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Complete intersections on Veronese surfaces

Stefano Canino∗1 and Enrico Carlini †1

1DISMA-Department of Mathematics, Politenico di Torino, Corso Duca degli Abruzzi 24,
10129, Torino

June 14, 2022

Abstract

In this paper we describe all possible reduced complete intersection sets of points on Veronese
surfaces. We formulate a conjecture for the general case of complete intersection subvarieties of
any dimension and we prove it in the case of the quadratic Veronese threefold. Our main tool is
an effective characterization of all possible Hilbert functions of reduced subvarieties of Veronese
surfaces.

1 Introduction

Complete intersection subavarities are both a classical both a modern topic of study in Algebraic
Geometry.

In [Eul53] Euler asked when a sets of points in the plane is the intersection of two curves, that is,
using the modern terminology, when a set of points in the plane is a complete intersection. In the
same period, Cramer asked similar questions so that this type of questions is presently known as
the Cramer-Euler problem. Euler solution in the case of nine points in the plane gave rise to what
are now known as the Cayley-Bacharach Theorems, see [EGH96].

Complete intersections and their algebraic counterpart, regular sequences, play a central role
in Commutative Algebra and in Algebraic geometry. Consider, for example, the well known
Hartshorne conjecture, stated for the first time by Hartshorne in [Har70] and still open, which
is probably one of the most studied problems regarding complete intersection. More recently, com-
plete intersections have shown to have unexpected applications. For example, in [BBOV21] and
[BO21], the strength and the slice rank of polynomials are studied using complete intersections.
See also [CN17] for an application in proving the existence of special families of vector bundles on
quartic surfaces of P3. For a a more exhaustive overview on complete intersections we advise to see
[GS84].

In this paper, we consider a generalization of the Cramer-Euler problem: characterize the possible
complete intersections lying on a Veronese surface V2,d, and more generally on a Veronese vari-
ety. We recall that, given non-negative integers n and d, a Veronese variety of PN is projectively
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equivalent to Vn,d ⊆ PN , that is the image of Pn via the usual Veronese map:

νn,d : Pn → PN

[x0, . . . , xn] 7→ [xd0, x
d−1
0 x1, . . . , x

d
n]

where N =
(
n+d
d

)
− 1. Notice that for d = 1 the Veronese surface V2,1 is the plane P2, so that our

problem in this special case is exactly the Cramer-Euler problem. In Theorem 4.5 we completely
solve the problem showing that for d > 2 the only reduced complete intersections of PN lying on
V2,d are finite sets of either one or two points. While, for the Veronese surface V2,2 ⊆ P5, one also
has plane conics and their intersections with suitable hypersurfaces. Moreover, in Theorem 4.3
we show that, except for the case d = 2, the only complete intersections lying on rational normal
curves V1,d are the trivial ones, that is one single point or the set of two points. The case V1,2, that
is of a plane conic, is different. In fact, by cutting with any properly chosen curve, one will produce
a complete intersection set of points.

Inspired by these evidences we formulate Conjecture 5.2: the only reduced complete intersections
of Vn,d, d ≥ 3, are finite sets of either one or two points while for d = 2 one also has plane conics
and their intersections with suitable hypersurfaces. We also checked the validity of the conjecture
for V3,2, see Proposition 5.1.

In order to prove our main result, Theorem 4.5, we characterize the possible Hilbert functions of
reduced subvarieties of Veronese varieties in in Theorem 2.16. In other words, we characterize
all possible Hilbert functions of radical ideals in the Veronese ring C[x0, . . . , xN ]/I(Vn,d), where
I(Vn,d) is the defining ideal of Vn,d. Beyond their application to the proof of our theorem, Hilbert
functions play a central role in Commutative Algebra and in Algebraic Geometry, for example
see [Sta78], [Mig07], and [BGM94]. Indeed, in recent times Hilbert functions have also been used
as tools in other fields. For example, in the study of Waring rank, that is the tensor rank for
symmetric tensors, in the paper [CCG12]. Another example is the study of Strassen’s Conjecture,
a crucial conjecture in complexity theory, now proved to be false in general [Shi19], but still open
in the relevant case of symmetric tensors, see [CCC+18] and [CMM18]. As a last example, we also
mention the study of the identifiability of tensors, which plays a crucial role in Algebraic Statistic,
see [ABC18],[AC20] and [AGMO18].

In this paper, se first characterize the Hilbert functions of reduced subvarieties of Vn,d. Thus, we
generalise 0-sequences and differentiable 0-sequences introduced in [GMR83], see Definition 2.10
and Definition 2.11. Successively, we give more effective characterization for the case of the rational
normal curves V1,d in Theorem 2.9, so recovering a classical result, and for the case of the surfaces
V2,d in Theorem 3.4. In [GMP11, Theorem 4.5] a similar characterization is given in the case of
subschemes of Vn,d, that is in the case of any ideal in a Veronese ring. However, we consider these
characterization not to be enough effective for our purposes. In fact, given a candidate Hilbert
function, one has to solve a kind of interpolation problem to decide whether the given function is
the Hilbert function of a reduced subvariety, or subscheme, of Vn,d, see Remark 3.7.

More precisely, the paper is structured as follows. In §2, we recall some basic notions needed in
the paper and we study the relationship between I(ν−1

n,d(X)) and I(X), where X ⊆ Vn,d is a reduced
subvariety of Vn,d. Using this we characterize the Hilbert functions of subvarieties lying on Vn,d
and introduce d-sequences and differentiable d-sequences. Moreover, we use these results to study
the Hilbert functions of divisors of Vn,d and the Hilbert functions of finite sets of reduced points
lying on a rational normal curve V1,d, recovering the classical results. In §3, we apply Theorem
2.6 to the special case of Veronese surfaces getting a more explicit characterization for the Hilbert
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functions of reduced subvarieties of Veronese surfaces in Theorem 3.4. In §4, we use the previously
introduced tools to prove our main theorem characterizing all possible complete intersections lying
on Veronese surfaces. In §5, we study the reduced complete intersection lying on V3,2 and state
Conjecture 5.2 about reduced complete intersections lying on Veronese varieties.

