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G R A P H I C A L A B S T R A C T

H I G H L I G H T S

Coupled electrochemical–mechanical modeling of lithium ion battery.
Mechanical-diffusive FEM model of active material particles with cracks.
Fracture parameter computation for coupled electrochemical–mechanical problem.
Realistic fracture predictions in microstructure of electrode layers.
Damage prediction as a function of charge and discharge rate and geometric parameters.
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A B S T R A C T

Mechanical degradation is a significant cause of battery aging: the stress arising in the electrode microstructure
during operation causes fractures, leading to capacity and power fade. This work aims to quantify the fracture
behavior of LCO-graphite battery by computing the stress intensity factor. At first, the full electrochemistry of
the cell is modeled to obtain realistic boundary conditions for the fracture model linked to user-defined battery
usage. The fracture model of a spherical active material particle is implemented in Ansys to compute stress
intensity factor with modified J-integral for mechanical-diffusive phenomena. Three aspects are deepened: (a)
The effects of the mechanical-diffusive coupling at the crack tip, and its influence on the stress intensity factor;
(b) Assessing fracture propagation due to static loading and its stability; (c) Creating a fracture diagram which
quantifies the level of fracture due to the combination of different operating conditions and geometry of the
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electrode microstructure. Results show that crack propagation in a single cycle is limited to high current, but
it is likely to be unstable. Furthermore, it is quantified how greater current and particle radius increase the
stress intensity factor, aiming to provide electrode design advice in the perspective of increasing battery life.
1. Introduction

Lithium ion batteries (LIBs) are one of the most widespread
rechargeable energy storage systems. LIBs are extensively employed in
many applications, from portable electronics up to working vehicles,
due to their good characteristics in terms of energy and power density,
safety, and cycle life [1–4].

In recent years, advanced materials and manufacturing processes
have been developed in order to increase energy density and limit
capacity and power loss during life. Nonetheless, progressive damage
caused by repeated charge–discharge cycles is still a significant weak
point, since it considerably affects the lifetime and results in a decrease
of the nominal performance [5–7]. Therefore, a deep understanding of
aging mechanisms is needed to develop high-capacity LIBs with a long
life cycle and meet the rapidly growing demand for high-performance
rechargeable energy storage systems.

LIBs consist of several ‘‘elementary cells’’, made of thin layers (≈μm)
f current collectors, cathode, anode, and separator. Cathode and anode
re composite materials made of active material, namely a powder of
uasi-spherical particles (≈ 50% 𝑣∕𝑣) in which lithium is extracted and
nserted, conductive materials and binder (≈20% 𝑣∕𝑣), and voids (≈30%
𝑣∕𝑣) filled with the electrolyte which soaks active material and provides
a continuous pathway to conduct lithium ions.

Lithium ions move between electrodes and get into their microstruc-
ture with insertion and extraction processes. Lithium diffusion within
active material particles induces an inhomogeneous concentration dis-
tribution. Areas with higher lithium concentration show a greater
deformation than areas with lower concentration, then a strain mis-
match arises in particles, leading to the so-called diffusion induced
stress (DIS) [8–13].

DIS may cause the fracture of the electrode microstructure, leading
to the isolation of active material and the creation of new surfaces
where the solid electrolyte interphase (SEI) layer grows, resulting in
impedance rise and capacity fade ultimately.

Impedance rise is caused by the interruption of the ions pathway
due to the contact loss between the active material and conductive
matrix or current collector. On the other hand, capacity fade is caused
by the isolation of some portion of active material, being inactive and
no longer able to host lithium ions, and by the growth of the SEI layer,
whose reaction consumes lithium ions, which are no longer available
to be cycled [14–16].

The stress field and fracture in active material particles are strongly
coupled to lithium concentration distribution. Indeed, several studies
modeling single, spherical isolated active material particles demon-
strated that the stress is significantly overestimated when neglecting
the mechanical-diffusive coupling [10,12,17–19]. Furthermore, both
numerical [20–23] and experimental works [24] demonstrated that
lithium concentration is affected by the crack presence due to the
higher stress at the crack tip.

Several fracture mechanisms were reported in the literature accord-
ing to the type of active material. Comprehensive reviews [25,26] dealt
with the experimental characterization of the fracture mechanisms in
the most popular active materials used in LIBs, as well as the factors
triggering and enhancing fracture. In these works, it is observed that
the crack mainly

propagates according to mode-I because of tensile hoop stress [27–
29].

In the last years, several numerical models have been developed to
describe fracture occurring in the electrode microstructure. These mod-
2

els have been generally implemented using the finite element model
(FEM) and eXtended finite element model (XFEM), as the analytical
approach can be used just in the case of simple geometry and loading
conditions [30].

Linear elastic fracture mechanics (LEFM) model is widely employed
to describe fracture in active material particles with pre-existent de-
fects. Based on LEFM, several works studied crack propagation accord-
ing to the stress intensity factor (SIF) criterion [31–35] or the energetic
approach, evaluating the energy release rate 𝐺. In

the latter case, the energy release rate 𝐺 is often computed using
the path-independent J-integral formulation developed for diffusive-
mechanical phenomena [36–38].

Alternatively to the LEFM model, the cohesive zone model (CZM)
[23,39–46] as well as the phase field model (PFM) [47–57] are em-
ployed, even without assuming pre-existent cracks [43].

Most of the studies predicted fracture considering free standalone
active material particles, according to the single-particle-model (SPM)
approach. However, active material particles are components of a
larger complex system of interacting species. Although the SPM simpli-
fies the numerical modeling and computation, its prediction of lithium
concentration, stress field, and mechanical failure may be not realistic
and substantially different from the one obtained considering the full
LIB electrochemistry.

The pseudo-two-dimensional electrochemical model (P2D) origi-
nally developed by Newman’s group [58] has been extensively used
to fully model LIB electrochemistry. P2D simulates the electrode mi-
crostructure according to the porous electrode theory and assumes
spherical active material particles with a uniform size placed along the
thickness of the electrode. Two different length scales are employed to
simulate lithium transport, namely the electrode scale and the particle
scale.

As far as the authors know, no prior works in the literature con-
sidered both the effect of mechanical-diffusive coupling and the full
electrochemistry of LIB when modeling fracture in active material
particles.

This works aims to fill this gap and provide a more realistic
prediction of the fracture behavior of active materials of electrodes.
Then, a coupled multi-physics and multi-scale framework is developed,
where the results of the P2D model are the boundary condition of
the mechanical-diffusive fracture model at the particle scale. Fracture
parameters, namely the J-integral and mode-I SIF are computed in
spherical particles with pre-existent defects. A discussion on the mu-
tual interaction between lithium transport, DIS, and fracture due to
the mechanical-diffusive coupling is provided. Furthermore, the crack
growth stability is studied. Finally, the effect of the current rate and the
particle size on the fracture behavior is evaluated with the purpose of
giving practical suggestions in the electrode design to limit mechanical
degradation.

The article is organized as follows. The basis of the P2D model and
the formulation of a path-independent J-integral for coupled
mechanical-diffusive problems are presented in Section 2.1. The multi-
physics and multi-scale model developed to analyze fracture in active
material particles is presented in Section 2.2. The results of the model
applied to LCO-graphite LIB are shown in Section 3.

2. Methods

2.1. Theoretical modeling

2.1.1. Electrochemical–mechanical model
In this work, LIB electrochemistry is modeled on the basis of the
P2D model, consisting of a set of partial differential and algebraic
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Nomenclature

Symbols

𝑎 Crack length (μm)
𝑎𝑠 Particle surface area to volume (mol/m3)
𝑐 Concentration (mol/m3)
𝐶𝑝 Specific heat capacity (J∕(kgK))
𝐷 Diffusion coefficient (m2/s)
𝐸 Young modulus (MPa)
𝐸𝑎 Activation energy (J)
𝐹 Faraday constant (As/mol)
𝐼 Current density (A/m2)
𝐽𝐿𝑖 Lithium flux (mol∕m2s)
𝑘 Reaction rate constant (m2.5∕mol0.5s)
𝐾𝐼 Mode-I stress intensity factor (MPa m0.5)
𝑘𝑚 Mechanical coupling parameter (m3∕mol)
𝐾𝐼𝑐 Mode-I fracture toughness (MPa m0.5)
𝐾𝐼𝐼𝑐 Mode-II fracture toughness (MPa m0.5)
𝐾𝐼𝐼𝐼𝑐 Mode-III fracture toughness (MPa m0.5)
𝐾𝐼𝐼𝐼 Mode-III stress intensity factor (MPa m0.5)
𝐾𝐼𝐼 Mode-II stress intensity factor (MPa m0.5)
𝑙 Thickness (μm)
𝑛𝑖 Normal versor (–)
𝑞 Crack extension vector (μm)
𝑄𝑜ℎ𝑚 Ohmic heat (J)
𝑄𝑟𝑒𝑣 Reversible heat (J)
𝑄𝑟𝑥𝑛 Reaction heat (J)
𝑅 Active material particle radius (μm)
𝑟 Radial coordinate (–)
𝑅𝑔 Gas constant (J/mol K)
𝑇 Temperature (K)
𝑡 Time (s)
𝑡𝑖 Traction vector (MPa)
𝑡+ Trasference number (–)
𝑈 Open Circuit Voltage (V)
𝑢 Particle level displacement (μm)
𝑊 Strain energy density (J/m3)
𝑥 Electrode through-thickness coordinate
𝑥1 Coordinate direction along crack extension
𝑥2 Coordinate direction perpendicular to crack

extension
h Heat exchange coefficient (W/m2 K)

Acronyms

CZM Cohesive zone model
DAE Differential algebraic equation
DIS Diffusion induced stress
DOD Depth of discharge (%)
FEM Finite element model
FVM Finite Volume Method
LCO Lithium cobalt oxide
LEFM Linear elastic fracture mechanics
LIB Lithium ions battery

equations (PDAEs) for charge and mass conservation. These equations

are solved within an elementary cell of the LIB, composed of a cathode,

a separator, and an anode.
3

P2D Pseudo-two-dimensional model
PDAE Partial differential algebraic equation
PFM Phase field model
SEI Solid electrolyte interphase
SIF Stress intensity factor
SOC State of charge (%)
SPM Single particle model
XFEM Extended finite element model

