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DETERMINISTIC CONTROL OF SDES WITH STOCHASTIC DRIFT AND
MULTIPLICATIVE NOISE: A VARIATIONAL APPROACH

GIACOMO ASCIONE* AND GIUSEPPE D’ONOFRIOf

ABSTRACT. We consider a linear stochastic differential equation with stochastic drift and multiplicative
noise. We study the problem of approximating its solution with the process that solves the equation where
the possibly stochastic drift is replaced by a deterministic function. To do this, we use a combination of
deterministic Pontryagin’s maximum principle approach and direct methods of calculus of variations. We
find necessary and sufficient conditions for a function u € L'(0,T) to be a minimizer of a certain cost
functional. To overcome the problem of the existence of such minimizer, we also consider suitable families
of penalized coercive cost functionals. Finally, we consider the important example of the quadratic cost
functional, showing that the expected value of the drift component is not always the best choice in the mean
squared error approximation.

1. INTRODUCTION

Optimal control of dynamical systems consists in the optimization, via a suitable control, of certain
measures of performance of the system. Precisely, assuming that the state of the system is described by
a differential equation, we want to modifiy the equation with a function (called control) belonging to a
suitable class in order to minimize a certain functional depending on both the controlled state of the system
and the control itself. In the context of stochastic calculus this problem extends naturally to the case in
which the system is described through a controlled stochastic differential equation (SDE). Historically, the
latter is addressed by two main theoretical approaches that have been developed starting from Bellman’s
and Pontryagin’s optimality principles (see for instance the comprehensive survey by Pham [36]). The first
one is called the dynamic programming principle, based on Bellman’s optimality principle [8]: it consists
in defining a dynamic value function by using the cost functional and then trying to describe it via partial
differential equations (PDEs). This method relies on a class of nonlinear PDEs called Hamilton-Jacobi-
Bellmann equations [25] [27]. Let us emphasize that one can also adapt the latter to more complex situation
(e.g. [7]). The second approach, instead, is based on a stochastic generalization of Pontryagin’s maximum
principle [35]. While the deterministic version can be expressed, in some suitable cases, via a forward-
backward differential system, the stochastic one led to the definition of backward stochastic differential
equations (BSDEs) [34]. Let us also stress that the stochastic maximum principle usually works with second
variations (while the deterministic one only with first) due to the presence of the white noise. This branch
of control theory considerably developed over the last years [I, [T, 14}, 20, 21, 29| B3] [41]. Here we want to
address an approximation problem concerning a linear SDE. Indeed, the tools coming from optimal control
theory have been already used to approach some approximation problems. This is done, for instance, in
[23] where a stochastic control problem is approximated by a sequence of deterministic control problems,
obtaining a Wong-Zakai like ([45]) convergence result. Actually we are interested in approximating an SDE
admitting a stochastic drift with another one in which such drift is replaced by a deterministic one.

More precisely, in this paper we consider the following type of linear SDEs

{dX(t) = [a()X (t) + 2(t)|dt + X()AW (t), t € [0,T]

(1) X(0) = Xo.

with multiplicative noise and where z(t), appearing in the drift term, is a suitable stochastic process. This
kind of equations arises in many applications ranging from finance [32] to neuronal modeling [18 22] or
quickest detection [24]. Moreover, if z(t) is itself the solution of an SDE, Eq.([I]) plays a role in many
systems of equations used in epidemiology, climate models, game theory and others [3] [10] [19].
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We are interested in finding the best approximation for a solution of Eq.([I)) obtained by substituting
the possibly stochastic drift with a deterministic function. A measure of goodness of the approximation is
expressed via the cost functional

T
(1.2) J:ueL'Y0,T) = E / F(t,|X(t) — Xu(t))dt| ,
0

where F' is a suitably regular function depending on the distance between X (t) and X, (¢), that is the solution
of Eq.([T)) where we replace z by u. Let us underline that the Lagrangian function F does not depend directly
on u. Usually, this could lead to a trivial solution of a control problem. Triviality is avoided since we are
constraining u to be deterministic. Our aim is to find, if it exists, a function w € L*(0,7T) that minimizes .J.
In the literature, to the best of our knowledge, few contributions on purely deterministic controls of stochastic
equations are available [4 [40].

In [4] we considered the problem of approximating the solution of an SDE with stochastic drift and ad-
ditive noise through an Ornstein—Uhlenbeck type process, by using direct methods of calculus of variations.
Conditions for existence and uniqueness of the approximation and bounds on the goodness of the correspond-
ing approximations are given for some examples. However, in that work, the presence of just additive noise
allowed us to reformulate the problem on the class of absolutely continuous functions and led to a purely
deterministic treatment. The multiplicative noise, on the other hand, requires a different approach.

Here we find necessary and sufficient conditions for a function u in L*(0,7T) to be a minimizer of J, while
we are not able to prove the existence of such a solution in a general setting. To overcome this problem
we consider suitable families of penalized cost functionals and we prove that they always admit minimizers.
With this property in mind we are able to exploit a sufficient (and necessary) condition for the existence of a
solution of the original problem. If the latter condition is not clearly satisfied, then, in any case, the original
cost functional evaluated in the solutions of the penalized problems converges towards its infimum as the
penalization constant goes to zero. On the other hand, if the condition is satisfied, we can guarantee only weak
L' convergence of the penalized solution towards the actual solution, but under further regularity assumptions
we still have convergence in distribution of the corresponding approximated processes. In the overall, the
method we present here can be considered as a combination of deterministic Pontryagin’s maximum principle
approach and direct methods of calculus of variations.

The paper is structured as follows: in Section 2 we first show some basic properties of the solution of
Eq.(CI) and then we introduce the approximation problem. Section 3 is devoted to obtaining the Euler-
Lagrange equation of the functional; i.e we give necessary conditions for a function v to be a minimizer of
J. In Section 4 we prove that, under suitable convexity assumptions, the aforementioned Euler-Lagrange
equation is also a sufficient condition. In Section 5 we study the penalized problems and we address the
problem of existence of a solution and convergence of the penalized solutions to the actual one. Finally, in
Section 6, we consider the important example of the quadratic cost functional. While on one hand we are
able to show that if z is independent of W a solution exists and it is trivially the expected value of z, on
the other hand we also provide an example in which it is not a minimizer for the quadratic cost functional.
This result can be reformulated saying that, in the multiplicative noise case, the expected value of z is not
always the best choice in the mean squared error approximation. Due to the non-trivial nature of the Euler-
Lagrange equation, all the examples provided in the section have been obtained by using numerical methods
for solution of integral equations via MATLAB R2021a [28].

2. THE LINEAR EQUATION WITH MULTIPLICATIVE NOISE AND THE APPROXIMATION PROBLEM

2.1. The linear equation. Let us consider a filtered probability space (Q,F,P, F;) and a F;-Brownian
motion {W(t),t > 0}. Fix T > 0 and consider {z(¢),t > 0} a F;-adapted process such that

(H1) There exists p > 2 such that for any fixed ¢ € [0,T1], z(t) € LP(Q,P) and
T 2
/ E[|2(8)[P]3 dt < +oo.
0
Let us stress out that last condition implies, by Holder inequality, that

T T R
/E[|z(t)|2]dt§/ E[|2(8)P)3dt < +o0.
0 0
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On the other hand, let us observe that, denoting U = {t € [0,T]: E[|z(¢)|?] > 1} and U¢ = [0, T]\ U,
T
/ El|=(t)]3dt = / Ell=(t)]3dt + / El|=(t)]3dt
0 U Ue

T
S/UE[|Z(t)|p]Pdt+|UC|S/O E[|lz(t)|P]rdt + T < +o0.

Finally, let us observe that

E

T T T
/ |z<t>|dt]— | Bl < [ ER@P3d <o

hence fOT |2(t)|dt is P-almost surely finite and z € L'(0,7) P-almost surely. Let us denote by £} (€2, PP;[0,77)
the space of Fi-adapted processes {z(t), t > 0} satisfying (H1). The notation is justified by the fact that
(H1) can be also written as
| <
L2(0,T)

Let us also consider a function a : [0,7] — R in L>°(0,7T). We focus on the linear SDE

AX () = [a(t)X (8) + 2(8)]dt + X ()W (L), ¢ € [0,T]
X(0) = Xo,

—+00.

120) o)

(2.1)

where Xo € L?(Q,P). In particular the following result holds.
Proposition 2.1. Let £L1([0,T];Q,P) be the space of Fi-adapted processes {z(t), t > 0} such that z(-) €

LY(0,T) P-almost surely and
- 2
E / 2@))dt | | < +oo.
0

Then the map Sx, : L1([0,T]; Q,P) — L3(Q,P;[0,T)), such that for any z € L3([0,T]; 2, P) the process Sx, z
is solution of 2)), is well-defined and it holds

b o= As)
(2.2) Sx, 2(t) = G(t)e*® (Xo +/0 G?s) z(s)ds) , Vze L£3([0,T];Q,P),

where A(t) = fot a(s)ds and G(t) is the geometric Brownian motion associated to W(t), i.e.
(2.3) G(t) = VO3t

Proof. By a simple adaptation of the proof of [3Il Theorem 5.2.1], the SDE (2.I) admits a unique strong
solution in £3(Q,P; [0, T]) whenever z € £3([0,T]; Q, P).
Let us prove Equation (22]). To do this, let us consider the linear SDE

dY (t) = (1 —a(t))Y (t)dt — Y ()dW (t), te[0,T]
Y(0)=1
and define Z(t) = log(Y (t)). By Itd’s formula we have
dZ(t) = (5 —a(t)) dt —dW(t), te[0,T]
Z0)=0
and then, integrating ,
Z(t) = %t - Wi(t) _/0 a(s)ds, t €[0,T].

Recalling the definition of Z(t), we have

(2.4) Y(t) = L te[0,T).

Let X (t) = Sx, z(t). By Ito’s formula we have
AX@®)Y @) =Y@)dX () + X(t)dY (t) — X @)Y (t)dt = z(t)Y (¢)dt.
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Integrating the previous relation we have
t
XY (t)=Xo+ / Y (s)z(s)ds.
0

Equation (Z4) concludes the proof. O

Remark 2.2. Since Equation (2.1J) is linear, one could explicitly write the solution in terms of z(¢) apparently
just supposing that z € L'(0,T) P-almost surely. However, this does not guarantee that X (t) is regular
enough to admit an It6 integral, which is instead needed to express the equation itself.

Let us also observe that Ei(Q, P; [0, T)) ULY(0,T) C £3([0,T); Q,P), where with L'(0,T) we denote the space
of absolutely integrable deterministic functions, considered as degenerate stochastic processes.

As a direct consequence of the previous result we obtain the following.

Corollary 2.3. The solution map Sx, is affine, i.e. for anyn € N, (a1,...,a,) € R" such that Y, a; =1
and z1,. .., zn € L3([0,T); Q,P) it holds

SXD <Z CLl'Zi) = Zai SXD Zj.
i=1 i=1
Moreover, for any X1, Xo € L*(Q,P) and 21, 29 € L1([0,T]; Q,P) it holds
SX1 zZ1 — SX2 zZ9 = SX1—X2(21 — 22).
Finally, So s linear.

Proof. Let us just observe that

S Zn: 2 | () = G(t)et® X+/t—eA(S) Zn: zi(s) | d
Xo e a;z; = (& 0 o G(S) 2 a;zi(s S
n n t o—A(s)
= eA(t) a; a; zi\s)as
G(t) (; Xo+ ; /O Gy () )

n t —A(s) n
= . A(t) ¢ . - , .
= ; a;G(t)e (Xo + G0 zz(s)ds) = ; a; Sx, #i(t).
The second and third statements can be proved in an analogous way. |

Next, we want to underline some properties of the moments of S x, z(t) when z belongs to a certain Banach
space. To do this, let us introduce the Banach space E;(Q, P; [0, T) of the F;-adapted processes {z(t), t > 0}
such that

T
/ E[|2(8)[P]3 dt < +oo.
0

Clearly, we have £2(€,P;[0,7]) UL (0,T) C £(2,P;[0,T]) N L3([0,T];Q2,P). On the other hand, let us also
recall the following moment estimate for linear SDEs (see [46, Chapter 3, Lemma 4.2]).
Lemma 2.4. Consider k > 1 and let Y (t) be a strong solution of

4Y (8) = [ar (1Y (£) + aa()]dt + [ba (Y (1) + ba()AW (), ¢ € [0,T]

Y (0) = Yo

where Yy € L*(Q,P), a1,b; : [0,T] — R are functions in L°>(0,T) with M > max{l|a1 | ;e (o 7y s 101l oo (0,7}
and

T T
/ El]as(t)[*"]2= dt +/ E[|bo () |*%] dt < +o0.
0 0
Then there exists a constant K(r, M,T) > 0 such that

K

sup E[|Y/(t)|*] < K(r, M, T) IE[|Yol2“]+</O IE[|a2(t)|2”]21~d1t> +</O E[Ibz(t)l%]idt>

t€[0,T]

Moreover, for fized k > 1 and M > 0, the function T > 0 +— K(k, M,T) is increasing.
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Remark 2.5. Actually, the last statement of the Lemma is a direct consequence of the constructive proof
presented in [46, Chapter 3, Lemma 4.2].

