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WELL–POSEDNESS OF THE THREE–DIMENSIONAL NLS EQUATION

WITH SPHERE–CONCENTRATED NONLINEARITY

DOMENICO FINCO, LORENZO TENTARELLI, AND ALESSANDRO TETA

Abstract. We discuss strong local and global well–posedness for the three–dimensional
NLS equation with nonlinearity concentrated on S2. Precisely, local well–posedness is
proved for any C2 power–nonlinearity, while global well–posedness is obtained either for
small data or in the defocusing case under some growth assumptions. With respect to
point–concentrated NLS models, widely studied in the literature, here the dimension of
the support of the nonlinearity does not allow a direct extension of the known techniques
and calls for new ideas.

AMS Subject Classification: 81Q35, 35Q40, 35Q55, 35R06, 33C55, 33C10, 33C45, 44A15, 47A60
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1. Introduction

NLS equation is well known to provide an effective model for the description of micro-
scopic systems on a macroscopic/mesoscopic scale, as for instance Bose–Einstein Conden-
sates (e.g., [33]). However it is also employed with totally different physical meaning in
nonlinear optics, plasma waves, neurosciences (FitzHugh–Nagumo model), etc (e.g., [55]
and references therein). In particular, several attempts have been made to adapt this
model to the case of quantum many body systems in presence of defects or impurities
with a spatial scale much smaller than the dispersion of the wave function.

Two different singular equations have been suggested in the last decades to address this
problem. The former arises perturbing the laplacian in the NLS equation with a singular
point potential of delta type (see [64, 67]). Available results concern here mainly the
1D case, where local/global well–posedness and existence/stability of standing waves is
now well understood (e.g., [8, 9, 10, 13, 51]). In 2D and 3D, on the contrary, first well–
posedness results have been obtained in [22], whereas standing waves have been discussed
in [1, 2, 38].

On the other hand, the latter arises formally multiplying the nonlinear term of the
NLS equation by a point potential of delta type, thus causing a concentration of the
nonlinearity. This model has been first proposed to describe phenomena such as charge
accumulation in semiconductor interfaces or heterostructures (e.g., [21, 46, 56, 57, 58, 63]),
nonlinear propagation in defected Kerr–type media (e.g., [72, 73, 78]) and Bose–Einstein
condensates in optical lattices with laser beams generated defects (e.g., [35, 52]). Local
and global well–posedness, blow–up and existence/stability of the standing waves for this
equation are nowadays almost completely understood in 1D (e.g., [7, 14, 26, 42, 43]) and
3D (e.g., [5, 6, 11, 12]), whereas a better understanding of the 2D case has been obtained
only in the last years by [3, 4, 25, 27]. Note, finally, that also a non-autonomous variant
of this model have been widely studied in the last twenty years (e.g., [31, 29, 30, 20])

In this paper we present the first discussion, to the best of our knowledge, on a general-
ized model where the actual physical dimension of the defect in the concentrated model is
taken into account. Indeed, in real cases defects and impurities are more likely to be mod-
eled by smooth and closed manifolds M embedded in R3, rather than zero–dimensional
objects like points.
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More in detail, such model can be formally expressed by the initial value problem
$

&

%

ı
Bψ

Bt
“ ´∆ψ ` β|ψ|2σψ δM in R` ˆ R3

ψp0, ¨q “ ψ0 in R3,

(1)

or, equivalently, by the nonlinear initial-boundary value problem
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

ı
Bψ

Bt
“ ´∆ψ in R` ˆ R3ztMu

ψ` “ ψ´ “ ψ in R` ˆ M

Bψ`

Bn
´

Bψ´

Bn
“ β|ψ|2σψ in R` ˆ M

ψp0, ¨q “ ψ0 in R3,

(2)

where ψ` is the restriction of ψ to the region outside M, while ψ´ is the restriction of ψ
to the region inside M.

However, even though this new model provides a more accurate description of physically–
relevant cases, it involves several challenging mathematical obstacles. Indeed, the main ad-
vantage of classical point models, which is the complexity reduction to a zero–dimensional
time–integral equation, here is completely lost. In this case, the model reduces to a time–
space integral equation supported on the manifold where the nonlinearity is placed.

Such difference calls for new ideas in the proofs of both local and global well–posedness.
For this reason, in this paper we limit ourselves to the case of the unit sphere, i.e. M “ S2.
In this way, it is possible to develop a strategy relying on the spherical harmonics decom-
position that allows to overcome the complexity generated by the physical dimension of
the defect. On the other hand, although the simplification of the geometry of the manifold
makes the problem more manageable, it still shares all the intrinsic issues connected to
manifolds of codimension one, thus representing a suitable paradigm for future research.

Remark 1.1. Besides representing a more accurate description of real world phoenomena,
the study of (1) (or (2)) may be seen as the first step of a new justification for the
point models mentioned at the beginning. Indeed, in place of considering concentrated
nonlinearities as concentration limits of spread nonlinear potentials (e.g., [23, 24]), one
could obtain them as singular limits of manifold–concentrated nonlinearities when the
manifold shrinks to a point.

1.1. The linear case. As for the point models, in order to give a precise meaning to (1)
(or (2)), one has to begin by rigorously defining the linear case, which has been studied in
[15] (for more general geometries see, e.g., [17, 18, 19], while for different singular potentials
see, e.g., [44, 68]).

Formally, for any fixed α P R it reads

$

&

%

ı
Bψ

Bt
“
`

´ ∆ ` α δS2

˘

ψ in R` ˆ R3

ψp0, ¨q “ ψ0 in R3

where δS2 denotes the superficial Dirac delta distribution supported on the unit sphere of
R3, denoted by S2, i.e.

xh δS2 , φy :“

ż

S2

hpyqφpyq dSpyq, @φ P C8
0 pR3q.

However, in order to state it in a more consistent way, according to quantum mechanics,
it is necessary to define ´∆`α δS2 as suitable self–adjoint operator Hα that extends in a
nontrivial way ´∆|C8

0 pR3zS2q via the von Neumann–Krein theory of self–adjoint extensions.
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To this aim, for any fixed λ ą 0, denote first by Gλ the Green potential associated with
the unit sphere of the operator ´∆ ` λ in R3, i.e.

Gλhpxq :“

ż

S2

Gλpx ´ yqhpyq dSpyq, @h : S2 Ñ C, @x P R3, (3)

where Gλ is the Green function of ´∆ ` λ in R3, i.e.

Gλpxq :“
e´

?
λ |x|

4π|x|
. (4)

In view of this, Hα : L2pR3q Ñ L2pR3q can be defined as the operator with domain

DpHαq :“
␣

u P L2pR3q : Dλ ą 0 s.t. u` αGλu|S2 “: ϕλ P H2pR3q
(

(5)

and action

Hαu “ ´∆ϕλ ` αλGλu|S2 , @u P DpHαq. (6)

In other words, functions u P DpHαq can be decomposed in a regular part ϕλ, on which
the action of the operator coincides with that of the standard Laplacian, and in a singular
part ´αGλu|S2 , on which the action of the operator is the multiplication times ´λ.

We highlight that λ is a dummy parameter as it does not actually affect the definition
of pHα,DpHαqq. To check this, consider u P DpHαq. By definition, there exist λ ą 0 such
that u “ ϕλ ´ αGλu|S2 , with ϕλ P H2pR3q. Fix, now, ν ą 0, ν ‰ λ. By (3)

`

Gνu|S2 ´ Gλu|S2

˘

pxq “

ż

S2

u|S2pyq
`

Gνpx ´ yq ´Gλpx ´ yq
˘

dSpyq, (7)

and thus, differentiating (7) and recalling that (4) entails Gν´Gλ P H2pR3q, one can prove
that Gνu|S2 ´ Gλu|S2 P H2pR3q in turn. To this aim, it is sufficient to note that u|S2 P

H3{2pS2q (as pointed out by Remark 1.2) and check that, if f P L2pR3q and g P C0pS2q

then h :“ f ˚ gδS2 P L2pR3q. This is a consequence of Jensen’s inequality and Fubini’s
theorem, since

}h}2L2pR3q “

ż

R3

ˇ

ˇ

ˇ

ˇ

ż

S2

fpx ´ yqgpyqdSpyq

ˇ

ˇ

ˇ

ˇ

2

dx

ď 4π

ż

R3

ż

S2

|fpx ´ yq|2 |gpyq|2 dSpyq dx

“ 4π

ż

S2

|gpyq|2
ż

R3

|fpx ´ yq|2 dSpyqdx “ 4π}g}2L2pS2q}f}2L2pR3q.

Moreover, if f P H2pR3q and g P C0pS2q, then h P H2pR3q since ∆h “ ∆f ˚ gδS2 , and thus
the claim follows setting f “ Gν ´Gλ and g “ u|S2 .

As a consequence, if one sets ϕν :“ ϕλ ` α
`

Gνu|S2 ´ Gλu|S2

˘

, then ϕν P H2pR3q. On

the other hand, as ´∆
`

Gνu|S2 ´ Gλu|S2

˘

“ λGλu|S2 ´ νGνu|S2 , one finds that ´∆ϕλ `

αλGλu|S2 “ ´∆ϕν ` ανGλu|S2 , so that one can conclude that the decompositions with λ
and ν are completely equivalent.

Remark 1.2. Another way to see the independence of λ is given by the possibility to rewrite
(5)–(6) as follows:

DpHαq :“

"

u P L2pR3q : u` P H2
`

R3zB1p0q
˘

, u´ P H2
`

B1p0q
˘

,

u`

|S2 “ u´

|S2 “ u|S2 ,
Bu`

Bn

ˇ

ˇ

ˇ

ˇ

S2

´
Bu´

Bn

ˇ

ˇ

ˇ

ˇ

S2

“ αu|S2

*

,

Hαupxq :“ ´∆upxq, @x P R3zS2,



4 D. FINCO, L. TENTARELLI, AND A. TETA

where B1p0q is the unit ball centered at the origin and
#

u` : R3zB1p0q Ñ C such that u`pxq “ upxq, @x P R3zB1p0q,

u´ : B1p0q Ñ C such that u´pxq “ upxq, @x P B1p0q.
(8)

Such formulation is useful also for two further reasons. On the one hand, it shows, by
standard Trace theory, that u|S2 P H3{2pS2q, which is useful in the previous computations

on the independence of λ. On the other hand, it yields that ∇u “ p∇u`q1R3zB1p0q
`

p∇u´q1B1p0q, which entails that ∇u P L2pR3q. However, throughout the paper we prefer
the form with the decomposition for λ ą 0, as it makes several computations easier.

By Stone’s theorem, self–adjointness of Hα yields global well–posedness in L2pR3q of
$

&

%

ı
Bψ

Bt
“ Hαψ in R` ˆ R3

ψp0, ¨q “ ψ0 in R3

(9)

for every ψ0 P L2pR3q. In addition, it is usual to represent the solution of (9) by means of
the Duhamel formula, i.e.

ψpt,xq “ Utψ0pxq ´ ıα

ż t

0

ż

S2

Upt´ s,x ´ yqψ|S2ps,yq dSpyq ds, (10)

where Ut denotes the free Schrödinger propagator of R3, i.e. the operator with integral
kernel

Upt,xq :“
e´

|x|2

4ıt

p4πıtq
3
2

.

In particular, (10) clearly shows that the governing quantity of the problem is the func-
tion q :“ ψ|S2 : r0,`8q ˆ S2 Ñ C, which is usually called charge, and which allows to
reconstruct the whole ψ using (10) as a definition. In order to find the evolution equation
for q it is sufficient to trace (10) on S2, thus obtaining

qpt,xq “ pUtψ0q|S2pxq ´ ıα

ż t

0

ż

S2

Upt´ s,x ´ yq qps,yq dSpyq ds, t ě 0, x P S2. (11)

Finally, we also mention that it is often convenient to rewrite (11) in a more compact
and operatorial way. To this aim, first, one introduces the function I : R` ˆ S2 ˆ S2 Ñ C
defined by

Ipt,x,yq :“ Upt;x ´ yqˇ
ˇt|x|“|y|“1u

“
e

ı
2t e

x¨y
2ıt

p4ıπtq
3
2

, (12)

which allows to construct the family of operators pItqtą0 that associates any integrable
function g : S2 Ñ C with the function Itg : S2 Ñ C such that

Itgpxq :“

ż

S2

Ipt,x,yqgpyq dSpyq, @x P S2. (13)

Then, one introduces the operator Λ that associates any function g : r0,`8q ˆ S2 Ñ C
with the function Λpgq : r0,`8q ˆ S2 Ñ C such that

Λgpt,xq :“

ż t

0

`

It´sgps, ¨q
˘

pxq ds (14)

and set

F0pt,xq :“ pUtψ0q|S2 pxq, (15)

so that (11) reads

qpt,xq ` ıα
`

Λq
˘

pt,xq “ F0pt,xq. (16)
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1.2. Setting and main results. Now, to define the nonlinear analogous of (9) it is
sufficient to set

α “ αpψq :“ β|ψ|S2 |2σ “ β|q|2σ β P R, σ ą 0.

As a consequence (9) is replaced by
$

&

%

ı
Bψ

Bt
“ Hψ in R` ˆ R3

ψp0, ¨q “ ψ0 in R3,

(17)

where H is no more a linear self–adjoint operator, but a nonlinear map (again independent
of λ) with domain

DpHq : “
␣

u P L2pR3q : Dλ ą 0 s.t. u` Gλνpu|S2q “: ϕλ P H2pR3q
(

(18)

“
␣

u P L2pR3q : Dλ ą 0, q : S2 Ñ C s.t.

u` Gλνpqq “: ϕλ P H2pR3q and q “ u|S2

(

(19)

and action

Hu “ ´∆ϕλ ` λGλνpqq, @u “ ϕλ ´ Gλνpqq P DpHq, (20)

where

ν : C Ñ C, νpzq :“ β|z|2σz @z P C. (21)

The Cauchy Problem in (17) thus represents the rigorous formulation of (1) and (2).

In this paper we study (17) in DpHq, that is in a strong sense, obtaining the following
results.

Theorem 1.3 (Local Well–Posedness). Let β P R, σ ě 1{2 and ψ0 “ ϕλ0´Gλνpq0q P DpHq.
Then:

(i) there exists T ą 0 such that (17) admits a unique strong solution

ψ P C0
`

r0, T s,DpHq
˘

X C1
`

r0, T s, L2pR3q
˘

; (22)

(ii) mass and energy are preserved along the flow, namely for all t P p0, T s

M rψpt, ¨qs :“ }ψpt, ¨q}2L2pR3q “ M rψ0s (23)

and

Erψpt, ¨qs :“ }∇ψpt, ¨q}2L2pR3q `
β

σ ` 1
}qpt, ¨q}

2σ`2
L2σ`2pS2q

“ Erψ0s. (24)

Remark 1.4. Note that DpHq is not a vector space. Nevertheless, C0
`

r0, T s;DpHq
˘

is

meant as the set of those functions ψ : r0, T s ˆ R3 Ñ C such that ψpt, ¨q P DpHq, for every
t P r0, T s, and such that }ψpt ` h, ¨q ´ ψpt, ¨q}DpHq Ñ 0, as h Ñ 0, for every t P r0, T s,
where } ¨ }DpHq :“ } ¨ }L2pR3q ` }Hp¨q}L2pR3q.