Acknowledgments: the authors wish to thank Ciro Ciliberto, Luca Chiantini, Alessandro
Gimigliano, and Giorgio Ottaviani for some useful discussions. Moreover, the authors acknowl-
edges the kindness of Marvi Catalisano and Juan Migliore in parting from a similar project which
was never completed. The authors are members of GNSAGA of INDAM and were was supported
by MIUR grant Dipartimenti di Eccellenza 2018-2022 (E11G18000350001).

2 Basic notions and first results

In this section we introduce the needed basic notions and some preliminary results including a
complete characterization of the possible Hilbert functions of reduced subvarieties of a Veronese
variety. Let K be an algebraic closed field with charK = 0 and R = K[x0, . . . , xn] the coordinate
ring of Pn. If d is a positive integer, we set N =

(
n+d
d

)
− 1 and we denote the coordinate ring of PN

by S = K[y0, . . . , yN ].

IfM is a graded module, we denote byMp the p-th graded component ofM , so thatM =
⊕∞

p=0Mp.
In particular, since an ideal I ⊆ R is an R-module, we use the same notation Ip for the p-th graded
component of I.

For a graded moduleM , we indicate its Hilbert function by HM (t) = dimMt and its first difference
function by ∆HM (t) = HM (t)−HM (t− 1), setting HM (−1) = 0. If X ⊆ Pn is a reduced projective
scheme we denote by I(X) its associated ideal and by HX(t), its Hilbert function, that is the Hilbert
function of the module R/I(X).

Notation 2.1 We will denote by α0, . . . , αN the multi-indeces of {0, 1, . . . , d}n+1 such that |αj | = d
ordered by the usual lexicographic order. Moreover, if αi = (αi0, . . . , αin), we set

xαi = xαi0
0 . . . xαin

n .

Definition 2.2 For each n, d ∈ N>0 we define the (n, d)-Veronese embedding

νn,d : Pn → PN

[x0, . . . , xn] 7→ [xα0 , . . . , xαN ]

and the (n, d)-Veronese variety Vn,d := νn,d(Pn).

The following lemma will be very useful.

Lemma 2.3 Let us consider the graded morphism

φd : S → R
a 7→ a
yi 7→ xαi

for all a ∈ K, and for i ∈ {0, . . . , N}. Then the following hold:

1. kerφd = I(Vn,d).

3



2. Imφd =
⊕∞

ℓ=0Rℓd and, in particular, φd(St) = Rtd.

3. If X ⊆ Vn,d, then (I(ν−1
n,d(X)))td = φd(I(X)t). In particular

φd(I(X)) =
∞⊕
s=0

(I(ν−1
n,d(X)))sd.

4. If X is a subvariety of Vn,d and we set Y = ν−1
n,d(X), then

HX(t) = HY(td) ∀ t ≥ 0.

Proof The proof of (1) is trivial. To prove (2) it is enough to note that any monomial of degree td
can be written as product of monomials of degree d. The proof of (3) is a straightforward check of
a double inclusion. The proof of (4) follows from the chain of graded isomorphisms

S/I(X) ∼=
S/I(Vn,d)

I(X)/I(Vn,d)
∼=

ψd(S/I(Vn,d))
ψd(I(X)/I(Vn,d))

=

⊕∞
s=0Rsd

φd(I(X))

where ψd : S/I(Vn,d) →
⊕∞

s=0Rsd is the canonical isomorphism induced by φd.

Remark 2.4 Since φd is a ring homomorphism, φd(I(X)) is an ideal of Imφd =
⊕∞

s=0Rsd, but it
is not an ideal of R. Nevertheless, one has

(φd(I(X))R)td = (φd(I(X)))td.

Remark 2.5 In the notations of Lemma 2.3, if we choose X = Vn,d then we have Y = Pn and thus

we get that the Hilbert Function of Vn,d is HVn,d
(t) =

(
n+td
n

)
.

The following theorem is an immediate consequence of Lemma 2.3.

Theorem 2.6 Let h(t) : N → N be the Hilbert function of a projective variety in PN . Then there
exists X ⊆ Vn,d ⊆ PN such that HX(t) = h(t) if and only there exists k(t) : N → N Hilbert function
of a projective variety in Pn such that h(t) = k(dt).

Remark 2.7 We note that, if a subvariety Y has Hilbert function satisfying the conditions of
Theorem 2.6, this does not mean that Y lies on a Veronese variety. The theorem only guarantees
that there exists some subvariety X of a Veronese variety having the same Hilbert function of Y.
Consider, for example, seven generic points in P3. By genericity they do not lie on a V1,d, that is
they do not lie on rational normal curve, but their Hilbert function satisfies the hypothesis of the
theorem.

In the case of divisors of Vn,d we can be more explicit.

Proposition 2.8 If X is a divisor of Vn,d, let degX = de, then

HX(t) =

{(
n+dt
n

)
, if t ≤

⌊
e−1
d

⌋(
n+dt
n

)
−
(
n+dt−e

n

)
, if t ≥

⌊
e−1
d

⌋
+ 1
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Proof Since X is a divisor and degX = de, there exists a (unique) hypersurface Y : F = 0 of degree
e in Pn such that νn,d(Y) = X. For each t ∈ N we have the following short exact sequence

0 R(−e)t Rt (R/(F ))t 0F π

and as a consequence, we get HY(t) = dim(R/(F ))t = dimRt−dimR(−e)t and this ends the proof.

Remark 2.9 As special case of divisor we can consider X ⊆ V1,d ⊆ Pd a finite set of s reduced
points on the rational normal curve of degree d. Using Proposition 2.8 we get the well known result:

HX(t) =

{
dt+ 1, if t ≤

⌊
s−2
d

⌋
s, if t ≥

⌊
s−2
d

⌋
+ 1

.

