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ARTICLE INFO ABSTRACT
Keywords: The present paper focuses on developing a method to solve micromechanical analyses for the computation of
Micromechanics

moisture diffusivity and hygro-elastic characteristics of periodically heterogeneous materials and the recovery
of the moisture flux and the stress over the Repeating Unit Cell (RUC). The model is based on the Mechanics
of Structure Genome (MSG) to build a procedure capable of de-coupling the multiscale analysis into different
steps on global and local levels, resulting in less demanding problems. On the other hand, the methodology uses
the Carrera Unified Formulation (CUF) to engage a refined beam theory with high-fidelity capabilities. Hence,
the longitudinal direction of the reinforcement is described with one-dimensional (1D) finite elements. Besides,
for the cross-section, a hierarchical discretisation coupled with a non-isoparametric mapping technique allows
reaching a high level of accuracy in the geometric description of the curvature of the fibre or inclusion. Finally,
both hygro-elastic and moisture diffusivity problems are validated through numerical assessments showing
excellent agreement with benchmarks in the literature.

Moisture diffusivity
Hygro-elasticity

Unit cell

Mechanics of Structure Genome
Carrera Unified Formulation

1. Introduction

Composite materials are possibly involved in extreme environments,
for instance, those characterised by extreme temperature gradients.
Thus, there is a need to develop new efficient methods to predict the
thermo-elastic properties directly, as shown in Yu and Tang (2007) and
Sanchez-Majano et al. (2022). Another very aggressive environment for
composite materials is one with high relative humidity, which leads to
degradation of the materials in terms of the constitutive properties and
strength (Pipes et al., 1976; Sih et al., 2012). Experiments are helpful
in testing a particular wet environment’s effects on materials, but these
are not fully comprehensive for adequately understanding the nature
of these changes. For this reason, it is necessary to develop models to
understand the material behaviour thoroughly.

As long as the authors concern, not much work has been carried
out in the field of modelling moisture diffusivity and hygro-elastic
mechanics. For instance, Yuan and Zhou (2016) modelled the moisture
absorption of unidirectional and 3D woven composites. Similarly, Lau-
renzi et al. (2008) studied the moisture diffusivity in carbon-braided
composites, where a repetitive unit cell was developed for micro- and
meso-scale simulations. Sinchuk et al. (2018) studied the moisture dif-
fusion and induced swelling in carbon fibre textile composites by gen-
erating the numerical models by means of computed tomography. On
the contrary, several works have been developed concerning the hygro-
thermo-elastic analysis of composite structures. Instead of considering
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the hygro-thermo-elastic properties of the composite’s constituents,
these articles directly use homogenised properties from literature. For
example, Patel, Ganapathi and Makhecha (Patel et al., 2002) studied
the influence of the moisture concentration on the buckling load and
natural frequency of thick composite plates. Likewise, Moleiro et al.
(2019) and Moleiro et al. (2020) developed 3D exact solutions for the
hygro-thermo-elastic analysis of multilayered plates and functionally
graded materials.

The effective moisture diffusivity and effective hygro-elastic prop-
erties of composite material are strongly affected by the components’
properties, the reinforcement volume fraction, their distribution, and
orientation over the volume (Kondo and Taki, 1982; Bond, 2005).
Different methodologies exist to predict hygroscopic features, namely
analytical, semi-analytical and fully numerical. Among the former, one
can refer to Hashin (1968), Springer-Tsai (Springer and Tsai, 1967)
and Donea (1972). Indeed, these methods were originally oriented
to calculate the thermal conductivity characteristics, but they can be
employed with no further implications in the moisture diffusivity anal-
ysis due to the mathematical analogy between Fourier’s law (Fourier,
1822) and the Fick’s law (Fick, 1855) that govern the thermal and
hygroscopic problem, respectively. The semi-analytical models are suit-
able for more generic cases. That is the case of the Method of Cells
(MOC) (Aboudi, 1982), the Generalised Method of Cells (GMC) (Paley

E-mail addresses: rebecca.masia@polito.it (R. Masia), alberto.racionero@polito.it (A.R. Sanchez-Majano), alfonso.pagani@polito.it (A. Pagani).

https://doi.org/10.1016/j.ijsolstr.2023.112231

Received 9 September 2022; Received in revised form 6 February 2023; Accepted 24 March 2023

Available online 23 April 2023

0020-7683/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nec-nd/4.0/).


https://www.elsevier.com/locate/ijsolstr
http://www.elsevier.com/locate/ijsolstr
mailto:rebecca.masia@polito.it
mailto:alberto.racionero@polito.it
mailto:alfonso.pagani@polito.it
https://doi.org/10.1016/j.ijsolstr.2023.112231
https://doi.org/10.1016/j.ijsolstr.2023.112231
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijsolstr.2023.112231&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

R. Masia et al.

and Aboudi, 1992) and the High-Fidelity Generalised Method of Cells
(HFGMC) (Aboudi et al., 2001). Last, fully numerical solutions can be
provided by applying adequate boundary conditions to a Representa-
tive Volume Element (RVE) and then performing numerical analysis
that replicates experimental methods, like stress or moisture diffusion
tests (Sun and Vaidya, 1996; Kim and Ji, 2021).