Greek Symbols

𝛼 Expansion coefficient (1/K)
𝜖𝑐 Diffusion strain (–)
𝜖𝑇 Thermal strain (–)
𝜖𝑐 Hoop strain (–)
𝜖𝑒 Porosity (–)
𝜖𝑓 Filler fraction (–)
𝜖𝑟 Radial strain (–)
𝜂 Overpotential (V)
𝛤 Path
𝜅𝑒 Electrolyte conductivity (S/m)
𝛬 Area enclosed in the path 𝛤
𝜆 Thermal conductivity (W/(mK))
𝜈 Poisson ratio (–)
𝛺 Partial molar volume (m3∕mol)
𝛷 Potential (V)
𝜌 Density (kg/m3)
𝜎 Solid conductivity (S/m)
𝜎𝑐 Hoop stress (MPa)
𝜎ℎ Hydrostatic stress (MPa)
𝜎𝑟 Radial stress (MPa)
𝜃 Stoichiometric limit (–)

Recursive subscripts

𝑒 Electrolyte
𝑒, 𝑛 Electrolyte in anode
𝑒, 𝑝 Electrolyte in cathode
𝑒, 𝑠 Electrolyte in separator
𝑛 Anode
𝑝 Cathode
𝑠 Separator
𝑠, 𝑛 Solid-phase in anode
𝑠, 𝑝 Solid-phase in cathode
eqv Equivalent

Recursive superscripts

Eff Effective
max Maximum
surf Surface

The P2D model assumes that the electrode active material is rep-
resented by spherical particles with uniform size, then two scales are
involved: the electrode and particle scales, as shown in Fig. 1a.

The time variable 𝑡 and two independent spatial variables are in-
volved in the P2D model, i.e. the coordinate in the direction across the
cell thickness (𝑥) and the coordinate along the particle radial direction
𝑟).

At the electrode scale, the following equations governing electrons
and lithium transport across the cell thickness are written: (1) charge
conservation equation, involving potentials in active material (𝛷
𝑠,𝑝
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Fig. 1. (a) LIB internal structure with detail of the cross section of an elementary cell. The elementary cell is modeled according to the electrode (x-through-plane direction) and
particle (r-radial direction) scales. The quantities involved at the electrode scale and particle scale are depicted in red and blue, respectively. (b) Multi-scale and multi-physics
modeling framework simulating fracture in electrode active material, capturing the full coupling between lithium diffusion, stress, and fracture.
and 𝛷𝑠,𝑛) and electrolyte (𝛷𝑒,𝑝, 𝛷𝑒,𝑠 and 𝛷𝑒,𝑛); (2) mass conservation
equation, involving electrolyte concentration (𝑐𝑒,𝑝, 𝑐𝑒,𝑠, 𝑐𝑒,𝑛), where
the subscripts 𝑝, 𝑠 and 𝑛 stand for cathode, separator, and anode,
respectively.

The charge transfer reaction is captured by imposing the same
current density at the interface between the particles and electrolyte.
Indeed, once lithium ions reach the surface of the particles, they
are neutralized by electrons with a charge transfer reaction and sub-
sequently diffuse into the particles. The charge transfer reaction is
modeled by the Butler-Volmer equation, which establishes the link
between the electrode and particle scales, relating the potentials (𝛷𝑠,𝑝,
𝛷𝑒,𝑝 and 𝛷𝑠,𝑛, 𝛷𝑒,𝑛) at electrode scale to the lithium flux over active
material particles (𝐽𝐿𝑖,𝑝 and 𝐽𝐿𝑖,𝑛) at particle scale.

At the particle scale, the mass conservation equation governs lithium
diffusion within the particle. It is a 1D equation written as a function
of the particle radial coordinate (𝑟) thanks to the symmetry of the
geometry (spherical particle), boundary conditions, and the hypothesis
of homogeneous and isotropic material.

The complete set of governing equations of the P2D model are
reported in Appendix A.

Lithium transport in active materials is a coupled multi-physics
process. Diffusive and mechanical fields are linked by the chemical
strain

(𝛺𝑘𝑐𝑠,𝑘
3

)

, which is the term added to the elastic strain compo-
nents in Eq. (1)a. Furthermore, mechanical and diffusive phenomena
influence each other [10–12]: the (de)intercalation of lithium ions gives
rise to an inhomogeneous concentration distribution in active material
4

particles, causing differential strain and stress. The latter affects how
lithium ions diffuse in turn, making the two fields coupled.

Strain, stress, and displacement in active material particles caused
by lithium concentration (𝑐𝑠,𝑘) are computed using the constitutive,
congruence, and equilibrium equations reported in Eqs. (1)a–d.

Constitutive:

𝜀𝑟 =
1
𝐸𝑘

(𝜎𝑟 − 2𝜈𝑘𝜎𝑐 ) +
𝛺𝑘𝑐𝑠,𝑘

3
; 𝜀𝑐 =

1
𝐸𝑘

[(1 − 𝜈𝑘)𝜎𝑐 − 𝜈𝑘𝜎𝑟) +
𝛺𝑘𝑐𝑠,𝑘

3
(1a)

Congruence:

𝜀𝑟 =
𝜕𝑢
𝜕𝑟

; 𝜀𝑐 =
𝑢
𝑟

(1b)

Equilibrium:
𝜕𝜎𝑟
𝜕𝑟

+ 2
𝑟
(𝜎𝑟 − 𝜎𝑐 ) = 0 (1c)

Boundary conditions:

𝑢||
|𝑟=0

= 0;
𝜕𝜎𝑟
𝜕𝑟

|

|

|𝑟=𝑅𝑘
= 0 (1d)

Where the subscript 𝑘 = 𝑝, 𝑛 refers to cathode and anode respectively,
𝜎𝑟, 𝜀𝑟, 𝜎𝑐 , 𝜀𝑐 are radial and circumferential stresses and strains respec-
tively, 𝑢 is the radial displacement, 𝑐𝑠,𝑘 is the lithium concentration net
of zero-strain concentration, 𝛺𝑘 is the partial molar volume of lithium
ions, 𝜈𝑘 is the Poisson ratio, 𝐸𝑘 is the Young modulus and 𝑅𝑘 is the
particle radius.
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The mass conservation equation describing lithium transport in
active material particles is reported in Eq. (2) [59].
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⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑐𝑠,𝑘
𝜕𝑡 = 𝐷𝑠,𝑘

𝑟2
𝜕
𝜕𝑟

(

𝑟2 𝜕𝑐𝑠,𝑘
𝜕𝑟 − 𝑟2 𝛺𝑘𝑐𝑠,𝑘

𝑅𝑔𝑇
𝜕𝜎ℎ
𝜕𝑟

)

𝐷𝑠,𝑘

(

𝜕𝑐𝑠,𝑘
𝜕𝑟 − 𝛺𝑘𝑐𝑠,𝑘

𝑅𝑔𝑇
𝜕𝜎ℎ
𝜕𝑟

)

|

|

|𝑟=0
= 0 for t ≥ 0

𝐷𝑠,𝑘

(

𝜕𝑐𝑠,𝑘
𝜕𝑟 − 𝛺𝑘𝑐𝑠,𝑘

𝑅𝑔𝑇
𝜕𝜎ℎ
𝜕𝑟

)

|

|

|𝑟=𝑅𝑘
= −𝐽𝐿𝑖,𝑘 for t ≥ 0

(2)

Where 𝐷𝑠,𝑘 is the diffusion coefficient, 𝑅𝑔 is the gas constant, 𝑇
is the temperature, 𝑎𝑠,𝑘 is the particle surface area to volume, and
𝜎ℎ = 𝜎11+𝜎22+𝜎33

3 = 𝜎𝑟+2𝜎𝑐
3 is the hydrostatic stress. Eq. (2) shows that

echanics and diffusive fields are coupled through the gradient of
ydrostatic stress ( 𝜕𝜎ℎ𝜕𝑟 ), which is the additional term multiplying the
iffusion coefficient (𝐷𝑠,𝑘) in Eq. (2). Then, both hydrostatic stress and
oncentration gradients are the driving force for lithium diffusion.

The mass conservation equation expressed in Eq. (2) is rewritten just
s a function of lithium concentration (𝑐𝑠,𝑘) as reported in Eq. (4), by

substituting the hydrostatic stress gradient ( 𝜕𝜎ℎ𝜕𝑟 ) expressed in Eq. (3).

𝜕𝜎ℎ
𝜕𝑟

=
𝜕𝜎ℎ
𝜕𝑐𝑠,𝑘

𝜕𝑐𝑠,𝑘
𝜕𝑟

= −
2𝛺𝑘𝐸𝑘
9(1 − 𝜈𝑘)

𝜕𝑐𝑠,𝑘
𝜕𝑟

(3)

𝜕𝑐𝑠,𝑘
𝜕𝑡 = 𝐷𝑠,𝑘

[

𝜕2𝑐𝑠,𝑘
𝜕𝑟2

+ 2
𝑟
𝜕𝑐𝑠,𝑘
𝜕𝑟 + 𝑘𝑚

( 𝜕𝑐𝑠,𝑘
𝜕𝑟

)2
+ 𝑘𝑚𝑐𝑠,𝑘

(

𝜕2𝑐𝑠,𝑘
𝜕𝑟2

+ 2
𝑟
𝜕𝑐𝑠
𝜕𝑟

)]

𝜕𝑐𝑠,𝑘
𝜕

|

|

|𝑟=0
= 0 for t ≥ 0

𝐷𝑠,𝑘
(

1 + 𝑘𝑚𝑐𝑠,𝑘
) 𝜕𝑐𝑠,𝑘

𝜕𝑟
|

|

|𝑟=𝑅𝑘
= −𝐽𝐿𝑖,𝑘 for t ≥ 0

(4)

here 𝑘𝑚 = 𝛺𝑘
𝑅𝑔𝑇

2𝛺𝑘𝐸𝑘
9(1−𝜈𝑘)

is the parameter representing the coupling
etween mechanical and diffusive fields.

