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The sea-level startup of rocket engines is characterized by the nozzle experiencing a high degree of overexpansion
andconsequent internal flow separationwitha strongunsteady shock-wave/boundary-layer interaction. In thiswork,
a three-dimensional planar overexpandednozzle, characterized by an internal flow separation, has been simulatedby
means of the delayed detached-eddy simulation (DDES) method. The unsteady pressure signals have been analyzed
by the wavelet decomposition to characterize their spectral content. The results indicate that the DDES approach is
able to capture the shock oscillations, and the computed characteristic frequency is close to the ones available from
literature for the same test case. The fundamental frequency computed in this work is lower than the one predicted by
the model of the longitudinal acoustic frequency. The self-sustained oscillation is driven by a pressure imbalance
between the pressure level downstream of the recompression shock and the ambient. Different nozzle pressure ratios
(NPRs) have been simulated, all showing the same qualitative behavior, even if the test case with the highest NPR
seems to be heavily influenced by the presence of a large region with reversed flow.

Nomenclature
a0 = speed of sound at chamber conditions
f = frequency
Ht = nozzle throat height
Lz = spatial extent of the computational domain
M = Mach number
Pr = molecular Prandtl number
Prt = turbulent Prandtl number
pa = ambient pressure
pw = wall pressure
p0 = chamber pressure
qj = heat flux vector
Re = Reynolds number
Sij = strain-rate tensor
St = Strouhal number
Up = quasi-one-dimensional isentropic nozzle exit velocity
Wn!s" = wavelet coefficient
x = streamwise distance measured from nozzle throat
γ = specific heat ratio
Δ = subgrid length scale
νt = eddy viscosity
~ν = Spalart–Allmaras pseudo eddy viscosity
σw = standard deviation of wall pressure fluctuations

Subscripts

n = time index
s = wavelet scale

I. Introduction

S UPERSONIC rocket nozzles are characterized by a transient
phase at startup, during which the flow is largely overexpanded,

an internal recompression shock forms, and boundary-layer
separation occurs. The consequent shock-wave turbulent boundary-
layer interaction (SWBLI) causes the shedding of vortical structures
and the unsteadiness in the shock-wave position. In such a situation
dynamic side loads are produced,which can even lead to the failure of
the nozzle structure [1]. Hadjadj and Onofri [2] and Reijasse et al. [3]
collect various studies on the side-load generation and flow
separation configurations. The main topic of this work is to increase
the physical understanding of the low-frequency unsteadiness of a
shock interacting with a turbulent pulsating separated flow, which is
one of several research directions recommended by Hadjadj and
Onofri [2]. In this study, attention is focused on a three-dimensional
planar configuration; therefore, the following literature review is
concentrated on previous investigations on this kind of geometry.
Bogar et al. [4] investigated the unsteady flow characteristics of an
overexpanded transonic diffuser. They observed that, in the case of
attached flow (or verymild separation), the characteristic frequencies
have an acoustic nature and scale with the distance of the shock from
the diffuser exit, whereas in the case of separated flows, the
characteristic frequencies scale with the length of the inviscid core
flow. An experimental analysis of unsteady separated flows in a
supersonic planar nozzle was carried out by Burgoing and Reijasse
[5], who revealed that the low-frequency motion of the shock is
governed by large structure dynamics in the separated flow regions.
Handa et al. [6] indicated two possible mechanisms for the shock
oscillation. In one case, pressure disturbances, generated in the
downstream turbulent separated region, force the shock to oscillate,
resulting in a broad shape of the power spectral density. The other
case foresees the reflection of a disturbance at the diffuser exit
(acoustic feedback), resulting in a narrow-shaped power spectral
density. Papamoschou andZill [7] and Johnson andPapamoschou [8]
have studied the unsteady shock behavior in an overexpanded planar
nozzle. Their results indicate a low-frequency pistonlike shock
motion without any resonant tones. More recently, a similar
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geometric configuration was studied by Verma et al. [9]. They found
that, for low nozzle pressure ratios, the flow is characterized by a
laminar SWBLI, and a resonant tone is present. At higher nozzle
pressure ratios, the boundary layer becomes turbulent, the tone
disappears, and the shock excursion length decreases.
As far as large/detached-eddy simulations (LES/DES) of SWBLI

are concerned, not many papers can be found thus far. Among these,
Garnier and Sagaut [10] carried out a large-eddy simulation of an
oblique shock wave impinging upon a turbulent boundary at Mach
number M # 2.3. They found generally good agreement between
the computed mean global quantities and the experimental results.
However, their simulation was not able to capture completely the
low-frequency motion of the shock because of the difficulties in
simulating a long physical time. The LES conducted by Touber and
Sandham [11] provided an interesting insight regarding the low-
frequency unsteadiness; the data were used to develop an analytical
model [12] based on a stochastic ordinary differential equation,
derived from the Navier–Stokes equations. This model describes the
coupled shock/boundary-layer system as a first-order low-pass filter.
Also, Hadjadj [13] and Aubard et al. [14] carried out a large-eddy
simulation of a shock wave impinging on a turbulent boundary layer.
The results revealed that the low frequencies of the shock/separation
region coupled system are present also without an upstream
low-frequency forcing. It seems therefore that they are not linked to a
low-pass filtering effect, but they are a consequence of a global
instability of the whole system.
Very few studies can be found in literature on the SWBLI in