The present work couples the Mechanics of Structure Genome
(MSG), introduced by Yu (2016), with a well-established high order
one-dimensional (1D) approach to solve the Repeating Unit Cell (RUC)
problem. The concept of Structure Genome (SG) was introduced by
Yu as the smallest building block of a structure and can represent
different features depending on the studied structure. MSG relies on the
Variational Asymptotic Method (VAM) (Berdichevskii, 1977), which
allows for solving problems involving smaller parameters. This VAM
characteristic is highly adequate for solving problems involving com-
posites. Indeed, VAM is utilised to calculate the effective properties
and local solutions of periodically heterogeneous materials through an
asymptotic approach for the RUC problem in an efficient and accurate
manner (Yu et al.,, 2012; Yu and Tang, 2007). On the other hand,
we use 1D models to solve these demanding computational models by
means of the Carrera Unified Formulation (CUF). CUF allows reducing
general 3D problems into less computationally demanding 1D (Pagani
and Sanchez-Majano, 2021; Pagani et al.,, 2021) and 2D (Sanchez-
Majano et al., 2021; Pagani et al., 2022) models, while still retrieving
highly accurate solutions. Arbitrary expansion functions can be used
to characterise the cross-section and through-the-thickness direction
for 1D and 2D problems, respectively, and generate numerical models
that overcome the limitations of classical structural theories. Thus, a
RUC can be represented by a 1D model whose axis is along the fibre
or inclusion direction. The description of the geometry is carried out
by an opportune coupling between Hierarchical Legendre Expansion
(HLE) (Carrera et al., 2017a) with blending functions. By these means,
a high-order non-isoparametric numerical model is obtained (Pagani
et al.,, 2017a). In addition, the accuracy and validity of the proposed
refined beam models for solving moisture diffusivity and hygro-elastic
MSG problems will be demonstrated in the following chapters. Note
that previous works dealt with the pure elastic and thermo-elastic
micromechanical problems in de Miguel et al. (2017) and Sanchez-
Majano et al. (2022), respectively. This manuscript is considered an
extension of those articles.

The document is organised in the following sections: Section 2
depicts the moisture diffusivity problem in terms of the CUF-MSG
formulation; then, the hygro-elastic problem is introduced in Section 3;
afterwards, numerical assessments for both of the announced problems
are reported in Section 4. Lastly, conclusions are drawn in Section 5.

2. Moisture diffusivity problem

An essential assumption for micromechanical analysis of the RUC
is the consideration that the geometry, the boundary conditions and
the different loading conditions referred to in the macroscopic scale
do not affect the effective material properties of the RUC. Another
fundamental point of the micromechanical formulation is that the local
solutions have an average value over the RUC volume equal to the
global solution of the macroscopic problem. Applying these hypotheses
to the moisture diffusivity problem, one can write:

- /V nx:y)dV = (%) o)

where 7 represents the global moisture concentration field in the global
reference system, 5(x;y) represents the local moisture concentration
field that depends on both the global x and local y coordinates. V'
denotes the total volume on the unit cell. The present method uses
two Cartesian coordinate systems: x = {x;,x,,x3} and y = {y, ., y3}-
x is used as the global reference frame of the macroscopic structure,
whereas y is the local coordinate system describing the RUC. The origin
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Fig. 1. Local coordinate system for RUC problem.

of the local system is set at the centre of the RUC’s face, as depicted
in Fig. 1. Clearly, the longitudinal direction of the fibre coincides with
the y,-direction. The two reference systems are linked by the scaling
parameter § that characterises the small size of the RUC. In this regard,
the relation between the two scales is y = x/4.

In view of the fact that continuous heterogeneous materials are
formed by many unit cells, as illustrated in Fig. 2, it is necessary to
ensure the boundary conditions on the RUC. Therefore, considering the
edge lengths L;, the continuity conditions of the moisture concentration
field are applied as done in Yu and Tian (2007):

n(x1.%0, %330, 32, ¥3) = (%) + Ly, %, %35 L1, 2. ¥3)
n(x1. X0 3591, =Ly /2, y3) = n(x1. x5 + Lo, x3: 1. Ly /2. y3) (2)
n(xl,xz,x3;y1,y2,—L3/2) = 'I(Xlsxz,x3 + L3;y1,y2,L3/2)

In the moisture diffusivity analysis, the local moisture concentration
field, n can be expressed as the sum of the global moisture concentra-
tion field and a contribution representing the difference between both
as:

n(x;y) = 7(x) + 6y (x;y) 3

where y is the fluctuation function scaled with 5. By deriving the
concentration field, the relation assumes the following form:

n(xy) = ,;(X) + 6 x,;(x;y) (©)]
where

S 0n(x) o dxxy)  10x(x:y)

;(x)= ox, 1i(xXy) = ox, +3 T )

Thus, by substituting the two terms obtained in Eq. (5) into Eq. (4), the
gradient of the moisture concentration field will become:

9i(x) | dx(x:y)
—_ + _
0x; 9y,

where the term &dy/ox; has
VAM (Berdichevskii, 1977).