Eq. (4) is included in the P2D model to solve the concentration
ield. The solution of displacement, stress, and strain is obtained solving
qs. (1)a–d, and is reported in Eqs. (5)a–c [59]. These quantities can
e computed once the lithium concentration distribution resulting from
he P2D model is known.

isplacement:

(𝑟) = 𝛺𝑘
3(1−𝜈𝑘)

[

(1 + 𝜈𝑘)
1
𝑟2
∫ 𝑟
0 𝑐𝑠,𝑘(𝑟)𝑟2 𝑑𝑟 + 2(1 − 2𝜈𝑘)

𝑟
𝑅3
𝑘
∫ 𝑅𝑘
0 𝑐𝑠,𝑘(𝑟)𝑟2 𝑑𝑟

]

(5a)
Radial stress:

𝜎𝑟(𝑟) =
2𝛺𝑘
3

𝐸𝑘
1 − 𝜈𝑘

[

1
𝑅3
𝑘
∫

𝑅𝑘

0
𝑐𝑠,𝑘(𝑟)𝑟2 𝑑𝑟 − 1

𝑟3 ∫

𝑟

0
𝑐𝑠,𝑘(𝑟)𝑟2 𝑑𝑟

]

(5b)

Hoop stress:

𝜎𝑐 (𝑟) =
𝛺𝑘
3

𝐸𝑘
1 − 𝜈𝑘

[

2
𝑅3
𝑘
∫

𝑅𝑘

0
𝑐𝑠,𝑘(𝑟)𝑟2 𝑑𝑟 + 1

𝑟3 ∫

𝑟

0
𝑐𝑠,𝑘(𝑟)𝑟2 𝑑𝑟 − 𝑐𝑠,𝑘(𝑟)

]

(5c)

2.1.2. J-integral for coupled mechanical-diffusive problem
The J-integral is a fracture mechanics parameter widely used to

characterize the stress–strain field at the crack tip in both linear and
non-linear elastic material. According to LEFM theory, the J-integral is
equal to the energy release rate 𝐺, i.e. the rate of decrease in potential
energy per unit of surface created by the crack extension.

The J-integral proposed by Rice [60] for a 2D fracture problem
is the contour integral expressed in Eq. (6), considering an arbitrary
counterclockwise path 𝛤 surrounding the crack tip (Figure S1 in Sup-
plementary material).

𝐽 =
(

𝑊 𝑑𝑥2 − 𝐭 ⋅ 𝜕𝐮 𝑑𝑠
)

(6)
5

∫𝛤 𝜕𝑥1
here 𝑊 = ∫ 𝜖𝑖𝑗
0 𝜎𝑖𝑗𝑑𝜖𝑖𝑗 (Einstein notation) is the strain energy density,

𝑖𝑗 and 𝜀𝑖𝑗 are the components of the stress and strain tensors, 𝐮 is the
isplacement vector, 𝐭 is the traction vector acting on the path 𝛤 and
ts components are 𝑡𝑖 = 𝜎𝑖𝑗𝑛𝑗 , 𝑛𝑗 is the versor normal to 𝛤 , 𝑥1 and 𝑥2
re the coordinate directions, and 𝑑𝑠 is the element length along the
ath 𝛤 .

Eq. (6) states that the total energy inside the contour 𝛤 , accounted
y the first term of the line integral, is caused by the mechanical work
one by the traction acting on the contour 𝛤 , accounted by the second
erm of the line integral.

The J-integral expressed in Eq. (6) is path-independent, meaning
hat its value does not depend on the chosen path 𝛤 , and it is equal to

the energy release rate when the LEFM theory holds.
Previous works [36–38] demonstrated that the standard form of J-

integral expressed in Eq. (6) is unsuitable for coupled fracture
mechanical-diffusive problems because the J-integral is no longer path-
independent when both chemical and mechanical driving forces are
present at the same time. Similarly, the standard form of J-integral ex-
pressed in Eq. (6) is no longer path-independent in thermo-mechanical
fracture problems.

A modified form of J-integral keeping the path-independence prop-
erty in thermo-mechanical fracture problem (𝐽𝑀𝑇 ) was proposed by
Aoki et al. [61] and Kishimoto et al. [62] and is expressed in Eq. (7).

𝐽𝑀𝑇 = ∫𝛤

(

𝑊 𝑑𝑥2 − 𝐭 ⋅ 𝜕𝐮
𝜕𝑥1

𝑑𝑠
)

+ ∫𝛬

(

𝝈𝑃 ⋅
𝜕𝜺𝑇
𝜕𝑥1

𝑑𝛬
)

(7)

Where 𝛬 is the area enclosed by the path 𝛤 , 𝝈𝑃 = [𝜎11, 𝜎22, 𝜎33] is the
vector of principal stresses, 𝜺𝑇 = 𝛼𝑇 is the thermal strain vector, 𝛼 is
he thermal expansion coefficient, and 𝑇 is the temperature variation

measured from the reference state. Then, the area integral in Eq. (7)
involves a scalar product between the principal stress vector and the
rate of change of the thermal strain vector with respect to the direction
of crack extension (𝑥1).

A modified expression of J-integral for coupled mechanical-diffusive
fracture problem (𝐽𝑀𝐷) is derived from Eq. (7) by exploiting the
analogy between chemical and thermal deformation equations.

Chemical and thermal deformation are computed as the change of
the field (concentration or temperature) with respect to the strain-
free condition, times a coefficient of proportionality. The chemical and
thermal deformations are isotropic, and their components are reported
in Eq. (8) [10,12,35].

𝜀𝑐 = 𝛺
3
[𝑐𝑠, 𝑐𝑠, 𝑐𝑠] (8a)

𝑇 = 𝛼[𝑇 , 𝑇 , 𝑇 ] (8b)

Where 𝑇 is the temperature net of zero-strain temperature and 𝛼 is the
coefficient of thermal expansion.

Then, since the chemical deformation equation has the same shape
of thermal deformation, it can be replaced in the J-integral formulated
for thermal strain (Eq. (7)), resulting in Eq. (9).

𝐽𝑀𝐷 = ∫𝛤

(

𝑊 𝑑𝑥2 − 𝐭 ⋅ 𝜕𝐮
𝜕𝑥1

𝑑𝑠
)

+ ∫𝛬

(

𝛺𝜎ℎ
𝜕𝑐𝑠
𝜕𝑥1

𝑑𝛬
)

(9)

Where 𝜎ℎ is the sum of the three principal stress divided by three.
The first term on the right-hand side of Eq. (9) is the standard J-

integral expression developed by Rice (Eq. (6)), and the second term
accounts for the energy related to the deformation caused by lithium
diffusion, which needs to be taken into account to satisfy the energy
balance and to ensure the path-independence property of J-integral.

2.2. Multiphysics modeling

In this section, the multi-scale and multi-physics modeling frame-
work employed to analyze the fracture in active material particles is
presented.

Electrochemistry at the electrode level, the mechanical-diffusive
coupling and fracture mechanics at the particle level, are modeled
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Table 1
Hoop stress sign in active material particle during LIB charge/discharge. The positive and negative sign of 𝜎𝑐 refers to tensile and compressive
hoop stress respectively, and 𝑅𝑝 and 𝑅𝑛 are the radii of particles in cathode and anode, respectively.

Cathode Anode

𝛺 > 0 𝛺 < 0 𝛺 > 0

Particle region 𝑟 = 0 𝑟 = 𝑅𝑝 𝑟 = 0 𝑟 = 𝑅𝑝 𝑟 = 0 𝑟 = 𝑅𝑛
Charge 𝜎𝑐 < 0 𝜎𝑐 > 0 𝜎𝑐 > 0 𝜎𝑐 < 0 𝜎𝑐 > 0 𝜎𝑐 < 0
Discharge 𝜎𝑐 > 0 𝜎𝑐 < 0 𝜎𝑐 < 0 𝜎𝑐 > 0 𝜎𝑐 < 0 𝜎𝑐 > 0
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using three different submodels, according to the procedure reported
in Fig. 1b and summarized as follows.

• P2D model. It computes the full electrochemical behavior of the
LIB, solving the potential and lithium concentration distribution
within the active material particles and the electrolyte. The cou-
pling between mechanical and diffusive phenomena is considered
according to Eq. (4). The output of the model is the lithium
flux (𝐽𝐿𝑖) on the surface of the active material particles without
pre-existent cracks.

• Mechanical-diffusive model of cracked particle. Given the
lithium flux computed with P2D as boundary condition, it gives
the lithium concentration distribution, strain, and stress within
active material particles with pre-existent cracks. The model takes
into account the coupling between stress at the crack tip and
lithium diffusion.

• Fracture model. It gives fracture parameters, i.e. J-integral and
mode-I SIF (𝐾𝐼 ), on the basis of the stress and concentration
fields calculated with the mechanical-diffusive model of cracked
particle.

.2.1. P2D model: LIB electrochemistry
The governing set of partial differential equations (PDEs) of the P2D

odel reported in Appendix A is solved using the open-source Li-ION
IMulation BAttery Toolbox (LIONSIMBA) [63].

LIONSIMBA is a set of customizable MATLAB functions suitable
or the simulation of LIBs and battery packs. The governing equations
f the P2D model are spatially discretized using the Finite Volume
ethod (FVM) and converted into a set of differential algebraic equa-

ions (DAEs). The resulting system of DAEs is solved using the time
daptative Implicit Differential-Algebraic (IDA) solver of the SUNDIALS
ntegration suite. The modified mass conservation equation (Eq. (4)) is
ncorporated into the set of PDEs to take into account the influence of
echanical-diffusive coupling. The reader can refer to [63] for further
etails about the LIONSIMBA implementation.

The ionic flux on the surface of active material particles (𝐽𝐿𝑖)
omputed with LIONSIMBA is imposed as boundary condition of the
ulti-physics fracture FEM model in order to get the fracture behavior

f the active material due to a realistic operating condition of the LIB.

