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1. Introduction

The classical parabolic obstacle problem can be formulated as follows:

Ou— Au = —xqu>0p in Qp C R™!
U,ZO, @uzO ian.

It arises in many fields and applications such as the study of phase transitions in the
Stefan problem and optimal stopping (see e.g. [17] and [15], respectively) and it is one
of the most remarkable examples in the class of free boundary problems. Indeed, the
positivity set of the solution and its topological boundary are not fixed a priori, but are
unknowns of the problem. For this reason, the main goal is to describe as precisely as
possible both the solution u and its free boundary d{u > 0}.

For what concerns the solution, one can establish the optimal regularity (C*! in space
and C? in time) plus additional qualitative/quantitative properties like non-degeneracy
and semi-convexity in space (see [7,8,11]). However, a much more challenging and delicate
issue is to investigate the regularity of the free boundary, namely to answer the following
question:

Is the free boundary C*°7

The regularity theory for the free boundary was developed by Caffarelli in his ground-
breaking paper [7], where he showed that the free boundary can be split into regular
points and singular points: the regular points form an open subset of the free boundary
which is locally C*°, while the singular points enjoy some stratification properties. The
set of singular points was later studied in [2-4], where the authors proved the unique-
ness of blow-ups at singular points and the C} regularity of solutions for general linear
parabolic operators with smooth coefficients (see also [8,11] for the standard diffusion
framework), and [31], where the authors showed that the singular set can be locally
covered with a C1 N C’t1 /% manifold of dimension n — 1 (see also [5,6] for a covering of
class C%1). Only recently, Figalli, Ros-Oton and Serra ([19]) gave a sharp bound on the
parabolic Hausdorff dimension of the singular set and a C'°°-expansion of solutions near
singular points, up to a set of higher codimension. In particular, when n = 3, it turns out
that the free boundary is smooth (in space) for a.e. time. It is important to mention that
the assumption d;u > 0 plays a crucial role in the whole analysis: many of the results
mentioned above are not known when the time-monotonicity of solutions is not assumed
a priori. We quote [12] by Caffarelli, Petrosyan and Shahagholian for the analysis of the
free boundary without any assumption on the sign of both u and 0;u.

The goal of this paper is to study the parabolic obstacle problem with fully nonlinear
diffusion:

{8tu — F(D?*u,z) = f(x)X{u>0y in Q1 (1.1)

UZOa 8tUZO iana
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where F' : S x B; — R and f : By — R are given functions and S denotes the linear
space of n X n symmetric matrices. We assume that F satisfies the following conditions

FeC*

F(-,z) is convex for all = € By,
F' is uniformly elliptic,

F(O,z) =0 for all z € Bj.

We say that F' is uniformly elliptic if there exist 0 < A < A such that
AIN| < F(M + N, z) — F(M,z) < AN,

for all z € By, all M € S, and all N € S satisfying N > 0; see [10,16,22,30] for a
comprehensive treatise about fully nonlinear uniformly elliptic operators. We also assume
that

felC>®and f < —co, (1.3)

for some ¢, > 0.
In the stationary version of the problem

F(D*u,2) = X{u>0}

the optimal regularity of solutions and the C1® regularity of the regular part of the
free boundary was studied by Lee in his PhD thesis [29]. The optimal regularity was
investigated in a more general setting by Figalli and Shahgholian in [20], where they
additionally proved that if the free boundary is Lipschitz, then it is C'. They extended
such results to the parabolic setting in [21], see also [23]. We also quote [24] (elliptic
framework), where Indrei showed that the free boundary can be locally written as the
graph of a C! function up to the fixed boundary (when the problem is posed in a smooth
domain with homogeneous Dirichlet boundary conditions): in particular, this shows that
the free boundary leaves the fixed boundary in a tangential way (see also [25]). The same
author has recently shown the superconductivity problem set in [33], see [26]: the proof
involves some techniques from [24] and a new argument via the spacing of free boundary
points. It is worth noticing that many of such results (or weaker versions of them) are
valid without any sign assumptions on u (see [20,21,24-26]).

The higher regularity of the free boundary in both elliptic and parabolic setting is a
consequence of the celebrated work by Kinderlehrer and Nirenberg [27]. However, notice

! The assumptions F, f € C° are not needed in the majority of our statements but, at this stage, useful
to simplify the presentation. Weaker assumptions on the regularity of F' and f will be given later on in the
paper.
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that there was still a small gap between the C* regularity and the higher regularity, since
in [27] the solution is assumed to be C? in the positivity set up to the boundary, while
in the above papers the solutions are only proved to be C1:!1.

The singular set has been studied in [5,6] (fully nonlinear elliptic setting), where
Bonorino showed that the singular set can be locally covered with a Lipschitz (n — 1)-
dimensional manifold, and in [34] where Savin and Yu improved the regularity of the
covering manifold to C1°8" | see also [35]. For the parabolic case (with fully nonlinear
diffusion) no results were known for singular points. We finally mention the papers [32,36]
for further analysis of the free boundary in fully nonlinear obstacle problems with non-
smooth obstacles and some applications to finance.

1.1. General strategy and main results

As mentioned above, in this paper we study the free boundary of solutions to (1.1),
when the standard diffusion is replaced by the fully nonlinear one, in the sense of (1.2).

The general strategy we follow is well-known by the experts in free boundary problems
and is based on the asymptotic analysis of the so-called blow-up families. A blow-up
family of u at (xo,tp) € O{u > 0} is a normalised re-scaling of u centred at (zo,%o),
defined by the formula

u(xg + ra, to + r3t)
r2

u{®ot) (g, ¢) == , r e (0,1). (1.4)
We will write w,, when (zo,%9) = (0,0). Notice that the process of blowing-up “zooms-
in” the solution around free boundary points and, moreover, thanks to the normalisation
factor r =2, it “preserves” the equation: indeed, notice that each re-scaling in (1.4) satisfies

O — Fy° (D%, ) = f7°(2)x(v>0p 0 Qu/r, (1.5)

where F (M, z) := F(M,zo + rz) and f (z) := f(xg+ rz). In light of these heuristic
observations, one wants to study the limit as r | 0 and prove that the local behaviour of
solutions to (1.1) can be described in terms of the local behaviour of blow-up limits (or,
shortly, blow-ups), i.e., limits of blow-up families along some sequence ry, J 0:

u(mo,to) N ugctht())

Tk )

as k — 00, in some suitable topology. The rough idea is that some of the properties of
the blow-ups are shared by the blow-up families (for small r’s) and so, in turn, by the
solution itself at very small scales. For instance, if (0,0) € {u > 0}, can we prove that

O{u, > 0} is locally C* for r ~ 0, if 9{ug > 0} is locally C°°?

This plan presents several difficulties and is developed in steps as follows. First, to prove
the mere existence of blow-ups (along some suitable sequence), one has to establish com-
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pactness properties for blow-up families such as optimal growth and optimal regularity of
solutions (see Lemma 5.3 and Theorem 5.1). Further, additional properties of solutions
like non-degeneracy, semi-convexity in space and C} regularity are required in order to
derive the blow-ups equation (see Lemma 5.4 and Proposition 6.1): as a consequence
of these properties, blow-ups turn out to be time independent, convex and satisfy an
elliptic problem in the whole space (see (7.3)). It is then crucial to classify blow-ups
according to the notion of regular and singular points given in Definition 7.1. In this
part, we basically adapt the ideas of Caffarelli [7].

At this point, the analysis of the regular part of the free boundary, denoted by Reg(u),
begins. It is divided in three main steps we summarize as follows:

e Reg(u) is locally C%1;
o If Reg(u) is locally C*!, then Reg(u) is locally C1 n CP;
o If Reg(u) is locally C1 N CY', then Reg(u) is locally C*°.

We anticipate that, in the second step, it will be essential to show that u is locally C2 up
to the free boundary near regular points (see Proposition 8.5). This property will allow us
to bootstrap the regularity by means of some higher order boundary Harnack estimates
from [28] and deduce the (local) smoothness of Reg(u) (see the proof of Theorem 8.1).
Alternatively, we may apply [27, Theorem 3] by Kinderlehrer and Nirenberg.

Finally, we turn our attention to the singular part, denoted with X (). In the spirit of
[5] and assuming that the function F is independent of x, we show that singular points
can be locally covered by a Lipschitz manifold of dimension n — 1 and, as a consequence
of [18, Corollary 7.8], we also obtain that almost every time-slice of ¥(u) has at most
Hausdorff dimension n — 2. The main ingredients in this part of the analysis are two
“improved” bounds: one for the time derivative (see Lemma 9.2) and one for the second
spatial derivatives along the main direction of growth of the blow-ups (see Lemma 9.5).
The first estimate allows us to prove that the free boundary can be written as a graph,
where the time variable is a Lipschitz function depending on the space ones. The second
yields the e-flatness in space of the Lipschitz covering, for any € > 0.

This is the strategy we follow through the rest of the paper. Now, we state our main
results, starting with the classification of blow-ups and the C*° regularity of Reg(u).

Theorem 1.1. Let u be a solution to (1.1) with F, f satisfying (1.2)-(1.3). Then, for every
free boundary point (xo,to) € O{u > 0} it holds

(i) either there are ¢ > 0 and e € S™™! such that
ul*ot) 5 ¢(e - )3 in CrNCyY locally in R™,
asr — 0,

(ii) or for every sequence i, — 0, there is a subsequence rx; and a matriz A > 0 such
that
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ugﬁ?’t‘)) — 2T Az in CL*NC® locally in R™,

J

as j — +00.

The points where (i) holds are called reqular. The set of regular points form an open
subset of O{u > 0} which is locally C*°. Points where (i) holds are called singular.

As already mentioned, we also investigate the properties of the singular set, as stated
in the following theorem.

Theorem 1.2. Let u be a solution to (1.1) with F independent of x and satisfying
(1.2)-(1.3). Assume that Oyu > 0 in {u > 0} and let 3(u) C R™ x R be the set of
singular points. Then for any € > 0, X(u) can be locally covered by a Lipschitz manifold
of dimension n — 1, which is e-flat in space.”

Theorem 1.2 is sharp in the sense of the dimension of the covering manifolds, as
examples can be constructed where the singular set is indeed of dimension n — 1, see
[19]. Notice that if we drop the assumption d;u > 0 in {u > 0} our proof reduces to
the one in the elliptic framework (see [5, Theorem 2.12]): this follows by the strong
maximum principle combined with the fact that d,u > 0 satisfies a linear parabolic
equation in {u > 0} and dyu = 0 in O{u > 0} (see Proposition 6.1 and Lemma 6.3).
We also stress that the extra-assumption that F' is independent of z is structural in
our proof: it is crucially used in both convexity and barrier arguments (see for instance
Proposition 6.1 and Lemma 9.1).

Combining the above statement with [18, Corollary 7.8] we deduce that for almost
every time the singular set must have at most Hausdorff dimension n — 2.

Corollary 1.3. Let u be a solution to (1.1) with F independent of x and satisfying
(1.2)-(1.3). Assume that Oyu > 0 in {u > 0} and let X(u); the set of singular points
at time t. Then, for a.e. t:

dimy (Z(u)) <n—2,
where dimy (E) denotes the Hausdorff dimension of a set E.
As a consequence of our main results, the smoothness of the regular part and the
structure of the whole free boundary are completely understood. However, in the study

of the singular set, many problems are still open. For instance: are the blow-ups unique
at singular points? Can we improve the regularity of the covering manifold? Can we

2 That means that the manifold can be expressed as a graph of a Lipschitz function whose Lipschitz
semi-norm in space is smaller than e.
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prove sharp bounds on the parabolic Hausdorff dimension of the singular set? Is the free
boundary generically smooth, in the sense of [19]?
These delicate and challenging problems will be at the centre of our future research.

1.2. Structure of the paper

The paper is organized as follows. In Section 2 we present the notations we use
throughout the paper, as well as the definitions of the parabolic Holder spaces. In Sec-
tion 3 we state some preliminary results about fully nonlinear equations. In Section 4 we
prove existence of solutions. In Section 5 we prove the optimal growth and the almost
optimal C1:1n C? 1 regularity of solutions, while in Section 6 we establish semi-convexity
estimates and the continuity of the time derivative. Blow-ups are classified in Section 7,
while Section 8 is devoted to the study of the free boundary near regular points. Finally,
in Section 9 we study the singular part of the free boundary. At the very end there is an
appendix, where we prove some of the results of Section 3.

2. Notations and definitions
Below we present the notations and definitions we use throughout the paper.

2.1. Notations

B(zo) = {z € RN : |z — 20| < 7}

B(xo) = {x € RN : |2 — 2¢|0o < 1}, |z|oo == max{|z;| :i=1,...,n}

Qr(l‘o,to) = Br(l’o) X (to — T27t0 + 7“2)

Qf (w0, t0) := By (w0) X (to,to +1?)

Q- (o, t0) := By(x0) x (to — 12, t0)

D (z0,t0) := By(z0) x (to + 3r2, to + 47"2)
D (xo,t0) := By(20) x (to — 312, tg — 2r?)
Qr (o, t0) := By(x0) x (to — 12, tg +12)

(z0) X (to + 3r2,to + 4r?)
Dy (w0, to) := By(wo) x (to — 3r%,tg — 2r%)
(2,1),(y, 7)) == V]z —yP+ [t =7 or d((z,1),(y,7)) = maxf{lz —y|, [t = 7|'/*}
d((z,t),A) == inf d((z,t),(y,7)), AcCR"!

(y,7)EA

Ns(A) = {(x,t) € R™ ! s dist((2,t), A) < 5}), AcCR"!
int(A) := A\ 04, AcR"!
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n
aijaijv = E aijé)ijv, {aij}?;jzl n X n-matrix
i,j=1
2.2. Definitions
We first introduce the following class of solutions, in the spirit of [12].