By using the previous Lemma, we have the following result.
Lemma 2.6. Let z € E;(Q,P; [0, 7)) N L£3([0,T);Q,P) and Xo € LP(Q,P) for some p > 2. Then it holds

sup E[|Sx, z(t)|"] < +o0.
t€[0,T

Moreover, if Xo =0 almost surely and u € L*(0,T), then
p
sup E[|Sou(h)l] < K (5. 0,T) [ull}s o 7
te[0,T)

where M = ||al o (o 1y and K is defined in Lemma[2.4}

Proof. Being p > 2, we can consider x = £ > 1. By using Lemma 2.4 we have

sup E[|Sx, 2(0") < K (5.00.7) <E[|Xo|p] + </0 E[|z(t)|p]%dt> ) < +o0.

te[0,T]
The second part of the statement easily follows by the fact that E[|X|’] = 0 and E[|u(t)|p]% = |u(¢)]. O

Remark 2.7. The arguments in the paper can be carried on without the hypothesis (H1), but just con-
sidering z € E;(Q,]P); [0,T]) N £3([0,T);Q,P). Here, for the ease of the reader, we will directly consider
z € L2(Q,P;[0,T7)).

2.2. Some properties of the Geometric Brownian Motion. As we have seen in the previous subsection,
the Geometric Brownian Motion G(t) defined in Equation ([23) will play a major role. Let us first recall
that, it being a Doleans-Dade exponential (see [26, Chapter 1]) with G(0) = 1, it is a F;-martingale. On the
other hand, we can consider the process

e —W(t)-it

It is not difficult to check that G’(¢t) is still a Geometric Brownian motion (by the fact that —TW (¢) is still a
Brownian motion) and it is given by the Doleans-Dade exponential of —W (¢). Thus, in particular, also G'(t)
is a Fi-martingale.

Concerning the distribution of G(t), let us call back that it is a log-normal process such that, for fixed ¢ > 0,
log(G(t)) ~ N (—%t, t). By using the formula of the moment generating function of a Gaussian random
variable, it is easy to show that, for any ¢ > 0,

(2.5) E[G(t)7] = e

The same relation holds for G'(t). Combining Equation ([2.5) and Doob’s maximal inequality (see [38|
Theorem I1.1.7]) we get the following bound on the supremum of G and G'.

q(q;l)t7 " 2 0.

Lemma 2.8. Let p1,p2 > 0 and T > 0. Then there exists a constant C(p1,p2,T) such that

p1 p2
E l( sup G(t)) ( sup G’(t))
te[0,T] te[0,T]

Proof. By the Cauchy-Schwartz inequality, we have

P1 P2 2p1 3 2p2 3
( sup G(t)) ( sup G’(t)) <E < sup G(t)) E < sup G’(t)) .
t€[0,T) t€[0,T) te[0,T] te[0,T)

Since 2p; > 0, we can use Doob’s maximal inequality in LP form to achieve

2 2 2p1 2 2p1
E|| sup G(t) =E| sup G (1) g( P ) sup E[G¥1(1)] = (L> P12 =T
t€[0,77] t€[0,T] 2p1—1 +€[0,T] 2py —1

< C(p1,p2,T).

E
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where we also used equation (Z3)). In the same way we have

2p2 9 2ps
E sup G'(t) < ( P2 > ep2(2p2—1)T
te[0,T] 2ps — 1

2p1 P 2p2 Pz P1(2p1 —D+p2(2p2—1) p
c T) = 2
(p17p27 ) <2p1_1) 2p2_1 €

we conclude the proof. O

Setting

From now on, we will use the symbol C' to denote a generic positive constant whose value is not important
in our arguments. Whenever we need to underline the dependence of C' on some parameters pi,...,p, we
will denote it as C(p1,...,pn). The only exception is Theorem [E.T5] in which the constants are indexed to
keep track of the dependence on the involved parameters.

2.3. The approximation problem. We are interested in finding the best approzimation for a solution of
Equation (21I), obtained by substituting the possibly stochastic drift with a deterministic function. To do
this, let us first introduce a cost functional
T
/ F(u@(t»dt} ,

where F' is a suitable function and &, = So(z — u). Let us consider the following assumptions on F":
(H2) It holds F(t,£) > 0 for any ¢t € [0,T] and £ € R;
H3) F(t,€) is twice continuously differentiable in the ¢ variable and 2£ (¢, £) and 82—5 t, &) are continuous
D€ Bl

functions of both variables;

(H4) There exist « € (0,p) and a non-negative function L € L'(0,T) such that
oF 0’F
0]+ |G o] <L+, te .7 ee .

Our aim is to find, if it exists, a function w € L(0,T) such that

J:ueL'0,T) = E

|F'(t,€)] + +

Jul= min Ju].
uweL(0,T)

We can consider the functional J[u] to be a cost functional for an approximation problem. Indeed, we want
to find a deterministic function w(t) that we can substitute to the process z(t) in X (t) = Sx, 2(t) to obtain
the best possible approximation under the cost J. For this reason we expect the cost functional to depend
in some sense on the gap between X (¢) and the approximating process X, (t) = Sx, u(t). By affinity of the
solution map, we have that &,(t) := X(t) — X, (t) = So(z — w)(t). With this idea in mind, the function F
can be seen as a running cost.

Hypothesis (H2) is natural as we want to consider J[u] as a cost functional for an approximation problem,
while (H3) is just a regularity assumption. Hypothesis (H/) implies some form of controlled growth for
both the running cost F' and its first and second derivatives with respect to the gap process £,. The growth
assumption on F' can be justified by means of the following non-triviality result.

Lemma 2.9. For any u € L'(0,T) it holds J[u] < +oc.

Proof. We have
T T
Jlu] = E / F(t, £ (0)dt| < / L(#)(1 + Efj€.(8)|])dt.

Now let us estimate E[|£,(2)|*]. To do this, let us consider p = £ > 1 and let us apply Holder inequality to
achieve

E[|u(1)*] < E[lu(®)[P] 7.
Let C' = sup;e(o, 71 E[|€u(t)[P], that is finite by Lemma Then we have

Elléu(t)]*] < C7.
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Thus we have .
Ju) < (1+K%)/ L(t)dt < +o0,
0
being L € L'(0,T). O
The previous result and hypothesis (H2) guarantee that

inf  Ju] € [0, +00)
weL(0,T)
thus it makes sense to search for a minimizer (if it exists) of J[u]. Next section will clarify the role of the
first and second derivatives in hypothesis (H4).

3. NECESSARY OPTIMALITY CONDITIONS

Now let us focus on necessary optimality conditions, i.e. conditions that a global minimizer @ € L*(0,T) of
the functional J]u] has to satisfy. Let us stress out that, in order to discuss necessary optimality conditions,
we assume that we already have a minimizer w. In particular, necessary optimality conditions are needed to
find at least a set of candidate minimizers.

Before going into details, let us introduce some notation. Let f € L'(0,T). We denote the set of its Lebesgue
points as Ef (see [17, Section 1.7]). From now on, since f € L'(0,T) is almost everywhere finite, we will
always consider a version that is everywhere finite, so that, for each ¢t € E, it holds

t+5
lim l/ f(rydr = f(t)

e—0t € t—%

and we set, for each t ¢ Ey, f(t) = 0. Such version of f(¢) is called precise representative of f. To obtain
necessary optimality conditions we need the following property:

Proposition 3.1. Let f € L'(0,T) and g : [0,T] — R be a continuous function. Define h(t) = g(t)f(t) for
any t € [0,T). Then h € L*(0,T) and Ef C Ej,.

The previous statement is classical, but, for completeness, we add its proof in Appendix [Al
Now we are ready to prove the main result of this section.

Theorem 3.2. Suppose hypotheses (H1) to (Hj) are satisfied. Let w € L*(0,T) be a global minimum of the
functional J over L*(0,T). Then it holds

T
(3.1) /t E [‘Z—?(t,gu(t))%eM(f)—A(to))] dt =0, to €[0,T].

Proof. Let us consider Ez the set of Lebesgue points of @ in (0,7), Er the set of Lebesgue points of L
in (0,7), E = EzUE} and let ty) € E. Fix any real number v € R and gy > 0 small enough to have
(to — o+ %U) C (0,T). Now let us define, for any € € (0,¢¢), I. := (to —5,to+ %), the following needle

variation
tel,
ue(t) = {ﬁ :

u(t) otherwise.

and, denoting &.(t) := &,_(t), the value of the cost corresponding to a certain choice of €

T
g(e) = Ju] = E /0 F(t,gg(t))dt].

We want to show that g is right differentiable in 0.
Let us consider the auxiliary function
h:0€(0,1)— F(t,0&((t) + (1 — 0)&(t))
for fixed t € [0,T] and e € (—&¢,€0). Let us observe that, by hypothesis (H3), h is twice differentiable and
= S (0065(0) + (1 - 60 (E5(0) ~ (1)
_0°F

h(6) = a—§2(t’ 08 (t) + (1 — 0)&: (1)) (&a(t) — &(1))*.

W (9)
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By using the Fundamental Theorem of Calculus and then integrating by parts, we have

h(0) — h(1) = —/01 B(0)do = —1'(1 / on" (6

that is to say
F(t,&(t) — F(t, &(t) = a—?(t &a(t)) (& (t) — &a(t))

/96€2t6‘§u) (1

We can use the previous representation of F'(t,{.(t)) to rewrite the incremental ratio of g in 0. Indeed

— 0)&-(t))(&a(t) — &(1))*do

denoting 11.(£) := Ex(t) — E-(1), we get
e)—g(0) 1 Tr oF
—g“gg”—gﬁl/ ( (&t (0)
0
(3.2)
_ 2
/ 05 (1,060 + (1= D)) 00 ) ]
By the properties of the solution map Sy given in Corollary 2.3, we have that

0 t<to—%

N (t) = So(ue — )(t) = { GM)eA® [1 o lu—T(s)ds tel
G(t)er® [, G/(*S(“ a(s)lds  t>to+ &

On the other hand, let us observe that
llwe = @l 1oy = /1 lu —a(r)|dr

and then, by the second part of Lemma [2.6] we have, for any exponent x > 2
sup E[n-(t)|"] < C (/ |lu —a(r |d7')

(3.3)
te[0,T
Going back to Equation (8:2)), let us split the integral as
g9(e)—g(0) _ 1 oF
: 2| [ Get et
1 T oF
B\ [ St
(3.4) e |Jtot+s 9€
1 0’F
21| [0 [ o5 s+ 0oy
€ 0 ¢
=:N(e) + Iz(e) + 13(5)
where we used the fact that 7:(t) =0 as t <ty — £. Now we want to take the limit as ¢ — 0.
First of all, let us show that lim._,o [;(¢) = 0. To do this, let us observe that

,

OF . ex(t)n- 1

1 (e)] 1E[/ o

-2 [ =|| Gt st

Bringing back the exponent « € (0,p) in hypothesis (H4), let us consider any p € (1 min {2
its conjugate exponent, i.e. such that + 4 % = 1. Being p < 2 we have ¢ > 2 . By Holder’s inequality it holds

(3.5) L) < 1/ (E D (& [In-7]) * a.

| A

Z1). Let g be

[l

(t, & (1))

%
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Using the growth hypothesis (H4) we have
‘8F

g(t &a(t))

;| < POE[(1+ [&()]*)7]
< LP(H)2P1(1 + E[|&(8)°P))

< LP(0)2P (1 + (E[|Ga())) 7),

where we used the convexity of the function = — P and applied Holder’s inequality a second time with the
exponent O% > 1. Taking the supremum as t € [0,T] on the right-hand side and using Lemma [2.6] we finally
’ oF

achieve
p ~
< CLP(t
o€ (t)

where C' is a positive constant. On the other hand, by Equation (33]), we get

(3.7) ( [|n€( <C(/ lu — a(r |d7>.

Combining equations [B.3]), (B0) and B7) we get

[11(e)| < Ce G /1 L(t)dt> <§ /1 |u — ﬁ(t)|dt) .

It is not difficult to see that if to € Eg, then it is also a Lebesgue point for |u — @(¢)|. Thus, being ¢y € FE,
we conclude that lim._,o I1(g) = 0.
Now let us show that lim._, I3(¢) = 0. Arguing as before we have

(3.6) E (t, &a(t))

I3 (e)|

I /\

/ / HEH‘?%F (1.063(0) + (1 )20 | avar

// ( j) (E [l doat.

where we used Holder’s inequality with the exponent p. Again, using Hypothesis (H4),

(3.8)

Bil=
I

I /\

(t, 08w (t) + (1 = 0)&:(1))

2F
ez

0’F

E || gz (8 06x(t) + (1 - )¢ (1)

W < L) E[(1 + 06a(1) + (1 — 0)&(1)|")7]

< LP()2P7 (1 + E[J0&(t) + (1 — 0)&(6)|°7)

< LP(£)2P71(1 + E[|0&:(t) + (1 — 0).(t)|P] 7)),

where we also used the convexity of the function x + |z|? and Hélder’s inequality with the exponent L= 5> 1
Moreover, by the properties of the solution map Sy as in Corollary [Z.3]

0&z(t) + (1 = 0)&(t) = So(0u + (1 — O)uc)(t)
and then, by Lemma 2.6] we conclude
82

E| |5

(t,0&(t) + (1 - 0)&:(1))

1 < LP)E[(1 + 196n(t) + (1 — 06, (6))7]

< LP(0)2P7 (1 + E[|0&(t) + (1 - 0)&(1)|°P)
< CLP(t).

(3.9)

On the other hand, by Equation B3] we know that

(3.10) (E [|178(t)| % <K (/ lu — a(r |dT>
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Combining Equations (3.8), 8.10) and (3.9) we obtain

()| < g (/1 |u—u(7—)|dT>2/0T /OleL(t)dtSC“L'“(O’T’ (% /1 |U—u(7)|d7>2.

