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Viscous approximations of non-convex sweeping
processes in the space of regulated functions

Pavel Krejéi* Giselle Antunes Monteiro! Vincenzo Recupero®

Abstract

Vanishing viscosity approximations are considered here for discontinuous sweep-
ing processes with non-convex constraints. It is shown that they are well-posed
for sufficiently small viscosity parameters, and that their solutions converge point-
wise, as the viscosity parameter tends to zero, to the left-continuous solution to the
sweeping process in the Kurzweil integral setting. The convergence is uniform if the
input is continuous.

Keywords: Evolution variational inequalities, Sweeping processes, Vanishing viscos-
ity, Prox-regular sets, Regulated functions
2010 AMS Subject Classification: 49J40, 47J20, 34A60, 34G25

Introduction

Sweeping processes have been introduced in [27] as an abstract setting of problems arising
for example in elastoplasticity modeling, where the constitutive relation can be formu-
lated as a constrained evolution system. Typically, the functional framework consists in
assuming that

X is a real Hilbert space (0.1)

endowed with scalar product (-,-) and norm |z| = y/(z,z) for x € X, and one considers
a family C'(¢t) C X of nonempty closed subsets of X parameterized by the time variable
t € [0,7], where T > 0 is some given final time. The problem is to find a function
¢:10,T] — X with a prescribed initial condition £(0) = &, € C'(0), such that £(t) € C(t)
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for all ¢ € [0, 7] and its derivative at time ¢ points in the inward normal direction to C(¢)
at the point £(t). Formally, this can be stated as

—&(t) € Now(£(1))  for £€(0,T), £(0) =&, (0.2)

where both the “time derivative” £(t) and the outward normal cone New(&(t)) to C(t)
at the point £(¢) have to be given an appropriate meaning.

In the paper [27], this problem is uniquely solved provided that C(t) is convex for
every time ¢ and that the mapping ¢ — C(t) is absolutely continuous in terms of the
Hausdorff distance. In this case the solution & turns out to be absolutely continuous
and (0.2) is satisfied almost everywhere. In [28] the analysis of sweeping processes was
then extended to the case when the convex moving set C(t) has bounded variation with
respect to the Hausdorff metric. Under this weaker assumption, inclusion (0.2) has to be
properly interpreted in the sense of the differential measures and it is shown to admit a
unique solution of bounded variation.

The study of non-convex sweeping processes started with M. Valadier [33] and, since
then, has called the attention of many other authors, e.g., [3, 10, 31]. An important
concept which allows to get around the convexity of sets is the notion of uniform prox-
regularity. These are closed sets having a neighborhood where the projection exists
uniquely and in a continuous way. Sets with such a property appear in the literature
under different terminologies; being introduced under the name of ‘positively reached
sets’ by H. Federer [15] in finite dimensional setting. A series of properties as well as
the connection between sets and functions was deeply investigated in [34] (therein called
‘weak convex sets/functions’). The notion of prox-regularity was later extended to infinite
dimensional spaces (]9, 30]), and appears to lead to an appropriate class of non-convex
sets for which one can prove existence and uniqueness results for sweeping processes, see
for instance [1, 4, 5, 8, 14]. Especially, for a given parameter r > 0, we will consider the
notion of r-prox-regular set Z, which in particular enjoys of the property that a projec-
tion is uniquely defined in the r-neighborhood of Z. Here, we show in Lemma 1.3 that
the parameter r can also be interpreted as the maximal radius of exterior balls tangent
to Z.

A recent paper [29] presents a fairly general result for BV sweeping processes with
prox-regular constraints. The case when the moving uniform prox-regular constraint has
unbounded variation was instead dealt with in [12] where it is assumed that C(t) is
continuous in time: In this paper a so-called interior cone condition is also required,
which essentially means that cusps are not admitted on the boundary.

In [24], we have separated the effects of translation and shape change of the set C(¢)
by representing it in the form C(t) = u(t) — Z(w(t)) for given u : [0,7] — X and
w(t) : [0,T] — A, where A is a closed set of parameters in a Banach space W. The
motivation comes from application in plasticity theory, where u and w have different
meanings. Typically, u can be interpreted as stress tensor, and w can be, for example,



a fatigue parameter, see [18, 32]. In this case, Z(w) is the admissible stress domain and
its boundary 0Z(w) is the yield surface.

If we allow both u and w to be regulated functions, that is, both right and left
limits exist at each point of the domain of definition, then the Kurzweil theory of integra-
tion offers an efficient formalism for interpreting sweeping processes as Kurzweil integral
variational inequalities. A detailed exposition of the method in the context of convex
constraints can be found, e. g., in [22].

We denote by G(0,7;X) and G(0,T;W) the space of regulated functions with val-
ues in X (in W, respectively) endowed with the sup-norm, and by BV(0,7;X) the
dense subset of G(0,7; X) of functions of bounded variation. Under the assumption
that v € G(0,7;X) and w € G(0,T; W) are right-continuous, and {Z(w) : w € W}
is a family of r-prox-regular sets depending continuously on w in terms of the Haus-
dorff distance, we have proved that u(t) can be split into a sum wu(t) = z(t) + &(t) of
right-continuous regulated functions in such a way that x(t) € Z(w(t)) for all ¢t € [0,T],
¢ € BV(0,T;X), and the sweeping process (0.2) reformulated in terms of the Kurzweil
integral with V' (£)(t) := Varjgy(§)

T

|t =0, acwn+ 5 [ e - 0P v w2 0
Vz € G0, T; X), 2(t) € Z(w(?)) for all t € [0,T], (0.3)

admits a unique solution (&, z) for each given initial condition z(0) = z¢ € Z(w(0)).

The aim of this paper is to study viscous approximations of non-convex Kurzweil
sweeping processes of the form (0.3) under an additional hypothesis that the set Z does
not depend on w, that is, the motion of C(t) is driven only by translation. More specif-
ically, we assume that Z C X is an r-prox-regular set (see Definition 1.1 below), and
consider the mapping which with a given u € G(0,7; X) and with a given initial condi-
tion xg € Z associates the solution £ € G(0,7; X) of the Kurzweil integral variational
inequality

[ttt =) = =10 g0 + 5 [ luten) -t — 2P aVED) 20 0)

for all z € G(0,7;Z) and all 7 € [0,7] under the constraint u(t) — £(t) € Z for all
t € [0,7], and with initial condition £(0) = u(0) — z.
By a viscous approximation we mean the solution £° of the differential equation
- SUD(u(t) — &°(1))
ege(t) = D(u(t) = &(t), €(0) =¢(0), (0.5)
| D(u(t) — &(1))]

where f is a convex function such that f(0) = 0, and D is the distance mapping de-
fined below in Section 1. We call (0.5) “viscous approximation” of (0.4) by analogy to
applications in viscoelastoplasticity, where f(p) = p for p > 0 and ¢ is the viscosity
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coefficient. A power law f(p) = p™~! for m > 2 is used as penalty function in [11] in
the study of well-posedness of a sweeping process under integral forcing. More general
classes of functions f turn out to be useful in applications to optimal control problems,
see [7, 17, 21]. The reason is that in optimal control, the limit as € — 0 has to be taken
simultaneously in the constitutive relation and in the associated Fuler-Lagrange condi-
tion, which behave differently near the critical boundary. As the main result here, we
prove that the solution & of (0.5) converge pointwise as ¢ \, 0 to the left-continuous
representative of the solution ¢ of (1.1).

The fact that the viscous limit gives the left continuous representative of ¢ indepen-
dently of whether or not the input w is left continuous has already been observed in [22, 23]
for the case of convex constraints and regulated inputs. Note that the case f(p) = p in
(0.5) corresponds also to the Moreau-Yosida approximation of the sweeping process. The
first result on the topic goes back to Moreau’s original work [27] on convex sweeping
processes with absolutely continuous inputs. The convergence of Moreau-Yosida approx-
imations was then further explored by other authors, e. g., [25]. Recently, a similar result
in the non-convex case was proved in [20] under an additional compactness assumption.
Let us also mention another approach to regularization which has been exploited in [13],
where the approximation does not rely on the distance function, and the approximated
solution lies always in the interior of the constraint.

The structure of the paper is as follows. In Section 1, we recall the properties of
r-prox-regular sets and prove in Lemma 1.3 an alternative equivalent definition based on
the geometric idea of tangent balls of radius . The main results are stated in Section
2. The most substantial step is made in Section 3, where we prove that for sufficiently
small e, Problem (0.5) admits a global solution for every left-continuous regulated input
with sufficiently small jumps, and that the total variations of the solutions are bounded
independently of €. This is indeed nontrivial, as the distance function is defined only in
the r-neighborhood of the set Z, and one has to make sure that the solution stays globally
within this range. In Section 4, we prove that the mapping which with u associates the
solution &% to (0.5) is locally 1/2-Hélder continuous with constants independent of .
Section 5 is devoted to an explicit formula for the solution of (0.5) in the case of piecewise
constant input w. These results are then used in Section 6 for the proof of the pointwise
convergence of £ toward the solution of the Kurzweil integral variational inequality (0.4).
The convergence is uniform if « is continuous, and this fact is proved in Section 7.

1 Prox-regular sets in a Hilbert space

There are several equivalent approaches to prox-regularity — see, e. g., [30]. In particular,
the definition below corresponds to items (a) and (g) of Theorem 4.1 in [30].

Definition 1.1. Let Z C X be a closed connected set and let d(y) := dist(y,2) =
inf{|z — 2| : z € Z} denote the distance of a point y € X from the set Z. Let r > 0 be



given. We say that Z is r-prox-regular if the following condition hold.

Vye X : d(y) € (0,r) Jz € Z:dist (:U—l—@(y—x),Z) :@Ly—:d:r. (1.1)

The following variational characterization of r-prox-regularity is proved for example
in [24, Lemma 1.3].