Remark 1.5. Note also that the energy is well defined for functions u P DpHq. Indeed,
the potential part is well defined by Sobolev embeddings in S2 (see Section 2.1); whereas,
arguing as in the linear case (see Remark 1.2), one may rewrite (18)–(20) as

DpHq :“

"

u P L2pR3q : u` P H2
`

R3zB1p0q
˘

, u´ P H2
`

B1p0q
˘

,

u`

|S2 “ u´

|S2 “ u|S2 ,
Bu`

Bn

ˇ

ˇ

ˇ

ˇ

S2

´
Bu´

Bn

ˇ

ˇ

ˇ

ˇ

S2

“ ν
`

u|S2

˘

*

, (25)

Hupxq :“ ´∆upxq, @x P R3zS2,
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where B1p0q is the unit ball centered at the origin and u`, u´ are defined as in (8), and
thus ∇u P L2pR3q. Furthermore, definition (25) clearly shows the connection between (17)
and (2).

Remark 1.6. Note finally that, combining (23), (24) and Proposition 4.1, one immediately
finds that

ψ P C0
`

r0, T s;H1pR3q
˘

on any interval r0, T s on which (17) is well–posed.

Theorem 1.7 (Global Well–Posedness). Let β P R, σ ě 1{2 and ψ0 “ ϕλ0 ´ Gλνpq0q P

DpHq. Let also

T ˚ :“ sup
␣

T ą 0 : item (i)&(ii) of Theorem 1.3 hold
(

. (26)

Then:

(i) there exists ε ą 0 such that, if }ϕλ0}H2pR3q ă ε, then T ˚ “ `8;
(ii) if β ą 0 and σ ă 4{5, then T ˚ “ `8.

Remark 1.8. Note that the smallness assumption on the regular part of ψ0, displayed by
item (i) of Theorem 1.7, tacitly implies a smallness assumption on the initial charge q0
too. Indeed, by (63) with η “ ϕλ|S2 and standard Trace inequalities, one can see that

}q0}H3{2pS2q ď 2}ϕλ|S2}H3{2pS2q ď C}ϕλ}H2pR3q ď Cε

The proofs of Theorems 1.3 and 1.7 is based on a discussion of the features of the
function ψ defined by the nonlinear analogous of (10), i.e.

ψpt,xq “ Utψ0pxq ´ ı

ż t

0

ż

S2

Upt´ s,x ´ yq ν
`

qps,yq
˘

dSpyq ds, (27)

whenever the charge q is the solution of the nonlinear analogous of (16), i.e.

qpt,xq ` ı
`

Λνpqq
˘

pt,xq “ F0pt,xq, (28)

a.k.a. charge equation, which thus arises as the governing equation of the model and is
the center of our investigation.

Some further comments are in order. As for the point delta models, local well–posedness
and conservation laws are proved both for the defocusing case, i.e. β ą 0, and for the
focusing case, i.e. β ă 0. Unfortunately, in contrast to those model, here a lower bound
on the power of the nonlinearity is required. This is due to the fact that one cannot apply
the Fixed Point theorem to (28) with a sufficiently low spacial regularity to allow non C2–
nonlinearities, even using the well known metric–weakening trick by Kato (introduced by
[47, 48]). More details are provided by Remark 4.3. We are not able to establish whether
this is only a technical issue due to our use of the decomposition in spherical harmonics
or not. Our guess is that the former guess is true, but its overcoming is out of reach at
the moment.

On the other hand, also the results on the global well–posedness displays restrictions
that are not present in the point delta models. Indeed, although for small initial data it is
possible to prove it without further assumptions on β and σ, for general data we have to
limit ourselves to the defocusing case and, moreover, we have to require an upper bound
on the power of the nonlinearity. The reason lies again in the technical issues connected
to the physical dimension of the support of the nonlinearity, which makes more difficult
the use of the classical blow–up alternative argument.

More precisely, in the defocusing case, unless one assumes σ ă 4{5, the energy conser-
vation yields a–priori estimates on the time growth of the charge with respect to spatial
regularities that are weaker with respect to the required one for the blow–up alternative
in DpHq, which is H3{2pS2q (as we will see in Section 6). At the moment it is not clear
whether this threshold is optimal or not. Again, the guess coming from point delta models
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is that globality should hold for any power in the defocusing case. However, in contrast
to point delta models, here the spatial regularity of the charge plays a crucial role and
requires different strategies, which cannot be straightforwardly extended to all the pow-
ers (more details are provided by Remark 6.2). On the other hand, even if unlikely, it
is not possible to exclude in principle that the non dimensionless of the support of the
delta give rise to phenomena of loss of regularity along the flow (which thus would prevent
global well–posedness in DpHq). We plan to study in future papers the scattering and the
possible existence of blow–up solutions in order to better understand the behavior of the
problem for long times.

Finally, we also mention that Theorem 1.7 does not address the focusing case for gen-
eral initial data. Here the missing tool is a suitable version of the Gagliardo–Nirenberg
inequality that estimate the potential energy, which is concentrated on the sphere, by
means of the mass and the kinetic energy, which are spread on the whole R3. Once more,
this is an issue strongly related to the non dimensionless nature of the support of the
nonlinearity. Also this problem will be addressed by our future research.

Remark 1.9. Note that we focus on power nonlinearities for the sake of simplicity and
because they are the most relevant ones from a physical point of view. However, also more
general types of nonlinearities could be considered with our strategy (as in [49] for the
standard NLS equation).

1.3. Organization of the paper. The paper is organized as follows.

‚ In Section 2 we recall some classical topics of analysis on S2 in order to fix notations;
precisely:

– Section 2.1 concerns spherical harmonics and Sobolev spaces on S2;
– Section 2.2 concerns Sobolev spaces for functions of time and space, where

the space variable varies on a sphere;
– Section 2.3 concerns Bessel functions, the Bessel–Fourier transform and its

connection with the Fourier transform.
‚ In Section 3 we discuss some preliminary tools that are necessary for the proofs of
the main results; precisely:

– Section 3.1 addresses the properties (of the operators It defined by (13) –
Lemmas 3.1 and 3.2 – and) of the operator Λ defined by (14) (Propositions
3.3, 3.7 and 3.8 and Corollary 3.10);

– Section 3.2 addresses the regularity of the trace on S2 of functions in DpHq

(Proposition 3.11);
– Section 3.3 addresses the regularity of the source term of the charge equation

defined by (15) (Proposition 3.14).
‚ In Section 4 we prove local well–posedness of (17), that is item (i) of Theorem
1.3, thanks to a careful analysis of the properties of the charge equation (28)
(Proposition 4.1).

‚ In Section 5 we show conservation of mass and energy along the flow, that is item
(ii) of Theorem 1.3.

‚ In Section 6 we deal with global well–posedness of (17), that is Theorem 1.7;
precisely,

– Section 6.1 studies the case of small initial data (i.e., item (i));
– Section 6.2 studies the defocusing case for general initial data (i.e., item (ii))

via a blow–up alternative argument (Lemma 6.1).

Furthermore, Appendix A presents the proof of (35), which is a crucial tool throughout
the paper, whereas Appendix B presents the proof of (81), which is necessary to prove the
regularity transfer from the charge q to the function ψ defined by (27) (Proposition 4.4).



8 D. FINCO, L. TENTARELLI, AND A. TETA

Fundings and acknowledgements. L.T. has been partially supported by the INdAM
GNAMPA project 2022 “Modelli matematici con singolarità per fenomeni di interazione”
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2. Basics of analysis on S2

Before starting any discussion of the results stated in Section 1.2, it is worth fixing some
notation and recalling some well known facts about the analytical tools usually involved
in the study of problems on S2.

2.1. Sobolev spaces on S2. A crucial role for the definition of Sobolev spaces on S2 is
played by the so–called spherical harmonics (see, e.g., [60]). For every fixed ℓ P N and
every fixed m P t´ℓ, . . . , 0, . . . , ℓu, the spherical harmonic of order ℓ and m, which we
denote by Yℓ,m, is the function Yℓ,m : S2 Ñ C, defined by

Yℓ,mpxq :“ p´1qm

d

p2ℓ` 1qpl ´mq!

4πpℓ`mq!
eımϕ Pℓ,mpcos θq

where θ P r0, πs and ϕ P r0, 2πs are the colatitude and the longitude (respectively) associ-
ated with x, and Pℓ,m is the associated Lagrange polynomial of order ℓ and m, namely the
smooth solution of

p1 ´ s2qP 2
ℓ,mpsq ´ 2sP 1

ℓ,mpsq `

”

ℓpℓ` 1q ´ m2

1´s2

ı

Pℓ,mpsq “ 0.

Such functions are known to be the eigenfunctions of the Laplace–Beltrami operator on
S2, i.e.

´∆S2Yℓ,m “ ℓpℓ` 1qYℓ,m, (29)

with

∆S2 :“
1

sin θ

B

Bθ

ˆ

sin θ
B

Bθ

˙

`
1

sin2 θ

B2

Bϕ2
,

and an orthonormal basis of L2pS2q, so that for every g P L2pS2q

g “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

gℓ,mYℓ,m,

}g}2L2pS2q :“

ż

S2

|gpxq|2 dSpxq “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

|gℓ,m|2,

with

gℓ,m :“ xg, Yℓ,myL2pS2q
:“

ż

S2

g˚pxqYℓ,mpxq dSpxq.
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Consequently (see, e.g., [45, Section 1.7]), for every µ P Rzt0u one can define the Sobolev
spaces HµpS2q equivalently as

HµpS2q :“

"

g P L2pS2q : rgs2
H̊µpS2q

:“
8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ℓ2µ|gℓ,m|2 ă 8

*

, (30)

or

HµpS2q :“
!

g P L2pS2q : rgs2
H̊µpS2q

:“
›

›p´∆S2qµ{2g
›

›

2

L2pS2q
ă 8

)

, (31)

where p´∆S2qµ{2 can be easily deduced by (29), endowed with the natural norm }g}2HµpS2q
:“

}g}2L2pS2q
` rgs2

H̊µpS2q
. Note that in the following we often use the further equivalent

norm }g}2HµpS2q
:“

ř8
ℓ“0

řℓ
m“´ℓxℓy

2µ|gℓ,m|2, where x¨y denotes the japanese brakets (i.e.,

xℓy :“
?
1 ` ℓ2).

However, there is also another definition of HµpS2q, which reads as follows (see again
[45, Section 1.7]). Let U1, U2 be two open sets of S2 containing the northern and the
southern emispheres of S2, respectively, and let φj : Uj Ñ B, j “ 1, 2, be two smooth
diffeomorphisms, where B denotes the unit ball of R2. Then,

HµpS2q “
␣

g P L2pS2q : πjrχjgs P HµpR2q, j “ 1, 2
(

, (32)

with

}g}2HµpS2q :“ }π1rχ1gs}2HµpR2q ` }π2rχ2gs}2HµpR2q, (33)

where

πjrvspxq :“

#

v
`

φ´1
j pxq

˘

, if x P B,

0, otherwise
, j “ 1, 2,

and tχ1, χ2u is a partition of the unity associated with the two emispheres of S2 and such
that supptχju Ă Uj , j “ 1, 2. This definition does not depend on Uj , φj or χj , in the
sense that different choices yield equivalent norms, and is equivalent to (30) and (31) (see,
e.g., [45, 54]). However, it has the advantage that, using partitions of unity and change
of coordinates by the diffeomorphisms φ1 φ2, one can easily extend the usual embedding
theorems for Sobolev spaces from R2 to S2 (see, e.g., [34, 45]). Moreover, it also allows
to prove directly some classical Schauder estimates. More precisely, when µ ą 1, recalling
(21) and using

}g}L8pS2q ď c}g}HµpS2q, @g P HµpS2q, (34)

one can check that

}νpgq}HµpS2q ď cµ }g}2σL8pS2q}g}HµpS2q, @g P HµpS2q, (35)

whenever σ ě
rµs

2 , whence

}νpgq}HµpS2q ď cµ }g}
2σ`1
HµpS2q

(36)

(the proof is reported in Appendix A for the sake of completeness).

Remark 2.1. In the following we will equivalently use L2pS2q andH0pS2q in order to denote
the space of the square integrable functions on the unit sphere of R3, since this does not
give rise to misunderstandings.

Finally, we recall that it is also possible to prove that definitions (31) and (32) can be
also extended to general Wµ,ppS2q spaces with p P p1,`8q, i.e.

Wµ,ppS2q :“
!

g P LppS2q : rgs
p

W̊µ,ppS2q
:“

›

›p´∆S2qµ{2g
›

›

p

LppS2q
ă 8

)

(37)

“
␣

g P LppS2q : πjrχjgs P Wµ,ppR2q, j “ 1, 2
(

(38)

(see, e.g., [75, Sections I.5 and I.6] and [65, 71, 16]).
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2.2. Function spaces on I ˆ S2. As the main focus of the paper is the study of the
time–dependent problem (17), it is also convenient to recall Sobolev spaces for functions
of time and space, where the space variable varies on the unit spheres; that is, Sobolev
spaces for functions g : I ˆ S2 Ñ C, with I an interval of the real line.

Exploiting definitions mentioned in the previous section, one can immediately define,
for every µ P R and α ą 0 fixed,

L2
`

I,HµpS2q
˘

:“

"

g P L2pI ˆ S2q : rgs2
L2pI,H̊µpS2qq

:“

ż

I
rgptqs2

H̊µpS2q
dt ă `8

*

,

and

Hα
`

I,HµpS2q
˘

:“

“

$

’

’

’

&

’

’

’

%

!

g P L2
`

I,HµpS2q
˘

: gpjq P L2
`

I,HµpS2q
˘

, j P t1, . . . , αu

)

, if α P Nzt0u,

"

g P H rαs
`

I,HµpS2q
˘

:
“

gprαsq
‰

H̊α´rαs

`

I,HµpS2q

˘ ă `8

*

, if α R N,

where

rgs2
H̊α´rαspI,HµpS2qq

:“

ż

IˆI

}gptq ´ gpsq}2HµpS2q

|t´ s|1`2pα´rαsq
ds dt

and gptq “ gpt, ¨q : S2 Ñ C denotes the function that one obtains fixing the value of t.
Note that these are Hilbert spaces when endowed with the natural norm.

It is also worth mentioning that the order in which the seminorms are considered can
be exchanged. That is, for instance,

rgs2
H̊αpI,H̊µpS2qq

“

“

$

’

’

’

’

’

&

’

’

’

’

’

%

ż

IˆI

rgptq ´ gpsqs2
H̊µpS2q

|t´ s|1`2α
ds dt “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ℓ2µrgℓ,ms2
H̊αpRq

, if α P p0, 1q,

„

Bg

Bt

ȷ2

L2pI,H̊µpS2qq

“

ż

I

”

Bg
Bt ptq

ı2

H̊µpS2q
dt “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ℓ2µ}g1
ℓ,m}2L2pIq, if α “ 1,

and similarly when α ą 1, where gℓ,m : R Ñ C are the functions defined by

gℓ,mptq :“ xgptq, Yℓ,myL2pS2q
.