overexpanded nozzles. Deck [15] carried out a delayed detached-eddy
simulation (DDES) of the end-effect regime in an axisymmetric
overexpanded rocket nozzle flow characterized by a restricted shock
separation. Although the experimentally measured main properties of
the flow motion were rather well reproduced, the computed main
frequency resulted to be higher than in the experiment. Olson and Lele
[16] performed large-eddy simulations, at reduced Reynolds number,
of the experiments of Johnson andPapamoschou, finding a certain level
of agreement between the experimental data and the computed
frequency of the shock displacement. The origin of the unsteadiness
was attributed to the confinement of the exit area by the separated flow.
The use of a detached-eddy simulation [17], a hybrid Reynolds-

averaged Navier–Stokes (RANS)/LES method, allows to simulate the
flows typically present in subscale cold-gas supersonic nozzles
[15,18], which are characterized by a Reynolds number of the order of
1 million and are still hardly predictable by means of large-eddy
simulation technique. In this work, the three-dimensional (3-D) planar
nozzle described in the experiments of Johnson and Papamoschou [8]
and simulatedwith the LES technique byOlson andLele [16] has been
reproduced bymeans of the delayedDES (DDES) technique [19]. The
term delayed indicates a method to prevent a too-early transition from
RANS to LES inside the attached boundary layer. The first main target
is the comparison between computational and experimental data
regarding the unsteady flow behavior, to assess whether the DDES
technique is able to describe this kind of flow. In particular, the shock
excursion length and the characteristic Strouhal numbers of the
unsteadywall pressure field have been determined and comparedwith
the available data. A physical analysis has been attempted with the
specific aim of identifying the driving mechanism of the shock
unsteadiness. Then, a parametric study has been conducted to analyze
the effect of the nozzle pressure ratio, or equivalently of the shock
strength, on this unsteadiness.
The analysis of the dynamic pressure signals has been conducted

by means of the wavelet technique. The wavelet transform is an
analysis tool well suited to the study of multiscale, nonstationary
processes occurring over finite temporal domains [20]. In particular,
it is able to detect the localized variations of power within a time
series. In fact, by decomposing a time series into time-frequency
space, one is able to determine both the dominantmodes of variability
and how these modes vary in time.
The paper is organized as follows. In Sec. II, the numerical method

is described, and the use of DDES is discussed in the frame of
overexpanded nozzles. Section III presents the physical parameters
of the test case and the numerical setup. Section IV presents the

flowfield characteristics as well as the statistical and the spectral
properties of the wall pressure unsteady signals. The parametric
analysis at different NPR values is reported in Sec. V. Finally, in
Sec. VI, the major findings of this investigation are reported.

II. Computational Setup
Hybrid RANS/LES modeling approaches have been proposed to

simulate massively separated flows, such as the well-known DES
[21]. A general feature of this approach is that the whole attached
boundary layer is treated resorting to RANS, whereas LES is applied
only in the separated flow regions.

A. Physical Model

The three-dimensional Navier–Stokes equations for a compress-
ible, viscous, heat-conducting gas, which are adopted in this study,
can be written as follows:

∂ρ
∂t

$
∂!ρuj"
∂xj

# 0;

∂!ρui"
∂t

$
∂!ρuiuj"

∂xj
$ ∂p

∂xi
−
∂τij
∂xj

# 0;

∂!ρE"
∂t

$
∂!ρEuj $ puj"

∂xj
−
∂!τijui − qj"

∂xj
# 0 (1)

where ρ is the density, ui is the velocity component in the ith
coordinate direction (i # 1; 2; 3), E is the total energy per unit mass,
and p is the thermodynamic pressure. The total stress tensor τij is the
sum of the viscous and the Reynolds stress tensor:

τij # 2ρ!ν$ νt"S%ij S%ij # Sij −
1

3
Skkδij (2)

where the Boussinesq hypothesis is applied through the introduction
of the eddy viscosity νt; Sij # !ui;j $ uj;i"∕2 is the strain-rate tensor;
and ν is the kinematic viscosity, depending on the temperature T
through Sutherland’s law. Similarly, the total heat fluxqj is the sumof
a molecular and a turbulent contribution:

qj # −ρcp
!

ν
Pr

$ νt
Prt

"
∂T
∂xj

(3)

where Pr and Prt are the molecular and turbulent Prandtl numbers,
assumed to be 0.72 and 0.9, respectively. Hybrid RANS/LES
capabilities are provided through the implementation of the delayed
detached-eddy simulation (DDES) approach based on the Spalart–
Allmaras model [22], which involves a transport equation for a
pseudo eddy viscosity ~ν:

∂!ρ~ν"
∂t

$
∂!ρ~νuj"
∂xj

# cb1 ~Sρ~ν$
1

σ

#
∂
∂xj

#
!ρν$ ρ ~ν" ∂~ν

∂xj

$

$ cb2ρ
!
∂ ~ν
∂xj

"
2
$
− cw1fwρ

!
~ν
~d

"
2

(4)

where ~d is themodel length scale,fw is a near-wall damping function,
~S is a modified vorticity magnitude, and σ; cb1; cb2; cw1 are model
constants. The eddy viscosity in Eq. (2) is related to ~ν through
νt # ~νfv1, where fv1 is a correction function designed to guarantee
the correct boundary-layer behavior in the near-wall region. In
DDES, the destruction term in Eq. (4) is designed so that the model
reduces to pure RANS in attached boundary layers and to a LES
subgrid-scale one in the detached flow regions. This is accomplished
by defining the length scale ~d as