Lemma 1.2. A set Z C X is r-prox-reqular if and only if for every y € X such that
d(y) = dist(y, Z) < r there exists a unique x € Z such that |y — x| = d(y) and

ly — |
2r

(y—x,x—2z)+ lz—2*>0 VzeZ (1.2)
Formula (1.2) can be used for introducing the concept of projection @ : Z+B,(0) — Z,
where B,(0) denotes the open ball centered at 0 with radius r, which with a given
y € Z+ B,(0) associates x € Z satisfying (1.2).
We further define the distance mapping D : Z + B,.(0) — B,(0) by the formula

D(y) =y —Q(y) (1.3)

for y € Z + B,.(0). For y € Z we have indeed D(y) =0, and for y € Z + B,.(0) \ Z we
have |D(y)| = d(y) > 0. We prove below in Lemma 1.4 that both @) and D are locally
Lipschitz continuous in Z + B,.(0).

There exists a simple geometric characterization of r-prox-regularity which implies in
particular that a nonempty closed set Z C X is r-prox-regular for every r» > 0 if and
only if it is convex. The exact statement reads as follows.

Lemma 1.3. Let Z C X be a nonempty closed set. Then the following two conditions
are equivalent.

(i) Z s r-proz-regular;

(i) z,yeZ, v —y| <2r = dist(5(z+y),Z) <r—/r?— 3z —y[2.

Proof. Assume first that Z is r-prox-regular, let z,y € Z be chosen such that d :=
sl —y| < r, put = %(x +y), p = dist(z,7), and assume that p > 0. We have
indeed p < |z — 2| = S|z —y| < r. Let z := Q(z). By definition of prox-regularity
the point § := z + g(:i‘ — z) has the property that dist(y, Z) = r. Using the identity

lu+v]? + Ju—v]* = 2(Ju]> + |[vf?) for u=2 —§, v=3(x —y) we have

A <2(ly—aP+ g —yl?) =z -y +4y—z|> = [z — y[> +4(r — p)%,

which yields (r — p)? > r? — 1|z — y|?, and (ii) follows.
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Conversely, assume that (ii) holds, and let y € X be chosen such that d = dist(y, Z) €
(0,7). We find a sequence {x,, : n € N} C Z such that ¢, := |y —x,| —d 0. We define
£* > 0 as the positive solution of the equation r — /72 — (d +¢*)? = d — £*, that is,

r2 r
f=— d—d? — —,
£ 4+7“ %

0<e, <e" Vnel. (1.4)

Observe that ¢* < r — d, thus we have |z, — x,,| < 2d + ¢, + &, < 2d + 2¢* < 2r, and
from Hypothesis (ii) and inequality (1.4) it follows for all m,n € N that

1 1
Prm = dist (2(~’En+mm),Z> <r-— \/7‘2 — 1|T" — TP <r—/r2—(d+¢e*)?=d—¢e".

(1.5)

and we may assume that

Let us recall the identity

1 2
21y = 2 1y = 00l?) = bt = onl 4]y = o+ )

(1.6)

We find z,,, € Z such that |%(rn + i) = Zoam| < Pam + En + Em < d by virtue of (1.5).
The triangle inequality yields

1
‘y - 5(1:71 + xm) Z |y - an| - (an +en + 5m)7
and from (1.6) we obtain

(@4 2+ (A 2n)) 2 7w = 0 + (@ = (P b euten)’s. (17)

N | —

which implies in particular that

1
Z|:cn — Zm|? < 3d(g, + €m) + 2dprm. (1.8)
On the other hand, noting that by (1.5) we have
2o 2 | 2
(T_pnm) > _Z_l|xn_xm ’ (19)

by adding (1.9) to (1.7) we obtain

1
7"2—27’pnm+pim+d2—|—d(8n+€m)+5(Ei—i—efn) > 12+ d*—2d(prm+entem)+ (Prmtentem)?,



which yields
2(r — d)prm < 3d(e, + &m). (1.10)

Therefore, from (1.8) we get

1 3rd
Z|:cn—g;m|2 < Tid(gnJrgm). (1.11)

We conclude that {z,} is a Cauchy sequence in X, and its limit z = lim,_, z, is the
projection of y onto Z.
It remains to prove that if dist(y,Z) = d € (0,7) and |z — y| = d, then dist(x +
(s/d)(y — x),Z) = s for every s € (d,r]. Let d € (0,7) be given and let
d(r —d)

= <e* 1.12
=0 r—+d : ( )

with * from (1.4). We first prove the following implication:
) . d+e
dist(y, Z) =d, r = Qy = dist |z + T(y —2),Z ) =d+¢e Vee(0,e) (1.13)

Indeed, this implies that sup{s € [d,r] : dist(z + (s/d)(y — x),Z) = s} = r which is the
desired statement. It suffices to define the sequences dy = d, ¢; = d;(r — d;)/(r + d;),
djt1 = d; +¢; for j € N, apply repeatedly (1.13) replacing d with d; and ¢, with ¢;,
and check that d; — r as j — oo.

To prove (1.13), we proceed by contradiction. We define the unit vector n = (y—x)/d.
Assume that there exists ¢ < ¢y and z. € Z such that

lz+ (d+en—a| <d+e,

that is,
|z — 2>+ 2(d+¢) (n,z — x.) <0. (1.14)

Let z. = Q(3(x +x.)). We have |z + dn — 2| > d and

1
§7"—\/T2—Z\x—:c5]2. (1.15)

T+ T
2

_ZE

Hence, by the triangle inequality

T+ T

d< +dn|. (1.16)

_Z€+

‘x—xs

We use (1.14) to estimate

2
T —x
4+ dn

1 Ae
=d* + Z|x —zf +d(nz—a) <d® - Z|$ —ze'=d" — \AL
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where we set A\, = z;é> 0 and A. = 3|z — z.|. From (1.15)~(1.16) we thus get

d<r—\/r2—A§+\/d2—)\gAg,

or, equivalently,

V2= A2 — /2 — N\ A2 <7 —d. (1.17)
We have by (1.14) that A, < d+¢e and A\.A? < d> — 2. The fact that the left-hand side
of (1.17) is positive follows from the sequence of inequalities
1= A
Ae

as a consequence of (1.12) and of the fact that £ < g;,. We square both sides of (1.17)
and get

r?—d*— (1= M\)AZ2 > 7r? —d° (d*> —e*) >7r? —d* — 4ed > 0

|
d %&Ag < /P AL /B NAL (1.18)

The left-hand side of (1.18) can be estimated from below by d(r —d—e¢) > 0. The square
of (1.18) yields that

1+ A 2 g2
A +d? = (142 )rd < [ A — J A= _A?
T+ (L+A)r ( (2)>e (d+e32*
that is,
d(r —d) < e(r +d) — =
(d+e)(r—d) <
which contradicts the choice of €. This completes the proof of Lemma 1.3. [ |

The distance mapping D is locally Lipschitz continuous in the following sense.

Lemma 1.4. Let y1,y» € X be such that

d(y:)= |D(y:)| <

(1+k)?

for some k>0 and 1 =1,2. Then
V3
[D(y1) — D(y2)| < (1 +— Y1 — yal.

Proof. For i =1,2 put & = D(y;). We have by (1.2) that
is1

2
||

2

(1,91 — & — Yo + &) + ly1 — & — yo + &> > 0,

(Co,0 — & — 1 + &) + ly1 — & — yo + &> > 0.



Summing up the above inequalities we get

& — &P <& — &y — )+ (lyr — ol + &1 — §2|)2- (1.19)

(14 k)2
The Young inequality yields

2

K 1

A _ B e ez 2
(1+,€)2|yl Yol [€1 — &2f < (1+H)2|51 &l + /-@(1+/<;)2’y1 Yol
K 1+ kK
<51 — &0, — ?J2> < m’& — 52\2 + W!m - y2\2.

From (1.19) we obtain

(1+k)2+2
61— &)? < ————1y1 — 2l
K
and the assertion follows from the inequality (1 +x)> +2 < (k +/3)%. [ |

Let us mention a superposition formula for the distance mapping which will be used
later on in Section 5.

Lemma 1.5. Let Z be r-prox-reqular and let D be the mapping defined by (1.3). Then
for every y € Z + B,(0) and every § € (—1,d*(y)) we have

D(y +0D(y)) = (1+6)D(y), (1.20)
where
d*(y) = @ ~1 for d(y)>0, d'(y)=cc for d(y)=0.
Proof. 1t suffices to prove that
Q(Qy) + (1+9)D(y)) = Qy) (1.21)

for every y € Z + B,(0). Indeed, if (1.21) holds, then

D(y+46D(y)) = D(Q(y) + (1 +0)D(y)) = Qy) + (1 +0)D(y) — Q(Q(y) + (1 +0)D(y))
= (1+6)D(y),

and (1.20) follows. To prove (1.21), we denote v = Q(y), w = Q(Q(y) + (1 +§)D(y)),
and use (1.2) to obtain

ly — v
2r
+(1+0)(y—0)—
S 00—y —ul
2r

(y —v,0—w)+ v —w|* >0,

v+ (1+0)(y—v)—w,w—0v) —wl|? > 0.




We add to the second inequality above the (1 4 §)-multiple of the first inequality and
obtain

1 D 1 D(y) —
o uft < HOIDW o+ 00D~ _ 0
r
We have by hypothesis (1+0)|D(y)| <r, |[v+(1+6)D(y) —w| < r, hence v = w, which
we wanted to prove. [ ]

The following result recalls the known relation between the distance function d and
the distance mapping D, see e.g. [30]. For the reader’s convenience, the result is stated
here in a way which suits our discussion and we give an elementary proof.