Moreover, whenever I “ R, one may write time Sobolev regularity by means of the Fourier
transform with respect to the time t, i.e.

pgpω,xq :“
1

?
2π

ż

R
e´ıωtgpt,xq dt,

and thus

rgs2
H̊αpR,H̊µpS2qq

“

ż

R
|ω|2αrpgpωqs2

H̊µpS2q
dω “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ℓ2µ
ż

R
|ω|2α|pgℓ,mpωq|2 dω. (39)

Finally, we also recall that

C0
`

I,HµpS2q
˘

:“
!

g : I ˆ S2 Ñ C : lim
tÑs

}gptq ´ gpsq}HµpS2q “ 0, @s P I
)

L8pI,HµpS2qq :“

"

g : I ˆ S2 Ñ C : ess sup
tPI

}gptq}HµpS2q ă `8

*

,
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endowed with the natural norms. The definition of Cn
`

I,HµpS2q
˘

and Wn,8pI,HµpS2qq

with n P N is straightforward.

2.3. Bessel functions and Bessel–Fourier transform. The last reminder concerns
Bessel functions and the interaction between the spherical harmonics decomposition and
the Fourier transform of R3, i.e.

Fgpkq :“
1

p2πq
3
2

ż

R3

e´ıx¨kgpxqdx.

First, recall the definition of the Bessel function of the first kind of order η (see, e.g.,
[60]):

Jηptq :“

ˆ

t

2

˙η 8
ÿ

j“1

p´1qj

Γpj ` 1qΓpj ` η ` 1q

ˆ

t

2

˙2j

.

Note that, when η is real and positive, Bessel functions satisfy the following estimates:

|Jηpxq| ď
c

|x|
1
3

, @η ą 0, x P R (40)

|Jηpxq| ď
c

η
1
3

, @η ą 0, x P R (41)

with c independent of η and x (see [50] and [69, pag. 357]). Note that, allowing an
η–dependence of c in (40), one could establish a stronger estimate in |x|, i.e.

|Jηpxq| ď
cη

|x|
1
2

, @x ą 0, (42)

with c1pηq with a power–like growth at infinity (see, e.g., [61]). However, as the uniformity
of the constant with respect to η is one on the main tools used throughout the paper, we
will always prefer (40) to (42).

We recall, now, that the Fourier transform preserves the orthogonal decomposition given
by pYℓ,mqℓ,m. More precisely, using the Jacobi–Anger expansion of the plane wave in R3,
i.e.

eıx¨y “ p2πq
3
2

`

|x||y|
˘´ 1

2

8
ÿ

ℓ“0

ıℓJℓ` 1
2

`

|x||y|
˘

ℓ
ÿ

m“´ℓ

Yℓ,m

ˆ

x

|x|

˙

Y ˚
ℓ,m

ˆ

y

|y|

˙

(43)

(see, e.g., [37]), one can prove that, whenever gpxq “
ř8
ℓ“0

řℓ
m“´ℓ fℓ,mp|x|qYℓ,mpx{|x|q,

there results

Fgpkq “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

p´ıqℓrgℓ,mp|k|qYℓ,m

ˆ

k

|k|

˙

, (44)

where

rgℓ,mpkq :“

ż `8

0

Jℓ`1{2pkrq
?
kr

r2 gℓ,mprq dr

is, up to the extra factor r2{
?
r, Bessel–Fourier transform of f , a.k.a. the Hankel transform

of g (see also [70, Chapter IV.3]). By analogous computations one can also see that

F ´1Fgpxq “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ıℓrgℓ,mp|x|qYℓ,m

ˆ

x

|x|

˙

.

In addition, exploiting the orthogonality of the Bessel functions in L2
`

r0,`8q, r dr
˘

(for
an easy proof see [62]), one can also show that }rgℓ,m}L2pr0,`8q,r2 drq “ }gℓ,m}L2pr0,`8q,r2 drq,

i.e. the Bessel–Fourier transform is unitary on L2
`

r0,`8q, r2 dr
˘

, and that rrgℓ,m “ gℓ,m,
i.e. the Bessel–Fourier transform is involutory.

Finally, we note that (44) implies:
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(i) pFgqℓ,mp|k|q “ p´ıqℓrgℓ,mp|k|q and, for every borel function φ : R Ñ R,

pFφp´∆q gqℓ,mp|k|q “ p´ıqℓφp|k|2qrgℓ,mp|k|q, (45)

where φp´∆q is defined by standard Functional Calculus;
(ii) whenever h : S2 ÞÑ C is sufficiently smooth, as it can be identified with the measure

hδS2 , its Fourier transform Fh :“ FhδS2 : R3 Ñ C is well defined and smooth
and there results

pFhqℓ,mp|k|q “ p´ıqℓ rhℓ,m “ p´ıqℓ
hℓ,m
a

|k|
Jℓ`1{2p|k|q, (46)

which amounts to [66, Eq. p3.5.91q]; in particular F δS2pkq “
J1{2p|k|q

?
|k|

(see [66,

Thm. 3.5.13 and following Remark]).

3. Preliminary results

In this section we establish some technical results, which are required in the proofs of
Theorems 1.3 and 1.7:

(i) the mapping properties of the operator Λ present in the charge equation (28), and
defined by (14);

(ii) the regularity of the trace on S2 of the functions in the domain of the nonlinear
map H, defined by (18) (or (19));

(iii) the regularity of the source term of (28), defined by (15).

3.1. Properties of the operator Λ. The behavior of the solutions of (28) is strongly
affected by the features of the operator Λ defined by (14). In particular, for our purposes
the most relevant ones are the mapping properties between the function spaces defined in
Section 2.2.

As a first step, we establish an LppS2q–LqpS2q estimate for the family of operators
pItqtą0 defined by (13). Preliminarily, we note that, using the Jacobi–Anger expansion of
the plane wave of R3 given by (43), it is possible to check that It acts as a multiplication
operator with respect to the decomposition in spherical harmonics. Precisely,

pItgqℓ,m “ ρpt, ℓq gℓ,m, with ρpt, ℓq “
p´ıqℓ`3{2 e

ı
2t

2t
Jℓ`1{2

ˆ

1

2t

˙

. (47)

This is not surprising since the integral kernel Ipt,x,yq only depends on x ¨ y and such
kernels are well known to give rise to convolution operators, which thus can be diagonalized
by a suitable transform. In the following we will often refer to ρpt, ℓq as the symbol of the
operator It. Note also that such a symbol could be also computed by the Funk–Hecke
formula (see, e.g., [32]).

Lemma 3.1. Let t ą 0, p P r1, 2s and r P r2,`8s, with p´1 ` r´1 “ 1. Then, there exists
c ą 0, independent of p and r, such that

}Itg}LrpS2q ď
c

tδppq
}g}LppS2q, @g P LppS2q, (48)

with

δppq :“
5

3p
´

1

6
. (49)

Proof. First, combining (47) and (40), there results

}Itg}L2pS2q ď sup
ℓPN

|ρpt, ℓq|}g}L2pS2q ď
c

t2{3
}g}L2pS2q. (50)

On the other hand, by (12) it is straightforward that

}Itg}L8pS2q ď
c

t3{2
}g}L1pS2q.
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Thus, by the Riesz–Thorin theorem (see, e.g., [53, Theorem 2.1]), one obtains (48). □

In addition, we can also prove that the operators It display a regularizing effect with
respect to the Sobolev spacial regularity.

Lemma 3.2. Let t ą 0, µ P R and z P r0, 1s. Then, there exists c ą 0, independent of µ
and z, such that

}Itg}
Hµ`

1´z
3 pS2q

ď
c

t1´ z
3

}g}HµpS2q, @g P HµpS2q. (51)

Proof. First, interpolating (40) and (41), there results

|Jℓ`1{2pxq| ď
c

|x|
z
3 xℓy

1´z
3

,

with c independent of µ and z. Hence

|ρpℓ, tq| ď
c

t1´ z
3 xℓy

1´z
3

,

which immediately implies (51). □

Now, we discuss the properties of the operator Λ (defined by (14)) in the next three
propositions.

Proposition 3.3. Let µ P R, z P p0, 1s, r P
`

3
z ,`8

‰

and T ą 0. Then, there exists C ą 0,
independent of µ, z, r and T , such that

}Λg}
L8pr0,T s,Hµ`

1´z
3 pS2qq

ď C

ˆ

3pr ´ 1q

rz ´ 3

˙
r´1
r

T
r´1
r

´ 3´z
3 }g}Lrpr0,T s,HµpS2qq (52)

for every g P Lrpr0, T s, HµpS2qq. Moreover Λg P C0
`

r0, T s, Hµ` 1´z
3 pS2q

˘

.

Proof. Using (51), one sees that for a.e. t P p0, T s

}Λgptq}
Hµ`

1´z
3 pS2q

ď

ż t

0
}It´sgpsq}

Hµ`
1´z
3 pS2q

ds ď c

ż t

0

1

|t´ s|1´z{3
}gpsq}HµpS2qds. (53)

Thus, (52) follows from Hölder inequality.

It is then left to prove that Λg is continuous in t with values in Hµ` 1´z
3 . First, easy

computations yield

Λgpt` h,xq ´ Λgpt,xq “

ż h

0

`

It`h´sgpsq
˘

pxq ds`

ż t

0

`

It´spgps` hq ´ gpsqq
˘

pxq ds.

Hence, arguing as before, one finds that

}Λgpt` hq ´ Λgptq}
Hµ`

1´z
3 pS2q

ď C

ˆ

3pr ´ 1q

rz ´ 3

˙
r´1
r
"

”

pt` hq
r´1
r

´ 3´z
3 ´ t

r´1
r

´ 3´z
3

ı

}g}Lrpr0,hs,HµpS2qq`

` t
r´1
r

´ 3´z
3 }gp¨ ` hq ´ g}Lrpr0,ts,HµpS2qq

*

.

Therefore, since when h Ñ 0 the former term in the curly brakets converges to zero by
the continuity of the powers and the absolute continuity of the Lebesgue integral and the
latter converges to zero by the mean continuity property, the claim is proved. □

Remark 3.4. Note that by the assumptions on z and r, 3pr´1q

rz´3 and, above all, r´1
r ´ 3´z

3
are positive.
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Remark 3.5. The mean continuity property is a well known property of Lp–spaces of
functions with real values (see, e.g., [59]). However, it can be easily generalized to Bochner
spaces using the density of smooth functions with respect to time (see, e.g., [36, Section
5.2.9]).

Remark 3.6. As they play a crucial role throughout the paper, we single out the extremal
cases of Proposition 3.3, i.e. r “ `8 and z “ 1:

}Λg}
C0pr0,T s,Hµ`

1´z
3 pS2qq

ď
3C

z
T

z
3 }g}L8pr0,T s,HµpS2qq,

and, for r ą 3,

}Λg}C0pr0,T s,HµpS2qq ď C

ˆ

3r ´ 3

r ´ 3

˙
r´1
r

T
r´3
3r }g}Lrpr0,T s,HµpS2qq.

Clearly, combining the two results one obtains

}Λg}C0pr0,T s,HµpS2qq ď 3CT 1{3}g}L8pr0,T s,HµpS2qq. (54)

Proposition 3.7. Let α, µ ě 0 and T ą 0. If g P Hα
`

R, HµpS2q
˘

, with supptgu Ď

r0, T s ˆ S2, then Λg P L2
loc

`

R, HµpS2q
˘

X H̊α`1{7
`

R, HµpS2q
˘

.

Proof. We can split the proof in two parts.
Part (i): Λg P L2

loc

`

R, HµpS2q
˘

. It is sufficient to fix arbitrary T1 ă T2 and prove that

Λg P L2
`

rT1, T2s, HµpS2q
˘

. By (47), we have

pΛgptqqℓ,m “

ż t

0
ρpt´ s, ℓqgℓ,mpsq ds. (55)

As a first consequence, since supptgu Ď r0, T s ˆ S2, when T2 ď 0 the claim is straightfor-
ward. Fix, then, T2 ą 0. Using again that supptgu Ď r0, T s ˆ S2, on can write pΛgptqqℓ,m
as

pΛgptqqℓ,m “

ż T2

0
Hpt´ sqρpt´ s, ℓqgℓ,mpsq ds, @t P r0, T2s (56)

where Hptq is Heavyside function. Now, observing that, by (40), |Hpt ´ sqρpt ´ s, ℓq| ď

c|t´ s|´2{3, with c independent of ℓ and m, one can use the Schur test between L2p0, T2q

and L2pT1, T2q (see, e.g., [41]), with test functions identically equal to 1, to get that

} pΛgp¨qqℓ,m }L2pT1,T2q ď cT1,T2}gℓ,m}L2p0,T2q,

with cT1,T2 still independent of ℓ and m. As a consequence,

}Λg}2L2prT1,T2s,HµpS2qq “

ż T2

T1

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2µ
ˇ

ˇ

ˇ
pΛgptqqℓ,m

ˇ

ˇ

ˇ

2
dt

“

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2µ
ż T2

T1

ˇ

ˇ

ˇ
pΛgptqqℓ,m

ˇ

ˇ

ˇ

2
dt

ď c2T1,T2

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2µ}gℓ,m}2L2p0,T2q

ď c2T1,T2}g}2L2pr0,T2s,HµpS2q ă `8.

Part (ii): Λg P H̊α`1{7
`

R, HµpS2q
˘

. Combining (56) with T2 “ T and the fact that
supptgu Ď r0, T s, there results that

pΛgptqqℓ,m “
`

pHρp¨, ℓqq ˚ gℓ,m
˘

ptq,
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so that the Fourier transform with respect to time reads

{pΛgp¨qqℓ,mpωq “ {Hρp¨, ℓqpωq ygℓ,mpωq.

Let us discuss {Hρp¨, ℓq. By definition

{Hρp¨, ℓqpωq “
p´ıqℓ`3{2

?
8π

ż `8

0
e´ıωteı{2tJℓ`1{2

ˆ

1

2t

˙

dt

t

and thus

| {Hρp¨, ℓqpωq| ď c

ˆ
ż 1

0

ˇ

ˇ

ˇ

ˇ

Jℓ`1{2

ˆ

1

2t

˙ ˇ

ˇ

ˇ

ˇ

dt

t
loooooooooooomoooooooooooon

“:I1

`

ż `8

1

ˇ

ˇ

ˇ

ˇ

Jℓ`1{2

ˆ

1

2t

˙ ˇ

ˇ

ˇ

ˇ

dt

t
looooooooooooomooooooooooooon

“:I2

˙

.

