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1. Introduction

Chaos is generally referred to as turbulence, undesired
randomness. However, over the last two decades, scientists 
have shown that a chaotic system can actually develop in a way 
that appears fluid and ordered. There is a precise moment, with 
a corresponding behavior, which is neither chaotic nor non-
chaotic, in which the transition to chaos takes place. The 
analysis of this transition to chaos led to recognizing
phenomena that can often be described as fractal mathematics 
[1]. The name fractal was coined by the mathematician Benoit 
Mandelbrot in 1975 [2], and it consists of a family of objects
with specific features such as the same main shape on all 
magnification scales (self-similarity) and the pattern geometry 
usually irregular and chaotic [3]. Fractals in nature are 
everywhere. Famous examples can be recognized in coastlines, 
flowers, trees, and animal shells [1–6].

Since Mandelbrot [2] formalized the fractal theory, many 
applications have been explored in several fields such as 
computer graphics [7], physics [8], data security [9], surface 
roughness [10], mechanical transmission diagnosis [11]. Most 

of these studies are focused on the mathematical concept of 
fractal dimension. The interest in using fractal geometry to 
explore mechanical and thermal performance enhancements 
has been widely growing in the last decade. For instance, the 
interlocking properties of hierarchical fractal structures have 
been found to provide better load distribution and energy 
absorption [12,13]. It has been demonstrated [12] how the seam 
line of some structures present in biological systems is 
characterized by fractal-like patterns. Li et al. [12] showed that 
a higher hierarchy of fractal patterns resulting in a higher order 
of teeth produced better tensile and shear load resistance 
capabilities. Another example of fractal structures application 
is the optimization of fluid distribution through tree-like 
channels [14,15]. Further analysis of the tree-like fractal 
geometry effects was performed for crashworthiness 
applications [16,17]. The energy absorption capability of thin-
walled tubes with bio-inspired tree-like pattern cross-sections 
was investigated by San Ha Ngoc et al. [17]. Many other 
studies were developing thin-walled tube protective devices 
with innovative cross-sections based on fractal structures such 
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as fractal-like honeycomb [18–21], Koch curve [22], side-
fractal shape [23,24], Sierpinski shape [25].

Despite all the benefits provided by using fractal geometry 
for specific applications, owing to their extremely high 
complexity, they are difficult to be manufactured or often 
unfeasible by traditional manufacturing technologies. The 
realization of a rather simple bidimensional fractal structure 
with a constant cross-section of geometries was completed 
using unconventional manufacturing methods such as wire 
electric discharge machine (WEDM) [17,19,22,24].

In the last decades, the development of additive 
manufacturing (AM) processes unlocked certain design 
opportunities, potentially giving more freedom to realizing
such complex structures [26]. However, literature is still 
lacking, and only a few works investigated the adoption of AM 
processes but are limited to 2D geometries [13,17,23,25].

This work applies an polymer-based AM process for 
developing a three-dimensional (3D) Greek cross fractal [27]
for a ground-breaking application in personal protective 
equipment (PPE). The motivation lies in the growing interest 
in the use of these technologies [28] for the production of high-
performance PPE (sports [29], military [30]) and other 
biomedical applications [28]. The specification for such 
devices is the high levels of impact absorbency and the 
lightness. For enhancing these properties, the current studies 
were mainly based on using bio-inspired shapes [31,32], lattice 
structures [29], and topology optimized [32] parts. In light of
the literature summary reported above, 3D fractal geometries 
could represent a perfect innovative candidate for PPE 
applications. This work investigates the mechanical properties 
of 3D Greek cross fractal geometry produced in polyamide 12 
(PA12) by selective laser sintering (SLS). Mechanical 
performances in the quasi-static compression tests are
numerically simulated by a finite element (FE) model and 
validated experimentally.

2. Material and methods

2.1. Greek cross-based fractal design

A fractal geometry results from subsequent transformations 
of a simple geometric object (line, triangle, square, etc.) 
defined as “initiator” [2]. Based on deterministic or stochastic 
rules, these transformations usually follow recursive 
formulations in the field of real or complex numbers. The 
simplest fractal construction method is based on affine 
transformations such as scaling, translation, rotation, 
reflection, and a combination of them [1].

