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Phenotype switching in chemotaxis aggregation models controls the
spontaneous emergence of large densities
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Abstract

We consider a phenotype-switching chemotaxis model for aggregation, in which a chemotactic
population is capable of switching back and forth between a chemotaxing state (performing chemo-
tactic movement) and a secreting state (producing the attractant). We show that the switching rate
provides a powerful mechanism for controlling the densities of spontaneously emerging aggregates.
Specifically, in two- and three-dimensional settings it is shown that when both switching rates coin-
cide and are suitably large, then the densities of both the chemotaxing and the secreting population
will exceed any prescribed level at some points in the considered domain. This is complemented
by two results asserting the absence of such aggregation phenomena in corresponding scenarios in
which one of the switching rates remains within some bounded interval.
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1 Introduction

The Keller-Segel system for chemotactic movement [I2] constitutes a classical model of mathematical
biology, noted for its capacity to exhibit self-organisation. When formulated with two variables —
a chemotactic population and its diffusive chemoattractant — and making the assumption that the
population secretes its own attractant, positive feedback is inserted into this system that allows clus-
ters to form through self-reinforcement. Studies of this system form a significant literature, ranging
from biological and sociological applications of the model [I9] to studies into the intricate analytical
properties [8, 2]. In terms of the latter, resolving the question of whether solutions to the system exist
globally-in-time or blow up has been of particular interest.

This simple model implicitly assumes homogeneity across the population, i.e. that all members have
equivalent capacity to perform chemotaxis and/or produce attractant. These assumptions of ho-
mogeneity, however, can lie at odds with the heterogeneity observed in natural systems, where a
population will often span a spectrum of phenotypes, such as variable chemotactic sensitivity in the
context of chemotactic behaviour [22]. The presence of phenotypic heterogeneity may confer numerous
advantages, such as adaptability within fluctuating environments, but must also be considered within
the wider context of energy balances [11]: performing one activity (e.g. movement) has an inevitable
energy cost, meaning less resources may be available for other activities (e.g. protein synthesis and
transport), i.e. there exists a trade-off. In light of this, recent models have been developed that ex-
tend the Keller and Segel framework to include phenotypic heterogeneity and trade-offs, either through
a population that spans a continuous spectrum of phenotypes [I7] or a population subdivided into
discrete phenotypic states [I8]. The latter considered a self-organisation type scenario, specifically
focusing on a trade-off in which the population either performed chemotaxis (chemotazing state) or
produced the attractant (secreting state), but could not perform both simultaneously. Linear stability
analysis of this model demonstrated that pattern formation is possible, but that the rate of switching
between the two states becomes a crucial factor in the dynamics. Numerical analyses confirmed these
predictions and, moreover, hinted that solutions exist globally-in-time, yet a formal analysis was not
attempted.

Motivated by this, we will focus on a family of problems based on the system introduced in [I§]. In
the following, u,g represents the chemotaxing phenotype, w,g represents the secreting phenotype and
Vo is the chemoattractant. Specifically, we shall consider the problems

Ouap = Augg — V - (uagVag) — atiag + fwag, zeN, t>0,
OtVap = AVap — Vap + Wag, e, t>0,
8twaﬁ = Awaﬁ - /Bwaﬁ + QUng, S Q, t> 0, (11)
Oug, Ovg, Owg
o =g =g =0, x e, t>0,
uag(x,0) = ug(x), vap(x,0) =vo(x), wap(x,0) = wo(x), x €,

with a > 0 and 8 > 0 representing the rate of switching from chemotaxing to secreting and secreting
to chemotaxing, respectively.

Viewed from a mathematical perspective, (ILI]) differs from the corresponding initial-boundary value



problem for the classical Keller-Segel system

{ up = Au — xV - (uVv),

(1.2)
vy = Av — v + pu,

by including a form of indirectness with respect to the signal production process. Whereas the classical
system is well-known for its ability to generate unbounded densities within the chemotaxing population
([T, [26]), the inclusion of indirectness within the signal dynamics has been found to significantly
reduce a trend toward singular destabilisation. In particular, in [6] the presence of additional diffusion-
induced dissipation of the form in (II]) was shown to suppress any blow-up phenomena in a closely
related problem in three (and lower)-dimensional settings. Meanwhile, a substantial collection of
additional studies has provided comparable findings for a number of nearby extensions ([3], [16], [21],
[29], [30], [31], [B2]). Lacking, as far as we are aware, is a rigorous understanding into the extent to
which regularised systems of this nature retain core features of taxis-driven destabilisation, despite
the absence of unboundedness phenomena.

Main results. The purpose of the present manuscript is to confirm that the coefficients a and £
of the zero order contributions to (I.I]) play a key role in this regard. In particular, simultaneously
increasing these parameters can result in the spontaneous emergence of structures which, while not
singular, do lead to population densities of arbitrary size.

As a preliminary step, in SectionBlwe confirm that, within frameworks of physically relevant dimension,
blow-up does not occur in any of the populations in (IIJ), in the sense that for any choice of the
parameters therein, and for all reasonably regular nonnegative initial data, a global bounded classical
solution can always be found:

Proposition 1.1 Let n < 3 and 2 C R™ be a bounded domain with smooth boundary, let o > 0 and
B >0, and suppose that

ug € WHe(Q),v9 € WHe(Q) and wy € WH(Q)  are nonnegative. (1.3)
Then there exist uniquely determined nonnegative functions
tag € CO(Q x [0,00)) N C%L(Q x (0,00)),
vt € Nyon CO[0, 00 WH9(Q) N CH @ x (0,50)  and (1.4
wep € CO(Q x [0,00)) N CHL(Q x (0,00))
such that (uag, Vg, Wap) forms a classical solution of (I1). Moreover, this solution is bounded in the
sense that for each q > n there exists C(q) > 0 such that
[tap ()l Lo @) + lvas (s D)llwra) + [[wap(- D)L @) < Clg)  for allt > 0. (1.5)

In the light of a corresponding result for a relative of (I.1]), obtained in [6], this observation is not in
itself particularly surprising. The approach taken to derive this, however, is designed in such a way
that it can be artlessly further developed so as to reveal that the bounds in (I5]) are actually uniform
within large parts of the parameter region (0, 00)?2.

In fact, as a first statement in this direction, we show that provided « is located in a fixed interval,
then the inequality in ([3]) remains stable for arbitrarily large S:



Proposition 1.2 Let n < 3, and assume (L.3). Then for each ¢ > n and any o > 0 and 6 > 0,
there exists C(q,a*,d) > 0 such that
[as (s )l oo () + [vap (s O llwra@) + lwas ()| L= @) < Clg,a”, )
for allt > 0 and any choice of a € (0,a*] and 5 >4. (1.6)

Likewise, under the corresponding scenario that g is located in a fixed interval, unboundedness phe-
nomena can also be ruled out in the limit o« — oo:

Proposition 1.3 Let n < 3, and suppose that (I.3) holds. Then whenever ¢ > n,5* > 0 and
5 € (0,5%), one can find C(q,[*,) > 0 with the property that

tas (s )l oo @) + lvap (s ) llwra@) + lwas ()l L=y < Clg, B*,9)
for allt >0, any a > 0 and each 8 € [4, 5*]. (1.7)

In stark contrast to the above results, however, our final result will indicate that when both param-
eters in (LLI]) simultaneously diverge, then arbitrarily large population densities may spontaneously
emerge in two- and three-dimensional balls. To address this in as simple as possible setting, we shall
concentrate here on the prototypical case when the large numbers a and S precisely coincide, and
hence consider the one-parameter sub-family of (1) given by

Opty = Aty — V - (uy VU, ) — Yy + YWy, zeQ, t>0,

Oy = AVy — Vg + Wo, z e, t>0,

0wy = Awy — YWy + Yy, x e, t>0, (1.8)
A Sy re o0, 150

uy(z,0) = ug(x), vy(x,0) =2v9(x), wy(x,0)=wo(z), x € Q,

with v > 0.