Now, by (40), it is straightforward that I1 ď c, with c independent of ℓ. On the other
hand, since from [60, Eq. 10.9.4] there results that

ˇ

ˇ

ˇ

ˇ

Jℓ`1{2

ˆ

1

2t

˙ˇ

ˇ

ˇ

ˇ

ď
c

4ℓ`1{2pℓ` 1q! tℓ`1{2
,

one can check that I2 ď c, with c independent of ℓ, as well, and thus

| {Hρp¨, ℓqpωq| ď c, @ω P R. (57)

On the other hand, an easy change of variable yields

{Hρp¨, ℓqpωq “
p´ıqℓ`3{2

?
8π

ż `8

0
eıωte´ı{2tJℓ`1{2 pωtq

dt

t
,

so that, for any fixed a ą 0, {Hρp¨, ℓqpωq “ φ1pωq ` φ2pωq, with

φ1pωq :“
p´ıqℓ`3{2

?
8π

ż a

0
eıωte´ı{2tJℓ`1{2 pωtq

dt

t
,

φ2pωq :“
p´ıqℓ`3{2

?
8π

ż `8

a
eıωte´ı{2tJℓ`1{2 pωtq

dt

t
.

Using again (40), one immediately obtains

|φ2pωq| ď
c

pa|ω|q1{3
.

Moreover, integrating by parts, since p´2ıe´ı{2tq1 “ e´ı{2t

t2
, we have

ż a

0
eıωte´ı{2tJℓ`1{2 pωtq

dt

t
“ ´ 2ıae´ı{p2aq`ıωaJℓ`1{2pωaq (58)

` 2ı

ż a

0
eıωte´ı{2tJℓ`1{2 pωtq dt (59)

´ 2ω

ż a

0
eıωte´ı{2tt Jℓ`1{2 pωtq dt (60)

` 2ıω

ż a

0
eıωte´ı{2tt J 1

ℓ`1{2 pωtq dt. (61)

and thus φ1 “ φ1
1 ` φ2

1 ` φ3
1 ` φ4

1, with φ
j
1 given by the multiplication between p´ıqℓ`3{2

?
8π

and the r.h.s. of (58), (59), (60) and (61), respectively. By (41), one immediately sees
that

|φ1
1pωq| ď ca, |φ2

1pωq| ď ca and |φ3
1pωq| ď c|ω|a2, @ω P R,

while, in order to estimate φ4
1 one first recalls that

2J 1
ℓ`1{2 “ Jℓ`3{2 ´ Jℓ´1{2
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(see, e.g., [40, Eq. 8.471.2]) and then argues as before obtaining

|φ4
1pωq| ď c|ω|a2, @ω P R.

Therefore, setting a “ |ω|´4{7, one finds that

| {Hρp¨, ℓqpωq| ď c

ˆ

1

|ω|4{7
`

1

|ω|1{7

˙

, @ω P R,

and thus, combining with (57), there results

| {Hρp¨, ℓqpωq| ď
c

|ω|1{7
, @ω P R.

Summing up,

rΛgs2
H̊α`1{7pR,HµpS2qq

“

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2µrpΛgp¨qqℓ,ms2
H̊α`1{7pRq

“

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2µ
ż

R
|ω|2pα`1{7q

ˇ

ˇ

ˇ

{pΛgp¨qqℓ,mpωq

ˇ

ˇ

ˇ

2
dω

ď c
8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2µ
ż

R
|ω|2α |ygℓ,mpωq|

2 dω “ c
8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2µrgℓ,ms2HαpRq

“ c rgs2
H̊αpR,HµpS2qq

ă `8,

which completes the proof. □

Proposition 3.8. Let α, µ ě 0 and T ą 0. Let also g P Hα
`

r0, T s, HµpS2q
˘

. Then,
whenever one of the following conditions is satisfied:

(i) 0 ď α ă 1{2,
(ii) 1{2 ă α ă 3{2 and gp0q “ gpT q “ 0,

there results that Λg P Hα`1{7
`

r0, T s, HµpS2q
˘

. Moreover, in both cases, there exists
cpT q ą 0, only depending T , such that

}Λg}Hα`1{7pr0,T s,HµpS2qq ď cpT q}g}Hαpr0,T s,HµpS2qq.

Remark 3.9. Note that the condition gp0q “ gpT q “ 0 is well defined since

Hα
`

r0, T s, HµpS2q
˘

ãÑ C0
`

r0, T s, HµpS2q
˘

, when α ą 1{2,

(where such embedding is established, e.g., in [28, Section 1.7] in the integer case and can
be proved, e.g., by using [34, Theorem 8.2] on the components gℓ,mp¨q in the fractional
case).

Proof. First, we define the function G : R ˆ S2 Ñ C such that

Gpt,xq :“

#

gpt,xq if pt,xq P r0, T s ˆ S2

0 otherwise.

As a consequence,

Gℓ,mptq :“

#

gℓ,mptq if t P r0, T s

0 otherwise.

Note also that, whenever 1{2 ă α ă 3{2 and }gp0q}HµpS2q “ }gpT q}HµpS2q “ 0, gℓ,mp0q “

gℓ,mpT q “ 0 for every ℓ and m, so that Gℓ,mp0q “ Gℓ,mpT q “ 0 for every ℓ and m. Then,
by [24, Lemma 2.1], we have that Gℓ,m P HαpRq with }Gℓ,m}HαpRq ď c}gℓ,m}Hαp0,T q (c

being independent of ℓ and m). Thus G P HαpR, HµpS2qq and

}G}HαpR,HµpS2qq ď c}g}Hαpr0,T s,HµpS2qq.
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Now, since by construction supptGu Ď r0, T s, G satisfies the assumptions of Proposition

3.8 and so ΛG P Hα`1{7pr0, T s, HµpS2qq. Finally, since again by construction ΛGpt,xq “

Λgpt,xq for all pt,xq P r0, T s ˆ S2, the proof is complete. □

Such a proposition has the following immediate corollay, which claims that one can
actually drop the assumption gpT q “ 0 in the condition (ii).

Corollary 3.10. Let α, µ ě 0 and T ą 0. Let also g P Hα
`

r0, T s, HµpS2q
˘

. Then,
whenever one of the following conditions is satisfied:

(i) 0 ď α ă 1{2,
(ii) 1{2 ă α ă 3{2 and gp0q “ 0,

there results that Λg P Hα`1{7
`

r0, T s, HµpS2q
˘

. Moreover, in both cases, there exists
cpT q ą 0, only depending T , such that

}Λg}Hα`1{7pr0,T s,HµpS2qq ď cpT q}g}Hαpr0,T s,HµpS2qq.

Proof. Consider the function G : R ˆ S2 Ñ C defined by

Gpt,xq :“

$

’

&

’

%

gpt,xq if pt,xq P r0, T s ˆ S2

gp2T ´ t,xq if pt,xq P rT, 2T s ˆ S2

0 otherwise.

so that,

Gℓ,mptq :“

$

’

&

’

%

gℓ,mptq if t P r0, T s

gℓ,mp2T ´ tq if t P rT, 2T s

0 otherwise.

As a consequence, one can check that }Gℓ,m}Hαp0,2T q ď c}gℓ,m}Hαp0,T q, c being independent

of ℓ and m (the proof is straightforward when α P r0, 1sz
␣

1
2

(

, whereas it requires to argue

as in the proof of [24, Lemma 2.1] to estimate the “off–diagonal” terms when α P
“

1, 32
˘

).

Thus G P Hαpr0, 2T s, HµpS2qq, whence it satisfies the assumptions of Proposition 3.8 on

the interval r0, 2T s, which implies ΛG P Hα`1{7pr0, 2T s, HµpS2qq. Then, one concludes
observing again that, by construction, ΛGpt,xq “ Λgpt,xq for all pt,xq P r0, T s ˆ S2. □

3.2. Regularity of the trace on S2 of functions in DpHq. Here we discuss the regu-
larity of u|S2 for functions u P DpHq, or equivalently, the regularity of q in (19).

The natural guess, descending from the linear case, is that q P H3{2pS2q. To this aim,

since the trace operator is bounded and surjective from H2pR3q to H3{2pS2q, it is sufficient

to prove that for any given function η P H3{2pS2q, there exists a unique q P H3{2pS2q that
solves, for some value of λ ą 0,

qpxq ` Gλνpqqpxq “ ηpxq, @x P S2;

that is,

qpxq `

ż

S2

T λpx,yqν
`

qpyq
˘

dSpyq “ ηpxq, @x P S2, (62)

where T λpx,yq :“ Gλpx´yq for every x, y P S2. Therefore, we state the following result.

Proposition 3.11. Let β P R, σ ě 1{2 and η P H3{2pS2q. Then, there exists λ ą 0 such

that there exists a unique q P H3{2pS2q that solves (62). In addition

}q}H3{2pS2q ď 2}η}H3{2pS2q. (63)

Proof. Preliminarily, we denote by T λ the operator defined by the integral kernel T λpx,yq.
Then, we may divide the proof in three steps.
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Step (i): L8pS2q–estimate for T λ. We aim at proving

}T λg}L8pS2q ď
c

?
λ

}g}L8pS2q, @g P L8pS2q. (64)

Since by (4) T λpx,yq ě 0, it is sufficient to prove that
ż

S2

T λpx,yq dSpyq ď
c

?
λ
, for a.e. x P S2.

For any fixed x P S2, choosing the angle between x and y as the colatitude θ, there results
ż

S2

T λpx,yq dSpyq “
1

2
?
2

ż π

0

e´
?

2λp1´cos θq

?
1 ´ cos θ

sin θ dθ “
1

2
?
2

ż 2

0

e´
?
2λa

?
a

da

ď
1

2
?
2

ż `8

0

e´
?
2λa

?
a

da “

?
2

4
?
λ
,

which, thus, proves (64).
Step (ii): HµpS2q–estimates for the operator defined by T λ. We aim at proving

}T λg}HµpS2q ď c λ´1{3}g}HµpS2q, @g P HµpS2q, (65)

for any fixed µ P p1, 2q. As we made for It in Section 3.1, we start by establishing a suitable
representation of the operator with respect to the decomposition in spherical harmonics.
First, by (45) we have that

F p´∆ ` λq´1upkq “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

p´ıqℓ
ruℓ,m

|k|2 ` λ
Yℓ,m

ˆ

k

|k|

˙

.

Furthermore, using (43) and the L2pS2q–orthonormality of the spherical harmonics, there
results

p´∆ ` λq´1u pxq “ F ´1F p´∆ ` λq´1upxq

“

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

Yℓ,m

ˆ

x

|x|

˙
ż `8

0

k2
a

k|x|
Jℓ`1{2pk|x|q

ruℓ,mpkq

k2 ` λ
dk

and thus
`

p´∆ ` λq´1u
˘

ℓ,m
p|x|q “

ż `8

0

k2
a

k|x|
Jℓ`1{2pk|x|q

ruℓ,mpkq

k2 ` λ
dk. (66)

Now, since by standard potential theory and (3)

p´∆ ` λqGλg “ gδS2

and since (arguing as at the end of Section 2.3) (66) can be proved also for u “ gδS2 with
g P HµpS2q, using (46) there results

pGλgqℓ,mp|x|q “
gℓ,m
a

|x|

ż `8

0

kJℓ`1{2pkqJℓ`1{2pk|x|q

k2 ` λ
dk.

Finally, since T λg pxq “ Gλg|S2 pxq, for every x P S2, we have that

`

T λg
˘

ℓ,m
“ T λℓ gℓ,m, with T λℓ :“

ż `8

0

kJ2
ℓ`1{2pkq

k2 ` λ
dk.

As a consequence, using (40) we obtain

|T λ
ℓ | ď c

ż `8

0

k1{3

pk2 ` λq
dk ď cλ´1{3, (67)

with c independent of ℓ, which immediately yields (65).
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Step (iii): claim of the proposition. In order to complete the proof it is sufficient to
show that there exists λ ą 0 such that the map

τλpqq :“ ´T λ
`

νpqq
˘

` η

is a contraction in

X :“
!

q P H3{2pS2q : }q}H3{2pS2q ď 2}η}H3{2pS2q

)

,

with respect to a proper metric which make X complete. Let us prove, first, that X is
preserved by τλ. By (65) and (36), we have that

}τλpqq}H3{2pS2q ď cβ,σ
`

2}η}H3{2pS2q

˘2σ`1
λ´1{3 ` }ηλ}H3{2 , @q P X,

and, thus, the claim is proved for a sufficiently large λ. It is left to discuss contractivity
with respect to a suitable metric. Consider the L8pS2q–one. It is not difficult to see that
it makes X complete. Indeed, an L8pS2q–Cauchy sequence in X converges in L8pS2q to
a limit which has to belong to X since the sequence is also weakly convergent in HµpS2q

by Banach–Alaoglu. Then, fix arbitrary q1, q2 P
`

X, } ¨ }L8pS2q

˘

. Since

τλpq1q ´ τλpq2q “ T λ
`

νpq2q ´ νpq1q
˘

,

combining (65), (34) and the fact that
ˇ

ˇ|z1|2σz1 ´ |z2|2σz2
ˇ

ˇ ď c
`

|z1|2σ ` |z2|2σ
˘

|z1 ´ z2|, @z1, z2 P C, (68)

one can check that

}τλpq1q ´ τλpq2q}L8pS2q ď cλ´1{3}νpq1q ´ νpq2q}L8pS2q ď cβ,σλ
´1{3}q1 ´ q2}L8pS2q.

Hence, τλ is contractive again for λ large enough. □

Remark 3.12. Note that, since νpqq P H3{2pS2q whenever q P H3{2pS2q (from (35)), one
can argue as in the linear case to prove that DpHq is independent of λ.

Remark 3.13. Note also that, combining Proposition 3.11 with the fact that the H3{2pS2q–
regularity is preserved by ν (again by (35)), the knowledge of the regular part of u P DpHq

for some fixed λ allows to reconstruct q, and thus u itself. Note that the converse is false
in general (as a consequence of Remark 3.12).

3.3. Regularity of the source term of (28). Here we discuss the regularity of the
source term F0 of (28), defined by (15). Clearly, since ψ0 P DpHq, for any fixed λ ą 0 we
can decompose it as F0 “ F0,1 ` F0,2, where

#

F0,1pt,xq :“ pUtϕ
λ
0q|S2pxq,

F0,2pt,xq :“ ´pUtGλνpq0qq|S2pxq,
@pt,xq P r0,`8q ˆ S2,

with ϕλ0 P H2pR3q and (by Proposition 3.11) q0 P H3{2pS2q.
As in the previous results, it is convenient to decompose these quantities with respect to

the basis of the spherical harmonics. Using (43), (45), (46) and the L2pS2q–orthonormality
of the spherical harmonics as in Step (ii) of the proof of Proposition 3.11, and recalling
that by functional calculus Ut “ e´ı∆t and UtGλνpq0q “

`

e´ı∆tp´∆ ` λq´1
˘

νpq0qδS2 , one
can check that

pF0,1qℓ,mptq “

ż `8

0
r3{2e´ıtr2Jℓ`1{2prqp

Ăϕλ0qℓ,mprq dr (69)

pF0,2qℓ,mptq “ f2,ℓptq
`

νpq0q
˘

ℓ,m
, with f2,ℓptq :“

ż `8

0

r e´ıtr2

r2 ` λ
J2
ℓ`1{2prq dr.

