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In this contribution we propose an accurate and efficient numerical evaluation of 6-D reaction integrals that appear
in the Method of Moment (MoM) discretization of Volume Integral Equations (VIEs).

The usual numerical approach is to first carefully evaluate the inner 3-D integral, properly treating any singular
or near-singular behavior of its integrand. Then, the outer integral is simply evaluated via a standard quadrature
scheme. However, the inner integral (i.e. the integrand of the outer one) can have unbounded values or unbounded
derivatives, in particular at its domain boundaries, and, hence, the straightforward numerical evaluation of the
outer 3-D integral, via e.g. a Gauss-Legendre quadrature scheme, can be inefficient for source and test domains
with a common face, edge or vertex.

Here, we propose a novel paradigm where the 6-D MoM reaction integral is rewritten in terms of a sum of double
surface (4-D) integrals, each with two radial inner integrals, via the application of the divergence theorem to the
initial volumetric inner and outer integrals. The proposed approach has been successfully applied by the authors
to the MoM discretization of surface integral equations in [1] and [2]; it also has some similarities with the work
reported in [3]. In fact, the two radial inner integrals can be evaluated analytically, reducing the integral
dimensionality from 6-D to 4-D.

In this contribution, we investigate the efficient numerical evaluation of the double surface integrals resulting once
the radial ones have been evaluated analytically. First of all, each surface integration domain is parametrized with
respect to a variable z, along the axis of intersection of the two planes containing the domains, and a radial variable
p along an axis orthogonal to the z-axis and in the domain plane. In this way, the double surface integrals are
rewritten as four-line integrals, the outer ones in z and z” and the inner ones in p and p'. This novel integral
expression allows reuse of the efficient variable transformation proposed in [1] to accelerate the numerical
evaluation of reaction integrals in the case of coplanar surface elements.

The proposed approach has been extensively numerically tested and shows high accuracies also in the critical
cases of source and test domains with a face, an edge or a vertex in common.
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