Within this context, for some fixed initial data the corresponding solutions can be seen to undergo a
quite drastic unboundedness phenomenon, as to be confirmed in Section (4}

Theorem 1.4 Let n € {2,3},R > 0 and Q = Br(0) C R™. Then there exist T > 0 and radially
symmetric initial data which satisfy (I.3), and which are such that whenever (vj)jen C (0,00) is
unbounded, one can find a subsequence (7j, )ken with the property that for the corresponding solutions

of (L8) from Proposition [ we have
[ury, Lo (@x0,1)) = 00 as k= 00 (1.9)

and
Hw%k | oo (x (0,1)) — 0 as k — oo. (1.10)

We remark here that the taxis-driven spontaneous emergence of large densities has been discovered
within extreme parameter constellations for several Keller-Segel type systems. However, unlike the
majority of preceding literature in this regard (cf., e.g. [15], [10], [4], [24], [27] or [28]), the observation
that leads to Theorem [[.41 does not refer to parameter limits which are singular in the sense that either
fast or slow diffusion limits are involved; indeed, the underlying core mechanism here appears to be
more complex, in that the dominance of chemotaxis over diffusion is enforced by an enhanced zero
order interaction, despite the marked non-degeneracy of all migration processes.



2 Numerical motivation

To motivate Propositions [[TH.3] and Theorem [[.4] we compare numerical solutions of the switching
model (L) with those of the formulation

Ol = Allgg — %V  (too VUso), zeQ, t>0,
8tUOOZAUOO—UOO+%uOO, reQ, t>0,

9 o (2.1)
e = e = (), x €I, t>0,

Uso(2,0) = up(z), voo(x,0) = vo(x), x €,

The above can be regarded as the classical companion to ([L8]), featuring a homogeneous population,
U, that secretes its own chemoattractant, v.,. A standard linear stability analysis of the uniform
steady state solutions for (2.I) predicts that self-organisation can occur, given sufficient population
mass. However, subsequent dynamics vary according to the dimension, n: when n = 1 solutions exist
globally-in-time, yet when n > 2 finite-time blow-up can occur. Intuitively, (21 could conceivably
arise in the limit v — oo of (L8]): switching between chemotaxis-only and secreting-only states
becomes instantaneous, effectively generating a single-state population that simultaneously produces
the attractant and performs chemotaxis; the half-factors reflect a division of time between the two
states.

To substantiate this intuition we perform a numerical exploration for n = 1,2, 3. Generally, numerical
studies in n = 2,3 are compromised by computational cost, particularly if high accuracy is required.
To circumvent this such that simulations in n = 1,2,3 can be performed to an equivalent degree of
resolution, each of the cases n = 2,3 are restricted to an assumed radial symmetry. Specifically, for
n = 1 we consider the interval 2 = [0, R], while in n = 2,3 we consider 2 = B} (the n-dimensional
ball of radius R) and radially symmetric initial data, allowing reduction to the radial line [0, R]. All
simulations utilise the initial distributions u,(z,0) = w4 (z,0) = p/2, vy(x,0) = p(1 + 0.001e=*")/2
for [LR) or ueo(z,0) = p, veo(x,0) = p(1 + 0.001e~*")/2 for @I)); here, z is used to refer to either
the position along the interval [0, R] in n = 1, or the radial position in n = 2,3. The parameter
p measures the population mass and linear stability analysis (see [I8]) can be used to determine
the autoaggregation parameter spaces. Specifically, these are regions in (R, p,)-space for (L8) and
(R, p)-space for (ZT) in which the uniform steady state is unstable to the inhomogeneous perturbation
and aggregations are predicted to emerge. Regarding the numerical implementation itself, we utilise
the pdepe solver in MATLAB, which discretises in space to yield a system of ODEs to be integrated
in time (using ode15s). The above initial conditions bias high density aggregate emergence to the
origin, which can then be exploited by performing a spatial discretisation on a non-uniform mesh.
Specifically we discretise [0, R] into a mesh of N + 1 points Xg, X1,..., Xy, where X; = Ri?/N?. This
concentrates grid points near the origin, where high resolution is desirable for the potentially steep
gradients forming at the point of mass concentration. We set N = 10* and note that simulations with
twice or half the number yielded quasi-identical results. Regardless of these measures, computation
of z(x,t) is still expected to fail in certain instances, for example due to emergence of extremely large
densities; this is particular to be expected in (1)) for n = 2,3, where finite time blow up is possible.
Any such scenarios of numerical failure are classified as “numerical blow-up” and we compute up to
the critical time ¢, at which the numerical scheme fails.
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Figure 1: Numerical solutions for (I.8) and (2.I) when n = 1. Left. Time-evolution of the
maximum total population density, max,cq z(x,t). Dotted red line shows the solution to (21I), while
blue shaded solid lines indicate solutions to (L.8]) with different choices for 7. Right. Total population
density distribution at t = tg, i.e. z(x,ts), where t4 is a point in time at which there is negligible
change to the solution (numerical steady state). For these simulations we set R = 10 and p = 6, with
initial conditions as stated in the text.

We first consider the case n = 1, see Figure [ Note that instead of plotting individual variables,
we consider the total population density z(z,t), i.e. 2y = uy + wy for (L) and 2o = us for (I)).
When n = 1 we expect global existence for ([2]). Selecting parameters from the autoaggregation
parameter space for (2.I]), we correspondingly observe the growth of a cluster (Figure [Il dotted-red
line) at the boundary x = 0 and converging towards a high density aggregate; the dotted red-line in
Figure [ (right) shows the long-term solution to (2.II), computed at a point when negligible solution
change is observed. Similar dynamics are observed for the switching model (L8], with the various
solid blue-shaded lines in Figure [[l corresponding to distinct choices for . For smaller v the aggregate
grows over a slower timescale and settles towards a nonuniform steady state with lower peak density,
this delay /reduction resulting from the cost of switching between chemotaxis-only and producing-only
states. Note that when ~ is reduced below a critical threshold, autoaggregation is not possible and
solutions rather evolve towards the uniform steady state (see [I§] for details). As ~ is increased,
however, faster growth of the cluster occurs and we observe convergence in both space and time
between the numerical solutions to (L8] and those of (2.I]). This provides substance to our intuition

that (L8) converges to [2.1)) as v — oo.

We next explore the n = 2 case. Standard theory predicts that solutions to (ZI)) will blow-up in
finite-time given sufficient initial mass. Correspondingly, upon simulation of (2.I]) we observe the
initial growth of a cluster that rapidly accelerates into a highly concentrated peak: the growth of this
peak is indicated by the red dotted line in Figure 2] (left). Numerical blow-up occurs at t. ~ 272.269,
beyond which no computation is possible within the limits of the numerical scheme invoked. In stark
contrast, corresponding solutions to (L.8]) appear to exist globally in-time and no numerical blow-up
was observed across the range of v used (five orders of magnitude). Tracking the maximum density of
the cluster, we observe a similar initial trend in which the cluster first increases slowly before entering
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Figure 2: Numerical solutions for (I.8]) and (2.I)) when n = 2, assuming radial symmetry.
Left. Time-evolution of the maximum total population density, max,cq z(z,t). Dotted red line shows
the solution to (2.I), while blue shaded solid lines indicate solutions to (L&) using different choices
for v. Note that the numerical solution of (21]) fails at t, ~ 272.269 (numerical blow-up). Right.
Maximum of the total population density distribution at ¢ = ts, i.e. max,eq z(x,ts), where ts is a
point in time at which there is negligible change to the solution (numerical steady state). The insets
show the total population density distribution at the same time point, z(z,ts), for selected . Note
further that the straight line fit through the data for values v > 10! is shown via the dotted cyan line.
For these simulations we set L = 10 and p = 6, with initial conditions as stated in the text.

a phase of rapidly accelerating growth. Notably, increasing v leads to a convergence between solutions
to (L8) and solutions to (2.I)) prior to t = t., with the time of most rapid acceleration in cluster growth
for (L8) coinciding with the numerical blow-up time observed for (2.I]). Beyond this point, however,
the growth rate of the clusters that form in (Lg]) is curtailed, and solutions begin to converge to what
appear to be bounded nonuniform steady state solutions. To quantify this, we plot the maximum
density of the steady state cluster distribution that forms for (L8] as a function of +, Figure [ (right).
For larger v we observe an almost perfectly linear relationship between the size of v and the maximum
density, implying that there is no clear upper bound to the maximum density of solutions to (.8]) if
~ is allowed to become arbitrarily high.

