¥ (x, 0, 7).
The energy inequality (3.4) will be obtained combing two different bounds that we
prove in two separate steps.
Step 1. We prove that

ess sup IyI“U%(X, 1) dX < ;2/ yI“UdXdt + Uy, (3.6)
re(—¢%.0%) By (r=0)Jo. '
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for some ¢ > 0 depending only on N, a and q.
Fixt, € [—QZ, 92] such that

/ IY“U*(X, t,)dX > % esssup / Iy|“U%(X, 1) dX. (3.7)
By re(—0%.0%) Y Bo
Taking into account the relation

N+1
2
YUY +209VU -V = Y :(WaiU-i-Uail/f) VY PU2,
i

we rewrite (3.5) neglecting the nonnegative term in the Lh.s. involving ;U to deduce

/|y|“a,<U2>w<w+2satw)dXdr+f Iy“IVU*y? dX drt
Q1

Qi

< 2/ |y|“|V1/f|2U2dth+/
Q

Q

|y|“FU1/f2dth+/ fuy?|y—o dxdr.
01

(3.8)
Letp € Cgo(Br), 0 < ¢ <1 with

p=1 inB,, V| < , 3.9
r—oe
for some cg > 0 depending only on N, and ¢ = ¢ (¢) be defined by
0 tel-1,—r1ulr?, 1]
r24e 2 2
te(—r-, — 1
(1) =17 e @y = ———— <0,
1 € [0 ] e — 1

k=t 2
O % + (1 _a*)e 2% re (t*’ r )7

An immediate computation shows that (=) =p(r>)=0,90t)=1,0<¢ < 1
and

¢ +2ed =a, in (i, r2). (3.10)

1
ei—1

4g - 88’ |¢/|§1+|a*|

Furthermore, since

< % forevery z > 0, and 1, < 92, we have

in (t, ). (3.11)

los| <

r2—t. T r—o
Now, choose ¥ (X, 1) = ¢(X)¢(¢) and write

_QZ
[@IyI“Bf(UQ)w(erzsa,w)dth=/1 fE|y|“at(U2)xp(1/f+2eaﬂ/f)dXdr
Iy
+/ /|y|”at<U2>w<w+Zsatw)dXdr
,QZ Bl

1
+f f Y0 (U (¥ + 2edp) dXdt == I, + I + L.
Ty B
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Using the definitions of ¢ and ¢’ in [—1, ], that ¢ € Cgo (B,) with 0 < ¢ < 1 and
integrating by parts, we find

—0?
n= [ [ prawtew + 20 axa
—0?
-2 f @9 +e@)?) f YI"U%p? dXdr + f YITUA(X, —e*)g? dX
_ B, B,

r

v

> [ brvraxacs [ v —ohetax,
Qr IBV
and
Iy
L= / f 1“8, (U ¢? dXdt = / YU (X, t)9*(X) dX
—02 JB, B,
- /B IYI“UA(X, —0®)p*(X) dX.
Further, by (3.10) and (3.11),

r2
I = [ A;; Y18 (UH)p*p dXdr = |ay| fE IY“U%(X, t)9? (X) dX
1y r r

r2
+ / [ YU dxdr
t, JB,

r—

72
> —|a*|/ / 11U 19 [ dXdr = — 3‘;)2/ yI°U* dXdr,
Iy Br Qr

and thus by (3.7) and (3.9)

L+L+1>75 esssup f Iy|“U(X, t)dx—ﬁ/ ly|*U? dXdz.
re(—0%.0%) Y Bo @ Jo,
(3.12)

Now let us estimate the terms into the r.h.s. of (3.8). First, we have

f IV PU? dXdr < / Y91V P¢?U? dXdr < 2 f |yl?U%dXdr,
QI Qr

3

(3.13)
thanks to (3.9) and the fact that ¢ = 0 in [—1, —r2] U [r2, 1]. Second, by Holder’s

inequality

[@ I FUY? dXdr < / YIFU dXdt < I Fllra@o Ul Ly ag,
1 .

T

< MUl g, (3.14)

since || F||Lr.a(q,) < 1 (and F > 0) by assumption.
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We are left to estimate the trace term, that we reabsorb using the second term in the
Lh.s. of (3.8). Using that u > 1 and f > 0, applying Holder’s inequality and recalling
that ”f”LZo(Ql) < 1, we obtain

2 2 2
/Q Sl ddr < /Q P 0’ dxdt < 1l 010 g,

2
= [l = |lvll,

Lo 20y

where we have set v := u,—, and ¢’ is the conjugate of ¢. Since g > %, we have
2 <2q' <26,where 6 = N_LH_H (cf. Theorem A.1) and so, by interpolation and
Young’s inequality, we obtain

1
20 2(1-9) 2
ol 2 g, = L 10Cs D173,y 10 DI s ) dE < 81055 ) + sVl L300,

for every 6 > 0 and a suitable cs > 0, satisfying c¢s — +ooasd — 0 (d € (0, 1) is
given in the interpolation inequality and depends on N, a and ¢g). Now, by (A.2), the
definition of v and Cauchy—Schwartz’s inequality, we have

191725 g, = c/@ YV U)PdXdr < 2c(/ yI“IVU Py ?dXdr
1

Qi

+f |y|“U2|V1p|2dXdz),
Q

for some ¢ > 0depending only in N and a, while, by (A.1) and the Cauchy—Schwartz’s
inequality again,

w3y =c(a% [ prvtvtaxa+a=s [ privwiexa)
’ Qi Qi
gzc(Al#f |y|“U2(xp2+|v¢|2)dth+A—'%“/ |y|“|VU|21ﬁ2dth>
Q Qi

for every A > 1. Now, we fix § € (0, 1), such that 2¢§ < % and A > 1 such that

chaA_l%a < % (notice that both § and A depend only on N, a and g). Combing the
last four inequalities with (3.8), we obtain

/ Y199 (U Y (y + 268,9) dXdr < ¢ / VU (y* + |V [?) dXde
Q

Q@

+/ ly|“ FUy? dXdt,
Q1

for some new ¢ > 0 depending only on N, a and ¢, and thus (3.6) follows in light of
(3.12), (3.13) and (3.14).
Step 2. In this second step we show

/|y|“|VU|2dth+sf ly|919,U|* dXdt

QQ QQ
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= —o?

for some ¢ > 0 depending only on N, a and g.
Test (3.5) with ¢¥o(X, ) = @(X)po(t), where ¢ is as in (3.9), while ¢y € C(‘)’O([—rz,
r?1),0 < ¢o < 1 and

f@ YU dXdE + U o, - (3.15)

. 1
¢o=1 in[-0> 0], 19501 = . (3.16)

for some numerical constant ¢; > 1. Integrating by parts w.r.t. time the first term in
the Lh.s. of (3.5), it follows

/@ I[“8,(UHyd dXdr = —2 / IY1U%0* (X) o (1) (1) dX dr,
1

r

since ¢ € C5°(B,) and ¢y € Cgo([—rz, r2]) and thus, we may write (3.5) as

/Q|y|“|VU|2¢§dXdz+e/ Iy1918,U > yg dXdr
1

Qi

< —2/ [y|*UvoVU - Vg dXdr —28/ |v|*Unpro0; Udsprg dX dt
Q

Q

+ [@ YU (X) o (1) (1)d X dr
+/ |y|“FU¢§dXdr+/ Fuydly—odxdr.
Qi 01

Now, using Cauchy—Schwartz’s inequality (2AB < 2¢ A% + %Bz withe = %), (3.9)-
(3.16) and Holder’s inequality, we obtain

[@Wwwzw%dmﬂ/ Y11, U P2 dXdi
1

Q

<4 [@ 9102 [ ¢ oldol + 1V0lP0 + eo2@p)* | aXdr + U va g,

+ / Fuyd|y=o dxdr
01

4(cy +c%+c§)/ 5 5
< HATATD) [0y aXde + (U o ) + / Fugly—o dxdr,
r—0? Jo L@ = o 27O

(3.17)

and so, reabsorbing the trace term as we have done in Step I, and using (3.9)-(3.16)
again, (3.15) follows.