We conclude recalling the following definitions from [GMR83].

Definition 2.10 A sequence of non-negative integers (ct)t∈N is called a 0-sequence if c0 = 1 and
ct+1 ≤ c⟨t⟩ for all t ≥ 1.

Definition 2.11 Let (bt)t∈N be a 0-sequence. Then (bt)t∈N is differentiable if the difference sequence
(ct)t∈N, ct = bt − bt−1 is again a 0-sequence (where b−1 = 0).

In [GMR83] the authors completely characterized the Hilbert functions of reduced varieties with
the following theorem.

Theorem 2.12 ([GMR83],Theorem 3.3) Let K be an infinite field and let (bt)t∈N be a differ-
entiable 0-sequence with b1 = n+ 1. There is a radical ideal I in K[x0, . . . , xn] such that (bt)t∈N is
the Hilbert function of K[x0, . . . , xn]/I.

The complete characterization of Theorem 2.12 can be rephrased: if S is a sequence of non-negative
integers, then there exists a reduced K-algebra A such that S is the Hilbert function of A if and
only if S is a differentiable 0-sequence.

Theorem 2.6 suggests us to extend Definition 2.10 and 2.11 as follows.

Definition 2.13 A 0-sequence (bt)t∈N is called d-sequence if there exists a 0-sequence (ct)t∈N such
that bt = c(d+1)t.

Definition 2.14 A 0-sequence (bt)t∈N is called differentiable d-sequence if there exists a differen-
tiable 0-sequence (ct)t∈N such that bt = c(d+1)t.

Remark 2.15 We note that that a differentiable d-sequence is necessarily a differentiable 0-
sequence.

We can now rephrase Theorem 2.6 as follows:

Theorem 2.16 Let (ht)t∈N be a sequence of non-negative integers such that h0 = 1 and h1 = N+1.
There exists a projective variety X ⊆ Vn,d ⊆ PN such that HX(t) = ht if and only if (ht)t∈N is a
differentiable (d− 1)-sequence.

It is natural to ask for an effective characterization of d-sequences similar to the one of Theorem
2.12. The question does not have an answer in general yet, nevertheless one can give an answer in a
special case using our results. In the case (d−1)-sequences with h1 =

(
d+2
2

)
, such a characterization

can be easily produced using Theorem 3.4 in the next section.
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3 Hilbert functions of points on Veronese surfaces

In this section we focus our attention on the case of Veronese surfaces V2,d. In particular, we give an
effective characterization of the Hilbert function of any reduced subvariety of V2,d in Theorem 3.4.

Notation 3.1 Given d, t, s ∈ N such that s ≥ d2t+ d(d+3)
2 we define the following two functions:

µ1(d, t, s) := d2t+
d(d+ 3)

2
− s

µ2(d, t, s) :=

{⌊2d(t+1)+3−
√

1+8µ1(d,t,s)

2

⌋
, if 1 ≤ µ1(d, t, s) ≤

(
d+1
2

)
dt− n, if

(
d+1
2

)
+ dn < µ1(d, t, s) ≤

(
d+1
2

)
+ d(n+ 1), 0 ≤ n ≤ dt

We begin with a technical result.

Lemma 3.2 Let d, t ∈ N. Consider a function h : {1, 2, . . . , d} → N such that there exists
i0 ∈ {1, 2, . . . , d} with the properties

1. h(i) = dt+ i+ 1 for each 1 ≤ i ≤ i0 − 1;

2. h(i) ≥ h(i+ 1) for each i0 ≤ i ≤ d− 1.

Then h(d) ≤ µ2(d, t,
∑d

i=1 h(i)) and moreover the inequality is sharp.

Proof See Appendix A.

In the following proposition we characterise Hilbert functions of reduced points in P
d(d+3)

2 which
arise from Hilbert functions of reduced points in P2 by sampling with steps of length d.

Proposition 3.3 Let us consider a finite set of reduced points X ⊆ P
d(d+3)

2 and set

t1 = max
{
t | HX(t) = HV2,d

(t)
}
, t2 = min {t | HX(t) = |X|} .

Then HX(t) is a (d− 1)-sequence if and only if the following conditions hold

i.

µ2(d, t1,∆HX(t1 + 1)) ≥
⌈
∆HX(t1 + 2)

d

⌉
;

ii. For all t1 + 2 ≤ t ≤ t2 − 1 ⌊
∆HX(t)

d

⌋
≥

⌈
∆HX(t+ 1)

d

⌉
.

Proof First, we assume that there exists Y ⊆ P2 such that HY(dt) = HX(t). Let us set

HX(t) = ht, ∆HX(t) = ∆ht,

and
HY(t) = kt, ∆HY(t) = ∆kt.

Since (kt)t∈N is the Hilbert function of a finite set of reduced points of P2, then (see [KK98],
Proposition 1.1) there exists t′ ∈ N such that the following conditions hold

• kt =
(
2+t
t

)
for all t ≤ t′ and kt <

(
2+t
t

)
for all t > t′, and thus ∆kt = t+ 1 for all t ≤ t′;
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• ∆kt ≥ ∆kt+1 for all t > t′, and ∆kt is eventually equal to 0.

Note that

∆ht = ht−ht−1 = kdt−kd(t−1) = kdt+

d−1∑
i=1

(kdt−i−kdt−i)−kdt−d =

d−1∑
i=0

(kdt−i−kdt−(i+1)) =

d−1∑
i=0

∆kdt−i

and thus

∆ht+1 =
d−1∑
i=0

∆kd(t+1)−i =
d∑

i=1

∆kdt+i . (1)

Thus, Remark 2.5 yields that

d∑
i=1

∆kdt+i = ∆ht+1 =

(
2 + d(t+ 1)

2

)
−
(
2 + dt

2

)
= d2t+

d(d+ 3)

2
for all t ≤ t1 − 1 .