As a final control, we repeat the numerical simulations for the case n = 3. The results largely mirror
those observed for n = 2, where we observe that while numerical blow-up occurs for the system (2.1])
(here, for t. ~ 276.756), solutions to (L)) instead evolve to a tightly aggregated solution with a
bounded upper density. As for n = 2, increasing v leads to a convergence between solutions to the
model (L8] and the solutions to (ZI]) prior to the time of numerical blow up. Note that the solution
densities formed in n = 3 are notably higher than those observed in n = 2 for the corresponding
value of . Despite this, however, the numerical solver was still able to compute solutions for (L.g])
without numerical blow-up, with growth of the cluster slowing and the solution stabilising into a
tightly aggregated steady state solution.
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Figure 3: Numerical solutions for (I.8]) and (2.I)) when n = 3, assuming radial symmetry.
Left. Time-evolution of the maximum total population density, max,cq z(z,t). Dotted red line shows
the solution to (2.1I), while blue shaded solid lines indicate solutions to (L8] using different choices
for v. Note that the numerical solution of (21]) fails at t. ~ 276.757 (numerical blow-up). Right.
Maximum of the total population density distribution at ¢ = ts, i.e. max,eq z(x,ts), where ts is a
point in time at which there is negligible change to the solution (numerical steady state). The insets
show the total population density distribution at the same time point, z(z,ts), for selected 7. For
these simulations we set R = 10 and p = 6, with initial conditions as stated in the text.

3 Boundedness results. Proofs of Propositions 1.1, and

3.1 Local existence. Basic properties of u,3 + wag

Let us first recall some standard theory on short-term solvability in triangular taxis-type parabolic
systems ([, [9]) to state, without further comment, the following result on local existence and exten-
sibility of solutions to the general problem (LI), along with some simple observations concerned with
the sum of the corresponding two population densities addressed therein.

Lemma 3.1 Let n > 1, assume (I.3), and let o > 0 and > 0. Then there exist Tpaq (e, B) € (0, 0]
and a classical solution (uag,vag, Was) of (L) in 2 x (0, e (a, B)), uniquely determined by the
inclusions

tap € COQ % (0, Trnaz (o, B))) N C%HQ x (0, Tz (v, B))),

Vap € Nysn CY([0, Trnaz (cr, B)); WH4(Q)) N C%H(Q x (0, Trnae (v, B))) and

wap € CO(Q % (0, Tz (v, B))) N CELQ x (0, Trnaz (v, B))),

such that uag > 0,048 > 0 and weg > 0 in Q X (0, Treq (e, B)), and that
if Tonaz (v, B) < 00, then (3.1)

lim sup {|’u('7t)HL°°(Q) + [o( Dllwrae) + Hw('7t)HL°°(Q)} =00 forallq>n.(3.2)
t/Tmaz(ayﬁ)



Moreover,

Zag(l‘,t) = uag(iﬂ,t) + ’wag(l‘,t), WS ﬁ, te [OaTmam(O‘yﬁ))’ (3'3)
satisfies

Orzap = Dzap — V - (U0 Vag), x€Q, te (0, Thaua,pb)),

%er =0, € R, 1 € (0, Thnaa(a, B); (3.4)

zap(,0) = uo(x) + wo(z), r e,

and we have

/Qzaﬁ(',t) = /Quo +/Qwo for allt € (0, Thnaz (e, B)). (3.5)

Whenever o and 3 as well as (ug, vg, wg) have been fixed, in what follows we shall (without explicitly
stating) let Tyyq. (v, B) as well as uqg, Vag, Was and z,3 be as obtained in Lemma[3.Jl For unambiguity
in the notation, hereon we agree on choosing the norms in first order Sobolev spaces on §2 according

1
to the definition ||¢lly1ai) = { [o [Vel? + [ole]?} 9 for ¢ € Wh4a(Q) and ¢ > 1.

3.2 A general boundedness criterion. Estimates for individual solutions of (I.1])

The core of the analysis in this section can now be found in the following result on boundedness in (1),
conditional in the sense that, inter alia, an L' boundedness feature of the first solution components
is presupposed. Having this statement at hand will not only enable us to derive Proposition [[.1] as a
fairly direct consequence, but also forms a key ingredient for the arguments on parameter-independent
boundedness claimed in Propositions and Our argument in this context is almost exclusively
based on a suitably efficient exploitation of well-known smoothing properties enjoyed by the Neumann
heat semigroup on €2; in fact, this will be seen to be possible on the mere basis of the L' information in
([B6), if the spatial dimension satisfies the n < 3 assumption, explicitly relied on only in the following
lemma.

Lemma 3.2 Assume that n < 3 and that (I.3) holds. Then for each ¢ > n, § > 0 and K > 0, one
can find C(q, K,0) > 0 with the property that whenever o > 0,8 > 6 and tg € [0, Tynaz (e, B)) are such
that

alluas ()L < K for all t € (to, Tinaz (v, B)) (3.6)

and
[uas (s to)ll oo (@) + 1vag (- to) lwraa) + lwas (- to)ll e @) < K, (3.7)

then

[uas (s )l oo (@) + 1vas () lwra) + [lwap (s D)l Lo @) < Clg, K. 0)  for all t € (to, Tinas (v, B))-
(3.8)

PROOF. Given n < 3 and ¢ > n, we have (n — 3)¢ < n and hence (n — 2)q < n + g, that is,

n”—fq < ﬁ We can therefore fix p = p(q) > 1 fulfilling

e <p<
n+q p (n—2)+7

(3.9)



and using that ¢ > n, we can choose r = r(¢q) > n in such a way that » < ¢. We may then rely on
known smoothing properties of the Neumann heat semigroup (e®);>q on Q ([25], [5]) to find positive
constants k and ¢; = ¢;(q),t € {1,...,5}, such that whenever ¢ > 0,

le@llzri) < crllollim(@  for all p € CO9) (3.10)
and -
le®ellney < e (1445 gl for all g € CO) (3.11)
as well as
le®ellwra) < csllllwray — for all o € WH(Q) (3.12)
and 1 _n/l —
”etA(PHWI,q(Q) <ey- (1 + 25 Gg) )”(p”Lp(Q for all p € C°(Q) (3.13)
and

|2V - @l Loy < c5- <1+t_%_5_;)e_m||<p||y(g) for all ¢ € C1(Q2;R") such that ¢ - v = 0 on 9.
(3.14)