Step 3. The energy estimate (3.4) follows by summing (3.6) and (3.15), and taking
C=c+ec. O

Remark 3.6. The same proof works if we assume that {U;}s<(0,1) is a family of solu-
tions, without sign restrictions.
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Remark 3.7. The energy estimate (3.4) is the main step for proving the L? — L
bound (3.1). In light of what comes next, we believe it is important to compare the
proof w.r.t. the classical parabolic framework (formally, the limit case ¢ = 0). Assume
for simplicity F' = 0 and f = 0 and consider a weak solution to

YU = V- (IyI*VU) =0 inQy. (3.18)

Testing the weak formulation with n := U Y2, we obtain

%/ |y|aaz(U2)1/f2dth+/ YEIVU P2 dxdr <
Q1

Qi

—2/ Iy|*UVU - Vi dXdt,
Q

which is (3.5) “with ¢ = 0”. For every fixed —1 < s < t < 1, one may choose
V(X 1) = (pz(X)X[S,,](t) and so, integrating by parts w.r.t. time and using Young’s
inequality, it is not difficult to find

IYI“U(X, 1)¢*(X) dX — / Iy[“U(X, 5)p*(X) dX
B By

T
sCf / Iy|“U%|Ve|* dXdr, (3.19)
s By

for some C > 0 (depending only on N and a). The bound (3.6) immediately follows
from (3.19), choosing ¢ as in (3.9) and neglecting the nonpositive term in the Lh.s.
The L% bound for VU is obtained similar to (3.15).

In our setting testing with v? = ¢3(X) X[s,z1(t) 1s not admissible since the weak
derivative of the function t — x|s,7](¢) is not L2(—1, 1). However, we notice that our
proof is somehow more elementary: the time factor in the test function ¢ = ¢(X)¢ (¢)
we use to prove the bound for fEl |y|4U?(X, t) dX is obtained by solving an easy
first order ODE. In this way, we bypass the approximation procedure of x| -] needed
in the purely parabolic framework.

Lemma 3.8. (No-spikes estimate) Let N > 1,a € (—1, 1) and (p, q) satisfying (3.2).
Then there exists a constant § > 0 depending only on N, a and q such that for every
Samily {Ug}ec(0,1) of subsolutions in Qy such that

| Fellzpauy + 1 fell g g,y <1 and [@ |y (Ue)2 dXdr <8, (3.20)
1

forevery e € (0, 1), then
Ues <=1 inQyp, (3.21)

foreverye € (0, 1).
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Proof. LetussetU = U,, F; = F, f; = f andassumeeither N > 2anda € (-1, 1),
or N =1anda € [0, 1). For every integer j > 0, define

Bj:=B,,, Q=Q; rj=5+277",
the nonnegative subsolutions (with Fy and f4, see Lemma B.1)

Vii=U-Cpy, Cji=1-27,

and the quantity

E; :=/_ vV} dXdr.
Q.

J

Applying the energy inequality (3.4) to V41 witho =r;41 and r = r;, we have

o / [y|“ VjZH dXdr+ esssup /~ [y|* V]-2+1(X, 1) dX
Bj+1

ry
j+1 . 2 2
QH—I te( r_,._*_l,rj_*_l)

+[ Y4V Vjg]* dXdr
Qj+1

= C[(r] - rj+l)_2/é |y|an2+l dXdr + ||Vj+1||L]J’,a(©j):|s

J

for some C > 0 depending only on N, a and g and thus, by Sobolev inequality (cf.
Theorem A.3, formula (A.3)) and the definition of V;, we deduce

1
5 1 .
(f |y|anLdth>V < C22f/~ Y1V dXdE 4+ CIV il e
Qj+1 Qj !
< 2% [@A Y1V} dXdt + ClIVistll - (3.22)
7
for some new C > 0 and y > 1 (depending only on N, a and ¢). On the other hand,
by Holder’s inequality
: P
Eja = /Q Y9V, dXdr < (/ IV dxXdr) 1V > 010Dyl
j+1

Qj+1

(3.23)

where y’ is the conjugate exponent of y, and |A|, := fA |y|* dXdt for every measur-
able set A ¢ RV*2_ Further, using the definition of V;, it follows

1{Vig1 > 00N Qjgila = HV; > 277NN Qjpila = V] > 277740 Qj 1114

522”2/ ly1*VZdXdr 522J’+2/ [V} dXdr = 2% 12E;, (3.24)
Qj+1 Q

J
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and, by Holder’s inequality again,

1 » r=2
IVitillLpag,) < (/@ Iyl"V,-2+1 dXdl)2|{Vj+l >0} NQjsils”
J
1 ~ 2
< E; Vi1 > 03N Qjp1la” (3.25)

So, combining (3.22), (3.23), (3.24) and (3.25), and using (3.20), we obtain

i 11y 1+y
Eiy1<C +J(Ej 14 +E; y)
Ey <4,

for every j > 1 and for some new C > 0 depending only on N, a and p, where

Y= % — % > 0 (in view of (3.2) and the definition of y, cf. Theorem A.3).

To complete the argument, it is sufficient to notice that since y < %, we have
Ej < C]+jEJ1.+y and

E; < (S ) sas < (R ) sas < (€)1,
for some new C > 0 (depending only on N and a), whenever E; < 1. Thus, choosing
8 such that C§ < 1, we deduce E; < 1forevery jand E; — Oas j — +oo. Finally,
since C; — landr; — % as j — +00, we obtain by definition of V;

Ej— (U — )3 dXdr =0,
Q12
which implies (3.21) and our statement follows.

The very same argument works when N = 1 and a € (—1,0), by taking y = 2
and using inequality (A.4) instead of (A.3). Notice that in this range of parameters we
have p > p = 2: this implies p’ € (1, 2) and thus the chain of inequalities in (3.25)
does not change. 0

Proof of Proposition 3.1. Set U = U, and define

NG

Vi=A:U4, Ay 1= '
10U+l 20y + I lra@n + 1L+ 112e 0,

where § > 0 is as in Lemma 3.8. Since V is a nonnegative subsolution (with A4 F
and A4 f4) and satisfies (3.20), then (3.21) gives

1
U+ llLo@0) < 75(||U+||L2-a(<@l) + 1 FillLrep) + ||f+||Lgo(Q1))-

Repeating the same argument with

NG

Vi=x_U., i_:= ’
IU-Nl 20y + IF-lLra@) + 1 f=N14. 0y




J. Evol. Equ. On the existence Page 25 of 45 58

we obtain

1
NU- @i < S (1U-lzzay + IF-lra@n + 1~ 111 00)-

and our thesis follows choosing C = Z recalling that § depends only on N, a and

ﬁ’
q. O
Remark 3.9. Thanksto[16, Remark 2.1, Lemma 2.1], our proofs can be easily adapted
to treat the case of weak solutions/sub-solutions in Q (X, f9), with constants inde-

pendent of (Xo, 1) € RN 12,

4. Uniform Holder estimates

This section is devoted to the proof of a uniform Holder estimate for families of
solutions to (1.6) (in the sense of Definition 3.2). As mentioned in the introduction,
we will consider sequences of weak solutions satisfying the following compactness
assumption

U, > U inC((—r*r*]: L**(B,) as j — +oo, .1

forsome r > Oandsome U € C([—r2, r?]: L>%(B,)). As pointed out in Remark 4.4,
in the classical parabolic framework this property can be deduced working directly
with the equation and exploiting the parabolic energy estimate. Even though we do
not have any counter-example, this approach seems not work in our setting. Anyway,
in light of Proposition 2.1, (4.1) is always guaranteed when working with sequences
{Ue, } jen of minimizers of the functional (1.7).