€

Taking the limit as ¢ — 0 we conclude that lim._,¢ I3(¢) = 0.
Finally, we need to evaluate lim._,o I2(¢). To do this, let us first show that we can use Fubini’s theorem to
exchange the order of expectation and Lebesgue integral. Indeed we have

oF P r

| 1) E [in.()7] "

/ H%?““(” ”Hl[tw;ﬂ(ﬂdté/:( et &)

<c ( [ - umw) A

<Cllu- aHLl(O,T) HLHLl(O,T) )

i

where, for any B C [0,T], 1p is the indicator function of the set B and we used again Equations (8:0) and
B20). Hence, by Fubini’s theorem, we have

1) =1 [ B[S om0 1y, o

(3.11) oF

T e—A(s)
— [ B [ O G )60 T [ - wtoas)

where we explicitly wrote 7.(t). Now let us show that we can take the limit inside both the integral and the
expectation sign. To do this, we want to use dominated convergence theorem. Let us observe that

OF ol [ e A
’1[t0+%,T]() g L EOCONZ [ T

I sup €240 su su / 1 w— (s)|ds
: (te[o%] ) (tE[O%]G(t)> (te[o%]G (t)> (5 I | @ld ) } o€ (t, &alt ))}

—c( s 6 (s 6] (2 [ lu-atlis) [ eat).
t€[0,T) t€[0,T € JrI. 03
In particular we have
1
lim (—/ lu — ﬁ(s)|ds> = |u—a(to)l,
e=0\ € I.
hence we can suppose ¢ is small enough to have
1
<— |u—ﬂ(s)|ds) < 2|u — a(to)]-
19 I.
This implies
oF 1 e*A(S) B
ll[mg,ﬂ( )5 ® &GO 2 [ o
(3.12)
SC(sup G(t))(sup G'(t )’ (t, &t )’
te[0,T] te[0,T]

Now let us show that the stochastic process on the right-hand side is integrable. Observe that

E K sup G(t)) ( sup G'(t)) ]mg (“, sm]
te[0,T] te[0,T

q 7]
<E ( sup G(t)) < sup G’(t)) E
tel0,T] te[0,T]

Q=
Q=

OF
A0

| <cm
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where we used Equation (8.0) and Lemma 2.8 Integrating on [to,T] we conclude that

T
/ E l( sup G(t)) ( sup G’(t)) ’8};@ &t ))’
to te[0,T) t€[0,T]

We only need to show that the integrand in Equation (BI1]) converges almost everywhere. Recalling that
t — G(t) is almost surely continuous, fix w € 2 such that G(-,w) is a continuous function, then ty € E is a

<CILlpo1) -

Lebesgue point for & )[ u(t)] by Proposition Bl Hence we have
oF 1 e=A)
. (t) - =
tim 11, )5 (E6(GON T [ T u—(o)as

Thus, by Dominated Convergence Theorem, we get

T
tim o(2) = ~(u—tt0) || Gugale)er® 20 S ar

In conclusion, from Equation (3:4]) we have

. g(e) —g(0) _ / oF At)—A(te) G(t)
3.13 lim —=————= = —(u —a(t t, & 0 dt.
(3.13) limg 15 (u-lto)) | E|Ge(t&ult)e G
However, by definition of u, we know that 0 is a minimum point for g, and then

i 1) =90 _

)

e—0 5
that implies
OF (t)—A(to) ] _ [3F A —Aa(te) Gt) ]
u t, & 0 t <u(to) t, & 0 dt.
/ &) o [ | Setaumero-aw 20
Define H(u) :=u fto [ (t, Ex(t))eAD—Alto G(( ] dt and observe that w(tp) is a maximum point for H (u).
Hence, by Fermat s theorem we get H'(u(tp)) = 0, that is to say, being to € E arbitrary,
OF G(t)
3.14 t, & (=Alto) | dt = 0, Vo € E.
(3.14) [ e[St snere- a0 E0 oy e
Now we want to extend E to the whole interval [0, T]. Let us show that
G(t)

1 t 7] (t A1) =Alto) 201 gt

(3.15) 0 €[0,7] — / [ ,&a(t))e G(to)}

is continuous. To do this, consider t; € [0,T] and t2 = t1 + ¢ for some ¢ small enough to have ¢t € [0,T]. To
fix the ideas, let us suppose § > 0, since the arguments for § < 0 are the same. We have

e [see s gilan e [Fosoen e gigla
OF ]dt

S/h [§<tsu<>>/*<t <>G“>

OF A -aw) G(t)  OF A -a) G)
+ [ e[| estiner e S O g

= I4(6) + I5(6).

Let us consider I,(6). The exact same argument we considered for I(g) leads to

oF Aw-A@) G
e[| estne || < 00
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and then
ta
L) < C / L(t)dt.
t1

By absolute continuity of the Lebesgue integral, we have lims_, I4(§) = 0.
Concerning I5(4), we have to use dominated convergence theorem. To do this, let us just observe that, as in

Equation 312,
oF A=A GO, gc‘a—F@,gﬁ(m} sup G()) s
35 te[0,T] te[0,T]

e (1 elt)e G
where the right-hand side is independent of ¢; and integrable. The same can be done with ¢2 and then, by
triangular inequality, we have that the integrand in I5(d) is dominated. By dominated convergence theorem,
since G(t) is almost surely continuous, we have lims_,q I5(§) = 0.

Hence, the function in Equation [BI3]) is continuous and, since |[0, 7]\ E| = 0 and thus E is dense in [0, T,
we can extend Equation (8I4) to the whole interval [0, T], concluding the proof. O

Remark 3.3. Let us observe that, with the same arguments, we can actually show that J is Gateaux differ-
entiable (see [9]) in any u € L'(0,T) with Gateaux derivative given by

T T
_ oF At —A(s) G(1) 1
DuJu] = /O U(s)/s E {ag (£, Eu(t))e G| s, v e 110.7)
and then Equation (B can be restated as
daJv] =0, Yo € L'(0,T).

From this point of view, Equation ([B]) is a consequence of Fermat’s theorem applied directly on J. For
this reason, we can refer to Equation ([B.I)) as the Euler-Lagrange equation for the functional J. In the same
fashion, we can recognize H as the Hamiltonian function of the cost functional J.

Moreover, let us stress out that, by the absolute continuity of Lebesgue’s integral, for any § > 0 there exists
gp > 0 such that for any € < g¢ it holds

lue —all . = / |lu — a(r)|dr < 9,

€

being |I.| < €9. Thus, defining the ball
Bs(u) ={ue L'(0,T) : [lu—all, <o}

we know that, for any fixed § > 0, there exists €9 > 0 such that u. € Bs(@) for any € < g9. Last observation
leads to the fact that Theorem 3.1 holds also for local minimizers of J, i.e. for functions @ for which there
exists 0 > 0 such that

J[u] > J[a], Yu € Bs(a).

4. SUFFICIENT OPTIMALITY CONDITIONS

In the previous section we obtained a necessary optimality condition given in terms of Equation (BI).
Now we want to investigate whether such condition is also sufficient, i.e. any solution of Equation (&I is
actually a minimizer of the functional J on L(0,7T). To do this, we need some additional hypotheses:

(H5) For any fixed ¢ € [0, T1], the function x — F(t,x) is convex.
(H5+) For any fixed t € [0,T1], the function z — F(t,x) is strictly convex.

Theorem 4.1. Suppose Hypotheses (H1) to (H5) are satisfied. Let u € L'(0,T) be a solution of Equation
@BI). Then @ is a global minimizer of J.

Proof. Let us consider @ € L'(0,T) solution of Equation (3.I) and let v € L*(0,7T) be any other function.
Then we have

Jlu] - J(a] = / E[F(t, £,(1)) — F(t, € (1))]dt
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where we already used Fubini’s theorem, by means of hypotheses (H2). By hypothesis (H3) and (H5) we
have

F(t,8u(t)) — F(t, &a(t) 2 a_g(tvgﬂ(t))(gu(t) —&(t))
— S (060 Sofa - )
oF A1) e~ Al
= 8—§(t,§u(t))G(t)e e (a(s) —u(s))ds
= [ G &4 E (a(s) — u(e)yds
and then
u] — J|u ! t(?_F a eA(t)fA(S)@ﬁs —u(s))ds
(1) s -z B | [ e O wls) = ute)yas| .
Now we want to exchange the order of the integrals. To do this, observe that
OF o yeAw-aw G®) oy
e tt6u(0) ()~ u(s)|
< }g_?(t7§u(t))’ ( sup eA(n)-A("’z)) el ( sup G(T)) ( sup GI(T)> |a(s) — u(s)]
71,72€[0,T] 7€(0,T) 7€(0,T)

:cﬂ—?mgu(t»}( sup Gm) ( sup G'm) [a(s) = u(s).

7€(0,T) 7€(0,T)

Let us consider the process on the right-hand side of the previous inequality. Integrating with respect to s
and applying the expectation operator we have

i

= [lu —ull E

E

Z—?(f,ﬁu(t))‘ ( sup G(T)) ( sup G/(T)> |u(s)—u(s)|ds]

T€(0,T) T€(0,T)

oF '
’a_g(t7§U(t))’ (TGS(%?T) G(T)> (TGS(%?T)G (T)>‘| '

Now let us fix p € (1,min{27 g}), where « is defined in hypothesis (H4), and ¢ such that 1 % =1. By
Holder’s inequality we have

(4.2)

OF )
% (t, é“u(t))’ <Tes<l(lfcr> G (T)) (Tesgé?T) G (T)) 1

17|pIE |:< sup G(T)) ( sup G/(T)>]
7€(0,T) 7€(0,T)

< CLE[(1+|&a()")7]
< CL(t)2' 77 (1 + E[l€a(t)[*7]7)
< CL)2F (1 + E[&(t)?)?),

where we used hypothesis (H4), Lemma and Holder’s inequality a second time with exponent O% > 1.
By Lemma we conclude that

OF ,
i mt»\ <T§<‘?},’T> G<r>> <TS<‘?},’T> e <T>>

E

Q=

oF

<E 8_§(t’§a(t))

=

E < CL(1).
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Going back to Equation (£.2) we have

E[/OT

and then, integrating with respect to t,

T T
/=l
0 0
Hence, we can use Fubini’s theorem in Equation (&) to achieve

T T
T — Ja] > / (als) —u(s)) [ E[‘Z—?t,gu@))eﬁﬂ“ﬁ%} dtds — 0,

@ being a solution of (3.I). The fact that u € L' is arbitrary concludes the proof. O

OF G(t)

——(t, £a () eA DA 2 (7(s) — (s
(t.€4(t) S (s) —uls)

7€ ds

< Clla—ull L, L(t)

oF
9¢

t)—A(s G(t) —
(t, €a(t))e O~ )@(U(S) — u(s))

ds] dt < Ol —ull s 1Ll

The previous result is strictly linked with the convexity hypothesis (H5). Indeed, such hypothesis actually
implies the convexity of the operator J.

Proposition 4.2. Suppose Hypotheses (H1) to (H5) are satisfied. Then J is convex. Moreover, if (H5+) is
satisfied, J is strictly convex.

Proof. Let us consider u1,us € L'(0,T) and 6 € [0,1]. Then we have

J[9u1 + (1 - 9)11,2] =E

T
/0 F(t,So(z — (Bus + (1 — H)UQ))(t))dt]

T
=K ‘/0 F(f, 980(2 — ul)(t) + (1 - 6‘) 80(2’ - UQ)(t))dt

<OE /T F(t, So(z — un)(1))dt| + (1 — O)E

= 0J[u1] + (1 — 60)J[uz),

/0 " P Sl ug)(t))dt]

where we used hypothesis (H5) and the third statement of Corollary 231 This proves that J is convex. Now
let us suppose u1 # uz (that is to say there exists a set £ C (0,T) with |E| > 0 and u1 # ug on E), 6 € (0,1)
and (H5+) holds. By definition of the solution map, there exists Q such that

IP(Q)>0;
IT for any w € 2, So(2 — u;)(,w) is continuous in [0, 7] for i = 1,2;
III for any w € 2, there exists ¢(w) such that So(z — u1)(t(w),w) # So(z — u2) (t(w), w).

In particular, combining II and III we have that for any w € Q there exists an interval I(w) such that
So(z —u1)(t,w) # So(z — ug)(t,w) for any ¢ € I(w). By using the third statement of Corollary 23] we get

[ T
J[0ur + (1 — O)ug] = E /0 F(t,So(z — (Qur + (1 - 9)U2))(t))dt‘|

[T
=K ‘/0 F(f, 980(2 — ul)(t) + (1 - 6‘) 80(2’ - ’U,Q)(f))dt‘|

_E / F(t,080(z = w)(t) + (1 0) So(z — us)(1))dt; O
I(-)

+E

/ F(f, 980(2 — ul)(t) + (1 - 6‘) 80(2’ - ’lm)(t))dt;ﬁ
[0, TI\I(")

+E

)

T
| Pe0Su: = u)®) + (1= 0) S0l — w) )i 2\ T
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where for any random variable Z and any event B € F we use the notation E[Z; B] = E[Z1p]. Now let us
observe that by Hypothesis (H5+) we have

F(t,0So(z —u1)(t,w) + (1 — 0) So(z — uz)(t,w))
<OF(t,So(z —u)(t,w)) + (1 — 0)F(t,So(z — uz)(t,w)), Yw € Q, Vt € [0,T],

and the inequality is strict for any w € Q and ¢ € I(w). Thus we get

J[6‘u1 + (1 — 9)’(1,2] < 0E F(f,So(Z — ul)(t))dt ﬁ (

/ F t 80(2’ —UQ)( ))dt Q
1)

+6‘E / F(t,SQ(Z_Ul)( ))dt Q 1 —9 l t SQ(Z_UQ)(t))dt;ﬁ
[0, T\ (") [0,7]\I()
T
+0E / F(t,So(z —u1)()dt; Q\ Q| + (1 -0 E / (t,So(z — u2)(t))dt; 2\ Q
0
= HJ[’U/l] + (1 - 9)«][’(},2],
concluding the proof. O

Remark 4.3. Let us observe that Theorem 1] can be seen as a direct consequence of Proposition and
Remark [3.3] by using the inequality

Ju) — Jla] > daJ[u — ),
implied by the convexity of J[u].