Then assuming that § > 0 and k£ > 0, that > 0 and 5 > 0, and that (8:6]) and (B7) hold with some
to € [0, Thnax (e, B)), we first employ a variation-of-constants representation associated with the third

equation in (L)) to see that thanks to (B.10), BII), B.6), (B1) and the inequality 8 > 4,

t
e(t—to)(A—B)wag(,7t0)+/ (t—s)(A=P) {au B }dS

lwas ()| e ()

to Lr(Q)
t
< e Blt=to) Het tO)Awaﬁ HLP(Q /t e—ﬁ(t—s)He(t sA{au(w }HLP(Q
0
t
< allwtto)lem +er [ (1+(= 97500 s 5) s oyds

to
t

< akKtoek (1 +(t— s)‘%(l—%))e—ﬁ(t—s)ds
to
< o =c(q K, 0) ==K+ CQK/ <1 + U—%(l—%))e—éada (3.15)
0

for all ¢ € (to, Tnaz (v, B)), where cg is finite, because p > 2L = =15 > § according to (B.9) and the
q

q
hypothesis ¢ > n.
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We next use this together with (8:12), (813]) and again (3.7 to find that for all ¢ € (tg, Thnez(a, 8)),

t
e(t—tg)(A—l),Uaﬁ(_,tO)_i_/ By Vs

to

[vap (s Dllwra) =

Wla(Q)

IN

t
o~ (t=to) Het tO)AUaﬁ(',tO)HWLq(Q)“‘/ e_(t_s)He(t_s)Awaﬁ(',S)HWl,q(Q)dS
t

1 _ne1 1 —(t—s
S CgH’l}aﬁ(~7t0)le,q(Q) +C4/ (1 + (t— S) 2 2\p q)>e (t )”waﬁ('7S)HLP(Q)dS

t
< K+ C4C6/ <1 + (t — 3)_5_5 5_%))6_(t_s)d8
to

< ag=¢q,K,0) =K + 0466/ (1 + 0'_5_5(%_%))6_Ud0', (3.16)
0

with finiteness of ¢; being ensured by the left inequality in (B3]), which precisely asserts that % +

%(%——)< +Z ("—Jrq—%)—l, namely.

Now (BI6) in turn enables us to estimate the finite numbers

M(T):= sup |zap(-;t)1=(), T € (to, Tmaz (v B)),
te(to,T)

by drawing on a Duhamel representation of 2,3 = uag+wag corresponding to ([B.4). Indeed, by means
of the comparison principle and ([B.14]), we obtain that for all ¢ € (tg, Tz (e, 8)),

t
|’Zaﬁ('7t)HL°°(Q) = e(t_tO)AZaﬁ('ytO) _/ e(t_S)AV’ {Uaﬁ )V’Uaﬁ }ds

to

Leo(Q)

IN

[2a8(-,t0) (| Lo ()

t
[ (1 =) () Veaal 9areyds, (317)

to

where combining the Holder inequality with (BI6]) and the ordering 0 < u,s < z,p4 as well as the fact
that [|zas(- 1)1 (@) = l2ag (-, t0)llLr @) < I - lzap (s to)ll Lo (o) for all £ € (to, Tinax (e, 8)) by @B.5),

[uas(, $)Vvas(:, 5))|

Lr(Q)

< luag(,s )HLM vaaﬁ('73)HLq(Q)

< crlluas(ss )HLM(Q

< crllzap(css )IILM(Q

< erllzag () 700 0 IIZaB( )l

< 7| U zap (-, to) ]| MG(T) for all s € (to,T) and T € (to, Thnaz (v, B)),

where 6 = 0(q) := 1 — L= € (0,1). In light of B8), from (F.I7) we hence infer that if we abbreviate
1 n
cs = cs(q, K, 6) == max {K , c7|Q[' K10 JoS (1 + 07272 )e "do} and note that cg is finite since
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r > n, then

t

IN

K+C7|Q|1—GK1—9M9(T)/
to

< g+ egMO(T) for all t € (to,T) and any T € (to, Tnaz (v, 3)).

_1_n\ _k(t—s
[2a8 ()| Lo () (1+(t—s) > 27")6 (t=5)ds

Therefore,
M(T) <cg+ 68M9(T) for all T € (to, Trnaz (e, B)),
which implies that
M(T) < cg =c9(q, K, 9) := max{l, (268)1%9} for all T' € (to, Tinaz (v, B)),
because 6 < 1. As thus

Hzaﬁ('7t)”L°°(Q) < ¢ for all ¢ € (t(]’Tmaw(avﬁ))a

in view of (BI6]) we conclude that indeed (B.8]) holds if we let C'(q, K, ) := ¢7 + ¢9. O

Our announced result on unconditional global solvability and on boundedness of each individual
trajectory in (LI]) thereby indeed reduces to a corollary:

PROOF of Proposition [Tl We only need to take Tyez(c, 5) and (uag, vag, Waps) as provided by
Lemma [B] fix any ¢ > n, and note that, thanks to (B3] and (I3]), the hypotheses ([B.6]) and (3.7

are satisfied with ¢y := 0 and the finite number K = K (q) := max{ A Jquo+ Jqwo} s lluoll o) +
[vollw ey + llwoll LOO(Q)}. Therefore, Lemma B.2] becomes applicable with ¢ := 3 so as to guarantee
that in view of (B and (B8] we necessarily must have T}, (c, 8) = oo, and that thereupon ([B.J)
implies (L3)). O
3.3 [-independent estimates for bounded «

The strength of Lemma [3:2] is underlined by its ability to directly imply not only the above, but also
our main result on boundedness in (ILI)) for arbitrarily large 3, under the assumption that « remains
within some finite interval:

PROOF of Proposition As (B3] guarantees that
alluag (5 )|lL1 @) < a*- { / ug + / wo} forallt >0, a € (0,a*] and g > 0,
Q Q
an application of Lemma to to := 0 immediately yields the claim. O

3.4 «a-independent estimates for bounded j

In comparison to Proposition [[.2], our path toward Proposition needs to be slightly more sophisti-
cated, essentially a consequence of the crucial boundedness feature ([B.6) not seemingly being evident

12



for large values of a. To appropriately handle the associated challenges, let us first record a simple
but crucial observation concerned with a parameter-independent feature of the corresponding mass
functional, in particular one that provides some favourable control throughout any time interval of
the form (7,00) with 7 > 0:

Lemma 3.3 Let n < 3, and assume (1.3). Then

a/uag(-,t) < g—i—mﬂ for allt >0, >0 and 8 > 0, (3.18)
Q

where m = fQ ug + fQ wp.

PROOF.  Given a > 0 and 8 > 0, we abbreviate y(t) := [, uag(-,t),t > 0, and then obtain from the
first equation in (ILI]) and (B3] that

V() = =o [ o+ 5 [ wn
= —ay(t) + B/Qwag
—ay(t)+mp  forall t > 0.