Definition 2.1. (Class of solutions) Let r, K > 0 and (zg,t) € R""!. We say that u €
,PT(IE(),to;K) if

b ||u‘|L3°(Qr(wo,to)) + ”fHLOC(Br(xo)) + [f]Lip(BT(;Eo)) < K’
ey c C';’O‘ and u € Wf.’pﬂth’p locally in @, (xq, o), for all & € (0,1) and p € (1, 00);
e u satisfies (1.1) a.e. in Q,(xq, o).

When (zg,t9) = (0,0) we write P,.(K).

Next, we define a class of parabolic Holder spaces, following the definition given in
[28].

Definition 2.2. For a multi-index o € N{)H'l, we denote «, the first n components and
oy the last one, and define

n
lalp = low| + 200 =Y o + 204.
=1

Furthermore, we define the parabolic derivatives with D¥ = {0* : |a|, = k} and the
parabolic polynomial spaces as follows:

Pip=2 > cal@,t)% ca €R
lal,<k

We say that k is the parabolic degree of polynomial g, if k is the least integer so that
q € Py, . For a polynomial ¢ = )" cq(z,t), we denote

llall =) leal-
[0}

Definition 2.3. Let Q be an open subset of R"*!. For o € (0, 1] we define the parabolic
Holder seminorm of order « as follows

|U(J}7 t) - u(y7 S)'
[U]ca(g) = S p ol
v (1), (ys)e0 [T — y|* + [t — 5|2

and
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u(e,t) = u(z, )|

[Wee )= sup

(@,0),(2,5)€Q |t — s>
Furthermore, we set
[oge @) = Vatlog@ + 4] 5= -

For indexes k > 2, we set

[u]cs,a(ﬂ) = [qu]ck_l,a(m + [atu]cg—z,a(g)

p

= "u| fa u] 1te .
Z[ “]cp(a)*’ Z [ U]Ct; @

[vlp=Fk [vlp=k—1 ’

We say that u € C}*(€2), when [u]cg,a(g) < 00, and define

llull gty = Y 1Dpull oo (@) + Ul gt gy -
B T 2 5 (@)
i<

For k € N, we say that u € C¥(€), if there exists a modulus of continuity w: [0, 00) —
[0,00) — a continuous, increasing function with w(0) = 0 — so that for all (x, ), (y,s) € Q

1
|Dyu(z,t) — Dyuly, s)| < w(|z —y| +[t - s]2),
and
|DEYu(z, t) — DEYu(z, )| < [t — s|Zw(|t — s[2).
We set

lullcx (o) = Z |DLul| Lo o) -
1<k

We will often write C¥t9 instead of C*2,

Remark 2.4. The parabolic Holder space of order § > 0 introduced above is made of
functions which can be approximated by polynomials P|g) ,, up to an error of order 3.
More precisely, if u € Cg(Q) for some 8 > 0, then for every (zg,tg) € 2, there is a
polynomial p(,, +,) € P |3, such that

B
[w(@,1) = Plag,t0) (@, )] < Ol — wol” + [t — to]2),

in a neighbourhood of (xg, tg), for some C > 0 depending on u, see [30, Chapter IV.] for
more details.
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3. Preliminaries

In this section we present some known results about parabolic equations with fully
nonlinear diffusion which we will exploit later on in the paper. We begin with the Harnack
inequality for solutions to fully nonlinear parabolic equations: the symbols M™, M~
denote the Pucci extremal operators for ellipticity constants A and A. For the definition
of Pucci extremal operators we refer to [16].

Theorem 3.1 (Harnack inequality [22, Theorem 4.32]). Let v > 0, (zo,ty) € R" ™! and
let w > 0 satisfy

{Gtu - M+(D2U) < Cy n Qr(an tO) (3 1)

Ou — M= (D?*u) > —Co  in Q.(z0,t0)-

Then there exists C > 0 depending only on n, X and A such that’

sup u< C< inf u+r2C’0>.
D

- +
D5 (zo0,to) Fa(@osto)

When considering nonnegative supersolutions instead of solutions, we can control the
infimum with the LP average.

Theorem 3.2 (Weak Harnack inequality [22, Theorem 4.15]). Let r > 0, (z0,tp) € R*H1
and let u > 0 satisfy

Opu — M~ (D*u) > —Co  in Q,(x0,t0).
Then there exist C > 0 and p € (0,1) depending only on N, A and A such that
1
( ][ up> < C( inf w4+ 7’200) . (3.2)
D:—/2(£E07t0)
D:/Q(x(hto)

Sometimes this result is also called the half-Harnack inequality, as for subsolutions
it holds that the supremum is controlled by the LP average (see [22, Proposition 4.34]).
We also need the following version of the weak Harnack inequality, that quantifies the
growth of the constant, as the set on which we compute the LP average approaches the
boundary.

Lemma 3.3. Let § € (0,1), r > 0, (z0,%0) € R"* and let u > 0 satisfy

Ou— M~ (D*u) > —Cy in Q (w0, o).

3 The statement is slightly different from [22], but the proof is exactly the same.
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Then there exist C,m > 0, p € (0,1) depending only on n, X\ and A such that

1

I3 C . 9

) <= inf  w+rCy|, (3.3)
61’7@ Q:»/z($0,t0)
Qsr(,t)
for all (z,t) € B(1_a25)-(z0) x (to — (1 — 46%)r?, tg — 312).
We postpone the proof to the appendix, due to its technical nature.

Remark 3.4. We remark that the same statement remains valid when estimating the

LP norm of supersolutions in “parabolic cubes” Q(;T(x,t): under the assumptions of
Lemma 3.3, there holds

( ][ up> oo ( inf w4+ ?"200> , (3.4)
o ij/z(zmto)

Qsr(m,t)

IN

for all (z,t) € B_as)r(z0) X (to — (1 — 46%)r?, tg — 272).
To see this, we fix r = 1, (z0,t9) = (0,0), 8 € (0, 1) and (z,t) € By_o5x (—1+46%,—3).
We define

0:=1inf{p > 0:Qs(x,t) C Q,(x,t)}.
By construction, ¢ = ¢,0, for some ¢,, > 0 (depending only on n). Consequently, by (3.3)

o (1Ql PO/,
L) =G ) =)

Qs(w,t) ozt

and (3.4) follows.

We also need a version of the weak Harnack inequality, where the average is not
computed over a cylinder or a cube.

Corollary 3.5. Let u > 0 satisfy
O — M~ (D?*u) > —Cj in Qr(xo,to).

Let 6 € (0, %) and Co,mo > 0. Then there exist C,m > 0, p € (0,1) depending only on
n, A\, A, Cy and mq such that

<][up> ’ < % < inf w4+ C’O) , (3.5)
A d Qj/g(zo-,tﬂ)
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for every open set A C By_a5 x (tg — (1 —40%)r%,tg — 2r?) satisfying |A| > Cod™orm+2.

The proof is in the appendix. We end this preliminary section with a simple, yet
important remark.

Remark 3.6. Let u be a solution to (3.1). Then, the function
a(z,t) = u(zo + ra, to + r2t) (3.6)
is a solution to

ou — MH(D%u) <r2Cy  in Qy
du — M~ (D?*u) > 12Cy  in Qq,
where

ME(M) == M*(r2M).

One can easily verify that both M* and M~ satisfy the conditions in (1.2) uniformly
w.r.t. 7 > 0 and (2o, o).

4. Existence of solutions via penalization method

The classical parabolic obstacle problem can be formulated in two equivalent ways:

Ov—Av >0 5 A
u—Au=—xq,
Ov—Av=0 in{v> ¢} {t Xu>0)
u >0,
vz,

where ¢ : R — R is a smooth bounded obstacle satisfying Ay = —1. Under suitable
regularity assumptions, the second is obtained by the first by setting u := v — .

In this section, we show existence of solutions to the fully nonlinear analogue of the
first formulation above, as stated in the following proposition. The approach we follow
is the so-called “penalization method”, combined with suitable uniform estimates and a
compactness argument (see for instance [29, Section 1] and [33, Chapter 1] for the elliptic
framework).

Proposition 4.1. Let Q C R™ be a bounded domain with smooth boundary, T > 0 and

Q:=Qx(0,T). Let I : S — R satisfying (1.2) (independent of x) and §, o € C>®(Q) be
such that § > ¢ in Q. Then there exists a function v continuous up to 0,Q satisfying

veCH AW AW, locally in Q
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for all @ € (0,1), all p € (1,00) and

O — F(D%) >0, v>¢p ae in@Q
o — F(D*v) =0 in {v> ¢} (4.1)
v=4g in 0pQ.

Furthermore, the function u :=v — ¢ is as reqular as v and satisfies

du — F(D*u,z) = f(x)X{us0} a-€. in Q

u >0, in Q (4.2)
u =g, in 0pQ
where
F(M,z) := F(M + D*¢p(x)) — F(D%*p(z)),  f(z) = F(D*¢(x)),
and g := g — .

Proof. For any ¢ € (0,1), we set 3.(z) := e */¢ and we consider the solution w. to the
penalized problem

(4.3)

Opw, — F(Dzwe) = Be(we — ) inQ
We = § in 0,Q.

Viscosity solutions to (4.3) can be constructed by means of the Perron’s method as
follows: by the definition of 5. and since § > ¢, one can easily check that the functions

wo(2,) = [l and  w(e,t) = gle) + (1+CO)

are (ordered) subsolutions and superolutions to problem (4.3), respectively, where C' :=
|F(D?§)|| Lo (- Consequently, the “least supersolution” defined as

we(x,t) = inf{w(x,t) : w is a supersolution to (4.3) and w > § in 9,Q}
is a viscosity solution to (4.3) satisfying w_ < w. < wy, see for instance [22, Section 3].
Furthermore, by the comparison principle, we easily see that w, is unique.
By the argument above, we have a family of viscosity solutions {w.}.c(,1) to (4.3),

uniformly bounded in L*(Q). Next we show that

{we}ee(0,1) is uniformly bounded in C2* N WP N WP locally in Q, (4.4)



14 A. Audrito, T. Kukuljan / Journal of Functional Analysis 285 (2023) 110116

for all @ € (0,1) and all p € (1,00).* In light of the Sobolev estimates [37, Theorem 5.6,
Theorem 5.7] and the Schauder estimates [38, Theorem 4.8, Theorem 4.12], it is enough
to show that the r.h.s. of the penalized equation is uniformly bounded. Specifically, we
prove that

0< h’E < max{l, Hf”LOO(Q)}a (45)

for all ¢ € (0,1), where h. := B.(w. — ¢) and f := F(D?p). The bound from below
directly follows from the definition of 5. Now let (zq,to) be a maximum point of h. in
@. If (.%‘o,to) S apQ, then

he(wo,t0) = Be(we(z0,t0) — ¢(20)) = Be(G(w0) — p(z0)) < B:(0) = 1,

since § > . If (z9,t0) € @ is a local maximum of h. then, since f3. is decreasing, (xq, to)
is a local minimum of w. — ¢ and so 9 (w. — ©)(zo,to) = 0 and D?(w. — ¢)(xg,te) > 0.
Consequently, by ellipticity of F', we obtain

ha(-rOatO) = at(wa - @)(x07t0) - F(DZ(U}E - 90)(.’11‘0, to) + D290(x0))
< —F(D?*p(x0)) = —f(@0) < | fllr=()-
A similar argument yields the same bound when (z,t9) € Q x {t = T} and (4.5) follows.

As mentioned above, (4.5) gives us (4.4) which, in turn, yields the existence of v €
CLe N W2P AW, locally in @ and a sequence ex — 0 such that

we, v in CP*NW2EPN WP locally in Q
as k — +oo, for all a € (0,1) and all p € (1, 00).
We are left to show that v is a solution to (4.1). The first inequality in (4.1) follows
by passing to the limit in the viscosity sense and using that 5. > 0 (the differential
inequality is also satisfied a.e. thanks to the Sobolev regularity of v). Further, we have

v > ¢ in Q. Indeed, if by contradiction there are (zo,tg) € Q and 6 > 0 such that
(v =) (xo,t0) = =0, then (we, — ¢)(xo,t0) < —d/2 for large k’s and so

he, (20, t0) > Pe, (—0/2) = G%k, — 400,

as k — 400, in contradiction with (4.5). To see that v satisfies the equation in {v > ¢},
it is enough to check that

he, — 0 locally uniformly in {v > ¢},

4 Actually, since § € C°°(Q2) and 9Q € C°°, we also have w. € Cll,’o‘ up to 9,Q, uniformly w.r.t. ¢ € (0, 1).
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as k — +oo (and pass to the limit in the viscosity sense, in compact subsets of {v >
©}). The proof of the limit above is straightforward: if (zg,tg) € {v > ¢} with (v —
©)(xg,t9) := 0 > 0, uniform convergence shows that (we, — ¢)(zg,to) > §/2 and thus

0 < he, (z0,t0) < e, (6/2) = ¢ 5 — 0,

as k — 4o0. Finally, notice that v = § in 9,@ by uniform convergence up to 9,Q and
since w. = g, for all € € (0,1).

To complete the proof, we notice that, since ¢ € C*°, u := v —  is as regular as v.
In particular, u € W2? N W;"? locally in Q. This implies dyu = Vu = D?u = 0 a.e.
in {u = 0} (by Rademarcher’s theorem) which, in turn, shows that w is a solution to
(4.2). O

5. C11 N CY' regularity and non-degeneracy

In this section we establish the optimal C1! spatial regularity of solutions to (1.1) and
the almost optimal C’E 1 time regularity. The main result of this section is the following
theorem.

Theorem 5.1. Let u € Py(K). Then u € CH1 N C?’l(Ql/Q) and, further, there exists
C > 0 depending only on n, A\, A and K such that

18sull Loe (@, )2) + 1D ull Lo (@, ,0) < C- (5.1)

It is important to mention that the validity of the statement above is known, even
in a more general framework: see [21,32,36] and also [20,29] for the elliptic framework.
We specially mention [23, Theorem 16] which, to the best of our knowledge, shows
optimal regularity of solutions in the most general framework. Respect to these works,
our approach heavily exploits the non-negativity and time-monotonicity of solutions,
and it is equivalent to establish the optimal growth of solutions near the free boundary
(see Lemma 5.3). Here we present two independent and new proofs: the first combines a
special Harnack inequality with a comparison argument, while the second consists in a
blow-up argument and has a perturbative flavour.