~d # dw − fd max!0; dw − CDESΔ" (5)

where dw is the distance from the closest wall, and Δ is the subgrid
length-scale, controlling the wavelengths resolved in LES mode.
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CDES is a calibration constant equal to 0.20. The function fd,
designed to be 0 in boundary layers and 1 in LES regions, reads as

fd # 1 − tanh
h
!8rd"3

i
; rd # ~ν

k2d2w
%%%%%%%%%%%%%%%%
Ui;jUi;j

p (6)

whereUi;j is the velocity gradient, and k is the von Kármán constant.
The introduction of fd distinguishes DDES from the original DES
approach [17] (usually denoted as DES97), ensuring that boundary
layers are treated in RANSmode also in the presence of “ambiguous”
grids in the sense defined by Spalart et al. [22], for which the wall-
parallel spacings do not exceed the boundary-layer thickness. The
DDES strategy prevents the phenomenon of model stress depletion,
consisting of the excessive reduction of the eddy viscosity in the
region of switch (grey area) between RANS and LES, which in turn
leads to grid-induced separation.
Differently from the original DDES formulation and following

Deck [23], the subgrid length scale in this work is not only
defined as the largest spacing in all coordinate directions
Δmax # max!Δx;Δy;Δz", but it depends on the flow itself, through
fd, as follows:

Δ # 1

2

#!
1$ fd − fd0

jfd − fd0j

"
Δmax $

!
1 −

fd − fd0
jfd − fd0j

"
Δvol

$
(7)

where fd0 # 0.8, and Δvol # !Δx ⋅ Δy ⋅ Δz"1∕3. This definition
guarantees that the attached boundary layers are treated in RANS
mode, even in the case of very refined grids and accelerates the
transition fromRANS to LES. Because of the high level of stretching
in the mesh, Δ # ΔVol results to be lower than Δmax; the destruction
term is enhanced, and this helps to unlock the Kelvin–Helmholtz
instability in the separated shear layer.

B. Numerical Method

Numerical simulations are carried out by means of an in-house,
fully validated compressible flow solver [18,24] that exploits a
centered second-order finite volume approach and takes advantage of
an energy consistent formulation (away from shocks). Cell-face
values of the flow variables are taken as the average of the two cell
values on either side of that face, as in Jameson [25]. In smooth flow
regions, the adopted reconstruction is able to guarantee that the
overall kinetic energy of the fluid is preserved, in the limit of inviscid,
incompressible flow [26]. This property is particularly beneficial for
flow regions treated in LES mode, where the grid is sufficiently fine
to support the development of LES content and where the only
relevant dissipation (in addition to the molecular one) should be that
provided by the turbulencemodel. The discretization scheme ismade
to switch to third-order weighted essentially nonoscillatory near
discontinuities, identified by a modified Ducros sensor [27]:

Θ # !∇ ⋅ u"2

!∇ ⋅ u"2 $ !∇ × u"2 $ ϵ
(8)

where the small positive number ϵ of the original formulation is here set
as ϵ # a0∕Ht to reduce the sensitivity to dilatational fluctuations and
guarantee that the sensor is only activated when the local dilatation
becomes larger than a typical large-scale velocity gradient [26]. The
gradients normal to the cell faces needed for the viscous fluxes are
evaluated through second-order central-difference approximations,
obtaining compact stencils and avoiding numerical odd–even
decoupling phenomena. Time advancement of the semidiscretized
system of ODEs resulting from the spatial discretization is carried out
bymeansof a low-storage third-orderRunge–Kutta algorithm [28].The
code is written in Fortran 90, uses domain decomposition, and fully
exploits the message passing interface paradigm for the parallelism.

III. Test Case Description
The nozzle geometry has been taken from case 3 of the work of

Johnson and Papamoschou [8]. The throat height is equal to 17.8 mm,
the nozzle length (from the throat) is 117mm, thewidth is 63.5mm, and
the area ratio Ae∕At is 1.6. A two-dimensional schematic of the
computational domain adopted for the simulation is presented in
Fig. 1a. It includes the nozzlewith the external ambient, and the zero of
the x axis is located at the nozzle throat. ACartesian structured mesh is
generated using the conformal mapping algorithm of Driscoll and
Vavasis [29] and the open-source tool gridgen-c.†† The computational
mesh inside the nozzle consists ofNx ⋅ Ny ⋅ Nz # 512 ⋅ 256 ⋅ 96 cells
for a total number ofNxyz ≈ 12.6 ⋅ 106 cells. Thegriddensity of this test
case is very similar to themesh “B” ofOlson andLele [16], whose LES
will be considered for the rest of this paper as the reference LES for the
present DDES case. Note that, different from the reference LES, the
flow in our simulation develops from stagnation conditions, and the
convergent part of the nozzle is included in the computation. Thewhole
external domain has the same number of cells of the nozzle; therefore,
the total number of volumes is approximately equal to 25 million. The
boundary conditions have been imposed according to the following
scheme. At the inlet station in the nozzle, a subsonic flow is prescribed
by imposing the total pressure, total temperature, and the flowdirection;
the top and bottom boundaries are treated as adiabatic no-slip walls; at
the right section of the external domain an outflowcondition is imposed
by means of an extrapolation of the integration variables to avoid any
longitudinal acoustic coupling; and characteristics-based boundary
conditions prescribing the backpressure are assigned on all the other
external boundaries. A coflow velocity was not imposed in the external
environment. In the spanwise direction, we follow the reference LES
[30] by selecting a spanwise width of the computational domain
Lz∕Ht # 0.9 and applying periodic boundary conditions. The 3-D
DDES initial condition is obtained from an extrusion in the spanwise

Fig. 1 Schematic of the computational domain (left) and contours of Mach number (right) obtained from RANS.