IN

An ODE comparison argument thus shows that

t
y(t) < y(O)e‘at+/ e =% . mpds
0

= y(0)e ™ + m_ﬁ (1 —eh)

(6%
< meot ™ a0,
(6%

because y(0) < m. Using that e™¢ < % for all £ > 0, we hence infer that

m - ate”
ay(t) < T 4

< g—kmﬂ for all £ > 0,

and conclude as intended. O

In view of Lemma B3] the statement of Proposition [[.3] will result from Lemma as soon as
disadvantageous initial layer formation can be ruled out. This can indeed be achieved in the course of
a self-map type regularity reasoning concerned with the subsystem of (LI])-([34]) solved by (zag,vas),
acting within suitably small but parameter-independent time intervals:

Lemma 3.4 Let n < 3, and assume (I.3). Then for all ¢ > n there exist T(q) > 0 and C(q) > 0
such that

[tap (5 t) Lo @) + vap (s ) lwra(@) + [[was (- )| Lo @) < Clg, ™, 0)
for allt € [0,T(q)] and any o > 0 and 8 > 0. (3.19)

13



PrROOF.  We again employ standard smoothing estimates for the Neumann heat semigroup (etA)

to fix ¢; = ¢;(q),i € {1,2,3}, with the property that if ¢ € (0,1), then

t>0

le"®ellwra) < cillelwragy — for all o € WH(Q) (3.20)

and
12 gllwra) < cat 2 |l@lloe  for all ¢ € CO(Q) (3.21)

as well as
AV - ollLeo (@) < C3t_%_% lellnao) for all p € C'(Q2;R™) such that ¢ - v|pg = 0, (3.22)

n

and noting that § — 3. is positive, we thereupon choose T'=T'(¢) € (0,1] small enough fulfilling

1 n
T2 2 1
0364(65 + 1) " - < -, (323)
3755 2
q
where
(= (34(q) = ClH’UO”Wl,q(Q) + 2¢o - (65 + 1) (3.24)
with
¢5 = [[uo + woll e (0)- (3.25)

By continuity of the functions from ([B.3]), for each o > 0 and 8 > 0 the set
Sup = {T’ € (0,7) ( 120 ()l (@) < 5 + 1 for all ¢ € (O,T’)}

then is not empty and hence T3 := sup S,g is a well-defined element of (0,7"]. To make sure that
actually T,g = T, we first combine (B20) and B2I)) with the inequalities 0 < wap < z4p and (B:24)
to see that

t
Vs (5 ) [y = M A=Dyg + =)A=y -, 8)ds
B ) B
0

Wha(Q)

t
< C_tHGtAUOHWLq(Q)‘F/ e—(t—s)”e(t—s)Awaﬁ(_7S)”W1’q(mds
0
t
< e vollwra) + /0 e P wap (-, 8) lwrayds
t
_1
< arllwlhwia ez | (¢ =5 Hlwas(,) = oyds
t
_1
< arllwlbyia ez [ (€= 5)Hzas5) ey
t
_1
< Clu’l)o”wl,q(g)—l-Cg(Cg,—l-l) (t—S) 2ds
0
1
t2
= cllvollwre) +e2les +1) -+
2
< for all t € (0,T,3), (3.26)
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because T3 < T < 1. Therefore, in view of the comparison principle, 3:22), [B:24) and ([B:26]) and
the fact that 0 < unpg < 24, using (B.4]) and B.23]) we infer that

t
lzag ()l = etA(U0+w0)—/0 eTIAY Mg (-, 8)Voag (-, s) }ds

L=o(Q)

t
< [le" (uo + wo) [ o< () +/0 =25 - {uap (-, 8)Voap (-, 8) | oo s
t _1_n
< ”UOJFwOHLoo(Q)JrC?»/O(t—S) 2 2qHuaﬁ(’aS)VUQB('vs)HLq(Q)dS
t _1_n
< HUoeroHLoo(Q)JrC?»/O(t—S) 2720 luag (v, )| Lo @) I Vvas (s 8) | Loy ds
t _1_n
< Huo+wo|!Loo(Q)+63/0(t—3) 2720 |20 (e, 8) || Loo (@) I VVap (-5 8) | La(o) ds
t _1_n
< ”U()—‘F’LU()”LOO(Q)+CgC4(C5+1)/ (t—s) 27 24(sg
0
1 n
t2 2
= luo + wollpee () + cscales +1) - T—
2 2q

1
< luo + wo| oo () + 5 for all t € (0,T,3),

whence again by continuity of z,s, it follows that indeed 7,3 cannot be smaller than 7. Together
with ([3.20), the definition of S, thus implies [B.19)) if we let C'(q) := c4 + ¢5 + 1. O

Our main result on a-independent boundedness in (II]) for parameters 8 from fixed compact subin-
tervals of (0,00) can now be obtained on once more employing Lemma B.2] this time on the basis of
the previous two lemmata.

ProoOF of Proposition We let T(q) > 0 be as provided by Lemma B4 and take any
to =to(q) € (0,7(q)). Then BI9) say that with some ¢; = ¢1(g) > 0 we have

[ap (s )l Lo @) + [[vap (s ) llwra@) + lwas (- )llL=@) < e
for all t € [0,tp] and any « > 0 and 8 > 0, (3.27)

whereupon Lemma ensures that
alluas(- )21 (@) < c2 = c2(q, B%) = g + mpB* for all t > tp,a > 0 and B € (0,5%].  (3.28)
0

Particularly relying on the inequality in (3.27]) when evaluated at t = ¢y, we may therefore once again
invoke Lemma B2 to find ¢35 = ¢3(q, 8%,0) > 0 such that

luag (s D)l Lo @) + lvas (- )llwra@) + [was (1)l Lo @) < €3
for all t > tg,a« > 0 and S € [, 57].

Combined with ([B.27]), this establishes (L.7]). O
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4 Unlimited growth. Proof of Theorem [1.4]

To next address the unboundedness phenomenon formulated in Theorem [[4] let us from now on
concentrate on the one-parameter sub-family (L&) of (II]). In order to avoid unnecessarily abundant
notation, we let u-,v,,w, and z, be as introduced in Proposition [Tl and B.3]), respectively, with
o = =~ for arbitrary v > 0.

The argument taken to detect unlimited growth will pursue an indirect strategy, which at its core
aims to ensure that under suitable hypotheses on parameter-independent boundedness features in
(LY, a certain relationship to a classical two-component Keller-Segel system can be established. To
foreshadow the contradiction that will eventually be achieved, let us import from the literature the
following consequence of well-known results on the occurrence of finite-time blow-up in such problems.

Lemma 4.1 Letn > 2, R >0 and Q = Br(0) C R", and suppose that x>0 and a > 0._Then there
exist T > 0 as well as radially symmetric nonnegative functions zy € C*(2) and vg € C*(Q) such that
the problem

2t = Az —xV - (2Vv), x e, te(0,T),

vy = Av — v+ az, xeQ, te(0,T),

9 d (4.1)
% =5, =0, e, t>0,

Z(:E,O) = Zo(l‘), U($70) = U0($)7 x €,

does not admit any classical solution (z,v) with

0<2zeC%Qx[0,T])NC>'(Q x (0,T)) and
0<vE€MNyn CO([0, T); Wha(Q)) N C>HQ x (0,T)).

PROOF. In view of a corresponding uniqueness property within the indicated class ([9]), this readily
follows from known arguments revealing the occurrence of finite-time blow-up in (AJ]) when either

n =2 ([7]) or n >3 ([20]). O

4.1 Basic implications of presupposed boundedness properties

Our considerations in this regard will be launched by the following basic observation on how presup-
posed bounds for w, imply regularity of the taxis gradients.

Lemma 4.2 Let n < 3, and suppose that with some T > 0 and S C (0,00) we have

sup sup [[wy (-, 1) g (o) < 0. (4.2)
~eS te(0,T)

Then for all ¢ > n there exists C(q) > 0 such that
v (5 O llwra) < Clg) for allt € (0,T) and v € S. (4.3)

PrROOF.  This can be seen by again relying on known regularization features of the Neumann heat
semigroup (e'2);>0 on €2, according to which, namely, we can find ¢; = ¢1(q) > 0 and ¢z = c2(q) > 0
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such that

t
_ C1\ (s
vy (5 O)lwra)y < cre tHUOHWLq(Q)""Cl/O <1+(t—3) 2>€ =) [l (-, 8) || oo (0
< cateae osup [Jwy (s, 8)| e (o)
s€(0,t)
for all t > 0 and v > 0. O

In addition, a standard testing procedure shows that the hypothesis in ([{.2]) also entails space-time
L? regularity features of Av, and vy;.

