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Quantum spin circulator in Y junctions of Heisenberg chains
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We show that a quantum spin circulator, a nonreciprocal device that routes spin currents without any charge
transport, can be achieved in Y junctions of identical spin-1/2 Heisenberg chains coupled by a chiral three-spin
interaction. Using bosonization, boundary conformal field theory, and density matrix renormalization group
simulations, we find that a chiral fixed point with maximally asymmetric spin conductance arises at a critical
point separating a regime of disconnected chains from a spin-only version of the three-channel Kondo effect. We
argue that networks of spin-chain Y junctions provide a controllable approach to construct long-sought chiral
spin-liquid phases.

DOI: 10.1103/PhysRevB.97.220402

Introduction. The spin-1/2 Heisenberg chain represents an
analytically accessible model of basic importance in condensed
matter theory [1]. By now, many experimental and theoretical
works have contributed to a rather complete understanding of
this model, including the effects of boundaries and junctions
of two chains [2]. However, little attention has been devoted
to quantum junctions formed by more than two Heisenberg
chains. In fact, recent theoretical developments provide hints
that interesting physics should be expected in that direction:
First, multichannel Kondo fixed points have been predicted
for junctions of anisotropic spin chains [3–6]. Second, elec-
tronic charge transport through junctions of three quantum
wires is governed by a variety of nontrivial fixed points
which cannot be realized in two-terminal setups [7–16]. As
spin currents in antiferromagnets can be induced by spin
pumping [17] or by the longitudinal spin Seebeck effect
[18], it is both an experimentally relevant and fundamental
question to determine nontrivial fixed points governing spin
transport in junctions of multiple spin chains. In particular,
we are interested in the possibility of realizing a circulator
for spin currents. While circulators have been discussed for
photons [19–21] and for quantum Hall edge states [22,23],
we are not aware of existing proposals for spin circulators.
Once realized, a spin circulator has immediate applications
in the field of spintronics [24], which has recently turned
to the study of charge-insulating antiferromagnetic materials
[25–27].

In this Rapid Communication, we study Y junctions of
spin-1/2 Heisenberg chains coupled at their ends by spin-
rotation [SU(2)] invariant interactions. We assume identical
chains such that the junction is Z3 symmetric under a cyclic
exchange. These conditions are respected by a chiral three-spin
coupling Jχ [see Eq. (1) below], which breaks time-reversal
(T ) symmetry and can be tuned from weak to strong coupling,
e.g., by changing an Aharonov-Bohm flux [28–30]. Apart from
condensed matter systems, such Y junctions can also be studied
in ultracold atom platforms [31], where Heisenberg chains
[32–34] and multispin exchange processes [35] have recently

been realized. We use three complementary theoretical ap-
proaches, namely, bosonization [1], boundary conformal field
theory (BCFT) [36–40], and density matrix renormalization
group (DMRG) simulations [41,42].

Before entering a detailed discussion, we briefly describe
our main conclusions [see Fig. 1(a)]: (i) We find two stable
fixed points with emergent T symmetry. For small |Jχ |, the
renormalization group (RG) flow is towards the fixed point
of open boundary conditions (O) representing disconnected
chains. For large |Jχ |, however, the system flows towards
a spin-chain version of the three-channel Kondo fixed point
[38], referred to as the K point in what follows. So far
only the two-channel Kondo effect with spin chains has been
studied [2,40,43]. (ii) Both stable points are separated by an
unstable chiral fixed point at intermediate coupling |Jχ | = J c

χ ,
where the circulation sense is determined by the sign of Jχ .
DMRG simulations give J c

χ/J = 3.11(1), where J > 0 is
the bulk exchange coupling. (iii) Although the chiral point
is unstable, it determines the physics over a wide regime
of intermediate values of Jχ . It then realizes an ideal spin
circulator, where incoming spin currents are scattered in a
chiral (left- or right-handed) manner around the Y junction.
(iv) These findings provide a key step towards realizing a
chiral spin liquid (CSL), an exotic phase of frustrated quantum
magnets [28,44–51]. Our spin circulator provides a building
block for network constructions of CSLs [cf. Fig. 1(b)],
where the chirality of each Y junction can be individually
addressed.