In addition, note that, since q0 :“ ψ0|S2 and U0 “ I, one has F0p0q ” q0.
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Proposition 3.14. Let β P R, σ ě 1{2 and ψ0 “ ϕλ0 ´ Gλνpq0q P DpHq. Then, for any
fixed λ ą 0,

}F0}C0pr0,T s,H3{2pS2qq Àλ

`

}φλ0}H2pR3q ` }q0}
2σ`1
H3{2pS2q

˘

, (70)

}F0}Hαpr0,T s,H2{3pS2qq Àλ,α,T

`

}φλ0}H2pR3q ` }q0}
2σ`1
H3{2pS2q

˘

, (71)

}F0 ´ q0 ´ ıΛνpq0q}H1pr0,T s,H2{3pS2qq Àλ,T

`

}φλ0}H2pR3q ` }q0}
2σ`1
H3{2pS2q

˘

, (72)

for every T ą 0 and every α P
`

0, 9
14

˘

.

Remark 3.15. Although Λ is defined in (14) for functions of time and space, the extension
to functions of space only is straightforward. In particular

`

Λνpq0q
˘

pt,xq :“

ż t

0

`

It´sνpq0q
˘

pxq ds.

Proof. We divide the proof in three parts according to the three claims of the statement.
Part (i): proof of (70). On the one hand, since ϕλ0 P H2pR3q, by the Stone’s theorem

Utϕ
λ
0 P C0pR, H2pR3qq with }Up¨qφ

λ
0}C0pr0,T s,H2pS2qq À }φλ0}H2pR3q, for every T ą 0. Hence,

by standard Trace theory, F0,1 P C0
`

R, H3{2pS2q
˘

with }F0,1}C0pr0,T s,H3{2pS2qq À }φλ0}H2pR3q,

for every T ą 0. On the other hand, arguing as in (67), one can see that f2,ℓ are continuous
functions such that

|f2,ℓptq| ď cλ, @t P R,

with cλ independent from ℓ. As a consequence, for every fixed t P R, }F0,2pt ` hq ´

F0,2ptq}H3{2pS2q Ñ 0, as h Ñ 0, by dominated convergence and, furthermore,

}F0,2ptq}H3{2pS2q ď cλ}νpq0q}H3{2pS2q ď cλ}q0}
2σ`1
H3{2pS2q

, @t P R,

thus proving (70) (one could actually prove that F0,2 P Cδ
`

R, H3{2pS2q
˘

, for all δ P
`

0, 13
˘

,
but this goes beyond the aims of the proof).

Part (ii): proof of (72). Preliminarily, we note that, since F0p0q ” q0, we can rewrite
F0 as

F0pt,xq ´ q0pxq ´ ı
`

Λνpq0q
˘

pt,xq “ G1pt,xq `G2pt,xq, @pt,xq P R ˆ S2,

with

G1ptq :“ F0,1pt,xq ´ F0,1p0,xq and G2pt,xq :“ F0,2pt, xq ´ F0,2p0, xq ´ ı
`

Λνpq0q
˘

pt,xq.

Again, the main tool is to establish the decomposition of these quantities with respect to
the basis of the spherical harmonics. A straightforward computation shows that

pG1qℓ,mptq “

ż `8

0
r3{2

`

e´ıtr2 ´ 1
˘

Jℓ`1{2prqp
Ăϕλ0qℓ,mprq dr,

while for pG2qℓ,mptq some further effort is required. First we see that

pF0,2qℓ,mptq ´ pF0,2qℓ,mp0q “
`

νpq0q
˘

ℓ,m

ż `8

0

r
`

e´ıtr2 ´ 1
˘

r2 ` λ
J2
ℓ`1{2prq dr.

In addition, from the Spectral theorem we have that

´ı

ż t

0
Ut´s ds “

`

Ut ´ I
˘

p´∆ ` εq´1 ´ ıε

ż t

0
Ut´sp´∆ ` εq´1 ds,

for any fixed ε ą 0, while, from (14), (13) and (12), we have that

´ı
`

Λνpq0q
˘

pt, ¨q “

ˆ

´ ı

ż t

0

`

Ut´spνpq0qδS2q
˘

pxq ds

˙

ˇ

ˇS2

.
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Thus, combining the two relations, there results

´ı
`

Λνpq0q
˘

pt, ¨q “
`

pUt ´ IqG0νpq0q
˘

|S2 .

Hence, since
F0,2pt, ¨q ´ F0,2p0, ¨q “ ´

`

pUt ´ IqGλνpq0q
˘

|S2 ,

one obtains

F0,2pt, ¨q ´ F0,2p0, ¨q ´ ı
`

Λνpq0q
˘

pt, ¨q “ ´

´

pUt ´ Iq
`

Gλνpq0q ´ G0νpq0q
˘

¯

ˇ

ˇS2
,

whence
$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

pG2qℓ,mptq “ g2,ℓptq
`

νpq0q
˘

ℓ,m
with

g2,ℓptq :“

ż `8

0
r
`

e´ıtr2 ´ 1
˘

J2
ℓ`1{2prq

ˆ

1

r2 ` λ
´

1

r2

˙

dr

“ ´λ

ż `8

0

J2
ℓ`1{2prq

r pr2 ` λq

`

e´ıtr2 ´ 1
˘

dr.

Now, using (69) and changing variables, there results

pF0,1qℓ,mptq “
1

2

ż `8

0
e´ıtωω1{4Jℓ`1{2p

?
ωqp

Ăϕλ0qℓ,mp
?
ωq dω “ pgℓ,mptq,

with

gℓ,mpωq :“

c

π

2
1r0,`8qpωq|ω|1{4Jℓ`1{2p

a

|ω|qp
Ăϕλ0qℓ,mp

a

|ω|q,

so that, by(39), (41) and (44),

}F0,1}2H1pR,H2{3pS2qq
“
π

2

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2{3

ż `8

0
xωy2

?
ωJ2

ℓ`1{2p
?
ωq
ˇ

ˇp
Ăϕλ0qℓ,mp

?
ωq
ˇ

ˇ

2
dω

“ π
8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

xℓy2{3

ż `8

0
pk2 ` k6qJ2

ℓ`1{2pkq
ˇ

ˇp
Ăϕλ0qℓ,mpkq

ˇ

ˇ

2
dk

ď c
8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ż `8

0
pk2 ` k6q

ˇ

ˇp
Ăϕλ0qℓ,mpkq

ˇ

ˇ

2
dk “ c}ϕλ0}2H2pR3q.

Since, in addition, F0,1p0, ¨q “ ϕλ0 |S2 , we have that

}F0,1p0, ¨q}2H1pr0,T s,H2{3pS2qq
ď cT }ϕλ0}2H2pR3q

and thus
}G1}H1pr0,T s,H2{3pS2qq ď c

?
1 ` T }ϕλ0}H2pR3q, @T ą 0. (73)

It is, then, left to estimate }G2}H1pr0,T s,H2{3pS2qq. First, one can check by dominated
convergence that

g1
2,ℓptq “ ıλ

ż `8

0

r J2
ℓ`1{2prq

pr2 ` λq
e´ıtr2 dr,

so that, by (40),

}g2,ℓ}C1pr0,T sq ď cλ

ż `8

0

r J2
ℓ`1{2prq

r2 ` λ
dr ď cλ ă `8, @T ą 0.

Hence, arguing as in Part (i) and using (36), there results that }G2}C1pr0,T s,H3{2pS2qq ď

cλ}q0}
2σ`1
H3{2pS2q

, for every T ą 0, and thus, as

C1
`

r0, T s, H3{2pS2q
˘

ãÑ H1
`

r0, T s, H3{2pS2q
˘

ãÑ H1
`

r0, T s, H2{3pS2q
˘

,
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one obtains
}G2}H1pr0,T s,H2{3pS2qq ď cλ}q0}

2σ`1
H3{2pS2q

, @T ą 0,

which combined with (73) completes the proof.
Part (iii): proof of (71). Combining (72) with

H3{2pS2q ãÑ H2{3pS2q and Hα
`

r0, T s, H2{3pS2q
˘

ãÑ H1
`

r0, T s, H2{3pS2q
˘

,

one can see that it is sufficient to estimate }Λνpq0q}Hαpr0,T s,H3{2pS2qq. First we note that,

for any function g P H3{2pS2q, g ” χr0,T sg on r0, T s ˆ S2. Moreover, since

{χr0,T spωq “
ı

?
2π

e´ıωT ´ 1

ω
,

χr0,T sg P Hγ
`

r0, T s, H3{2pS2q
˘

, for every γ P
`

0, 12
˘

. Hence, by Corollary 3.10,

}Λg}Hβ`1{7pr0,T s,H3{2pS2qq ď cβ,T }g}H3{2pS2q, @β P
`

0, 12
˘

,

and thus, setting g “ νpq0q, there results

}Λνpq0q}Hαpr0,T s,H3{2pS2qq ď cα,T }q0}
2σ`1
H3{2pS2q

, @α P
`

0, 9
14

˘

,

which completes the proof. □

4. Local well–posedness: proof of Theorem 1.3 – item (i)

The main tool for the proof of local well–posedness of (17) in DpHq is establishing
existence and uniqueness of the solutions of (28) with a suitable regularity.

Proposition 4.1. Let β P R, σ ě 1{2 and ψ0 “ ϕλ0 ´ Gλνpq0q P DpHq. Then:

(i) there exists T0 ą 0 for which there is a unique solution of (28) in C0
`

r0, T0s, H3{2pS2q
˘

;

(ii) if q is the unique solution of (28) in C0
`

r0, T s, H3{2pS2q
˘

, for some T ą 0, then

q P H1
`

r0, T s, L2pS2q
˘

.

Proof. It is convenient to divide the proof in two steps.
Step (i). It is sufficient to show that, for T ą 0 sufficiently small, the map

Lpqq :“ ´ıΛνpqq ` F0, (74)

is a contraction in

X :“
!

q P L8
`

r0, T s, H3{2pS2q
˘

: }q}L8pr0,T s,H3{2pS2qq ď R
)

for a fixed R ą }F0}L8pr0,T s,H3{2pS2qq, with respect to a proper metric that make X com-

plete. Continuity can be easily established afterwards combining (54) and (70).
Using again (54), (70) and (36), we find that

}Lpqq}L8pr0,T s,H3{2pS2qq ď c T 1{3R2σ`1 ` }F0}L8pr0,T s,H3{2pS2qq, @q P X,

and thus X is preserved by L for T small enough. It is left to discuss contractivity with
respect to a suitable metric. Consider the L8

`

r0, T s, L2pS2q
˘

–one. It clearly makesX com-

plete since an L8
`

r0, T s, L2pS2q
˘

–Cauchy sequence in X converges in L8
`

r0, T s, L2pS2q
˘

to a limit which has to belong to X since the sequence is also weakly˚ convergent in
L8pr0, T s, H3{2pS2qq by Banach–Alaoglu. Then, fix q1, q2 P

`

X, } ¨ }L8pr0,T s,L2pS2qq

˘

. Since

Lpq1q ´ Lpq2q “ Λ
`

νpq2q ´ νpq1q
˘

, (75)

combining (54), (68) and (36), one can find that

}Lpq1q ´ Lpq2q}L8pr0,T s,L2pS2qq ď cT 1{3}νpq2q ´ νpq1q}L8pr0,T s,L2pS2qq

ď cT 1{3R2σ}q1 ´ q2}L8pr0,T s,L2pS2qq,

and thus L is contractive again for T ą 0 sufficiently small.
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Step (ii). Here we use a standard iterative bootstrap argument. Let q be a solution of

(28) in C0
`

r0, T s, H3{2pS2q
˘

. As a consequence q P L2pr0, T s, L2pS2qq, as well, and satisfies

q “ ´ıΛνpqq ` F0. (76)

Since, arguing as before, νpqq P C0
`

r0, T s, H3{2pS2q
˘

Ă L2
`

r0, T s, L2pS2q
˘

, by item (i) of

Corollary 3.10 there results that Λνpqq P H1{7
`

r0, T s, L2pS2q
˘

. In addition, as from (71)

F0 P H1{7
`

r0, T s, L2pS2q
˘

, by (76) we have that q P H1{7
`

r0, T s, L2pS2q
˘

, which concludes
the first iteration. Now, since by (68)

}νpqqptq ´ νpqqpsq}L2pS2q ď }q}2σC0pr0,T s,H3{2pS2qq
}qptq ´ qpsq}L2pS2q, @t, s P r0, T s,

νpqq P H1{7
`

r0, T s, L2pS2q
˘

. Hence, arguing as before, one obtains q P H2{7
`

r0, T s, L2pS2q
˘

and, by means of two further analogous iterations, one gets q P H4{7
`

r0, T s, L2pS2q
˘

.

Here, a new issue arises since both νpqq P H4{7
`

r0, T s, L2pS2q
˘

, preventing the use item

(i) of Corollary 3.10, and
›

›

`

νpqq
˘

pt, ¨q
›

›

L2pS2q
‰ 0, preventing the use item (ii) of Corollary

3.10. However, one can rewrite (76) as

q ´ q0 “ ´ıΛ
`

νpqq ´ νpq0q
˘

` F0 ´ q0 ´ ıΛνpq0q.

Thus νpqq ´ νpq0q P H4{7
`

r0, T s, L2pS2q
˘

and
›

›

`

νpqq
˘

pt, ¨q ´ νpq0q
›

›

L2pS2q
“ 0, so that one

may exploit item (ii) of Corollary 3.10 getting Λ
`

νpqq ´ νpq0q
˘

P H5{7
`

r0, T s, L2pS2q
˘

.

Moreover, as by (72) we have F0 ´ q0 ´ ıΛνpq0q P H5{7
`

r0, T s, L2pS2q
˘

, there results

q ´ q0 P H5{7
`

r0, T s, L2pS2q
˘

, whence q P H5{7
`

r0, T s, L2pS2q
˘

. Iterating such procedure
twice more one finally gets the claim. □

Remark 4.2. Notice that, on any interval r0, T s where (28) admits a solution, the nonlin-
earity enjoys the same regularity of q, that is

νpqq P C0
`

r0, T s, H3{2pS2q
˘

XH1
`

r0, T s, L2pS2q
˘

. (77)

Remark 4.3. Step (i) of the proof above clearly shows the reasons why we have to require
σ ě 1{2. Indeed, on the one hand, as we saw by Section 3.1, we are able to manage the
operator Λ only on functions which are HµpS2q–regular (with µ ě 0) in space; while, on
the other hand, we have to use (36) with µ ą 1, which requires σ ě 1{2. This is a major
difference with point delta models, where one may avoid the use of (36) by applying Fixed
Point theorem in L8pr0, T sq, since the spacial part is absent and Λ is a time–only operator.