Lemma 4.3 Let n < 3, and assume ({{.3) with some T'> 0 and S C (0,00). Then one can fixt C >0
i such a way that

T
/ / |Av, |2 <C  forallye S (4.4)
0 Q
and

T
/0 /qu?/t <C forallv e S. (4.5)

PROOF.  We test the second equation in (L8) by —Aw, and use Young’s inequality as well as ([£.2)
to find that with some ¢; > 0,

1d
2 vl [1aep = = [vepe [ wae
Q Q Q Q

1 2 1 2

< §/Q’AU7’ —i—i/ﬂw7
1

< §/|Av«,|2+cl for all t € (0,T) and v € S,

Q
and that hence
) T
/ Vo, (-, T)| —I—/ / |Av,|? < / |Vuol? + 26, T for all v € S. (4.6)
Q 0o Jo Q

As from Lemma and the hypothesis (£2]) we furthermore obtain co > 0 satisfying
v,%t = (Avy — vy +w,)? < 3]Av, 2 + 3v,2y + 3w,2y < 3|Avy [P+ in Qx (0,7T) for all v € S,

the inequality in (4.0 implies both (£4) and (£5). O

Now once more thanks to smoothing features of the Neumann heat semigroup, Lemma [£.2] can be seen
to imply uniform L> bounds for u, + w, under the assumption in ([@.2):

Lemma 4.4 Given n < 3 and assuming ([{.2) to hold with some T > 0 and S C (0,00), one can find
C > 0 such that if for v > 0 we let 2y = u, + w, be as defined in (33) with o« = =, then

2y (- )l oo ) < C for allt € (0,T) and v € S. (4.7)
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PrROOF.  We pick any ¢ > n and then take r € (n,q), and similar to the reasoning in Lemma [3.2]
we introduce

M’Y(T/) = Sup Hz“/('7t)HL°°(Q)7 T e (07T)7 v e S.
te(0,77)

To estimate these quantities, we once more draw on smoothing properties of the Neumann heat
semigroup (e/®);>0 on 2, and on Lemma @2 and (B3] to fix positive constants &, c; and c such that
whenever v € S,

t
27 C Dl < Wm@m+wwmwmr+ﬁ!k”@AV~wxu$chﬁﬂmwmﬂs
t
_1_n —k(t—s
< ||u0+w0HLOO(Q)+C1/O <1—|—(t—s) 2 2T->e (t )Hu'y(‘aS)VU«/(',S)HLT(Q)dS
< luo + woll Lo (g
t
_1l_n —k(t—s _
+cl/0 (1+(t—s) 2 27")6 (t )”Z'Y('v3)”%"0(9)”27('7S)”lLI?Q)HVU'y('yS)HLq(Q)dS
< luo + woll L= ()

rerlln + wollf sl - { %%JVWoﬁmmm}~MﬂTvx

se

< e+ CQM,?(T/) for all t € (0,7) and 7" € (0,T),

where 6 :=1 — %. Since 6 € (0,1), the inequality M, (T") < ¢z + 62M$(T’), as thereby implied for

each T € (0,T) and v € S, entails that M, (T") < max {1, (QCg)ﬁ} for any such 77 and ~, and
hence establishes the claim. O

On the basis of the parabolic problems solved by z, and v, the estimates from Lemma[@2land Lemma
[44] quite directly imply bound also in Holder spaces.

Lemma 4.5 Ifn <3 and (4.3) is valid with some T > 0 and S C (0,00), then there exist ¥ € (0,1)
and C' > 0 such that

<C forally €S (4.8)

oy Do g ooy <

and

<C forallye S, (4.9)

||Z’Y(‘7 t)||00’%(§><[0,T}) —

where (2y)y>0 is as in Lemma[{.7)

Proor. This readily follows from standard results on Holder regularity in scalar parabolic equations
([20]), based on the hypothesis in (£2]) in the derivation of (£8) and on the outcomes of Lemma
and Lemma (4], the former being applied to any ¢ > n, in the verification of (£9]). O
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4.2 Controlling the difference w, — u, for large

Forming the cornerstone of our reasoning related to Theorem [[4] this section will reveal that under
the assumption that ([@2]) be valid for some unbounded set S, the difference w, — u, necessarily needs
to be conveniently small for large values of +. In contrast to those taken in most of what precedes,
our arguments here will be more or less exclusively of variational nature.

The first statement in this context will draw on a rather straightforward L? testing procedure.

Lemma 4.6 Assume that n < 3 and that T > 0 and S C (0,00) are such that {{.3) holds. Then there
exists C' > 0 such that the family (z)y>o from Lemma[{.7) satisfies

T
/ / Vz, |2 <C for allv € S. (4.10)
0 Q

PROOF.  On testing the respective version of (3.4]) against z, in a straightforward manner, by means
of Young’s inequality we see that

d 2 2
E/QZV—I_Z/gJVZﬂ = 2/Qu’YVU’Y'VZ’Y

/Q|Vz,y|24—/Qu,2Y|Vvﬁ,|2

/Q‘VZ’YP + ”ZryH%oo(Q) /Q Vo, |? for all t > 0 and v > 0.

IN

IN

In view of Lemma and Lemma 4], we thus obtain that with some ¢; > 0,
d
—/22+/ IVz |2 < ¢ for all t € (0,7) and v € S,
dt Jo 7 Ja

and that thus

T
/23(',T)+/ /\Vzv\z < /(uo+wo)2+c1T for all y € S,
Q 0o Jo Q

from which ([@I0]) follows. 0

A key step will now be prepared by a further quite elementary testing argument.

Lemma 4.7 Let n < 3, and given v > 0, let z, be as in Lemma[{.4] Then

d
— /11)2—/wyz7 +2/ \wa]z—i-’y/(ww—uw)2
dJo 7 Ja Q Q

= 2/ Vwy - Vz, — / u, Vo, - Vw, for all t > 0. (4.11)
Q Q

ProoOF.  We multiply the third equation in (L8] by wy — uy to see that
/ Wyt - (Wy — Uy) = / Aw,y - (wy — uy) — ’y/ (wy — uy)? for all ¢ > 0, (4.12)
Q Q Q
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where since wy — uy, = 2wy — 2,

/ Awy - (wy — uy) = —2/ |V, | +/ Vwy - Vz, for all t > 0 (4.13)
Q Q Q
and
/wwt (wy —uy) = 2/ Wyt Wry _/w“/tz“f
Q Q Q
o for all
= @)y Wy~ o waz«, + Qw,yz«,t orall £ > 0. (4.14)

Since (34]) implies that here

/wyzwt = /wVAzy—/wVV-(UVVUV)
Q Q

Q
= —/ Vw, - Vz, —I—/ Uy Vo, - Vw, for all ¢t > 0,
Q Q

a combination of (AI2)-@14) yields (@II]). O

The following consequence of the latter relies on the appearance of the potentially large factor + on
the left-hand side of (4.I1).