Since ∆kt ≤ t+ 1 for all t and

d∑
i=1

(dt+ i+ 1) = d2t+
d(d+ 3)

2

it follows that
d∑

i=1

∆kdt+i = d2t+
d(d+ 3)

2
for all t ≤ t1 − 1

if and only if
∆kt = t+ 1 for all t ≤ dt1

and thus t′ ≥ dt1. Moreover, since ht <
(
2+dt
2

)
for t > t1, the same argument shows that

d∑
i=1

∆kdt+i < d2t+
d(d+ 3)

2
for all t ≥ t1

and for t = t1 we have
d∑

i=1

∆kdt1+i < d2t1 +
d(d+ 3)

2
.

As a consequence, there exists a minimum i0 ∈ {1, 2, . . . , d} such that ∆kdt1+i0 < dt1 + i0 + 1 and
therefore t′ ≤ dt1 + d− 1 = d(t1 + 1)− 1. It follows that

∆kdt1+i = dt1 + i+ 1 (2)

for 1 ≤ i ≤ i0 − 1 and

∆kdt1+i0 ≥ ∆kdt1+i0+1 ≥ · · · ≥ ∆kdt1+i0+a = 0

for some a ∈ N. Moreover

∆kdt1+i0 ≥ ∆kdt1+i0+1 ≥ · · · ≥ ∆kdt1+d (3)

7



and
∆kdt+1 ≥ ∆kdt+2 ≥ · · · ≥ ∆kdt+d+1︸ ︷︷ ︸

=∆kd(t+1)+1

(4)

for each t ≥ t1 + 1. Now, for a fixed t ≥ t1 + 1, by (4) we have

(d− 1)∆kdt+1 ≥
d∑

i=2

∆kdt+i,

and

(d− 1)∆kdt+d ≤
d−1∑
i=1

∆kdt+i.

Using formula (1), we obtain

∆kdt+1 = ∆ht+1 −
d∑

i=2

∆kdt+i ≥ ∆ht+1 − (d− 1)∆kdt+1

and hence

∆kdt+1 ≥
∆ht+1

d

and similarly

∆kdt+d = ∆ht+1 −
d−1∑
i=1

∆kdt+i ≤ ∆ht+1 − (d− 1)∆kdt+d

and hence

∆kdt+d ≤ ∆ht+1

d
.

Moreover, since (ht)t∈N and (kt)t∈N are integer valued, we have that

∆kdt+1 ≥
⌈
∆ht+1

d

⌉
, ∆kdt+d ≤

⌊
∆ht+1

d

⌋
for each t ≥ t1 + 1. By (2) and (3) it follows that the function

∆kdt1+i : {1, 2, . . . , d} → N
i 7→ ∆kdt1+i

satisfies the hypothesis of Lemma 3.2. Hence, we get that

µ2(d, t1∆ht1+1) ≥ ∆kdt1+d ≥ ∆kd(t1+1)+1 ≥
⌈
∆ht1+2

d

⌉
thus proving condition (i.). Finally, using (4) we get that

∆kdt+d ≥ ∆kdt+d+1 = ∆kd(t+1)+1

for each t ≥ t1 + 1, and hence ⌊
∆ht+1

d

⌋
≥

⌈
∆ht+2

d

⌉

8



for each t ≥ t1 + 1. We notice that this inequality is always verified for t ≥ t2 since⌈
∆ht+1

d

⌉
= 0

for each t ≥ t2. Hence also condition (ii.) is proved.

Now we assume that conditions (i.) and (ii.) hold and we prove that there exists Y ⊆ P2 such that
HY(dt) = ht. Since

kt =

t∑
i=0

∆kt,

we can construct the Hilbert function (kt)t∈N by its first difference ∆kt. For each t let et be the
unique integer such that

∆ht ≡ et (mod d), 0 ≤ et ≤ d− 1.

We define ∆kt as follows:

• if 0 ≤ t ≤ dt1 we set ∆kt = t+ 1;

• if dt1 + 1 ≤ t ≤ d(t1 + 1) we construct ∆kt according to Lemma 3.2;

• if t ≥ d(t1 + 1) + 1 we set

∆kdt+i =

⌈
∆ht+1

d

⌉
, t ≥ t1 + 1, 1 ≤ i ≤ et+1

∆kdt+i =

⌊
∆ht+1

d

⌋
, t ≥ t1 + 1, et+1 + 1 ≤ i ≤ d.

Under our assumptions, this choice guarantees that ∆kt is the first difference function of a set of
reduced points in P2 (see [KK98] Proposition 1.1). Moreover, for t ≤ t1 − 1, we have

d∑
i=1

∆kdt+i =

d∑
i=1

(dt+ i+ 1) = d2t+
d(d+ 3)

2
= ∆ht+1,

and, for t = t1 we have by construction

d∑
i=1

∆kdt1+1 = ∆ht1+1

while for t ≥ t1 + 1 we have

d∑
i=1

∆kdt+i =

et+1∑
i=1

∆kdt+i +
d∑

i=et+1+1

∆kdt+i = et+1

⌈
∆ht+1

d

⌉
+ (d− et+1)

⌊
∆ht+1

d

⌋
=

= et+1

(
∆ht+1 − et+1

d
+ 1

)
+ (d− et+1)

(
∆ht+1 − et+1

d

)
= ∆ht+1.

Hence we have

kdt =
dt∑
i=0

∆kt = ∆k0 +
t−1∑
i=0

 d∑
j=1

∆kdi+j

 = ∆h0 +
t−1∑
i=0

∆hi+1 =
t∑

i=0

∆ht = ht

9



for all t. This concludes the proof.

We now give our effective characterization of the Hilbert functions of reduced sets of points on
Veronese surfaces.

Theorem 3.4 Let (ht)t∈N be the Hilbert function of a finite set of m reduced points in P
d(d+3)

2 and
set

t1 = max
{
t | h(t) = HV2,d

(t)
}

t2 = min {t | h(t) = m} .