We begin with the following technical lemma.

Lemma 5.2. Let u € P.(xg,to; K) and let 6 > 0. Then there exists C > 0 depending only
onn, A\, A and § such that

sup  u < C(U(antO) + Tz”f”po(Q;(zo’to)))a (5.2)
P2 (x0,t0)

where

P?(x0,t0) == {(x,1) € Q:/Q(aco,to) 1t —ty < =]z — xo|*}. (5.3)
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Proof. By Remark 3.6, it is enough to prove the statement for r = 1 and (zg, to) = (0,0).
Let us set P° := PY(0,0) and consider

D:r/2 i= B,y X (—irQ,O) and D, = By s X (—%7“2,—%7“2),

for r € I := (0,4/7/7) (with r in this range we automatically have Dy C Q). We
first notice that applying the Harnack’s inequality Theorem 3.1 at every scale r € I, we
obtain

sup u < C(érif u+r2||f|L°°(Q1_)> < C(u(0,0) + ||f||Loo(Q1—)), vr e I.

D;/2 r/2

By the arbitrariness of r € I, it follows

sXpu < C(u(0,0) + ||fHLoc(Q1—)), Ag =P " ={(z,t) € Qg it < —Tlz?}. (5.4)
0

We iterate this inequality as follows. Given a point (y,7) € Q;/2, we consider the set

Ay, ={(z,t) € Qg it—7<—Tz— yI*}

and we define inductively the family

Ry :=A ~
0 _0 where Ay := U Ay -
Rk = Ak\Akfla ke N\{O} (y,7)EDA)_1

By construction { Ry }ren is a partition of Ql_/Q. Now, we fix § € (0,1), pick ks € N such
that

ks
Pé C U Ry,
k=0

and, for an arbitrary (x,t) € P°, we take k € {0,...,ks} such that (z,t) € Ry. Conse-
quently, by construction and (5.4), we have
k—1

u(a,t) < supu < C(sup u+ || fll poo(gr)) < C* (SEPU 1Al ory Zc_j)
0 =0

Ry Ry—1
< O (u(0,0) + 25 1l 2 ry) < 2% (u(0,0) + [ fll e or))-
The thesis follows by the arbitrariness of (z,t) € P°. O

Next we establish the optimal growth control of solutions near the free boundary.
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Lemma 5.3. (Optimal growth) Let u € Py(K). Then there exists C > 0 depending only
onn, \, A and K such that

||u||L°°(Qr(a:0,to)) < CTQ) (55)
Jor every (zo,t0) € {u =0} NQ1/2 and every r € (0, 3).

First proof of Lemma 5.3. Let us fix (z,t9) € {u = 0} N Q1/2, and set b := 51— and

0= %. We first notice that by (5.2), there is Cy > 0 depending on n, A and A such that

sup  u < Co(u(wo, to) + TQHfHLOO(Q;(xO,tO))) < CoKr?, (5.6)
P2 (wo,to)

for every r € (0, 3), where P?(zg,to) is defined in (5.3). In particular, it follows

sup u(z,t) < CoKr?, (5.7)
z€IB,(xg),t=to—r?

for every r € (0, 3).
Now, in view of (5.6), it is enough to focus on the set Q,(zo, %)\ P? (0, ). To prove

the optimal growth on such set we proceed with a comparison argument as follows. Let
us define

v(x,t) := a(t — to + bz — zo|?), a := max{2Cy, 8} - %.

By uniform ellipticity, the assumption F(O,-) = 0 and the definition of b, we see that
Ow — F(D*v,x) = a — F(2nabl, ) > a(1 — 2Anb||I||) =0 in Q.
Further, by definition of v and §, we have
0(, 1) 1=t —5]a—mo|? = a(b— 0)|z — zo|* = L]z — wo|?,
and so
(2, )| t=to—s|m—m0o|2 = %br2 in 0B,.(xg), (5.8)
for every r € (0, 3). On the other hand,
v(z,t) > a(=5+5) =2 in0,Q12(z0,t0) \ P15/2(1’0,to)-

At this point, combining (5.7) with (5.8) and using that % > CoK by definition of a,
we obtain v > u in 8P15/2(:1:0,t0) N Q1/2(z0,to) while, since %b > K, we also have v > u

in 0,Q1/2(z0,%0) \ Pf P (20, t0). Consequently, by the comparison principle, it follows
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u S v in Ql/Q(‘r07t0) \ P16/2(x07t0)7

and thus, since v < Cr? in Q,(x0,t9) \ P?(x0,t) for some C' > 0 (depending only on n,
A, A and K), the bound in (5.5) is proved. O

Second proof of Lemma 5.3. We argue by contradiction, assuming the existence of se-
quences {Fy }ren satisfying (1.2), {fxtren € L°°(B1) and {uy}ren € P1(K) solutions
to

8tUk — Fk;(DQUk;ax) = fk(.’IJ)X{uk>0} in Ql (5 9)
Up, Opug > 0 in Q1, .
but
sup r_2||uk‘|Loo(Qr(xk7tk)) >k, (5.10)

re(0,1)

for some sequence {(zx,tx)fren C {ur = 0} N Q1/2. To obtain a contradiction, we show
that a suitable rescaled and renormalized subsequence of {u}ren converge to a non-
negative, non-trivial entire solution satisfying «(0,0) = 0 and growing at infinity less
than a polynomial of degree 2, in contrast with the Liouville theorem.”

In this spirit, we consider the monotone non-increasing function 6 : (0,1) — R,
defined as

O(r) = sup sup p72||uk||Loo(Qp(xk,tk)).
keN pe(r,1)

By assumption, we have |ug| + |fx] < K in Q1 for every k. Combining this with (5.10),
we easily deduce that 0(r) < K/r? for every r € (0,1), with (1) — oo as r — 0.

Now, due to (5.10) we have that for every j € N, there is r; € (0,1) such that

9(1“.;-) > j. Furthermore, by definition of 6, it is not difficult to see that there exist

kj € N, rj >’ and (zy,,tr;) € {ur; = 0} N Q12 such that

-2 o(r})
0(r5) = 5 |lun, |l (@, (@, b)) = —5

So, using the definition of # again, its monotonicity and 9(7";) > j, we obtain

-2 0(rs)
0(rj) = i "llun; L= (., (e, 1)) = ~2

_ (5.11)
0(rj) > %,

which, in particular, implies that r; — 0 as j — oco. Then, we define the blow-up sequence

5 The Liouville theorem for entire parabolic fully nonlinear equations is an immediate consequence of the
C?* estimates proved in [38, Theorem 4.13].



A. Audrito, T. Kukuljan / Journal of Functional Analysis 285 (2023) 110116 19

2 .
(75 it 1k ), ,t) € ry J € N.
By s (13 Tyt by ) (2 E) € Qg

vj(z,t) ==

Notice that v; is non-negative with v;(0,0) = 0 and, by (5.11), uniformly non-degenerate:

Moreover, thanks to (5.11) again and the monotonicity of 8, we have

1 O(Rr;)(Rr;)?
H'UJ'HL“’(QR) = H(Tj)TJQ- ||ukj||L°°(QRrj (hjtn;)) < 9(j7“j)7“j2-_] < R2, (5.13)

for all 1 < R < 1/r; and, using the equation for uy,, we easily see that the function v,

satisfies
Ow; — Fy(D*vj,x) = fi()X(0,;50p 10 Quyr,
where
1
9(7“3*) 7 J
= 1
f](x) = G(T]) fk?j (r]m + xk-].).

By definition, the sequence {F i }jen is made of functions satisfying (1.2), with ellipticity
constants A and A, while f] — 0 locally uniformly in R™*! as j — +o0o. This has two
consequences:

- First, up to passing to a subsequence, we have (zy;,tx;) — (Z, t) and ﬁ‘j — F locally
uniformly, for some (&,7) € Q1/2 and some F satisfying (1.2).

- Second, by [38, Theorem 4.8], for every fixed R > 1 we have

llvjllcra@r) < C(R), VjeN.

Combining these facts with (5.12) and (5.13), we deduce that, v; — v locally uniformly in
R™*! (up to passing to another subsequence), for some continuous function v satisfying

Oow — F(D*v,#) =0 in R™H!
v >0, v(0,0)=0
||UHL°°(QR) < RZ, VR>1
ollLee (@) = 1/2-
Now, we apply the Liouville theorem to conclude that v is a polynomial of degree at

most 2 in space and 1 in time. Further, by the maximum principle [37, Corollary 3.20]
applied in Qg (for arbitrary R > 0), we deduce that v = 0 in R™ x (—o0, 0] which, in
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turn, implies that v = 0. This contradicts the fact that ||v||p~(g,) > 1/2 and gives us
(5.5). O

Combining the growth control result with interior estimates (see [13, Theorem 1.1] or
[38, Theorem 1.1]), we obtain the L>°-bound for d,u and D?u.

Proof of Theorem 5.1. Obviously, d,u = J;;u = 0 a.e. in int({u = 0}) for every i,j €
{1,...,n}. We thus focus on points in {u > 0}. Fix (y,7) € {u > 0} N Q; /2 and let

d:=sup{r >0:Q.(y,7) C{u>0}NQy/2}.

By Schauder estimates [38, Theorem 4.8, Theorem 4.12] and (5.5), we have

190l e (@uaw.7) + 1 D*ull Lo (@u o) + éHVUHLw(Qd/z(y,r))
< Go ( gelullmc@uton + I lecan) + dl iy
< Go(C+ K),
for some constants Cy, C' > 0 depending only on n, A, A and K. In particular,
[Ovuy, T)| + [D*u(y, 7)| < Co(C + K), [Vu(y,7)| < Co(C + K)d,

for every (y,7) € {u > 0} N Qy/2. The combination of these two inequalities with a
standard argument (see for instance [17, Theorem 4.1]) allows one to deduce that Vu
is Lipschitz in space in @/ and thus D?y is bounded in (12 Using the equation
and uniform ellipticity, it follows that d;u is bounded in @/, as well, and thus (5.1) is
proven. 0O

We end the section with the following non-degeneracy property.

Lemma 5.4. Let u € P1(K). Then there exists ¢ > 0 depending only onn, A and ¢, such
that

el e (05 (o sty = €7 (5.14)
for every (xq,t0) € 0{u >0} N Q12 and every r € (0, %)
Proof. Let us fix (wo,t0) € 0{u >0} NQq/2, 7 € (0,1/2) and let
{(zr,te) fren C{u>0}NQ12 such that  (wg,tx) — (20,t0) as k — 4o0.

We set ¢ := ¢, /(2An + 1) and consider the sequence
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vg(z,t) := u(x, t) — u(zg, ty) — c(|Jz — xk\g —(t—1tg)), keN.
Then

vy, — F(D?vy, ) = Opu — F(D*u — 2¢l,2) + ¢
= 0yu — F(D?u,x) + F(D*u,x) — F(D*u — 2¢cl,2) + ¢
— F@)xusoy + F(DX(u — claf?) + 26,2) — F(D*(u — claf),2) + ¢
< —co+c¢(2An+1)=0 in{u>0}NQ, (v, tr),

for every k € N. Further by definition, we have
vp(zk,te) =0 and vy <0 in 0{u >0} NQ, (xk,tx)

for every k € N and thus, by the maximum principle ([22, Proposition 4.34]) it follows

0=uvg(xp,tp) < sup v = sup v < sup  u — u(wg, ty) — cr?.

Qr (zk,tr) OpQr (T, tk) 0pQr (Tk,tk)

In turn, this implies

sup  w > u(xy, ty) + cr?,
Qr (T tk)

for every k € N. Since u(xg, tr) — u(zg,to) = 0 as k — 400 and ¢ is independent of k,
we obtain (5.14) by passing to the limit as k — +oc0. O

Remark 5.5. The non-degeneracy property (5.14) gives us nontrivial information about

the geometry of the free boundary: it excludes that free boundary points are parabolic
interior for {u = 0}, in the sense that

{u>0}NQ, (wo,to) #0, Vre(0,1),
where (xq,tp) € 0{u > 0} is fixed (see [12, Subsection 1.2]).
Remark 5.6. Let v € Pi(K) and (z0,t0) € d{u > 0} N Qy/2. Combining the non-
degeneracy estimate (5.14) with time-monotonicity d;u > 0, we deduce that the function

Ugy = U|y=¢, Satisfies

o]l (B, (20)) = €%,

where ¢ > 0 is as in (5.14) and depends only on n, A and c..
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6. Semi-convexity and C’t1 estimates

The purpose of this section is to establish a semi-convexity estimate for solutions
u € P1(K) and a log-continuity estimate for their time-derivatives d;u, as stated in the
following proposition. It is important to mention that for the semi-convexity estimates
we require that the function F is independent of the variable x (which is enough for our
purposes): in this way, thanks to convexity of F, the second derivatives of the solution
become super-solutions to the linearised equation. The main result of this section is the
following;:

Proposition 6.1. Let uw € P1(K) with (0,0) € d{u > 0}. Then there exist £,C > 0
depending only on n, A\, A and K such that

8tuSC’|log(|x|+\/|t\)r6 in Q1. (6.1)
Furthermore, if the function F in (1.2) is independent of x and
||fHCl’1(Bl) < Ka (62)
then
Oeett > fC’ log (|z| + /|t]) |7€ in @1, (6.3)
for every e € S™L.

This was already known for the Laplacian, see [8] and [11]. The proof of the above
statement relies on the iterative use of the lemmas we establish below, which exploit the
Weak Harnack inequality from Lemma 3.3.