In the MSG model, the solution to the stationary problem is obtained
by minimising the difference between the energy of the heterogeneous
and homogenised material, expressed as a functional as follows:

n(x,y) = (6)

been neglected, according to

1 1 o
1= <§Dij’7,i’1,j> - ED?}'I,[”J 7)
where the () denotes the volume average. D;; is the second-order
tensor containing the components of the moisture diffusivity of the
heterogeneous material, while  represents the gradient of the mois-
ture concentration field. The second term refers to the homogenised
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Fig. 2. Repeatable unit cells forming heterogeneous material.

material. Considering that the energy of the homogenised material is
invariant, the second term in Eq. (7) can be discarded. The statement
in Eq. (1) implies that 7; = (#,;) and so that (y;) = 0. Employing what
is obtained in Eq. (6) into the first term of Eq. (7), one can rewrite the
energy of the heterogeneous body in the form:

I, = <%Dij(’7l,i + 1)@+ ){,j)> (8)

In the next section, high-order and geometrically accurate beam models
are employed to solve the problem depicted in this section.

2.1. High-order beam models for the RUC problem

The classical beam theories ensure accurate results when deal-
ing with slender structures in which the thickness segments remain
perpendicular to the cross-sectional area and when the material is
homogeneous. However, the situation described is not found in the
RUC problem. Indeed, in this type of problem, the knowledge of the
cross-section behaviour is crucial since different material phases might
coexist in the numerical model. For these reasons, the introduction of
higher-order models becomes essential since the high-order terms are
able to capture the actual behaviour of complex models. MSG allows
for solving the 2D problem, such as composites with fibre reinforce-
ment, depicted in Fig. 1, or 3D problems, such as composites with
particle inclusion. In this paper, CUF-based 1D models are employed
to formulate the RUC problem in which the fluctuation unknowns, y,
are expanded over the cross-section (y, — y;) by means of arbitrary
expansion functions, F,, as follows:

XXy, 32, 3) = F (. v (X)) t=1....M (C)]

where 7 denotes summation, and M is the number of expansion terms
adopted in the kinematic model. The accuracy of the model depends
on the expansion functions chosen for the analysis, as demonstrated in
previous works, see Sanchez-Majano et al. (2021) and Carrera et al.
(2013). Several classes of expansion functions are available to define
the F_, such as Taylor Expansions (TE), Lagrange Expansions (LE) and
HLE. In the micromechanical analysis conducted in this work, HLE
functions are employed since they combine the hierarchical features of
the TE with the capability to interpolate the cross-section directly of the
LE functions. Clearly, for the moisture diffusivity problem, the accuracy
of the moisture concentration field is achieved simply by adding higher-
order functions. Three types of function classes exist: vertex, side and
internal, represented in Fig. 3. The vertex functions correspond to the
first-order LE.

There are four vertex functions, one for each vertex. In order to
capture the behaviour of the section edges, it is necessary to use at
least a second-order function by adding the side expansions. Finally, the

internal functions permit a complete description of the cross-section. In
this manuscript, eighth-order HLE is the maximum polynomial order
utilised for the CUF-MSG problem since it has been proven to be a
sufficiently high order for a complete and accurate micromechanical
analysis. Hereinafter, a specific HLE order will be written as HL», where
n is the order of the function. For instance, HL8 will indicate the use
of eighth-order HLE. If the reader wills to deepen the HLE modelling,
there exists more information available in Carrera et al. (2017b).

Refined beam theories exploiting higher-order expansions as HLE
can be implemented by dividing the cross-section into different sub-
domains, each with its own HLE approximation, geometry, and material
heterogeneity in the case of composite structures. It is clear that,
due to the high polynomial orders employed for the kinematics, the
discretisation of the physical domain should be as large as possible.
Therefore, capturing the correct shape of the structural components
with a minimum number of segments is necessary, which leads to
the introduction of advanced mapping techniques for the expansion
domains. The blending function method, introduced by Gordon and
Hall (1973), enables one to include the exact shape of the cross-section
by introducing parametric polynomials of an arbitrary order to describe
the form of curved edges as shown in Fig. 4. The boundary surfaces
of the domains are included directly in the mapping functions, Q,
and no geometrical error is introduced in the modelling procedure.
Considering Fig. 4, the exact geometry of the fibre in the y,y;-plane
is introduced into Q as:

¥y =Q,(r,s) =
%(1 — S)ay(r) + %(1 +Pay(s) + %(1 ¥ s)a3(r)%(1 — Pay(s) — F.(r.9)r,
V3 = Qb("» 5) =
%(1 — )by (F) + %(1 +9by(s) + %(1 + s)b3(r)%(1 — Pby(s) — F.(r, 5)s,
(10)

where 7 = 1,...,4, and a, and b, are the parametric curves of the edges.
Note that this approach cannot be considered iso-parametric since the
mapping functions do not accord with the expansion functions, F,. The
mapping allows us to reproduce the exact shape of complex section
geometries using a minimum number of local expansions. Furthermore,
the use of HLE mapping models reduces the error related to the geomet-
rical approximation. This method is based on the seminal work of Szab6
and Babuska (1991) and was first introduced by Pagani et al. (2017b) to
curve the section of thin-walled beams. In the present paper, it is used
to describe the exact geometries of the beam RUC cross-section with the
curvature of the fibre or inclusion. The mapping procedure is used only
in those subdomains where the presence of curvature is recorded. For
instance, considering subdomain 4 in Fig. 4, the procedure is activated
along the right edge. Thus, in subdomain 5, the mapping is used in all
four edges.



R. Masia et al.

Side

01
02

04

08

International Journal of Solids and Structures 273 (2023) 112231

. Vertex

Fig. 3. Types of HLE expansion functions.
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'dl(l‘) bx(l‘)

Fig. 4. Activation of mapping procedure on cross-section subdomains.

2.2. Finite element implementation

To solve the MSG-CUF problem, the Finite Element Method (FEM)
is introduced. The fibre direction is modelled through one-dimensional
elements and interpolated with classical Lagrangian shape functions in
the beam coordinate y,:

26 y1) = N;(y ) xi (%) i=1,2,..,n 11

where y,; is the nodal unknown, and » the number of nodes in the beam
model selected. At this point, it is possible to introduce the gradient
vector of the global moisture concentration field as:

a'={i, Ay Az} a2
The local moisture gradient can be expressed as:
n.=%+By 13
with B being the 3 x 1 gradient differential operator, defined as:
9y,
B =40y, dy; =0()/dy; i=12.73. (14
0y3
In this manner, Eq. (8) can be rewritten as:
oy = % /V (@, +B ) D@, +By)dV (15)

The moisture diffusivity matrix D in the general case of anisotropic
material can be defined as:

Dyy Dy, Dy
D=|D;, Dy Dy (16)
D3 Dy Dy

Recalling that y = F,N,y,;, and substituting into Eq. (15), one can
obtain:

1 L i _ _
1y = E(IsTijjlri + ZXSTJ‘DIS:;"’ +." D,,1.) a7
in which:
MU = / /(B(FSNj))TDB(FrNi)deYI
QJ1
i _ T -
D;;_/Q/](B(FSNI)) DdQdy, D,M—/Q/IDd'Qd.VI a8

Being M™%/ and D;i the 1 x 1 and 1 x 3 fundamental nuclei (FN)
of the RUC problem for hygroscopic analysis. They contain the basic
information of the MSG model. Additionally, D,, is the averaged mois-
ture diffusivity over the RUC volume. The indices r and s, denote the
loop acting on the HLE expansion functions related to the cross-section,
while i and j to the loop of the LE expansion functions of the beam
model along the fibre axis. For details about assembling CUF-based
finite elements, please refer to Carrera et al. (2014).

Applying VAM to Eq. (17), yields the solution that minimises the
functional:

M”ijl‘ri =-D; n,

" (19)



R. Masia et al.

The linearity of the problem imposes that y_;(x) = x .0, (x), being x .,
a 1 x 3 array containing the fluctuation solution. Hence, Eq. (19) can
be written as:

Mﬂij)(rio = _D;Vl; (20)

By solving Eq. (20), the effective moisture diffusivity properties of
the corresponding homogenised composite material are found. Inher-
ently, the energy in the transition between heterogeneous and homoge-
neous material remains unchanged. Substituting the linear system from
Eq. (19) into Eq. (17), the effective moisture diffusivity tensor, D*, can
be calculated as:

D* = %(;(Z.D;{? +D

1

) 1)

where D* is written as a 3 X 3 matrix.

At this point, the gradient of the local moisture concentration field
can be derived simply by introducing y = F,N,y,; into the geometric
relation from Eq. (13), obtaining:

n,=1,+B(F.N;x.;) (22)

Finally, the diffusivity flux can be derived through Fick’s law (Fick,
1855):

J=-Dn (23)

where the negative sign stands for the fact that the flux goes from
high concentration areas to low concentration areas. J; represents the
diffusivity flux vector and has dimensions kg/(mm?s), D;; moisture
diffusivity matrix whose coefficients have dimensions mm?/s and 7 j
is the vector containing the components of the moisture concentration
gradient with dimensions (kg/mm?)/mm.