Model. We employ the Hamiltonian H = H0 + Hc, where
H0 = ∑

j,α(JSj,α · Sj+1,α + J2Sj,α · Sj+2,α) describes three
(α = 1,2,3) identical semi-infinite Heisenberg chains (lattice
sites j = 1,2, . . .). In numerical studies, it is convenient to tune
the next-nearest-neighbor coupling J2 = 0.2412J to suppress
logarithmic corrections present for J2 = 0 [2]. The part Hc

captures couplings between the boundary spin-1/2 operators
Sα ≡ Sj=1,α . We require Hc to preserve spin-SU(2) invariance
and Z3 symmetry under a cyclic chain exchange, α → α + 1
with Sα=4 = S1. These conditions allow for a T -breaking
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FIG. 1. Y junction and network. (a) Schematic illustration of the
phase diagram. For Jχ < J c

χ , the system flows to open boundary
conditions (O fixed point), while for Jχ > J c

χ , the three-channel
Kondo (K) point is approached. The two stable fixed points are
separated by an unstable chiral (C) fixed point at Jχ = J c

χ . (b) A
network of Y junctions with uniform Jχ tuned to the C point realizes
a chiral spin liquid.

three-spin coupling Jχ ,

Hc = JχĈ, Ĉ = S1 · (S2 × S3), (1)

where Ĉ is the scalar spin chirality of the boundary spins
[28]. We note that Jχ breaks reflection (P) symmetry, defined
as an exchange of chains 1 and 2, but H is invariant under
the composite PT symmetry. The Jχ interaction could be
realized as an effective Floquet spin model for Mott insulators
pumped by circularly polarized light [30]. In principle, the
ratio Jχ/J can be made arbitrarily large by varying bulk and
boundary parameters independently. The above symmetries
also allow for a T -invariant boundary exchange coupling
term,J ′ ∑

α Sα · Sα+1. However, sinceJ ′ does not qualitatively
change our conclusions, we set J ′ = 0 below [52].

Weak coupling. Let us start with the weak-coupling limit,
|Jχ | � J . In the low-energy continuum limit and for decou-
pled chains, spin operators take the form (x = ja with lattice
constant a) [1]

Sα(x) = JL,α(x) + JR,α(x) + (−1)j nα(x), (2)

where chiral spin currents JL/R,α(x) represent the smooth
part and nα(x) the staggered magnetization. Using Abelian
bosonization, we express these operators in terms of chiral
bosons ϕL/R,α(x) or, equivalently, dual fields φα(x) = (ϕL,α −
ϕR,α)/

√
2 and θα(x) = (ϕL,α + ϕR,α)/

√
2 [1]. With the

nonuniversal constant A ∼ 1/a and ν = L/R = +/−, one
finds

J z
ν,α(x) = ν√

4π
∂xϕν,α, J±

ν,α(x) = 1

2πa
e±i

√
4πϕν,α ,

nz
α(x) = A sin[

√
2πφα], n±

α (x) = Ae±i
√

2πθα . (3)

For Jχ = 0, open boundary conditions at x = 0 are imposed by
writing ϕR,α(x) = ϕL,α(−x) + ϕ0 [1], where SU(2) invariance
requires ϕ0 = 0 or ϕ0 = √

π . In terms of SU(2) currents, we
have JR,α(x) = JL,α(−x). The effective low-energy Hamilto-
nian can be written as H0 � (2πv/3)

∑
α

∫ +∞
−∞ dx J2

L,α , where
v ≈ 1.17Ja [2] is the spin velocity for J2 = 0.2412J . This
model has a central charge c = 3 corresponding to three
decoupled SU(2)1 Wess-Zumino-Novikov-Witten (WZNW)
models [1,53]. We can then analyze the perturbations to the O
point that arise for |Jχ | � J . Boundary spin operators follow

from Eq. (2) as Sα ∝ JL,α(0) [2]. The three-spin interaction
∼JχJL,1(0) · [JL,2(0) × JL,3(0)] has scaling dimension three
and is irrelevant. In fact, it is more irrelevant than the leading
T -invariant perturbation

∑
α JL,α(0) · JL,α+1(0) (dimension

two), which is generated by the RG to second order in Jχ .
Strong coupling. Next, we address the limit |Jχ | � J . For

J = 0, one can readily diagonalize the three-spin Hamiltonian
Hc [28]. The ground state of Hc is twofold degenerate and,
assuming Jχ > 0, has an eigenvalue −√