Lemma 1.6. For y € Z + B,(0) put ¢(y) = 3d*(y). Then the directional derivative
1
Wy v) = lim 2 (0 (y + 6v) = 9 (y))
-0 0
exists for every y € Z + B,(0) and v € X, and we have ¢'(y;v) = (D(y),v), that is,
D(y) =V¢(y) Yy e Z+ B,(0). (1.22)

Proof. For all § € (—do, dp), where &y > 0 is such that dp|v| < r —d(y), we have

Ly +60) — (y)) = o= (Dly +5v) — Dly), Dly +6v) + D(y))
= 551D+ 80) = D) + 5 (Dly +80) = Dly), D). (1.23)

We have |D(y + dv) — D(y)| < Cod|v| with a constant Cy > 0 independent of 0, hence
the first term on the right hand side of (1.23) tends to 0 as ¢ — 0. To handle the second
term, we use the fact that by definition of D, we have

D@y D) -2+ Dy D) —apzo veez (2
We may choose in particular z = Q(y + 0v) = (y + dv) — D(y + dv) and obtain
(D(y), D(y + 6v) — D(y)) = 6 (D(y),v) — C16°|v|” (1.25)

where C; > 0 is a constant independent of §. We similarly have

|D(y + ov)

(D(y + dv),y + 6v — D(y + 6v) — z) + o ||y+5U—D(y+5v)—z|220 Vz € Z,

which for z =y — D(y) yields

(D(y + 6v), D(y) — D(y + 6v)) > =0 (D(y + 6v),v) — C26%|v]”

10



with a constant Cy > 0 independent of ¢, and consequently
(D(y), D(y + 0v) = D(y)) < 3 (D(y), v) + C35°[v|* (1.26)

with a constant C3 > 0 independent of 0. Combining (1.25) with (1.26) we obtain the
assertion. [ |

We make now an additional assumption about the geometry of the set 7.

Hypothesis 1.7. The set Z is r-prox-regular with some r > 0, and there exist constants
R >3 and p > 0 such that

”

< ——= 1.27
P~ 1R+06)p (1.27)
VeeZ3x" e Z: |z —a"| < Rp, DBs,(a")C Z. (1.28)

Conditions (1.27)—(1.28) may look a bit complicated, however, that is just another
formulation of the interior cone condition introduced in [12] in the form

dh>0>0VeeZdz e ZVae[0,1]: (1—a)r+aZf+ Bu(0) C Z, |x—2| < h. (1.29)

The equivalence proof is given in [24] for different values of the constants. For the reader’s
convenience, we modify the proof for the present case.

Lemma 1.8. Let Hypothesis 1.7 hold. Then the interior cone condition (1.29) is satisfied
for o =p and h = Rp. Conversely, if the set Z satisfies (1.29), then conditions (1.27)—
(1.28) are fulfilled with R, p given in terms of h,o.

Proof. Assume for contradiction that conditions (1.27)—(1.28) hold and that (1.29) with
o =p and T = x* is violated. In other words, there exists oy € [0,1] and z € B;(0)
with z # 0, such that z,, == x4+ ay(z — 2z + pz) € Z. Since x; = T + pz belongs to Z
by hypothesis, we have that oy < 1, and the segment connecting z,, and x; necessarily
intersects the boundary 07 of Z. There exists therefore a € (0, 1) such that

To =2+ (T —x)+ apz € 0Z.

By Lemma 1.5 of [24], there exists £ € X, |{| = 1 such that dist(z, +r¢,Z) = r. By
hypothesis, both z and z + 3p¢ belong to Z, hence

|z + 7€ — 2| >,
Ta+ (r—3p)E — 7| > 1

In other words,
lo(Z — ) + apz +71&| >,
(1= a)(@—x) = (r—3p)§ —apz| >,

11



hence, using the triangle inequality and the fact that |z| <1,

a(z —z) +rf| = —ap,
(1—a)(@—=)—(r—3p)¢| =1 —ap,

and, squaring both inequalities,

?|z — x> + 2ar (£, — 1) > —2arp + o?p?,
(1—a)}Z — 2> = 2(1 —a)(r — 3p) (£,7 — x) > 6rp — 9p® — 2arp + a?p?.

Taking into account that r — 3p > 0 by (1.27), we sum up suitable positive multiples of
the two above inequalities and eliminate the term (£,Z — ) to obtain

(1—a) (1_a+ar;3p) |x—x]22rp<6—2a—2(1—a)r_3p>

" (1.30)

+p° (—9—|—a2—|—a(1 —@)T;Sp) .

Therefore, since (r — 3p)/r < 1, from (1.28) and (1.30) we infer that
R?p* > |2 — x]* > 4rp — 9p°.

This implies that (R? + 9)p > 4r, which contradicts (1.27).

To prove the opposite implication, assume that (1.29) holds and that x € Z is arbi-
trarily chosen. It suffices to put p = ac/3, 2* = (1 —a)r + az, R = ah/p = 3h/o,
where oo = «a(h, ) > 0 is chosen in such a way that

h 2 r

2
fng —_ 2 —_
(R+6)p 3a(o_+ ) o<

and the proof is complete. [ |

2 Statement of the problem

We denote by G(0,7;X) the space or regulated functions w : [0,7] — X, that is,
functions which admit both one-sided limits u(t+), u(t—) at each point ¢ € [0,7] with
the convention u(0—) = u(0), w(T+) = u(T). This is a Banach space with norm (see [2],
Chapter II of [6], or [16, Proposition 4.1],)

|uliory = sup_[u(t)]. (2.1)
t€[0,T7]

The main object studied in this paper is the ODE

(|D(ut) —€@)])
| D(u(t) — €(2))]

ety = wt)— 1), E0)=¢, (22)
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in a time interval ¢ € (0, T) with a given initial condition £ € X such that d(u(0+)—&) <
r, and with unknown function £°, where € > 0 is a a small parameter, f : [0,r) — R,
is an increasing convex function with f(0) = 0, and v € G(0,7;X) is a given input
function satisfying an additional hypothesis on the size of jumps. It is understood that
e€=(t) = 0 whenever D(u(t) — £(t)) = 0, thus (2.2) can be formally restated as the
following problem.

Problem 2.1. Assume that ¢ > 0, & € X, and that f : [0,7) — Ry is an increasing
convez function with f(0) =0. Let g : B,(0) = X be defined by the formula

g(v) = %

Find an absolutely continuous function & : [0,T] — X such that

e€e(t) = g(D(u(t) — £(1))) (2.4)

v for ve B.(0)\{0}, ¢(0):=0. (2.3)

fora.e. t€[0,T], and
£°(0) = & (2.5)
The mapping ¢ is Lipschitz continuous on the ball Bs := {v € X : |v| < (1 —§)r} for
each § € (0,1). Indeed, for v,w € Bs we have

19(0) — g()P < (F(lol) = F(ll))” + W| P

and the Lipschitz continuity follows from the convexity of f. Hence, by Lemma 1.4, also
the mapping g o D is Lipschitz continuous on the set Z; := {y € X : d(y) < (1 —d)r}.

Y

We put
D —qg(D
Kg _ sup f(S), Lg = sup |g( (yl)) g( (yQ))‘ ) (26)
5€(0,(1=6)r) yl,y;ez(g !yl - yQ‘
Y17Y2

We now prove the existence and uniqueness of a local solution in an interval [to, ;] to
(2.2) for each € > 0 and each initial condition &%(ty) as long as |D(u(t) — &°(t))] < r.

Lemma 2.2. Let o, 3,7,0,e be positive numbers such that o+ 3 +~v+ 4§ < 1, and
assume that v € G(0,T;X), €& € X, and 0 < ty < to+ 0 < T are given such that
lu(t) — u(to+)| < ar for t € (to,to+ o], and d(u(to+) — &) < pr. Put

t to + mi ST
= min-< o, ——
1 0 3 K(S )

where Ks is defined in (2.6). Then there exists a unique absolutely continuous function
&° in the set

Y= {n e Cfto, hl; X) :nto) = &, |n(t) = & < Vi€ [to, 1]}

such that (2.4) holds for a.e. t € [to,t1]. Moreover d(u(t) — &5(t)) < (1 — d)r for every
t € [to, t1].

13



Proof. We prove that the mapping n € ¥ — & € C([to, t1]; X) defined by the formula
t
€10~ €) = [ o(DGulr) = n(r))dr, ¢ ltoti] (27)
to

is a contraction on ¥. The right-hand side of (2.7) is meaningful provided that d(u(7) —
n(t)) <r for T € [ty,t1]. This is indeed the case. For z € Z we have that

ju(T) = n(1) — 2| < ultot) = n(to) — 2| + Ju(r) — u(to+)| + [n(T) — n(to)
< |u(to+) —n(to) — 2| + (a+ )7,

hence d(u(r) —n(1)) < (a+ B+ 7)r < (1 —§)r. Moreover for t € [ty,t;] we have

(t — o) K

) - < T <o 23

hence £° € ¥. To prove that the mapping n +— £° is a contraction, we consider 7,7, € X
and the corresponding &5, &5 given by (2.7). We have wu(t) — n;(t) € Zs for i = 1,2 and
t € (to,t1]. Hence, by definition (2.6) of Ls, we have for ¢ € [to,t;] the inequality

mwwfwnsm[MMﬂ—mmmf (2.9)

We define for v > 0 the following complete norm in C/([tg, t1]; X) by the formula

Inll, = max e™|n(t)]. (2.10)

tG[to,tﬂ
It follows from (2.9) that
—vt| e € L5 —v ' vT L5 —v(t—
e (1) — &) < = — 772HV/ eTdr = = (1 —e ") Iy — 1],
€ to ve

It suffices to choose v > Ls/e to check that the mapping n +— £° is a contraction with
respect to the norm || - ||, , and the proof is complete. |

Let us mention the following immediate consequence of Lemma 2.2.

Corollary 2.3. Let u € G(0,7;X), € > 0, and & € X be given such that d(u(0+) —
&) < r. Then there exist ¢ € (0,T] and a unique absolutely continuous function &° :
[0,7¢] — X such that £ (ty) = &5, (2.4) holds for a.e. t € [0,7¢), and one of the following
two alternatives holds:

(i) ==1T,
(ii) ¢ < T, d(u(re4) = &(1°)) > r.

14



Proof of Corollary 2.3. The classical argument of [19, Theorem 3.1] guarantees the
existence of a maximal solution to (2.5)—(2.4) characterized by the conditions (i), (ii),
and its uniqueness follows from the contraction argument in Lemma 2.2. [ |

In fact, we can restrict our considerations to left-continuous inputs u only. For the
sake of completeness, we mention the following easy result.