Another direct consequence of Proposition is given by the following Corollary.

Corollary 4.4. Suppose Hypotheses (H1) to (H5+) are satisfied. Then Equation BI) admits at most one
solution.

Proof. Let us suppose @; and 4y are two solutions of Equation ([BI)). Then, by Theorem 1] we know that
both %3 and 4y are global minimizers of J. However, Proposition [£.2] tells us that J is strictly convex, hence
it admits a unique global minimizer and then @, = us. O

5. MINIMIZING FAMILIES

Up to now we are not able to show that J is coercive, which should be the main ingredient, together
with lower semicontinuity, to prove the existence of a minimizer. This is due to the fact that, since &, (t) =
So(z — u)(t) depends on a sort of primitive function of u, classical lower bounds such as F(t,£) > L(1 + [£[P)
are not enough to guarantee coercivity. For this reason, we focus instead on exploiting some minimizing
families for J, i.e. a family of functions {us}s>o with the property that, for any € > 0, there exists dp > 0
such that if 6 € (0, dp) it holds

m< Jus] <m-+e
where m = inf,c110,1) J[u].
First of all, we observe that .J is a continuous functional on L(0, 7).

Proposition 5.1. Let hypotheses (H1) to (H4) hold. Then J : L*(0,T) — R is continuous, i.e. for any fized
uy € LY(0,T), for any € > 0 there exists r > 0 (possibly depending on uy) such that

VUQ S Br(ul), |J[u2] — J[U1]| <eg,
where By.(u1) = {uz € LY(0,T) : |lug — utll g,y <7}

Proof. Fix e > 0 and let uy,us € L*(0,T) with |lu; — Uzl 1o,y <, where r will be defined in what follows.
Then

|J[ug] — J[u1]| < E

/ (10 1)) <t,5m<t>>|dt]
(5.1)

t (t, 08u, (t) + (1 = 0)&u, (t))‘ [§us () — §u1(t>|dt] ;
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where we used hypothesis (H3). Let us consider p as in (HI) and « as in (H/) and, let p € (1, min {2, g})
and ¢ such that % % = 1. By Hoélder’s inequality we have

52) ||t + (—om(t»\|5u2<t>—5m<t>|}

=

Q=

Concerning the first term, we have, by hypothesis (H/)

‘| E[€u, (8) = &uy (H)|7)

=

i

E

S (0066 + (1 = 96, 0)

ZT| < L) E[(1 + 00, (8) + (1 = 0)€0u, (8)]*)7]

IN

(£)(1 + E[|06u, (£) + (1 = 0)&u, (H)|*7)7)
() (1 + E[|0€u, () + (1 = 0)€u, (1)]7]

Where we used again Holder’s inequality with exponent 2= 5 > 1. Next, since &,, = So(z — u;), by Corollary
2.3l and Lemma 2.4l we get

1—

IN

[\ [\
‘dzl»—‘ 'dzb—‘
h b‘

==

E (t 9§u2( ) ( - e)gul (t))

OF
%

T . «
< CL() <1+ ( / E[|z<t>—<ou2+<1—9>u1>mp> )
T T «
< CL(t) <1+2a% (/O E[|z(t)|p]%dt+/o |9u2(t)+(1—9)u1(t)|dt> )
2a—5 -1 ! 2(t)[P]% ) ! U —0)u )

< CL(Y) <1+2 ((/ Efl=(1))"] dt) +</ Bus(t) + (1—0) 1<t>|dt> ))

T [0
< CL(t) <1+ (/ |0u2(t)+(1—9)u1(t)|dt> )

0

< CL(t) (1+ 0 luallfs 0.y + (1= ) a1 0.r))

j < 2B L(E)(1 4+ E[|So(z — ug — (1 — O)ur)[P]7)

where C' is independent of u; and us, and we used the fact that ( fo dt) < 400 and that

t > 0 — t“ is a convex function. We can assume, without loss of generality, that r S 1. Since |Juz
’ oF

r < 1, we achieve
p
0§

< OL() (1462 iz~ wi[§ago.zy + (1= 04 277) |30,

<) (14 g 01y ) -

On the other hand, still recalling that &,, = So(z — u;) and by Corollary 2-3] and Lemma [Z8 we get
(5.4) Ef|éus (t) — &u, (0I7)7 = El| So(uz —u) (D77 < C fluz w1 |1 o.7 < O
Combining Equations (53] and (54) in Equation (2] we get

— w101y <

Bl

E (t 9§u2( ) ( - 9)611«1 (t))

. H%? (1,060 () + (1 - %ﬂ))\ € (1) - sm(ﬂl} <CL0) (14 o)
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Using the previous inequality in (5.I]) together with Fubini’s theorem, since the integrand is non-negative,
we know there exists a constant C' > 0, independent of u; and usg, such that

ua] = )l < € (14 o)) 7
Setting

3
(Ut urll§a0.m))

we conclude the proof. 0

r=min<{ 1,

Remark 5.2. If, moreover, Hypothesis (H5) holds, then J is also weakly lower semicontinuous in L!. This is
a direct consequence of Mazur’s theorem [I5, Theorem 3.9].

Let us introduce the set of simple functions:

N
S = {u € L*(0,T): 3N € N, {Bi}icy C B([0,T)), {bi}i<y CR, u= Zbil&} :
i=1
where B([0,T7]) is the Borel o-algebra on the interval [0,T]. As a direct consequence of Proposition [B.1] we
have the following Corollary.

Corollary 5.3. Let hypotheses (H1) to (Hj) hold. Then

inf  J[u] = inf J[u].
uweL(0,T) ueS
Proof. Tt follows from the fact that J : L*(0,7) — R is continuous (by Propostion [5.1) and the fact that &
is dense in L1(0,T) (see, for instance, [39, Theorem 3.13]). O

Now we want to penalize our functional J to obtain a coercive functional. To do this, let us first give the
following definition.

Definition 5.1. A function U : [0,4+00) — [0,+00) is called a Young function (see [37]) if there exists a
function 1 : [0,4+00) — [0, +00) such that

\I/(t)z/o W(s)ds, >0

and v satisfies the following properties:
e (0)=0;
e (s) >0 for any s > 0;
e 1) is right-continuous;
® ) is non-decreasing;
o lim, 4o ¥(s) = +o0.

Young functions satisfy different important properties. Here we recall some of them (see [37, Lemma
4.2.2]).

Lemma 5.4. Any Young function ¥ is continuous, non-negative, strictly increasing and convex. Moreover
it holds W(0) = 0, lim;_,o+ t 71U () = 0 and limy_, yoo t 71U (¢) = +o0.

Remark 5.5. Let us observe that if ¥ is a Young function then the function u € R +— ¥(Ju|) is differentiable.
Indeed this is clearly true for u # 0 with derivative

WD) ), w0

du  |ul

Observing that —1 < \_ZI < 1 and that, ¢ being right-continuous with 1 (0) = 0, it holds lim,_,q w =0

and then ¥(|u|) is differentiable at 0 with derivative 0. We will use the notation ﬁ1/)(|u|) for any u € R,
implying the 0 value as u = 0.
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Fix any Young function ¥, § > 0 and define the following functional
Jsw: LYN0,T) — J[u] + 0 Fylu]

where
T
Fulu] = / W(Ju(t))dt.

Remark 5.6. There exist some u € L*(0,T) such that Js.y[u] = +00 (see, for instance, [37, Remark 4.2.4]).
In particular we can define the Orlicz class

£Y0,T) = {u € L*0,7) : /T U(|u(t)])dt < —i—oo}
0

and observe that Js ¢ [u] < 400 if and only if u € £Y(0,T). Let us stress out that £¥(0,T) is in general not

a vector space. Actually, ﬁ“P(O, T) is a vector space if and only if ¥ € Ay, i.e. there exists a constant k > 0
such that U(2t) < kU(¢) for any ¢t > 0 (see [37, Theorem 4.5.3]). In particular, if ¥ € Ay, we have that
£Y(0,T7) = LY(0,T), where L¥(0,T) is defined as

_ 1 , T (u@®)]
L'I’(O,T)_{ueL(O,T). 3/\>0./0 W(T)dt<+oo}

and is a Banach space when equipped with the norm

T
t
bl oy = {205 [0 (1001},
’ O A

See [37, Chapter 4] for further details.

First of all, we want to show that for any 6 > 0 and any Young function ¥, the functional Js ¢ admits a
minimum. To do this, we need the following preliminary result.

Proposition 5.7. For any Young function ¥ € Ao, the functional Fy : L*(0,T) — RU{+o00} is weakly
lower semicontinuous.

The previous result relies on classical arguments in Calculus of Variation (see |2} [16] [42]). We provide its
proof in Appendix [B] for completeness.
Now we are ready to show that J5 ¢ admits a minimum.

Theorem 5.8. Let § > 0 and U € Ay be a Young function. Suppose hypotheses (H1) to (H5) hold. Then
there exists a function sy € L*(0,T) such that

] J = J U .
L swlu] = Jswlis v

Moreover, if hypothesis (H5+) holds or if W is strictly convex, then sy € L(0,T) is unique.

Proof. Let us first observe that Js v is weakly lower semicontinuous. To do this, observe that J5 ¢ is the sum
of two convex functionals J and § Fyg, thus it is convex. Moreover, J is continuous by Proposition [5.1] and
then, in particular, lower semicontinuous, while 6 Fy is lower semicontinuous by Proposition 5.7 Thus Js v
is convex and lower semicontinuous and then weakly lower semicontinuous by a direct application of Mazur’s
theorem [I5, Theorem 3.9].

Now let us consider a minimizing sequence {un}nen C LY(0,T) of Jsw, ie. {un}tnen is such that
Jsw[un] | infuepior) Jswlu]. Let us consider any function f € L¥(0,T). Then Js¢[f] < 400 by defi-
nition of LY. In particular this implies that inf,e (0,7 J5,w[u] < 400 and we can suppose Js .y [u1] < +oo.
Let us observe that

5]:\1;[un] < Jg)q;[’un] < J(syq;[ul], Vn € N

and then there exists a constant C(d) = M such that
Fulun] < C(6), ¥n e N.

By the de la Vallée-Poussin theorem (see [30, Theorem T22]), we know that the sequence u,, is uniformly
integrable. By the Dunford-Pettis theorem (see [I3, Theorem 4.30]) we have that the sequence {u,} is
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weakly relatively compact in L'(0,7) and then there exists us .y € L'(0,T) such that u, — Usy. By weak
semicontinuity of Js ¢ we have

inf Jswlul= lm Jswlu,) > Jswltse] > inf  Jswlu],
weL1(0,T) n—+00 uw€L1(0,T)

concluding the proof of the first statement. Concerning the second statement, it follows from the fact that
if hypothesis (H5+) holds or if ¥ is strictly convex, then Js g is a strictly convex functional and then the
minimum is unique. O

Remark 5.9. Let us first observe that for any § > 0 it holds us .y € LY(0,T).

Moreover, we can prove that the functional Js ¢ is coercive with respect to the weak topology in L'(0,T),
i.e. for any M > 0 there exists a weakly compact set K); C L'(0,7T) such that u € L*(0,T) \ K implies
Js.w[u] > M. Precisely, if Jsw[u] < M, we have

and then Fy[u] < M/5. The set Uy = {u € L*(0,T) : Fglu] < M/5} is uniformly integrable by the
de la Vallée-Poussin theorem and then it is weakly relatively compact by the Dunford-Pettis theorem. Let
Ky = Uy, where the closure is taken in the weak topology of L!(0,T), so that Ky, is weakly compact. Then
Js.wlu] < M implies u € Ky and, by contrapositive, we have that u € L*(0,T) \ Ky implies Js w[u] > M.

Now we want to show that the penalization procedure (i.e. defining the functional Js¢ as J plus a
penalization term § Fy) generates a minimizing family for J.

Theorem 5.10. Let hypotheses (H1) to (H5) hold and consider a Young function ¥ € Ay. The family of
functions {Us w}s>o0 defined in Theorem[7.8 constitute a minimizing family for J.

Proof. Set m = inf,cp1(0,7y J[u]. Let us first observe that & C LY (0,T). Indeed, if u € & then there exist
N e N, {B;}i<nv € B(]0,T]) and {b;}i<n C R such that u = sz\il bilp,. We can suppose, without loss of
generality, that (J,«y B; = [0,T] and that B; N B; =) for any i # j. Hence we have

N

/ (Ju(t)])dt = Z/ (bs])d Z (B:DIBi] < Tmas w(J]) < +oc.

Now let us consider any u € & and observe that Jsy[u] < +00. Moreover, we have
m < J[usw] < Jsoltsw] < J5wlu] = Jul + 0 Folu].
Taking the limit superior and inferior as § — 0 we get
m < h?i,%lf J[us w] < HI?_%lp J[s w] < Jul.

Being u € & arbitrary, we can take the infimum on & and use Corollary 53] to achieve
m < hmlnf J[us,w] < limsup J[us w] < m,
6—0

obtaining lims_,o J[ts,w] = m and concluding the proof. O

Last theorem provides a theoretical way to construct a minimizing family for the functional J. Let us
first stress out that, under an additional regularity assumption, the previous approach actually proves the
existence of a minimizer for J.