The following proposition is the main result of this section.

Proposition4.1. Let N > 1, a € (—1,1) and (p, q) satisfying (3.2). There exist
a € (0,1) and C > 0 depending only on N, a, p and q such that for every U, every
sequence £; — 0 and every sequence {Ugj }jen of weak solutions in Qg satisfying
(4.1) withr = 4 and

”Fé‘j ||LP~“(Q4) + ||f£.,~ ”Lgo(Q4) = CO (4-2)

for every j € N and some Cy > 0, then there exist a subsequence ji — +00 such
that

”Uajk ”COW/Z(QI) = C(”Us_,-k @y + ”Fs‘,-k lLra@y) + ”fs_,-k ”LZO(Q4))’ (4.3)
for every k € N.

The estimate (4.3) will follow as a consequence of an oscillation decay type result
which, in turn, is obtained by combining the L> — L bound for nonnegative sub-
solutions (see Proposition 3.1) and a parabolic version of the “De Giorgi isoperimetric
lemma” (see Lemma 4.3). Lemma 4.3 is the key step: our approach is based on the
ideas of [46, Section 3] and relies on the validity of its “elliptic” counterpart, that we
state in Lemma 4.2 (the proof is a modification of [46, Lemma 10]).
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Lemma 4.2. (“De Giorgi isoperimetric lemma”) Let N > 1, a € (—1,1). Let U €
H“4(By) satisfying

Iyl“|VU|*dX < Cy,
By

for some Coy > 0 and
A={U=>1/2}nB;, C:={U<0nB;, D:={0<U<1/2}NnBy.

Then for every p € (1,2), there exists a constant ¢ > 0 depending only on N, a, Cy
and p such that

2-p

|Alg - ICla < c|DIS" .

Proof. We consider a new function V definedas V = U in D,V = % inAandV =0
in C. Clearly, it satisfies VV = 0 in B{\ D and fIBl [y[4IVV]2dX < Co.

Now, setting V, = [By|;" fBl |y|*V(X)dX and writing X = (x,y) and Z =
(z, ¢), we have

|A|a-|C|a=2f |z|“d2~f Y17V (X) dX
C A
52//|y|“|;|“|V(X)—V(Z)|dXdZ
CJA
<2 [[ ierveo - Vaaxaz
]Bl
+2//B2 YI4IE1IV(Z) = ValdX dZ
1
54|Bl|a[l;; V[V (X) = V| dX < 4By [, T/7
1
4 = p 1/p
([ weveo-varax) ™,
By

where, in the last inequality, we have used Holder’s inequality. By [20, Theorem 1.5]
and Holder’s inequality again, we have

/|y|“|V(X>—Va|f’dxsc/ |y|“|VV|"dX=c/|y|“|vvv’dx
By B, D

2—p

p/2 2
SC([ VIV RX) D1 < ecfiDl
By

for some ¢ > 0 depending on p. Combining the two inequalities, our statement
follows. O

Lemmad4.3. Let N > 1, a € (—1,1), (p,q) satisfying (3.2), and @ = B x
(=2, —1).
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Assume there exist § > 0, a sequence ¢; — 0 and a family {Ug,.}jeN of weak
solutions in Q, such that

1Qla
2 9,

J

U, <1, U 21/23NQ1la =8, [{Us; <0}NQla >
and

”Faj”Ll’v”(Qz) + ”ij”Lgo(Qz) <1,

for every j € N. Then there exists o > 0 depending only on N, a, p, q and & such
that for every U and every ¢, — 0 satisfying (4.1) (with j = jix andr = 2), we have

{0 < Usy < 172N (@Q1UQ) = 0,
for every k € N.

Proof. We assume by contradiction there exist sequences & := ¢, — 0, Fy := F; "
Je = fe;, satisfying

Il Lreon + 1fill e oy < 1. (4.4)

UeC(—4,4]: L34 (B;)) and a sequence of weak solutions Uy := Ug_jk satisfying
Ur < 1and Uy — U in C([—4, 4] : L>%(B,)), such that if A; := {Uy > 1/2}NQy,
Cy :={Uy <0}NQand Dy :={0 < Uy < 1/2} N (Q UQ), then

|Akla =8, |Ckla = 1Qla/2,  [Dkla < 1. (4.5)

for every k € N.

Let us set Vy := (Ux)+ and V := U,. By assumption, we have Vy — V in
C([—4,4] : L*>%(B,)). Further, by Lemma B.1, each Vj is a nonnegative weak sub-
solution and thus, combining the assumption Uy < 1 and (3.4), we may assume that
Vi — Vin L>(=2,2 : H"%(By)) which, in turn, implies

||VV||L2,H((72,2)XB])) <C,

forsome C > 0 depending only on N, a, p and ¢. Notice thatby C([—4, 4] : L>“(B,))
convergence, we also have convergence in measure, that is, for every € > 0,

lim [{|[Vi = VI =e}NQals =0. (4.6)
k—+o00
Step 1. We prove that

o<V < n@ud)l =o0. 4.7)

To see this, we notice that given € > 0, the set {¢ < V < % — €} can be trivially

written as the disjoint union of {|Vy — V| > €} and {|Vx — V| < €}. Furthermore,

fe<V<i—eln{lVi-Vli<e}Sle<V <i—eln{0< V<3l
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which implies

He<V<l-an@QUL <{IVk=VI=e)N@Q UQ),
+{0 < Ve < 1IN @QUQ,.

Since Q; UQ C Qo, we may pass to the limit as k — +o00 and notice that the last
relation in (4.5) and (4.6) yield [{e <V < % —elN(@Qu @)|a = 0 and thus, by the
arbitrariness of € > 0, (4.7) follows.

Step 2. Now we show that

|<@|a_

HV =0}NQla = >

4.8)

First, we notice that (4.7), combined with the fact that VV (-, 1) € L%%(B,) for a.e.
t € (=2, 1), allows us to apply Lemma 4.2, obtaining

either V(-,1) =0 inB;
or V(1) > % inBy, 4.9)

for a.e. t € (—2, 1). Now, following the proof of (4.7), we notice that if V; < 0 and
€ > 0 is fixed, then either |V, — V| > € or V < €. Therefore
Qla _ - - -
— = Vi =01NQla = {IVk = VI Z€e}NQla + {V <€} NQa,
and thus, taking the limit as k — 400 and then as € — 0, we deduce (4.8), where we

have exploited (4.5) and (4.6) again.
Step 3. This is the most delicate part of the proof. We prove that

V=0 inQ. (4.10)

We test the differential inequality of Vi with nr = Vkllf,?, for a sequence of test
functions v, we will choose in a moment. Following the proof of Lemma 3.5, we
obtain (cf. (3.5))

|y|“|vvk|2w,3dXdr+ek/ 11918, Vi |y dX dr

Q2

%/@ |y|“8,(Vk2)1p,dedt+/
2

Q2

< —2[@ VWV Vi) - (VieVigi) dX dt _8k/ 910, Vie (Vi s (7)) dX dz
2

Q2

+ [@ I CFo) 3 Vi dXdi + /Q (s veW2ly—o dXdr.
2 2

Now, using Young’s inequality, we reabsorb the gradient part of the first term in the
r.h.s. with the second term in the Lh.s., and we apply Holder’s inequality to the last
three terms in the r.h.s. to obtain
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i /Q Iy|“8,(VHyE dXdr
2

< Co [@ IY[*VEIV Yl dXdE + exll Viell 2.0 ) 1 Vi (WDl 120
2
I FellLra @ IVAWZE | Lot a gy + ||fk||Lgo(Q2)||vkwk|§=o||L?/(Q2)

< Co [@ IV Yk |* dXdE + el Viell L2 13 (WDl 120
2

.11

2 2
+”Wk ”LP/‘“(QZ) + ”wk|y=0”Lt1/’(Q2)v

for some numerical constant Co > 0 (the last inequality easily follows in light of (4.4)
andthat 0 < Vi < 1).