Lemma 2.4. Let u € G(0,T; X) be given, and let £ satisfy the identity

e(€°(t) — € (ko)) =/ 9(D(u(r) = &(7))) dr (2.11)

to

for t € [to,t1]. Put u(t) = u(t—) for t € (to,t1] and u(ty) = u(ty) with the convention
u(0—) = u(0). Then we have

e(§°(t) — & (to)) :/t 9(D(a(r) — & (7)) dr. (2.12)

This is indeed an immediate consequence of the fact that v and @ coincide almost
everywhere.

It is worth mentioning that equation (2.2) can be regarded as a gradient flow. Indeed,
using Lemma 1.6, we derive for y € (Z + B,(0)) \ Z the identity

_ f(V2e()

with ¢(y) = 1/2d*(y), and as a consequence (2.2) can be rewritten as

) V2s
e€f(t) = VU(ut) =€), ¥(y)=F@y), F(s)= / f(o)do for s=>0. (2.13)
0
The gradient flow setting might be useful in some applications. Instead, in what follows,

we shall systematically use the following equivalent variational formulation of Eq. (2.2).

Lemma 2.5. An absolutely continuous function £ is a solution of (2.2) if and only if it
satisfies almost everywhere the variational inequality

[S0I
2r

u(t) — €°(t) = 7 (1) S(E(1) — 2* = 0

(2.14)
for every z € Z and t € [0,t], where S(y) =0 for y =0, S(y) = y/|y| for y # 0, and
¢ (t) = [~ (e|&5(t)]) with f~' denoting the inverse function to f.

(&,ult) = (1) = (M) — =) +
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Proof. Firstly observe that ¢|¢5(t)| = f(|D(u(t) — &°(¢))|) and consequently

0°(1) = [Hel€E(t)]) = d(u(t) — €(1)): (2.15)

Therefore, an equivalent form of equation (2.2) reads

¢°(£)S(65(1)) = D(u(t) — €(t) = ult) — £(t) — Qu(t) — &(t)) a.e. (2.16)
By using this together with Lemma 1.2, for [£2(¢)] # 0 we have

T (e (1)~ (5 (E 1)~ 2 0

(6°OSE(®), ult) - (1) — F*(DS(E(D) — 2 )+
for every z € Z. Thus, the variational inequality (2.14) can be obtained by simply
multiplying the inequality above by [£2(t)]/¢°(1). |

Following Lemma 2.4, we restrict the set of admissible inputs to a subset ¢ of the set
GL(0,T; X) of left-continuous regulated functions defined as follows:

wel < |u(t+) —ut)| < g vt € [0,7). (2.17)

In the next sections, we prove the following results.

Theorem 2.6. Let Hypothesis 1.7 hold, and let v* € U and & € X be given such that
d(u*(04) — &) < (r — p)/4. We denote

U* = {ueu: [u* —ulg g < Z}

Then there exists g > 0 such that for every ¢ € (0,e0) and for every u € U* Problem
2.1 has a unique global solution & € Wh>°(0,T; X) such that d(u(t) — &(t)) < r/3 for
all t € [0, T]. Moreover there exists a constant Vo > 0 such that for every uw € U* and
every € € (0,e9) we have
&€
?0/%5 <W.

It is worth highlighting that the uniform bound for the output variation is obtained
thanks to the interior cone condition similarly as in [12, 24]. If the solution is constructed
via a time discretization process, then the uniform bound of the input variation automat-
ically implies an uniform bound for the output variation, see [24]. The question whether
this is valid also in the case of viscous approximations deserves to be studied in detail.

The mapping which with u € U* associates the solution & to Problem 2.1 is locally
Holder continuous in the following sense.
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Theorem 2.7. Let the hypotheses of Theorem 2.6 hold. Then there exist €9 > 0 and a
constant L > 0 independent of € such that for every € € (0,e¢) and every uy,us € U*
the solutions £5,&5 to Problem 2.1 associated with uy,us Satisfy the inequality

€5 — €§|[20,T] <L <|5T(O) - 55(0)’2 + |ur — u2|[0,T} + |u — U2|[20,T}) : (2.18)

The uniqueness and existence of the solution to (0.4) stated in the previous Theorem
2.8 were proved in [24, Theorem 5.2] for right-continuous inputs. The conversion to the
left-continuous case is easy and is shown in Section 6. The following result shows that
the solution of (0.4) coincides with the viscous limit of £° as ¢ — 0.

Theorem 2.8. Given u € U, there exists a unique solution § € Gr(0,T;X) of the
Kurzweil integral variational inequality (0.4) with initial condition & = u(0) —x¢. More-
over, let g > 0 be given as in Theorem 2.6, and let & € W1>°(0,T; X) for e € (0,e0)
be the solution of Problem 2.1 with initial condition &5 € X such that 5§ — & as € — 0.
Then

lm &5 (t) = &(t) Vit e [0,T].

e—0

The convergence in Theorem 2.8 cannot be expected to be uniform, since £° are

continuous and £ is not in general. The situation is different if u is continuous, and the
convergence result reads as follows.

Theorem 2.9. Given u € C(0,7;X), let £ € C(0,T;X) be the solution of the Stieltjes
integral variational inequality (0.4) with initial condition & = u(0) — zo, and let & €
Wheo(0,T; X) be the solution of Problem 2.1 with initial condition & € X such that
& — & as € = 0. Then

ll_% &5 =&l = 0.

The proofs of Theorems 2.6, 2.7, 2.8, and 2.9 are given in the next sections.

3 Proof of Theorem 2.6

The proof of Theorem 2.6 is based on an iterative procedure related to the sequence of
positive numbers defined recursively by the formula

pi = (i1 +0)* for i €N, o=~ € (1%, (3.1)

A~ =

where 6 € (0,1/4) is given and 0 < p, < pu* < 1 are the roots of the equation p = (u+6)>2.
We have indeed

L1 /1 1 /1 62
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By induction it is easily seen that the sequence {y;} is decreasing, thus lim; . p; = fs.
For ¢ > 0 we further denote

Cf (s
g0 = f (N 70)) (3_3)
r—p
and choose R R . |
0
0=— 0, — 3.4
r<4(R+6)2<4R+48€(’60) (3:4)

by virtue of (1.27). In order to restrict the number of special cases to be distinguished,
we assume that the domain of definition of functions u € U is extended to [0,00) by
putting u(t) = u(T) for t > T.

Lemma 3.1. Let 0 < a <T and u € U be given, and let £ be the solution to Problem
2.1 in [0,a] with the convention that only the initial condition £°(0) = &§ is prescribed if
a=0. Put u, =u(a+), & =& (a), and let £ >0 be such that

|u(t) —uq| < p for te (a,a+1),
d(ug — &) = Aot

a

with p from Hypothesis 1.7 and Ao < p; for some i € NU{0}, with p; defined in (3.1).
Then for € < gy with € given by (3.3) the solution &£ to (2.4)—(2.5) exists on [0,a + /]
and we have

d(u(t) = &) < Ar+(R+2)p  for t€la,a+1]. (3.7)
Furthermore, one of the following two situations occurs.
(i) Ao < 3+/2. Then
at+l
[ i<,

(i) Ao > 34/2. Then there exists a continuity point a; € (a,a + ) of u such that for

r

w; from (3.1) with 6 as in (3.4) we have
d(u(ar) — & (a1)) < pigar,
| <o

a

Proof of Lemma 3.1. Note first that by (3.5) we have
lu(t) —u(s)| < 2p for a<s<t<a+/. (3.8)

By the hypothesis we have d(u(a+) — £°(a)) = A\or < r/4, thus thanks to Corollary 2.3,
the solution £° to (2.4) can be uniquely extended from [0, a] to a maximal interval [0, t.].

18



We use Hypothesis 1.7 to find 2* € Z such that |Q(u, —&;) —2*| < Rp and Bs,(z*) C Z.
Then, with the notation from (2.16) and using (3.5), we see that the point

2= u(t) — uq + pS(E(t)) 4 z*

is such that |z — 2*| < 2p, hence it belongs to Z by Hypothesis 1.7. Consequently, z is
an admissible choice in the variational inequality (2.14) and we obtain

(€6(t), wa — £(5) — (0 + () S(E(D) — 2"
b 0, ) s 0)S(ED) 2 2 0 (39)

for a.e. t € (a,t.). We rewrite (3.9) as

(046700 = 50+ 602 ) 601 < (1= 20+ 7)) (000 - €00 - o)

|§6( >|’ U €E< ) - *|2 (310)

or, putting U(t) = [u, — &(t) — 2" %,
EOI((p+ 67 () 2r = (p+ ¢°(1)) = U(1)) < =(r = (p+ °(1)))U (). (3.11)
By (2.15), (3.5) and (3.6) we have
6 (1) < [ult) = €(8) — 2| < |u(t) = wa| + [ug — E°(t) —2*| < p+ UV(H),  (3.12)
U (a) = Jug — & — 2"| < d(ug — &) + 1Q(ua — &) — 2| < Xor + Rp. (3.13)

Considering first Case (i), let us show that U is decreasing. The fact that Ay < %\/g
together with (3.13) and (1.27), yields

p(2r = )~ Ul) 2 p(2r = ) = Our + Bo)? 2 p(ar — ) — (37 + R

7 7 R +1 R
=pl-r—(R*+1)p-R > - — —
p<4r (R4 Dp = Rypr | = pr (4 4R 1 6)? 2(R+6)>

> pr. (3.14)

The function p — p(2r — p) is increasing in [0, 7], therefore from (3.11) we get

EWI(p@r —p) ~ UM) < —~(r— (p+ FONUE)  forae te (at).  (315)
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By (3.14) there exists s. which is the largest number in (a, t.] such that p(2r—p)—U(t) >
0 for t € (a,s.). Therefore, using (3.12) and (1.27) we get for t € (a, s.) that

2r
—(p+¢° (1)) > r=2p=UY2(t) > r—2p—/p(2r—p) > r—2p — (;%/; 5 >0, (3.16)
and (3.15) can be rewritten as
U(t) __ 1
p2r—p) =U@) = r=(p+ (1))
for a.e. t € (a,s.). Hence, U is decreasing in (a, s.), and from (3.14) we infer that
p(2r —p) = U(t) =2 p(2r — p) = U(a) = pr, (3.18)

which shows that s. = ¢.. Moreover, we have by (3.12) and (3.13) that

()] < - () <o, (3.17)

d(u(t) — (1)) = ¢°(t) < p+ UY*(a) < \or + (R+1)p for t € (a,t.], (3.19)

which implies (3.7). In addition, according to Corollary 2.3, we must have t. = a + .
Indeed, if t. < a + ¢, the inequality above together with condition (i) and (3.8) would

imply
1
d(u(te+) = &(t)) < ¢°(te) + [ultet) —ulte)] < 5vor + (B +4)p <,
which contradicts the maximality of ¢.. Besides, by (3.14), (3.17), and (3.18) we have

ot (U2 B p(2r —p) —Ula+ 1)
l Ifwkﬁél o) UUdﬂ—v—mbg(;mr_m—Um>)

gw—pwg(%7ﬁ)su-wn%er—p (3.20)

which concludes the proof of Case (i).
Before passing to Case (ii), let us check that with the notation (3.2), for 6 as in (3.4)

)\ = \/‘ > 0 > M*. (3.21)
2 T

Indeed, the fact that u, < 6 follows from (3.2). Furthermore, by (1.27) we have that
0/\ = 2R+\/p/r < R/(R+6) < 1, and (3.21) follows.