Theorem 5.11. Let hypotheses (H1) to (H5) hold and suppose there exist two Young functions W; € Ag,
1=1,2, and two constants C,dy > 0 such that

(5.5) Fu, [Usw,] <C
for any & € (0,00), where the functions Us w, are defined in Theorem [5.8. Then there exists u € L'(0,T)

such that

inf J[u] = J[H]
weL'(0,T)

and sy, —~u as § — 0.
Moreover, if hypothesis (H5+) holds, then T is unique.
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Proof. Let us consider any sequence 6, | 0 with ; < dg. Equation (B.5) implies, via the de la Vallée-Poussin
theorem, that the sequence {5, w, nen is uniformly integrable and then the Dunford-Pettis theorem ensures
that it is weakly relatively compact. Hence, there exists & such that us, v, — u.

By Theorem 5.10 we know that lim,, J[@s, v,] = inf,er1(0,7) J[u] =: m. On the other hand, being J convex
and continuous in L'(0,T), we know that it is weakly lower semicontinuous and then

m = lim J[tUs, w,] > J[@ > m

thus J[@] = m, concluding the first part of the proof. The second statement follows from the strict convexity
of J. 0

Remark 5.12. The previous theorem can be proved directly by using the fact that Js, v is a monotone
sequence of operators pointwise converging to J, that is convex and lower semicontinuous, thus it also I'-
converges towards J in the weak topology of L1(0,T) (see [12, Remark 1.40]). Let us also recall that, being
L*>(0,T) not separable, the weak topology of L(0,7T) is not metrizable on closed balls, hence the more
general definition of I'-convergence on topological spaces has to be considered.

Let us stress out that if a minimizer of J exists in the right space, then we are under the hypotheses of
the previous theorem.

Corollary 5.13. Let hypotheses (H1) to (H5) hold and consider a Young function U € As. Suppose there
exists w € LY (0,T) such that

JE = min J[u].
weL(0,T)

Then, the family {usw}s>0 defined in Theorem[5.8 satisfies the hypotheses of Theorem [511 with ¥, = ¥y =
U. Moreover, if hypothesis (H5+) holds, then us, w — U for some sequence §, — 0.

Proof. We have to show that there exists a constant C' > 0 such that Fy[usg] < C for any 6 > 0. To do
this, let us recall that %; v is a global minimizer of Js g, thus we have
J[ﬂ&\p] + 5]‘11;[%51‘1;] = Jgﬁ‘y[ﬂgﬁ‘y] < J57\p[ﬂ] = J[ﬂ] + 5]‘};[@]
On the other hand, being @ the global minimizer of J, we have
J[us,w] + 0 Fylus,w] < J[u] + 6 Fy[u] < J[us,w] + 0 Fyl[u],

that is to say

fxy[ﬂ(s,\y] < ]:\p[ﬂ]
Setting C' = Fy[u], since C' < 400 by hypothesis, we conclude the proof. O

Remark 5.14. Actually, de la Vallée-Poussin theorem tells us that if we have a global minimizer u € L'(0,T)
for J, then there exists a Young function ¥ such that @ € ﬁ“P(O, T). In such case, the previous theorem holds
by choosing ¥ as Young function even if ¥ ¢ A,. In conclusion, if J admits a global minimizer @ € L*(0,T),
then there exists a Young function ¥ such that s ¢ weakly converge towards a (possibly different) minimizer
of J and, if @ is unique, then us v — w.

As a consequence of the weak convergence of the minimizers we obtain a form of weak convergence of the
approximating processes.

Theorem 5.15. Let hypotheses (H1) to (H5+) hold and suppose J admits a global minimizer @ € LP(0,T) for
some p > 2v/2 and consider U (t) = tP. Let {Ts g }s>0 be the family defined in Theorem[Z8. Let Xo € L*(0,T).
Then there exists a sequence &, — 0 such that Sx, U5, v = Sx, @ in C([0,T]) in distribution.

Proof. Let A={w € Q: G(,w) € C([0,T])} and recall that P(A) = 1. Fix t > 0, w € A and observe that,
by Corollary and Equation (2.2)),

| Sx, Us,w(t,w) — Sx, u(t,w)| = | So(Usw —T)(t,w)| = G(¢t w)eA(t) /t e A Us w(s)ds — t e_714(5)ﬂ(s)ds )
’ ’ ’ ’ , ' ’ , 0 G(S,W) ’ 0 G(S,W)

. . . —AC) . .
Consider ¢, — 0 as in Corollary 513 so that us, ¢ — @. Since é(—Aw)) is a continuous function, we have that

te—Als) ) te—Als) )
) Cls,w) 0w H/o o) s
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and then

(56) hIJP |SX0 ﬂ(;m\p(t,w) —-Sx, ﬂ(t,w)| =0, Vwe A,

n—-+0oo
that is to say that, for fixed ¢ € [0, 7], it holds Sx, Us, w(t) = Sx, ©(t) almost surely. Let us observe that
this is enough to guarantee the convergence in any finite-dimensional distribution. Indeed, consider N € N
and t1,...,ty € [0,T] and fix w € A. Since Equation (5.6) holds for any ¢;, i = 1,..., N, we have that for
any fixed € > 0 there exists v; € N such that if n > v; it holds

e
|SX0 E(;mq,(ti,w) -Sx, E(ti,w)| < N

Let v = max{vy,...,vny} and consider n > v. By the triangular inequality we get
N
|(Sx0Ts,, 0ty w))isn = (Sxo W(ts, ) Jisn| < Y [Sxo Ts,w(ti, w) — S Wts, w))i<n| < &,
i=1
so that

lim |(SX0 ﬂ(;m\p(ti,w))igjv — (SXO ﬂ(ti, w))iSN| =0, Vwe A.
n—-+oo
This implies that (Sx, Us, w(ti))i<n — (Sx, U(t:))i<n almost surely and thus in distribution. To extend
the convergence in distribution to the whole paths, we need to show that the sequence Sx, us v, is tight.
Let us denote, for simplicity, Xs = Sx, Us,w. Consider 0 < ¢; < to < T and observe that, by Equation (22]),
it holds

A(t At f2 em Al At 2 g7 Al
Xs5(t2) — Xs(t1) = (G(t2)e ) — G(t1)eA 1>)/ Ts.p(s)ds + G(tg)e 1>/ s, (s)ds.
o G(s) n G(s)
Being p > 2v/2, we have
4+p 4+p 4 p
— — < =<z -1
51 <— < 5 <5<P
Hence, we can consider p; € (%, %), so that
1 D 4p
P I A
P1 p 4+p
and p € (2, min { pﬁl, 4}) By convexity inequality,
_ _ _| [t2 o= Al P
E[|X5(t2) — X5(t1)|p] S 2;0—1 E |G(f2)6A(t2) — G(tl)eA(t1)|p Wﬂ&\y(s)d‘s
0 S

(5.7)

o t2 o—A(s)
+E |GP(t,)ePAM) / s, (s)ds
t

. Gls)

)

Let us first work with I5. Using Holder’s inequality with exponent p; (and ¢; such that 1/p;14+1/¢1 = 1) and
Jensen’s inequality we achieve

= 2ﬁ_1(11 + 12).

1

5171‘| p1

L
P1

I, < E[GP (¢, )Pt A(t1) =t — VPR 1 t2 o= A(s) ;
2 S E[GP! (t1)e Jar (t2 — t1) ‘(fz _tl)/t o) Us,w(s)ds

Pq1 a1 A(t1) a7 P e Al = Pp1
S E[G (tl)e ]‘11 (t2 — tl) rn £ |: " GﬁT(S)WJ"I}(S” dS:|

1

(5.8)
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Set 1 =p — pll with v; > 1 by the choice of p and p;. Now observe that
a1
E[GP¢! (tl)eﬁqw“(tl)]ﬁ < | sup AW ) E sup |G(t)[P"
te[0,T] te[0,T]
— P __
< | sup PA® (_]'L) ePPET C1(T,p,p1),
t€[0,T) P —1

where we also used Doob’s maximal inequality. On the other hand, we have

(5.9)

1 1
P1

t2 o—Pp1A(s) _ 1 T = =
E {/ 7|ﬂ51\y(5)|pp1d5:| <E / ePPLs=AG) (G (5))PPL |15 g (5) [P ds
t1 0

GP1(s)
) o g BE
< sup A ([ maPrs)s ) E | sup (60
te[0,7T] 0 t€[0,T]

1

7(t*A(t)) f(flﬂl*l)T T _ et n
< | sup €’ e 2 / [@s,w PPt (s)ds .
t€[0,T) 0

Concerning the last remaining integral in the previous inequality, let us observe that, by definition of p and
p1, it holds g - > 1 hence, we can use it as exponent in Holder’s inequality, obtaining

£
T D % T = P—PP1
/ [s,w PP (s)ds < / [usw|P(s)ds | T 7 .

0 0

Arguing as in Corollary 513 we know that Fy[tsw] < Fe[u] and then

T = ﬁ T =~ P—PP1
< / Iﬂa,wl””l(s)ds> S( / Iﬂlp(s)ds> T = Co(T,p,p,p1, ).
0 0

Plugging last inequality in Equation (5.9]) we get

ik

STl

1
t2 ,—Pp1A(s) L B (Bpe —
e _ - . (Br1—1) - ~
¢ U GTlua,w(S)I”’ldS} < | sup PUTAW ) TETTC(T, 5,51, W) =2 Ca(T 5, By 1, ).
t1 (s) t€[0,T

Setting then Cy4 (T, p, D, p1,u) := C3(T, p,p, p1,u)C1 (T, P, p1) we obtain, from Equation (5.8),

(510) I2 S C4(T757]37p176)(t2 _tl)’n'

Now let us consider I;. By Holder’s inequality with exponent % > 1 we get

P
4

t2 o —A(s) 3
(5.11) I, <E [|G(t2)eA(t2) _ G(tl)eA(t1)|4} E

e Us,w(s)ds

Let us first consider the first factor of I;. Let Y(t) = G(t)e*® and observe, by It6’s formula, that
dY (t) = a(®)Y (¢t)dt + Y (t)dW (t)

in [t1,te], that is to say

Y(#)=Y(t) —|—/ a(s)Y (s)ds —I—/t Y (s)dW (s).

t1
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For any t € [0,t2 — t1] it holds
ttts

t4ty
Y(t+t) =Y(t1)+ / a(s)Y (s)ds + / Y (s)dW (s)

t1 ta

=Y(t) + /ta(s +11)Y (s +t1)ds + /tY(s +t1)dW (s)
0 0
=Y (t1)+ /0 a(s+t1)(Y(s+t1) —Y(t1))ds + /0 a(s+t1)Y (t1)ds

+/0 (Y(s+t1) =Y (t1))dW(s) +/0 Y (t1)dW (s),

where we used the change of variables s — s—t; and we set W (t) := W (t-t,)— W (t), that is still a Brownian

motion. Hence, the process Y (t) = Y (t 4+ t1) — Y (¢1) solves the SDE
dY (t) = a(t + t1) (f/(t) + Y(tl)) dt+ (Y (t) + Y (t))dW(t), Y(0)=0
with ¢ € [0,¢1 — t5]. We can extend the process by setting Y (£) = Y (o) — Y (1) as t € [ty — t1,T] so that:
dY (t) = a(t) (?(t) + Y(tl)) dt+ (Y (1) + Y (01) Lo a—s,) dW (), Y(0) =0,

where a(t) = a(t+t1) if t € [0,t2 —t:] and a(t) = 0if t € (t2 —t1,T]. Now set M = |(al| e (o 1) = ll@ll o (0,7

and observe that by Lemma 2]
ta—t1 . 2
(7 e
0

< K(2,M.T) (Enmnm ( [ |a<t>|dt) CE[Y (8) (s — m?)

< K2, M, T)E[]Y (t)|*](t2 — t1)* (MT? + 1),
where we used the fact that T +— K (2, M, T) is increasing and to — t; < T. Calling back that

4

sup Y (9)]') < K(2,M,t2 - t1) (( / . 1E[|E(t)Y(t1)|4]‘1*dt>

tE[O,tz—tl]
4

E[Y (t1)[*] = M4 B[GH (1)) < ( sup e““)) 67
te[0,T]

by Equation (Z5) and setting C5(M,T) := (MT?+1) K(2, M, T) (SUPte[o,T] e4A(t)) ST we get

BY (1) = Y (") =BV (6~ ') < s EV(O') < (M, T) 02— 1)

Going back to Equation (B.IT)), setting v = g, where 5 > 1 since p > 2, we have

_ 44D
. ts ,—A(s) i |
(512) L < (C5(M, T))Z (tg — tl)'yz E us \p(S)dS
o G(s) 7
Now we have to estimate the second factor. Let us first use Jensen’s inequality (observing that 44% > 1) to
get
to efA(s) ( ) % 44_5771 to 6_%A(S)| ( )| .
E / Us,w(s)ds <t;7* E / ——|ts,w(s)|*7ds
0 G(S) ? 0 G447_p5 (3)

T P 5 _
/ efpp“A“”lG’(s)lf‘%|m,w<s>|44ppd81
0

§T%_l sup e (=AM | g
t€[0,T]

_ T _
sup |G'<s>|4“%] | msats)as
0

s€[0,T)
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By Doob’s maximal inequality we have

4p
_ - —p - _
sup |G'<s>lfpﬁ] < ( = ) DT,

E
s€[0,T] 5p —4

R . P(4—p .
On the other hand, let us observe that, being p < %, it holds 70(4—1_7”) > 1, thus we can use it as exponent

for Holder’s inequality, obtaining

45
AP

T - T _ pA-P) L T - L
/ [@s,w(s)|TPds < / [@s,w(s)|Pds T " 5a-m < / [@(s)|Pds A ICEDN
0 0 0

Hence we get, from Equation (5.12),
- P T
sup e PAG) < _4p > B ()T / a(s)[Pds
t€[0,T] 5p —4 0

= CG(M7 Tuﬁuz_?7plau)(t2 - tl)’Yz'
Now set v = min{y;,72} > 1 and combine Equations (5.I0) and (GI3) with (B7) to conclude that there
exists C7(M,T,p,D,p1,u) > 0 (notice that C7 does not depend on 1, ¢2) such that
E[|X5(ta) — X5(t1)[P] < C7(M, T,p,p, pr,0)(t2 — t1)7.