.2.2. Mechanical-diffusive particle model: FEM model of active material
article with pre-existent crack

Pre-existent defects in active material particles can propagate due
o DIS generated during LIB operation. In this work, spherical particles
ith central and superficial cracks are modeled and mode-I crack
ropagation driven by tensile hoop stress is considered.

The largest tensile hoop stress occurs at the particle surface when
he particle swells and in the core when the particle shrinks. Particle
welling or shrinkage is caused by lithium insertion or extraction ac-
ording to the type of active material, namely whether the partial molar
olume (𝛺) is positive or negative. Table 1 summarizes the sign of
he hoop stress in active material particles during LIB charge/discharge
ased on the sign of 𝛺.

In the model, the pre-existent crack is located in the particle region
here the hoop stress is tensile, namely at the center during lithium

nsertion (𝛺 > 0) or extraction (𝛺 < 0) and at the surface during lithium
xtraction (𝛺 > 0) or insertion (𝛺 < 0), according to Table 1.
6

The central crack is disk-shaped with a diameter of 2𝑎 (Figure S2a),
n the other hand, the superficial crack is a semi-circle with crack depth
f 𝑎 (Figure S2b). A 2D model is built for the spherical particle with
he central crack exploiting the axisymmetry, on the other hand, a 3D
odel is needed for the particle with the superficial crack.

The influence of the crack on stress and concentration is simulated
ith a coupled mechanical-diffusive FEM model implemented in Ansys
echanical APDL. Coupled field elements with both mechanical and

iffusive degrees of freedom are used, i.e. PLANE223 and SOLID226
or 2D and 3D models, respectively. Mechanical stress and lithium
oncentration fields inside the particle are obtained simultaneously,
ccording to the migration model implemented in Ansys [11].

The detailed description of the strategy followed to build the FEM
odel and the mesh is provided in Section S2 of Supplementary mate-

ial.
The lithium flux (𝐽𝐿𝑖) computed with the P2D model according to

he user-defined LIB operation is applied as electrochemical boundary
ondition in the FEM model. Then, stress and lithium concentration are
alculated, considering the influence of the crack.

.2.3. Fracture model: fracture parameters computation
A subsequent fracture analysis is performed in Ansys to compute

racture parameters. Then, the same mesh pattern employed in the
echanical-diffusive model is kept, and coupled fields PLANE223

nd SOLID226 elements are converted into their corresponding struc-
ural elements which support fracture parameters computation, i.e.
LANE183 and SOLID186 respectively.

The path-independent J-integral for mechanical-diffusive fracture
roblem (𝐽𝑀𝐷) is computed using the concentration and stress distri-
ution previously obtained using the migration model.

Ansys APDL offers the built-in command CINT to compute the J-
ntegral directly at the solution phase of the analysis, using the domain
ntegral formulation implemented by Shih [64]. The domain integral
ormulation converts the line J-integral into an area integral for 2D
odel and volume integral for 3D model. This ensures higher accuracy

ompared to the line integral as well as it is easier to implement
umerically in FEM code.

The domain integral formulation for 2D model is reported in Eq. (10)
eglecting body force and crack face traction and including the thermal
trains contribution (𝛼𝜎𝑖𝑖

𝜕𝑇
𝜕𝑥1

) beside the elastic contribution. Sum-
mation over repeated indices is employed according to the Einstein
notation.

𝐽 = ∫𝛬

[(

𝜎𝑖𝑗
𝜕𝑢𝑖
𝜕𝑥1

−𝑊 𝛿1𝑖

)

𝜕𝑞
𝜕𝑥𝑖

+
(

𝛼𝜎𝑖𝑖
𝜕𝑇
𝜕𝑥1

)

𝑞1

]

𝑑𝛬 (𝑖, 𝑗 = 1, 2) (10)

Where 𝛿𝑖𝑗 is the Kronecker’s delta, 𝛼 is the coefficient of thermal
expansion, 𝑇 is the temperature net of zero-strain temperature and 𝑞
is the crack extension vector, which is equal to zero at nodes along the
path 𝛤 , and it is equal to one at nodes inside 𝛤 .

J-integral can be computed using the CINT command in Ansys
just with structural elements, which do not support the concentration
degree of freedom. Then, thermal strain is used to simulate chemical
strain exploiting the similarities between the two phenomena, as ex-
plained previously in Eq. (8): 𝛼 is replaced by 𝛺∕3, and temperature is
replaced by lithium ion concentration in Eq. (10).

Finally, J-integral is equal to 𝐺 when the path-independence prop-
erty holds, according to LEFM theory. Then, mode-I SIF is directly
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obtained from the J-integral as expressed in Eq. (11), neglecting mode-
II and III as the corresponding fracture toughness (𝐾𝐼𝐼𝑐 and 𝐾𝐼𝐼𝐼𝑐) are
generally larger than the fracture toughness of mode-I (𝐾𝐼𝑐).

𝐾𝐼 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

√

𝐸𝐽𝑀𝐷 plane stress

√

𝐸𝐽𝑀𝐷

(1 − 𝜈2)
plane strain

(11)

The minimum 𝐾𝐼 value occurs in ‘‘plane stress’’ condition and the
aximum in ‘‘plane strain’’, all the other cases fall in between. As the

rack surfaces in the spherical particle are neither in plane stress nor
lane strain, 𝐾𝐼 is computed according to the plain strain, as it is the
ost severe condition.

.2.4. Simulation strategy
Referring to Figure S3 of the Supplementary material, the simula-

ion strategy adopted to compute fracture parameters in active material
articles with pre-existent cracks is summarized as follows.

1. Lithium flux (𝐽𝐿𝑖) is computed using the P2D model according
to the user-defined LIB operation.

2. Lithium flux (𝐽𝐿𝑖) is applied as boundary condition of the
coupled mechanical-diffusive model of cracked particle imple-
mented in Ansys. A particle with a pre-existent crack is modeled
and the concentration distribution (𝑐𝑠) is computed using the
migration model in Ansys. The mutual influence between stress
and concentration is captured, which is even more evident at the
crack tip due to the stress singularity.

3. The concentration distribution (𝑐𝑠) is converted into temperature
(𝑇 ) and the thermal expansion coefficient is set equal to one-
third of partial molar volume (𝛼 = 𝛺∕3) thanks to the similarity
between chemical and thermal strain (Eq. (8)).

4. Coupled field elements of the mechanical-diffusive FEM model
are converted into their corresponding structural equivalent el-
ements, keeping the same mesh pattern.

5. The equivalent temperature is mapped on the structural nodes
of the FEM model including the crack surfaces.

6. A static fracture analysis is performed and the mode-I SIF is ob-
tained by computing the J-integral through the CINT command
of Ansys directly in the solution phase.

. Results and discussion

Fracture in active material of LCO-graphite LIB is studied according
o the multi-scale and multi-physics approach described in Section 2.2.
aterial properties and parameters used in the model are summarized

n Table 2.
It is worth mentioning that the proposed modeling framework is

eneral and applicable to a wide range of LIBs with different cell
hemistry by choosing the proper material and geometric parameters,
s well as by incorporating other kinetic and transport models as
eeded.

.1. Validity of model assumptions

The validity of the assumptions of the electrochemical-fracture
odel presented in this work are discussed below.
• Linear elastic active material. Both LCO and graphite undergo

small deformation during lithium insertion and extraction, then
active material can be reasonably assumed linear elastic.

• Spherical geometry with uniform size. The shape and size of
active material particles in the electrode have a certain statistical
distribution. The geometry of graphite particles is close to a
sphere, as confirmed by several SEM images [26,75], on the
other hand, the geometry of LCO particles may be more irregular.
However, an equivalent sphere with a mean radius representing
7

the average particle distribution is widely accepted in literature.
• Homogeneous isotropic active material. LCO and graphite par-
ticles do not consist of several primary particles as other active
materials, such as NMC and NCA, then the hypothesis of isotropy
is reasonable. Furthermore, in the case of materials composed of
primary particles (grains), the random distribution of the grains
(which may have anisotropic characteristics) makes them not
aligned, resulting in isotropic characteristics at the particle level.
LCO and graphite are assumed to be homogeneous, neglecting
phase transitions. This assumption is widely common in the lit-
erature and is supported by a recent work [76], showing good
agreement between the cell deformation computed using the P2D
model (with homogeneity assumptions) and the experimental
measurements.

• Crack influence on lithium flux. Lithium flux distribution may
be affected by superficial fractures which can increase the inter-
face area with the electrolyte. Two effects may be considered:
(a) the influence on the electrochemical behavior computed with
P2D, because of the greater surface area; (b) the influence on the
concentration distribution (and then stress) because of localized
flux on the crack surfaces.
Figure S4 in the Supplementary material shows that lithium flux
computed with the P2D taking into account the additional crack
surfaces (greater particle surface to volume ratio) is slightly lower
with respect to the case without crack. The difference is less than
6% for LCO and 8% for graphite when 𝑎∕𝑅 = 0.5, leading to an
underestimation of SIF of 6% for LCO and 4% for graphite when
cracked particles in the P2D model are considered.
It is challenging to quantify the penetration of the electrolyte
within the superficial cracks, and the value of the lithium flux
over the crack surfaces in the fracture model. Anyway, two ex-
treme cases exist: (1) the electrolyte cannot penetrate within the
crack, then no lithium flux is applied on crack surfaces; (2) the
electrolyte completely penetrates within the crack, then lithium
flux is applied on the entire crack surfaces. Figure S5 in the
Supplementary material shows that the localized lithium flux
over the crack surfaces causes a steeper concentration gradient,
resulting in higher stress. The higher stress results in an up to
11% overestimation of SIF when considering lithium flux over the
entire crack surfaces.
In conclusion, the effects (a) and (b) cancel each other, then
P2D with uncracked particles and lithium flux applied just on the
particle boundary is considered in the model.