Let us now consider Case (ii) and assume that p; > Ao > A* for some i € NU{0}. Put
A= (Mo +6)? € (s, ptir1)- Since d(u, — &) = Aor and A\; < )¢, there exists necessarily
7. which is the largest number in (a,t.] such that

o7 (t) = d(u(t) — &(t)) > \ir for t € (a,T). (3.22)
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As the function p — p(2r — p) is increasing in [0, 7], the inequality (3.11) yields
€ @O)|(¢7(D)(2r — 6°(1)) = U (1)) < —(r = (p+ & (X))U (), (3.23)
while (3.22) implies
(1) (2r — ¢°(t)) > r*A\ (2 — \y) for t € (a, 7). (3.24)
From (3.23) it follows that
€O (M2 = M) = U®) < —(r = (p+ ¢* (1)U () (3.25)
for a.e. ¢ € (a,7.). Noting that A\; < Ao < 1/4, we know by virtue of (3.13) that
Ula) < (Xor + Rp)? = 1A+ 0)* = 12X\ < °M(2 — A\y). (3.26)

Hence, there exists o., the largest number in (a, 7], such that r*A;(2 — \;) — U(¢) > 0
for t € (a,0.). Therefore, using (3.12), we have for t € (a,0.) that

1
r—(p+et)>r—20—Ut)>r —2p =1/ M2 - N) >r—2p— —r >0,

V2

and (3.25) implies U(t) < 0 for t € (a,0.). Hence U(t) is decreasing in (a,0.), and it
follows from (3.26) that o. = 7.. From (3.25) we then obtain a counterpart of (3.17) in

the form _
U(t) - _ 1
r2A\(2—-XMN)=U@l) = r—p
for a.e. t € (a,7.). Integrating over (a,7.) and using the relation 72\;(2 — A1) — U(a) >
r?A(2 — A1) — Ar2 =722 (1 — X)) we thus get

E=(t)] < 0 (3.27)

o Te (p—r)U(t) B A2 — M) - U(r)
/a g0l de < / @ =) - o T el (7“2/\1(2 — ) = Ula) )
7

< (r—p)log G—ii) < (r—p)log . (3.28)

We claim that 7. < a + ¢. Indeed, assuming that 7. = a + ¢, since A\ > p, (with .
from (3.2)), then the inequality

eles(t)] = fld(u(t) — €(t)) = fOur) > flpr)
holds for a.e. t € (a,a+ ¢), which together with (3.28) yields

at+l /¢
repz [ €@l > )
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in contradiction with the fact that e < g, with &, as in (3.3). Furthermore, recalling the
identity (2.2) and using the continuity of f, we can find a constant C, > 0 independent of
e such that |£2(t)] < C,/e in [a,t.). By the choice of 7. in (3.22), for any & > 0, we can
find a continuity point a; € (7., 7. + ke) of u such that d(u(a;) — &% (a1)) < Mr < pipar,
thus (3.28) yields
ai
|l <= pogg + wC

Choosing k > 0 sufficiently small we obtain the assertion (ii).

To conclude the proof, it remains to show that, also in Case (ii), i.e., when Ag > A*,
we have t. = a + ¢ and the inequality (3.7) also holds in (a;,a + ¢]. Noting that (3.7)
holds true in (a, 7], it follows that ¢°(7.) < A\;r + (R + 2)p, thus using (3.8) we obtain

d(u(re+) = £(72)) < O°(7) + u(ret) — u(7)] < % +(B+4)p<r

which ensures in particular that 7. < t. (see Corollary 2.3). Choosing a; sufficiently close
to 7., we may assume that

d(u(ay) — & (ar1)) < pripar, d(u(t) — (L)) < pipar + (R+2)p for t € [a,a1]. (3.29)

We now repeat the procedure in the interval a1, a+ ¢]. Firstly, note that the values of £°
in the interval [aq,?.) remain unchanged if we replace u(t) with u(t) = u(t) for t < a+/¢,
u(t) =u(a+ ) for t > a+ ¢, so that

lu(t) —u(s)| <2p for ay <s<t<a +/.

In the interval [a;,a + ¢], we use Hypothesis 1.7 to find z7 € Z such that |Q(u(a;) —
&(a1)) — z7] < Rp and Bs,(z7) C Z. We proceed as above and distinguish Case (i)
if Ay < A, or Case (ii) if \* < A\ < piy1. In Case (i) we stop the algorithm as we
infer that (3.19) holds and Corollary 2.3 guarantees that ¢. = a + ¢. In Case (ii) we find
as € (ay,a; + £) such that

d(u(ag) — € (a2)) < piyar,  d(u(t) — €(1)) < pigar + (R+2)p for € [a, s

in analogy to (3.29). We continue by induction over i € N, and since by (3.21) we have
fs = 1m0 pt; < A*, after finitely many steps only Case (i) remains, which completes
the proof. [ |

Lemma 3.1 provides us with the tools to build the solution of the viscous problem by
moving forward with interval steps of length controlled by a fixed number ¢. To determine
such a number, we first need to isolate the points where jump discontinuities exceed some
given value. Invoking the definition of the set &* in Theorem 2.6, we find a division
0=ty <t <---<ty=T of the interval [0, 7] such that the implication

| (t+) — u* (1) zg — 3ie{0,....N}: t=1 (3.30)
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holds for all ¢ € [0,T]. Indeed, since u* is a left-continuous regulated function, it cannot
have infinitely many jumps of size exceeding p/3, see e.g. [16, Proposition 2.4]. We claim
that there exists ¢ > 0 such that

Vie{l,...,NYVuelU Va€ [ti_1,1;) Yt € (a,a+ 0N (a,] : [u(t) —u(at)| < p. (3.31)

Indeed, if (3.31) does not hold, then there exists i € {1,..., N} such that

R R N 1
Vn € N Ju,, € U* 3s,, € (ti_l,ti) Ftn € (Snyti), ta—Sn < — : |un(tn) —un(sn)| > p, (3.32)
n

hence
[u(tn) — u*(sn)| 2 |un(tn) — un(sn)| —

which contradicts the hypothesis (3.30).

We refer again to the sequence pu; defined in (3.1) for 6 as in (3.4). Recall that its
limit g, is smaller than the critical value %\/p_/r by virtue of (3.21). Hence, we find
K € N such that

>

b

N
N

1
T < 5,/pr for k> K, (3.33)
and put
~ 1 .
¢ = min {E,E(ti—ti_l),izl,...,]\f} (3.34)

with ¢ from (3.31). Before we proceed with the analytic proof of Theorem 2.6, it might
be helpful to say a few words about the idea behind it. To benefit from the estimate in
(3.31), on each subinterval [t;_1,%;] we construct the solution ‘piece by piece’ in intervals
of length at most ¢ < ¢ by applying Lemma 3.1. For that, one should observe that the
occurrences of Cases (i) and (ii) listed in Lemma 3.1 show a certain pattern classified in
terms of the function

* 1 =
A (t) == ;d(u(t—i—) —£&5(b)) (3.35)
which characterizes the distance of u — £° from the boundary of Z and which has to be

kept between 0 and 1. The strategy is the following, see Figure 1.

1. In each interval [t;_i,%;] we start with a = £;_; and check whether \*(a) < %\/g

(Case (i) or A*(a) > 5+/2 (Case (ii)).

2. If A*(a) > £./%, then by a repeated argument of Case (ii) of Lemma 3.1, we find
a sequence a = ag < a3 < ag... such that a; —a;—1 < € and X\*(a;) < A*(aj_1),
and we show that after K steps at most we pull A*(¢) down below the critical value
%\/g . We call this phase of the proof the active regime.
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Figure 1: Tllustration to the proof of Theorem 2.6: Bold lines represent the passive phase.

3. As soon as \*(f) < 1./2 at some point ¢ € [ti1,t; — €], we see that \*(t) remains
small in [, 4 ¢] according to Case (i) of Lemma 3.1. We say that we are in the
passive regime.

4. At the pomt t+ ¢ we have again the alternative \*(t 4+ ¢) < 2\/_ (Case (i)) or
*(t+ 1) 3 \/_ (Case(ii)

5. In Case (i), we extend the solution as before to the interval [t + ¢, + 2].

6. In Case (ii), we prove that A*(£+ () is ‘not too far’ from the critical value 3./, so
that after just one iteration of Case (ii) we come back to Case (i) again.

7. Altogether, by definition of ¢ in (3.34), at most 3K iterations are sufficient for
reaching the endpoint ;.

8. We continue the same procedure in the interval [f;,#;41], and after finitely many
steps we prove the existence of a global solution and we get the desired bound for
the variation on the whole interval [0, 7.