Then there exists X ⊆ V2,d ⊆ PN , |X| = m such that HX(t) = ht if and only if the following
conditions hold

i.

µ2(d, t1,∆ht1+1) ≥
⌈
∆ht1+2

d

⌉
;

ii. For all t1 + 2 ≤ t ≤ t2 − 1 ⌊
∆ht
d

⌋
≥

⌈
∆ht+1

d

⌉
.

Proof It follows from Theorem 2.6 and Proposition 3.3.

Let us see now two explicit instances of use of Theorem 3.4 in determining whether a given Hilbert
function can be realised as the Hilbert function of a subvariety of a Veronese surface.

Example 3.5 Let us consider the sequence (ht)t∈N defined as follows

t 0 1 2 3 4 5 6 7 8 9 10 11

ht 1 36 120 253 435 666 946 1256 1531 1744 1956 2022

and ht = 2022 for t ≥ 12. It is easy to check, using Theorem 3.3. in [GMR83], that this is the
Hilbert function of a set of 2022 reduced points in P35. We ask whether there exists X ⊆ V2,7 ⊆ P35

such that HX(t) = ht for all t ≥ 0. To answer we use Theorem 3.4. First we determine t1 and t2.
Since the Hilbert function of V2,7 is HV2,7(t) =

(
2+7t
2

)
, we have that

t 0 1 2 3 4 5 6 7 8 9 10 11 12

HV2,7 1 36 120 253 435 666 946 1275 1653 2080 2556 3081 3655

so that t1 = 6 and t2 = 11. To determine µ1(7, 6,∆ht1+1) we compute ∆ht1+1. We have that

t 0 1 2 3 4 5 6 7 8 9 10 11 12

∆ht 1 35 84 133 182 231 280 310 275 213 212 66 0

and thus µ1(7, 6, 310) = 72 · 6 + 7(7+3)
2 − 310 = 19. Finally, since 19 ≤

(
7+1
2

)
= 28, we get

µ2(7, 6, 310) =

⌊
2 · 7(6 + 1) + 3−

√
1 + 8 · 19

2

⌋
= 44.
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To check conditions (i.) and (ii.) of Theorem 3.4, we compute
⌊
∆ht
7

⌋
and

⌈
∆ht
7

⌉
obtaining the

following table

t 0 1 2 3 4 5 6 7 8 9 10 11 12⌈
∆ht
7

⌉
1 5 12 19 26 33 40 45 40 31 31 10 0⌊

∆ht
7

⌋
0 5 12 19 26 33 40 44 39 30 30 9 0

Since µ2(7, 6, 310) = 44 and
⌈
∆h8
7

⌉
= 40 condition (i.) is satisfied. However condition (ii.) is not

satisfied for t = 9 and hence such an X does not exist.

Example 3.6 Now, we consider the sequence (ht)t∈N defined as follows

t 0 1 2 3 4 5 6 7 8 9 10 11

ht 1 36 120 253 435 666 946 1256 1531 1744 1915 2022

and ht = 2022 for t ≥ 12; note that this function coincides with the one of the previous example,
but for t = 10. We ask whether there exists X ⊆ V2,7 ⊆ P35 such that HX(t) = ht for all t ≥ 0. As
in the previous example we have t1 = 6 and t2 = 11. Moreover, we get

t 0 1 2 3 4 5 6 7 8 9 10 11 12

∆ht 1 35 84 133 182 231 280 310 275 213 201 107 0⌈
∆ht
7

⌉
1 5 12 19 26 33 40 45 40 31 29 16 0⌊

∆ht
7

⌋
0 5 12 19 26 33 40 44 39 30 28 15 0

and thus µ1(7, 6, 310) = 19 and µ2(7, 6, 310) = 44. Thus, condition (i.) is satisfied and condition
(ii.) is satisfied for t = 8, 9, 10. Hence such an X exists.

Remark 3.7 One could deal with both the previous examples without using Theorem 3.4, but
just using Macaulay’s inequalities for Hilbert functions. However, this requires a trial and error
approach. In fact, since d = 7 one should try to fill step by step six gaps between hi and hi+1

satisfying Macaulay’s inequalities. Thus, for each possible choice at each step, one should compute
the appropriate binomial expansion. Moreover, one should check also that the first difference
function of the constructed Hilbert function is still an Hilbert function: doing this will require a
very large number of computations.

4 Complete intersections

In this section we focus on the study of complete intersection varieties of PN which lie on some
Veronese variety Vn,d for n = 1 and n = 2; the case n = 3 and d = 2 is treated in Proposition 5.1.
For generalities on complete intersections we refer to [Eis95]. To compare with similar existence
and non-existence results for complete intersection on hypersurfaces and their applications we refer
to [CCG08, ST22].
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Definition 4.1 Let X be a projective variety, let I(X) = (f1, f2, . . . , fr) be its defining ideal, and
let ai = deg fi. We say that X is a complete intersection of type (a1, . . . , ar) if codimX = r.

Proposition 4.2 If X ⊆ Vn,d ⊆ PN is a reduced complete intersection of type (a1, . . . , ar), with
a1 ≤ . . . ≤ ar, then a1 = 1. Moreover, either r = N and a1 = . . . = aN = 1 or ai = 2 for some i.