3/4 of Ĉ. In the
|Sz

1,S
z
2,S

z
3〉 boundary spin basis, the ground state with eigen-

value M = +1/2 of
∑

α Sz
α is given by

|+〉 = i√
3

(|↓↑↑〉 + ω|↑↑↓〉 + ω2|↑↓↑〉), ω = e2πi/3. (4)

The |−〉 state with M = −1/2 follows by PT conjugation.
All other states involve an energy cost of order Jχ . For finite
J � Jχ , the low-energy physics therefore involves an effective
spin-1/2 operator Simp acting in the {|+〉,|−〉} subspace. By
projecting H onto this subspace, we arrive at a spin-chain
version of the three-channel Kondo model,

H̃ = H0 + JKSimp ·
∑

α

[S2,α + (J2/J )S3,α], (5)

where JK � J/3. Since Simp is built from the original boundary
spins Sj=1,α , the latter disappear from H0 and the boundary is
now at site j = 2. The exchange coupling JK is marginally
relevant. As a consequence, Kondo screening processes drive
the system towards a strong-coupling fixed point identified
with the K point. The physics of the K point is realized at energy
scales below the Kondo temperature TK ∼ Je−1/λ0 , where
λ0 ≈ JKa/(2πv) [54]. Although the projected Hamiltonian in
Eq. (5) lacks T -breaking interactions, such interactions are
generated by a Schrieffer-Wolff transformation to first order
in J/Jχ . However, they turn out to be irrelevant [52]. Before
analyzing the K point using BCFT, we turn to the critical point
separating the stable O and K points.

Chiral fixed point. We define the chirality Ĉj = Sj,1 ·
(Sj,2 × Sj,3) for three spins at site j in different chains [cf.
Eq. (1)]. In the continuum limit, the most relevant contribution
to Ĉj stems from the staggered magnetization, Ĉj ∼ n1(x) ·
[n2(x) × n3(x)]. Energetic considerations suggest that Jχ �= 0
should favor a fixed point in which Ĉ = Ĉ1 acquires a nonzero
expectation value. This happens if we impose

ϕR,α±1(x) = ϕL,α(−x) + ϕ0. (6)

As for the O point, SU(2) invariance requires ϕ0 = 0 or ϕ0 =√
π . Equation (6) implements ideal chiral boundary conditions

for the spin currents,

JR,α±1(0) = JL,α(0). (7)

We refer to the corresponding fixed points as C±, respectively.
Ideal spin circulator. To see that the C± points realize an

ideal spin circulator, we consider the linear spin conductance
tensor (with arbitrary y > 0 and ω → i0+) [11,55]

Gbb′
αα′ = − (gμB)2

h̄Lω

∫ L

0
dx

∫ ∞

−∞
dτ eiωτ

〈
Tτ J

b
α (x,τ )J b′

α′ (y,0)
〉
,

(8)

which determines the spin current in chain α with polar-
ization direction êb=x,y,z in response to a spin chemical

220402-2



QUANTUM SPIN CIRCULATOR IN Y JUNCTIONS OF … PHYSICAL REVIEW B 97, 220402(R) (2018)

potential [26,27] applied in chain α′ with polarization êb′ . Here,
g denotes the gyromagnetic ratio, μB the Bohr magneton, L the
chain length, Tτ the imaginary-time (τ ) ordering operator, and
the spin current density is Jα = JR,α − JL,α [cf. Eq. (2)]. Using
the boundary conditions in Eq. (7), we obtain from Eq. (8) the
maximally asymmetric tensor

Gbb′
αα′ = (gμB)2

2πh̄
δbb′

(δα,α′ − δα±1,α′ ) (for C±). (9)

Right at the C+ or C− point, an incoming spin current is
therefore completely channeled into the adjacent chain α ± 1
(cf. Fig. 1), without polarization change. The Y junction then
represents an ideal spin circulator.