This, together with the fact that X5(0) = 0 for any § > 0, guarantees that {Xs}s>0 is tight (see, for instance,
[43, Theorem 11.6.5]). Thus, by a Corollary of Prohorov’s theorem (see, for instance, |43, Corollary 11.6.2]),
we know that X5, = Sx,u in C([0,T]), concluding the proof. O

STl

ik

(5.13) D =GO TR (ty — t) TP~

Remark 5.16. The previous theorem clearly holds even if W(t) = CtP for some constant C' > 0.

Theorem guarantees that even if s ¢ does not converge strongly to @ (due, for instance, to a highly
oscillatory behaviour), it can be still used to approximate the process Sx,u. This comes in handy in
the application context, whenever one has to numerically determine some functional properties of Sx, @.
Moreover, in the proof of the previous theorem, we have also shown that if ¥ € A, is a Young function and
||ﬂ(5,\1,||L,7(07T) is uniformly bounded for some p > 2v/2, then the family {X;s}s~o is tight. This means that,

in this case, by Prohorov’s theorem, {Xs}s>0 is relatively compact, i.e. there exists a process X with a.s.
continuous sample paths and a sequence §,, — 0 such that X5, = X. Combining the latter observation with
Theorem 51Tl we have that not only in this case J admits a minimizer, but there exists a sequence 6, — 0
such that us, v — u, X5, = X and X = Sx, .

Let us now exhibit a necessary and sufficient condition for a function s ¢ to be a minimizer of J5 ¢, given
in terms of an FKuler-Lagrange type equation.

Theorem 5.17. Let hypotheses (H1) to (H5) hold and ¥ be a Young function with strictly increasing con-
tinuous derivative ¢. Then Us v is the unique solution of

Usw(to) /T [5F A()—A(te) G)
5.14 = (s w(to)]) = [ B | ==(t, &g, , (8)eA DA 2L\ gp v e [0, T).
(5.14) |E6,‘P(t0)|w(| s,u(to)]) Bl (t, &as.0 (1)) Gito) 0€[0,7]
Proof. The proof follows as in Theorem [B:2] Precisely, let Ex be the set of Lebesgue points of usw in (0,7,
E}, the set of Lebesgue points of L in (0,7) and E = Ez U EL,. Let tg € E, fix a real number u € R and
g0 > 0 small enough to have (to — S to+ %0) C (0,T). Define, for any ¢ € (0,¢9), I := (to —5,to+ %),

ua(t):{u tel.

Usw(t) otherwise,
g1(€) := Jswluel, g2(€) := J[ue] and gs(e) := Fylue], so that g3 = g2 + dg3 and

91(c) = 91(0) _ g2(¢) = 92(0) | 593(c) — 95(0)
Let us only study the second incremintal ratio. It hoslds )
T
2E=00 - 1 [ @ 0) - Wasa )it = 1 [ (9 - W @)
0

9 9
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Being ¥ € Ay, U(u)— U (us w(t)) belongs to L(0,T), hence we can consider Ey as the set of Lebesgue points
of ¥(us,w(t)) and E' = EN Ey. From now on, let us assume that ¢, € E’. Taking the limit we obtain

lim 93(8) —93(0) _ W (u) — U (us.u(to)).

e—0 £

On the other hand, we have, from Equation (313,

lim M = —(u —us,u(to)) /TIE {a—F(t,qu,\p(t))eA(t)_A(to) G(t) ] dt,

e—0 € 0¢ G(to)
with the notation introduced in Theorem Hence we conclude that
- gi1(e) =1 (0) _ _ TLloF L A)-AG) G)
tim S — 500) — 00w (1) — (=T o) [ B |Gt e () S
However, we know that 0 is a minimum point of g;, thus it holds
T ToF G(t
15) ow(ul) — 0 Tsa ) — (e~ Taw(t0) | E| Gt (0)eA 020 2 N > 0
1 ' to 85 ' G(to)
Setting
T ToF G(t)
H(u) := -0 E | == (t, &g, o (1))eAD A 21 gy
()= =59 (ul) +u | B | G065 (e S0 a,

by Equation 515 it holds maxy,er H(u) = H (s w(to)). By Remark 5.5 we know that H is differentiable and
then by Fermat’s theorem H'(%s w(to)) = 0, that is to say

Tsu(to) /T [8F At Aty G()
528 0) ms o b)) = | B |t o (1)) eAD—AC) T vy e B
|E57\Ij(t0)|w(| 57‘11( 0)|) to aé- ( 5 6,\1/( )) G(to) 0

Finally, the right-hand side being continuous (as we have shown in the proof of Theorem [B2), we achieve

Equation (G.14]).

Now we have to show that the latter is also a sufficient condition. To do this, let sy € L'(0,7) be a
solution of its and u € L'(0,T) be any other function. If u ¢ LY(0,T), then +oo = Jsw[u] > Jsw[Us w].
Thus, let us consider u € LY(0,T). Observe that

J57\p[u] — J(s’q;[ﬂ(sﬁq;] e J[u] — J[ﬂ&\p] + 5(]'—‘1; [u] —Fu [ﬂ(;y\p]).
We already know, as it is shown in Theorem [£.1] that

T T
(5.16) J[u] = JTase] > / (u(s) — Tow(s)) (— / E[%_?(t,gm(me,«t)A<s>$] dt) s,

Moreover, by the convexity of ¥, we get

W(Ju(s)]) — (s a(s))) > %wmusm(u(s) “Tu(s)), Vs € (0.7),
and then
T _—
(5.17) Folu] - Foltse] > / %UJ(WW(S)D(U(S) T u(s))ds.

Combining Equation (510) and (5I7) we get

T
Tswlu] — Js.u(ts ] > / (u(s) — T u(s))

T55(5) s o) — [ E|2E ¢, (ter®-46) EDT g} g
( olmsn(s)) — [ B[ Gt ()00 0 ) g =

[@s5,w(s)

that is to say that s ¢ is a minimizer for Jsy in L1(0,7).
Hence we conclude that any solution of Equation (5.14)) is a minimizer for Js ¢ in L'(0,T). However, being ¥
strictly convex, s v is the unique minimizer of Js . Thus s ¢ is the unique solution of equation (GI4). O
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Remark 5.18. Let us stress out, as we did for J, that Fg is Gateaux-differentiable in LY (0, T') with Gateaux
derivative

= TM u(s v v
0. 70 = [ S u(uls)is, ve LY0.7).

One can show that the previous quantity is finite for any v € LY(0,T) by means of Holder’s inequality for
Orlicz spaces [37, Theorem 4.7.5]. As a consequence, we obtain that also Js w[u] is Gateaux-differentiable in
LY(0,T) with Gateaux derivative

Oudswlv] = Oy J[v] + 60, Fuv]

and Equation (BI4]) follows from Fermat’s theorem. For this reason, we can refer to (5.I14]) as the Euler-
Lagrange equation for Jsv. Let us emphasize that the function H(u) defined in the proof of Theorem [5.17]
is, in some sense, the Hamiltonian function associated to Js w.

With a suitable choice of the Young function ¥, we can guarantee better regularity for s v.

Corollary 5.19. Let hypotheses (H1) to (H5) hold and set U(t) = t;—: foranyn=1,2,3,.... Then Us v is
continuous.

Proof. With this choice, we have 1(t) = *"~1 and then Equation (5.I4) becomes

Tuto) | -1 - or LAM-A) G
OO e 1) —/ B [ 1 ()4 SO vty € 0.7

that can be recast as

G(t
Usw(to) = *" / t (t, &us o (1)) A (D =Al0) 2 ] dt, Vto € [0,T].
G(to)
Being the right-hand side continuous, as proved in Theorem [3.2], we conclude the proof. O

6. EXAMPLES

In this section we provide some examples, to highlight on one hand some expected features of the approx-
imation problem while, on the other hand, show some unexpected behaviours even in the easier cases. First
we consider the general case of power costs. Then we will focus on the quadratic cost, that is to say the
mean squared error approximation functional. In this specific case we are able to restate the Euler-Lagrange
equation as a first kind Fredholm equation. The latter property allows us to give some explicit examples via
numerical methods.

6.1. Power cost functionals. Let us consider F(®)(¢) = % for any p > 2 and the cost functional JP)[u] =
fo t))dt]. For such cost functionals, we are able to prove the following Proposition.

Proposition 6.1. Fizp > 2 and let z € £2(Q P; [0, T]) for some p > p. Then JP) satisfies hypotheses (H1)
to (H5+).

Proof. Being z € E%(Q, PP; [0, 7)), hypothesis (H1) is satisfied with exponent p > p > 2. Clearly, F(P)(¢) >0
and hypothesis (H2) is satisfied. Moreover, since p > 2, F(®) is twice continuously differentiable in & with

dF®) 3 A2 F®) B
d—§(§)=|§|” K3 d—§2(€)=(p—1)|§|p %
thus we get hypothesis (H3). Next, there exists a constant L > 0 such that
dF®) d2F®)
F®) ———(&)| < L1+ [¢]P).
©+ ||+ | S| < L+ i)

As p < p, we achieve hypothesis (H/) with exponent o = p. Finally, hypothesis (H5+) is satisfied due to the
fact that F(P)(¢) is strictly convex. O
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The Euler-Lagrange equation ([B.) for the functional J®) can be stated as

G(r)

T
(6.1 | E[lstpsrennao S

} dr =0, ¥t € [0, 7).

To introduce a penalization on the functional J(p)7 let us consider (2 (x) = ””—22, F? = Fye and

Jézﬂ) = J® 4+ § F@ | Its Euler-Lagrange equation (5.14) can be recast as

T
(6.2 w0 = 3 [ B |l e et A0 0 ar v e 0.1

4 J, G(t)
Due to the nature of such equation, we speculate that, for p > 2, iteration methods to obtain its solution
could be developed. Further investigation on the topic is needed.
In the next subsections, we will focus on the case p = 2, in which, as we said before, we are able to restate
both equations (@) and (2] in a more tractable form.

6.2. The least mean squared error approximation: reduction to Fredholm equations. Indeed, let
2
us mainly focus on the case F(2)(§) = %, i.e. the least mean squared error approximation. In particular, let

us denote by J?) the cost functional defined as
T ¢2
/ 310 dt] |
0o 2

By Proposition [6.1] we know that, if z € L;(Q,]P’; [0,T]) for any p > 2, then hypotheses (H1) to (H5+) are
satisfied and the Euler-Lagrange equation is given by ([6.1). Actually, in this case, we can restate the equation
as a Fredholm integral equation of the first kind.

JPu] =E

Proposition 6.2. Let z € Ei(Q,P; [0,T]) for some p > 2. Then u € L*(0,T) is the unique solution of the
minimization problem

6.3 T = ; Jj®
(6.3) (4] i [u]

if and only if

T
(6.4) / k(to, s;a)u(s)ds = Z(tg), Vto € [0,T],
0
where
T
(6.5) k(t, s;0) = e~ A7 AL) mmax{te) / A s
max{t,s}

and
(6.6) Z(t) =e AW /T /T 2AM-AL g &z(s) dsdr

' a ¢+ Jo G(t)G(s) '

Proof. We already know that @ is the unique solution of the minimization problem (@3] if and only if it
solves

(6.7) /tTE [&‘g()ii)(t)ew‘(t)—f‘(fo))] dt =0, Vto € 0,7,

that is Equation (6.1). By the explicit definition of solution map given in Equation (2.2) we get

e

—A(s) _ J
G(S) (Z(S) —U(S)) s

Ea(t) = So(z — u)(t) = G(t)er® /O

and then Equation (G.1) becomes

T G 2A(t)—A(to)—A(s) o _
(6.8) /to E [/0 7G(to)G(s)e (z(s) u(s))ds] dt =0, Vto € [0,T.
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Now we want to show that we are under the hypotheses of Fubini’s theorem, so to exchange the order of the
inner integral and the expectation operator. Let us first rewrite

G Q2AMB=A(t0)=AG) (g} — (s)|ds — tG2(t)G/(S)e2A(t)—A(t0)—A(s) S1a(s) — uls)ds
| soem (o) —(s)as = [ L #12(s) — u(s)ld

2A(r1)—A(72)— A(rs)+7 / G2 ([T _
< sup  e2AMm 2 3)+73 sup G'(s) |z(s)Ids + [1ull 10,7y | -
71,72,73€[0,T) 5€[0,T] G(to) \Jo ’

Next, we take the expectation on both sides of the previous inequality to achieve

t 2
[ [/ 80 no-st- a0 i
0

(to)G(s)
.\ G2t r _
(ses[%?T]G (s)) Glto) </0 |z(s)|ds + ||u|L1(O,T)>] :

<CE
By the Cauchy-Schwartz inequality we get

RO
[t ) G5 ([ o i)

2 3
G(t) r
<k sup G'(s) | =~ | E / z(s)|ds + |[@]| 11
(SGM <>> G ( (o) + 17 1 01

To argue with the first factor of Equation ([6.9), let us apply again the Cauchy-Schwartz inequality to obtain

2 4 % 1 1
IR0 , Ok &) 1
£ (SSE?T]G“)) iy | = E (SSE?T]G“)) 5 [g) <O |Gy

where we also used Lemma 2.8 Noticing that

~—

(6.9)

1
2] 2

G8(t) _ BW(H)—AW (o) —4t+2t0

G*(to)

we recall that ((t )) is a lognormal random variable and then E [ ((t?)} is finite. Hence, the first factor of

Equation (6.9) is finite.
Concerning the second factor, it clearly holds
2

T T
E </0 |z(s)|ds+|ﬂ||L1(0)T)> <2(E </0 Iz(s)lds> + [[alls o7y | < +oo

since Ef,(Q, P; [0,7]) € £3([0,T]; Q,P). Hence, we can use Fubini’s theorem to rewrite Equation (6.8) as

/ / 2A(1)—A(to)—A(s) g [%(2(3) —ﬂ(s))] dsdt = 0, Vto € [0,T],

2

that is equivalent to
(6.10)

/t / 2A(t)~ A(to) - A<S>E[G(G2)(G )( } s)dsdt — /t / A(H)—Alto)— A@E{G(G(")(G)() (s)} dsdt, Vit € [0,T].