Lemma 6.2. Let u € P1(K) with (0,0) € 0{u > 0}. Assume that the function F in (1.2)
does not depend on x and (6.2) holds true. Then there exist a,b,q > 0 depending only
onmn, \, A and K such that if
Oectt > - in Qr,
for some r € (0,1), v >0 and e € S*~1, then
Dectt > =y +ay! —br® in Q, . (6.4)

Proof. Let us fix r,7 >0, e € S" ! and (z,7) € {u > 0} N Q, /5. We set

d:=sup{p>0:Q,(z,7) C{u>0}} <3,
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and we fix (29, 79) € 0{u > 0} N Qq(z, 7). Notice that (zo,70) is always in the bottom of
0pQa(z,T) since dyu > 0. For h € [0, d], we consider the points

(y’t) = (ZO =+ %(Z - ZO)a To + h2)7

with (y,t) = (20,70) for h = 0, (y,t) = (2,7) for h = d and |29 — y| = h (obviously,
t — 70 = h?). Further, since (9,)? = (9_.)?, we may choose e such that e - (z — 29) > 0,
i.e., e points “inwards” the ball By(z). Notice that by Theorem 5.1 we have

u< Ch®, |Vu|<Ch inQup(y.t), (6.5)

for every h € [0,d] and C > 0 depending only on n, A\, A and K. Notice that by Cl:*
regularity we may assume v < C' (cf. (5.1)).
Now, we define the set

Ap ={(",t') € Qna(y,t); 2’ -e =0}

Notice that by construction Ay, is at least 2 away from 0Qq(z,7) (and 0{u > 0}). For
every (xo,to) € Ap, if T := 29 + %\/hde, we have

0 < u(Z,to) = ul(xo, to) + Vu(zo, to) - (& — o) + //8eeu,

Zo Zo

and thus, by (6.5) and the definition of #, we obtain

_Cohtdb < / / Det,

Zo To

for some Cy > 2C' depending only on n, A\, A and K. This bound and the assumption
Oceth + v > 0 in Q- yield

128 128
V= CVOh% _% // eeu+’7 <_// eeu+7
To To o To

16

\/7 ( et + 7) = 2][(aeeu + '7),

Zo

and thus, choosing h := (2%0)2d, it follows

][(aeeu + ’Y) > %

Zo
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Notice that the choice of 7 implies |Z — | = %h > f—gh > 2 (Casin (6.5)), where we
have used that v < C and Cy > C. Consequently, by the arbitrariness of xg € By, /2(y),
we conclude

][((‘%eu +7) > 7, (6.6)

Cn

where C, = {(2’ + sgVhde, t'); (2/,t') € Ap,s € (0,1)} is a skew-cylinder.
In this last part, we set v := J..u + v and we exploit (6.6) to prove (6.4). Since F is
independent of z, it is not difficult to check that

Oy — DF(D*u)D?*v = g + D?*(9.u)D*F(D?*u)D*(0.u)  in {u >0} NQy,

where g := 0. f and thus, setting a;; := (DF(D?u));; and recalling that M — F(M) is
convex, we deduce

{&v —a;(2, )00 > g in Qa(z,7) (6.7)

v>0 in Qq(z,7).
Since the matrix {a;;};; is uniformly elliptic (with ellipticity constants A and A), we may
apply Corollary 3.5 to obtain

1

»_C
<][Up> < (V2 7) + gl @y)

Ch

(o]

for some C;m > 0 and p € (0,1) depending only on n, A and A, and ¢ := 8—@. On the
other hand, by optimal regularity and using that p € (0,1), we have

1< f V< ][ o < (2017 ][ o, (6.8)

Ch Ch Ch

where C is as in Theorem 5.1. Noticing that § ~ 4% and exploiting (6.2), we combine
the last two inequalities to deduce

Cyr ™2™ < u(z,7) + d2K,

for some new C' > 0 still depending only on n, A, A and K. The thesis follows by choosing
a:=0C,q:= % +2m, b:= K and using the arbitrariness of (z,7) in {u >0} NQ, /5. O

An analogous statement can be proved for the time derivative.
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Lemma 6.3. Let u € P1(K) with (0,0) € 9{u > 0}. Then there exist a,q > 0 depending
only on n, \, A and K such that if

Ou <~y inQy,
for some r € (0,1), v > 0, then
O <y —ay?!  in Q. (6.9)

Proof. As in the proof of Lemma 6.2, we fix r € (0,1), v > 0, (2,7) € {u > 0} N Q, /2
and we define

d:=sup{p>0:Q,(z,7) C{u>0}} < 3.

Then we fix (z0,70) € 0{u > 0} N Qq(z,7) (belonging to the bottom of Q4(z,7)) and we
estimate Oyu in a cylinder centred at (2o, 79).
To do so, we fix h € (0,d) and, since u(zg,t) = 0 for t < 79, we infer by (5.5)
7072d2
Opu(z, t)dt = u(x, 9 — 2d*) — u(z, 79 — 3d*) < Ch?, Va € Br(z),
T0—3d2

where C' > 0 is as in Lemma 5.3. Averaging over D~ (2o, 7o) := Bj(20) % (10—3d?, 70—2d?),
it follows

][ Opu(z, t)dt < 0(3)2,

D_(Z(),T(])

and thus, re-writing such inequality in terms of v := v — d;u and choosing h := (%)%d,
we obtain

S
v
o2

D_(Zo,‘l'o)

If p € (0,1) is as in Lemma 3.3, the same argument used in (6.8) shows that

Cyr < < ][ up>%, (6.10)

Df(Z(),T())

for some new C > 0 depending only on n, A\, A and K.
On the other hand, notice that

8{0 — al-j(m,t)aijv =0 in {U > 0} N Qr
0<v <y in Q,,
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while v = v in int({u = 0}) N @Q,.. Consequently,

at’l} - aij(x,t)&'jv Z 0 in Qr
v>0 in Q,.

At this point, similar to the proof of Lemma 6.2, we may apply Lemma 3.3 with ¢ :=
(%)% and so, thanks to (6.10), we deduce

C’y%+% <wv(z,7) =7 — dwu(z,1),

for some new C' > 0 and m > 0 depending only on n, A\, A and K. Thanks to the
arbitrariness of (z,7) € {u > 0} NQ, 2, this yields (6.9) with a := C and ¢ := %—i— . 0O

Iterating the above estimates yields the logarithmic decay near the free boundary.

Proof of Proposition 6.1. We first prove the existence of C,¢ > 0 and kg € N depending
only on n, A, A and K such that the sequence my, := —infq, , Jceu satisty

my < Ck™¢, Yk > kq. (6.11)
Let a, b and ¢ as in Lemma 6.2 and choose C, € and k¢ such that
1

C> (%b) , e < min{#b}, Cky® < (aiq)ﬁ

We proceed by induction on k > kg. The case k = kg follows by optimal regularity (see
(5.1)) and the definition of C. Now, assume (6.11) holds true for some k > k¢ and let us
prove it for k + 1. By (6.4) and the inductive assumption, we have

mit1 < my —ami + b272F < Ok~ — aCk ™9 + b2 2k,

where we have also used that the function z —  — az? is increasing in (0, “/1/(aq))
and the definition of kg. Further, since the function x — xz~¢ is convex, we have

ke —ek =t < (k+1)7°,
and thus
M1 < Ok 4+1)7° 40272 4 k™! — aC%%.
At this point, we infer
b2 ek ! — a0 = (b272F — 209 F) + (kT — 209k T) <0,

by the definition of C' and e (notice that e < % implies £ < qT11)7 and (6.11) follows.
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Now, we show that (6.11) yields (6.3). To see this, let us fix (z,t) € @ and let kK € N
such that (2,t) € Qu—r \ Qa—r-1, i.e., 2771 < |x|++/|t] < 27%. Thus if k > ko, we have
by (6.11)

—Oeeu(z,t) < Ok~ < Cllog (Jz + V/]t)| ",
up to taking a larger C' > 0. If k < kg and C' > 0 is as in (5.1), then

—eeu(z,t) < C < (CK§ky® < (Ck§)k™ < C|log (|2 + VJt)| ",

for a new constant C' > 0, and (6.3) follows.
The proof of (6.1) is similar and exploits Lemma 6.3 instead of Lemma 6.2. O

7. Classification of blow-ups

In this section we classify blow-ups of solutions u € P;(K) at free boundary points
(0,t0) € O{u > 0} and we study the limit as r | 0 of the rescalings

u(xg + ra, to + r3t)
r2

up(x,t) := , (7.1)

introduced in (1.4) (from now on, we write w, instead of ulo) ¢ keep the notations

as simple as possible). As explained in the introduction, each of such rescaling satisfies
(1.5). Consequently, by (5.1) and the Arzeld-Ascoli theorem, there is a sequence r | 0
and a function ug : R"*! — R (the blow-up of u at (x,t0)) such that

Ur, —up in CY® locally in R"*1, (7.2)

as k — oo, for every a € (0,1). Further, writing (6.3) and (6.1) in terms of wu,, and
passing to the limit as k — oo, we immediately see that d;ug = 0 and J.ug is increasing
along any segment in R”, for every e € S™~!. Finally, by the stability of viscosity
solutions under uniform limits (see [22, Proposition 3.11}), we deduce that

Up € Cllo’i(Rn), UQ 5_'5 0, up >0
0 € O{up > 0}
ug is convex

—F(D2UO71‘0) = f(LEQ)X{uO>O} a.e. in R™.

Notice that the first two properties are direct consequences of optimal regularity (5.1)
and non-degeneracy (5.14), respectively. The equation of the limit is obtained in two
steps. First, —F(D?ug,z0) = f(z0) in {ug > 0} in the viscosity sense (and so, by regu-
larity, in the classical sense). Second, we have |0{uo > 0}| = 0: this follows by a standard
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argument that combines optimal regularity, non-degeneracy and the Lebesgue’s differ-
entiation theorem (see for instance [1, Proof of Theorem 1.3] in the parabolic setting).
In what follows, we will always assume that any blow-up of u at (xg,tg) satisfies
problem (7.3).
There are two different behaviours of blow-ups — either the contact set {uo = 0} has
empty interior or not — which lead to a very different behaviour of the solution near free
boundary points. We formalise this in the following definition.

Definition 7.1. Let u € P;(K) and (xg,to) € 0{u > 0}. We say that (zg,%o) is a regular
free boundary point, if there exists a blow-up at (¢, tg) whose contact set has non-empty
interior. That is, there exist a sequence 7y | 0 and a solution ug to (7.3), such that (7.2)
holds true and {up = 0} has non-empty interior. The set of regular free boundary points
will be denoted with Reg(u).

We denote with X(u) := d{u > 0} \ Reg(u) the set of singular free boundary points.
By definition, if (zo,%0) € X(u), then any blow-up of u at (z¢,%y) has contact set with
empty interior.

We first turn our attention towards the blow-ups near regular points. We proceed in
the spirit of [9, Lemma 7], by using the convexity of blow-ups and the fact that the
contact set has non-empty interior: these two properties yield the Lipschitz regularity of
Reg(uo).

Lemma 7.2. Let w be a solution to (7.3) and assume that B,(—Tey,) C {w = 0} for some
p>0, 7€ (0,1). Then the following assertions hold true.

(i) There exists co € (0,1) depending only on p, such that O;w > 0 in By, for all
oeS" 1 witho, >1—co.

(i) There exists a Lipschitz function g such that
{w>0}NB,;s={(2',2,) € Byja: xn > g(a')}.

Further, the Lipschitz norm of g is bounded by a constant depending only on p.

(tit) Let ¢y € (0,1) and g as above, and define d(x) := x, — g(2'), x € {w > 0} N B,.
Then there exists ¢ > 0 depending only on n, X\, A, ¢ as in (1.3) and p such that

0w > cd in B, N{w > 0},
for all 0 € S" 1 with o, > 1 — 3.
Proof. To prove (i) we notice that for every point x € B/, the line passing through

x with direction o € S™! intersects B,(—Te,), whenever o, > 1 — ¢g and ¢ is close
enough to 1. Indeed, let y := z — o7 and compute
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ly — (—7en)| = |z + 7(e, — 0)| < |z| + |en, — o] < p,

where we have used that 7 € (0,1), 2 € B,/ and we have chosen o € S~ such that
le, —o| < §. In particular, it must be o, > 1 — ¢, for some cg € (0,1) depending only
on p. We deduce that d,w(z) > 0 by convexity of w and the fact that d,w(y) = 0.

To show (ii), we consider the level sets {w = ¢}, for € > 0 small. First, we notice that
Opw >0 in B, N{w=c}. (7.4)

Indeed, let v := J,w and assume v(wg) = 0 for some zg € B,/ N {w = €}. Then,
differentiating the equation of w and using part (i), we obtain

A5 (a:)@ijv =0 in Br(xo)
v>0 in B(zo),

for some ball B,.(z¢) C B,/2 N {w > 0} and some uniformly elliptic matrix a;; = a;;(x)
with ellipticity constants A and A. It thus follows that xy is a minimum for v and so
v = 01in B,.(zg) by the strong maximum principle ([22, Proposition 4.34]). Consequently
w = ¢ in B,(xg), which is impossible since the function f in the right-hand side of the
equation of w is strictly negative by (1.3) and F'(O,-) =0 by (1.2).

Now, in light of (7.4), we may apply the Implicit Function Theorem to deduce the
existence of a function h such that (2',2,) € B,/ N{w = ¢} if and only if z, = h(z', ),
with d.h > 0. At this point, by monotonicity, we set

g(z') == Eil;%h(x’,s) = lim h(z',¢), x' € B,/ N{x, = 0},
and thus, by definition, (2',z,) € B,/ N {w > 0} if and only if z, > g(z’).

To complete part (ii), we are left to prove that g is a Lipschitz function with Lipschitz
norm depending only on p. To do so, given x € B, /2Nd{w > 0}, we consider the cone C ,
with vertex at « and opening ¥, , € (0,7/2). The number ¥, , is the smallest opening
such that B,(—7e,) C C, ,. By convexity, we know that the “lower” part of the cone
C,., is fully contained in {w = 0}, while the “upper” part C;f , C {w > 0}. This implies
that g is Lipschitz. To prove that the Lipschitz norm does not depend on the point, it is
enough to notice that ¥, , > 9, for all z € Ep/g, where

Vp:=inf{V,,: 2 € B,ja} > 0.