The fractal structure used in this study is inspired by the 
mathematical 3D Greek cross presented by Dickau R. [27]. The 
initiator consists of a cross of three struts linearly extruded 
along the axes of a cartesian tern (Fig. 1). Each strut has a 
circular cross-section of diameter Ds that is constant at each nth-
step. At step n=1, the initiator consists of three struts whose 
length is equal to L1

st. These struts cross at the origin point of 
the cartesian tern by generating six branches of size equal to 
L1

st/2. At nth-step, each branch of length Ln
th

-1/2 is assumed to 
be one of the three struts along principal axes; therefore, two
struts of length Ln

th
-1/2 are added along the remained axes; these 

construction rules make the number of branches equal to 6n at 
step nth.

Fig.1. 3D Greek cross initiator geometric dimensions.

The transformation series of the structure stop within two 
iterations at the 3rd step. However, from a mathematical point 
of view, it can be demonstrated that the final generated 
structure tends to be an octahedron for the nth-step tending to 
infinity. Fig. 2 shows the iteration steps used to generate the 3D 
cross-based fractal structure (3D-CFS).

Fig. 2. 3D-CFS iterations: in green the first step, in yellow the added axes of 
the second step, and in light blue the added axes of the third step. 

The design of the 3D-CFS is parametric, and its overall size 
depends on the two main parameters cited above, Ln

th and Ds.
Therefore, its dimension can be tailored by considering the 
production system, the material, and the final application of the 
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structure. The design proposed for the experimental tests 
consisted of a 3D-CFS developed in a cubic envelope of 40 mm 
side and 2 mm long diameter struts. Over successive iterations, 
owing to the scale factor of strut length equal to 1/2, the 
deriving branches overlap at either end. This overlapping 
generates sharp edges around which stress concentration 
presence may occur when the structure is loaded. Also, for 
assembly purposes, these extremities require adjustments. 
Thus, chamfers were added, as Fig. 3a shows.

To evaluate the mechanical properties of the 3D-CFS, a 
cubic compressive test sample was developed by simulating a 
single repetitive cell of a multi-structure system. First, a single 
3D-CFS was linearly replicated in the space (Fig. 3b-left); then,
a region of interest corresponding to a cube of 40 mm side was 
extracted. Two square bases of 42 mm side and 2 mm thick 
have been added as continuous interfaces with the structure 
(Fig. 3c). These plates were used to apply the quasi-static 
compressive load.

2.2. Production and testing

The samples were manufactured in PA2200 (trade name of 
EOS GmbH of PA12) with the Formiga P110 Velocis (EOS 
GmbH) As suggested by the supplier, the PA2200 material was 
used as a mixture of 50% virgin and 50% recycled powder. The 
main properties of the material are reported in Table 1 [33].
Table 3 reports the process parameters used for the production.

Table 1. Datasheet PA2200 [33].

Tensile modulus [MPa] 1650

Tensile strength [MPa] 48

Elongation at break [%] 18

Melting temperature [°C] 176

Bulk density [g/cm3] 0.45

Density of laser-sintered part [g/cm3] 0.93

Table 2. Formiga P110 Velocis process parameters for PA2200 material.

Parameter

Process chamber temperature [°C] 172

Removal chamber temperature [°C] 154

Laser power [W] 21

Scan speed [mm/s] 2500

Hatch distance [mm] 0.25

Layer thickness [mm] 0.100

The mechanical properties of the PA2200 material were 
experimentally evaluated by tensile tests. The universal testing 
machine AURA Easydur was used to perform the tests. The 
device is equipped with a 10 tonnes load cell, servo-electric 
actuator, and pneumatic wedge action grips. According to the 
EN ISO 527-2:2012 [34], the crosshead speed of the tensile test 
was set to 5 mm/min, corresponding to a 2 x 10-3 s-1 strain rate. 
The software of the machine records the testing data with a 
sampling rate of 500 Hz. The strain data were recorded through 
an extensometer with a gauge length of 49 mm.

Five replicas of the 3D-CFS sample were produced. The 
plates of each sample were oriented parallel to the build 
platform. After the production, quasi-static compression tests 
were performed using a universal testing machine, 3MZ 
Easydur, equipped with a load cell of 5 tonnes. The crosshead
speed for the compression tests was set to 5 mm/min. The 
sampling rate was equal to 100 Hz. The strain (εe) was 
calculated considering the crosshead displacement (Δl) with a 
gauge length equivalent to the structure height (l0). The 
nominal stress was calculated as the ratio of response force (F) 
measured by the load cell and the nominal area of the structure 
(minimum cross-section A0) extrapolated by the CAD file. Eq. 
1 and Eq. 2 report the formulas used to calculate the 
engineering strain and stress.