Let us carry out this program in detail.
Proof of Theorem 2.6. With gy = ¢, as in (3.3) and K as in (3.33), we choose € < ¢
and an arbitrary u € U*. Let 0 = ty < --- < 5y = T be a division as in (3.30). We
proceed by induction and fix an arbitrary interval [t;_;,%;] for i € {1,..., N}, assuming
that d( ( 2—1+) f (Az—l)) < Z‘

Consider first the case that d(u(f;_ 1+) ¢ (tio1)) = A with 2 >\ > 51/2. By Case
(ii) of Lemma 3.1, there exists a; € (£;_1,;_1 +£) such that d(u ( 1) — & (ay)) = A\ with
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A1 < pp in terms of the sequence {y;} defined by (3.1). If now A\; > %\/g, we repeat
the procedure and find as € (a1, a; + £) such that d(u(az) — &% (az)) = Aor with Ay < po.
By induction, after m < K steps, we find ¢ = a,, such that d(u(t) — £°(t)) = A\ur with
A < %\/? and finish the active phase.

Starting from the point ¢, we apply Case (i) of Lemma 3.1 and check that for t €
[£, T+ 0] N [t;_1, ;] we have

d(u(t) —€(t) <A with A= %\/§+ (R+2)

i)

If £ + ¢ < {;, either A*(f+¢) < 3,/2 or we have Case (ii). In both situations we check
that there exist b € [t + ¢, + 2¢) such that d(u(b) — &°(b)) = ar with
A< T—12()\7“+Rp)2 < % g,

meaning that we stay in/return to the passive regime in the interval [b,b+ ¢].

Alternating possibly Case (i) and Case (ii) we fill successively the whole interval
[ti_1,1;] keeping d(u(t) — £5(t)) far away from the critical value r. The end point #;
is either achieved during the passive regime or, in the least favorable case, we have the
situation illustrated in Figure 1. More precisely, we reach a point t* at the end of the
passive phase such that t* < #; < t* + ¢ with \*(t*) > +1/Z. Applying Lemma 3.1 in the
interval [t*,t* + (] with u replaced by the truncation @(t) = u(t) for ¢t < t;, u(t) = u(t;)
for t € (t;,t* + {], we guarantee the existence of solution in [t*,#;], while (3.7) implies

. . 1
d(u(t;) — & () < ANt )r+ (R+2)p < 5\/ﬁ +2(R+2)p. (3.36)
where the last inequality follows from the fact ¢t* is the end of the passive phase, therefore
* [k * £ (% 1
AT = d(u(t) = Et7)) < 5vpr + (B +2)p.

By (2.17) and (3.36) we have

d(u(ti+) — &) < g + %ﬁ+ 2AR+2)p=r (é + %\/§+ 2(R + 2)”)

r

- 1 n 1 + 1 < r
T\ = R

6 4(R+6) 2R+6)) 4
which allow us to repeat the above procedure in the subsequent subinterval and by in-
duction over i = 1,..., N we construct a global solution to (2.2) which, thanks to (3.7),
satisfies

d(u(t) — €)< —+ (R+2)p <

NS
wl 3
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for all ¢ € [0,7].

In each interval [ i1, ] there are at most K intervals corresponding to the passive
phase, and at most 2K intervals corresponding to the active phase. The total variation
of &° over each of these intervals is smaller or equal to r — p according to Lemma 3.1.

Hence,

Var &5 < 3KN(r —
[Of;}ré (r—p)

which completes the proof of Theorem 2.6. [ |
Let us mention an immediate consequence of Theorem 2.6.

Corollary 3.2. Let Hypothesis 1.7 hold, and let u* € U and & € X be given such that
d(u*(0+) = &) < (r—p)/4. Assume that {u, :n € N} C GL(0,T;X) is a sequence such
that

Jim e, — w7l 1y =0,

and let £ be the solutions of (2.2) corresponding to inputs u,, and initial conditions & (0)
such that d(u,(0+) —£5(0)) < r/4 for all € and n. Then there exist g > 0, ng € N,
and a constant Vo > 0 such that

E]/%rgs <V for n>mng and ¢ € (0,¢).

4 Proof of Theorem 2.7

We start with an elementary inequality. Let f be as in (2.2). Then for every v,w € X
we have .

[l |w] [l |w]

with the convention %‘9) = f'(0+) for s =0.
Indeed, for |v| > 0, |w| > 0 we have

<f(\v!)v_f(|w|>w’v > ol £(|v]) + [wlf(Jw]) - (f(w) +f<|w|>> (v, w)

ol ' ol
Sl | f(w]) —wl? — [ul? — lwl?
Iy B0 = o - o

— ol F(Jol) + ol £ () + (

while the convexity of f ensures that
2ol (el + ol ) = (L0 + DY o4
= JolF(ol) + ol () ~ f‘j’)\ - LD
— (f(|1)|) o (|w|)> (’U|2 - |w|2> Z O

| |w]
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hence,
1

ol (D) + o) - 5 ( ) o + 1ul?) 2 0,

and (4.1) follows. The case v =0 or w = 0 can be obtained from the previous computa-
tion by taking the limit as v or w tends to 0.

We now proceed to the proof of the Holder type continuity of the solution mapping
u +— &° associated with Problem 2.1.

Proof of Theorem 2.7. Given uj,us € U*, let € € (0,g9) be arbitrarily chosen, with &
from Theorem 2.6, and let &5, &5 be the solutions of (2.2) corresponding to inputs us, usg
and initial conditions £5(0),&5(0). As in (2.14), we can write the following variational
inequalities

. . . 2
. -1 el . 5 -1 <\ .
<iul_g_mﬁ_%>+@ul_ﬁ_mﬁ_zl o, 4

£, F(wh

[l |w]

€5 2r 5

. -1 el ‘e -1 e\ .
<&w—$—ii%&5—@>+ﬁﬂm—g—iiﬁﬁg—@;w (43)

15 I

for all 21,2 € Z. We choose here in particularz, = uy — & — (f~'(e|€5])/|€5])E8, 2 =
uy — & — (f'(el€s]) /|55 . Summing up (4.2)-(4.3) and using the triangle inequality
together with the classical inequality (a+b)* < (1+4d)a?+ (1+(1/4))b* for all a,b,d > 0
we obtain

. . -1 ‘8 . -1 ‘8 . . .
<$—ﬁ£&f$+<f“*”s—f @&%as—&>

1451 &1
) ) ) . 2
. . 5 5 —1 £ . —1 £ X
<{G-Gwm—w)+ <1+ %) B8 oy ) - (g5 - )P
. ) ) ) 2
(L40)(I€5] + 1€51) [ f 1 el&s)) o 1 (Elés)) .
+ : c— : e 4.4
2 ‘ a o E - (4
for all 6 > 0. We claim that for 0 < 6 < 1/2 we have
FEG) L FESD L o
< ‘€§| 52 |§f| 51762 £1>
) . ) ) 2
(L4+0)(I€5] + 1€51) [ f 1 (el&sl) . 1 (El€s)) .
> . c— . ¢ 4.5
" | @ c e )
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a.e. in (0,7"). In order to prove this claim let us denote

—1 e . .
LE:<f CléD e SClED g ¢ g> (46)
& &
. . . 2
118 FUEleD . FUESD .
RE == n g —_— ¢ 5 47
o | g o g o 47

and let us check that we are in the situation of (4.1) with

D, fEED
e
Indeed, noting that [o] = f(=|&5]), =€ = L, w] = f(ElG]), 2 = LDy, we
can write (4.6) and (4.7) in the form
LE:}<f(|U|)U_ f(|w|)w,v_w>7 (4.8)
e\ vl |w]
1
Re = 5~ (f(jo) + f(wi)lo — w” (4.9)

By Theorem 2.6 and recalling (2.15), we know that
p(®)] + lw(®)] = fHElE O] + £l ))
2r
= d(u(t) = &1(1) + d(ua(t) = (1) <

for ¢ € [0, T]. Hence, using (4.1),

f(|U|) + f(|w|) |1) _ w|2 < % <f(|U|) + f(|w|)> |1) o w|2 < gLs (4.10)

1
R. < —
"7 3 ol 4wl [0l |w]

This shows that (4.5) holds for every 0 < § < 1/2. Now choosing § = 1/2 we can reduce
(4.4) to

(6.6 -6) < (&~ & wm—w) + (6] + &) (w2 - w) — (& ~ €)F
<max {1 }<|§2\+|§1|><|u2—u1|+|u2—u1\2+|»ss—£i|2). (4.11)
This is an inequality of the form
(1) < aly(t) + (1), (112
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where a(t) = 2max{L, r/3H(& (O] + [ (1)]), Y(t) = a(t) (luz(t) — ua (1) + uz(t) —us (D))
We have o,y € L'(0,T). Putting A(t) = [j a(r)dr, by Theorem 2.6 we have A(t) <
4max{1l,r/3}Vp, and from (4.12) we deduce that

t
y(t) < eA(t)y(O) +/ eA(t)_A(T)v(T) dr. (4.13)
0

In terms of (4.11) this yields
sup [¢5(t) — &()" < C (\55(0)—€T(O)|2+ sup |us(t)—ui (t)| + sup !uQ(f)—ul(t)|2>
t€[0,T)] t€[0,T] t€[0,T)]

with a constant C' > 0 independent of e, which we wanted to prove. [ |

5 Explicit solutions for piecewise constant inputs

Using Lemma 1.5, we can find the solution to (2.2) in closed form in every interval where
the input u is constant. The result reads as follows.

Proposition 5.1. Let 0 <t, <t* <T be arbitrary, and assume that there exists u € X
such that u(t) = u for each t € (t,,t*). Assume furthermore that & : [0,t,] — X
satisfies (2.4) for a.e. t € [0,t,]. If d(u — &(t,)) =: d. € [0,7), then the solution & can
be extended to [0,t*], and for t € [t.,t*] we have

ey = &) if d.=0,
0= { &)+ (1 —alt)D(m—&(t))  if do>0, (5.1)

where « : [t t*] = (0,00) is the solution to the ODE
1
ed(t) + —flda(t)) =0, a(t) =1, (5.2)
and the inequality d(u(t) — &£°(t)) < d. holds for all t € [t.,t*).