Let us turn to point (iii) and establish the inequality for o = e,,. Let € B, /sN{w > 0}
be fixed and denote d := d(x) = x,, — g(2’). By non-degeneracy (see (5.14)), it holds

2
sup w > c (c—0d> ,
Begay2(@,9(x’)) 2
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for some ¢ > 0 depending only on n, A, A, ¢, as in (1.3) and p. Further, by part (i), w
is non-decreasing in all the directions o = (0, 0,,) satisfying |o’| < ¢p and so

w(z) > w(y) > cd?

for some new ¢ > 0 depending also on p, where y is any point in B 4/2(2', g(z')) where
the above supremum is attained. Consequently, since (z’, g(z')) is a free boundary point,
we have

/ Bw(a’, €)de = w(z) > cd?,
g(z’)

and hence, by the mean value theorem, there must be a point y in the segment (z’, f(z'))
and z such that

Opw(y) > cd.

Exploiting the convexity of w again (or the monotonicity of 9,w), we deduce 9,,w(z) >
Onw(y) > cd, and the case o = e, follows. To deduce the claim for all ¢ € S"~! satisfying
o, > 1 — 3 as in the statement, it suffices to write o = ae,, + v, where a > ¢ and
v € S" ! with v, > 1 — cg, and exploit part (i) to deduce

Osw = adpw + Oyw > Fed + 0 = cd,
for some new ¢ > 0 depending only on n, A\, A, ¢, as in (1.3) and p. O

Through a finer analysis of partial derivatives of solutions to (7.3), we deduce that
the blow-ups at regular points must be one-dimensional.

Lemma 7.3. Let w be a solution to (7.3). Assume that {w = 0} contains a half-cone with
non-empty interior and vertex at 0. Then, there are e € S~ and a > 0 such that

w(z) =ale z)3. (7.5)

Furthermore, a < a < b for some 0 < a < b depending only on n, A\, A and ¢, as in
(1.3).

Proof. Let C C {w = 0} be the half-cone having non-empty interior. Up to a rotation
of the coordinate system, we may assume C = {(z/,2,) € R" : z,, < —tand|z’|}, for
some ¥ € [0,7/2). For any o € S"! with —o € C, we have that v, := d,w > 0 in R",
as in (7) from Lemma 7.2. Hence {w > 0} must be Lipschitz as in (i) from Lemma 7.2.
Differentiating the equation of w, we deduce
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aij(x)aijvg =0 in {’LU > 0}
Ve =0 in 0{w > 0},

for some uniformly elliptic matrix {a;;};; with ellipticity constants A and A. Now, define
w(o) =sup{p >0: dyw — udpw > 0} and conclude that

Oyw = p(0)0pw  in R™.

Indeed, if there is a point where d,w — p(o)d,w > 0 we could apply the Boundary
Harnack theorem in Lipschitz domains [14, Theorem 1.1] to v, — p(o)ve, and v, , to get
that

Ve — p(o)ve, > cove,,,

for some ¢y > 0, which contradicts the definition of (o). Since o can vary over an open
subset of S"~1, we conclude that Vw = bd,w for some constant vector b € R"™. Hence
the level sets of w are hyperplanes perpendicular to b, that is, w is one dimensional.
Without loss of generality, w = w(x,). In particular, {w > 0} = {z,, > 0}. To complete
the proof, we notice that

D*w = w" M, F(w"M,zo) = —f(z0) in Ry,

where M is the n X n matrix with zero entries everywhere except at the n x n position,
where the entry is 1. If we show that w” = a in R, for some a > 0, our statement
follows since w(0) = w’(0) = 0. To see this, we fix h,k > 0 and we notice that by
uniform ellipticity

F(hM,xo) — F(kM,xq) = F(kM + (h — k)M, x¢) — F(kM,x0) > Ah — k|| M||,

that is, h # k implies F'(hM,x¢) # F(kM,xo). Consequently, since the r.h.s. of the
equation of w is constant, w” must be constant as well. Finally, by uniform ellipticity,
we have

Aa = A" || M| = F(w" M, z0) = — f(z0) > co,
and thus a > a := %. Conversely,
K > —f(xg) = F(w"M,zq) > " || M| = )a,

which yields a < b := % m|

On the other hand, when the blow-up has contact set with empty interior, we show
that it satisfies the equation in the whole space. Then, by the Liouville theorem, it has
to be a quadratic polynomial.



32 A. Audrito, T. Kukuljan / Journal of Functional Analysis 285 (2023) 110116

Lemma 7.4. Let w be a solution to (7.3). Assume that {w = 0} has empty interior. Then
w(z) = 27 Az, (7.6)
for some n x n matriz A > 0.

Proof. Since w is convex and its contact set has empty interior, it follows that {w = 0}
is contained in a hyperplane and, in particular, it has zero Lebesgue measure. Hence, by
[5, Theorem 2.7], w satisfies F(D?*w,zo) = f(z0) in R™ in the classical sense while, by
optimal growth, ||w| pe~(p,) < CR?, for all R > 1, where C' > 0 is as in (5.5). Then,
by the Liouville theorem, we deduce that w has to be a quadratic polynomial. Since
w(0) = |[Vw(0)| = 0, we conclude that w(z) = 2T Az for some matrix A. Since w > 0
also A>0. O

A standard argument allows us to show that singular points have zero density (in the
parabolic sense).

Lemma 7.5. Let u € P1(K) and let (xo,t0) € X(u). Then:

o 11 =00 @y (a0, t0)

=0.
r—0 Qx|

Proof. Without loss of the generality we can assume that (zg,%) = (0,0). Assume by
contradiction that there is a sequence r; — 0 such that

o =03 01Q (20, 0)

k—o0 |Q7"k|

=6>0.

Passing to a subsequence, we get Ury,, = Uo locally uniformly in R™*! and wug satisfies

(7.3). Since (0,0) is a singular point, {ug = 0} has empty interior. Combined with the

convexity of up, we conclude that it has to be contained in a hyperplane, say {; = 0}.
Since up > 0 in {27 # 0} and wg is continuous, we have for every § > 0

up>¢e  in{|z1| >0} NQ,

for some € > 0.
Therefore by uniform convergence of U, t0 g in ()1 we have for j large enough

2

in {|SL‘1| > (5} ﬂQl.

Ur

DN ™

In particular, the contact set of u,, is contained in {]z1] <} N Q1, hence

[{ur,, =0} N Q)
]
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Scaling back to u, we find that

{u=0}NQy, |
— "N <,
Qr|

for large j’s. Since & > 0 was arbitrary, we conclude that

{u=0}nQ,, |

J—roo |Qrkj | -
which contradicts the contradiction assumption. O

Remark 7.6. The inverse implication of the above statement holds true as well, that is,
any free boundary point with zero density is a singular point. The proof of this fact is
an immediate consequence of the Lipschitz regularity of the free boundary near regular
points (see Proposition 8.3).

8. Analysis of regular points

In this section we establish the C*° regularity of the regular part of the free boundary,
as the following theorem asserts.

Theorem 8.1. Let u € P1(K) with (0,0) € Reg(u) and assume that f € C*°. Then, there
exists oo > 0 and a C* function g such that

Qoo N {u > 0} = {(:L”,:L’n,t) € ng P p > g(x',t)},
up to a rotation of the spatial coordinates.

A key step to transfer the information from the blow-up to the solution is the so called
“almost positivity” lemma below.

Lemma 8.2. Let ¢ € (0,1], K > 0 and let {u,},c(0,1) be a family of solutions to

8,51) - F(D2’U,’I"ZL') = f(rx)X{U>0} in QQ (8 1)
v, at’U 2 0 mn Qg7
with F' and f satisfying
[fllcors) + 1F ot (sxp,) < K- (82)

Then there exist eg,r9 € (0,1) depending only on n, A, K, ¢o as in (1.3) and o, such
that if
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Oty — Oty — Uy > —€ 0 Qy,
for some r € (0,79), € € (0,60) and o € S"™1, then

Ootly — Ogtty —upr >0 in Qo
Proof. By scaling (see Remark 3.6), we may assume ¢ = 1. The proof is based on a
comparison argument as follows. Let us set u := u, and a;j(x,t) := (DF(D%u,rz));;.

Since the function M — F(M, ) is convex, we have

0=F(0O)> F(D2u(:c,t),rx) —aij(x,t)0;u(x, t),

and hence
O — aij(x,t)0u < f(rz) in Q1 N{u > 0} (8.3)
Differentiating the equation in (8.1) along the direction o, we obtain that v := 9,u
satisfies
v — aij(x,1)0v = 10, F(D*u,rx) + 10, f (rz), (8.4)

while, differentiating with respect to t and setting o := J;u, we see that
O — a;j(x,t)0;;0 = 0. (8.5)
Now, let (zo0,%0) € Q172 N {u > 0} be arbitrarily fixed, set
ro :=min{l,¢/(2K)},
and define
w=v—0—u+ % [Zx]r— 20|’ — (t—t0)].
Then, by (1.3) and combining (8.3), (8.4) and (8.5), we have

Ow — aij(z,1)0jw > r [0, F(D*u,rz) + 0, f (rz)] — flrz) — &

—r (IVeFllz=(sxp) + IV FllL=(s)) = flre) — %
>—rK — f(rz) - %
> —co+ f(rz) >0 in Q12 N{u> 0},

v

for all € (0,79) while, since |Vu| = dyu = u = 0 on d{u > 0}, it must be w > 0 in
Ql_/4(aco, to) NA{u > 0}. Further, on 8PQ1_/4(aco, to), we have by assumption w > —¢ + ¢,
where gg := 155 and thus the minimum principle ([22, Proposition 4.34]) yields
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inf w = inf w > 0,
Q1 )4(wo,to)N{u>0} 9p(Q1 4 (x0,to)N{u>0})

for all € € (0,&¢). The thesis follows by the arbitrariness of (zo,%0) € Q1/2N{u > 0}. O

Applying this result to the partial derivatives of solutions near regular points, we
deduce that such derivatives are nonnegative along the direction of growth of the blow-
up. This yields the Lipschitz regularity of the regular part of the free boundary.

Proposition 8.3. Let u € P1(K) with (0,0) € Reg(u), and assume that f and F satisfy
(8.2). Then, there exists oo > 0 and a Lipschitz function g such that

Qoo N{u > 0} = {(2, 2, t) € Qpy : T > g(a', 1)},
up to a rotation of the spatial coordinates.

Proof. Since (xq,%p) := (0,0) is a regular free boundary point, there exist a sequence
rr 4 0 and solution ug to (7.3) such that the rescalings wuy := u,, defined in (7.1) satisfy
(7.2) as k — 400 and {ug = 0} has non-empty interior. Consequently, thanks to the
invariance of the problem under spatial rotations, we may assume B,(—7e,) C {ug = 0}
for some 0 < p < 7 < 1. Thus, by Lemma 7.2 (part (iii)) and (5.5), it follows

dotig —ug > cd—Cd> >0 in B,;5 N{ug >0} N{d < ¢/C},
where ¢ > 0, 0 € S"! and d = d(z) are as in Lemma 7.2 and C > 0 as in Lemma 5.3
(in particular, o,, > 1 — ¢g, for some ¢ € (0,1) small depending on p). Combining this
with (7.2), we deduce that, given any € > 0, there is k. such that

Ooup — up > _% in Q,

for all k£ > k., where p > 0 is taken small enough depending on p, ¢ and C. Further, the
rescaled version of (6.1) in Proposition 6.1 gives

O, — Opup, —up, > —€  in @y,
up to taking k. larger. At this point, we fix € := £¢/2 and k. (eventually larger) such
that ry € (0,r9/2) for all k > k., where €9 and ry are as in Lemma 8.2. Since each uy,
satisfies (8.1) in @, with r = 7, we conclude

8guk - Btuk —uE >0 in QQ/Q,

by virtue of Lemma 8.2 and thus, scaling back to u, it follows

0ot — TR0yu > iu in Qo2 (8.6)
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To complete the proof, we fix k = k. (notice that k. depends only on n, A, K and ¢, as
in (1.3)) and set go := ™2, v := (0, —1). The above inequality implies d,u > 0 in Qz,,,
with 8,u > 0 in Q2,, N{u > 0}: these facts, combined with the arbitrariness of o € S"~!
with o, € (1 — ¢, 1), allow to repeat the argument used in the proof of Lemma 7.2 part

(ii) and to complete the proof of our statement. O

Once the regular part is proved to be locally Lipschitz, we go ahead with the analysis
of blow-up sequences around regular points and we give a uniform rate of convergence
to the blow-up in a neighbourhood of the free boundary point. This is an important step
towards the C! regularity of the free boundary. Moreover we conclude that the set of
regular points is open inside the free boundary.

Lemma 8.4. Let u € Py (K) with (0,0) € 0{u > 0}, 0 < a < b as in Lemma 7.3 and let
{ur}re(o,1) be the family of rescalings (7.1). Then for every ¥ € [0,7/2) and € € (0,1),
there exists r = r(¥,¢) € (0,1) such that if

Q1/r N{zn < —tan? (|2'| + ]t} C Q1yp N {u, = 0},

then there exist e € S"~* and a € [a,b] such that

lur — ale - x)i”cﬁ*“(@l) <e.

Proof. Assume by contradiction there are 6 € [0,7/2) and € € (0,1) such that for every
sequence 1 | 0 there holds

Qu/m, NH{zn < —tand (2] + V/t)} € Quyr, N {ur =0},

but

i = ae - 23 llope g = &

for every e € S"~! and a > @, where we have set uy, := u,, . Passing to a subsequence,
we may assume uy — ug as k — 400 in the sense of (7.2), for some limit ug satisfying
(7.3). Furthermore, since

up =0 inQyp, N{z, < —tand (|2| + \/H)}

for all k € N, we obtain ug = 0 in {z, < —tan¥|2’|}, that is, {z, < —tand|2'|} C
{up = 0}. We may thus apply Lemma 7.3 to deduce that ug is of the form (7.5), obtaining
the desired contradiction. O

We next improve the spatial regularity of the free boundary near regular points and
show that the second spatial derivatives are continuous up to the boundary there. We
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mention that the improvement of the free boundary regularity in space can be also proved
with different techniques (see [23, Theorem 4.2]). However, to the best of our knowledge,
the C?-regularity of solutions close to regular points was not known before.