Note that when the material is exposed to a moist environment, the
parameter of interest is not the moisture concentration in its nondimen-
sional form but the percent moisture content. The nondimensional form
of the percent moisture content M, as shown in Moleiro et al. (2020)
is calculated as:

I/Vmoislmalerial - Wdrymalerial

'1 N
%100 = —L x 100 249
/ drymaterial Pary

VM =

where VM indicates the gradient of percent moisture content and p,,.,
represents the density of the homogenised material, which can be ob-
tained by applying the mixture rule for the matrix and fibre/inclusion
constituents. From Eq. (24) it is possible to derive the moisture con-
centration gradient n; to which a certain percent moisture gradient
corresponds, so that the local moisture flux J; can be found through
Eq. (23).

3. Hygro-elastic problem

As mentioned above, one can reformulate the micromechanical
problem to compute the hygro-elastic characteristics. In this case, it
will be possible to derive the entire set of elastic features for the
homogenised material, as was done by de Miguel et al. (2017), plus
the coefficients of moisture expansion (CME), g. The reader can note
that the problem is equivalent to the thermo-elastic case conducted
by Sanchez-Majano et al. (2022), in which, in addition to the elastic
characteristics, the thermal expansion coefficient of the homogenised
material was computed. For a complete investigation of the problem,
the reader is invited to consult (Sanchez-Majano et al., 2022). In the
hygro-elastic problem, it is required to apply the compatibility of the
deformation field between adjacent RUCs, as did with the moisture
concentration field, for the moisture diffusivity in Eq. (2).

In this case, the functional that has to be minimised is composed
of two parts; the strain energy of the heterogeneous material and the
strain energy of the equivalent homogenised material:

1 1 o _
Ir= §<Cijk15ij5k1 + 2,4,.je,»,7> N EC;kleijekl €Y @25)
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where the former term for both energy contributions represents the
pure elastic part, and the latter refers to the coupling between the elas-
tic and hygroscopic problems. () denotes the volume average. C;;y, €;;
and y;; are the fourth-order elastic tensor, the second-order strain and
hygro-stress tensors, respectively. y represents the difference between
¢, which is the actual moisture concentration, and ¢,, the moisture
concentration at which the material is stress-free. The moisture con-
centration is related to the moisture content percentage by the relation:

M%) = =<

x 100 (26)
Pdry

Besides, y;; represents the stress-moisture tensor expressed as:

Hij = —Cijklﬂij (27)

where f;; is the second-order moisture expansion tensor. As done in the
previous micromechanical analysis, one can express the strain compo-
nent, including the fluctuation unknowns. Through this formulation, it
is possible to compute the unknown fluctuation terms by minimising
the following functional:

* 1 - - -
= §<Cijk1 &5 + xap) [Ex + Zaen] + 2035 [ + 2 )] 7> (28)

It is convenient to write the strain vector as:
e=t+Dy 29

where £ represents the global strain vector and Dy the differentiated
fluctuation functions. The extended expression of the differential array
is available in de Miguel et al. (2017). Then, Hooke’s law relates stresses
and strains for the hygro-elastic case as:

o =Ce+ uy (30)

where C is the 6 x 6 material array condensed from the fourth-order
tensor C;j;;, and u = —Cp is the 6 x 1 condensed matrix from 4;;. The
functional in Eq. (28) can be rewritten as:

= %/ [(€+Dx)" C(& +Dy)+2uE +Dy)y|dv @D
|4

Periodic boundary conditions of the RUC posing on the sides of the
cross-section (y7 = x7), and on the sections orthogonal to the fibre
(x:1 = X.n) are applied. Then, introducing the CUF-FEM formulation
of the fluctuation unknowns y = F, N, y;, the functional IT* becomes:

* 1 TSij iz 2 = sj =
m = E(;(STI.E ”/)(ﬂ-+2;(ZjDZ/E£+eTDEE£+2)(;C.D;lJyy+2£TDEVy> (32)

where

E*V = / / (D(F,N;I))T CD(F,N,I)dQdy,
QJI

D)/ = / /(D(FSNJI))TCdey] D, = / cdav (33)
QJi 14

D;i:/{z/(D(FSNjI))Tdedyl DSY=/Vde

in which I is the 3 x 3 identity array. On the one hand, the 3 x 3
E™ matrix, the 3 x 6 D;fg matrix, and the 3 x 1 D;j matrix are
the fundamental nuclei (FN) of the hygro-elastic RUC structural prob-
lem, which contain the complete details about the structural problem.
Furthermore, D,, and D,, are the averaged material stiffness matrix
and averaged material hygro-stiffness matrix respectively. Note that
the expansion functions F, are integrated on the cross-section area
£, and the shape functions N; are integrated along the longitudinal
direction of the model /. Consequently, looping through the indexes
zsij, one can calculate the assembled E, D,, and D, matrices for the
RUC problem. The indices r and s constitute the loop over the cross-
sectional functions. For the sake of brevity, the extended expression of
the matrices E*/ and D}’ are not given in this article. However, these
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can be consulted in the work of de Miguel et al. (2017), whereas the
explicit form of D;’y is:
D;;”= Y/ N,.yl dy, [o F,dQ2+ uy; [, Nidy, [, F,'yad_(2+
Hia [y Nidyy [ Fr‘yz dQ