Now, before presenting the proof of item (i) of Theorem 1.3, we have to introduce a
further auxiliary result. To this aim, denote by Vt the restriction of the operator Ut to
functions defined on S2. As a consequence, its integral kernel is given by Upt,x´yqˇ

ˇ|y|“1
.

Note also that we

Vt`s “ Ut Vs “ Us Vt, (78)

by the group properties of Ut.

Proposition 4.4. Let g P H1
`

r0, T s, L2pS2q
˘

and hpt,xq :“

ż t

0

`

Vt´sgpsq
˘

pxq ds. Then

}h}C0pr0,T s,L2pR3qq ÀT }g}L2pr0,T s,L2pS2qq. (79)

Proof. First, using (44) and (46), we obtain

F rhspt,kq “ e´ı|k|2t
8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

p´ıqℓYℓ,m

ˆ

k

|k|

˙
ż t

0
eı|k|2sJℓ`1{2p|k|q

a

|k|
gℓ,mpsq ds,
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so that, for every t P r0, T s,

}hptq}2L2pR3q “

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ż `8

0
k2

ˇ

ˇ

ˇ

ˇ

Jℓ`1{2pkq
?
k

ż t

0
eık

2sgℓ,mpsq ds

ˇ

ˇ

ˇ

ˇ

2

dk

“

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ż `8

0
kJ2

ℓ`1{2pkq

ˇ

ˇ

ˇ

ˇ

ż t

0
eık

2sgℓ,mpsq ds

ˇ

ˇ

ˇ

ˇ

2

dk

“

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ż t

0

ż t

0
g˚
ℓ,mpsqgℓ,mps1q

ˆ
ż 8

0
kJ2

ℓ`1{2pkqe´ık2ps´s1q dk

˙

ds ds1

“

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

ż t

0
g˚
ℓ,mpsq

ż t

0
Oℓps

1 ´ sqgℓ,mps1q ds1 ds.

ď

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

}gℓ,m}L2p0,T q

›

›

›

›

ż t

0
Oℓps

1 ´ p¨qqgℓ,mps1q ds1

›

›

›

›

L2p0,T q

, (80)

with

Oℓpτq :“

ż `8

0
kJ2

ℓ`1{2pkqeık
2τ dk.

Moreover, as we show in Appendix B,

Oℓpτq “
eıpℓ`3{2qπ

2

2τ
e´ ı

2τ Jℓ`1{2

ˆ

1

2τ

˙

, (81)

which implies, by (40),

|Oℓpτq| ď
c

|τ |2{3
.

Hence, using the Schur test between L2p0, T q and itself (e.g., [41])
›

›

›

›

ż t

0
Oℓps

1 ´ p¨qqgℓ,mps1q ds1

›

›

›

›

L2p0,T q

ď cT }gℓ,m}L2p0,T q

and therefore, combining with (80),

}hptq}2L2pR3q ď cT

8
ÿ

ℓ“0

ℓ
ÿ

m“´ℓ

}gℓ,m}2L2p0,T q “ }g}2L2pr0,T s,L2pS2qq,

which proves (79) for the L8
`

r0, T s, L2pR3q
˘

–norm. It is, then, left to prove that h P

C0
`

r0, T s, L2pR3q
˘

. However, this can be easily checked arguing as before and using domi-
nated convergence to prove that }hpt`εq´fptq}LpR3q Ñ 0, as ε Ñ 0, for every t P r0, T s. □

Proof of Theorem 1.3 – item (i). In view of Proposition 4.1, it is sufficient to prove that,

given a solution q of (28) in C0
`

r0, T s, H3{2pS2q
˘

, the function ψ defined by (27) satisfies

(22) and (17) in L2pR3q for every t P r0, T s. Indeed, arguing as in the linear case, one can
prove that any solution of (17) satisfying (22) has to fulfill (27)–(28) as well, and thus
uniqueness for (17) is equivalent to uniqueness for (28), which is proved by Proposition
4.1.

As a first step, we recall that by Stone’s Theorem

d

ds
U´s “ ´ı∆U´s, (82)

so that
d

ds

´

´ıp´∆ ` λq´1eıλsU´s

¯

“ eıλsU´s. (83)
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Hence, combining (27) with (83), (78), the properties of the Green’s potentials, the com-
mutation between Ut and p´∆ ` λq´1 and the integration by parts for operator-valued
functions, there results

ψptq “ Ut

´

ϕλ0 ´ Gλνpq0q

¯

´ ı

ż t

0
Vt´sν

`

qpsq
˘

ds

“ Ut

´

ϕλ0 ´ Gλνpq0q

¯

´ ıUt

ż t

0
eıλsV´s e

´ıλsν
`

qpsq
˘

ds

“ Ut

´

ϕλ0 ´ Gλνpq0q

¯

´ ıUt

ż t

0

d

ds

´

´ıp´∆ ` λq´1eıλsV´s

¯

e´ıλsν
`

qpsq
˘

ds

“ Utϕ
λ
0 ´ Gλνpqptqq ` p´∆ ` λq´1

ż t

0
Vt´s

“

´ıλν
`

qpsq
˘

` Bsν
`

qpsq
˘‰

ds

“ ϕλptq ´ Gλνpqptqq,

where

ϕλptq :“ Utφ
λ
0 ` p´∆ ` λq´1

ż t

0
Vt´s

“

´ıλν
`

qpsq
˘

` Bsν
`

qpsq
˘‰

ds, (84)

(we omitted the x dependence and used Bs for partial derivatives with respect to s for
the sake of simplicity). Now, again by the Stone’s theorem Up¨qϕ

λ
0 P C0

`

r0, T s, H2pR3q
˘

.

Moreover, by (77), we have that νpqq, Bsνpqq P L2pr0, T s, L2pS2qq and, thus, by Proposition
4.4 the boundedness of p´∆ ` λq´1 : L2pR3q Ñ H2pR3q and (84), there results that
ϕλ P C0

`

r0, T s, H2pR3q
˘

. Hence, since by (27)–(28) it is straightforward that ψ|S2 ” q,
and since in view of Remark 1.4

}ψptq}DpHq ď }ϕλptq}H2pR3q ` p1 ` λq
›

›Gλν
`

qptq
˘›

›

L2pR3q
,

in order to get ψ P C0
`

r0, T s,DpHq
˘

it is sufficient to show that Gλνpqq P C0
`

r0, T s, L2pR3q
˘

.
However, this can be easily obtained as by Proposition 4.1

›

›Gλν
`

qpt` hq
˘

´ Gλν
`

qptq
˘›

›

L2pR3q
ď
c

λ
}q}2σC0pr0,T s,H3{2pS2qq

}qpt` hq ´ qptq}H3{2pS2q.

Then, observing that the above regularity and (27) imply ψp0q ” ψ0, it is left to prove
that ψ P C1

`

r0, T s, L2pR3q
˘

and the the equation in (17) is satisfied in L2pR3q, for all
t P r0, T s. However, straightforward calculations on (84) yield

ı
Bϕλ

Bt
“ ´∆ϕλ ` λGλνpqq ` ıGλ Bνpqq

Bt
,

and thus, since Bψ
Bt “

Bϕλ

Bt ´ Gλ Bνpqq

Bt , the regularity proved above implies that

ψ P C1
`

r0, T s, L2pS2q
˘

,

while from (20) one obtains that

ı
Bψ

Bt
“ Hψ.

□

5. Conservation laws: proof of Theorem 1.3 – item (ii)

This section is devoted to the proof of the conservation laws associated with (17): the
conservation of the mass, i.e. (23), and the conservation of the energy, i.e. (24).

Clearly, in the following we tacitly assume that ψ is the function defined by (27) which
satisfies item (i) of Theorem 1.3 on a fixed interval r0, T s, and that q ” ψ|S2 satisfies
(28) with the regularity provided by Proposition 4.1. In such a way, we can neglect in
the following proof any regularity issue, since the features of ψ and q make all the steps
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rigorous. In addition, we recall that all the scalar products below have to be meant as
antilinear in the first component.

Proof of Theorem 1.3 – item (ii). We divide the proof in two parts.
Part (i): proof of (23). Since ψ P C1

`

r0, T s, L2pR3q
˘

, we have that Mptq :“ M
“

ψptq
‰

is

of class C1. Let us prove, then, that

M 1ptq “ 0, @t P r0, T s. (85)

By definition

M 1ptq “ 2Re
␣

xψptq, BtψptqyL2pR3q

(

.

As by (17) and (20)

ı
Bψ

Bt
“ p´∆ ` λqϕλ ´ λψ,

using the properties of the Green’s potential, (62) and Proposition 3.11

M 1ptq “ 2Re
!

@

ψptq,´ıp´∆ ` λqϕλptq
D

L2pR3q

)

“ 2Re
!

@

Gλν
`

qptq
˘

, ıp´∆ ` λqϕλptq
D

L2pR3q

)

“ 2Re
!

ı
@

ν
`

qptq
˘

, ϕλ|S2ptq
D

L2pS2q

)

“ 2Re
!

ı
@

ν
`

qptq
˘

, qptq ` T λνpqptqq
D

L2pS2q

)

“ 2Re
!

ı
@

ν
`

qptq
˘

, T λνpqptqq
D

L2pS2q

)

.

Finally, since by (4) Gλ is real–valued and even,
@

ν
`

qptq
˘

, T λν
`

qptq
˘D

L2pS2q
is equal to its

complex conjugate and thus we obtain (85).
Part (ii): proof of (24). Preliminarily, we note that by Remark 1.5 the energy is well-

defined for every t P r0, T s. In contrast to Part (i), here we prove Erψptqs “: Eptq “

Ep0q :“ Erψ0s, for every t P r0, T s, by a direct inspection. First, using (27) and (78) and
recalling the definition of Vt given after Remark 4.3 and the fact that Sobolev homogeneous
norms (denoted below by r¨sH̊mpR3q

) are invariant under the action of the free propagator

Ut, we get

}∇ψptq}2L2pR3q “

„

ψ0 ´ ı

ż t

0
V´sν

`

qpsq
˘

ds

ȷ2

H̊1pR3q

.

Then, expanding the square and integrating by parts in R3, (as the boundary term van-
ishes) we get

}∇ψptq}2L2pR3q

“ }∇ψ0}2L2pR3q ´2Re

"

ı
@

ψ0,

ż t

0
´∆V´sν

`

qpsq
˘

ds
D

L2pR3q

*

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:A1

`

„
ż t

0
V´sν

`

qpsq
˘

ds

ȷ2

H̊1pR3q
looooooooooooooomooooooooooooooon

“:A2

.

(86)

Let us start by discussing A1. From (82) and integration by parts for operator–valued
functions there results

ż t

0
´∆V´sν

`

qpsq
˘

ds “ ´ıV´tν
`

qptq
˘

` ıνpq0qδS2 ` ı

ż t

0
V´sBsν

`

qptq
˘

ds,
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so that, recalling that ψ|S2 ” q and noting that by definition V ˚
´tg “ pUtgq|S2 ,

ı
@

ψ0,

ż t

0
´∆V´sν

`

qpsq
˘

ds
D

L2pR3q

“
@

pUtψ0q|S2 , ν
`

qptq
˘D

L2pS2q
´ β}q0}

2σ`2
L2σ`2pS2q

´

ż t

0

@

pUsψ0q|S2 , Bsν
`

qpsq
˘D

L2pS2q
ds.

As a consequence,

A1 “ 2β}q0}
2σ`2
L2σ`2pS2q

´ 2Re
!

@

ν
`

qptq
˘

, pUtψ0q|S2

D

L2pS2q

)

`

` 2Re

"
ż t

0

@

pUsψ0q|S2 , Bsν
`

qpsq
˘D

L2pS2q
ds

*

. (87)

On the other hand, concerning A2, we first see by the Fubini theorem that

A2 “ 2Re

"
ż t

0

ż s

0

@

V´sν
`

qpsq
˘

, V´τν
`

qpτq
˘D

H̊1pR3q
dτ ds

*

.

Moreover, using again (82) and integration by parts (both in R3 and for operator–valued
functions) and observing that (12) and (13) yield V ˚

´tV´s “ It´s, there results

ż t

0

ż s

0

@

V´sν
`

qpsq
˘

, V´τν
`

qpτq
˘D

H̊1pR3q
dτ ds

“ ı

ż t

0

@

pBsV´sqν
`

qpsq
˘

,

ż s

0
V´τν

`

qpτq
˘

dτ
D

L2pR3q
ds

` ı
@

V´tν
`

qptq
˘

,

ż t

0
V´sν

`

qpsq
˘

ds
D

L2pR3q
`

´ ı

ż t

0

@

V´sBsν
`

qpsq
˘

,

ż s

0
V´τν

`

qpτq
˘

dτ
D

L2pR3q
ds`

´ ı

ż t

0

@

V´sν
`

qpsq
˘

, V´sν
`

qpsq
˘D

L2pR3q
ds

“ ı
@

ν
`

qptq
˘

,

ż t

0
It´sν

`

qpsq
˘

ds
D

L2pS2q
´ ı

ż t

0

›

›V´sν
`

qpsq
˘›

›

2

L2pR3q
ds`

´ ı

ż t

0

ż s

0

@

Bsν
`

qpsq
˘

, Is´τν
`

qpτq
˘D

L2pS2q
dτ ds

and thus

A2 “ 2Re

"

ı
@

ν
`

qptq
˘

,

ż t

0
It´sν

`

qpsq
˘

ds
D

L2pS2q

*

`

´ 2Re

"

ı

ż t

0

ż s

0

@

Bsν
`

qpsq
˘

, Is´τν
`

qpτq
˘D

L2pS2q
dτ ds

*

. (88)
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Summing up, combining (86), (87) and (88),

}∇ψptq}2L2pR3q “ }∇ψ0}2L2pR3q ` 2β}q0}
2σ`2
L2σ`2pS2q

` 2Re
!

@

ν
`

qptq
˘

,´pUtψ0q|S2

D

L2pS2q

)

loooooooooooooooooooooomoooooooooooooooooooooon

“:B1

`

` 2Re

"

@

ν
`

qptq
˘

, ı

ż t

0
It´sν

`

qpsq
˘

ds
D

L2pS2q

*

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:B2

`

` 2Re

"
ż t

0

@

pUsψ0q|S2 , Bsν
`

qpsq
˘D

L2pS2q
ds

*

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:B3

`

´2Re

"

ı

ż t

0

ż s

0

@

Bsν
`

qpsq
˘

, Is´τν
`

qpτq
˘D

L2pS2q
dτ ds

*

loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

“:B4

.

Now, using (28), (15) and (14), we find that

B1 `B2 “ ´2β}qptq}
2σ`2
L2σ`2pS2q

B3 `B4 “ 2Re

"
ż t

0

@

Bsν
`

qpsq
˘

, qpsq
D

L2pS2q
ds

*

,

which entails, integrating by parts in s,

}∇ψptq}2L2pR3q “ }∇ψ0}2L2pR3q ´ 2Re

"
ż t

0

@

Bsqpsq, ν
`

qpsq
˘D

L2pS2q
ds

*

.

Finally, as

2Re
!