Lemma 4.8 Letn < 3, and assume that T' > 0 and the unbounded set S C (0,00) are such that ({{.2)
holds. Then

T
/ /(w«, —uy)? =0 as S 3y — oo. (4.15)
0o Jo

PROOF.  According to the outcomes of Lemma.2] and Lemma [£4 and our definition of (24),>0, we
can fix ¢; > 0,¢9 > 0 and c¢3 > 0 such that

luylleo@) < e, IVuyllrz) < ez and [z po) < c3 forall t € [0,7] and v € S, (4.16)

while Lemma provides ¢4 > 0 fulfilling

T
/ / V2|2 < ey for all v € S. (4.17)
0 Q

To make use of this in the context of (L.I1]), we first employ Young’s inequality to see that

2/Vw7-V27§/\Vw7]2+/ |V 2, |? for all ¢ > 0 and v > 0,
Q o) Q

and that

—/uﬁ,Vv,y-Vwﬁ, < /|Vw,y|2+/u%/|Vvﬁ,|2
Q Q Q

< /Q IV, |? + HuVH%w(Q) /Q |Vou,|? for all t > 0 and v > 0.
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An integration of (£I1]) therefore shows that again by Young’s inequality, and by (£I6]) and (IT),

V[ [ < [uie [t

[ a2+ [ .m0

T T
+/‘/ﬁv%ﬁ+/’whmwﬁwmy{/ﬁv%uwﬁ}ﬁ
0 Q 0 Q

< / wi — / wo(ug + wp)
Q Q
+1 [ 26D
4 Jo 7 ’
4 2 4 2 2
[ Lol [t { [ 9ocoR ) a
0o Jo 0 Q
< / wi — / wo (uo + wo)
Q Q
2
519
+ 4
+eq + AET for all v € S,
which directly results in ([I5]). O

4.3 A link to a classical Keller-Segel system. Conclusion

On the basis of the estimates of the previous two sections, a straightforward subsequence extraction
enables us to construct a limit pair that forms a weak solution of a two-component Keller-Segel system,
provided that (£2]) holds for some unbounded S.

Lemma 4.9 Ifn < 3, and if {{.3) is satisfied with some T > 0 and some unbounded set S C (0,00),
then there exist (7j)jen C S as well as nonnegative functions

ﬁ J—

{zmeuwmﬁﬂwﬂxmﬂww%&meam> and s,

9= o .

Voo € UﬁE(O,l) Cﬁ7 2 (Q X [07 T]) n ﬂq>n L ((07 T)7 WLQ(Q))
such that v; — 00 as j — oo, that with (zy)~y>0 from Lemma [{.4) we have
Uy %zoo in L®(Q x (0,7)), (4.19)
Uy =V in CY(Q x [0,T)), (4.20)
Vo, = Vv in L*(Q x (0,7)), (4.21)
1 o

wy, oo i LX(Qx (0,T)), (4.22)
Zy = Zoo in CO(Q x [0,77]) and (4.23)
Vz, = Vi  in L*(Q x (0,T)), (4.24)
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as v = j — 00, and that for each ¢ € C§°(Q x [0,T)),

T T 1 /T
- / / ZooPt — /(UO + UO)(:D(HO) = _/ / vZoo : V(P + _/ / 2oovvoo : VC,O
0o Jo Q 0o Jo 2J)o Ja
T T T 1T
- / / Voo Pt — / UO‘P(HO) = _/ / Vo VCP - / / Voo + _/ / Zoo P
o Ja Q o Ja o Ja 2 Jo Ja

PrOOF. From Lemma 2 Lemma and Lemma we know that

and

(v4)~es is bounded in L2((0,T); Wh2(2)) and in L>((0,7); Wh4(2)) for all ¢ > n,
and that moreover
(vy)4es is bounded in C’ﬁl’%(ﬁ x [0,T]) for some 7 € (0,1),
and that
(v4t)yes is bounded in L*(Q x (0,T)).
Apart from that, Lemma together with Lemma ensures that
(2y)yes is bounded in Cﬁz’%z(ﬁ x [0,T]) for some ¥4 € (0,1),
and that
(24)~es is bounded in L2((0,T); W12(Q)),
while Lemma [£.4] implies that both
(ty)~es is bounded in L*(2 x (0,7))
and

(wy)yes is bounded in L>(2 x (0,77)).

(4.25)

(4.26)

A straightforward extraction procedure that relies on the Aubin-Lions lemma ([23]), the Arzela-Ascoli
theorem and the unboundedness of S thus yields (v;)jen C S such that v; — oo as j — oo, and that
with some nonnegative functions eg, Voo, Weo and zo, fulfilling (ZI8) as well as us, € L*(Q x (0,7))

and we, € L>®(Q2 x (0,77)), besides (£.20), (@21)), (£23) and (£.24) we have

Uy DUy and Wy S weg in L*(Q x (0,7))

(4.27)

as vy = 7j — 00. Since thus, in particular, w,y, — ty — W — Une in L2(Q x (0,7)) as y = v; — 00, and
since on the other hand from Lemma L8 we know that w, —u, — 0 in L*(2 x (0,T)) as S > v — oo,

we obtain that necessarily
Woo = Uoo a.e. in Q x (0,7).
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Independently, a combination of ([@.23]) with the definition of (z,)y~0 shows that u, + w, = 2z, X 2o
in L*(2 x (0,7)) as v = 7; — o0, and that therefore {Z27)) implies that us + W = 200 a.e. in
Q x (0,7). From (28] it thus follows that ue = Ws = 2250 ace. in Q x (0,7, and that hence, due
to ([@.21), also (A19) and [#22]) hold as v = v; — oo.

A derivation of the identities in (£.25]) and (£.26]) can therefore be achieved on the basis of (4.19))-(4.24])
and the corresponding weak formulations associated with ([84) and the second equation in (L) in a
standard manner. O

In fact, any such limit pair solves the considered chemotaxis system even in the classical sense:

Lemma 4.10 Let n < 3, and suppose that ({{.3) holds with some T > 0 and some unbounded set
S C (0,00), Then the functions obtained in Lemma []-9 have the additional properties that

Zoo € CO(QA x [0, T]) NC%L(Q x (0,T)) and (4.29)
Vs € Ngsn CO0, T WH(Q)) N C2H(Q x (0, 7)), '
and (Voo, Zoo) Solves
O1Z00 = DNZoo — %V (200 Vo), xeQ, te(0,7),
OVoo = AUsg — Voo + % 200, €qQ, te(0,7),
E;;v - v Voo + 52 x (0,7) (4.30)
s = 5o = (), r €0, t>0,
zoo($7 0) = ’LL(](J)) + ’wo(ﬂi‘), 'Uoo($7 0) = Uo(l‘), T € (),

in the classical sense.

PrOOF.  As Lemma ensures that v solves the second sub-problem in (£30) in the standard
weak sense addressed, e.g., in [I4], the Holder continuity property of z., asserted by (ZIS]) enables
us to employ classical parabolic regularity theory of Schauder type ([14]) to conclude that v indeed
has the smoothness features in ([£.29]) and solves its respective part in ([A30) in the claimed pointwise
sense. The corresponding properties of z,, can thereupon be verified in a quite similar manner. [

As a final ingredient to our proof of Theorem [[.4] let us perform a simple comparison argument in
order to make sure that all the above statements continue to hold if, instead of ([£2]), a corresponding
bound on the functions w., is assumed:

Lemma 4.11 Let n < 3, and assume that T > 0 and S C (0,00) are such that

sup sup |[[uy (-, )| poo () < 00 (4.31)
vES te(0,T)

Then ({{-3) holds.

Proor.  In line with ([31), we let ¢; > 0 be such that u, < c; in Q x (0,T) for all v € S, and
writing ¢g 1= [|wol| e (@) We define W(z,t) := max{c;, ca} for z € Q and ¢ > 0. Then w(z,0) > cz >
[woll oo () = w~(,0) for all x € Q, and furthermore the inequality @ > ¢; ensures that

Wy — AW + YW — YUy YW — YUy > YC1 — YUy > 0 in Q x (0,7)
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according to our choice of ¢y. As clearly g—f =0 on 99 x (0,00), the comparison principle guarantees
that wy, <@ in Q x (0,7") for all v € S, and hence confirms ([€.2]). O

We can thereby readily derive our main result on the spontaneous emergence of arbitrarily large
population densities in ().