• Crack influence on lithium diffusion. Fractures in the active
material particles can change the pathways for lithium move-
ment, both increasing or decreasing diffusion. This is because
cracks surfaces, filled by the electrolyte, lead to new electro-
chemically active interfaces, which results in a higher apparent
diffusion coefficient and a reduction of the pathway length for
lithium ions [77,78]. On the other hand, internal cracks may
interrupt the contact between active particles and conductive
additives causing a loss in ionic diffusion [16].
However, the crack influence on lithium diffusion pathways is
neglected in this work because it is not completely understood
and quantified in literature.

.2. P2D model results

The electrochemical behavior of LCO-graphite LIB during charge
nd discharge is simulated with the P2D model using LIONSIMBA,
onsidering crack-free active material. Starting from the full discharged
tate (0% SOC), the charge is performed by applying a positive constant
urrent density until the battery reaches the cutover voltage (4.2V),
hen the voltage is kept constant until the current drops below C/20.
imilarly, the LIB is discharged starting from the fully charged state
100% SOC) and a negative constant current density is applied until
he battery voltage drops below the cutoff voltage (3V).
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Table 2
P2D model parameters of the LCO-graphite LIB.
Parameter Cathode (LCO)

(𝑘 = 𝑝)
Separator
(𝑘 = 𝑠)

Anode (Graphite)
(𝑘 = 𝑛)

Geometry
Thickness 𝑡 80 μm 50 μm 88 μm
Particle radius 𝑅𝑘 5 μm [65] – 10 μm [66]
Active material fraction 𝜀𝑠,𝑘 0.7870 [67] – 0.6860 [67]
Filler fraction 𝜖𝑓,𝑘 0.028 [67] – 0.056 [67]
Mechanical coupling
Young’s Modulus 𝐸𝑘 125 GPa [65] – 15 GPa [68]
Poisson’s ratio 𝜈𝑘 0.3 GPa [65] – 0.3 GPa [68]
Partial molar volume 𝛺𝑘 −7.28 ⋅ 10−7 m3

mol
[69] – 4.253 ⋅ 10−6 m3

mol
[68]

Thermodynamic

Minimum stoichiometric limit 𝜃𝑚𝑖𝑛𝑘 =
( 𝑐𝑠,𝑘
𝑐max
𝑠,𝑘

)

𝑚𝑖𝑛
0.46 [67] – 0.0224 [67]

Maximum stoichiometric limit 𝜃max
𝑘 =

( 𝑐𝑠,𝑘
𝑐max
𝑠,𝑘

)

𝑚𝑎𝑥
0.9323 [67] – 0.7557 [67]

Maximum concentration 𝑐max
𝑠,𝑘 49934 mol

m3 [70] – 28700 mol
m3 [70]

Kinetics

Reaction rate 𝑘𝑒,𝑘 5 ⋅ 10−12 m2.5

mol0.5s
[70] – 5 ⋅ 10−12 m2.5

mol0.5s
[70]

Transport
Solid-phase diffusivity 𝐷𝑠,𝑘 5.387 ⋅ 10−15 m2

s
[71] – 3.9 ⋅ 10−14 m2

s
[17]

Solid-phase conductivity 𝜎𝑠,𝑘 10 S
m

[71] – 100 S
m

[17]
Electrolyte diffusivity 𝐷𝑒,𝑘 1.3 ⋅ 10−10 m2

s
[72] 1.3 ⋅ 10−10 m2

s
[72] 1.3 ⋅ 10−10 m2

s
[72]

Transference number 𝑡+ 0.363 [73] 0.363 [73] 0.363 [73]
Bruggemann coefficient 𝑏𝑟𝑢𝑔𝑔 1.5 [74] 1.5 [74] 1.5 [74]
Lithium flux, particle surface concentration, and maximum hoop
tress within the electrode are reported in Fig. 2 for SOC equal to 25%,
0%, and 75% during 1C charge. The results for discharge are reported
n Figure S6.

The P2D results demonstrate that lithiation and delithiation in LCO
nd graphite particles are not uniform. The lithium flux variation across
CO and graphite electrodes during delithiation is shown in Figs. 2a
nd S6b, respectively. Both LCO and graphite particles closer to the
eparator are subjected to the highest lithium flux at the beginning of
elithiation. Then, the lithium flux peak decreases, moves along the
lectrode thickness and gets closer and closer to the current collector
s long as the process proceeds. Finally, the lithium flux peak occurs
loser to the current collector at the end of the delithiation. Similarly,
he highest lithium flux occurs near the separator during lithiation, then
t gradually decreases and moves towards the particles closer to the
urrent collector, as shown in Fig. 2b and S6a. As a result, particles
loser to the separator are emptied faster during delithiation, exhibiting
ower surface concentration than the particles closer to the current
ollector, as shown in Figs. 2c and S6c. Vice versa during lithiation
Figs. 2d and S6d).

The non-homogeneous lithium flux influences the distribution of
echanical stress across the thickness of the electrodes. Figs. 3a, b and
c,d show the maximum tensile hoop stress as a function of DOD and
OC during 1C discharge and charge respectively, considering particles
ocated in three different spots across electrode thickness: near the
eparator, at the middle of the electrode, and near the current collector.
he results show that particles located near the separator experience
he highest hoop stress at the beginning of charge and discharge, being
he most dangerous from the fracture point of view.

Based on the above discussion, active material particles at different
ocations along the electrode thickness may suffer a different level of
racture because the hoop stress changes along the electrode thickness
uring LIB operation. This result cannot be achieved when the full
lectrochemistry of the LIB is neglected, namely using a simplified
lgebraic expression for lithium flux or the SPM approach, as it has
een done in some works in literature [52,53].

The effect of the mechanical-diffusive coupling on lithium flux, sur-
ace concentration, and maximum tensile hoop stress is also analyzed
nd shown in Figs. 2, S6, and 3. Lithium flux distributions obtained
y considering and neglecting the mechanical-diffusive coupling are
uite similar, as reported in Figs. 2a–b and S6 a–b. The similar trend is
8

mainly attributed to the similar surface lithium concentrations obtained
considering and neglecting the mechanical-diffusive coupling (2c–d and
S6 c–d), which gives similar OCV and exchange current density values.

On the other hand, mechanical-diffusive coupling strongly affects
DIS, as also demonstrated in previous authors’ works [10,12]. This is
because DIS and lithium transport are mutually coupled: the hydro-
static stress gradient always enhances lithium diffusion within particles,
decreasing the concentration gradient, which decreases the stress in
turn. Then, neglecting the mechanical-diffusion coupling gives higher
concentration gradient and higher hoop stress, as it is also shown in
Figures S7a–d and S8b–d, respectively.

The difference between the hoop stress values obtained using the
coupled and uncoupled models increases when the concentration gra-
dient increases, as shown in Fig. 3. The highest difference between
coupled and uncoupled hoop stress values occurs in particles near the
separator, because they experience the highest concentration gradient,
on the other hand, a slight difference exists at the beginning and at the
end of the charge and discharge, because of the more homogeneous
concentration distribution.

3.3. Fracture model results

The results of the FEM fracture model are reported in this section,
deepening the following topics:

• The influence of the mechanical-diffusive coupling.
• The crack growth stability.
• The influence of the operating conditions and geometric factors.

3.3.1. Influence of mechanical-diffusive coupling on fracture
Mechanics and lithium transport influence each other. The effect

of this mutual interaction on the fracture behavior of active material
particles is analyzed in this section.

The hydrostatic stress gradient always enhances lithium diffusion,
leading to lithium accumulation or reduction at the crack tip, according
to the sign of the partial molar volume (𝛺). This concept is qualitatively
explained in Fig. 4.

Referring to Fig. 4a, a central crack located in graphite particles
undergoes tensile stress and may propagate during lithium insertion.
On the other hand, a central crack located in LCO particles undergoes
tensile stress during lithium extraction. The hydrostatic stress at the
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Fig. 2. P2D simulation results of LCO-graphite LIB charged at 1C rate for different SOC levels. Distribution of (a)–(b) ionic flux (𝐽𝐿𝑖), (c)–(d) superficial normalized concentration
and (e)–(f) maximum tensile hoop stress (𝜎𝑐 ) on the particles surface across electrodes thickness.
crack tip (referred to as point 1 in Fig. 4a) is significantly higher than
n neighboring areas, i.e. a point located at a distance 𝑑𝑟 from the crack
ip (referred to as point 2 in Fig. 4a), according to the LEFM theory.
hen, the hydrostatic stress gradient ( 𝜕𝜎ℎ𝜕𝑟 ) is always negative in the
egion near the crack tip.

The contribution to diffusion of the hydrostatic stress gradient
−𝛺 𝜕𝜎ℎ

𝜕𝑟 ) is concordant with the sign of the lithium flux, then it concurs
to the incoming flux in the case of graphite (positive partial molar
volume), and to the outgoing flux in the case of LCO (negative partial
molar volume). As a result, lithium ions are driven to the crack tip and
accumulate during lithium insertion in graphite particles, leading to
higher lithium concentration in a small localized area. On the other
hand, lithium ions are pushed away from the crack tip during lithium
9

extraction in LCO particles, resulting in lower concentration than in
neighboring areas.

This analysis is also valid for lithium extraction from graphite
particles and lithium insertion in LCO particles with a superficial crack,
as explained in Fig. 4b. In this case, the hydrostatic stress gradient
( 𝜕𝜎ℎ𝜕𝑟 ) is positive, then the contribution of the hydrostatic stress gradient
(−𝛺 𝜕𝜎ℎ

𝜕𝑟 ) is discordant with the sign of lithium flux. Then lithium is
pushed toward the crack tip in graphite particle during extraction and
away from the crack tip in LCO particle during insertion.

Although the crack affects lithium concentration in graphite and
LCO particles according to the sign of the partial molar volume, the
respective change in lithium concentration has the same effect on the
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Fig. 3. Maximum tensile hoop stress as a function of DOD and SOC in particles at three spots across the electrode thickness: near the separator, at the middle of the electrode,
and near the current collector. (a) LCO and (b) graphite particles during 1C discharge. (c) LCO and (d) graphite particles during 1C charge. Dashed lines refer to the uncoupled
model and solid lines refer to the coupled model.