Arguing as before, notice that W(G)(s) is a lognormal random variable with

-1

E [log (%ﬂ —E [2W(t) — W(te) — W(s) —t + 2 ;L S} - to%
Var [log (%ﬂ —E[@2W(t) - W(to) - W(s))] = 4t — 3to — 35 + 2min{to, s}
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where for any random variable X € L*(Q,P) we set Var(X) = E[(X — E[X])?]. Hence we get

GO . |
E — et—to—s-l-mm{to,s} _ et—max{to,s}
[G(to)G(S)

and then
T t G2(t) T t
/ / eQA(t)—A(tO)—A(S) E |: :| E(S)dsdt _ / / €2A(t)_A(t0)_A(S)+t_max{t0’S}ﬂ(s)dsdt.
to Jo G(to)G(s) to Jo

Being u € L(0,T), it is clear that we can use Fubini’s theorem to achieve
T ft T [ T
/ / 62A(t)_A(to)_A(S)J'_t_max{to’s}ﬂ(s)dsdt — / / eQA(t)—A(to)—A(S)-i-t—max{to,s}dt ﬂ(s)ds.
to JO 0 max{to,s}
Setting k(t, s;a) and Z(t) as in Equations (@3] and (6.6) we can rewrite Equation (GI0) as (€4]), concluding
the proof. O

An analogous result can be shown for Equation ([6.2)).

Proposition 6.3. Let z € Ei(Q,]P’; [0,T]) for some p > 2. Then us € L*(0,T) is the unique solution of the
minimization problem

(2,2)— 71 . (2,2)
(6.11) Js [“5]_%?}1&)‘]“ [u]

if and only if
T

(6.12) dus(to) —|—/ k(to, s;a)us(s)ds = Z(to), Yto € [0,T],
0

where k and Z are defined in Equations ([6.5) and (6.6).

We omit the proof since it is identical to the previous one.
Both Propositions and give us an alternative form of the Euler-Lagrange equation whose usefulness
is twofold: we can use some well-known numerical methods to exploit the solution and it can be also used to
determine the existence of the solution (and actually exhibit it) under an additional hypothesis. This is the
content of the next subsection.

6.3. The least mean squared approximation: the independence case. Now let us prove that if z is
independent of W, then we can exhibit the solution of the approximation problem.

Proposition 6.4. Let z € EZQ,(Q,P; [0,T]) for some p > 2 be independent of the Brownian motion W (t).
Then the minimization problem ([G3) admits as unique solution T(t) = E[z(t)]. Moreover, it holds

1 /T ot '
(6.13) JA @) = 5/ / / A= AG) =AM H—max{s, 7} Coy ((s), 2(7))dsdrdt,
o Jo Jo

where Cov is the covariance operator, i.e., for two random variables X,Y € L*(Q,P), Cov(X,Y) = E[(X —
EX]))(Y —E[Y])].

Proof. By Proposition we know that @ is the unique solution of the minimization problem (G.3]) if and
only if it solves equation ([G.4]). Thus, we only have to show that u(t) = E[z(¢)] solves that equation. To do
this, just observe that, being z independent of W, by Equation (6.6]) we get

T rT
Z(t) _ e—A(t)/ / e?A(T)—A(s)—i—T—max{t,s} E[Z(S)]deT
t 0

Since z € Ei(Q,]P’; [0,77]), we know that E[2(-)] € L'(0,T) and then we can use Fubini’s theorem in the
previous equation to achieve

T T T
Z(t) :/ (/ e—A<t>+2A<T>—A(s>+f—max{txs}dT) E[2(s)]ds :/ k(t, s;a) E[z(s)]ds,
0 0

maxt,s
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concluding the first part of the proof.
Now let us evaluate J()[@]. We have, by the definition of J*) and Equation ([Z32),

JP @) = % /O TIE G2 (t)e?AW < /O t%(z(s)_a(s))dsﬂ dt

B ;/E [/ / Gz(t)e;?;;)c_:?;;)_A(T) (2(s) = W) (=(7) - am)dm] dt.

Now we want to show that we are under the hypotheses of Fubini’s theorem so that we can exchange the
inner double integral with the expectation operator. To do this, notice that

trt G2 (4)e2AM—A(s)—A(T)
/0 /0 o G(s)G(7) |z(s) —u(s)||2(7) —u(r)|dsdr

< G2(t)< sup eQA(t)_A(S)_A(THHT) ( sup G'(s)) ( sup G'(T))
t,to,s€[0,T] s€[0,T] s€[0,T]

< [ [ 1266) -6 2(5) ~ (e

Taking the expectation on both sides and using the fact that z is independent of W we have

Lt GR ()2 AD =AW -A(T) i
E[/o /0 G(s)G(r) |2(5) = a(s)l]2(7) —u(r)|dsd }

G2(t)< sup eQA(t)A(S)A(T)+S+T> < sup G’(s)) < sup G/(T)>
t,to,s€[0,T] s€[0,T] s€[0,T]

<[ [ ) =Tzt ~ atrasir

G(t) ( sup G’(s)) ( sup G/(T)>
s€[0,T s€[0,T

Arguing exactly as in the proof of Proposition [6.2] we have

G2(t)< sup G'(s)) ( sup G'(T))
s€[0,T] s€[0,T]

(6.14)

<E

<CE

B[ [ [ 16) - T)lz(r) (e

E <C,

while, on the other hand
E [/0 /0 |z(s) — u(s)||z(7) —ﬂ(T)|de7’:| :/0 /0 E[|z(s) —u(s)||z(7) — u(7)||dsdT
< / / El|=(s) — a(s)|?)} El|=(r) — u(r)) dsdr
- / Ell=(s) - u(s)2)bds [ Efj=(r) — u(r) 2} bdr

T
<7 [ Ella(s) - (o) Plds,
0
where we used the Cauchy-Schwartz inequality and Jensen’s inequality. Now let us observe that
E[lz(s) —a(s)|*] = E[l2(s)[?] — E[2(s)]* < E[|2(s)|],
and then, being z € E;(Q, P; [0,T]), we know that

T/O E[|2(s) — a(s)[2)ds < C.
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Hence we can use Fubini’s theorem and the fact that z is independent of W in Equation (6.14]) to conclude
the proof. O

Remark 6.5. Last Proposition agrees, in some sense, with the classical idea that the expected value should
minimize the mean squared error under the hypothesis that z is independent of W. However, we cannot
remove this hypothesis, as we will see in the next subsection.

Let us use the previous Proposition to provide an example in which we already know that the minimizer
exists (and we know its exact form) and we can numerically solve the penalized equations. Precisely, let us
set z(t) as a geometric Brownian motion independent of W, so that @(t) = E[z(t)] = 1. Let a(t) = —1, and
then A(t) = —t, and T = 1. In this case we have

(6.15) k(t,s;—1) = o—lt=s| _ o—1+min{t,s}
and
(6.16) Z(t)=e " (—e+ et — 3 4 2e! T 4 e21).

For any ¢ > 0, let ws be the solution of Equation (6.12]). To obtain a numerical evaluation of @5 for some
fixed § > 0 we used Nystrom method (see [6]). Since we expect an highly oscillatory behaviour for small
values of §, we need to determine a big number of nodes. To do this, we adopted a composite Newton-Cotes
quadrature formula based on a 7-th order interpolating polynomial on equispaced nodes. Precisely, we divided
the interval [0,1] in N subintervals and, on each interval, we applied the closed Newton-Cotes formula (on
equispaced nodes) with weights:

w = ooy (41,236, 27, 272,27, 236,41).

To be sure to avoid Runge’s phenomenon, one could also reduce the order of the interpolation while increasing
N. Such solutions are visualized in Figure [l Evidently, us does not converge to 1 as 6 — 0. Let us now

1 1
0.6
0.4 0.5 0.5
0.2
0 0 0
0 0.5 1 0 0.5 1 0 0.5 1
1
0.5
0
0

0

FIGURE 1. Numerical solutions of Equation (612]) with "= 1, Z(t) given in Equation (6.16])
and k(t, s; a) given in Equation (G.13]), for different values of §. Precisely, reading left-to-right
top-to-bottom we have us for § = 10~ withn =1,...,9. N is fixed to 100, so that we have
601 nodes for each us.

denote T, = Tyg-n. To show that J@[@,] — J@ @], let us first evaluate J?[@]. This can be done by



32 GIACOMO ASCIONE* AND GIUSEPPE D’ONOFRIOf

observing that .
Cov(z(s),2(1)) = emin{ms} _
and then, by Equation (1633])

—t-l—mm{‘r s} mln{T s} e =7
Ddsdrdt = = ~ 0.0357814,
(&

On the other hand, to evaluate J @) [ ), we adopted a numerical method based on a Monte-Carlo approach.
Precisely we simulated a skeleton of 6N + 1 nodes (&;)o<i<en for the process £ := &, . To do this, first we
simulated a skeleton (z;)o<i<en of 6N + 1 nodes for z as

where (; ~ N(0,1) with (; independent of @ for each 7 # j. Once this is done, (&;)o<i<en can be obtained
by using an Euler scheme (see [5]):

=0
. 51 1+Z1 1_un(1 1) ngzl
gz - 51—1 + 6N \/6_N )

ﬁ, U, (t;—1) has been obtained previously via Nystrom method and ¢; ~ N(0,1) with ¢;

i=1,...,6N,

where t; =

independent of (; for i # j. The value 3 fo £2(t)dt is then approximated by a quadrature formula and
J2 [@,] by repeating the procedure for a ﬁxed nurnber Niraj of trajectories and then taking the average.
While, on one hand, the convergence J®)[@,] — J®[@] is justified by Theorem [F.I0, on the other hand the
stochastic differential equation could be stiff due to the highly oscillatory behaviour of %, and the Euler
scheme could fail to catch &. The estimated values of J®)[@,] for n = 1,...,5 are given in Table [II

J(Q)[ﬂl] J(2)[52] J(Q)[ﬂg] J(Q)[ﬂ4] J(?)[%] J(2)[g]
0.0462 0.0363 0.0361 0.0362 0.0358 ' 0.0358

TABLE 1. Numerically estimated values of J(2) [@,] for n = 1,...,5, in comparison with
J@[@]. N is fixed to 100, while Ni.; = 100000.

To show a numerical evidence that %, — %, we also numerically evaluated fol 9%, (t)dt for different values of
j and n and we compared it with fol tidt = 1/j in Table

n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 folxjdx

j=0 0.6141 0.8878 0.9670 0.9899 0.9968 0.9988 0.9991 0.9992 0.9992 1

j=1 0.2535 0.4067 0.4690 0.4901 0.4968 0.4988 0.4991 0.4992 0.4992 1/2
j=2 0.1431 0.2495 0.3034 0.3235 0.3301 0.3321 0.3325 0.3325 0.3325 1/3
j=3 0.0930 0.1734 0.2211 0.2403 0.2468 0.2488 0.2491 0.2492 0.2492 1/4

TABLE 2. Numerically estimated values of fol ti, (t)dt forn=1,...,9 and j = 0,1,2,3, in

comparison with fol tidt = 1/j. N is fixed to 100 and the values of the integrals are obtained
by using the same quadrature formula as applied before to determine .

With this example, we want to highlight the fact that even if the solution of the minimizing problem (6.3) is
known and quite regular, the solution of the penalized problem converge towards them only weakly. However,
this is a problem only in the case one wants to approximate the actual minimizer u. Indeed, usually one is
interested in properties of the approximating process Sx, u, that, despite the weak convergence of s towards
u, is in the overall approximated well enough by Sx, s, as shown in Theorem

As already stated in Remark[6.5] Proposition [6.4] seems to suggest that the expected value should be, in some
sense, the minimizer of the mean squared error. However, as we will see in the following example, this is not
necessarily true if we suppose that z and W are dependent.
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6.4. The least mean squared error approximation: a dependence case. Now let us consider a
different example. Let z = G, a = 1, so that A(t) = ¢, and T = 1. First of all, let us observe that, since
z(t) = f(t,W(t)) for some function f, we cannot use Proposition [64l Thus, let us first determine (at least
numerically) the solutions @ of the penalized problem (G.ITI). According to Equation (G35 we have

(6.17) k(t,s;1) = % (63*min{t,s}72max{t,s} _ e‘t’s‘) '

Concerning Z(t), starting from Equation (66, it holds

(6.18) Z(t)_/tl /07627—‘5—51}3[62((;)] dsdr.