Proof Since X ⊆ Vn,d, we have that I(X) ⊇ I(Vn,d). Recall that I(Vn,d) is generate by the 2 × 2
minors of a matrix of linear forms, see [Puc98]. Thus, either a1 = 1 or a1 = 2. Assume by
contradiction that a1 = 2, that is ai > 1 for all i, and let I(X) = (f1, . . . , fr). Thus it is possible to
assume that I(Vn,d) = (f1, . . . , fq) for some q. Thus any syzygy of the generators of I(Vn,d) gives a
syzygy of the generators of I(X). Thus, the determinantal representation of I(Vn,d) yields that the
generators of I(X) have a syzygy of linear forms. Hence a contradiction since f1, . . . , fr are a regular
sequence and their syzygies, given by the Koszul complex, only contain elements of degree at least
a1 = 2. In conclusion, a1 = 1. To complete the proof, we let p be the largest index such that ap = 1.
Assume by contradiction that p < r and ap+1 > 2. Thus, I(Vn,d) ⊆ (f1, . . . , fp) and the latter is
the ideal of a linear space Λ of codimension p such that Λ ⊆ Vn,d. Hence a contradiction since no
Veronese variety contains a positive dimensional linear spaces. In conclusion, either p = r = N or
p < r and ap+1 = 2.

As a straightforward application of this proposition we get the following result.

Theorem 4.3 Let X ⊆ V1,d ⊆ Pd be a reduced complete intersection with d ≥ 3. Then either X is
a point or X is a set of two points.

Proof Since V1,d is not a complete intersection and dimV1,d = 1, it must be dimX = 0. Since X
is a complete intersection, it follows from Proposition 4.2 that X is contained in the intersection
of a hyperplane and V1,d. In particular we have |X| ≤ d and using Remark 2.9 we get the Hilbert
function of X:

t 0 1 2 . . .

HX(t) 1 |X| |X| . . .
∆HX(t) 1 |X| − 1 0 . . .

Finally, since X is a complete intersection, ∆HX(t) is the Hilbert function of an artinian Gorenstein
ideal. Thus it is symmetric and hence either ∆HX(1) = 0 or ∆HX(1) = 1, that is |X| = 1 or |X| = 2.

Remark 4.4 We note that the proof of Theorem 4.3 also shows that any Gorenstein reduced
zero-dimensional subscheme of V1,d must be degenerate.

We can now finally describe reduced complete intersection subvarieties of Veronese surfaces.

Theorem 4.5 If X ⊆ V2,d ⊆ PN is a reduced complete intersection of type (a1, . . . , ar), with
a1 ≤ · · · ≤ ar then one of the following holds:

1. (d, r, (a1, a2, . . . , ar)) = (2, 4, (1, 1, 1, 2)), that is X is a conic lying on V2,2;

2. (d, r, (a1, a2, . . . , ar)) = (2, 5, (1, 1, 1, 2, a5)), any a5 ∈ N, that is X is a set of 2a5 complete
intersection points of a conic lying on V2,2 and a hypersurface of degree a5;

3. (d, r, (a1, a2, . . . , ar)) = (d,N, (1, 1, . . . , 1)) for any d ≥ 2, that is X is a reduced point;
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4. (d, r, (a1, a2, . . . , ar)) = (d,N, (1, 1, . . . , 1, 2) for any d ≥ 2, that is X is a set of two reduced
points.

Proof Let I(X) = (f1, . . . , fr) be the ideal of X. We can suppose without loss of generality that
a1 ≤ a2 ≤ · · · ≤ ar. Moreover, we let p be the number of ai equal to 1 and q be the number of
ai equal to 2, that is a1 = a2 = · · · = ap = 1, ap+1 = ap+2 = · · · = ap+q = 2. By Proposition 4.2
we have that p ≥ 1. If p = N we are trivially in case (3) thus from now on we suppose p < N
and thus, using again Proposition 4.2, we also have q ≥ 1. Since X ⊆ V2,d, ∆HX(t) must satisfy
conditions (i.) and (ii.) of Theorem 3.4. We now use condition (i.) to rule out some cases. We start
by computing ∆HX(1) and ∆HX(2). We have that

HX(1) = dimK[y0, . . . , yN ]− dim(f1, . . . , fr)1 = N − p+ 1

∆HX(1) = HX(1)−HX(0) = N − p.

Now, let us consider the map

K[y0, . . . , yN ] → K[y0, . . . , yN ]/(f1, . . . , fp) ∼= K[y0, . . . , yN−p]

f 7→ f̃
.

Since (f1, f2, . . . , fr) is a regular sequence we have that

HX(2) = dim
(
K[y0, . . . , yN ]/(f1, . . . , fr)

)
2
= dim

(
K[y0, . . . , yN−p]/(f̃p+1, . . . , f̃r)

)
2

= dimK[y0, . . . , yN−p]2 − q =

(
N − p+ 2

2

)
− q

and hence

∆HX(2) =

(
N − p+ 2

2

)
− q − (N − p+ 1) =

(N − p+ 1)(N − p)

2
− q.

Note that HX(1) = N − p+ 1 < N + 1 = HV2,d
(1), thus t1 = 0. Since t1 = 0 we have that

µ2(d, 0, N − p) =

⌊
2d+ 3−

√
1 + 8p

2

⌋
,

so that by (i.) we get ⌊
2d+ 3−

√
1 + 8p

2

⌋
≥

⌈
(N − p+ 1)(N − p)

2d
− q

d

⌉
. (5)

Since q ≤ N − p, if (p, d, q) is a solution of (5), then (p, d) is a solution of

2d+ 3−
√
1 + 8p

2
≥ (N − p)(N − p− 1)

2d

and setting α = N − p the previous inequality yields

2d+ 3−
√
(2d+ 3)2 − 8(α+ 1)︸ ︷︷ ︸

f(α)

≥ α(α− 1)

d︸ ︷︷ ︸
g(α)

. (6)

A standard calculus argument on f(α) and g(α) shows that if (α, d) is a solution of (6) then α ≤ 3.
As a consequence, if (p, d, q) is a solution of (5) then p ≥ N − 3, thus one has to look for solutions
(p, d, q) only for p = N − 3, N − 2, N − 1. Since r ≤ N , one can easily check that the solutions of
(5) are the following:
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• (p, d, q) = (N − 1, d, 1) for each d ≥ 2.
In this case X is a complete intersection of type (a1, . . . , aN ) with a1 = · · · = aN−1 = 1 and
aN = 2, that is X is a set of two reduced points and we are in case 4.