Fig. 4. Effect of mechanical-diffusive coupling on lithium diffusion near the crack tip region in graphite and LCO particle with (a) central crack during charge and (b) superficial
crack during discharge. The lithium flux is 𝐽𝐿𝑖 = −𝐷

(

𝜕𝑐
𝜕𝑟

−𝛺 𝜕𝜎ℎ
𝜕𝑟

𝑐
𝑅𝑔𝑇

)

and is positive if outgoing.
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Fig. 5. Concentration and hydrostatic stress distribution in LCO (a)–(c) and graphite (b)–(d) particles obtained with coupled and uncoupled models. Results are obtained for 1C
charge at SOC 50%. The radial distribution of concentration and hydrostatic stress along the A–B path are plotted in the diagrams beneath.
stress at the crack tip. Indeed, the extra lithium concentration driven
by the higher tensile stress at the crack tip in graphite particle causes
the area around the crack tip to expand (𝛺 is positive). The total
deformation keeps constant (left-hand side of Eq. (1)a) because the
lithium ions quantity which is inserted or extracted from the particle
keeps constant [13,79], then the rise of the volumetric expansion
caused by lithium accumulation (second term in the right-hand side
of Eq. (1)a), counterbalances the elastic deformation (first term of the
right-hand side of Eq. (1)a), leading to a reduction in the overall tensile
stress in the crack region. Similarly, the concentration drop at the crack
11
tip of LCO particles causes the material near the crack tip to expand
because of the negative partial molar volume, decreasing the elastic
component of deformation, and stress in turn.

Fig. 5 shows the concentration and hydrostatic stress distributions
in LCO and graphite particles during 1C charge at SOC 50%. Both the
particles have a central pre-existent crack (𝑎∕𝑅 = 0.1) and are located
close to the separator.

Lithium ions are driven (graphite) or pushed away (LCO) from the
crack tip when the mechanical-diffusive coupling is taken into account.
Then, lithium concentration at the crack tip is higher in graphite
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Fig. 6. Assessment of crack growth stability in graphite particles near the separator. 𝐾𝐼 as a function of normalized crack length (𝑎∕𝑅𝑛) during (a) charge and (c) discharge at
1C. Hoop stress distribution along the normalized radial coordinate 𝑟∕𝑅𝑛 during (b) charge and (d) discharge at 1C. The dotted line shows the where the hoop stress changes sign.
J
e

i
a

f
m
a

s
m
t
i
t
p

3

u
r
b
f

c
m
o

particles and lower in LCO particles, as depicted in the enlarged con-
centration profile in the upper part of Figs. 5a and b respectively. The
concentration distribution has a spherical symmetry and is not influ-
enced by the stress singularity away from the crack region. On the other
hand, lithium is just driven by the concentration gradient when the
mechanical-diffusive coupling is neglected and lithium concentration
is not influenced by the crack.

The highest difference between concentration values computed con-
sidering or neglecting the mechanical-diffusive coupling occurs at the
crack tip and is equal to 6% for LCO and 17% for graphite particles.
Then, the hydrostatic stress relaxes up to 36% in LCO and 43% in
graphite particles (Figs. 5c and d), due to the balance between elastic
and chemical deformation, as explained before.

Figure S9 shows the concentration and hydrostatic stress distribu-
tions in LCO and graphite particles during 1C discharge at DOD 50%.
Both particles are located near the separator and have a superficial
crack (𝑎∕𝑅 = 0.1). The results are similar to the ones obtained during
the charge. Indeed, lithium diffusion is not affected by the stress singu-
larity when the mechanical-diffusive coupling is neglected and there is
no jump in lithium concentration at the crack tip, on the other hand, the
mechanical-diffusive coupling increases and decreases the concentra-
tion at the crack tip in graphite and LCO particles, respectively (Figures
S9a and b).

The relaxation of the hydrostatic tensile stress caused by the change
in the local concentration at the crack tip during discharge is up to 29%
nd 30% for LCO and graphite particles, respectively (Figures S9c and
).

Based on the above discussion, the driving force for crack growth
s expected to decrease when the mechanical-diffusive coupling is
onsidered due to the decrease in the stress field at the crack tip, as
t will be further discussed in Section 3.3.4.
12
3.3.2. Path-independence of the mechanical-diffusive J-integral
The mode-I SIF (𝐾𝐼 ) is computed with the mechanical-diffusive

-integral (𝐽𝑀𝐷) once lithium concentration distribution is obtained,
xploiting the thermal analogy as previously explained in Section 2.2.

The path-independence property of the 𝐽𝑀𝐷 is verified by checking
ts convergence over different independent contours, characterized by
n increasing distance from the crack region.

Figures S10a–b show the 𝐽𝑀𝐷 values computed over eight contours
or LCO and graphite particles with central crack during charge (2D
odel). The results show that the 𝐽𝑀𝐷 converges to a constant value

fter the fifth contour, meaning that it is path-independent.
Figures S10c, d show the 𝐽𝑀𝐷 distribution along the front of the

uperficial crack in LCO and graphite particles during discharge (3D
odel). The 𝐽𝑀𝐷 distribution is not uniform along the crack front in

he 3D model and it has the highest values on the particle surface,
.e. where the hoop stress is maximum. Furthermore, the matching of
he J-integral values computed from the third contour demonstrates the
ath independence.

.3.3. Stability of crack growth
Generally speaking, crack propagation can be classified as stable or

nstable. Crack growth stability depends on the evolution of SIF with
espect to the crack length (𝑎), on the geometry, loading, and material
ehavior. Unstable crack growth should be avoided to prevent rapid
racture of active material particles and fast LIB degradation.

When static loading is considered, cracks propagate when SIF over-
omes the fracture toughness (𝐾 > 𝐾𝑐). Furthermore, the propagation
ay be unstable if SIF increases with the crack length ( 𝜕𝐾𝜕𝑎 > 0),

therwise it is stable [80].
Then, the variation of 𝐾𝐼 with respect to the crack length 𝑎 during

charge/discharge is computed to assess the crack growth stability.
Figs. 6a,c shows the maximum 𝐾𝐼 occurring during LIB charge and
discharge at 1C as a function of the normalized crack length (𝑎∕𝑅),
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Fig. 7. Influence of current rates and particle radius on 𝐾𝐼 . 𝐾𝐼 as a function of SOC during charge at different C-rates: (a) LCO and (b) graphite particles with central crack. 𝐾𝐼
s a function of DOD during discharge at different C-rates: (c) LCO and (d) graphite particles with superficial crack. 𝐾𝐼 as a function of SOC during 1C charge at different particle
adii: (e) LCO and (f) graphite particles with central crack. Dashed lines refer to the uncoupled model and solid lines refer to the coupled model.
onsidering graphite particles with central and superficial crack, respec-
ively. The particles are located near the separator, which is the most
tressed region as previously reported in Section 3.2. Furthermore, 𝐾𝐼
alues computed using the 3D model refer to the inner point along the
rack front.

Referring to the case of the particle with a central crack during
ithium insertion (Figs. 6a, b), the results show that a longer initial
rack leads to greater 𝐾𝐼 as long as the normalized crack length is lower
han 𝑎∕𝑅 = 0.5, then the increase in crack length leads to a decrease in
𝐼 . Similarly, considering the particle with a superficial crack during

ithium extraction (Figs. 6c, d), 𝐾𝐼 increases as long as the crack tip
osition is close enough to the surface, i.e. 𝑎∕𝑅 is lower than 0.2, then
𝐼 decreases as the crack tip gets closer to the particle center.

The 𝐾𝐼 variation with respect to the normalized crack length in
CO particle has the same trend and is reported in Figure S11 of the
upplementary material for the sake of completeness.

The 𝐾𝐼 variation reported in Figs. 6 and S11 can be explained as
ollows. Remembering that the generic expression of mode-I SIF is equal
o 𝐾𝐼 = 𝜎𝑐𝑌

√

𝑎, (where 𝑌 is the geometric factor), 𝐾𝐼 increases if the
crack length (𝑎) and the hoop stress (𝜎𝑐) increase. The value of the hoop
stress (𝜎𝑐) is not constant within the particle but it changes according
to the radial coordinate, namely, it decreases and becomes compressive
going from the particle core to the surface during charge (Fig. 6b and
S11b) and going from the particle surface to the core during discharge
(Fig. 6d and S11d). Then, longer central cracks experience lower hoop
stress than smaller cracks as the crack tip of longer cracks is closer to
the surface. The same happens in the case of superficial cracks, namely
13
the crack tip of longer superficial cracks experiences lower hoop stress
as it gets closer to the particle center. As a result, the increase in the
crack length increases the 𝐾𝐼 as long as it balances the decrease in the
hoop stress.

Considering that unstable crack growth occurs when the slope of K
with respect to a is positive ( 𝜕𝐾𝜕𝑎 > 0), unstable growth is likely when
SIF overcomes the fracture toughness, according to Figs. 6 and S11.
Indeed, 𝜕𝐾

𝜕𝑎 becomes negative beyond 𝑎∕𝑅 = 0.5 in insertion, which is
a non-physical initial crack length, and 𝜕𝐾

𝜕𝑎 becomes negative beyond
𝑎∕𝑅𝑛 = 0.2 in extraction, which is still a very long initial crack size.

However, it is very unlikely that SIF can overcome the fracture
toughness and the case is limited to extremely high current rates. In-
deed, fracture toughness is 0.79 MPa m1∕2 for graphite [81] and ranges
between 0.26 and 1.04 MPa m1∕2 for LCO [82]. Then, significant crack
propagation in a single cycle is unlikely, but fatigue due to repeated
charge and discharge cycles is the main cause of crack propagation at
practical current rates.