††Data available online at https://github.com/sakov/gridgen-c [retrieved
14 May 2018].
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direction of the two-dimensional steady-state RANS solution. To
promote the development of turbulent structures, a sinusoidal
perturbation with maximum magnitude of 0.5% has been
superimposed on the mean density field at the initial time of DDES
in a limited region in space between x # 3.5Ht and x # 6Ht. The
simulations were performed on the supercomputers Galileo (IBM
NextScale) and Marconi (Lenovo NeXtScale Platform) of the Italian
Computing Center CINECA. The computational time step is equal to
1.3 ⋅ 10−5 s, and the simulation ran approximately for 0.04 s, after an
initial transient period of 0.02 s (approximately 10 low-frequency
cycles of the shock motion) that was discarded. The maximum
Courant–Friedrichs–Lewy number is 0.2.
The present internal flowfield is characterized by the nozzle

pressure ratio NPR # p0∕pa, where p0 and pa denote the chamber
and ambient pressure respectively. In this work, the NPR selected is
1.7 (p0 # 1.7 bar), equal to the case 3 of the study of Olson and Lele
[16]. The nozzle Reynolds number is based on the chamber values
and the throat half-height:

Re #
%%%
γ

p

μ
p0Ht∕2%%%%%%%%%%%%%
RairT0

p # 3.3 ⋅ 105

where γ is the constant specific heat ratio, μ is the molecular viscosity
evaluated at the chamber temperature T0 # 300 K, and Rair is the air
gas constant. It is important to note that the Reynolds number of the
reference LES casewas reduced to 8.9 ⋅ 104 for computational reasons
[16]. Figure 1b shows theMach number flowfield; it can be seen that the
shock has the classical λ shape and that the flow separation is not
symmetric: on one side is large and open to the external ambient,
whereas on the other is small and closed. This asymmetry is confirmed
by the experiments [7]; Fig. 2a shows an instantaneous snapshot of the
magnitude of the density gradient, which is compared with an image of
the spark schlieren of the experiment. It can be seen that the separation-
shock structure and the extension of the separated regions are
qualitatively well reproduced. A similar nonsymmetric shock structure
can be found in Verma et al. [9].

IV. Results
A. Instantaneous Flowfield

The main characteristics of the instantaneous flowfield are shown
in Fig. 3a. The 3-D turbulent structures are represented by showing a
positive isovalue of the second invariant of the anisotropic part of the
deformation rate tensor (A% # A − θ∕3I), where θ is the flow
dilatation. Such definition represents an extension of the Q-criterion
to compressible flows [31] and allows to identify tubelike vortical
structures. The isosurface is colored by the local value of the
streamwise velocity. The slice in the lastZ plane shows the field of the
magnitude of the density gradient, useful to individuate the shocks
and the shear layers. Looking at the top wall (note that the y axis has
changed orientation to better illustrate the flow features), which
develops the most important separated region, it is possible to notice
at first the formation of almost two-dimensional vortical structures in
the shear layer, which are then replaced by three-dimensional
structures developing downstream. It can be seen therefore that there
is still an important region that remains in the so-called gray area; in
this zone, the flow is not treated inRANSmode nor inLESmode. The
bottomwall, characterized by avery small separation, remains almost
in RANS mode and develops a turbulent content just at the nozzle
exit. Figure 3b shows an instantaneous field of the longitudinal
component of the nondimensional vorticity on the top wall, which

qualitatively indicates the three-dimensionality of the field in the
spanwise direction and the growth of the turbulent structures in the
longitudinal direction. At this point, it is important to assess whether
the extension of the domain in z is sufficient to avoid confinements
effects on the large-scale turbulent structures. To evaluate this, the
two-point correlation of the fluctuations in the spanwise direction has
been computed in the turbulent region according to

Rϕ 0!rz" #
ϕ 0!x; y; z; t"ϕ 0!x; y; z$ rz; t"

σ2ϕ!x; y"
(9)

Fig. 2 Representations of a) contours of k∇ρk in a longitudinal slice (red dot: probe location for autocorrelations), and b) spark schlieren image of
supersonic nozzle flow separation.

Fig. 3 Visualization of vortical structures (top) colored by the local
streamwise velocity and contours of streamwise vorticity on the top wall
(bottom).

rz/Lz

R
φ,

(r
z)

0 0.1 0.2 0.3 0.4 0.5

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Ru’

Rv’

Fig. 4 Two point autocorrelation for longitudinal and vertical velocity
fluctuations in the spanwise direction.
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whereϕ 0 represents the fluctuations of the longitudinal velocity or of
the vertical velocity component and σ is the standard deviation. The
results are reported in Fig. 4b for a representative probe location
(shown in Fig. 2a), with the others being qualitatively similar. We
observe that the correlation substantially decays for rz∕Lz < 0.2,
although a certain degree of anticorrelation persists, in line with
the findings of Olson and Lele [30]. This result was judged as a
satisfactory compromise between accuracy and computational cost.