@

Bsqpsq, ν
`

qpsq
˘D

L2pS2q

)

“
β

σ ` 1

d

ds
}qptq}

2σ`2
L2σ`2pS2q

,

suitably rearranging terms, one recovers (24). □

6. Global well–posedness: proof of Theorem 1.7

In this section we discuss global well–posedness of (17) in DpHq; that is, we discuss
under which assumptions one can prove that the parameter T ˚, defined by (26), is equal
to `8. However, in view of the arguments developed in Section 4, one can see that

T ˚ “ sup
!

T ą 0 : (28) admits a unique solution in C0
`

r0, T s, H3{2pS2q
˘

)

, (89)

so that global well–posedness of (17) in DpHq turns out to be equivalent to global well–

posedness of (28) in H3{2pS2q, which is the issue that we actually address below.

6.1. Global well–posedness for small data: proof of Theorem 1.7 – item (i). The
former strategy to prove a global–well posedness result is to find a contraction argument
in C0

`

r0,`8q, H3{2pS2q
˘

analogous to the one used to prove item (i) of Proposition 4.1.

Proof of Theorem 1.7 – item (i). It is sufficient to show that, whenever ψ0 “ ϕλ0 ´Gλνpq0q

is such that }ϕλ0}H2pR3q is small enough, the map L defined by (74) is a contraction in

Y :“
!

q P L8
`

r0,`8q, H3{2pS2q
˘

: }q}L8pr0,`8q,H3{2pS2qq ď L
)

for some suitable L ą 0 (that we fix below), with respect to a proper metric that make
Y complete. As pointed out in the proof of Proposition 4.1, continuity can be easily
established ex–post by using (54) and (70).
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As a first step, we have to prove that Lmaps Y into itself. Fix, then q P Y . Preliminarily
we note that

›

›

`

Λνpqq
˘

ptq
›

›

L2pS2q
ď

ż t

0

›

›Isν
`

qpt´ sq
˘›

›

L2pS2q
ds, @t ě 0.

On the one hand, when t P r0, 1s, using (48) with r “ p “ 2 and (36), there results

›

›

`

Λνpqq
˘

ptq
›

›

L2pS2q
ďc

ż t

0

1

s2{3

›

›ν
`

qpt´ sq
˘›

›

L2pS2q
ds ď c

ż t

0

1

s2{3
}qpt´ sq}

2σ`1
H3{2pS2q

ds

ďc}q}
2σ`1
L8pr0,`8q,H3{2pS2qq

ż t

0

1

s2{3
ds ď c}q}

2σ`1
L8pr0,`8q,H3{2pS2qq

. (90)

On the other hand, when t ą 1

›

›

`

Λνpqq
˘

ptq
›

›

L2pS2q
ď

ż 1

0

›

›Isν
`

qpt´ sq
˘›

›

L2pS2q
ds`

ż t

1

›

›Isν
`

qpt´ sq
˘›

›

L2pS2q
ds. (91)

Thus, since arguing as before
ż 1

0

›

›Isν
`

qpt´ sq
˘
›

›

L2pS2q
ds ď c}q}

2σ`1
L8pr0,`8q,H3{2pS2qq

and since using (48) with r “ 8, p “ 1 (and (36))
ż t

1

›

›Isν
`

qpt´ sq
˘›

›

L2pS2q
ds ďc

ż t

1

›

›Isν
`

qpt´ sq
˘›

›

L8pS2q
ds ď c

ż t

1

1

s3{2

›

›ν
`

qpt´ sq
˘›

›

L1pS2q
ds

ďc

ż t

1

1

s3{2

›

›ν
`

qpt´ sq
˘›

›

L2pS2q
ds ď c

ż t

1

1

s3{2
}qpt´ sq}

2σ`1
H3{2pS2q

ds

ďc}q}
2σ`1
L8pr0,`8q,H3{2pS2qq

ż t

1

1

s3{2
ds ď c}q}

2σ`1
L8pr0,`8q,H3{2pS2qq

,

(90) and (91) (and (34)) yield

}Λνpqq}L8pr0,`8,L2pS2qq ď c}q}
2σ`1
L8pr0,`8q,H3{2pS2qq

. (92)

Now, combining (92) with (55) and with the representation of the Laplace–Beltrami op-
erator in spherical harmonics (i.e., (29)) and arguing as before, we also find that

}Λνpqq}L8pr0,`8q,H̊3{2pS2qq

“ }Λp´∆S2q3{4νpqq}L8pr0,`8q,L2pS2qq ď c}q}
2σ`1
L8pr0,`8q,H3{2pS2qq

. (93)

As a consequence, from (92) and (93)

}Lpqq}L8pr0,`8q,H3{2pS2qq ď }F0}L8pr0,`8q,H3{2pS2qq ` cL1`2σ,

so that, in view of (70) and Remark 1.8, if L ă p2cq´2σ and }ϕλ0}H2pR3q is such that
}F0}L8pr0,`8q,H3{2pS2qq ă L{2, then }Lg}L8pr0,`8q,H3{2pS2qq ă L, which proves the claim.

Finally, it is left to discuss the contractivity with respect to a suitable metric. Consider
the L8

`

r0,`8q, L2pS2q
˘

–one. Arguing as in the proof of Proposition 4.1, this clearly
makes Y complete. Moreover, using (75) and (68) and slightly adapting the proof of (92),
we have that

}Lpq1q ´ Lpq2q}L8pr0,`8q,L2pS2qq ď cL2σ}q1 ´ q2}L8pr0,`8q,L2pS2qq

and therefore, with the previous choice of L, also contractivity is established. □
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6.2. Global well–posedness in the defocusing case: proof of Theorem 1.7 – item
(ii). In view, again, of (89), the latter strategy to prove global well–posedness is to adapt
a classical blow–up alternative argument to (28).

Lemma 6.1 (Blow-up alternative). Let β P R, σ ě 1{2, ψ0 “ ϕλ0 ´ Gλνpq0q P DpHq and
q the unique solution of (28) on r0, T ˚q. Then,

either T ˚ “ `8 or lim sup
tÑT˚

}qptq}H3{2pS2q “ `8.

Proof. Let T ˚ ă `8 and assume, by contradiction, that

}qptq}H3{2pS2q ď C, @t P r0, T ˚q. (94)

In addition, set Tε :“ T ˚ ´ ε, for some ε to be fixed later, and define rqpsq :“ qpTε ` sq.
By (28) and (14), one finds that rq satisfies

rqps,xq ` ı
`

Λνprqq
˘

ps,xq “ rF0ps,xq, (95)

where
rF0ps,xq :“ F0pTε ` s,xq `Aps,xq, (96)

with F0 given by (15) and

Aps,xq :“ ´ı

ż Tε

0

`

ITε`s´τνpqpτqq
˘

pxq dτ.

Now, if one may choose ε such that (95) admits a unique solution in C0
`

r0, rT s, H3{2pS2q
˘

with rT ą ε, then, setting qptq “ rqpt ´ Tεq, one finds a solution of (28) beyond T ˚, which
contradicts (89).

Preliminarily, arguing as in the proof of Proposition 4.1, one can see that rT is nothing
but a suitable contraction time for the map

rLprqq :“ ´ıΛνprqq ` rF0

in C0
`

r0, rT s, H3{2pS2q
˘

. Moreover, a direct inspection of the proof of Proposition 4.1

shows that any positive time T ă 2´6σ}F0}
´6σ
L8pr0,T s,H3{2pS2qq

is a suitable contraction time

for the map defined by (74). As a consequence, any time rT ă 2´6σ} rF0}
´6σ

L8pr0, rT s,H3{2pS2qq
is

a suitable contraction time for rL. Let us estimate, then, } rF0}L8pr0,T s,H3{2pS2qq. By (70)

}F0pTε ` ¨q}L8pr0,T s,H3{2pS2qq ď cλ
`

}ϕλ0}H2pR3q ` }q0}
2σ`1
H3{2pS2q

˘

, @T ą 0.

Furthermore, using (51) with µ “ 3{2 and z “ 1 and (36) one obtains that

}ITε`s´τνpqpτqq}H3{2pS2q ď
c

pTε ` s´ τq2{3
}qpτq}

2σ`1
H3{2pS2q

and thus, arguing as in the Proof of Proposition 3.3 and using (94),

}A}L8pr0,T s,H3{2pS2qq ď 3cCT ˚, @T ą 0.

Therefore, by (96), there exists a constant Cλ,σ,C,T˚,ϕλ0 ,q0
ą 0 such that

} rF0}L8pr0,T s,H3{2pS2qq ď Cλ,σ,C,T˚,ϕλ0 ,q0
, @T ą 0.

Owing to this fact, any rT ă 2´6σC´6σ
λ,σ,C,T˚,ϕλ0 ,q0

is a suitable contraction time. Finally, since

C´6σ
λ,σ,C,T˚,ϕλ0 ,q0

does not depend on ε, one can chose (for instance) rT “ 2´6σ´1C´6σ
λ,σ,C,T˚,ϕλ0 ,q0

and ε “ 2´6σ´2C´6σ
λ,σ,C,T˚,ϕλ0 ,q0

to obtain the aimed contradiction. □

Finally, we have all the ingredients to prove global well–posedness in the defocusing
case for σ ă 4{5 (we mention that the idea of the proof takes its cue from [39]).
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Proof of Theorem 1.7 – item (ii). We want to prove that, assuming T ˚ ă `8, yields
}qptq}H3{2pS2q ď C, for every t P r0, T ˚q, thus contradicting Lemma 6.1. Note that, when-

ever one assumes T ˚ ă `8, C may depend on T ˚.
Suppose then, by contradiction, that T ˚ ă `8. Combining (23) and (24) with β ą 0,

we have
}ψptq}H1pR3q ď c, }qptq}L2σ`2pS2q ď c, @t P r0, T ˚q,

so that, by classical Trace theorems and Sobolev embeddings,

}qptq}H1{2pS2q ď c, }qptq}L4pS2q ď c, @t P r0, T ˚q. (97)

Now, in order to prove the contradiction, it is convenient to divide the proof in two steps.
Step (i): }qptq}L8pS2q ď CT˚, for every t P r0, T ˚q. Our strategy is to prove that there

exists r ą 8{3 such that }qptq}W 3{4,rpS2q ď CT˚ , for every t P r0, T ˚q, as this immediately
implies the claim by Sobolev embeddings.

Let us start by estimating rqptqsW̊ 3{4,rpS2q
, for a general r ě 2, using the definition given

by (37). From (28)
›

›p´∆S2q3{8qptq
›

›

LrpS2q
ď
›

›p´∆S2q3{8F0ptq
›

›

LrpS2q
`
›

›p´∆S2q3{8
`

Λνpqq
˘

ptq
›

›

LrpS2q
.

Moreover, from (29) and (47), one sees that It commutes with p´∆S2q3{8, as they are
multiplication operators with respect to the decomposition in spherical harmonics. As a
consequence, exploiting (14) and Lemma 3.1, we have

›

›p´∆S2q3{8
`

Λνpqq
˘

ptq
›

›

LrpS2q
ď c

ż t

0

1

|t´ s|δppq

›

›p´∆S2q3{8ν
`

qpsq
˘›

›

LppS2q
ds (98)

with p the conjugate exponent of r and δppq given by (49). However, (98) is only formal
unless δppq ă 1. Hence, it is actually valid for the sole r P

“

2, 103
˘

, with p “ r
r´1 P

`

10
7 , 2

‰

.

Furthermore, combining the equivalence between (37) and (38), the fact that (37) is valid
also with R2 in place of S2 (with ´∆S2 replaced by the standard Laplacian) and [49,
Lemma A1], and arguing as in the proof of (35) (see Appendix A), one can prove that

›

›p´∆S2q3{8ν
`

qpsq
˘›

›

LppS2q
ď c

›

›|qptq|2σ
›

›

Lp1 pS2q

›

›p´∆S2q3{8qptq
›

›

Lp2 pS2q
, with

1

p1
`

1

p2
“

1

p
.

Therefore, letting p2 “ r, (98) reads

›

›p´∆S2q3{8
`

Λνpqq
˘

ptq
›

›

LrpS2q
ď c

ż t

0

1

|t´ s|δppq

›

›|qpsq|2σ
›

›

L
r

r´2 pS2q

›

›p´∆S2q3{8qpsq
›

›

LrpS2q
ds.

Note that, since r P
“

2, 103
˘

, r
r´2 P

`

5
2 ,`8

‰

, and thus, as σ ă 4{5, there exists r P
`

8
3 ,

10
3

˘

such that
›

›|qpsq|2σ
›

›

L
r

r´2 pS2q
ď c}qpsq}2σL4pS2q. (99)

Now, using (97) and (70) and the facts that
›

›p´∆S2q3{8F0

›

›

C0pr0,T s,H3{4pS2qq
ď
›

›F0

›

›

C0pr0,T s,H3{2pS2qq
, @T ą 0,

and
H3{4pS2q ãÑ L8pS2q ãÑ LrpS2q,

there results
›

›p´∆S2q3{8qptq
›

›

LrpS2q
ď c1 ` c2

ż t

0

1

|t´ s|δppq

›

›p´∆S2q3{8qpsq
›

›

LrpS2q
ds. (100)

Finally, from the Gröwnall–type estimate given by [76, Lemma 2.5] (and, more precisely,

by [76, Eq. (2.13)]), (100) implies that
›

›p´∆S2q3{8qptq
›

›

LrpS2q
ď CT˚ , for every t P r0, T ˚q.

Since r ď 4, the same can be proved for }qptq}LrpS2q and thus the claim follows by Sobolev
embeddings.
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Step (ii): }qptq}H3{2pS2q ď CT˚, for every t P r0, T ˚q. Using again (28), we obtain

}qptq}H3{2pS2q ď }F0ptq
›

›

H3{2pS2q
`
›

›

`

Λνpqq
˘

ptq
›

›

H3{2pS2q
.

Furthermore, combining (53), (70), (35) and the claim of Step (i), one obtains

}qptq}H3{2pS2q ď c1 ` c2Cσ,T˚

ż t

0

1

|t´ s|2{3
}qpsq}H3{2pS2q ds,

so that, again by [76, Lemma 2.5], we get the claim (possibly, redefining CT˚). □

Remark 6.2. In the previous proof, the constraint on the power σ is a direct consequence
of three things:

(a) the choice of a strategy based on a Grönwall–type argument;
(b) the use of Lemma 3.1, which thus requires δppq ă 1 when combined with (a);
(c) the fact that the a–priori estimate on the charge provided by the constants of

motion is only on the L4pS2q–norm.