Realizing the chiral point. It remains to show that the C±
points can be realized at intermediate Jχ . We first approach the
problem from the weak-coupling side. Despite being energeti-
cally favored by Jχ �= 0, the C± points must be unstable since
the O point is stable for |Jχ | � J . Indeed, a relevant boundary
perturbation H1 is generated by the three-spin coupling when
using Eq. (2) and imposing either of the conditions (6),

H1 = λ1

∑
α

cos{√π [ϕL,α(0) − ϕL,α+1(0)]}. (10)

Using bosonization, we find λ1 < 0 and |λ1| ∝ |Jχ | for |Jχ | �
J . The physical process behind this dimension-1/2 operator is
the backscattering of spin currents [11]. For λ1 < 0, the RG
flow approaches λ1 → −∞ at low energies. Pinning the boson
fields to the respective cosine minima in Eq. (10) takes the
system back to the O point. Since at weak coupling there is
only one relevant perturbation allowed by Z3 symmetry, the C
point can be reached by fine tuning a single parameter λ1, e.g.,
by increasing Jχ . Let us assume that there is a critical value
J c

χ such that λ1(J c
χ ) = 0. For Jχ > 0 (Jχ < 0), this putative

critical point corresponds to the C− (C+) point.
Now consider approaching the C point from the strong-

coupling side. For Jχ > J c
χ , the relevant coupling constant

becomes positive, λ1 > 0, and the RG flow approaches λ1 →
+∞. The pinning conditions now involve a π -phase shift for
the cosine terms in Eq. (10) as compared to Jχ < J c

χ . For the to-

tal magnetization Sz
tot = −∑

α[ϕL,α(0) − ϕR,α(0)]/
√

2π , this
shift means that an effective spin-1/2 degree of freedom has
been brought from infinity to the boundary. This is precisely
what we expect from the formation of the impurity spin in
the strong-coupling regime. The coupling of the impurity
spin to the bulk allows for a second dimension-1/2 boundary
operator, H2 = λ2Simp · ∑

α ñα(0), where ñα is the staggered
magnetization after imposing Eq. (6). The flow of λ1 and λ2 to
strong coupling leads to a fixed point where the impurity spin
is overscreened by the three chains, which we identify with the
K point.

Since λ1 vanishes at the critical point, the effects of the
dimension-1/2 perturbations are felt only when the renormal-
ized couplings at energy scale E become of order one. We
thus obtain a wide quantum critical regime, (1 − Jχ/J c

χ )2 �
E/J � 1, where the physics is governed by the C point.
Related but different chiral points have been discussed for
electronic Y junctions [11]. The latter are stable for attractive
electron-electron interactions and the asymmetry of the charge
conductance tensor depends on the interaction strength. By

FIG. 2. DMRG results for the finite-size energy gap Eg , rescaled
by the chain length L, vs Jχ/J for several L. The inset highlights the
crossing that determines the critical point.

contrast, our C point is unstable, but due to SU(2) symmetry the
spin conductance (9) is universal and maximally asymmetric.

BCFT approach. A spin-1/2 impurity coupled with equal
strength to the open ends of two spin chains realizes a spin
version of the two-channel Kondo effect [2,40,43]. Here, we
develop a BCFT approach and extend this analogy to three
channels. We employ the conformal embedding SU(2)3 × Z(5)

3 ,
whereby the total central charge c = 3 is split into a SU(2)3

WZNW model (with c = 9/5), representing the spin degree
of freedom, and a parafermionic Z(5)

3 CFT (with c = 6/5)
[56–60], representing the “flavor” (i.e., channel) degree of
freedom.

The RG fixed points are characterized by conformally
invariant boundary conditions [36–38]. The spectrum of the
theory is encoded by the partition function ZAB on the cylinder
with boundary conditions A and B. For instance, ZOO repre-
sents the partition function with open boundary conditions at
both ends. Partition functions with other boundary conditions
can be generated via fusion [37]. The boundary operators that
perturb the K point can be determined using double fusion with
the spin-1/2 primary in the SU(2)3 sector [39,40]. The leading
irrelevant operator is the Kac-Moody descendant J −1 · φ1,
where J is the SU(2)3 current and φ1 is the spin-1 primary.
This T -invariant operator has scaling dimension � = 7/5,
as in the free-electron three-channel Kondo model [38,39].
Similarly, the leading chiral boundary operator at the K point
is the dimension-8/5 field of Z(5)

3 [57]. Moreover, the effective
Hamiltonian at the K point includes only irrelevant boundary
operators in the presence of cyclic exchange symmetry [52].