Proposition 8.5. Let u € P1(K) with (0,0) € Reg(u), and assume that f and F satisfy
(8.2). Then, there exists go >0 and a C1, N C’?’l function g such that

Qg N {u>0}= {(x/7:vn,t) € Qgy 1 Tn > g(x/,t)},

up to a rotation of the spatial coordinates. Furthermore, there exists a modulus of conti-
nuity w : Ry — R4 such that

sup |D%u(z,t) — D*u(y, )| < w(r)
(z,t),(y,7)€QrN{u>0}

for all T € (0,%).

Proof. To establish the first part of the statement, we show the existence of g,r9 > 0
and a modulus of continuity w (that is, w : Ry — R4 with w(r) — 0, as r | 0) such that
for every (z9,t0) € Q, N O{u > 0}, there is e € S"~! (depending on (z,to)) such that

Qr(zo,t0) NO{u > 0} C {(z,t) : e (x — zo)| < w(r)r}, (8.7)

for all r € (0,79). This will be achieved in a couple of steps as follows.
First, we show that there exists ¢ > 0 such that for every e € (0, 1), there is € (0, 1)
such that, for every (z¢,t) € Q, N O{u > 0} there holds

lur — ale - (z = 20) 2l g1 enci(or) <& (8:8)

for some a € [a,b] and e € S~ depending on (z¢, to), where @ and b are as in Lemma 7.3.
This claim follows by noticing that, in light of Proposition 8.3, we have

{u>0}NQ2p ={(z',n,t) € Qap: n > g(a’, 1)},

up to a rotation of spatial coordinates, for some o > 0 and a Lipschitz function g
(with Lipschitz norm depending only on p). Consequently, there is ¢ € [0,7/2) and
r=r(0,¢) € (0,1) satisfying

Q1/r N{zn < —tand (|2 + VIED} Q1/r N {u, = 0}.

Then (8.8) follows directly from Lemma 8.4.
Second, we exploit (8.8) to show

Qr(zo,t0) NO{u > 0} C {(x,t) : le- (x — x0)| < Cfler}, (8.9)
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for all (zo,%0) € @, N O{u > 0} and some C > 0 depending only on n, A, A and ¢, as in
(1.3). Once this inclusion is established, (8.7) easily follows: notice that w is uniform in
@, since the constant C' above is independent of (x¢, to), and 7o is the biggest r € (0, 1)
for which (8.8) holds true (take for instance ¢ = 1).

To check (8.9), let us choose C' > 0 such that

C? > max{1/a,1/c},

where ¢ > 0 is as in Lemma 5.4. Then, for every (z,t) € Q,(zo,t0)N{e-(x—z9) > Cy/er},
we have by rescaling (8.8)

u(z,t) > ale - (x — 20))* — er? > aC?%er? — er? = er®(aC? — 1) > 0,

while, whenever (z,t) € Q,(xo,t0) N{e- (x —xy) < —Cy/er} and (z,t) € O{u > 0}, we
obtain by non-degeneracy and (8.8) again

cC?er? < sup u= sup u-—ale-(v—x0)]% <er?
Qe zr(w,t) Qe zr(z,t)

which is impossible and thus (8.9) follows.
At this point, it suffices to notice that (8.7) guarantees that at each point in @, the
graph of g can be touched from below and from above by the functions

2 = 2w (| + V) (I2'] + V]t

up to a rotation and a translation. Consequently, g is differentiable in a neighbourhood of
(0,0) and, since w is uniform in Q,, it follows that Vg is continuous in a neighbourhood
of (0/,0) with modulus of continuity 2w. The fact that g € C}*' is a direct consequence
of Proposition 8.3 and the first part of our statement follows with gg := g.

Now, we show that D?u is continuous in Qgo/2 N {u > 0}. As above, we proceed in
some steps. Let us set

pl*t) (@) = agleo - (¢ — o)]3, q"0") () == ag[eq - (x — x0)]?,

where ag € [a,b] and ey € S"! stand for a(wg,to) and e(zo, to), respectively. By (8.8)
and the first part of the proof, we have

||u _ p(afoﬂfo) ||L°C(Qr(mo,t0)) < w(r)rg,

for all r € (0,7p). Furthermore,

lg®e 0 = p O L @ (g o) usopy < W (r)r?,

for all r € (0,79), taking eventually rq smaller. To see this, let us assume (zg,t) = (0,0)
and ey = e, (which is always the case up to a rotation and a translation) and set
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p = pEoto) g = ¢(®o:to) Then p—q =0 in z,, > 0, whilst p — ¢ = —¢ in z, < 0 and
thus, for every (x,t) € @, N {u > 0}, we have

Ip(z) — q(z)] < q(zx) = apz? < bg(z', ) < bw?(r)r? < w(r)r?,
where ¢ is the CL N CY! function parametrizing Q, N d{u > 0} as above and b > 0 is as

in Lemma 7.5. Passing to the supremum, our claim follows.
Combining the two estimates above, we obtain

llu = g | Lo (@, (w0, 0y fus0p) < 20(r)r, (8.10)

for all r € (0,79) and, in a similar way, we also conclude
IVu — Vq(zo’t‘)) ||Loo(Qr(m0’t0)ﬂ{u>0}) < 2660(7“)7“. (8.11)
In particular, (8.10) and (8.11) imply that D?u(zg, to) exists and equals D?q(*0:t0) .= Ay,

for some suitable nxn matrix Ay depending on ag and e (and thus, on (zg, tg)). Actually,
the following quantitative bound holds true:

ID*u — D?q0")|| oo (@ (g o) us0y) < Cw(r), (8.12)
for all r € (0,79) and some C' > 0 depending only on n, A and A.

To complete the proof, we notice that, since p(*o:t0) satisfies (7.3) and is 1-dimensional,
it immediately follows that ¢(*0:*) satisfies

—F(D*q(™0") z4) = —F(Ao, ) = f(x0).
Consequently, the function v := u — ¢(*-*) is a solution to
o — F(D*v,z) = f(z) in Q,(z0,t0) N {u > 0},
where F(M,z) := F(M + Ag,z) — F(Ag,z) and f(x) :=
|F'(Ap,x) — F(Aog,xo)| < &(|x — xol), as well as |f(x) — f

modulus of continuity @. Since F belongs to the class (1.2) and ||f||con < K, we may
combine the Schauder estimates [38, Theorem 4.8] with (8.10) to deduce

f(x) = F(Ap, z). Notice that
(z0)] < &(|Jz — xz¢|) for some

x ¢ T 7
1% = D20 g, o) < 5 (I = 4"l (@ ot + 721 ll1=(@, a5

IA
Tl

(w(r)r2 + Krzdz(r))

IN

(C + K) max{w(r),o(r)},
(8.13)
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where Q,/2(2,5) C Qr(xo,t0) N {u > 0} and C depends only on n, A and A. Applying
this twice on @, /2(2,5) C Qr(x0,t0) N Qr(yo,70) N {u > 0}, where (yo,70) € d{u > 0},
it follows

”qu(xo,to) _ DQq(yO’TO)HLOO(QT/4(Z,S)) < Cuw(r),

for some new C > 0 depending only on n, A, A and K. Since ¢ is a polynomial of degree
2, this is equivalent to say

d((xo, o), (o, 70)) <7 = |D?q#orte) — D2gom0)|| o < Cuo(r), (8.14)

for all r > 0, that is, the function 0{u > 0} > (2,t) + D?¢®?) is continuous.

To complete the proof, let us fix (z,t), (y,7) € {u > 0}, set p := d((x,t), (y,7)) and
consider (zo,to), (yo,70) € O{u > 0} projections of (z,t) and (y,t) over d{u > 0}.
Further, let us set

dy :=sup{r > 0:Q,(z,t) C {u>0}}, dy- =sup{r >0:Q.(y,7) C {u>0}},

and d := min{d, +,d, r} (by symmetry we may assume d = d ).

Let us first examine the case in which 4p < d: under such assumption, we may assume
Q2p(z,t) C Qalxo,to) N Qa(yo, 70) N {u > 0} and thus, in light of (8.13), (8.14) and the
definition of p, we deduce

|D?u(x,t) — D*u(y,7)| < | D*u — D*q'"")|| oo (0, (2))
+ || D?q@oto) — p2glvo.mo)||
+ ||D2u — D2q(y0’70)||L°°(QP(y,r)) S Cw(|a: - y| + AV4 |t — TD,

and the continuity of D?u follows. On the other hand, when 4p > d, we have dys <d+p
and thus (8.12) and (8.14) yield

|D*u(x,t) — D?u(y, )| < |[D*u — D*q ™) || oo (Qu (0 o) {u0))
+ ||D2q(x°’t0) _ qu(yﬂv"—o) lloo
+ |1 D%u = D2qW ™| oo (@ (50, 70) P {u>0])
< 20w(d) + Cw(d + p) < Cw(|z —y| + /|t — 71),

for some new C > 0 and the proof is complete. 0O

At this point, to complete the proof of Theorem 8.1, we apply the higher order bound-
ary Harnack inequalities from [28] (as already mentioned in the introduction, we may
alternatively apply [27, Theorem 3]): in this way, it follows that near regular points the
free boundary is C'* in space and time.
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Proof of Theorem 8.1. The proof combines Proposition 8.5 and the higher order bound-
ary Harnack inequalities established in [28] as follows.
By Proposition 8.5, we have

Qoo N{u >0} = {(@',2n,1) € Qoo Tn > g(a',t)},

up to a rotation of the spatial coordinates, for some gy > 0 and some C}, N C’? 1 function
g. Further, as already obtained in (8.4) and (8.5), given any v € S™ C R""!, the partial
derivatives v, := d,u satisfy

Oy, — aij(x, )00, = fu(z,t) in Qp, N{u > 0}
v, =0 in Q,, N{u > 0},

for some f, € L>®(Q,,) and a;j(x,t) := (DF(D?u,x));;. The coefficients a;; are con-
tinuous in Q,, N {u > 0}, by the second part of Proposition 8.5. On the other hand, by
(8.6), we know that

1 .
Ovu > Tu  in Qrp,/2

whenever v = (o,+r), 0 € S*~! is sufficiently close to e, and r > 0 is small enough,
up to taking gy smaller: o, € (1 — ¢g,1) and r € (0,r9/2), where ¢y € (0,1) is as in
Lemma 7.2 and r¢ € (0,1) as in Proposition 8.3. In particular, d,u > 0 in @Q,, up to
taking o9 smaller and thus, a straightforward adaptation of the proof of Lemma 7.2 part
(iii) shows that

Opu > cd  in Q2 N {u > 0}.

This allows us to apply the boundary Harnack principle (see [28, Theorem 1.2]) to the
functions ve, = Q;u, ve, ., := Oyu and v,, = J,u and deduce that

8iu
O

€ O (Qgp/aN{u>0}), (8.15)

for every aw € (0,1) and i = 1,...,n + 1. Consequently, the functions

O Oiu/Onu

- V. - . 1/2°
[Vl (52 G/ 0nu)? + 1+ (D Oyu)?)

v; i=1,....,n+1

can be Cp-extended up to {u > 0} and so, by definition of 7 and g, this yields
geCyte,

for every a € (0, 1).
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We can bootstrap this argument by means of the higher orders boundary Harnack
inequalities [28, Theorem 1.3]. Assume that the free boundary is already Cg , for some
B > 1. First by [28, Corollary 5.3] all the derivatives d,u are C’g up to the boundary,
hence D?u is Cg_l. It follows that the coefficients of the equation for the derivatives
are also C’g ~1 which allows us to apply higher order boundary Harnack inequality [28,
Theorem 1.3] to deduce that gﬁ, i=1,...,n+1 are Cf. Hence g is Cf“ and the claim
follows. O

Proof of Theorem 1.1. The result is an immediate consequence of Theorem 8.1, Lemma,
7.3 and Lemma 7.4. O

We end the section with a couple of corollaries of Theorem 8.1. In the first one, we
show uniqueness of blow-ups at regular points while, in the second, we prove that regular
points have density 1/2 (in the parabolic sense).

Corollary 8.6. Let uw € P1(K) and let (xo,to) € Reg(u). Then the blow-up of u at (xg, to)
1S unique.

Proof. Up to a translation and a rotation, we may take (zo,%9) = (0,0) and assume that
uo(z) = a(x,)?% is a blow-up of u at (0,0) along some sequence i, — 0, for some a > 0.
Now, assume by contradiction there is @g(z) = a(e-x)3 such that u,, — G as k —
in the sense of (7.2), along some new sequence p; — 0, for some e € S"~! such that
e # e, (notice that the constant a > 0 is the same since, up to a rotation, ug and g
satisfy the same ODE, cf. Lemma 7.3).
By Theorem 8.1, there is a smooth function g such that

(z,t) € Reg(u) if and only if =z, = g(a’,t)

locally near (0,0). Taylor expanding g around the origin and re-scaling, it is not difficult
to check that the normal vector v, to d{u, > 0} at (0,0) is given by

Vr = (7v$’g(07 O)’ L, 77”6759(07 0)),
for all r € (0,1). In particular,

lim v, = (=V4¢(0,0),1,0).

r—0
On the other hand, v, = V¢ 4, /| V4, ur| and thus, a direct computation combined with
(6.1) and (7.2) shows that

VUO vao

Vgl ~ 7 T [Wag] A Vers

lim v,, =
— 00

in contradiction with the existence of the limit of v, as r — 0. O
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Corollary 8.7. Let u € P1(K) and let (xq,to) € Reg(u). Then:

o 11 =0} N Qs @ost)] _ 1

r—0 Qx| 2

Proof. Without loss of generality we assume that (zo,%9) = (0,0) and we let ug be the
blow-up of w at (0,0). By Lemma 7.3 and Theorem 8.1, we may assume that ug(z) =
a(z,)3 for some a > 0. Now, since

{u=0}nQ _{uw=01n@| . Hu=0}n@Q| _1

Qx| Q1] Q1] 2’

it is enough to show that

X{u,>0} = X{uo>0} a.€. in @1, (8.16)

and conclude that [{u, = 0}NQ1| — |[{up = 0}NQ1| as r — 0, by dominated convergence.