𝜀𝜀𝑒𝑒 =
∆𝑙𝑙
𝑙𝑙0

(1)

𝜎𝜎𝑒𝑒 =
𝐹𝐹
𝐴𝐴0

(2)

Fig. 3. (a) Chamfers adding (red circle); (b) space replication (left) and lateral-section (right); (c) cubic sample after cuts.
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To evaluate the energy absorption performance of a 
structure, it is a common practice to refer to the energy 
absorption formula W, which represents the area under the 
stress-strain curve [35], and it is computed as Eq. 3 shows:

𝑊𝑊 = ∫ 𝜎𝜎(𝜀𝜀)𝑑𝑑𝑑𝑑𝜀𝜀
0 (3)

In addition, to taking into account the material properties of 
the absorber, it is required to evaluate the specific energy 
absorption (SEA), which is defined in Eq. (4) as the ratio 
between the work W performed by the structure under 
compression and the material density [36].

𝑆𝑆𝑆𝑆𝑆𝑆 = 𝑊𝑊
𝜌𝜌 (4)

2.3. Numerical simulations

The numerical tests of the 3D-CFS have been modelled and 
solved using the finite element method. The CAD file model 
was meshed using Hypermesh, and the FE model was
implemented in HyperWorks 2021 by Altair®. All the 
numerical simulations were solved using the RADIOSS®

solver.

2.3.1. Material modelling
The polyamide was modelled as an elastoplastic isotropic 

material. Additionally, an implicit non-linear analysis was 
performed to better simulate a mechanical test under quasi-
static load conditions. The material model selected for the 
PA2200 is the elastic-plastic piecewise linear material 
(/MAT/LAW36) [37]. The plastic curve obtained from tensile 
tests was implemented as input in the material model. Because 
of the large plastic deformation before the failure point of the 
polyamide, the engineering stress-strain curve was converted 
into a true stress-strain curve by using Eq. 5 and Eq. 6. Because 
of the non-linear behavior of the material, the beginning of the 
plastic field (yield point) was assumed as the true stress value 
corresponding to 0.2% true strain. Then, the plastic strain was 
computed using Eq. 7 within the range of the yield point and 
the maximum stress value. The obtained true stress versus 
yield-strain curve was implemented as material law in the FE 
software.

𝜀𝜀𝑡𝑡𝑡𝑡 = 𝑙𝑙𝑙𝑙(1 + 𝜀𝜀𝑒𝑒) (5)

𝜎𝜎𝑡𝑡𝑡𝑡 = 𝜎𝜎𝑒𝑒 ∙ 𝑒𝑒𝜀𝜀𝑡𝑡𝑡𝑡 (6)

𝜀𝜀𝑝𝑝𝑝𝑝 = 𝜀𝜀𝑡𝑡𝑡𝑡 −
𝜎𝜎𝑡𝑡𝑡𝑡
𝐸𝐸 (7)

The mechanical properties of the material for the numerical 
model calibration were obtained by using dog-bone specimens
produced in two different orientations with respect the build 
volume. Five replicas for each orientation were manufactured 
and tested by a uniaxial tension test.

The tensile modulus was set equal to the statistic average 
value obtained by the experimental tensile test (E=1643 MPa). 

According to the material datasheet, density and Poisson ratio 
were set equal to 0.93 g/cm3 and 0.39, respectively. To validate 
the developed material model, the tensile test was modelled and 
simulated in RADIOSS. To simulate the material's failure 
behavior, it was activated the failure model (FAIL/BIQUAD) 
that uses a non-linear strain-based failure criterion described by 
a bi-quadratic function. This model requires as input the plastic 
failure strain value obtained experimentally by different load 
conditions. The calibration of the failure model was performed 
by varying the failure coefficient and comparing the 
experimental results with the numerical curve.