Proof. We directly check that the function £° defined by (5.1) is a solution to (2.4). The
case d, = 0 is trivial. For d, > 0 we have

e€e(t) = —ea(t)D(a — €(t.))

for all ¢t € (t.,t*). On the other hand, the function « is decreasing, therefore 0 < a(t) <1
and we can apply Lemma 1.5 so that

D(u—&(t)) = D(u = &) + (a(t) = )D(u = (L)) = at)D(a = (L)) (5.3)
Hence, d(u — &%(t)) = d.a(t) for all t € (t.,t*), and (2.2) follows from (5.2). [
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Corollary 5.2. Let u € G1(0,T;X) be a step function of the form

u(t) = UoX {0} (t) + Z UjX(t]-_l,t]-](t) (5.4)
j=1
corresponding to a division 0 = tg < -+ < t,, = T of [0,T], where xs denotes the

characteristic function of a set S C [0,T], that is, xs(t) =1 if t € S, xs(t) = 0 if
t ¢ S. Assume that the given elements wug, uy, ... uy, from X satisfy the condition

r*i=max{|lu; —uq;j=1,...,m} < (5.5)
Let the initial condition & be such that d(ug — &) = 0. Then there exists g > 0
such that for every e € (0,&q) the global solution of & € Wh>(0,T; X) to Problem 2.1
ezists, and in each interval [t;_1,t;] is given by a formula of the form (5.1). Moreover,

d(u(t) —&(t)) < (r+r*)/2 for all t € [0,T].

Proof. The statement will follow from Proposition 5.1 by an induction argument over
j=1,...,m. We first check that

dy := d(uy — £°(0)) < [(ur — §7(0)) — (uo — £7(0))] = |ua — uo| <77, (5.6)
where we have used the hypothesis that uy — £%(0) € Z. Furthermore, as induction step,
assume that for some j =1,...,m — 1 the solution is available on [0,¢;_4] and

. r 4
dj = du; — €(t;1)) < 5 (57)

Then the solution can be extended to [0,t;] according to Proposition 5.1 by the formula

| Etm) + (1= ay(t) D(uy — €(ty)) i dy >0, .

where the function «; : [t;—1,t;] — (0,00) is defined as the solution to the differential
equation as a counterpart to (5.2)

) 1
ed;(t) + —f(djay(t)) =0, ay(tj1) =1, (5.9)
J
and by Proposition 5.1 we have |D(u(t) —&°(t))| < d; for all t € [t;_1,t;).
The induction step will be complete if we prove that

r+r*

s — €(t)) < (5.10)
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holds provided ¢ is sufficiently small. We argue as in (5.6) in the case d; = 0. For d; > 0
we have by (5.9) that

oo ds Y did®) 1
/djaj(m &~ ) Ty = 2 ) (5.11)

For o € (0,r] put

A " ds
F(o) = —. 5.12
=), 7o 12
Then F is decreasing in (0,7], F(r) =0, and, since f is convex, F(0+) = +oo. Put
N 1 :
F*=F 9 5 o = ﬁ’* ]:r?,m’m(t] - t]’_l). (513)

By virtue of (5.11) we have for ¢ < ¢y that

A A A

F(djay(t;)) = g(tj —tj1) + F(d;) > F7, (5.14)

hence d;a;(t;) < (r —r*)/2. From (5.3) it follows that

r—r

2

d(u; — & (1)) = alt;)d(u; — & (tj-1)) = alt;)d; <
Let z; € Z be such that |u; — &°(t;) — 2| = d(u; — &°(t;)). Then

r—r* . T+

d(ujpr =& (1)) < Jujpa =€ (8) = 2] < Juy =& () — 2]+ ujn —uy| <
so that (5.10) holds and the induction step is complete. [ |

6 Proof of Theorem 2.8

In [24], we have proved the existence of a unique solution to (0.4) in the case that the
input wu is right-continuous. The conversion of the result to left-continuous inputs is easy.
Consider u € G(0,7; X) and an initial condition z¢y € Z. We look for ¢ € BV (0,T; X)
such that

|ttt = eten =20, ag) + - [ uen) = gt — 2O avE@) 20 61
for all z € G(0,7;7), £(0) = u(0) — z5. To this end consider the function

u(t) = u(t+) for te[0,7],
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with the convention that u(T+) = u(T'). Then 4 is right-continuous, and by [24, Theorem
4.2] there exists a unique £ € BVg(0,T; X) such that

| @ =g -0, a0y + 5 [ a0 -in —=mpavE =0 62)

for all z € G(0,T;7), £(0) = u(0) — %y, where
To = Q(zo +u(0) — u(0)). (6.3)

We claim that £ can be constructed as follows

Lemma 6.1. The variational inequality (6.1) is satisfied for

E(t—) for t € (0,7,
§(t) = { uw(0) —xzo for t=0. (6.4)

The proof relies on the following elementary result.

Lemma 6.2. Let v € G(0,T;X) and w € BV(0,T;X) be given such that the set A =
{t €10, 7] : w(t) # 0} is countable. Then

/O (v(t), dw(t)) = (v(T), w(T)) = (v(0),w(0)) .

This is indeed obvious if the set A is finite. The general case is obtained by passing
to the limit following the same argument used in the proof of [26, Lemma 6.3.16], whose
result concerns the case of real-valued functions.

Proof of Lemma 6.1.  'We have by definition that u(t+) = w(t), £(t+) = £(¢) for all

€ [0,T). Besides, noting that u(T—) = @(T), it follows that & as well as V() are
left-continuous in 7' (see [24, Lemma 5.1]). Let A be the countable set of all ¢ € [0, T
such that £(t) # £(t). Forall t ¢ A (i.e. if £(t) = £(t)) we also have

where V(€)(t) = V(€)(t) + |£(0) — £(0)]. Tt follows from (6.2) that

|t — g0 - =0 aé0) + 5 / at) — €0 — 2P V@@ 20 (6.5

for all z € G(0,7; 7). Hence, using (6.5) and Lemma 6.2 we obtain for any arbitrary
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function z € G(0,T; Z) that

/<u ()~ =(1), ac >+—/ 1) — €0) — PV ()0
/ (at6) — €0 — (0) € — ) + o / ()~ €0 =P av(E) ~ V@0
~ €0) = 2(0), € - (0)) ~ [a(0) - 5.£0) ~ =(O)(V(&) - V(E)O)
- <a<o> ~E0) ~ 2(0),E0) - £0) + 5-170) ~ €0) - 2OPEO - €O, (69

where we have used the fact that ¢(T) = &(T), V(E)(T) = V(E)(T).
By definition (6.3) of Z, we have

1
(zog — To + u(0) — u(0), Ty — 2) + 27‘% — 2*|xg — Zo + u(0) — u(0)] >0
for all z € Z, while by construction Zo— 2 = 4(0) — £(0) — 2z and xg — Zo + @(0) — u(0) =

£(0) — £(0). We thus conclude from (6.6) that (6.1) holds, and Lemma 6.1 is proved. ®

In Corollary 5.2 we have derived an explicit formula for the solution of (2.2) if the input
u is a left-continuous step function. Likewise, for such particular inputs, the solution of
the Kurzweil variational inequality (6.1) is again described by step function which can be
constructed via an iterative process as the one presented in [24]; a type of catching up
algorithm. These are the ingredients of the proof of the following result.

Lemma 6.3. Let the hypotheses of Corollary 5.2 hold, and let u(t) be a step function
given by (5.4) for t € [0,T]. Given xo € Z, put § = ug — xo and let £§ € X for e >0
be such that &§ — & as ¢ — 0. If & € WH>(0,T; X) is the unique solution of (2.2)
such that &(0) = &, then

lim &°(t) = £(¢) vVt € [0, 7).

e—0

where £ € BV (0,T;X) is the solution of (6.1) given by
§<t) = fOX{O} (t) + Z ng(tj—lvtj](t) (6-7)
j=1

with & = ug — xo, and
5]‘ :fj—l —I—D(U] _gj—l) f07" ] = 1,...,m. (68)
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Proof. Let w > 0 be given. We claim that for every ¢ € [0,T] there exists £(t) > 0 such
that
|€5(t) — &(t)| <w  for e < &(t). (6.9)

The statement is obvious for ¢ = 0. In order to prove it in (0,77, firstly observe that
according to Corollary 5.2, on each subinterval (¢;_;,¢;] the function £° is given by (5.8).
Therefore, with the notation from (5.7), for ¢ € (¢;_1,¢;] we have

1€5(t) =€) < [€°(tj-1) =&t 1)| + | D(uy — &5 (tj-1)) — D(u; — &(t5-1))| +djoy(t), (6.10)

where «; is the function satisfying (5.9). By Corollary 5.2 we know that d(u; —&°(¢;j_1)) <
(r+7*)/2. For j =1, we get

d(ur —&(to)) < |ur — & — xo| = |ur — ug| <17,
while for j > 2, the identity (6.8) gives &1 = uj_1 — Q(uj_1 —§j_2) and we get
d(uj —&(tj-1)) < fuj — &1 — Qujr — &2)| = |uy —uja] <™.

where the last inequality holds thanks to (5.5). In either case, we have d(u; —&(t;—1)) <
r* < (r+r*)/2. Applying Lemma 1.4 we thus obtain

|D(uj — & (tj-1)) — D(uy — &(tj-1))| < K|E5(tj1) — &(t-1))|

with K =14+ 3/k, k = ”ri:«* — 1; consequently, we deduce from (6.10) the following

estimate for the solutions £° and &
£5(1) =€) < (L + K)|E (1) — EWj—1)| + djey (1) for t € (¢5-1,15). (6.11)

Let us fix an arbitrary t* € (tx_1, ;] for some k € {1,...,m}, and prove the existence
of £(t*) > 0 so that (6.9) holds. Put

T = mln{t* - tk,l,min{tj - tj,1 : j = 1, ey k— 1}} (612)

Considering F' as in (5.12), for each j € {1,...,k} such that d; > 0 we have F(dj) >0
and similarly as in (5.11) and (5.14) we infer that

A

1
F(dJOé]<t)) > g(t — tj—l) for t e (tj—17tj]

This together with the definition of 7* thus ensures that

d;a(t;) < F~ (T—) , dpag(tt) < B (T—) :

g 9
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Finally, we conclude from (6.11) that

) - < e oG - al+ S (D) e

and (6.9) follows. [ ]

We now are ready to prove that, for regulated inputs, the limit of the solutions £° to
(2.2), as € — 0, satisfies the variational inequality (6.1).