Let us show (8.16). First, we fix x € {ug > 0} and set ug(z) := J, for some § > 0
depending on z. By uniform convergence, u,(z) > §/2 for all r small enough and thus
X{u,>0}(x) = 1 asr — 0.

Second, we show that X, >0} — 0 pointwise in {z, < 0} N Q; as 7 — 0. Assume
not. Then there are (z,t) € {x, < 0} N Q1 and ¢ € (0,1) such that u,(z,t) > 0 for all
r € (0,79). Let ¢ := dist((x, t), {x, = 0}). By construction, for every sequence ry — 0,
there are (xy,tr) € O{uy > 0} such that (zg), < —0 for all k¥ € N, where we have set
ug, := u,, . However, by non-degeneracy (5.14), we have

2
up(ye, 7) :=  sup  up >c(3)7, (8.17)
Qs/2(Tk,tk)

for all kK € N and some (yx,7x) € Qs5/2(Tk,tx), where ¢ > 0 is as in Lemma 5.4. Up to
passing to a subsequence, we may assume (yx,7x) — (4o, 70) for some (yo,70) € {zn <
—3§/2} N Q. Notice that u(yo, ) = 0 and so, by uniform convergence, u(yo,70) — 0
as k — oo. Consequently, by C*! regularity, we have

0 < up(ye, %) < |wr(yr, %) — wr(yo, 70)| + vr(yo, 70) = 0,

obtaining a contradiction with (8.17). As a consequence, (8.16) and the proof of our
statement follows. O

9. Analysis of singular points

The goal of this section is to prove Theorem 1.2 and Corollary 1.3 and establish
some covering properties of the singular part of the free boundary. To derive such the
properties we will exploit the fact that the second derivatives of the blow-up are positive.
In this direction we prove a second “almost positivity” result, in the spirit of Lemma 8.2.
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Lemma 9.1. Let ¢ € (0,1), K > 0 and let {u,},c(0,1) be a family of solutions to

{atv — F(D*) = f(re)xsoy  inQ, (9.1)

v, 0w > 0 in Q,,

with F satisfying (1.2) in By, f satisfying (1.3) in By. Let a;;(z,t) := (DF(D?u,));;
and let {w,}re(0,1) be a family of continuous functions satisfying

O — a5(z,t)055v > rg(rx)  in Qp N {u, > 0},
for some bounded function g with ||g||pp,) < K. Then there exist dp,é0 > 0 depending

only on n, co, A, K and o such that, for every § € (0,8), ¢ € (0,1) and C > 0 with
e/C < &, there exists r € (0,1) such that if

o w, >0 in Qp,NH{u, >0},
o Wy > —€in Q,
o w, > C in Q,N NE({u, =0}),

then w, > 0 in Qg/g.

Proof. By scaling we may assume ¢ = 1. Let us set u := u,, w := w,, r € (0,1) and
define

U(f,t) = w(ﬁat) - [’U,({,C,t) - % (ﬁ|$ - 1'0|2 - (t - tO))]
for some v > 0 and (2o, ) € Q1/2 N {u > 0}. Noticing that

O > a;j(z,t)0iw + rg(rz) — 7[F(D2u) + flra) + %]

0ijv = 0w — Y[Oiju — 150351,

and recalling that the function M — F(M) is convex, it is not difficult to obtain

O — a;j(z,t)0;v > 'y[al-j (z,t) — F(DQU)] +rg(ra) —vf(rx) — Y ik Z ai — 5
i=1

2 0=rllglle~m) +7c —7F —7%F
>—rK+~y% >0 inQiN{u>0},

provided r is taken small enough depending on ¢,, v and K. By the minimum principle
[22, Proposition 4.34], it thus follows

inf v = inf . (9.2)
Q1 /2 (w0,t0)N{u>0} Op(Qy 5 (0, to)N{u>0})
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Now, let us take

. 6dnA o 1
Co = =12, v = Coe, </ @o

where C' > 0 is as in (5.5). Then, in Ql_/2(330,t0) N d{u > 0}, we have w > 0, u = 0 and
thus

o|Ql

Z COK7

V> (%LA|xfxo|2 - (tfto)) > 0.

Further, in BP(QI_/2(370, to)) N Ns({u = 0}), we have w > —e and, by optimal growth,

0>~ =08 +y582 > —e — £Co 0% + 2¢ > e(1 — CoC6?%) > 0,

thanks to the definitions of 4 and d. Finally, in 6p(Q1_/2(aco,to)) N Ns({u = 0})¢, there
holds

v>6—7K=5(§—COK)20,

by the choice of €. The thesis follows by (9.2) and the arbitrariness of (¢, to) € Q172N
{u>0}. O

9.1. Lipschitz reqularity of the whole free boundary

In what follows, we apply the “almost positivity” lemma to bound the gradient of the
solution Vu in terms of its time derivative O;u, locally near any free boundary point.
This fact, combined with the Implicit Function theorem, will allow us to conclude that
the free boundary can be locally written as a Lipschitz graph, where time is explicit in
terms of the space variables.

Lemma 9.2. Let u € P1(K) with (0,0) € 0{u > 0}. Assume that || f||cor(p,) < K and
that Oyu > 0 in {u > 0}. Then there exist ¢ > 0 and gy > 0 such that

Owu > c|Vu|  in Qy. (9.3)

Proof. Let {u,},¢(0,1) be a family of rescalings of u as in (7.1), satisfying (9.1) in Qq,
and consider the functions

v := Adwu, % O;u,,

for i = 1,...,n and some A > 1. Differentiating the equation, we easily see that v
satisfies

O — a;j(x, )0 v =70 f(rz)  in Q1 N{u, > 0},
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where, as always, a;j(z,t) := (DF(D%u,));; and, in addition, v = 0 in d{u, > 0}.
t

Further, given a small § > 0 as in Lemma 9.1, we exploit Theorem 5.1 to see that

v>—C6:=—¢ in Q1N Ns({u, =0}),

where C' > 0 depends only on n, A\, A and K. On the other hand, since d;u, > 0 in
{u, > 0}, we have that dyu, > ¢ in Ns({u, = 0})° N Q1 for some constant ¢ > 0
depending on ¢ and r and hence, by Theorem 5.1 again, we may choose A large enough
such that

’UZAE*CZ%::E in @ N Ns({u, =0})°.

Taking eventually ¢ smaller and A larger, we may assume both § < & and ¢/C < &,
where dg and &y are as in Lemma 9.1 and, by the same lemma, we deduce the existence
of r such that v > 0 in @2, which is equivalent to our statement with ¢ := 1/A and
oo:=r. O

Below we prove the Lipschitz regularity of the free boundary near any point.

Corollary 9.3. Let u € P1(K) with (0,0) € 0{u > 0}. Assume that || f||co1(p,) < K and
that Oyu > 0 in {u > 0}. Then there exists a Lipschilz function T : By, — R such that

Qi2N{u >0} ={(z,t) € Qo : t > 7(x)}. (9.4)

Proof. Let us consider the level sets {u = €}, for ¢ > 0. Since dyu > 0 in {u > 0}, we
may apply the Implicit Function theorem to deduce the existence of gg, g9 > 0 and a C*
function h : B,, % (0,&0) — R that locally parametrizes {u = €}, that is, u(x,t) = ¢ if
and only if ¢ = h(x,€). Furthermore, d.h > 0 and, by (9.3), we also have

o =2 oo o,
8{&

for some C' > 0 independent of &, up to taking gy smaller. Consequently,
|h(l‘,5) - h(yve)‘ < C‘x - y|7

for some new C (still independent of €) and all z,y € B,,. Consequently, setting 7(z) :=
lim._,q h(z, ), we may pass to the limit as ¢ — 0 into the above inequality and conclude
the proof of our statement. O

9.2. e-flatness in space of the singular set
In order to establish further regularity in space, the idea is to apply the “almost

positivity” lemma to the second spatial derivatives of the solution (which become su-
persolutions to the linearised equation, as in (6.7)). For this reason, in the majority of
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the following statements, we have to assume that F in (1.2) is independent of the space
variables.

We begin with an auxiliary result stating that, when we move away from the free
boundary, the convergence of the blow-up sequence is actually in C2.

Lemma 9.4. Let u € P1(K) with (0,0) € X(u). Let {u,}rc(0,1) be the family of rescalings
defined in (7.1) and assume u,, is a blow-up sequence satisfying (7.2). Then for every
€,0 > 0, there exists kg € N such that

lure — wolle2(Q, 2 Ns ({un, =0})e) < &
for all k > ky.

Proof. Similar to the proof of Proposition 8.5, since wg is a quadratic polynomial,
D?ug := A is a constant matrix satisfying —F(D?ug) = —F(A) = f(0). Now, let us
set up 1= u,, and v 1= up — up. Using the equations of u; and ug, we easily see that

Oyvy, — F(DQUk) = fk(l‘) in Q1N {uk > 0},

for all k € N, where F(M) := F(M + A) — F(A) and fi.(z) := f(rgz) + F(A). Hence,
interior estimates ([13, Theorem 1.1] or [38, Theorem 1.1]) yield

C -
1D*0k ]| L~ (@5 wo o)) < 57 (108111 (@aswo o)) + L (712 | o (@as 0,10 »

for some C' > 0 depending only on n, A and A, and all (z9,%0) € Q1/2 and 6 > 0 such
that Qas(xo,t0) C @1 N {ur > 0}. Consequently, given any € € (0, 1), we may combine
the above estimate with the fact that both vy, and fj, converge to zero locally uniformly
in R™, to deduce the existence of ky € N such that

I1D?0k|| Lo (@5 (orte)) < &5

for all k > ko. By the arbitrariness of (zo,%0) € Q172 N Ns({ux = 0})¢, we complete the
proof of our statement. O

From the above result, we conclude that if the blow-up is positive in some direction,
then the second derivative in space of the solution is positive along the same direction,
when we look away from the boundary. On the other hand, thanks to the semiconvexity
estimate (6.3) the second derivative is not too negative close to the free boundary and
hence the “almost positivity” lemma applies. The next lemma, in the spirit of [5], is
crucial to establish the e-flatness in space.

Lemma 9.5. Let u € P1(K) with F as in (1.2) and independent of x, f satisfying (6.2)
and (0,0) € X(u). Assume also
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n
up() = Nai, A =0, Ay >0, (9.5)
j=1
is a blow-up of u at (0,0). Then for every ¥ € [0,7/2), there exist og,c > 0 depending
on ¥, A, such that
Occtt > ¢|Vu|  in Qg
for every e € S"71 satisfying e, > cosV.

Proof. Let us fix ¢ € [0,7/2), A\, > 0 and let uy := u,, be a blow-up sequence converging
to ug. The main idea is to apply Lemma 9.1 to the functions

Uk i= Oeety £ cOup, keN, i=1...,n.
Similar to the proof of Lemma 9.2, it is not difficult to check that each v := vy ; satisfies
O — a;j(z,t)0;v > rpg(rrr)  in Q1 N {ug > 0},

where g(x) := 70c.f(x) F 0; f (x) satisfies ||g||z~(p,) < 2K by assumption. Furthermore,
we have v > 0 in Q1 N {uy > 0} (this is an immediate consequence of the fact that
ug, > 0 and |Vug| = 0 on d{uy > 0}, combined with (6.3)).°

Now, let e € S with e, > cos¥. Since dppug = 2\, > 0 and \; > 0 for every
j=1,...,n—1, it is not difficult to see that d..uy > C for some C > 0 depending on
and A,. Consequently, in view of Lemma 9.4, for every § > 0, there holds

Oeciy > % in Ns({up = 0})°,

for all k > ko and some ko depending on ¥, A, and §. If Cp > 0 is such that [Vug| < Cy
in @1 (k> ko), we may choose ¢ < % to obtain

v>Ci=<  in QN Ns({uy, = 0})°.
Finally, by Proposition 6.1 and Lemma 5.3, we have that
v>—C|logd|™* = C¢ in Ns({ur = 0}),

for some new C' > 0 and ¢ € (0, 1) depending only on n, A\, A and K. Choosing § small
enough, the assumptions of Lemma 9.1 are fulfilled for each k > kg, and so

v>0  in Qo

6 Here we are implicitly using that dcew > 0 in 8{u > 0}: with this we mean that d..u can be extended
as a continuous function from below up to d{u > 0}.
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that is, taking k = ko,
Oett > i|€)zu| in Q,, /2,
for all 4 = 1,...,n, which readily implies our claim with oo :=r,. O

Once the second derivatives along a cone of directions are positive in a neighbourhood
of a singular point, we can prove that the solution itself is positive along the same cone
of directions at any other singular point in a smaller neighbourhood.

Corollary 9.6. Let u € Py(K) with F as in (1.2) and independent of z, f satisfying (6.2)
and (0,0) € X(u). Assume also

n

up(z) =Y Nal, A =0, A, >0,
j=1

is a blow-up of u at (0,0). Then for every ¥ € [0,7/2), there exists o9 > 0 depending on
9, A, such that for every (zo,t0) € Qo N L(u), we have

u>0 in {(z,tg) € By, : |(x — x0)n| > cosV ||z — zo]|}-

Proof. Let usfixd € (0,7/2) and 6 € (0,9). By Lemma 9.5, there are gg, ¢ > 0 depending
on A\, and 6, such that

Ocett > ¢c|Vu| in Qypy, (9.6)

for every e € S*~! with e, > cos¥.