Now, we fix =2 < s < t < 1 and choose wkz(X, 1) = ¢*(X)xx(t) where ¢ €
Cg° (By) satisfies

¢ >0, / Iy9*(X)dX = 1, (4.12)
B

while xy is a Lipschitz approximation of x[s ] as k — 400, defined as follows

0 t<s—908ort>1+
S —s+8) 1€,
%(T-{-ak—t) re(r, T+ )

1 1 e ls, 1],

Xk(t) =

for some positive §y — 0 as k — +o00. Notice that, by dominated convergence,
2
/ 141Vl dXdr = / / y141Ve I xi () dXde
Q@ -2 /By

T
»/ / IY|“IVe|? dXdr < C(z — ), (4.13)
N ]E]

as k — o0, for some C > 0 depending only on N and a. Similar

/

T / 1/p
2 , 2 , a 2p
Wy + Wm0l 0, = (/ [ ol dxdr)
T / 1/q'
+/ (/ olilydx) " dr
K B
<Cl@ -7 + (@ —5)]<C@@ -7, (4.14)

as k — +oo, for some new C > 0 depending also on p and g. Furthermore, by taking
C > 0 larger and using (3.4), we have

1/2
11 Vil 2.0y 13 WD | 1200y < Cr N0 (WD 120 ()
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1/2
1/2
= ce( [@ V16" (0 (1) dXdr )
2

K T+ 1/2 z
1/2 k
< ce)/ ”(pz”Lz,a(Bz)(é/ 5 dt+$ dz) <cC /g 0, (4.15)
s—8k T

by choosing §; = ¢ ,1/ 2, Finally, using the definition of x; and integrating by parts in
time, we find

3 / 1“8, (VH Yt dXxdr = 1 / 1198 (V&) (X) xi (1) dX dt

Q2
T+68k K
z_/ [ |V, <p2(X)dth—ﬁ/ / Y1V (X) dXdr
s—38 /By
-3 /B VA (X)dX — % /B Iy9V2(s)e*(X) dX, (4.16)
1 1

as k — 4o00. To check the limit, we use that Vi, V and ¢ are bounded in Q;, and so

T+ T+8k
L[ e -vieoaxa= € [ [ v - viaxar
T By T By

IA

c T+0k
SL IO = VOl e
T

C sup [[Vi(t) = VOl 2a@,) — 0,
te(—4,4)

A

ask — 400 and thus the limitin (4.16) follows by triangular inequality. Consequently,
passing to the limit as k — +o00 in (4.11) and using (4.13), (4.14), (4.15) and (4.16),
we deduce

%fﬁ Iy9V2(T)p*(X) dX — %/B Iy[*V2(s)p*(X) dX < C(x — )7,
1 1

for some constant C > 0 depending only N, a, p, ¢ and ¢.
Now, by (4.8), we may choose s € (—2, —1) such that V (-, s) = 0 in By, to obtain

YI*VAX, 1)p*(X)dX < C(z — )7,
B
On the other hand, by (4.9), we know that either V(-,7) =0or V(-, 1) > 1n B for
ae.t € (—2,1). However,if V(-, ) > 2 in By, the above inequality and (4.12) yield

’
(Tt — )P > ¢,

for some cp > 0 depending only N, a, p, g and ¢, and thus it must be V (-, 7) =0 in
B forae. 7 <s + c(l)/ p /. Iterating this procedure, (4.10) follows.

Step 4. Finally, arguing as in (4.7), whenever V; > %, then either |V — V| > € or
V> % — € and so

S={Vi=1/2}NQula ={IV =Vl Z e} NQu1la + {V = 1/2 - €} N Q14
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Passing to the limitas k — +ooandthenase — 0, wededuce |{V > 1/2}NQ4]|, > 4,
which is in contradiction with (4.10). O

Remark 4.4. To understand the role played by the assumption (4.1), it is useful to
compare with the classical parabolic framework. The main difference here is that
the parabolic equation (combined with the parabolic energy estimate) gives enough
compactness for carrying out the contradiction argument. Indeed, let Uy be a sequence
of weak solutions to (3.18) satisfying ||Uk||2.4(g,) < 1. For every k € N, we have

/ |y|“0;UrndXdr = —/ [y|*VUy - VndXdz,
Qi Q

for every n € L?(—1,1: Hol’“ (B1)). Thus, noticing that the sequence {Uy} is uni-
formly bounded in L?(—1, 1 : H'4(By)) (by the parabolic energy estimate, see Re-
mark 3.7) and using the equation of Uy above, we obtain that {0; Uy}, is uniformly
bounded in LZ(—l, 1 : H~19@B,)) and so, by the Aubin-Lions lemma, we have
Uy — U in L>%(Qy), up to passing to a suitable subsequence. This is enough to
show that U satisfies (4.7) and (4.8). To prove (4.10), it suffices to notice that, since
{Uy ()} is uniformly bounded in H'“(B,) for a.e. r € (—1, 1), we may also assume
Ur(t,) — U(t,) in L>%(By) for a finite increasing sequence of times #, € (—1, 1),
up to passing to another subsequence. This allows us to pass to the limit into (3.19)
(with T = #,41 and s = 1) and complete the argument of Step 3.

On the contrary, in our “approximating setting”, the weak formulation (3.3) (with
Fe=0and f, =0)is

f@ |Y1“(exd; Ue, 9 + 0, Ugyn + VUg, - Vi) dXdr = 0,
1

for every n € Cgo (Qy), and the energy estimate (3.4) gives uniform bounds for
(U ek Jken in

L2(—1,1: HY@®) N L>®(—1,1: L>“(B))),

for sequences of solutions uniformly bounded in L%4(Qy). It is not clear to us if
these ingredients can be combined to obtain strong L>“(Q) compactness, or not. For
this reason we require C([—1, 1] : Lz’“(IB%l)) strong compactness in (4.1) which, as
already mentioned, is guaranteed for families of minimizers of (1.7) by Proposition
2.1.

Lemmad4.5. Let N > 1, a € (—1,1), (p,q) satisfying (3.2), and @ = By x
(=2, —1). There exist Jg, 50 € (0, 1) depending only on N, a, p and q such that
for every U, every sequence ¢ — 0 and every sequence {Ug,} jen of weak solutions
in Qy satisfying (4.1) with r = 2, such that

1Qla
>

U, <1, U 01N Qla =

J
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and

1Fe,lLra@s + e, 119 g,y < S0- 4.17)

for every j € N, then

U, <1—6 inQp,

J
forevery j € N.

Proof. Leto > 0be as in Lemma 4.3, §g := 270 «/S, where n is the largest integer
such that

(no — Do < |Q; UQ|a,

and 8 € (0, 1) will be chosen later. Let us set Uj = Uy;, Fj = Fe;, fj = fe; and
define

Vin =2"[Uj—(1-2""], j.neN.

The assumptions on U; imply that V; , is a solution in Qo with F;, = 2"F; and
fjn :=2"fj, satisfying
|Qla

Vian<l, [V;,<0}nQl, > 5

forevery j,n e Nand V;,, — V, :=2"[U — (1 —27")]in C([—4, 4] : Lz’”(IB%z)) as
Jj — 4oo. Further, notice that by (4.17) and the definition of 5y, we have

IFjnllLra@y) + I fjnllia o <280 <2"7"04/8 <1,
oo(Q2)

for every n < ng and every j. Now, fix § € (0, 1) and assume
f Y“(Vjns1)3 dXdt > 8. (4.18)
@

Then, using the definition of V; , (and V; ,41) and that V; , < 1, we easily see that

Vi 2 5N Qla = 1(Viss = 001 Qila z/ Y (Vi )2 dXdr > 5.