• (p, d, q) = (3, 2, 1).
In this case N = 5 and we know that a1 = a2 = a3 = 1 and a4 = 2, thus we distinguish two
subcases:

– If r = 4 then X is a complete intersection of type (1, 1, 1, 2), that is X is a conic lying on V2,2
and we are in case 1.

– If r = 5 then X is a complete intersection of type (1, 1, 1, 2, a5), that is X is the intersection of
a conic lying on V2,2 with a hypersurface of degree a5 and we are in case 2.

• (p, d, q) = (3, 2, 2).
In this case X is a complete intersection of type (1, 1, 1, 2, 2), thus it this is a special case of 2.

• (p, d, q) = (6, 3, 3).
In this case X is a complete intersection of type (1, 1, 1, 1, 1, 1, 2, 2, 2). We want to show that such
X can not lie on V2,3. Let us suppose by contradiction that X ⊆ V2,3 and set Y = ν−1

2,3(X). From
Lemma 2.3 it follows that

HY(3) = HX(1) = N − p+ 1 = 9− 6 + 1 = 4.

Thus, the only way to complete the gaps of HY is

t 0 1 2 3 4 5 6 7 8 . . .

HY(t) 1 2 3 4 5 6 7 8 8 . . .

and this shows that Y lies on a line. As a consequence, X lies on a rational normal curve. Hence,
since X is a complete intersection and |X| = 8, this is a contradiction by Theorem 4.3.

The result is now proved.

5 More results and open problems

In this section, we show some more results about complete intersections on Veronese varieties. A
complete characterization of the Hilbert functions of subvarieties of Veronese varieties of dimension
larger than two seems, presently, to be out of reach. Nevertheless, we can deal with the case of the
threefold V3,2. This case leads us to formulate Conjecture 5.2.

Proposition 5.1 Let X ⊆ V3,2 ⊆ P9 be a reduced subvariety. Then X is a complete intersection of
type (a1, . . . , ar), with a1 ≤ · · · ≤ ar if and only if X is one of the following

• r = 9,a1 = . . . = a9 = 1, that is X is a reduced point;

• r = 9,a1 = . . . = a8 = 1, a9 = 2, that is X is a set of two reduced points;

• r = 9,a1 = . . . = a7 = 1, a8 = 2, a9 = b, any b ≥ 2, that is X = C ∩Hb for C ⊆ V3,2 a conic
and Hb a degree b hypersurface;

• r = 8,a1 = . . . = a7 = 1, a8 = 2, that is X is a conic.
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Proof First we consider the case dimX = 0. Let X ⊆ V3,2 be a reduced complete intersection of
type (a1, . . . , a9) with a1 ≤ a2 ≤ · · · ≤ a9. Also let p, q ∈ N such that a1 = · · · = ap = 1 and
ap+1 = · · · = ap+q+1 = 2. By Proposition 4.2 either p = 9 or p ≥ 1 and q ≥ 1. If p = 9 then X is
just a reduced point, thus from now on we suppose p, q ≥ 1. By the same argument used in the
proof of Theorem 4.5 we get

HX(1) = 10− p, HX(2) =

(
11− p

2

)
− q =

p2 − 21p+ 110

2
− q.

Since X ⊆ V3,2, by Lemma 2.3 there exists Y = ν−1
3,2(X) ⊆ P3 such that HX(t) = HY(td) for all t ≥ 0.

In particular, we have that

HY(2) = 10− p, HY(4) =
p2 − 21p+ 110

2
− q.

Now fix 1 ≤ p ≤ 8. By Macaulay’s theorem for Hilbert functions (see [Sta78], Theorem 2.2) it
follows that if the 3-binomial expansion of HY(2) is

HY(2) =

(
m2

2

)
+

(
m1

1

)
where m2 > m1, then

HY(4) ≤
(
m2 + 2

4

)
+

(
m1 + 2

3

)
=M(p)

On the other hand, since 1 ≤ q ≤ 9− p, we have that

HY(4) ≥
p2 − 21p+ 110

2
− (9− p) = m(p).

Thus, if M(p)−m(p) < 0, then X does not exist. Computing we get the following table

p HY(2) M(p) m(p) M(p)−m(p)

1 9 25 37 -12
2 8 19 29 -10
3 7 16 22 -6
4 6 15 16 -1
5 5 9 11 -2
6 4 6 7 -1
7 3 5 4 1
8 2 2 2 0

Hence, X is either of type (1, 1, 1, 1, 1, 1, 1, 2, a9) or of type (1, 1, 1, 1, 1, 1, 1, 1, 2). In the first case
X is a set of 2a9 reduced points lying on a conic C ⊆ V3,2 and in the second case X is a set of 2
reduced points. The discussion for reduced 0-dimensional complete intersection is now completed.
Now let X ⊆ V3,2 be a positive dimensional reduced complete intersection of type (a1, . . . , ar). For
any choice of integers ar+1, . . . , a9, we can choose suitable hypersurfaces Hai of degree ai in such a
way that

X′ = X ∩Har+1 ∩ . . . ∩Ha9

is a complete intersection of type (a1, . . . , ar, ar+1, . . . , a9). Moreover, we can choose the degrees ai
in a such a way that

ai ≤ ai+1
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for all i and 3 ≤ ar+1. Thus X′ ⊆ V3,2 is a zero dimensional complete intersection of type (a1, . . . , a9).
As a consequence, since we can freely choose the degrees ai for i ≥ r + 1 we have that r = 8 and

(a1, . . . , a8, a9) = (1, 1, 1, 1, 1, 1, 1, 2, a9).

Hence, X is of type (1, 1, 1, 1, 1, 1, 2), that is X is a conic.

We can now state the following conjecture, which we already proved for n ≤ 2 any d and for n = 3
and d = 2, see Proposition 5.1 and Theorems 4.3 and 4.5.