A significant self-sustained shock oscillation characterizes the
flowfield. Figure 5 shows the field of the density gradient magnitude
on the left together with distribution of the static pressure in the
nozzle symmetry plane at the centerline on the right. The red color
represents downstreammovement of the flow separation,whereas the
blue color represents upstream movement. The black dashed line
indicates the value of the nondimensional ambient pressure pa∕p0.
The nondimensional time is indicated as t% # tUp∕Ht, where t is

Fig. 5 Snapshots of the k∇ρk field (left). Instantaneous static pressure in the nozzle symmetry plane at the centerline (right). Red: downstream
movement; blue: upstream movement; black dashed line: pa∕p0.
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time, andUp is the quasi-one-dimensional velocity at the nozzle exit,
computed by the isentropic relations. The sequence begins at t% # 0
(the zero value is arbitrary chosen)with the downstreammovement of
the shock system, characterized by a pressure immediately behind the
shock that becomes lower and lower than the ambient value (at t% # 0
and t% # 10). This difference is due to the low shockMach number at
the beginning of the downstream movement and by the movement
itself. When the shock reaches its extreme downstream positions, the
shock train increases its intensity, and the pressure value behind
the shock becomes higher than the ambient pressure (t% # 20). At
this point, the shock begins to move upstream. Now, the sequence
of this movement is characterized always by a pressure behind the
shock higher than the ambient value. At t% # 50, the shock slows
down because the shock Mach number is now decreasing due to the
lower area ratios, and the pressure behind the shock at first
approaches the ambient value and then becomes lower (t% # 60). At
this point, the downstream movement starts again, completing the
cycle. It can be seen that the shock excursion is large, more than one
throat height, and the shock configuration changes in shape and
intensity. At t% # 20, the shock is near the nozzle exit, the shock
Mach number is equal to 1.61, and there are important separated
regions over both thewalls. The interactionof the reflected shockswith
the shear layers arewell visible, togetherwith the expansion fans,which
accelerate the flow to a supersonicMach number and decrease the local
static pressure well below the ambient pressure. A second shock then
appears to slow down the flow to subsonic velocity. At t% # 60, the
separation is nearly at its upstreamposition. The shockMach number is
equal to 1.36, the λ shocks are smaller, and consequently the zones
characterized by a reverse flow are less pronounced.
This oscillating behavior of the static pressure behind the shock

system is reflected in the wall pressure behavior. Figure 6a shows
again a cycle as seen by the top wall; in this case, the incipient
separation points of the shock during the upstream and downstream
movement are taken at the same location for direct comparison. The
difference in the values of the plateau pressurepp, that is the pressure
at the beginning of the plateau region downstream of the shock as
defined in Östlund [32], is evident. During the upstream movement,
the plateau pressure is higher than the corresponding value of the
downstream movement. A local nozzle pressure ratio can be defined
using pp instead of pa, NPRp # p0∕pp. In a previous work of the
authors [33], it has been shown that it is this localNPRP that governs
the position of the separation line. Figure 6 reports theNPRP’s during
an instantaneous cycle, and a hysteresis phenomenon is evident. The
following steps can be identified.
1) At the beginning of the downstreammovement, the shockMach

numberMs is low due to the local area ratio and due to the movement
itself. The plateau pressure is low, the NPRP increases and the
separation line is pushed forward.

2) When the shock system reaches its extreme positions, the
increase of the area ratio increasesMs and consequently the value of
pp; as a consequence, NPRP starts decreasing, and the extension of
the reverse flow becomes more and more important. This causes the
slowdown of the shock at first and then the change of direction.
3) At the beginning of the upstream movement,Ms is high due to

local area ratio and due to themovement itself. Thevalue of theNPRP
decreases.
4) Finally, when the extreme upstream position is reached, the

shock Mach number decreases due to the lower area ratio, the
extension of the reverse flow is heavily reduced, the plateau pressure
decreases, andNPRP increases.Again, there is a processof deceleration
and change of direction, completing the cycle.
These features are typical of shock train configurations, which are

characterized by a self-sustained oscillation, as reported in the review
of Matsuo et al. [34] and references therein. In a very recent
experimental work [35], Xiong et al. investigated the response of a
shock train in a straight channel todownstreamexcitations. They found
that the shock system undergoes a periodical oscillation in response to
the external forcing. Moreover, different from the cases with steady
backpressure, the mechanism by which the shock train adapts to
downstream excitations is to keep onmoving so that the relativeMach
number ahead of the shock train changes tomatch the varying imposed
backpressure. The shock dynamics described in the present DDES
simulation is qualitatively very similar to the experimental findings of
Xiong et al. [35]; therefore, it could be argued that the subsonic
turbulent recirculating region acts as an external source of unsteady
pressure forcing, causing the periodic motion of the shock system.