Qi

Consequently, if (4.18) holds true for every n < ng and some j € N, V; , satisfies the
assumptions of Lemma 4.3, and so

0 < Vin < 17210 (@ U Qe = o,

foreveryn < ng.However, since {0 < V; , < 1/2}N{0 < V; ,, < 1/2} = (Jforevery
m # n and every j, the above inequality implies |Q; U Q|, > ngo, in contradiction
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with the definition of ng. Consequently, (4.18) fails for n = ng and every j € N, that
is

/ |y|a(Vj,n0+1)3_ dXxdr <8,
Qi

for every j € N. Let us set ko := ng + 1. Since (V x,)+ is a nonnegative subsolution
(with (Fj )+ and (f} k,)+), we obtain by (3.1) and the definition of ¢

”(Vj»ko)+||L°°(Q1/2) = C(||(Vj,ko)+||L2va(Ql) + I(Fj k) +llLra@@y)
HIfik)+ 112, 0,)) < CV5,

for some C > 0 depending only on N, a, p and ¢, and every j € N. Now, taking 8

such that C§ < % the above inequality gives Vj y, < % in Q12 for every j and thus

Uj <27kl 4 (1- 2*"0) =1-270"1 inQyp,

for every j, which is our thesis, choosing 50 = 2~ko—1 O

Corollary 4.6. Let N > 1,a € (—1, 1)and (p, q) satisfying (3.2). There exist 5o, 6 €
(0, 1) depending only on N, a, p and q such that for every U, every sequence €j — 0
and every sequence {Ugj } jeN of weak solutions in Q4 satisfying (4.1) withr = 4 and
(4.2), there exist a subsequence jx — +00 such that

osc Uy, < (1= 0)osc Uy, + 55 (I1Fey v + 1oy, N1, 0n)

Q12
for every k € N.

Proof. Let 89, 8y > 0 be as in Lemma 4.5, and let Uj=U, Fj =F; and fj = ;.
We fix § > 0, and define

esssup U; + essinf U;
2 Q Q@
Vj Z=K— Uj— ) s
J

Kji=b+0seUs+ s U FjlILra@y + 1£ill9,0,)-

We have K; > 6 for every j € N and, further, each V; is a weak solution in Q4 (and
thus in Q2) with F; := K%Fj, fi= %fj satisfying

Vi <1 inQy,
_ _ 2
1Flero@n + 15ty = 2 UF lure@ + 151, igs) = o0
J

for every j, by definition of K.
Now, in view of (4.1), we have that {U;}cn is uniformly bounded in L%%(Qy)
and thus, by (3.1) and (4.2), it is bounded in L°°(Q,). This implies the existence of a



58 Page 34 of 45 A. AUDRITO J. Evol. Equ.

subsequence jr — 400, K € [, +00) and [ € R (both K and / are finite depending
on §p and ”U”Lz‘a((@z)) such that

Ki — K, esssup Uy + essinf Uy — [
Q Q2

as k — +o0, where Uy := U}, and K; := K,. As a consequence, one can easily

verify that

Viovi= 2 (U=} mcqed4: 2o
k> V=2 |\ U=7 ) inC(=44]: L7 (B2)),

as k — +o00, where Vj := V. Furthermore, we notice that

if (Vi <0}nN @|a > l‘%'“ for a finite number of indexes

then |{—V; <0}N @|a > |%|” for an infinite number of indexes,

and thus, up to passing to an additional subsequence and eventually considering — Vj
instead of Vi, we may assume

1Ql.
2 9

(Vi <0N Qla =
for every k € N. Then, Lemma 4.5 yields
Vi<1—6y inQip,

for every k € N, that is

ess sup Uy + essinf Uy
@ Q

2

Uk = 52 (5 + 0sc Us) +
Q@
lg_(?o(”Fk”Lp'a(Qz) + ”fk”Lgo(Qz)) in Q]/g.

Taking the supq, , and subtracting infg, , Uy in both sides, it is not difficult obtain

osc Uy < 5%5 4 (1 - %0)9(5;: U + 5231 FellLra@ + L fell 11, 00)»

Q12
for every k € N. Our thesis follows by passing to the limit as § — 0 and choosing
Oy = 970. U

Proof of Proposition 4.1. Let 8y and 6y as in Corollary 4.6, and § > 0. We set U; :=
Ue;, Fj == F¢;, fj := fe; and define

1
Vi, )= 2=Uj(X ), K=o+ 1Ujllee@a + I1Fjlizre@a + 1£7llLg 00
J
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for every j € N. Notice that thanks to (4.2), (4.1) and (3.1), {K}en is uniformly
bounded. Thus, similar to the proof above, we have K j— K >34,as j - +00, up
to passing to a subsequence. Consequently,

1
Vi —V inC([-16,16]: L4 (By)), V= EU’ (4.19)

as j — +4o0.

Now, let r,, := 47", n € N. We show that there existng € N, C > Oand « € (0, 1)
depending only on N, a, p and ¢ such that, up to passing to a subsequence &; :=
gj, — 0,if Vi := V;, then for every (Xo, fo) := (x0, Yo, fo) € Q1 we have

0sc Vi < C47", (4.20)
Qy—n+1(Xo,t0)

for every n > ng and every k such that g < r,%. A standard contradiction argument

(see for instance [4, Proof of Theorem 6.1], [43, Proof of Theorem 4.1] and [44,
Proof of Theorem 4.2]) shows that it is enough to prove (4.20) for points (Xo, #p) with
yo = 0: basically, if Holder regularity (or oscillation decay) fails at some point, then
such point must belong to the region where the weight |y|? is degenerate or singular).
As a consequence, since the equation of Vj is invariant under translations w.r.t. x and
t, it is enough to consider the case (Xy, 7o) = 0.

With this goal in mind, let us define

Via(X, 1) = Kijvj(rnx, r2r),  j,neN
By Remark 3.4 each V; ,, satisfies
/@4 |y|“(j7;l'a,vj,na,n + 3 Viun+VVjn-Vn— Fjn)dXde
—/Q4 finnly=0dxdt =0,

for every n € C3°(Q4), where

1
Fin(X, 1) := Fr,%F,- (ra X, 721),
J

1 1—a 2
fj,n(xvt) = K'rn fj(rnx,rnt).
J

By definition and scaling, we easily see that || V; || =@, < 1 and

N4 Fj |l pa )
||Fj,n||L1”"(Q4) + ||fj,n||Lgc(Q4) =y i %
J

N .
S Milion _
K; o
J
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for every j, n € N, where we have set
v::min{2—N+T3+“,1—a—%}>O.

The positivity of v follows from (3.2). In a moment we will choose no € N such that
ry < 8o, for every n > ng and thus we may assume

||Fj,n||LP=a(Q4) + ||fj,n||Lgc(Q4) = 809

for every n > ng and j € N. Further, exploiting (4.19), it is not difficult to check that
for every fixed n € N, we have

Vin — Vo in C([—16,16] : L>%(By)),

as j — +o00, where Vo(X, 1) = V(i X, r,%t).