One may intuitively think to improve step (c) by using the estimate on the L2σ`2pS2q–
norm, which is another consequence of the energy conservation. However, if one replaces
L4pS2q with L2σ`2pS2q in (99), then the inequality holds only for σ ă 2{3, which is an
even worse constraint. Hence, the sole remaining possibility to remove the constraint at
this level is to find another way to estimate

›

›|qpsq|2σ
›

›

L
r

r´2 pS2q
, but this seems out of reach

at the moment.
On the other hand, one may think to improve step (b) proving a finer version of Lemma

3.1, that is a finer version of (50). For instance, if one could replace the factor t´2{3 with

the factor t´1{2, then one would enlarge the set of admissible exponents. Unfortunately,
this is not possible due to the behavior as t Ñ 0, as shown by the following computation.
First, by [60, Eq. (10.19.8)], for a ą 0 fixed,

Jν
`

ν ` aν1{3
˘

„
21{3

ν1{3
Ai
`

´ 21{3a
˘

, as ν Ñ `8,

where Aipxq is the Airy function. Hence, fixing a such that ´21{3a is not a zero of Aipxq,
there exists ν0 ą 0 such that

ν1{3
ˇ

ˇJν
`

ν ` aν1{3
˘
ˇ

ˇ ě c ą 0, @ν ą ν0.

Let us set, then,

1

2tn
:“ n` 1{2 ` apn` 1{2q1{3, @n P Nzt0u.

By (47), whenever n is large enough,

sup
ℓPN

|ρptn, ℓq| “
1

2|tn|
sup
ℓPN

|Jℓ`1{2p1{2tnq|

ě
1

2|tn|

ˇ

ˇJn`1{2

`

n` 1{2 ` apn` 1{2q1{3
˘ˇ

ˇ ě
c

2pn` 1{2q1{3|tn|

and thus, up to lower order terms, supℓPN |ρptn, ℓq| ě rc
|tn|2{3 , which shows that the order

2{3 in (50) is sharp as t Ñ 0.
As a consequence, in order to remove (or enhance) the constraint on σ, the unique

possibility is to work on step (a), which means to change the overall strategy of the proof.
However, at the moment it is not clear how to recover a global well–posedness result in
DpHq, without small data assumptions, exploiting different methods.
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Appendix A. Schauder estimates on S2: proof of (35)

Here we prove (35). First, we recall that in the euclidean case, when S2 is replaced by
R2, the inequality is well known to be true; namely,

}νpgq}HµpR2q ď cµ }g}2σL8pR2q}g}HµpR2q, @g P HµpR2q, (101)

whenever σ ě
rµs

2 (this can be easily derived, for instance, by [49] or by [74, Lemma A.9]).

As a consequence, we aim at using the construction of the Sobolev spaces on S2 introduced
at the end of Section 2.1 to transfer the inequality from R2 to S2.

Fix, then, g P HµpS2q, with µ ą 1. First, we note that

πj
“

χjνpgq
‰

“ πjrχjsν
`

πjrus
˘

, j “ 1, 2. (102)

Consider, now, a new partition of the unity tη1, η2u, which has all the properties of tχ1, χ2u

and, furthermore satisfies

η1 ” 1, on supptχ1u.

Since this new partition yields an equivalent norm for HµpS2q, there exist c1, c2 ą 0 such
that

c1
›

›π1rχ1gs
›

›

HµpR2q
ď
›

›π1rη1gs
›

›

HµpR2q
ď c2

›

›π1rχ1gs
›

›

HµpR2q
. (103)

In addition, one can check that

π1rη1s ” 1 on supp
␣

π1
“

χ1νpgq
‰(

and thus, combining with (102), one obtains

π1
“

χ1νpgq
‰

“ π1rχ1sν
`

π1rη1gs
˘

.

As a consequence, using [74, Lemma A.8], there results
›

›π1
“

χ1νpgq
‰›

›

HµpR2q

ď c
´

›

›π1rχ1s
›

›

L8pR2q

›

›ν
`

π1rη1gs
˘
›

›

HµpR2q
`
›

›π1rχ1s
›

›

HµpR2q

›

›ν
`

π1rη1gs
˘›

›

L8pR2q

¯

,

so that, from (34) and (101),
›

›π1
“

χ1νpgq
‰
›

›

HµpR2q
ď c

›

›π1rη1gs
›

›

2σ

L8pR2q

›

›π1rη1gs
›

›

HµpR2q
.

Finally, recalling (103) and (33) and noting that

γ1 }u}L8pS2q ď
›

›π1rη1gs
›

›

L8pR2q
`
›

›π2rη2gs
›

›

L8pR2q
ď γ2 }u}L8pS2q

for some suitable γ1, γ2 ą 0, one finds that
›

›π1
“

χ1νpgq
‰›

›

HµpR2q
ď c }g}2σL8pS2q}g}HµpS2q.

Since one can make the same construction for π2
“

χ2νpgq
‰

, inequality (35) follows just
recalling again (103).

Appendix B. Proof of (81)

Here we prove (81). Note that it is actually present in [77, Section 13.31], but its proof
holds for another range of parameters. Hence, it is necessary to prove it again for our
range of parameters.

Fix, then, ℓ P N and s ą 0. Since Jℓ`1{2pzq is holomorphic outside the origin (where it
displays a ramification point), there results

¿

ΓR,ε

fpzq dz “ 0,
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where
fpzq :“ zJ2

ℓ`1{2pzqeız
2s and ΓR,ε “ γ1 Y γ2 Y γ3 Y γ4

is the curve depicted by Figure 1. Observe that γ2 is an arc of angle π{4 of the circle of
radius R " s, whereas γ4 is an arc of angle π{4 of the circle of radius ε ! s (the definitions
of γ1 and γ3 are immediate). Clearly

γ1

γ2

γ3

γ4

Figure 1. The path ΓR,ε.

lim
RÑ`8

lim
εÑ0

¿

ΓR,ε

fpzq dz “ 0,

and

lim
εÑ0

ż

γ4

fpzq dz “ 0,

so that, if one can prove that

lim
RÑ`8

ż

γ2

fpzq dz “ 0, (104)

then the proof is complete. Indeed, owing to this fact, one has
ż `8

0
kJ2

ℓ`1{2pkqeık
2s dk “ lim

RÑ`8
lim
εÑ0

ż

γ1

fpzq dz

“ ´ lim
RÑ`8

lim
εÑ0

ż

γ3

fpzq dz “ lim
RÑ`8

lim
εÑ0

ż

´γ3

fpzq dz

and, since

lim
RÑ`8

lim
εÑ0

ż

´γ3

fpzq dz “ ı lim
RÑ`8

lim
εÑ0

ż R

ε
te´st2J2

ℓ`1{2

`

teı
π
4

˘

dt

“ ı

ż `8

0
te´st2J2

ℓ`1{2

`

teı
π
4

˘

dt “
ı

2s
e´ ı

2s Iℓ`1{2

´ ı

2s

¯

(where the last equality is established in [77, Pag. 395]), there results
ż `8

0
kJ2

ℓ`1{2pkqeık
2s dk “

ı

2s
e´ ı

2s Iℓ`1{2

´ ı

2s

¯

,

with Iν the modified Bessel function of order ν (see, e.g., [60, Eq. (10.25.2)]). Finally,

since, by [60, Eq. (10.27.6)], Iνpzq “ eıν
π
2 Jνpze´ıπ

2 q, whenever ´π ď arg z ď π{2, one
obtains (81).
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As a consequence, it is left to prove (104), or equivalently

lim
RÑ`8

R2

ż π
4

0
eıp2θ`sR2eı2θqJ2

ℓ`1{2

`

Reıθ
˘

dθ
loooooooooooooooooooooomoooooooooooooooooooooon

“:ApRq

“ 0. (105)

Note that all the constants below may depend on s and ℓ. First, we see that, since
sin η ě

2η
π for every η P

“

0, π2 s,

|ApRq| ď R2

ż π
4

0
e´sR2 sinp2θq

ˇ

ˇJℓ`1{2

`

Reıθ
˘
ˇ

ˇ

2
dθ ď R2

ż π
4

0
e´sR2 4

π
θ
ˇ

ˇJℓ`1{2

`

Reıθ
˘
ˇ

ˇ

2
dθ

ď

ż π
4
R2

0
e´ 4s

π
x
ˇ

ˇJℓ`1{2

`

Reı
x
R2
˘ˇ

ˇ

2
dx.

Moreover, by the Schläfli’s formula (see, e.g., [60, Eq. (10.9.6)]), whenever | arg z| ă π{2,

Jℓ`1{2pzq “
1

π

ż π

0
cos pz sin θ ´ pℓ` 1{2qθq dθ ´

sin
`

pℓ` 1{2qπ
˘

π

ż `8

0
e´z sinh t´pℓ`1{2qt dt.

Then,

Jℓ`1{2

`

Reı
x
R2
˘

“f1pxq ` f2pxq ` f3pxq

:“
1

2π

ż π

0
e
ıR

´

cos
´

x
R2

¯

`ı sin
´

x
R2

¯¯

sin θ
e´ıθpℓ`1{2q dθ`

`
1

2π

ż π

0
e

´ıR
´

cos
´

x
R2

¯

`ı sin
´

x
R2

¯¯

sin θ
eıθpℓ`1{2q dθ`

´
sin

`

pℓ` 1{2qπ
˘

π

ż `8

0
e´Re

ı x
R2 sinh t´pℓ`1{2qt dt,

so that

|ApRq| ď

3
ÿ

j“1

ż π
4
R2

0
e´ 4s

π
x|fjpxq|2 dx

looooooooooooomooooooooooooon

“:AjpRq

.

As a consequence, in order to prove (105), it suffices to show that AjpRq Ñ 0, as R Ñ `8,
for j “ 1, 2, 3. Let us consider, first, the cases j “ 1, 2. An easy change of variables yields

fjpxq “
ıp´1qjpℓ`1{2q

2π

ż π{2

´π{2
eıp´1qj´1Re

ı x
R2 cosαeıp´1qjpℓ`1{2qα dα.

Now, let ϕ P C8
0 pRq, with supptϕu Ă ra, bs Ă p´π{2, π{2q, ϕ ě 0 and ϕ ” 1 on r´π{4, π{4s,

and define

rfjpxq :“
ıp´1qjpℓ`1{2q

2π

ż π{2

´π{2
ϕpαqeıp´1qj´1Re

ı x
R2 cosαeıp´1qjpℓ`1{2qα dα.

It is straightforward that

AjpRq ď c

ż π
4
R2

0
e´ 4s

π
x|fjpxq ´ rfjpxq|2 dx

looooooooooooooooooomooooooooooooooooooon

“:Aj,1pRq

`c

ż π
4
R2

0
e´ 4s

π
x| rfjpxq|2 dx

looooooooooooomooooooooooooon

“:Aj,2pRq

and, thus, we can prove that Aj,1pRq and Aj,2pRq are both vanishing as R Ñ `8 to get
the result.
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In order to study the former term, we see that by construction

fjpxq ´ rfjpxq “
ıp´1qjpℓ`1{2q

2π

2
ÿ

n“1

ż bn

an

`

1 ´ ϕpαq
˘

eıp´1qj´1Re
ı x
R2 cosαeıp´1qjpℓ`1{2qα dα,

with a1 “ ´b2 “ ´π{2 and b1 “ ´a2 “ ´π{4, so that, integrating by parts and using the
properties of ϕ,

fjpxq ´ rfjpxq “
ıp´1qjpℓ`1{2q

4πReı
x
R2

"

2 cos
`

p´1qjpℓ` 1{2qπ{2
˘

`

´
ÿ

n“1,2

ż bn

an

ˆ

p1 ´ ϕpαqqeıp´1qjpℓ`1{2qα

sinα

˙1

eıp´1qj´1Re
ı x
R2 cosα dα

*

.

Hence, using the range of α and x and (again) the properties of ϕ, one obtains

|fjpxq ´ rfjpxq| ď c

`

1 ` e
x
R

˘

R

and thus

Aj,1pRq ď
c

R2

ˆ

1 `
1

4s
π ´ 2

R

`

1 ´ e´sR2`2R
˘

˙

ÝÑ 0, as R Ñ `8

(note that all the constants here and below may also depend on ϕ, which is fixed).
Concerning the latter term, we first see that, setting y “ sinpα{2q, there results

rfjpxq “
ıp´1qjpℓ`1{2q

π
e
ıp´1qj´1R cos

´

x
R2

¯

¨

¨

ż

?
2{2

´
?
2{2

ϕp2 arcsin yq
a

1 ´ y2
e
2ıp´1qjR cos

´

x
R2

¯

y2
e

p´1qj´1R sin
´

x
R2

¯

p1´y2q
eıp´1qjp2ℓ`1q arcsin y dy.

Moreover, using again the construction of ϕ, we have that

rfjpxq “
ıp´1qjpℓ`1{2q

π
e
ıp´1qj´1R cos

´

x
R2

¯
ż

rb

ra
eıhpx,rqp´1qjy2gpx,R, yq dy

with ra :“ sinpa{2q, rb :“ sinpb{2q,

hpx, rq :“ 2R cos
´ x

R2

¯

, gpyq :“
ϕp2 arcsin yq
a

1 ´ y2
e

p´1qj´1R sin
´

x
R2

¯

p1´y2q
eıp´1qjp2ℓ`1q arcsin y.

Hence, exploiting the Van der Corput lemma (see, e.g., [69, Corollary at pag. 334] or [53,
Corollary 1.1]) and the fact that x P

“

0, π4R
2
‰

, we get that

ˇ

ˇ rfjpxq
ˇ

ˇ

2
ď

c

R
}gpx,R, ¨q}2

H1pra,rbq
.

Furthermore, since easy computations yield

}gpx,R, ¨q}2
H1pra,rbq

ď ce
2x
R

ˆ

1 `
x2

R2

˙

,
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there results

Aj,2pRq ď
c

R

ż π
4
R2

0
e´ 4s

π
xe

2x
R

ˆ

1 `
x2

R2

˙

dx

ď
c

R
`
c

R

ż π
4
R2

0
e´ 4s

π
xe

2x
R
x2

R2
dx

“
c

R
`
c

R

˜

R
`

2 ´ 4sR
π

˘2

ż π
4
Rp2´ 4sR

π q

0
eωω2 dω

¸

“
c

R
`
c

R

˜

R
`

2 ´ 4sR
π

˘2

„

eω
`

ω2 ´ 2ω ` 2
˘

ˇ

ˇ

ˇ

ˇ

π
4
Rp2´ 4sR

π q

0

¸

ÝÑ 0, as R Ñ `8.

It is, then, left to prove the vanishing of A3pRq. However, as one immediately sees that

f3pxq “ ´
sin

`

pℓ` 1{2qπ
˘

π

ż `8

0
e

´ıR sin
´

x
R2

¯

sinh t
e

´R cos
´

x
R2

¯

sinh t
e´pℓ`1{2qt dt,

elementary estimates and a change of variables show that

|f3pxq| ďc

ż `8

0
e

´R cos
´

x
R2

¯

sinh t
e´pℓ`1{2qt dt ď c

ż `8

0
e

´R cos
´

x
R2

¯

sinh t
dt

ďc

ż `8

0
e´c1R sinh t dt “ c

ż `8

0
e´c1Ry

ˆ

1 `
y

y `
a

y2 ` 1

˙

dy

ďc

ż `8

0
e´c1Ry dy ď

c

R
,

which implies A3pRq Ñ 0, as R Ñ `8.
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