B. Wall Pressure Signature
The statistical properties of the fluctuating pressure are first analyzed

by evaluating the averaged properties together with the variance of the
pressure fluctuations and comparing them with the available
experimental data. Figure 7a shows the streamwise distribution of the
numerical and experimental time and spanwise-averaged top-wall
pressure, made nondimensional by the ambient pressure pa. It can be
seen that the RANS solution predicts well the position of the mean
separation point but overpredicts the pressure level in the recirculating
region. Instead, theDDES solution predicts verywell the static pressure
in the separated zone, although separation is anticipated with respect to
the experiment, as a consequence of a greater shock excursion length
that spreads the wall pressure over a longer streamwise distance.
Figure 7b shows the nondimensional variance of the wall pressure
fluctuations, together with the experimental values.Within the attached
boundary layer, σw is zero because, according to the DDES approach,
this flowfield region is automatically treated in RANS mode. Instead,
downstream of the separation point, there is a peak in the standard
deviation value, corresponding to the excursion zone of the shock
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Fig. 6 Instantaneous wall static pressure at the centerline (left). Red: downstream movement; blue: upstream movement; black dashed line: pa∕p0.
Hysteresis cycle of the local nozzle pressure ratio NPRp ! p0∕pp (right).
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system. Moving downstream, the first part of the separated region is
characterized by a decrease of σw, whereas a second increase is
observable downstream, associated to the developing turbulent shear
layer in the last part of the nozzle. The numerical trend is very similar to
the experimental one. The numerical maximum value of the variance is
higher than the experimental value, againdue to amore important shock
excursion length. It can be noted that the distribution of the wall
pressure fluctuations is qualitatively very similar to the distributions
found in other classical shock-wave/boundary-layer interaction; see for
example the experimental findings ofDupont on an incident shock on a
flat plate [36,37] and of Dolling on a supersonic flow over a
compression ramp [38]. In Fig. 7b, the position of three numerical
pressure probes is also reported. P1 is located in the attached (RANS)
region, P2 is located where the wall pressure fluctuation standard
deviation has the maximum value corresponding to the shock
oscillation, and P3 is positioned in the turbulent recirculation region
near the nozzle exit. Figure 8a shows a set of instantaneous, spanwise-
averaged wall pressure distributions and illustrates the entity of the
shock excursion. The position of the separation point can be
qualitatively indicated by the minimum value reached by the wall
pressure. It can be seen that the separation excursion has a significant
variationwith time. Figure 8b showsa temporal slot of thewall pressure
signals from probesP1,P2, andP3. It can be seen that the first signal is
characterized by no oscillations. The second one is characterized by the
passage of the foot of the separation shock. When the shock is
downstream of the probe P2, the wall pressure value is related to the
attached supersonic flow, whereas when the shock is upstream of the
probe, the wall pressure value is related to the recirculating subsonic
region. The probe P3 is most of the time downstream of the shock;
therefore, the signal is typical of a turbulent separated region.

The downward spikes in the pressure behavior indicate the important
influence of the shock movement in this downstream region.

C. Wavelet Spectral Analysis

The continuous wavelet transform is applied to the unsteady wall
pressure signals to decompose them in the time-frequency space. An
extended review of the application of wavelets to study turbulence
phenomena can be found in Farge [39], whereas only the key
theoretical aspects are here reported. The continuous wavelet
transform of a discrete time sequence pn, with equal spacing δt and
n # 0; : : : ; N − 1, is defined as the convolution of pn with a scaled
and translated version of the mother wavelet ψ0:

Wn!s" #
XN−1

n 0#0

pn ⋅ ψ%
#
!n 0 − n"δt

s

$
(10)

where% denotes the complex conjugate. By varying thewavelet scale
s and translating along the time index n, one can construct a picture
showing how the amplitude of the wavelet coefficients vary with the
scale and with the time. In this study, the Morlet wavelet has been
chosen because higher resolution in frequency can be achieved when
compared with other mother functions. It consists of a plane wave
modulated by a Gaussian:

ψ0!η" # π−1∕4eiω0ηe−η
2∕2 (11)

where η is a nondimensional time parameter, and ω0 is the
nondimensional frequency, here taken equal to 6 to satisfy the

x/Ht

P
w

 / 
p a

0 1 2 3 4 5 6

0.4

0.6

0.8

1

1.2
RANS
DDES
Exp

x/Ht

σ2 w
/P

2 w

0 2 4 6
0

0.01

0.02

0.03

0.04

0.05

0.06
DDES
Exp

P3P1 P2

Fig. 7 Streamwise distribution of mean top-wall pressure (left) and pressure fluctuations variance (right).
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Fig. 8 Representations of a) streamwisedistributions of instantaneous spanwise-averagedwall pressures, andb) temporal slot of thewall pressure signals
from probes P2 and P3.
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admissibility condition [20]. The relationship between the equivalent
Fourier period λ and the wavelet scale s can be found analytically
[20]. For the Morlet wavelet with ω0 # 6, it is possible to find that
λ # 1.03 s. From the definition of the wavelet coefficient, one can
directly define the wavelet power spectrum (WPS) as jWn!s"j2. The
WPS allows to build the wavelet scalogram, which provides a
decomposition of the energy onto the scale-time (or frequency-time)
plane. A Fourier-like spectrum can be simply recovered by a time
averaging (marginal wavelet power spectrum).
Figure 9a shows the wavelet power spectrum of the wall pressure

signal from probe P2. The wavelet decomposition indicates that
most of the energy is located in a nearly uniform way around a
Strouhal number, defined as St # fHt∕Up, where f is the
frequency, equal to 0.017. The WPS of the signal from P3 is
reported in Fig. 9b. The effect of the shockmotion on the spectrum is
always present, with most of the energy concentrated around
St # 0.017. In addition, the energy coming from the turbulent
structures is also present at higher Strouhal number. The WPS is
now characterized by an increased degree of intermittency: bursts of
high energy are followed by region of low energy, and they are
spread over a wider region of Strouhal number, between 0.03 and
0.1. The marginal WPSs of the two pressure signals are shown in
Fig. 10a. This plot can give information similar to that given by
the Fourier spectrum. Both the spectrum from P2 and P3 are
characterized by the peak around St # 0.017, due to the shock
movement. The signal from P2 is characterized by a higher energy
because it is located in the middle of the shock oscillation. The
spectrum from P3 shows a higher energy from Strouhal number
greater than 0.08. This energy is characteristic of the fully turbulent
subsonic recirculating region. Figure 10b shows the time series of a

selection of the wavelet coefficients for different frequency modes.
It must be noted that the various modes are shifted along the
pressure axis to facilitate understanding. This picture shows the
more relevant contribution, which corresponds to the peak shock
Strouhal number of 0.017. This component is similar to a sinusoid
with an amplitude modulation, whereas the components at higher
frequencies are more typical of a turbulent flowfield.
Figure 11 shows the normalized autospectra of the shock

position fluctuations for the present DDES simulation and for the
reference LES. The shapes of the two spectra are very similar, and

Fig. 9 Representations of a) wavelet power spectrum of the pressure signal at P2, and b) wavelet power spectrum of the pressure signal at P3.