Then, for every fixed n > ng the sequence {V; ,};en satisfies the assumptions of
Corollary 4.6 and thus there exist subsequences jr — +oo and g := ¢j, — 0 such
that for every fixed n > ng and every k such that g; < r,%, we have

ne

08¢ Vikn < (1 — 6p)osc Vi + L,v
Q " Q "%

where V. , := Vj, ,. Re-writing such inequality in terms of Vj, it follows

osc Vi < (1— eo)Qosc Vi + %4*“", 4.21)

4—n 4—n+1
for every k such that ; < r2. Let us take a € (0, 1), ng € Nand C > 0 satisfying
o

o <v 1—— <47 g0 > 1 C =249,
9 2 f— b —_— 0050 b
Then, if n = ng, (4.20) holds true by definition of C, recalling that || V||, < 1,
for every k. Now, assume that (4.20) holds true for some n > ng. Then, by definition

of ng, o, C and (4.21) and the inductive assumption, we obtain
osc Vi < (1 —6p) osc Vi+ 004”0 < (1 —gy)C4™" + God” o~
4—n 4—n+l
< (1 = 6p)C4™" 464%™ = (1 — )cq7on < c470+D,
for every k such that g < r,f iy and so (4.20) follows.
Notice that, since ey — 0, we may extract a decreasing subsequence &, := &, such
that g, < r,%, for every n € N and thus, by (4.20), we have
0sC V, < C479", (4.22)
Qu—n+1(Xo,t0)
for every (Xo, to) € Qq and every n > ng, where V,, 1= Vj,.
To complete the proof, we check that

WV (X, 1) = Va(Z, D = CI(X = Z,t = D", (4.23)
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for every (X, 1), (Z,7t) € Q1, n € N, taking eventually new constants C > 0 and
a € (0, 1) depending only on N, a, p and gq. Since the constants ¢, C and ng in (4.22)
are independent of (Xo, f9) € Qy, it is enough to consider the case (Z, t) = 0.
Given (X, t) € Qy,thereisn (dependingon (X, t)) suchthat (X, ) € Q- \Q4-n-1,
thatis 4"~ < (X, 0)|| < 4".1If n < ng, then
Va(X. 0) = Va(O)] = 05 Vi <20\ Vallogu) <252 gomothygetitl)
4—n

<4°CII(X,n|“,

where we have used that ||V, [ L~ @,) < 1. When n > ng we directly apply (4.22) to
deduce

[Va(X, 1) — V,(0)] < ose V, < C4700tD < c(x, n|*,

4—I‘l
and (4.23) follows. Now, re-writing (4.23) in terms of U, := Uy, , we obtain
1Un(X, 1) = Up(Z, D)|| < C(8 + Unllo@a) + 1 FallLragqy)
I fall L, o)IX = Z, 1 = D)%,
for every n € N and every (X, 1), (Z,7) € Qi, where F, := Fj; and f, := fj .
The bound (4.3) follows by letting § — 0. 0

Remark 4.7. As pointed out in Remark 3.9, the proofs of this section work for weak
solutions in Q, (X, tp) too, with minor modifications and constants independent of
(Xo, o) € RN*2,

5. Proof of Theorem 1.1 and Corollary 1.3

Proof of Theorem 1.1. Let N > 1,a € (—1, 1), B as in (1.2), Up as in (1.9) and let
{Ug}ec(0,1) be a family of minimizers of F, defined in (1.7).

By Lemma 2.2 and Proposition 2.1, there exist U € Uy and a sequence ¢; — 0
such that the pair (Uj, u ;) := (Ug;, U, |y=0) satisfies

8.,'/ |y|”8,Uj8,ndth+/ Iy[*(0,Ujn + VU; - Vi) dXdr
Qo

Qo
+ B ;j)nly=odxdt =0,
O
for every n € C°(Qx) and every j € N and, further,
Uj — U in Cie([0, 00) : L2 (RN TT)) (5.1)
as j — 4oo0. Now, let us fix R > 0, 1y := (8R)? and consider the sequence

V](X, t) = U](RX, th +1p). Setting f] = ﬂ(u]) (with ”fj”LOO(Qoo) < ”,BHLOO(R)
forevery j € N)and f; g(x,1) := Rl_“fj(Rx, R?t), we have by Remark 3.4

[@|y|“(%a,vja,n+a,vjn+vvj.vn)dXdz—/ fi.rNly=0 dxdt = 0,
3 [0
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for every n € C;°(Qg) and every j € N. Consequently, by (5.1), we may apply
Proposition 4.1 and Proposition 3.1 to the sequence {V} jen to deduce

IVillcaar@yy < C(IVill2@g + I fiRIL=(05))5

for every k € N, some C > 0 and @ € (0, 1) depending only on N and a, and some
sequence jr — 400 (depending also on R). Re-writing this uniform bound in terms
of Uj, and recalling the definition of f;,, we find

N+43+a

IIUjkIICa,a/z(@R)SCR’“[R’ 2 IIUjk||L2<@g+R)+R17“||/3||L°°(R>], (5.2)

for every k € N, where @R = Br x (63R2, 65R2). Finally, since
2
”U./'k”Lz(Q;R) <CR",

uniformly in & by Proposition 2.6 and Poincaré inequality (up to taking C larger
depending on Uy), we can combine Remark 3.9, Remark 4.7 and a standard covering
argument to complete the proof of (1.10). O

Proof of Corollary 1.3. The thesis follows by combining Proposition 2.1, Theorem
1.1 and the Arzela-Ascoli theorem. O
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Appendix A

In this section we review the definitions and some well-known properties of a class
of energy spaces we use in our functional setting. The references for this part are
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[16,20,22,25]. The symbols 7, B and Q denote a generic interval in R, a generic ball
in RV*!, and a generic parabolic cylinder in RV+2| respectively.
For p € (1, 00) and a € (—1, 1), we define

1

1 1
1Ullzrace) :=(fB|y|“|U|PdX)”, 1Ullzra :=(/Q|y|“|U|PdXdr)”

We denote with L7+ (IB) the closure of C§°(B) w.r.t. the norm | - || r.«(B), and L7 (Q)
the closure of C§°(Q) w.r.t. the norm || -|| r.a (). Since the weight y — |y|* € Llloc (R),
it is not difficult to show that

UL :=esssup [U(X)| = lim [|U] Lr.am).
XeB p—>+00

We set
%
Ul 1.0 3) :=(/ |y|“U2dX+/ ¥I*IVU2dX)
B B
1
Ul g1y = (/ |y|“U2dth+f ly|® (|atU|2+|VU|2> dth)z.
Q Q

The space H % (B) is the closure of C*°(B) w.r.t. the norm || - || Hl.a(g)> While HO1 “4(B)

denotes the closure of C{°(B) w.r.t. the norm || - || Hiam)- The spaces H La(Q) and

Hol’a((@) are defined analogously, while H ¢ (B) is the dual space of Hol’a(]B%).
Finally, we set

1
2
WUl L2102y = (/1 ”U(t)“iz-a(m%)dt)

1

”U”LZ(I:HI’”(B)) = (/; ”U(t)”%_ll,u(]g)dt>2’

and we define the spaces L2(1 : L*%(B)) and L%(I : H%(B)) as the closure of the
space C*°(B x I) w.r.t. the norms || - || L2(;.z2.a(g)) and || - [ L2(s. 1.0 (m))» TESPECtively.

As it is well-known, these spaces enjoy some notable properties that we resume
below.

Theorem A.1. (cf.[25, Proposition 2.1 and Proposition 2.6]) Let N > 1,a € (—1, 1).
There exist a unique bounded linear operator |y— : Hla B) — Hl_Ta (By) and a
constant C > 0 depending only on N and a, such that if u = U|y—o then

5 (u(x) —u(z))? / a2 aror2
dx+// W) Z WD) gvdz <o | ylevtdx + | y14vuPdx
-/l;] B x B |)C _Z|N+1 ¢ ( By B )

for every U € H“%(By). Furthermore, we have

f:ﬁdxgc(A'# Iy[CU%dX + A= |y|“|VU|2dX>, (A1)
By B

B



58 Page 40 of 45 A. AUDRITO J. Evol. Equ.

for every A > 1. Finally, we also have

1

( f ufdy)” < ¢ / Iy VU[*dX, (A2)
By B

forevery U € Hol’a (By) and every q € [1, 6], where
~ N 1—a
6 =— =14+ ——.
N—-—1+4a N—1+4a
Theorem A.2. ([20, Theorem 1.2] and [22, Theorem 6, p = 2, s = N + 1 + a])
Assume either N > 2 anda € (—1,1), or N =1 and a € [0, 1). Then there exists a
constant Sy > 0 depending only on N and a such that
2
”U”LZaa(B ) — ‘SO [ r2 ”U”LZ H(B ) + ”VU”LZ’“(B,)]’
forallr > 0and allU € H“*(B,), where
+00 fN=1a=0

2 .
1+ 7= otherwise.