PROOF of Theorem [L4 We let zg € WH(Q), vg € Wh*(Q) and T > 0 be as provided by Lemma
4 Ilwhen applied to x := % and a := %, and let ug := %zo as well as wg := %zo, for instance. Then given
any unbounded (v)jen C (0,00), invoking Lemma 9 and Lemma EI0 with S = SM) := {y; | j € N}
we obtain that due to Lemma [£1] the set (wayj I Loo(QX(07T)))j ¢y cannot be bounded, and that hence

there must exist a subsequence (7].(1)) of (7j)jen such that
l

leN

wajl(l) HLOO(QX(O’T)) — 00 as | — oo. (4.32)
We thereupon apply Lemma 11] and then again Lemmata [£.9] and 1] now to S = S@) .=

{’yju) ‘ NS N}, to infer that also (‘ must be unbounded. We can thus extract
1

‘Uvjl(n HLOO(QX(O,T))>IGN

a further subsequence (vjg)ren of (’yj(l))l ¢y fulfilling (LY), and conclude by noting that then (.32
l

particularly entails (LI0]). O

Acknowledgement.

The first author acknowledges “MIUR-Dipartimento di Eccellenza” funding to the Dipartimento In-
terateneo di Scienze, Progetto e Politiche del Territorio (DIST). The second author acknowledges
support of the Deutsche Forschungsgemeinschaft (Project No. 462888149).

References

[1] H. AMANN, Dynamic theory of quasilinear parabolic systems III. Global existence. Math. Z. 202, 219-250
(1989)

[2] BELLOMO, N., BELLOUQUID, A., TAO, Y., WINKLER, M., Toward a mathematical theory of Keller—Segel
models of pattern formation in biological tissues. Math. Mod. Meth. Appl. Sci. 25, 1663-1763 (2015)

[3] DonG, Y., PENG, Y.: Global boundedness in the higher-dimensional chemotazis system with indirect
signal production and rotational fluz. Appl. Math. Lett. 112, 106700 (2021)

[4] FuesT, M., HEIHOFF, F.: Unboundedness phenomenon in a reduced model of urban crime. Preprint

[5] Fuaig, K., ITo, A., WINKLER, M., YOKOTA, T.: Stabilization in a chemotazis model for tumor invasion.
Discr. Cont. Dyn. Syst. 36, 151-169 (2016)

[6] Funk, K., SENBA, T.: Application of an Adams type inequality to a two-chemical substances chemotazis
system J. Differential Equations 263, 88-148 (2017)

[7] HERRERO, M.A., VELAZQUEZ, J.J.L.: A blow-up mechanism for a chemotazis model.
Ann. Scu. Norm. Sup. Pisa Cl. Sci. 24, 633-683 (1997)

[8] HILLEN, T., PAINTER, K.J.: A user’s guide to PDE models for chemotaxis. J. Math. Biol. 58, 183-217
(2009)

24



23]
[24]
[25]
[26]
[27]

[28]

HORSTMANN, D., WINKLER, M.: Boundedness vs. blow-up in a chemotaxis system. J. Differential Equa-
tions 215, 52-107 (2005)

Kana, K., STEVENS, A.: Blowup and global solutions in a chemotaxis-growth system. Nonlin. Anal. 135,
57-72 (2016)

KEEGSTRA, J.M., CARRARA, F., STOCKER, R. The ecological roles of bacterial chemotazxis. Nature
Reviews Microbiol, 1-14 (2022)

KELLER, E.F., SEGEL, L.A.: Initiation of slime mold aggregation viewed as an instability. J. Theor. Biol.
26, 399-415 (1970)

KELLER, E.F., SEGEL, L.A.: Model for chemotaxis. J. Theor. Biol. 30, 225-234 (1971)

LADYZENSKAJA, O. A., SOLONNIKOV, V. A., URAL'CEVA, N. N.: Linear and Quasi-Linear Equations
of Parabolic Type. Amer. Math. Soc. Transl., Vol. 23, Providence, RI, 1968

LANKEIT, J.: Chemotaxis can prevent thresholds on population density. Discr. Cont. Dyn. Syst. B 20,
1499-1527 (2015)

Liu, S., WANG, L.: Global boundedness of a chemotaxis model with logistic growth and general indirect
signal production. J. Math. Anal. Appl. 505, 125613 (2022)

Lorenzi, T. PAINTER, K.J.: Trade-offs between chemotaxis and proliferation shape the phenotypic struc-
turing of invading waves. Int. J. Non-Lin. Mech. 139 103885 (2022).

MACFARLANE, F.R., LORENZI, T., PAINTER, K.J.: The impact of phenotypic heterogeneity on chemo-
tactic self-organisation. Submitted, larXiv:2206.14448.

PAINTER, K.J.: Mathematical models for chemotaxis and their applications in self-organisation phenom-
ena. J. Theor. Biol. 481 161-182 (2019)

Porzio, M.M., VESPRI, V.: Holder Estimates for Local Solutions of Some Doubly Nonlinear Degenerate
Parabolic Equations, J. Differential Equations 103, 146-178 (1993)

REN, G., Liu, B.: A new result for global solvability in a singular chemotaxis-growth system with indirect
signal production. J. Differential Equations 337, 363-394 (2022)

SALEK, M.M., CARRARA, F., FERNANDEZ, V., GUASTO, J. S., STOCKER, R. Bacterial chemotazis in

a microfluidic T-maze reveals strong phenotypic heterogeneity in chemotactic sensitivity Nature Comms.
10. 1-11, (2019)

TeEMAM, R.: Navier-Stokes equations. Theory and numerical analysis. Studies in Mathematics and its
Applications. Vol. 2. North-Holland, Amsterdam, 1977

WanNG, Y., WINKLER, M., XIANG, Z.: The fast signal diffusion limit in Keller-Segel(-fluid) systems.
Calc. Var. Part. Differential Eq. 58, 196 (2019)

WINKLER, M.: Aggregation vs. global diffusive behavior in the higher-dimensional Keller-Segel model. J.
Differential Equations 248, 2889-2905 (2010)

WINKLER, M.: Finite-time blow-up in the higher-dimensional parabolic-parabolic Keller-Segel system.
Journal de Mathématiques Pures et Appliquées 100, 748-767 (2013), larXiv:1112.4156v1

WINKLER, M.: How far can chemotactic cross-diffusion enforce exceeding carrying capacities? J. Nonlinear

Sci. 24, 809-855 (2014)

WINKLER, M.: Unlimited growth in logarithmic Keller-Segel systems. J. Differential Equations 309, 74-97
(2022)

25


http://arxiv.org/abs/2206.14448
http://arxiv.org/abs/1112.4156

[29] WU, S.: Boundedness in a quasilinear chemotazis model with logistic growth and indirect signal production.
Acta Appl. Math. 176, 9 (2021)

[30] XING, J., ZHENG, P., XIANG, Y., WANG, H.: On a fully parabolic singular chemotazis-(growth) system
with indirect signal production or consumption. Z. Angew. Math. Physik 72, 105 (2021)

E, X., ANG, L.: oundedness and asymptotic stability wn a chemotaxis model with indirect signa
31] YE, X., W, L.: Bounded d ; bulity i h ) del with indi ignal
production and logistic source. Electron. J. Differential Eq. 2022

[32] ZuanGg, W., N1u, P., Liu, S.: Large time behavior in a chemotaxis model with logistic growth and indirect
signal production. Nonlinear Anal. Real World Appl. 50, 484-497 (2019)

26



	1 Introduction
	2 Numerical motivation
	3 Boundedness results. Proofs of Propositions 1.1, 1.2 and 1.3
	3.1 Local existence. Basic properties of u+w
	3.2 A general boundedness criterion. Estimates for individual solutions of (1.1)
	3.3 -independent estimates for bounded 
	3.4 -independent estimates for bounded 

	4 Unlimited growth. Proof of Theorem 1.4
	4.1 Basic implications of presupposed boundedness properties
	4.2 Controlling the difference w-u for large 
	4.3 A link to a classical Keller-Segel system. Conclusion