3.3.4. Influence of the operating condition and geometric factors
Fig. 7 shows the mode-I SIF (𝐾𝐼 ) as a function of SOC during LIB

charge (Figs. 7a–b) and discharge (Figs. 7c–d) at different C-rates. LCO
and graphite particles with internal (during charge) and superficial
(during discharge) cracks of 𝑎∕𝑅 = 0.1 are considered. Particles located
near the separator are analyzed, being the most severe condition from
the fracture point of view, as characterized by higher stress according
to the results of Section 3.2. Furthermore, 𝐾𝐼 values computed using
the 3D model refer to the inner point along the crack front.
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Fig. 8. 𝐾𝐼 in LCO and graphite particles near the separator interface as a function of particle radius and current rate. (a) LCO and (b) graphite during charge; (c) LCO and (d)
raphite during discharge.
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The results show that 𝐾𝐼 is not constant during LIB charge and dis-
charge, following the same trend of the hoop stress (Fig. 3). The C-rate
affects the value of 𝐾𝐼 , as higher C-rate causes higher concentration
gradients within active material particles, resulting in higher stress,
then higher 𝐾𝐼 . This trend is also confirmed by some experimental [27,
3,84] and numerical [85] works, showing that higher C-rates increase
racture and accelerate the LIB performance decay.

Fig. 7 also shows the comparison between 𝐾𝐼 values obtained con-
sidering and neglecting the mechanical-diffusive coupling. The results
demonstrate that 𝐾𝐼 is overestimated when the mechanical-diffusive
oupling is neglected. This is because the uncoupled model predicts
igher hoop stress due to the higher concentration gradient, as well
s it does not capture the decrease in the hoop stress near the crack
ip due to the redistribution of lithium ions. For example, 𝐾𝐼 is over-
stimated up to 31% and 78% in LCO and graphite particles during 1C
harge, respectively. Furthermore, the overestimation of 𝐾𝐼 is not con-
tant throughout the SOC (or DOD) range: a slight difference between
oupled and uncoupled results exists at the beginning of charge (or
ischarge) due to the lower concentration gradient, then the difference
ncreases at higher SOC (or DOD).

The variation of 𝐾𝐼 in LCO and graphite particles with different
adii during 1C charge is reported in Figs. 7e and f, respectively. The
esults show that 𝐾𝐼 increases as the particle radius increases, because
he concentration gradient, as well as the hoop stress, increase with
ncreasing the particle radius. Then, larger particles are more detrimen-
al from the fracture point of view, which is in agreement with some
xperimental works [86] (https://doi.org/10.1002/batt.202300203).

Fig. 8 shows the maximum 𝐾𝐼 during charge and discharge in LCO
nd graphite particles located near the separator, as a function of the
article radius and current rate. The range of particle radii is based on
he minimum and maximum values found in the literature to quantify
14
the influence of particle size and current rate on fracture, aiming to
provide practical suggestions for the electrode design.

The results show that 𝐾𝐼 has a linear trend with respect to the
urrent rate. Furthermore, particle size has a significant detrimental
ffect on fracture. This result underlines how the current rate and
article size have a significant impact on fracture and can play a
trategic role in the electrode design.

Considering that the maximum C-rate is a LIB requirement estab-
ished by the manufacturer, it should be kept as low as possible during
peration to limit fracture. From the electrode design point of view,
iven the maximum current rate, the particle size should be chosen
ccordingly to achieve the admitted level of fracture. Furthermore,
article size should be reduced especially near the separator as this
s the most stressed region, although it could be challenging from the
anufacturing point of view.

However, it is important to point out that electrode with smaller
ctive material particles result in LIB with lower tap density and
nergy density. Furthermore the electrode would require more support-
ng materials (conductive carbon and binder) and would result in a
igher manufacturing cost [87]. In addition, smaller particles are more
rone to side-reaction with the electrolyte due to the increased surface
rea [88]. Then, the reduction of particle size may improve the life
erformance of LIBs because it decreases fracture, but a very small
article size could be negative from the cost and the electrochemical
erformance point of view. As a consequence, the particle size has
o be chosen according to the different LIBs applications and the
vailable manufacturing process in order to have LIBs with the best
lectrochemical performance and the longest cycle life.

. Conclusion

A multi-physics and multi-scale model is presented in this work
o study fracture in electrode active material of LIBs. The model is

https://doi.org/10.1002/batt.202300203
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Table A.3
Governing equations of the P2D model for LIBs [63]. Subscripts 𝑛, 𝑝, and 𝑠 stand for the anode, separator and cathode, respectively, whereas subscripts 𝑎 and 𝑧 stand for the
positive and negative current collector, respectively.

Description Governing equations Boundary conditions

Active material particles, 𝑖 ∈ {𝑝, 𝑛}

Mass conservation 𝜕𝑐𝑠,𝑘
𝜕𝑡

= ∇ ⋅
[

𝐷eff
𝑠,𝑖

( 𝜕𝑐𝑠,𝑘
𝜕𝑟

− 𝛺𝑘𝑐𝑠,𝑘
𝑅𝑇

𝜕𝜎ℎ,𝑖
𝜕𝑟

)

]

(A.1)
𝐷eff

𝑠,𝑖
( 𝜕𝑐𝑠,𝑘

𝜕𝑟
− 𝛺𝑘𝑐𝑠,𝑘

𝑅𝑇
𝜕𝜎ℎ,𝑖
𝜕𝑟

)

|

|

|𝑟=0
= 0,

𝐷eff
𝑠,𝑖

( 𝜕𝑐𝑠,𝑘
𝜕𝑟

𝑐𝑠,𝑘 −
𝛺𝑘𝑐𝑠,𝑘
𝑅𝑇

𝜕𝜎ℎ,𝑖
𝜕𝑟

)

|

|

|𝑟=𝑅𝑝,𝑖
= −𝐽𝐿𝑖,𝑘

Charge conservation 𝜕
𝜕𝑥

(

𝜎eff
𝑠,𝑖

𝜕𝛷𝑠,𝑖

𝜕𝑥

)

= 𝑎𝑠,𝑘𝐽𝐿𝑖,𝑘 (A.2)
𝜎eff
𝑠,𝑖

𝜕𝛷𝑠,𝑖

𝜕𝑥
)||
|𝑥=0, 𝑙𝑝+𝑙𝑠+𝑙𝑛

= 𝐼𝑖 ,

𝜎eff
𝑠,𝑖

𝜕𝛷𝑠,𝑖

𝜕𝑥
)||
|𝑥=𝑙𝑝 , 𝑙𝑝+𝑙𝑠

= 0

Electrolyte, 𝑖 ∈ {𝑝, 𝑠, 𝑛}

Mass conservation 𝜖𝑒,𝑖
𝜕𝑐𝑒,𝑖
𝜕𝑡

= 𝜕
𝜕𝑥

(

𝐷eff
𝑒,𝑖

𝜕𝑐𝑒,𝑖
𝜕𝑥

)

+ 𝑎𝑠,𝑘(1 − 𝑡+)𝐽𝐿𝑖,𝑘 (A.3)
𝜕𝑐𝑒,𝑖
𝜕𝑥

|

|

|𝑥=0, 𝑙𝑝+𝑙𝑠+𝑙𝑛
= 0

Charge conservation 𝜕
𝜕𝑥

[

𝜅eff
𝑒,𝑖

(

𝜕𝛷𝑒,𝑖

𝜕𝑥
− 2(1−𝑡+ )𝑅𝑔𝑇

𝐹
𝜕 ln(𝑐𝑒,𝑖 )

𝜕𝑥

)]

= −𝑎𝑠,𝑘𝐽𝐿𝑖,𝑘 (A.4)

𝜕𝛷𝑒,𝑖

𝜕𝑥
|

|

|𝑥=0, 𝑙𝑝+𝑙𝑠+𝑙𝑛
= 0,

𝛷𝑒,𝑖
|

|

|𝑥=0, 𝑙𝑝+𝑙𝑠+𝑙𝑛
= 0

Reaction kinetics

Butler-Volmer 𝐽𝐿𝑖,𝑘 =

{

2 𝑖0,𝑖
𝐹

sinh 0.5𝐹
𝑅𝑇

𝜂𝑖 𝑖 ∈ {𝑝, 𝑛}
0 𝑖 = 𝑠

(A.5) –

Exchange current 𝑖0,𝑖 = 𝐹𝑘eff𝑖

[

𝑐𝑒,𝑖𝑐surf𝑠,𝑖

(

𝑐max
𝑠,𝑖 − 𝑐surf𝑠,𝑖

)]0.5
(A.7) –

Overpotential 𝜂𝑖(𝑥, 𝑡) = 𝛷𝑠,𝑖(𝑥, 𝑡) −𝛷𝑒,𝑖(𝑥, 𝑡) − 𝑈𝑖 , 𝑖 ∈ {𝑝, 𝑠} (A.7) –

Thermal equations

Energy balance
(active material)
𝑖 ∈ {𝑝, 𝑛}

𝜌𝑖𝐶𝑝,𝑖
𝜕𝑇
𝜕𝑡

= 𝜕
𝜕𝑥

[

𝜆𝑖
𝜕𝑇
𝜕𝑥

]

+𝑄𝑜ℎ𝑚 +𝑄𝑟𝑥𝑛 +𝑄𝑟𝑒𝑣 (A.8)
−𝜆𝑧

𝜕𝑇
𝜕𝑥
|

|

|𝑥=0−
= −𝜆𝑝

𝜕𝑇
𝜕𝑥
|

|

|𝑥=0+

−𝜆𝑛
𝜕𝑇
𝜕𝑥
|

|

|𝑥=𝑙−𝑛
= −𝜆𝑧

𝜕𝑇
𝜕𝑥
|

|

|𝑥=𝑙+𝑛

Energy balance
(separator)
𝑖 = 𝑠

𝜌𝑖𝐶𝑝,𝑖
𝜕𝑇
𝜕𝑡

= 𝜕
𝜕𝑥

[

𝜆𝑖
𝜕𝑇
𝜕𝑥

]