2.3.2. Compression test modelling
The simulation of the compression test was carried out by 

setting a non-linear quasi-static implicit analysis in the large 
displacements field. A self-contact interaction was imposed 
among the struts with a friction coefficient equal to 0.3. The 
3D-CFS structure was discretized by 4-nodes tetrahedral 
elements (TETRA4) with an adaptive element size ranging 
between 0.2 mm and 6 mm. The mesh size depended on strut 
diameter dimension and SLS process resolution. The
compression was simulated by imposing a velocity of 0.083 
mm/s to a node connected rigidly to the top surface of the top 
plate. Moreover, the top plate was constrained to the only 
movement along with the load, while the bottom plate was fully 
constrained.

3. Results and discussion

3.1. Compression test results

Fig. 4 (blue curve) shows the experimental results obtained 
by the compression test on the fractal structure. The 
simulations of the 3D-CFS structure compression test were 
performed both neglecting (Fig. 4 – orange curve) or 
considering the strut damage or break (Fig. 4 – grey curve). The 
failure mode was implemented because of the fracture of the 
structure in a few localized nodes observed experimentally at 
around 5% of strain. These fractures induce a sudden decrease 
in the strength of the structure and, consequently, a 
fragmentation of the plateau region. Therefore, the failure 
mode was implemented in the numerical model.

Fig. 4 highlights the differences between the two developed 
numerical models in comparison with the experimental results.
Both models overestimate the mechanical behavior of the 
structure. However, the model with the activation of the failure 
mode can well predict the bending behavior of the struts and 
the related fractures. In contrast, the model with no failure 
mode reports a constant plateau with a higher densification 
starting point than the second model.

Overall, the deviation between the experimental and 
numerical results is constant along with the simulation. This 
means that there is a systematic effect that has been neglected 
in the modelling. This effect can be attributed to the 
manufacturing process, such as internal porosity or roughness, 
which hardly can be accurately considered in the modelling.
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Fig. 4. Comparison between the experimental and numerical results of the 3D-CFS structure.

3.2. Energy absorption performance

The energy absorption performance of 3D-CFS was 
compared to an expanded polystyrene foam used typically as 
absorber material for helmets protection, EPS-60. The stress-
strain curve of EPS-60 available in the literature [38] is 
reported in Fig. 5a.

Fig. 5. (a) Stress-strain curve of EPS-60 foam [38]. (b) Comparison between 
EPS-60 foam and 3D-CFS structure tested under quasi-static compression load.

The total energy up to the start of densification area 
(assumed 30% strain) is reported in Table 3. Fig. 5b shows that 
the areas under the stress-strain curves obtained from the 
different materials are significantly different. This difference is 
strictly related to the material densities, which are not 
comparable (see Table 3). Because of that, the evaluation of the 
total energy may lead to an incorrect assessment. For this 
reason, the specific energy absorption (SEA) is a better 
descriptor for material performance comparison.

The SEA values of EPS-60 and 3D-CFS obtained by 
computing Eq. 4 are reported in Table 6. Remarkably, the 3D-
CFS structure analyzed in this work can absorb up to 65% more 
energy with respect to the typical EPS foam.

Table 3. Energy absorption performance comparison between EPS-60 foam, 
3D-CFS.

EPS-60 foam 3D-CFS

𝝆𝝆 [𝑘𝑘𝑘𝑘 𝑚𝑚3⁄ ] 60 930

𝑾𝑾𝜺𝜺=𝟑𝟑𝟑𝟑% [𝐽𝐽 𝑚𝑚𝑚𝑚3⁄ ] 0.21 9.4

𝑺𝑺𝑺𝑺𝑺𝑺 [𝑘𝑘𝑘𝑘 𝑘𝑘𝑘𝑘⁄ ] 3.5 10.1

4. Conclusion

In this study, a 3D fractal structure was designed for impact 
absorption applications and produced by the SLS additive 
manufacturing technique in PA2200 material. A finite element 
model was developed to numerically simulate the designed 
structure's mechanical behavior under quasi-static compression 
loads. The compression test results show that the induced 
manufacturing defects can reduce the mechanical performance
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when compared to the numerical simulation The FE model 
offers excellent energy absorption performance, showing up to 
65% higher SEA compared to a typical foam used for personal 
protective equipment. These results suggest the enormous 
capabilities in designing high mechanical performance 
components by exploring fractal geometries and combining 
them with additive manufacturing processes.
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