Further, if N = 1 and a € (—1,0), then,?

U,y < Sor' [ H1UN 2, + VU720 ]
forallr > 0andallU € H4(B,).

Theorem A.3. ([16, Lemma 2.1]) Assume either N > 2 and a € (—1,1), or N = 1

and a € [0, 1). Then there exists a constant S > 0 depending only on N and a such
that

/ Iy 91U 12 dXdr < 3(}2/ ly[¢UdXdr +f |y|“|VU|2dth)
Q. Q. Q.
2 r=1
ess sup ( / ly[eU dx) (A3)
te(—rz,rz) r
forallr > 0and allU € L*(—r2,r% : H“%(B,)), where
2o — 1 2

= =1+ .
Y o N+1+a

Further, if N = 1 and a € (—1,0), then

f |y|“U4dth<Sr|‘” / ly|4U dth+/ |y |VU|2dth>

ess sup /|y|“ 2dX (A.4)

te(—r2,r?)

forallr > 0and allU € L*>(—r?,r* : H-4(B,)).

2This second inequality follows by [22, Theorem 6, part 3] proceeding as in [11, Theorem 9.12].
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Proof. 1t is enough to prove the statement in the case r = I, N > 2 and a € (-1, 1)
(the other cases are similar). Let U € L2(—1, 1 : H"“(B,)), o as in Theorem A.2,
y =20 —1)/oando’ =0 /(c — 1). Assume first 0 < +o00. Fora.e.t € (0, 1), we
have

[ e ax
By
/ 1/o 1/o
= [ wewropreax < ([ wewpeax) ([ rotax)
B B By

y—1
SC(/ |y|uU2dX+/ IIVOR X esssup ([ vrutax)”
Bl Bl fE(—l,l) Bl

by Holder inequality and Theorem A.2. The thesis follows integrating in time. g

Appendix B

In this second appendix we show a technical lemma. The proof is quite standard,
but we include it for completeness.

LemmaB.1. Let N > 1,a € (—1,1), R > 0, ¢ € (0, 1), (p, q) satisfying (3.2),
F, € LP%(Qg) and f. € LY (QR). Then, the following statements hold true:

(1) If U; is a weak solution in Qg, then for every l € R, the functions
Vii=WU -1+ and V_:= U, —1)-

are weak subsolutions in Qg, with F and f, replaced by (F¢)y and (f¢)+, and
(F¢)— and (f¢)—, respectively.

(ii) If U, is a weak subsolution in Qg and F¢, fe > 0, then for every | > 0, the
function

V = max{U, [}

is a weak subsolution in Qg.

Proof. We give a sketch of the proof of (i) (part (ii) follows analogously). Let U = U,
F=F,, f= foand!] € R. Since U — [ is still a weak solution in Qg, it is enough to
consider the case [ = 0.

Let p(U) = Uy and consider a sequence of smooth functions p; : R — R such
that

pj PP =0, pj=pinR\(=7. 9. Ip; = pllareg < j.

and let V; := p;(U) for every integer j > 1. We fix a nonnegative n € C;°(Qg) and
consider
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[@ IV[*(€d, V;dn + 8 Vn + VV, - Vi — Fin)dXdr — /Q Finly=o dxdr
R R
= [@ Y19 (ep; U3 Udn + py(U)3Un + ply(U)VU - Vg — Fyn) dXde
R
— | Fenly—odxdr

Or
- f@ V[0, (0, + 8,U (0, + ply(U)VU - V(p/,(U)m)] dXdr
R

—s/ (a,U)Zp;’(U)ndth—/ IVU?p}(U)ndXdt
Qr Qr
—/ IyI“F+ndth—/ Snly=o dxdt

Qr Or

5/@ I P axar + [ gy nl,—odrdr — [ |y Fondxar
R Or

Qr

- / Finlyzo dxdr
Or

where we have used (3.3) with test p//.(U)n and that 7, p;., p’/.’ > 0. Since
/ |)’|aFP}(U)77dde+/ fp}(u)n|y:0dxdl—> ly|“FndXde
Qr Or

QrN{U>0}
+/ fnly=odxdt,
O rN{u>0}

as j — oo, thanks to the Lebesgue dominated convergence theorem (and trace
theorem), we deduce that U is a weak subsolution in Qg with F; and f. by passing
to the limit as j — 4-o00.

To complete the proof, it is enough to notice that —U is a weak solution in Qg with
—F and — f. Then U_ = (—U)4 is a weak subsolution in Qg with F_ = (—F)4
and f- = (= f)s. O

Remark B.2. The same proof shows that if U, is a weak subsolution in Qg, then for
every [ € R, the function (U, — [)4 is a weak subsolution in Qg, with F; and f;
replaced by (F:)+ and (f:)4, respectively.

Appendix C
We report below the list of notations we use in the paper.

I denotes a generic interval in R
X =(x,y)
Br(x0) = {x e RN : |x — xo)® < r?}

B denotes a generic ball in RN
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Bl = / Iyl dx
B

B, (Xo) = {(x,y) € RV* < |x — xo* + |y — yol* < r?}
B denotes a generic ball in RN +!

0, (x0, fo) = Br(x0) x {0} x (1o — 2, 1o +r?) (parabolic cylinder in RN x {0} x R)
QO denotes a generic parabolic cylinder in RY x {0} x (0, c0)

0, (x0. 10) := By (x0) x {0} x (to. to + r?)

0o = RY x {0} x (0, o0)

Qr(Xo, 10) = B, (Xo) x (to — r?, to + r*) (parabolic cylinder in RN ! x (0, 00))
Q" (Xo, t0) = B, (Xo) x (to, to +r?)

Qoo = R % (0, 00)

Q denotes a generic parabolic cylinder in RN+2
(@l i= [ Iy axar
Q

RY=RY x {y > 0}
oscU :=esssupU — essinf U
Q Q
[U] sup [UX,t) = U, 1)
0/ = u ,
e x,0,v,0e0 (X =Y, 1t —1)|¢
(X,)#(Y,7)
I(Z, s)|l := max{|Z], \/m}’ ae (0,1

1Ullcaar (g = U@ + [Ulcaar(g. @ € (0,1).

REFERENCES

(1]
(2]

(3]

(4]
(5]
(6]
(7]

(8]

(91

G. AKAGI, U. STEFANELLI. A variational principle for gradient flows of nonconvex energies, J.
Convex Anal. 23 (2016), 53-75.

1. ATHANASOPOULOS, L. CAFFARELLI, E. MILAKIS. On the regularity of the Non-dynamic Par-
abolic Fractional Obstacle Problem, J. Differential Equations 265 (2018), 2614-2647.

A. AUDRITO, E. SERRA, P. TILLL A minimization procedure to the existence of segregated
solutions to parabolic reaction-diffusion systems, Comm. Partial Differential Equations 46 (2021),
2268-2287.

A. Audrito, S. Terracini. On the nodal set of solutions to a class of nonlocal parabolic equations, to
appear in Mem. Amer. Math. Soc., arxiv:1807.10135v2 (2020).

A. BANERIEE, N. GAROFALO. Monotonicity of generalized frequencies and the strong unique
continuation property for fractional parabolic equations, Adv. Math., 336 (2018), 149-241.