DZ;21= o fy Nidyy [y Fr,, A2+ LNy [ Fr'y3 df+

34
Hi2 /1 N[J,l dy, /g FdQ

D;;3l= H33 f; Ndy, fg Fr% dQ+ po; f/ Ndy, /Q Ff,yz s+
ey N, dy Jo Frd22

The fluctuation unknowns that minimise the functional in Eq. (32)
can be retrieved by solving the following linear system:

Ex=-D,-D,y (35)

Then, assuming the fluctuation is linearly proportional to & and y, i.e.:

X =XoE+ X,r (36)

and substituting it into Eq. (35), one can write the following linear
system:

{ EXO = _Dhe (37)

where y, and y, are the unknown vectors of the whole numerical
model. Finally, substituting Eq. (36) in the functional from Eq. (31),
one can formulate the following potential:

I = %ETC*E+ET;'W (38)
where £ represents the global strains, and:

T

* 1 _ 1(1
C'=5UaDie+ D) =5 |5, + 4 Dyy) + Dy

(39

C* is the effective purely elastic coefficients matrix of the equivalent
material, and j is the effective hygro-stress coefficients vector which is
also influenced by the elastic part. Besides, Dy, D,,, D,, and D,, are
the assembled arrays of their aforementioned FN.

It is clear that, through the following expression, the effective
coefficients of the moisture expansion § can be obtained:

EED

B=-C"a (40)

By reintroducing the fluctuation solutions into the geometrical and
constitutive expressions, the local fields over the RUC can be directly
derived. Consequently, as for the thermo-elastic problem, the local
strains become:

€=+ D(F.N;x) (41)

Ultimately, using Hooke’s law, one can recover the heterogeneous
material’s local stresses due to applying a strain field and a variation
of the moisture concentration within the global structure.

o =Ce+uy (42)
4. Numerical results

The following numerical assessments are conducted to validate
the micromechanics method for the homogenisation procedure of the
effective moisture diffusivity computation for composite materials and
the prediction of the moisture flux distribution over the RUC volume.
First, the homogenisation procedures are conducted, and the results are
compared with some analytical formulations found in the literature.
Subsequently, the dehomogenisation procedure for two different types
of microstructure is performed, and the trends over the volume of the
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RUC are displayed. The analytical methods involved in the validation
process were developed by Hashin (1968), Springer-Tsai (Springer and
Tsai, 1967), and Donea (1972). All the formulae from the cited works
refer to the thermal conductivity problem, which is mathematically
equivalent to moisture diffusivity. The method proposed by Hashin
(1968) is referred to the composites reinforced with particles. How-
ever, the Springer-Tsai method is suitable for the fibre-reinforced case.
Donea introduced two different formulations for the particle and fibre
cases. Lastly, the prediction capabilities of the CUF-MSG method for
the hygro-elastic problem are demonstrated. The hygro-elastic anal-
ysis is formally equivalent to the thermo-elastic study carried out
in Sanchez-Majano et al. (2022).

4.1. Moisture diffusivity results

4.1.1. Homogenisation

The first example reported concerns a fibre-reinforced compos-
ite material. The moisture diffusivity of the glass fibre is set to D
= 1.41 - 10 mm?/s, whereas the matrix in epoxy resin has D =
1.41 - 1077 mm?/s. Henceforth, this composite will be referred to as
glass/epoxy. Because the diffusivity of the fibres is almost negligible
compared to that of the matrix, the value is set as a hundredth of
the matrix’s diffusivity, according to Fan et al. (2019). The volume
fraction of the fibres is set to V, = 0.6, and the microstructure
selected is a square-pack, representing a composite reinforced with a
circular fibre, as illustrated in Fig. 5(a). When dealing with a square-
pack and hexagonal-pack models representing the fibres inclusion, no
material changes occur along the y,-direction. Hence, one two-node 1D
shape functions are enough to ensure an accurate discretisation of the
longitudinal direction of the model. That is also because the moisture
diffusivity trend results at most linear along the fibre direction. The
cross-section is described by nine four-node 2D subdomains in which
the mapping procedure is activated when the fibre curvature within
the subdomain is recorded, as explained in de Miguel et al. (2017). The
curvature features are perfectly captured using HLE, combined with the
blending functions mapping technique. These particular functions allow
the HLE domains to be adapted to the geometric characteristics of the
model.