In particular, G;((;)) — 2W(r)-W(

t . . .
)=7+3 is a lognormal random variable with

() s w4

Var [log (G(j(%) )} = E[2W(r) — W(t))?] = 47 — 3t

hence

Thus Equation (G.I8]) becomes
1 T
1
(6.19) Z(t) = / / 3T 25 dsdr = 58— 2¢’ + e?7%(2e — 3)).
t Jo
As before, let us exploit some numerical solutions s of Equation (612) (with k& and Z given in Equations

(110 and [619)) by using Nystrom’s method, as shown in Figure[2l From now on let us denote @,, := Ujg-n.
We do not know if Equation (64 admits a solution. To have a qualitative idea on whether a solution of

4 40
10
2 s 20
0 0 0
0 0.5 1 0 0.5 1 0 05 1
400
100 600
400
0 200
200
0 0 0
0 0.5 1 0 0.5 1 0 05 1
1000 1000 1000
500 500 500
0 0 0
0 0.5 1 0 0.5 1 0 05 1

FIGURE 2. Numerical solutions of Equation (612) with 7= 1, Z(¢) given in Equation (G.19))
and k(t, s; a) given in Equation (G.17), for different values of §. Precisely, reading left-to-right
top-to-bottom we have Us for § = 10~ withn =1,...,9. N is fixed to 100, so that we have
601 nodes for each us.
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n=1 n=2 n=3 n=4 n=>5 n==6 n="7T n=2~8 n=29

p=2 1.0492 2.7499 8.1839 24.5822 86.3839 282.1855 367.4504 378.6386 379.7967
p=15 0.7900 1.2318 2.0335 3.3589 5.8571 10.7897 128737 13.1871 13.2218
p=125 0.7262 0.9220 1.1764 1.4681 1.8501 2.4278 2.6948 2.7466 2.7529
p=11 0.7057 0.8139 09178 1.0014 1.0824 1.1826 1.2347 1.2472 1.2489
p=1.01 0.6996 0.7701 0.8183 0.8402 0.8508 0.8584 0.8622 0.8632 0.8633

TABLE 3. Numerically estimated values of ||Hn(t)||1£p(0_1) for n = 1,...,9 and p =

2,1.5,1.25,1.1,1.01. N is fixed to 100 and the values of the integrals are obtained by using
the same quadrature formula as before to determine w,.

Equation (€.4) exists or not, we could evaluate |||y, 7y for some p > 1, as done in Table 3l From Table
Bl we expect that ||ﬂn||Lp(071) < C for some suitable choice of p > 1 (a good choice could be p = 1.01, but, for
a big value of C, also p = 2 seems to work). This numerical evidence lets us conjecture that @, is uniformly
bounded in L?(0, 1) for some p > 1 and then, by Theorem [ETT] that a solution % of the minimization problem
([€.3) exists. Since we can suppose [[@n || 120,y < C, let us conjecture that u € L?(0,1).

With this idea in mind, let us evaluate numerically the solution of Equation (G4]). To do this, we cannot
use Nystrom’s method, as it is well known that for Fredholm integral equations of the first kind the matrix
obtained with the quadrature formula is very ill-conditioned. Hence, we have to use a different method.
Precisely, we use a Galérkin-type method as follows (see [44] Section 6.3]). Let P,(t) be the n-th degree
Legendre polynomial and define Q,,(t) = P,(2t — 1). Thus {Q,(t) }nen constitute an orthogonal system in
L?(0,1) equipped with the usual scalar product (,-), i.e.

1
(f.9) = / F(Og(t)dt, ¥f.g € L(0.1).

Thus, @ = Y, .5(4,Q:)Q; and 2 = Y 75(2,Q;)Qi. Moreover, for fixed s € [0,1], it holds k(-,s;1) =
;‘ﬁ(k(-, $;1),Q:)Q;. Rewriting Equation ([6.4) by using the series decomposition of @ we have
+o00 1
> (@, Qi>/ k(t,s;1)Qq(s)ds = Z(t).
i=0 0
Then, using the decomposition of Z and (-, s; 1), we get
“+o0 1 “+o0
i,5=0 0 §=0
that is to say
+oo 1 1 +oo
> @Q) [ [ krsnQin@iends | Q0= Y (2,0,)0;(0).
i,j=0 0 0 i=1

Let us fix m € N and consider Z,, = Y. (£, Q;)Q;, that is a finite-dimensional approximation of Z. Let
also ©l™ = >t o(@, Qi)Q; be a finite-dimensional approximation of u satisfying equation (6.4) with Z,,
in place of Z. Then, if we reduce the problem to finding the finite-dimensional approximation ™) it is
equivalent to the problem of solving the following linear system

Ku =z,
where K; ; = fol fol k(t,51)Q;(T)Qi(s)drds, w; = (u,Q;) and z; = (Z,Q;), for i,5 = 0,...,m. The
approximation @™ is shown in Figure Bl From now on we will refer to @™ directly as @. Just looking at

the figure, it seems that @ # 1 = E[z(+)]. Indeed, in this case, E[z(-)] is not a solution of the minimization
problem ([6.3]), since

1
1
/ k(t,s;1)ds = —66_3t(€3 — 4¢3t 4 2eM — 2637 4 31T £ Z(1),
0
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FIGURE 3. The approximation @™, with m = 5, of the solution of Equation (4] with
k(t, s;a) given in Equation (6I7) and Z given in Equation (6.19).

so that E[z(-)] does not solve Equation (64]). Actually, the expected value seems to be quite far from the
optimal approximation. This can be observed by evaluating J)[a@,], J® @] and J@[E[z(-)]]. As before, to
evaluate J(2 [@,] we use the Monte-Carlo approach presented in the previous subsection, with the following
set of nodes:

and

§ic1+ 2zic1 —Un(ti—1) + Gii—1 i1

o Wk Yo
where t; = ﬁ, Up(t;—1) has been obtained previously via Nystrom’s method and ¢; ~ N(0,1) with ¢;
independent of (; for i # j. To evaluate J ) [@] and J ) [E[2(-)]] we can use the same exact scheme substituting
respectively 7 (obtained by Galérkin’s method) and 1 in place of u,. Again, the evaluations of .J 2) [@,] for
big values of n are not reliable due to the stiffness of the underlying problem. The results are exposed in
Table [l here it is evident that the expected value is not the optimal approximation.

=81+ ,6IN,

JOMm] I JPM@s) [JP@ TP E[()]
0.0836  0.0572 0.0510 |0.0577 0.1505

TABLE 4. Numerically estimated values of J(2) [@,] for n = 1,...,3, in comparison with
J® (@) and JA[E[z(-)]]. N is fixed to 100, while Nij = 100000. Consider that, since we are
using a Monte-Carlo method, all the values in the table are subject to fluctuations, hence
results that are near to the best error J(?[a] are still admissible, despite being inferior to
it. In some sense, this phenomenon, that is expected due to the stochastic approach used,
also evidence the speed of convergence of J(?)[w@,] to the best error.
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Remark 6.6. In the case of the additive noise, in [4] it has been shown that the expected value is always the
optimal approximation with respect to the quadratic cost (even if z and W are not independent). Clearly,
the presence of the multiplicative noise has a crucial effect in this sense.

Again, to have another numerical evidence of the fact that u, — %, we compare fol t91, (t)dt with
Ji ta(t)dt for j = 0,1,2,3 in Table Bl

n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 foltjﬂ(t)dt

j=0 0.6992 0.7661 0.8093 0.8262 0.8318 0.8333 0.8336 0.8336 0.8336  0.8336
j=1 0.1838 0.2256 0.2657 0.2822 0.2877 0.2893 0.2896 0.2896 0.2896  0.2896
7=2 0.0942 0.1510 0.1981 0.2175 0.2240 0.2260 0.2263 0.2264 0.2264 | 0.2264
7=3 0.0606 0.1139 0.1580 0.1768 0.1833 0.1852 0.1856 0.1856 0.1856 ' 0.1856

TABLE 5. Numerically estimated values of fol ti, (t)dt forn=1,...,9 and j = 0,1,2,3, in

comparison with fol tJu(t)dt. N is fixed to 100 and the values of the integrals are obtained
by using the same quadrature formula as applied before to determine .

Remark 6.7. Let us emphasize that one must pay attention to the choice of the numerical method to solve
Equation (6.12). Indeed, one cannot exclude a priori an highly oscillatory behaviour of the solution of (G.12)),
as show by our first example. Thus, if a Galérkin-type method is adopted, then the family of independent
functions on [0, T should be chosen according to the expected behaviour of the solutions.

APPENDIX A. LEBESGUE POINTS

Let us recall the definition of Lebesgue point for a function f € L'(0,T).

Definition A.1. We say that t € (0,T) is a Lebesque point for f if

We denote by Ey the set of Lebesgue points of f.

By Lebesgue’s differentiation theorem (see [I7, Section 1.7, Theorem 1]) it is well known that

[[0,T]\ Ef| = 0. Let us recall, in particular, the following convergence result (see [I7, Section 1.7, Corol-
lary 2]).

Proposition A.1. Let f € LP(0,T) for some 1 < p < oo and t be a Lebesque point for f. Let Z(t) be the
family of all closed intervals in [0, T] containing t. Then

lim
diam(I)—
I€Z(t)

1 p —
T 1) = rpar =o.

We can use last statement to prove the following result.

Proposition A.2. Consider 1 < p < oo and let f € LP(0,T) and g € L(0,T) where 1—17 + % =1 and define
h= fge LY (0,T). Consider versions of f and g that are everywhere finite. Then Ey N E, C Ey. Moreover,
ifp=1and g € C([0,T]), then Ef C Ej.
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Proof. Consider t € Ey N E, and observe that, by Holder’s inequality, it holds, for any closed interval I
containing ¢,

’|—}|/Ih(7)d7 ‘ m /|h ()|
< m/l|f(7)||g(7)—g(t)|d7+ﬁ/ |9(t)||f(7)1— f@)ldr
Ll forora) G o)
+1a0 (77 f 1960 - 'MOP

Being |g(t)| < oo and |f(t)] < oo, taking the limit as diam(/) — 0 in Equation (A]), it holds

ﬁ/jh(ﬂdr - h(t)’ =0,

(A.1)

lim
diam(I)—0

I€Z(t)
so that t € E},.
Concerning the second part of the statement, just observe that if ¢ is continuous, E, = [0, T] by the integral
mean value theorem. g

APPENDIX B. LOWER SEMICONTINUITY OF THE FUNCTIONAL F: PROOF OF PROPOSITION [5.7]

Proof. First, let us show that Fy is lower semicontinuous in any y € L'(0,T). Hence, let us consider y,, — y
in L': we want to show that

liminf Fy[y,] > Fuly].

n—-+oo

Without loss of generality, we can consider a non-relabelled subsequence ¥, that realizes the limit inferior.
Let us first consider the case Fy[y] < +00. Let y,, be a subsequence of y,, that converges almost everywhere
to y. By Egorov’s theorem (see [I7, Theorem 1.2.3]) we know that for any ¢ > 0 there exists a compact set
H such that y,, — y uniformly on H and |[0,T]\ H| < §. Moreover, let us define the measure p on [0, 7]
such that for any Lebesgue-measurable set A C [0, 7] it holds

umraéwwwma

that is to say the measure p is defined via Z‘t‘ = U(y(t)). In particular, u is absolutely continuous with respect
to the Lebesgue measure. Fix € > 0. By absolute continuity there exists § > 0 such that for any measurable
set A C[0,T], |A| < § implies 1(A) < e. Let us consider the compact set H obtained by Egorov’s theorem

such that |[0, 7]\ H| < ¢. In particular, we get
Fulyl = p(H) + p([0, T\ H) < p(H) + .
Being Fy[y] < 400 we have that

u(H) > Fuly] —e.
On the other hand, it also holds

T
Fulyn,] :/0 \I/(yn(t))dtz/ U (yn, (t))dt.

H
Since yp, — y uniformly on H and ¥ is continuous, we also have ¥(y,,) — ¥(y,) uniformly on H and,
taking the limit, we achieve

lim inf Folys] = Hm Fulyn,] > /H (y(t))dt = p(H) > Fuly] —e.

n—-+oo

Being e > 0 arbitrary, we conclude the proof in the case Fyly] < +oc.
If Fely] = +00, let us consider the sequence of measurable sets Sy, = {t € [0,T]: U(y(t)) < m} for m € N,
so that

/ U(y(t))dt < mT < +o0.
Sim
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However, by monotone convergence theorem

lim U(y(t))dt = Fyly] = +oo.

m——+o0 S

Thus, for any M > 0 there exists m € N such that

M </ W(y(t))dt < +oo.
S.

m

For any Lebesgue-measurable set A C [0,7] define 0,,(A) = |AN S,,| and

i (4) = /A o)

that are two positive measures with p,, < o, and 0,,([0,7]) < T < 4+00. We can argue as before, applying
Egorov’s theorem to o,,, to achieve

liming [ W(yn(t))dt > / W(y(t))dt —e > M —<

n—+oo Sim Sim

for any € > 0. On the other hand

Fulya] > /5 Wy (1))t

m

and then

liminf Fyly,] > M —¢

n—-+o0o

for any € > 0. Being € > 0 arbitrary, we get

liminf Fyly,] > M.

n—-+oo

that leads to

lim inf Fy[y,] = 400 = Fly].

n—-+oo

Finally, it is well-known that convex lower semicontinuous functions are also weakly lower semicontinuous,
as a consequence of Mazur’s theorem (see [15]). O
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