A. BANERJEE, N. GAROFALO, D. DANIELLI, A. PETROSYAN. The regular free boundary in the
thin obstacle problem for degenerate parabolic equations, Algebra i Analiz 32 (2020), 84-126.
A. BANERJEE, N. GAROFALO, D. DANIELLI, A. PETROSYAN. The structure of the singular set
in the thin obstacle problem for degenerate parabolic equations, Calc. Var. Partial Differential
Equations 60 (2021), 1-52.

V. BOGELEIN, F. DUZAAR, P. MARCELLINL EXxistence of evolutionary variational solutions via
the calculus of variations, J. Differential Equations 256 (2014), 3912-3942.

V. BOGELEIN, F. DUZAAR, P. MARCELLINI, S. SIGNORIELLO. Parabolic equations and the
bounded slope condition, Ann. 1. H. Poincaré 34 (2017), 355-379.



58 Page 44 of 45 A. AUDRITO J. Evol. Equ.

[10]

(1]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]
(31]
[32]
[33]
[34]
[35]

[36]
[37]

M. BONFORTE, N. SIMONOV. Quantitative a priori estimates for fast diffusion equations with
Caffarelli-Kohn-Nirenberg weights. Harnack inequalities and Holder continuity, Adv. Math. 345
(2019), 1075-1161.

H. BREZzIS. “Functional Analysis, Sobolev Spaces and Partial Differential Equations”, Springer,
New York, 2011.

X. CABRE, N. CONSUL, J. V. MANDE. Traveling wave solutions in a half-space for boundary
reactions, Anal. PDE 8 (2015), 333-364.

L. A. CAFFARELLI, A. MELLET, Y. SIRE. Traveling waves for a boundary reaction-diffusion
equation, Adv. Math. 230 (2012), 433-457.

L. A. CAFFARELLI, J. M. ROQUEJOFFRE, Y. SIRE. Variational problems for free boundaries for
the fractional Laplacian, J. Eur. Math. Soc. 12 (2010), 1151-1179.

L. CAFFARELLI, J. L. VAZQUEZ. A free-boundary problem for the heat equation arising in flame
propagation, Trans. Am. Math. Soc. 347 (1995), 411-441.

F. M. CHIARENZA, R. P. SERAPIONI. A remark on a Harnack inequality for degenerate parabolic
equations, Rend. Sem. Mat. Univ. Padova 73 (1985), 179-190.

D. DANIELLI, N. GAROFALO, A. PETROSYAN, T. To. “Optimal regularity and the free boundary
in the parabolic Signorini problem”, Memoirs AMS 249, 2017.

E. DE GIORGL. Sulla differenziabilitd e I’analiticitd delle estremali degli integrali multipli regolari,
Memorie della Accademia delle Scienze di Torino. Classe di Scienze Fisiche, Matematicahe e
Naturali 3 (1957), 25-43.

E. DE GIORGL Conjectures concerning some evolution problems, A celebration of John F. Nash,
Jr. Duke Math. J. 81 (1996), 255-268.

E. FABES, C. KENIG, R. SERAPIONL The local regularity of solutions of degenerate elliptic
equations, Comm. Partial Differential Equations, 7 (1982), 777-116.

C. E. GUTIERREZ, R. L. WHEEDEN. Harnack’s inequality for degenerate parabolic equations,
Comm. Partial Differential Equations 16 (1991), 745-770.

P. HAJASZ. Sobolev spaces on an arbitrary metric space, Potential Anal. 5 (1996), 403-415.

R. HILFER. “Applications of Fractional Calculus in Physics”, World Scientific, 2000.

A. HYDER, A. SEGATTI, Y. SIRE, C. WANG. Partial regularity of the heat flow of half-harmonic
maps and applications to harmonic maps with free boundary , ArXiv preprint, arxiv:2111.14171.
T. JIN, Y. L1, J. XIONG. On a fractional Nirenberg problem, part I: blow up analysis and
compactness of solutions, J. Eur. Math. Soc. 16 (2014), 1111-1171.

F. JONES. A fundamental solution for the heat equation which is supported in a strip, J. Math. Anal.
Appl. 60 (1977), 314-324.

J.- L. LIONS. Sur certaines équations paraboliques non linéaires, Bull. Soc. Math. France, 93
(1965), 155-175.

A. MARCHAUD. Sur les dérivées et sur les différences des fonctions de variables réelles, J. Math.
Pures et Appl. 9 (1927), 337-425.

R. METZLER, J. KLAFTER. The random walk’s guide to anomalous diffusion: a fractional dynamics
approach, Phys. Rep. 339 (2000), 1-77.

A. MIELKE, U. STEFANELLI. Weighted energy-dissipation functionals for gradient flows, ESAIM
Control Optim. Calc. Var. 17 (2011), 52-85.

J. MOSER. On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math. 14
(1961), 577-591.

J. MOSER. A Harnack Inequality for Parabolic Differential Equations, Comm. Pure Appl. Math.
17 (1964), 101-134.

A. NEKVINDA. Characterization of traces of the weighted Sobolev space whr(q, dfw) on M,
Czechoslovak Mathematical Journal 43 (1993), 695-711.

J. F. NASH. Continuity of solutions of parabolic and elliptic equations, Amer. J. Math. 80 (1958),
931-954.

K. NYSTROM, O. SANDE. Extension properties and boundary estimates for a fractional heat
operator, Nonlinear Anal. 140 (2016), 29-37.

O. A. OLEINIK. On a problem of G. Fichera, Dokl. Akad. Nauk SSSR 157 (1964), 1297-1300.
A. PETROSYAN, W. SHI, Y. SIRE. Singular perturbation problem in boundary/fractional com-
bustion, Nonlinear Anal. 138 (2016), 346-368.



J. Evol. Equ. On the existence Page 45 of 45 58

[38]

[39]

[40]
[41]
[42]
[43]
[44]
[45]

[46]

R. ROsSI, G. SAVARE, A. SEGATTI, U. STEFANELLIL. Weighted energy-dissipation principle for
gradient flows in metric spaces, J. Math. Pures Appl. 127 (2019), 1-66.

S. SAMKO, A. A. KILBAS, O. MARICHEV. “Fractional Integrals and Derivatives. Theory and
Applications”, Edited and with a foreword by S. M. Nikol’skii. Translated from the 1987 Russian
original. Revised by the authors. Gordon and Breach Science Publishers, Yverdon, 1993. xxxvi+976
pp-

E. SERRA, P. TILLL Nonlinear wave equations as limits of convex minimization problems: proof
of a conjecture by De Giorgi, Ann. of Math. 175 (2012), 1551-1574.

E. SERRA, P. TILLL A minimization approach to hyperbolic Cauchy problems, J. Eur. Math. Soc.
18 (2016), 2019-2044.

J. SIMON. Compact sets in the space LP (0, T; B), Ann. Mat. Pura Appl. 146 (1987), 65-96.

Y. SIRE, S. TERRACINI, S. VITA. Liouville type theorems and regularity of solutions to degenerate
or singular problems part I: even solutions, Comm. Partial Differential Equations 46 (2021), 310-
361.

Y. SIRE, S. TERRACINI, S. VITA. Liouville type theorems and regularity of solutions to degenerate
or singular problems part I1: odd solutions, Math. Eng. 3 (2021), 1-50.

P. R. STINGA, J. L. TORREA. Regularity theory and extension problem for fractional nonlocal
parabolic equations and the master equation, SIAM J. Math. Anal. 49 (2017), 3893-3924.

A. VASSEUR The De Giorgi method for elliptic and parabolic equations and some applications,
Part 4, 195-222, Morningside Lect. Math., 4, Int. Press, Somerville, MA, 2016.

Alessandro Audrito
D-Math

ETH Ziirich
Rdmistrasse 101
8092 Zurich
Switzerland

and

DISMA

Politecnico di Torino

Corso Duca degli Abruzzi 24

10129 Torino

Italy

E-mail: alessandro.audrito @ gmail.com

Accepted: 6 June 2023