The first step is the computation of the effective moisture diffu-
sivity of the equivalent homogenised material. Table 1 collects the
results of the homogenisation procedure obtained with the CUF-MSG
approach compared to the Springer-Tsai (Springer and Tsai, 1967), and
the Donea (1972) methods. The first step is the computation of the
effective moisture diffusivity of the equivalent homogenised material.
Table 1 collects the results of the homogenisation procedure obtained
with the CUF-MSG approach compared to the Springer-Tsai (Springer
and Tsai, 1967), and the Donea (1972) methods. A perfect agreement
between the Springer-Tsai analysis and the present approach is ob-
served. Besides, the latter lays between Donea upper and lower bounds.
It is noteworthy that when the HLE order increases, the numerical result
does not change for the computation of D,;. This behaviour means that
the second order of HLE has already achieved the convergence of the
solution. The reason resides in moisture diffusion terms of the problem.
The lack of the shear-like terms in the moisture diffusivity matrix can
be seen by comparing the moisture diffusivity problem with the hygro-
elastic one. The relevant increase of the solution to the convergence
usually appears in the shear terms. Thus, in the present method, the
second-order HLE is enough to obtain accurate results, gaining reduced
computational cost and time for the analysis. It is clear that considering
the transverse diffusivity, D53, a slight change can be appreciated due
to the fact that the HLE functions describe the cross-section and, in
this case, second-order polynomials may not be sufficient to describe
the fibre curvature accurately.

The second assessment is conducted with cubic particle-reinforced
composites, comprising a carbon particle within a polyimide matrix,
referred to as C/polyimide hereinafter. The particle-reinforced model
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Fig. 5. Microstructures models for fibre-reinforced composites.
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Fig. 6. Microstructure model for cubic particle-reinforced composites.

Table 1

Comparison of the effective longitudinal and transverse moisture diffusivity of fibre-
reinforced glass/epoxy square-pack with ¥, = 0.6. For the current approach, different
HLE orders are considered.

Model DOFs Dy, - 107 [mm?/s] Dy; - 107 [mm?/s]
Reference solutions

Springer-Tsai (Springer and Tsai, 1967) - 0.57 -

Donea lower bound (Donea, 1972) - 0.52 -

Donea upper bound (Donea, 1972) - 0.78 -

CUF-MSG

HL2 80 0.57 0.36

HL4 194 0.57 0.34

HL6 380 0.57 0.34

HL8 630 0.57 0.34

is reported in Fig. 6. Material properties were obtained from Sinchuk
et al. (2018). The moisture diffusion coefficient of the carbon reinforce-
ment is negligible, and the diffusion of the matrix is set to D = 2 -
10~7 mm?/s. For the particle inclusion microstructure, the longitudinal
direction is described by six four-node 1D shape functions, that is, two
FE per material constituent variation along the y,-direction. The mois-
ture diffusion is computed for different particle volume fractions and
depicted in Fig. 7. The results of the present approach are compared
to those obtained with Hashin upper bound (Hashin, 1968) and to the
Donea formulation (Donea, 1972). Note the perfect match between the
current approach and the Hashin method, while the Donea formula-
tion overpredicts the moisture diffusivity for the cubic inclusion. As
demonstrated in Shi et al. (2015), the value of the moisture diffusivity
collapses when the fibre volume fraction increases.

Lastly, a fibre-reinforced glass/epoxy composite is taken into ac-
count. The microstructure selected is the hexagonal-pack, as shown
in Fig. 5(b). The homogenisation procedure is performed for different
fibre volume fractions, as shown in Fig. 8. Second-order HLE is selected
since there was no variation between the values obtained with the
eighth-order HLE order, as demonstrated previously for the glass/epoxy
square-pack. A perfect agreement between the Springer-Tsai solution
and the solution found with the present method is appreciated. On
the contrary, the Donea upper bound overpredicts D,; for all the fibre
volume fraction spectrum, while the lower bounds provides similar
values when high fibre fractions are considered. For instance, when
V; = 0.5 Donea lower bound provides the values obtained with the
present approach and Springer-Tsai method.

4.1.2. Dehomogenisation

In order to recover the local moisture flux between matrix and
fibre into the composite, it is necessary to introduce the gradient
of moisture concentration along the different directions of the fibre-
or particle-reinforced composite. The following assessment recorded a
gradient percentage of moisture equal to 30% in the y,-direction for a
C/polyimide particle reinforced composite. The composite has a cylin-
drical inclusion and a particle volume fraction equal to 0.35. Second-
order HLE is selected to perform the analysis. Through Eq. (24), it is
possible to obtain the moisture concentration gradient 7 ,;=4.26 1074
(g/mm?)/mm, corresponding to a 30% gradient moisture. Six four-node
elements along y,-direction were used to discretise the direction of the
fibre.