DMRG results. We now describe numerical results for Y
junctions with chain length L using the DMRG algorithm by
Guo and White [61], which works efficiently for open boundary
conditions at j = L. First, we look for the critical point by
analyzing the finite-size gap Eg between the lowest-energy
state with Sz

tot = ∑
j,α Sz

j,α = 0 and the one with Sz
tot = 1.

For large L, at weak coupling we expect Eg to approach the
singlet-triplet gap of decoupled chains (O point), Eg = πv/L.
On the other hand, at strong coupling, the BCFT approach
predicts (through the partition function ZKO [52]) that the
ground state is a triplet and hence Eg should vanish identically.
We indeed observe a (L-dependent) level crossing between a
singlet ground state for small Jχ and a triplet for large Jχ
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FIG. 3. Three-spin correlations G3(j ) vs distance from the junc-
tion for L = 80 and three values of Jχ . The data for Jχ = 0.4 J and
Jχ = 8 J are scaled up by a factor 10. Solid lines represent fits to a
power-law decay.

(see Fig. 2). The critical point is then determined from the
crossing of the LEg vs Jχ curves for 40 � L � 80, resulting
in J c

χ/J = 3.11(1).
Next, we calculate the three-spin ground-state correlation

function G3(j ) = 〈Ĉj 〉 = 〈Sj,1 · (Sj,2 × Sj,3)〉. At the C point,
the long-distance decay of G3(j ) is governed by the bulk
scaling dimension of Ĉj , where our BCFT predicts G3(j ) ∼
(−1)j j−νC with νC = 3/2. Near the T -symmetric O and K
points, the leading chiral boundary operator has dimension
�O = 3 and �K = 8/5, respectively. Standard perturbation
theory around these fixed points yields G3(j ) ∼ (−1)j j−νO,K

with νO = 7/2 and νK = 21/10, respectively. Our DMRG
results for G3(j ) are shown in Fig. 3. First, we note that
G3(j ) has a much larger magnitude and decays more slowly at
the critical point. Fitting the numerical results to a power-law
expression with smooth and staggered parts yields the exponent
ν(Jχ ) of the dominant staggered term as listed in Table I. For the
fit, we only took into account data for G3(j ) with 8 � j � L/2
in order to avoid both the nonuniversal short-distance behavior
and effects due to the open boundary at j = L. [Results for
ν(Jχ ) are robust under changes of the fitting interval [52].]
Our DMRG results in Table I agree well with the analytical
predictions. The deviation is most significant at the C point,

TABLE I. Exponent ν(Jχ ) obtained by fitting the decay of G3(j )
in the interval 8 � j � L/2. The extrapolated value follows from a
second-order polynomial fit. The last column shows the predictions
for the O, C, and K points, respectively.

Jχ/J L = 40 L = 60 L = 80 Extrap. Expected

0.4 3.56 3.51 3.49 3.45 3.5
3.11 1.89 1.79 1.74 1.59 1.5
8 2.31 2.22 2.18 2.08 2.1

where one, however, also observes the strongest finite-size
effects. We emphasize that the DMRG results show a slow
decay of G3(j ) over a wide region around the critical point.

Conclusions and outlook. We have demonstrated that a
Y junction of the Heisenberg chains acts as a quantum spin
circulator in the vicinity of a critical point reached by tuning
the three-spin interaction Jχ . In addition to applications as a
nonreciprocal device for pure spin transport, this spin circu-
lator can be used for constructing two-dimensional networks
realizing CSL phases, where the chirality of each node can
be independently tuned [30]. In fact, such an approach could
allow for the systematic design of synthetic quantum materials
harboring CSL phases. For instance, the network with uniform
chirality shown in Fig. 1(b) has spin modes circulating in
closed loops in the bulk. The bulk quasiparticles can be
defined from the spin-1/2 field of the chiral WZNW model
in each loop [49] and have a finite gap due to the finite
length of the loops. In addition, there is a gapless chiral edge
mode with quantized spin conductance, cf. Fig. 1(b). This
corresponds to the properties of the Kalmeyer-Laughlin CSL,
a topological phase equivalent to a bosonic fractional quantum
Hall system [44,46]. Furthermore, one can consider networks
with alternating sign of Jχ , i.e., staggered chirality between
the nodes. This may shed light on the much less understood
gapless CSLs with spinon Fermi surfaces [45,50].
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