Fig. 10 Marginal wavelet power spectrum a) of the wall pressure signals from probes P2 and P3, and b) time series for the wavelet coefficients (probe 2)
for different frequency modes.
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Fig. 11 Frequency spectrum of the shock position fluctuations.
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there is a good agreement in the prediction of the peak Strouhal
number corresponding to the shock motion. At higher frequencies,
the DDES spectrum shows lower energy than LES, as a consequence
of the fact that separation is partly governed by the RANSmodel. The
values of the shock excursion length and of the peak shock Strouhal
number are compared with the results of the experiment [8] and with
the findings of the reference LES [16] in Table 1. It can be seen that
the computed peak Strouhal number is very near to the range of the
experimental values and close to the LES value. It is observed that
the shock excursion length is very close to the reference LES value;
however, both are higher than the experimental value. One of the main
differences with the experiment is the absence of the lateral walls,
which are substituted by the periodic conditions in the spanwise
direction to save computational time. This aspect deserves more
attention in future simulations.

D. Discussion on the Self-Sustained Oscillation

According to Zaman et al. [40] and Handa et al. [6] and references
therein, there are two possible explanations for the unsteadiness. The
first mechanism involves a longitudinal acoustic resonance, where the
shock acts as an upstream closed end. The fundamental frequency
corresponds to the case when one-quarter wavelength is fitted in the
distance between the foot of the shock and the nozzle exit. The second
explanation foresees a downstream propagating vorticity wave, which
upon interaction with the nozzle exit produces a feedback acoustic
wave traveling upstream. In the first case and followingMorse [41], the
fundamental frequency can be predicted by the expression:

fm # a

4lp

%%%%%%%%%%%%%%%%%%%%%%

m2 $
8lp
π2x0

s

; m # 1; 3; 5; : : :

where a is the speed of sound in the separated region (approximately
equals to 330 m/s), and

lp # L$ 4De

3π
; x0 #

Dt

2 tan!θ"

Because a planar geometry has been used, it is necessary to compute
an equivalent half-angle of divergence θe and the equivalent diameters
(Dt;e and De;e) according to following expressions [40]:

Dt;e #
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2

π
!He $Ht" %Ht

r

De;e #
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2

π
!He $Ht" %He

r

θe # tan−1&!De;e −Dt;e"∕!2L"'

Using the data of this test case, the fundamental frequency (m # 1)
corresponds to a Strouhal number of 0.026, higher than the value
computed with the DDESmethod and with the LESmethod by Olson
and Lele [16]. In addition, the experiment reveals a very broad
spectrum, whereas the transonic resonance foresees a spectrum with a
well-defined peak. Thus, it seems that the oscillation is not merely due
to an acoustic resonance, if any. It must be considered that, in this case,
there is an important interplaywith the turbulent separated flowfield. In
the test cases described by Zaman, the separation zone appears as a
closed recirculation bubble, whereas in this case, the separation is open
to the external ambient. Another difference with the experimental test
cases of Zaman is the presence of a shock train in this planar nozzle.
Therefore, these considerations on the acoustic resonance cannot
directly be applied to the present flow configuration, where, as shown
before, the shock oscillation is mainly associated to a pressure

Table 1 Comparison amongDDES, LES [16], and
experiment [8] of the shock Strouhal and shock

excursion length

Shock property DDES LES Experiment
Strouhal 0.0172 0.0122 0.019 ≤ St ≤ 0.026
Excursion 1.52Ht 1.38Ht 0.9Ht

Fig. 12 Snapshots of the k∇ρk field at nearly the extreme positions forNPR ! 1.55 and 1.90. The cyan line represents the zero value of the longitudinal
velocity.
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imbalance between the values behind the shock and the ambient. In
fact, an equilibrium position is never found, and a limit cycle is
established. Further investigations are necessary to understand which
is the physical mechanism that feeds the instability and what kind of
phenomenon imposes the characteristic time scale.

V. Parametric Analysis
After having assessed and analyzed the results of the reference test

case at NPR # 1.70, two other NPRs (1.55 and 1.90) have been
simulated to see the effect of the nozzle pressure ratio on the shock
excursion Ls and on the spectral content of the pressure signals.
These tests correspond to cases 1 and 5 of Olson and Lele [16], with
the difference that, in the cited paper, the nozzle area ratio was varied
to keep the shock at the same location (in average), whereas in the
present tests, only the NPRs are varied. Figure 12 shows the
snapshots of the magnitude of the density gradient field for NPR #
1.55 and 1.90, at the extreme position reached during half a cycle. It
can be noted that, in the first case, the flow characteristics are almost
equal to the case at NPR # 1.70; in particular, there is nearly no
reverse flowwhen the shock is at its upstreamposition (Fig. 12b). The
situation changes at NPR # 1.90. It can be seen that, in this case, a
reverse flow is always present at the bottom wall. Consequently, the
shock shape is unchanged between the two extreme positions
(Figs. 12c and 12d).
Hysteresis cycles can also be found at these two other NPRs, whose

extension can be appreciated in Fig. 13. At NPR # 1.70, there is the
cyclewith thegreatest area,whereas atNPR # 1.90, there is instead an
important area reduction. Figure 14 shows, for all the NPRs, the