+𝑄𝑜ℎ𝑚 (A.9)
−𝜆𝑝

𝜕𝑇
𝜕𝑥
|

|

|𝑥=𝑙−𝑝
= −𝜆𝑠

𝜕𝑇
𝜕𝑥
|

|

|𝑥=𝑙+𝑝

−𝜆𝑠
𝜕𝑇
𝜕𝑥
|

|

|𝑥=𝑙−𝑠
= −𝜆𝑛

𝜕𝑇
𝜕𝑥
|

|

|𝑥=𝑙+𝑠

Energy balance
(current collectors)
𝑖 ∈ {𝑎, 𝑧}

𝜌𝑖𝐶𝑝,𝑖
𝜕𝑇
𝜕𝑡

= 𝜕
𝜕𝑥

[

𝜆𝑖
𝜕𝑇
𝜕𝑥

]

+ 𝐼2𝑖
𝜎eff
𝑠,𝑖

(A.10)
−𝜆𝑎

𝜕𝑇
𝜕𝑥
|

|

|𝑥=0
= ℎ

(

𝑇𝑟𝑒𝑓 − 𝑇
)

−𝜆𝑧
𝜕𝑇
𝜕𝑥
|

|

|𝑥=𝑙𝑝+𝑙𝑠+𝑙𝑛
= ℎ

(

𝑇 − 𝑇𝑟𝑒𝑓
)

Ohmic heat
(active material)
𝑖 ∈ {𝑝, 𝑛}

𝑄𝑜ℎ𝑚 = 𝜎eff
𝑠,𝑖

(

𝜕𝛷𝑠,𝑖

𝜕𝑥

)2
+ 𝜅eff

𝑒,𝑖

(

𝜕𝛷𝑒,𝑖

𝜕𝑥

)2
+

2𝜅eff
𝑒,𝑖 𝑅𝑇

𝐹
(1 − 𝑡+)

𝜕 ln 𝑐𝑒,𝑖
𝜕𝑥

𝜕𝛷𝑒,𝑖

𝜕𝑥
(A.11) –

Ohmic heat
(separator)
𝑖 = 𝑠

𝑄𝑜ℎ𝑚 = 𝜅eff
𝑒,𝑖

(

𝜕𝛷𝑒,𝑖

𝜕𝑥

)2
+

2𝜅eff
𝑒,𝑖 𝑅𝑇

𝐹
(1 − 𝑡+)

𝜕 ln 𝑐𝑒,𝑖
𝜕𝑥

𝜕𝛷𝑒,𝑖

𝜕𝑥
(A.12) –

Reaction heat
(active material)
𝑖 ∈ {𝑝, 𝑛}

𝑄𝑟𝑥𝑛 = 𝑎𝑠,𝑘𝐽𝐿𝑖,𝑘𝜂𝑖 (A.13) –

Reversible heat
(active material)
𝑖 ∈ {𝑝, 𝑛}

𝑄𝑟𝑒𝑣 = 𝑎𝑠,𝑘𝐽𝐿𝑖,𝑘𝑇
𝜕𝑈𝑖

𝜕𝑇
|

|

|𝑇𝑟𝑒𝑓
(A.14) –
general and applicable to LIBs with different electrode materials by
choosing the proper material and geometric parameters. LCO-graphite
LIB is chosen as case study in this work.

The full LIB electrochemistry is modeled according to the P2D
model to compute the lithium flux on particles as a function of the
electrode thickness, later used as the boundary condition of the coupled
mechanical-diffusive FEM fracture model. This allows computing the
fracture behavior due to the real LIB usage.

The mechanical-diffusive coupling considered in the model causes
the reduction of the hoop stress due to the lower concentration gra-
dient in the particle and the redistribution of lithium ions at the
crack tip caused by the higher stress near the crack tip. The results
demonstrate that the mode-I SIF is overestimated up to 50% when the
mechanical-diffusive coupling is neglected.

The propagation of the crack due to static loading and its sta-
bility is studied, demonstrating that the propagation due to a single
(de)lithiation cycle is very unlikely, as SIF does not overcome the frac-
ture toughness at practical current rates, but when it occurs (limited to
extremely high current rates), the propagation is likely to be unstable.
Fatigue because of repeated charge/discharge cycles occurring when
15
SIF is lower than the fracture toughness is the most likely cause of crack
propagation.

Finally, the effect of current rate and particle size on SIF are quan-
tified. Both have a significant impact on SIF and on the likelihood to
cause fracture, then current rate and particle size could be ideally kept
as low as possible. Assuming that the current rate is a LIB requirement,
particle size can be designed accordingly in order to limit fracture
and improve LIB life. In general, a trade-off on particle size has to be
made in the electrode design, as smaller particles improve the fracture
behavior but worsen the electrochemical performance and increase the
manufacturing cost.
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Table A.4
Thermal dependence of Open Circuit Voltage (OCV) [63]. Subscript 𝑝 and 𝑛 refers to cathode and anode, respectively.
Open circuit potential

𝑈𝑖 = 𝑈𝑖,𝑟𝑒𝑓 + (𝑇 − 𝑇𝑟𝑒𝑓 )
𝜕𝑈𝑖

𝜕𝑇
|

|

|𝑇𝑟𝑒𝑓
𝑖 ∈ {𝑝, 𝑛} (A.15)

𝑈𝑝,𝑟𝑒𝑓 = 4.04596 + exp(−42.30027 ⋅ 𝜃𝑝 + 16.56714) − 0.048 ⋅ (50.01833 ⋅ 𝜃𝑝 − 26.48897)+
−0.05447(18.99678 ⋅ 𝜃𝑝 − 12.32362) − exp(78.240895 ⋅ 𝜃𝑝 − 78.68074) (A.16)

𝑈𝑛,𝑟𝑒𝑓 = 0.124 + 1.5 exp
(

−150 ⋅ 𝜃𝑛
)

+ 0.0155 tanh
(

𝜃𝑛−0.105
0.029

)

− 0.011 tanh
(

𝜃𝑛−0.124
0.0226

)

+

−0.102 tanh
(

𝜃𝑛−0.194
0.142

)

+ 0.0347 tanh
(

𝜃𝑛−0.286
0.083

)

− 0.0147 tanh
(

𝜃𝑛−0.5
0.034

)

+

−0.0045 tanh
(

𝜃𝑛−0.9
0.119

)

− 0.022 tanh
(

𝜃𝑛−0.98
0.0164

)

− 0.035 tanh
(

𝜃𝑛−0.99
0.05

)

(A.17)

𝜕𝑈𝑝

𝜕𝑇
|

|

|𝑇𝑟𝑒𝑓
= −0.001

(

0.199521039 − 0.928373822 ⋅ 𝜃𝑝 + 1.364550689000003 ⋅ 𝜃2𝑝 − 0.6115448939999998 ⋅ 𝜃3𝑝 )
1 − 5.661479886999997 ⋅ 𝜃𝑝 + 11.47636191 ⋅ 𝜃2𝑝 − 9.82431213599998 ∗ 𝑡ℎ𝑒𝑡𝑎3𝑝 + 3.048755063 ⋅ 𝜃4𝑝

)

(A.18)

𝜕𝑈𝑛

𝜕𝑇
|

|

|𝑇𝑟𝑒𝑓
=

0.001
⎛

⎜

⎜

⎝

0.005269056 + 3.299265709𝜃𝑛 − 91.79325798𝜃2𝑛 + 1004.911008𝜃3𝑛 − 5812.278127𝜃4𝑛+
19329.7549𝜃5𝑛 − 37147.8947𝜃6𝑛 + 38379.18127𝜃7𝑛 − 16515.05308𝜃8𝑛

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

1 − 48.09287227𝜃𝑛 + 1017.234804𝜃2𝑛 − 10481.80419𝜃3𝑛 + 59431.3𝜃4𝑛−
195881.6488𝜃5𝑛 + 374577.3152𝜃6𝑛 − 385821.1607𝜃7𝑛 + 165705.8597𝜃7𝑛

⎞

⎟

⎟

⎠

(A.19)

𝜃𝑝 =
𝑐𝑠,𝑝
𝑐max
𝑠,𝑝

(A.20)

𝜃𝑛 =
𝑐𝑠,𝑛
𝑐max
𝑠,𝑛

(A.21)
Table A.5
Effective P2D model coefficients with correction for thermal effects [63]. Subscripts 𝑝, 𝑠, 𝑛 stand for cathode, separator and
anode, respectively.

Coefficients

𝐷eff
𝑠,𝑖 = 𝐷𝑠,𝑘 exp

−𝐸𝑎

𝑅

(

1
𝑇
− 1

𝑇𝑟𝑒𝑓

)

𝑖 ∈ {𝑝, 𝑛} (A.22)

𝜎eff
𝑠,𝑖 = 𝜎𝑠,𝑘(1−𝜀𝑠,𝑖−𝜀𝑓,𝑖 ) 𝑖 ∈ {𝑝, 𝑛} (A.23)

𝐷eff
𝑒,𝑖 = 𝜀𝑏𝑟𝑢𝑔𝑔𝑖𝑠,𝑖 ⋅ 10−4 ⋅ 10−4.43−

54
𝑇−229−5⋅10−3 𝑐𝑒

−0.22⋅10−3𝑐𝑒 𝑖 ∈ {𝑝, 𝑠, 𝑛} (A.24)

𝜅eff
𝑒,𝑖 = 𝜀𝑏𝑟𝑢𝑔𝑔𝑖𝑠,𝑖 ⋅ 10−4 ⋅ 𝑐𝑒

⎛

⎜

⎜

⎝

−10.5 + 0.668 ⋅ 10−3 ⋅ 𝑐𝑒 + 0.494 ⋅ 10−6𝑐2𝑒
(0.074 − 1.78 ⋅ 10−5𝑐𝑒 − 8.86 ⋅ 10−10𝑐2𝑒 )𝑇+

(−6.96 ⋅ 10−5 + 2.8 ⋅ 10−8𝑐𝑒)𝑇 2

⎞

⎟

⎟

⎠

2

𝑖 ∈ {𝑝, 𝑠, 𝑛} (A.25)

𝑘eff𝑖 = 𝑘𝑖 exp
−𝐸𝑎

𝑘𝑖

(

1
𝑇
− 1

𝑇𝑟𝑒𝑓

)

𝑖 ∈ {𝑝, 𝑠} (A.26)
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