Proof of Theorem 2.8. Consider an arbitrary u € U. We find a sequence {u, : n € N}
of step functions such that |u, —ufjyp — 0 as n — 00, u,(0) = u(0). By Theorem 2.6
and Corollary 3.2 for u* = u, there exist g > 0 and ng € N such that for ¢ € (0, )
and n > ng, the Problem 2.1 corresponding to inputs v and wu, has a solution which we
denote by £° and &, respectively (with £5(0) = £5(0) = &§). Moreover, we can find a
constant Vj independent of n such that

Var& <Vp, Varé® <V, for € (0,¢). (6.14)
[0,T] [0,T]

Let £ and &, be the solutions to (0.4) associated with the inputs u and u,,, respectively.
Given w > 0, by Theorem 2.7 we find n; € N, n; > ng, such that

W
& — &l < 1 for n>ny, € € (0,¢e0). (6.15)
Similarly, by [24, Theorem 4.5], we can find ny € N, ny > ng, such that
w
&0 — Eljor < 1 for n > no. (6.16)

The convergence £°(t) — £(t) is obvious for ¢ = 0. Let now ¢ € (0,7] be arbitrary. For
e € (0,g9) and n = max{ny,ny} we have

[€°(8) = €] < [€5(1) = & (D] + 165.(8) = Eal®)] + [€n(t) — E(B)] < g +16.(1) = &a(D)]-

We refer to Lemma 6.3 and find € = £(t) > 0 sufficiently small such that [£5(¢) —&,(t)| <
w/2. Since w > 0 is arbitrary, we obtain the assertion. [ |

7 Proof of Theorem 2.9

Let us start with the following variant of the Young inequality.

Lemma 7.1. Let h: Ry — R, be a concave strictly increasing function, h(0) =0, and
let H(zx) = [ h(s)ds. Then for all positive numbers x,y,o we have

zh(y) <o (H(y) +H <£>) . (7.1)

(0}
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Proof. 1t is enough to prove that (7.1) holds for continuously differentiable functions h.
The general case is then obtained by approximating the function A uniformly by smooth
concave increasing functions and passing to the limit.

Put B(s) = os(h™1)(s) for s > 0. The function A~! is convex, hence $ is increasing.
From the classical Young inequality it follows that

h(y)
/ B71(s)ds + B(s)ds

0

By convexity of h™! we have 3(z) > oh™!(z) for all 2 > 0, hence 7'(s) < h(s/o) for

all s > 0, which yields
/B ds</h<§>ds:aﬂ(§>.

In the second integral we substitute s = h(z) and obtain

h(y)

h(y) y
B(s)ds = o / s(h)(s)ds = o / B(2) (Y (W) (2) dz = o H(y),

0

which completes the proof. [ |

Proof of Theorem 2.9. Let uw € C([0,T]; X) be given. We choose a sequence {u, : n €
N} € W2(0,T; X) such that

Jim Ju, =l 7 = 0.

By [24, Corollary 5.3], for n € N the solution &, to (0.4) associated with w, with initial
condition &,(0) = u,(0) — zo belongs to W'?(0,T; X) and satisfies almost everywhere
the variational inequality

Up, —&n € Z, <£n,un - &, —z> + %mn — & =22 >0 ae. (7.2)

for every z € Z. Applying Theorem 2.6 and Corollary 3.2 for v* = u, we know that the
solution &° to the Problem 2.1 with inputs w, and initial conditions &;(0) = u,(0) — g
exists for € € (0,e9) and n > ny. Besides, it satisfies
2
€ f nl/) &
—ee - LGl S0 (7)

e |
T g i U g
< TR T > 2 &l

for every z € Z. Choosing in (7.2) z = u,(t £s) — &, (t £ s) for s > 0, dividing by s and
letting s tend to 0 we see that the quadratic term vanishes in the limit, and we get

(éult), i) = €(6)) =0, hence [éu(t)] < fim(1) (74)

~(el€zD
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for a.e. t € (0,7). Moreover, putting z =&, — u, in (7.3), z = u, — & — léi'g" £ in

(7.2), summing the inequalities up we get

—1 el L. . : :
<L§§£;§—@>+@ﬁfm&—&>

I e [
S

wherefrom the classical inequality (a+b)* < (1+48)a*+ (1+(1/9))b* for a,b,d > 0 yields

el s e ¢ e
< rR fn>+<5n b€ = 6n)

<(1+3) 61+ ol OO ()

& —&n

I

We define functions H : [0,00) — R and H : X — R by the formula

/ fYs)ds for x>0, H(v)=H(v|) for veX.

Both H and H are convex in their respective domains of definition. Hence,

A(0) ~ A(w) < (VA().0— ) = <f1<'“'>v,v - w>

[l

for all v,w € X . In particular, by the convexity argument, the first term on the left-hand
side of (7.5) can be estimated from below as follows:

< |<€E||f€|> G gn>z§(H<e\s‘;|>—H<sm) (7.6)

The last term on the right-hand side of (7.5) has to be estimated from above. By virtue
of Theorem 2.6 and recalling (2.15) we have

FHEIGM) = du(t) — &.(1) < (7.7)
Then

(1 +2i>|£;| <f_1(5,5ﬁ‘)>2 < <1+_g>|£€| 'elés)) = (16t5)e\55|f‘1(s|€$!>. (7.8)
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By Lemma 7.1 with h = f~!, x =y, and 0 =1 we have xf~!(z) < 2H(z), hence

(1+5) : 1+0

eléslf el < S H el (79)

Using (7.7) again, similarly we derive the following estimate

(1+2i)|§n| (f_l(dfﬁ'))? S e (1+5) elénl F (elEE))- (7.10)

We are now again in the situation of Lemma 7.1 with h = flo=96,z=-¢l&, and
y = €|&|, which together with (7.4) yields that

g < o (megn o (). o

Choosing § = 1 we obtain

146 N d(1+9)
3 6
hence, by combining (7.6) and (7.8)—(7.11) with the inequality (7.5) we get

=1,

L (H(ElD — HEIED) + 5= 16— &P

1 . . 1 . 1
< (&1 + 6D 1€ = &l” + ZH(El&]) + o H (i)

which can be reduced using also (7.4) to
d € 2 ~ g . £ 2 1 .

with a constant C' independent of ¢ and n. This is an inequality of the form (4.12) with

a(t) = C(I&, ()] + lim(t)]), and Y(t) = SH (e]i(1)]). By construction &(0) = &(0),
thus the Gronwall inequality (4.13) gives

sup [€(1) — & ()]° < Cné/o H (el (t)]) dt, (7.13)

t€[0,T]

where C, = C? (Vo + Varpmu,) > Cexp (fo dt), with constant V4, > 0 from

Theorem 2.8.
The assertion of Theorem 2.9 now follows from the triangle inequality. We have indeed

165 — &l <165 — &l + 16 — &nlio + 1én — Eljo17-
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Hence by Theorem 2.7 and (7.13) we obtain
€ T € £ 1/2
1€ = &l < L <|€ (0) = &(0)] + [u — wnl g 7y + Ju — unl[o,T]>

o (T 1/2
+ (?n/ H (e|u,(t)]) dt) + & — &, (7.14)
0
Recalling the value of the initial conditions, note that

1€°(0) = £,(0)] < [€7(0) = £(0)] + [£(0) = £5(0)] = 1€5 — ol + |u(0) — un(0)],

and consequently (7.14) becomes

16° = Elor) < 1én — Elpoy + L <|U(0) — un(0)] + [ — wnjg gy + |u — Un|[o,T]>

5 C T 1/2
LG -l + (T [ # o) @) (719
0
Let £ > 0 be arbitrarily small. By [24, Theorem 4.5], the functions §,, converge uniformly
to &. We thus can choose ng € N such that

K
€0 — Elpoury + ltn — uliggy + 2l — ulp.zy < ) for n > ng (7.16)

To estimate the integral term, we first notice that H is a convex function, hence,
H(s) < sf™(s) for s >0, so that

. / H (elin(1)]) dt < / i ()] (elim(B)]) . (7.17)

Denoting (3 := Varjy 1] ty, and [, := fOT i, ()2 dt, we find y > 0 such that

s€0,9] = f7l(s) < 32C,, (81 + 1),

and define the sets
A() = {t € (0.1): fim, (O] > 2}, Be(9) = (0,1)\ A().

In view of this, we get

K2 K2

T
/BSM [ting (E)]f " (i, (£)]) dE < m/O i (D] dt < 55— (7.18)
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On the other hand, since f~! is concave, there exists a constant C* > (0 such that
f7Hs) < C*(1+s) for all s > 0. Therefore

L&@WMMﬁWW%@D&SW/ h%wmuww/’r%wﬂw

Ac(7) Ac(7)

go*f/ ity (£)]2 dt + 20 B
Ac()

~
that is,
\ 1 . 1
/ | (£)] 1 (€tny (1)]) dE < £C* By (— + 1) . (7.19)
Ac(7) v
From (7.17)—(7.18) we thus conclude that
Cn g . * (1 + 7) ’K‘:2
2 [ H i 0)]) at < Cepue D 4 2
We can therefore choose €; > 0 sufficiently small such that
~ C T 1/2 K
LI&G — &ol + ( ;O / H (e|u,(t)|) dt) < 3 for ¢ € (0,ey). (7.20)
0

Using (7.15), (7.16), and (7.20) we see that |{*—¢|jo,r) < & for € € (0,£1). The parameter
k can be chosen arbitrarily small, and Theorem 2.9 is thus proved. [ ]
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