Now, by contradiction, we assume there is (xo,tg) € Q,, NX(u) and (x, %) € {(z, o) :
|(x — x0)n| > cosf|z — x|} such that u(x,ty) = 0, and we proceed with a delicate
geometrical construction as follows.

Let e := (z — z¢)/||xz — zol|- By (9.6), we have deets > 0 in Q,, and thus u = 0 on the
segment [zg, z]. Now, let us fix z1, 29 € int([xo, z]) satisfying |x1 — z2| = £ > 0, and let
us choose a system of coordinates y = (v, ¥, ) such that z; coincides with the new origin

th unit vector.

and e is the new n

Let € € S"~! be perpendicular to e and z = (1 — s)z1 + sz + ré, where s € [0,1] and
r > 0. Then if r € (0,79) and r¢ > 0 is small enough (depending on 6, 1, x2), we have
Oe;e;u > 0,7 =1,2, where

To—=Z2 62 = zZ—T

€1°= Tazo—2l’

and thus we may combine this observation with u(zg) = u(z) = 0 to deduce

Oe,u(z) >0 and  Oe,u(z) <O0.
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Consequently, writing e; = «;(r)e + B;(r)é (i = 1,2) for some a;, 8; : R — R satisfying
a;(r) € (1/2,1) in (0,79) and B;(r) < Cr in (0,7¢) for some constant C' > 0 depending
on @ and x1, we obtain

deu(z) > —20l|0pu(z)| > —C?,

= ar(

for some new C' > 0. Repeating the argument with es, it follows
|0eu(z)| < Cr?.

As a consequence, if y' € Bl and p; := 1 + (¢/,0), p2 := x2 + (¥, 0), we deduce

/8eeu = Oou(zy +y') — deulzy +y') < ClY)?,

P1
which, combined with (9.6), yields

p2
/ IVl < Cly 1, (0.7)

p1

for some new C > 0. Now, we consider the cylinder
Cri={(1—s)z1+sz2+(y,0):s€(0,1), ¥ € B},
with r € (0,7r9) and we show that
fu < Cr®. (9.8)
Cr
Indeed, if v(y') :=y'/|y’|, we may exploit (9.7) and that r < ry to estimate

’

[yl

Cn
][u(y)dy =g //VU(SV(y’),yn)-V(y’)dsdy
Cr Cr 0
y D2
_Er" 1/// Vu|(sv(y'), yn) dyndsdy’
0 p1

/

[y’

2 / cnC "3 7,1 3
_Kr" /s dsdy Sgrn—1/|y| dy' < Cr?,
B 0 Bl

'r
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for some new C' > 0. At this point, we take m := [£/2r| disjoint balls inside C, with cen-
tres y; € [r1,22], j = 1,...,m. Since the volumes of UJL, B, (y}) and C, are comparable
by construction, the above inequality yields

u(y)dy < Cr?,

UT:lBr(y;)

for some new C' > 0 and thus, there must be j € {1,...,m} such that, setting y, := i,
we have

][ u < Ord. (9.9)

B (yr)

Notice that y, must be a free boundary point: if y, is in the contact set, then there is
ro > 0 small enough such that B, (y,) C {u = 0} and so, by convexity, any segment
[x0,y] with y € B, (y,) is fully contained in {u = 0}. It thus follows that, by time-
monotonicity, (zo,%o) has positive density, contradicting Lemma 7.5.

Finally we show that (9.9) is in contradiction with the non-degeneracy estimate (5.14).
Notice that since dyu > 0, u(-, to) satisfies

F(D?*u(z,ty)) > 0.

Hence by the maximum principle [22, Proposition 4.34], we have that

sup u < C ][ U

Brlyo) Ba:(yo)

for any yg and r > 0. But then for y, at scale r we have

er? < sup u< sup u(-,tg) <Cr3,
Qr (Yryto) Br(yr)

which gives us the desired contradiction. O

The above result says that the free boundary can be touched at singular points with
two-sided cones of arbitrarily large opening, when we look any time-slice of that singular
point. Combining this property with the time monotonicity of v and the fact that the
free boundary is a Lipschitz graph ¢ = 7(x), we show that the same is true also for the
projection of the singular set

pr(X(u)) ={zx € By : (z,t) € ¥(u) for some t € (—1,1)}.

For simplicity we denote the two-sided cone centred at x(y of opening 9 in direction eg
with
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C(xo,e0,?) :={zx € R™: \/\m —x0]? — ((x — w0) - €9)?

< tand'}.
(& —0) o] J

Lemma 9.7. Let u € P1(K) with F' as in (1.2) and independent of x, f satisfying (6.2)
and (0,0) € X(u). Assume also || f||cor(p,) < K and that Oyu > 0 in {u > 0}. Then
there exists eg € S"! such that for every ¥ € (0,7/2), there exists g9 > 0 such that

By, Npr(X(u)) N C(zo, €0,7) = 0 (9.10)
for all zg € By, Npr(X(u)).

Proof. Let ug be a blow-up of u at (0,0) € ¥(u). Then, up to a rotation of the coordinates
system, we may assume that ug is of the form (9.5). Consequently, by Corollary 9.6, given
any ¢ € (0,7/2), we deduce the existence of pg > 0 such that v > 0 in C(xq, e, ) X {to},
for any other singular point (zo,to) € Q,,. Furthermore, since 0{u > 0} can be written
as the graph of a Lipschitz function 7 = 7(z) by Corollary 9.3, the full free boundary in
B,, x R is actually contained in Q,,, if 0o := % p2, where L is the Lipschitz constant of
the function 7.

Now, let g € B,, N pr(X(u)) and assume by contradiction there exists yg € By, N
pr(X(u)) N C(xog, en,d). Then, from we have just discussed above, there must be ¢y and
so such that (xo,t0), (Yo, 50) € Qp, N L(u) (notice that by symmetry we may assume
to < so) and, by Corollary 9.6, there holds u > 0 in C(zg, en, ) X {to}. However, by
time-monotonicity, the same is true in C(zg, €5, 9) X {so} which, in particular, contains
(Yo, 80). This contradicts the fact that (yo, so) is a free boundary point. O

As each cone with vertex at singular points can be taken arbitrarily close to a half-
space, the projection of the singular set is e-flat for any € > 0, as stated in the next
corollary.

Corollary 9.8. Let u € Py(K) with F as in (1.2) and independent of z, f satisfying (6.2)
and lvet (0,0) € X(u). Assume also | f|cor(p,) < K and that du > 0 in {u > 0}.

Then for every € > 0, there exists oo > 0 and a Lipschitz function G : R"~1 — R with
[G]co.1wn-1) < € such that

By, Npr(X(u)) C By, Ngraph(G),
up to a rotation of the coordinates system.

Proof. Let us fix ¢ > 0 and set ¢ := arctan(1/¢). Then, up to a rotation, Lemma 9.7
yields the existence of gy > 0 such that

By, Npr(X(u)) NC(zg, e, ) = 0,
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for any other xo € By, Npr(X(u)). In particular, we deduce that for every 2’ € B, there
is at most one z,, such that (2, x,) € By, N pr(X(u)). Now, set

S ={z': there is x, such that (z’,z,) € By, Npr(X(u))},
and define G(z') = z, on S. By the above property, G is Lipschitz continuous with
[G}Co,l(géo) < £ and thus, by Kirszbraun’s theorem, G may be extended to R"~! without
increasing its Lipschitz seminorm. It thus follows that B,, Npr(X) is covered by the graph
of (the extension of) G and our statement follows. O
In particular, since the free boundary is Lipschitz, this implies Theorem 1.2.

Proof of Theorem 1.2. Thanks to Corollary 9.3 the free boundary can be written as the
graph over the time coordinate of a Lipschitz function 7 as in (9.4). But as for any € > 0

the projection of the singular set can be locally covered by a graph of a function G with
[G]cor(rn-1y < €, see Corollary 9.8, the full singular set is locally covered by

NQ, C{(z,G(),7(«',G(z"))}.
The claim follows. O
Once the singular set can be covered by a (n — 1)-dimensional Lipschitz manifold, it
follows that the singular set cannot be too large at most times, in view of [18, Corollary
7.8].
Proof of Corollary 1.3. Because the projection of the singular set is locally contained
in a Lipschitz manifold of dimension n — 1, it has at most Hausdorff dimension n — 1.

Moreover, since the full singular set is Lipschitz, it can be touched from above by cones.
Hence [18, Corollary 7.8] applies and yields the result. O

Data availability
No data was used for the research described in the article.
Appendix A

Proof of Lemma 3.3. By scaling, we may assume 7 = 1. Let us fix § € (0, 1) and (z,t) €
Bi_g5 x (=1 + 442, —%). By Remark 3.6, it is enough to prove

v C
( ][ u) < o (w(0,1) + 1 fllze@n);

Q5 (1)
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and recover (3.3) by translation. The idea is to recursively apply Theorem 3.2 on cylinders
Dy (g, tx) and D;k (g, tx), where the sequences {dx}reny and {(zg,tx) tren C Q1 will
be suitably chosen.

We set dg := 6 and we choose (x0,?0) € Q1 such that Dy (zo,t0) = Qg;(z,t) (that is,
2o = x and ty = t + 3563). Further, we define

01 := 209, x1:= (1 - |x%|50)x0’ t1 =19+ 35% + 353

Notice that z; belongs to the segment joining xg and the origin, with |z; — 2| = 01.
Now, we firstly apply (3.2) with r = 20y to obtain

1
( ][ up) SC( inf u+6g||f||Loo(Ql)), (A.1)
D (wo,to)
D‘;O (w07t0)
for some C' > 0 depending only on n, A and A. Second, we notice that there exists
Ty € Bs,(xo) such that Bj,/2(Zo) C Bs,(x0) N Bs, (x1), by definition of §; and x;. This
implies that the set QOJ = D;; (zo,to) N Dy, (x1,11) satisfies
1Qo1| > | Bsyjal - 05 = 27 wndi 2.
Consequently,

. . |Ds,| CR z
inf w<infu< —1 uP <2 » uP | .
Dy, (zo.to) Qo1 |Qo,1

D‘;_l (Tl,tl) Dé_l (xl,tl)

Combining the above inequality with (A.1), it follows
1 1
(f o) =c{( F @) +BWlme) @2
D5, (zo,to) Dy, (z1,t1)

for some new C > 0 (depending only on n, X and A).

Then, we iterate this procedure. Set
5k+1 = 25k7 L1 = (1 — |ﬁ—k|6k)xk, tk+1 = tk + 3(5;3+1 + 35]%
On the lines of the argument above, it is not difficult to find

( ][ up)%gc{( f u”>%+5i|f|m<@1>}a

D5, (@k,tk) D5, (@kq1,tet1)
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for every k € N, where C is as in (A.2). The iteration stops at an index k = N — 1 for
which either

( up);scw{( f up)‘l’+2N||f||Loo(Ql>J:§_j:<2C>J’}

Dy, (zo,to) Dsy_,(@N_1tn-1)

< cN{( / u) ' +2N||f||m@1>},

Dy (@n—1,tn-1)

(A.3)
and D;N,l(xN—lvtN—l) Q Q1, or

uP pch{ inf u+ 2V f|| Lo }
< 7[ > D;Nil(mN—htN—l) H HL (&

D‘;O (CEO 7t0)

and Dy; (zn,tn) € Q1. In both cases, it is not difficult to check that 2N§y ~ 1, in the
sense that ag < 2Vdy < by, where ag and by are two positive numerical constants (for
instance, one could easily check that in the first scenario we have ty —to = 533 (22Y —1)).

Now, let us assume that (A.3) holds true with D;Nfl(xzv—htzvq) ¢ @ (the other
case can be treated similarly). Then we refine the definition of §; and (zy, tx), by setting

Fir = 00y gy = (L= 00Tk, fhpn 1= th + 3(0h41)” + (5%

where g € (1,2], &) := dp and (xf,t;) := (zg,t0). We then repeat the iteration above up
to the step N — 1. At this point, by continuity, we may choose ¢ := gg € (1, 2] such that

0.1) € D, (& 1ty ) €@
and so, applying once more (3.2) to the r.h.s. of (A.3), it follows

1
P
Up) S CN+1{ lnf U+ 2N||f||Loo Q }
( ][ D+§V_1($IN—17th—1) @V

5
Ds, (zoto)

< OV (w(0,1) + 2Y| £l L (@1)) -

Recalling that 2V6y ~ 1 (that is, N ~ |logy(dp)|), we immediately see that CN*1 <
Céy™ for some C,m > 0 depending only on n, A and A, and the thesis follows. O

Proof of Corollary 3.5. Thanks to translation and scaling invariance of the problem we
can assume that » = 1. Let us fix § € (0,1/4) and cover By x (—1,—3/4) with a finite
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number of disjoint “parabolic cubes” Qs(xx,tx), k € {1,...,ks} for some ks € N, such
that

| Uk Qs(, )] < |Ql- (A.4)

We also consider a family of cylinders @, (x, tx), where the radius r is defined as follows:
ri=inf{o > 0: Qs(wk, tr) C Qqlak, i)}

By construction, r = ¢,d, for some ¢, > 0 (depending only on n). Consequently, by (3.3)

P (1Q.) PO/,
u) §<|~ ][ )" < (it ||l o) )
<~ ][ |Q6|Q 4 Q1+/2

Qs (zk,tr) r(Tkytk

for every k € {1,...,ks}, where C, m and p depend only on n, A and A. Summing on k,
using Jensen’s inequality (p € (0,1)) and recalling (A.4), we obtain

ks 1 ks ES
C < 1 P 1 P
< 1nfu+||f||Loo )2— E < ][ up> 2( E _ / up)
0"\ @y, @) ks o= \_ = ks| Qs _
Qs (Tr,tr) Qs (Tk,tr)

=UkQa(xk,tk)|i< / up>% N (%f(f“p)%

UrQs (ko ,tr)

Co5m° % p)%
Z( Q] ) (fu 7

which yields (3.5). O
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