instantaneous, spanwise-averaged wall pressure distributions for all
the simulation time.Qualitatively, the timehistories are similar, but it is
evident that the flow separation (and shock) range is reduced at
NPR # 1.90. This can be quantified in Fig. 15, which shows the time
average of the shock excursion length. A nonmonotonic behavior can
be seen; Ls increases between NPR # 1.55 and NPR # 1.70, and
then there is an important decrease at NPR # 1.90. At this pressure
ratio,Ls is equal to 0.8 nozzle throat diameter, that is nearly half of the
value of the excursion length forNPR # 1.7. Figure 15 shows also that
the same nonmonotonic trend can be found for the peak value of
thewall pressure fluctuations variance for the various NPRs; when the
NPR changes from 1.55 to 1.70, there is an increase in the peak value,
whereas when the NPR is further increased to 1.90, the peak shows an
important decrease. It is not clear why there is this nonmonotonic
behavior in the shock excursion and in the pressure oscillation level. It
has been noted before that, atNPR # 1.55 and 1.70, the shock system
oscillates between a configuration with a very small reverse flow
region downstream of the shock and a configuration with an important
region with reverse flow downstream of the shock. Instead, at
NPR # 1.90, the shock oscillates between two configurations always
characterized by an important reverse flow. This can be caused by the
fact that, at this NPR, the shockMach number is higher than at the two
other configurations, inducing a higher degreeof separation.And it can
be argued that this regime is more dissipative, reducing the shock
excursion length.
Thewavelet power spectra have been computed for these two other

NPRs and compared with the reference test case at NPR # 1.70.
Again, the unsteady pressure signals from numerical probes P2 and
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Fig. 13 Hysteresis cycle of the local nozzle pressure ratio NPRp for all
the nominal NPRs.

Fig. 14 Streamwise distributions of instantaneous spanwise-averaged wall pressures.

Fig. 15 Shock excursion length and maximum value of the variance
along the longitudinal axis.
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P3 are analyzed. Figure 16 shows theWPS for the signals fromP2. In
all the cases, the dominant contribution from the shock movement
can be seen, but at NPR # 1.55, this prevalent mode is more
influenced by the turbulence intermittency, and in fact it alternates
zones of high energy with zones of low energy. Figure 17 shows the
wavelet power spectrum for probeP3. Although atNPR # 1.70 there
is an important trace of the shockmotion at low frequencies, this trace
is reduced at NPR # 1.55 and 1.90. The shock motion appears as
energetic spots with a frequency and amplitude modulation. The
characteristics of the turbulent region appear as spots at higher
frequencies, and they are very similar for all the NPRs.
Figure 18 compares the marginal wavelet power spectrum for the

three cases at probe P2 and P3. It can be seen that, on average,
NPR # 1.70 is the case characterized by the higher energy in the

pressure fluctuations, both in the shock region and in the turbulent
separated region. The peaks in themarginal spectrum allow us also to
identify the most probable shock Strouhal numbers, which are
reported in Table 2. The shock Strouhal number increases with the

Fig. 16 Wavelet power spectrum of the pressure signal at P2.

Fig. 17 Wavelet power spectrum of the pressure signal at P3.

Fig. 18 Streamwise distributions of instantaneous spanwise-averaged wall pressures.

Table 2 Shock Strouhal
numbers of the simulated NPRs

NPR St

1.55 0.0158
1.70 0.0172
1.90 0.0223
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shock strength, as alsowas found numerically in Olson and Lele [16]
and experimentally in Johonson and Papamoschou [8].

VI. Conclusions
A delayed detached-eddy simulation of a planar nozzle with flow

separation has been carried out, and the results have been compared
with experimental and LES data taken from literature. The
nozzle flow simulated in this study is characterized by a strong
nonsymmetric separation shockwith a classical lambda shape and by
an important recirculation zone. The simulation is able to capture a
self-sustained unsteadiness of the shock system. A statistical
description of this unsteadiness has been carried out. The shock
region and the turbulent separated region are characterized by well-
defined peaks in the wall pressure fluctuations standard deviation
distribution. This behavior is similar to other canonical SWBLIs, like
impinging shocks and compression ramps. The spectral analysis has
been carried out using theMorlet wavelet transform, which is a well-
suited tool to analyze nonstationary time series. According to the
wavelet decomposition, the shock movement is characterized by a
concentration of energy around a Strouhal number equal to 0.017.
The peak Strouhal number is very close to the reference LES and
experimental values. Thewavelet power spectrum in the recirculating
region is always influenced by the shock movement at St # 0.017,
but it also shows the effect of the fully development of turbulence. In
fact, for Strouhal number greater than the shock Strouhal number, the
spectrum is characterized by a collection of alternating high- and low-
energy events. The excursion length of the shock is close to the
reference LES result, and both are greater than the experimental
value. This fact raises a question on the use of periodic boundary
conditions in the spanwise direction instead of the real sidewalls. The
shock movement is characterized by a limit-cycle instability, driven
by a pressure imbalance of the static pressure behind the shock inside
the nozzle with the imposed ambient pressure. The fundamental
frequency found in this work is lower than the one foreseen by the
analytical model of the acoustical longitudinal resonance (one-
quarter wavelength model). It can be argued that an important
interplay with the turbulent separated region is present, even if it is
still not clear how it could be quantified. A parametric analysis has
been conducted varying the nozzle pressure ratio. The major finding
is that, at the highest simulated NPR, the shock system is
characterized by the constant presence of a large region of reversed
flow. For this case, the shock Strouhal number is increased, and the
excursion length has an important decrease. The comparison of the
wavelet power spectra shows that, at NPR # 1.70, the shock
movement has the greatest energy and the greatest influence over all
the pressure signals.
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