Conjecture 5.2 Let X ⊆ Vn,d ⊆ PN be a reduced subvariety with d > 1. Then X is a complete
intersection of type (a1, . . . , ar), with a1 ≤ · · · ≤ ar if and only if

• r = N ,a1 = . . . = aN = 1, any n, d, that is X is a reduced point;

• r = N ,a1 = . . . = aN−1 = 1,aN = 2, any n, d, that is X is a set of two reduced points;

• r = N ,a1 = . . . = aN−2 = 1,aN−1 = 2,aN = b, any n, d = 2, any a ≥ 2, that is X = C ∩Hb

for C ⊆ Vn,2 a conic and Hb a degree b hypersurface;

• r = N − 1,a1 = . . . = aN−2 = 1, aN−1 = 2, d = 2, any n, that is X is a conic.

In the case of the Veronese threefold V3,2, see proof of Proposition 5.1, the complete knowledge
of the zero dimensional complete case allows us to complete the proof. This is true in general as
shown by the following Lemma.

Lemma 5.3 If Conjecture 5.2 holds for all reduced zero dimensional subvariety of Vn,d, then it
holds for all reduced subvarieties of Vn,d.

Proof Let X ⊆ Vn,d ⊆ PN be a reduced complete intersection of type (a1, . . . , ar) with r < N , that
is X is positive dimensional. Then, for any choice of integers ar+1, . . . , aN we can choose suitable
hypersurfaces Hai of degree ai in such a way that

X′ = X ∩Har+1 ∩ . . . ∩HaN

is a complete intersection of type (a1, . . . , ar, ar+1, . . . , aN ). Moreover, we can choose the degrees
ai in a such a way that

ai ≤ ai+1

for all i and 3 ≤ ar+1. Thus X′ ⊆ Vn,d is a zero dimensional complete intersection of type
(a1, . . . , aN ). Since we are assuming that the conjecture holds for such an X′ and since we can
freely choose the degrees ai for i ≥ r + 1 we have that r = N − 1 and

(a1, . . . , aN−1, aN ) = (1, . . . , 1, 2, aN )

and thus d = 2 and X is a conic. Hence the conjecture holds for X.
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A Appendix

We now prove Lemma 3.2.

Proof We distinguish four cases depending on the value of p. For each of them we give a function
h̃(i) satisfying 1. and 2. and such that

h̃(d) =

{⌊2d(t+1)+3−
√
1+8p

2

⌋
, if 1 ≤ p ≤

(
d+1
2

)
dt− n, if

(
d+1
2

)
+ dn < p ≤

(
d+1
2

)
+ d(n+ 1), 0 ≤ n ≤ dt

Then we show that for any function h′(i) satisfying 1. and 2. it holds that h′(d) ≤ h̃(d). We do
this in detail in case (A) and for the remaining cases we produce the function h̃.

1. p =
(
n
2

)
, 1 ≤ n ≤ d+ 1

In this case we set

h̃(i) =

{
dt+ i+ 1, if 1 ≤ i ≤ d− n

d(t+ 1)− n+ 2, if d− n+ 1 ≤ i ≤ d
.

We have
d∑

i=1

h̃(i) = d2t+
d(d+ 3)

2
− n(n− 1)

2
= d2t+

d(d+ 3)

2
− p =

d∑
i=1

h(i)

and

h̃(d) = d(t+ 1)− n+ 2 =

⌊
2d(t+ 1) + 3−

√
1 + 8p

2

⌋
hence h̃(i) is as we want. Now let us suppose that there exists h′(i) : {1, 2, . . . , d} → N satisfying
1. and 2. and such that h′(d) > h̃(d), that is h′(d) = d(t+1)−n+2+a, a ≥ 1. Since n ≤ d+1,
we have h′(d) ≥ dt + 1 + a ≥ dt + 2. As a consequence (observe that dt + 2 is the maximum
value of h(1)), by 1. and 2., it follows that h′(i) is increasing at least until reaching the value
h′(d). In particular, if we set i′ = min {1 ≤ i ≤ d | h(i) = d(t+ 1)− n+ 2 + a} we have

dt+ i′ + 1 = d(t+ 1)− n+ 2 + a

so that i′ = d− n+ 1 + a and i0 ≥ i′. Hence, using again 1. and 2., we get

h′(i) = h̃(i) = dt+ i+ 1 if i ≤ d− n

h′(i) > h̃(i) if i ≥ d− n+ 1

Hence:
d∑

i=1

h′(i) =

d−n∑
i=1

h̃(i) +

d∑
i=d−n+1

h′(i)︸︷︷︸
>h̃(i)

>

d∑
i=1

h̃(i) =

d∑
i=1

h(i)

and this is a contradiction.

2.
(
n
2

)
< p <

(
n+1
2

)
, 1 ≤ n ≤ d

Let b ∈ Z be such that p =
(
n
2

)
+ b. In this case we set

h̃(i) =


dt+ i+ 1, if 1 ≤ i ≤ d− n+ 1

d(t+ 1)− n+ 2, if d− n+ 2 ≤ i ≤ d− b

d(t+ 1)− n+ 1, if d− b+ 1 ≤ i ≤ d

.
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3. p =
(
d+1
2

)
+ d(n+ 1), 0 ≤ n ≤ dt

In this case we set
h̃(i) = dt− n, 1 ≤ i ≤ n.

We have
d∑

i=1

h̃(i) = d(dt− n) = d2t− dn = d2t+
d(d+ 3)

2
− p =

d∑
i=1

h(i)

and
h̃(d) = dt− n

hence h̃(i) is as we want.

4.
(
d+1
2

)
+ nd < p <

(
d+1
2

)
+ (n+ 1)d, 1 ≤ n ≤ dt

Let b ∈ Z be such that p =
(
d+1
2

)
+ nd+ b. In this case we set

h̃(i) =

{
dt+ 1− n, if 1 ≤ i ≤ d− b

dt− n, if d− b+ 1 ≤ i ≤ d
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