Fig. 9 shows the distribution of the y,-moisture gradient over the
fibre and the matrix. Note that the distribution is affected by the near-
zero value of the moisture diffusion of the fibre. A large gradient
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Fig. 7. Variation of the effective moisture diffusivity D of a cubic particle-reinforced
C/polyimide composite with regard to the particle volume fraction. HLE orders selected
are two and eight.
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Fig. 8. Variation of the effective moisture diffusivity D of fibre-reinforced glass/epoxy
hexagonal-pack with regard to the fibre volume fraction. HLE order selected is two.

variability is appreciated at the particle-matrix interface, where one
order of magnitude and sign change is observed. The contour of the
moisture flux in the longitudinal RUC direction, Jy, is displayed in
Fig. 10. Again, large flux gradients are present within the RUC volume.
This variability mainly takes place in the matrix constituent, where
moisture absorption (J;; > 0) and moisture release (J;; < 0) occurs.
The former happens in the central region of the RUC faces (y,=0,
L,), whereas the latter appears in the regions closer to the inclusion.
Conversely, the particle presents a constant moisture flux, one order of
magnitude lower than that of the matrix. Although the flux is positive,
the particle’s moisture absorption can be neglected when compared to
the matrix.

For the second evaluation, a glass/epoxy composite is considered.
The microstructure selected is the hexagonal-pack. In this case, one
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Fig. 9. Moisture gradient concentration #,, over the cylindrical inclusion-RUC due
to the moisture gradient of 30% along the y,-direction for a C/polyimide particle
reinforced composite, particle volume fraction 0.35, and second-order HLE.
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Fig. 10. Moisture flux J;, over the cylindrical inclusion-RUC due to the moisture
gradient of 30% along the y,-direction, for a C/polyimide particle reinforced composite,
particle volume fraction 0.35 and second-order HLE.

two-node element is enough to describe the longitudinal direction while
second-order HLE are used for the cross-section. The volume fraction
is set to 0.30. First, a moisture concentration gradient of 30% along
the y,-direction was imposed in the model. Then, the same gradient is
applied along the y,-direction. For the first case, the contour of the flux
in the fibre direction is displayed and its distribution is reported along
the diagonal of the RUC’s cross-section. As expected, constant values
over the fibre and matrix subdomains are obtained when a longitudinal
gradient is applied, as appreciated in Fig. 11(a). Moreover, the moisture
flux over the fibre constituent is almost null as observed in Fig. 11(b).
Fig. 12 provides the J,, contour and distribution along the RUC’s
cross-section when a 30% moisture concentration is applied in the y,
direction. Concerning the former, high gradients are appreciated in the
proximities of the fibre-matrix interfaces due to the differences in the
moisture diffusivity tensor of both constituents. It is observed that the
fibre absorbs moisture (J,, > 0) while the matrix is releasing it (J,, <
0). Nevertheless, the moisture absorbed by the fibre reinforcement
is negligible compared to the matrix due to the large differences in
terms of order of magnitude of the moisture diffusivity tensor. Note
that despite the flux gradients over the RUC volume, second-order
HLE are sufficient to capture an adequate distribution. This is due to
the absence of shear-like terms when calculating the gradient of the
moisture concentration field, z,.

4.2. Hygro-elastic analysis

The hygro-elastic analysis allows us to compute the effective hygro-
elastic properties. The analysis outputs are the homogenised material’s
elastic features and the three components of the moisture expansion
tensor f, referred to as CME.
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Fig. 11. Moisture flux J;, over the hexagonal-pack RUC due to the moisture gradient of 30% along the y,-direction, for a glass/epoxy composite, fibre volume fraction 0.30 and

second-order HLE.
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Fig. 12. Moisture flux J,, over the hexagonal-pack RUC due to the moisture gradient of 30% along the y,-direction, for a glass/epoxy composite, fibre volume fraction 0.30 and

second-order HLE.

A square-pack C/polyimide is first considered in order to validate
the hygro-elastic micromechanical analysis. The hygro-elastic proper-
ties of both fibre and matrix are assumed to be isotropic. The hygro-
elastic features of the carbon fibre are E =240 GPa, v=0.2 and, =0
(g/m?)~1, whereas the polyimide matrix has E = 3.6 GPa, v = 0.3
and § = 1.86 -10~5 (g/m3)~1, which corresponds to 0.33 1/wt%. The
complete hygro-thermo-elastic features of the C/polyimide composite
are available in Sinchuk et al. (2018). In the validation process, dif-
ferent analytical and numerical methods are taken into consideration,
such as Rosen and Hashin (1970), Reuss (Reuf3, 1929), Voigt (1887),
GMC (Paley and Aboudi, 1992), HFGMC (Aboudi et al., 2001) and
MOC (Aboudi, 1982). All of these methods are collected from Aboudi,
Arnold and Bednarcyk (Aboudi et al., 2021).

Fig. 13 provides the trend of the longitudinal and transverse CME
against the fibre volume fraction. The present approach is compared to
the aforementioned methods. A perfect agreement between the present
approach and GMC, HFGMC and MOC is found in Fig. 13(a). On
the contrary, the Voigt model overestimates ;. This happens because
Voigt’s analytical method, as well as Reuss’s method, does not consider
the difference between the computation of longitudinal and transverse
CME. Indeed, the values are higher than the other longitudinal CME

but lower compared to the transverse results in Fig. 13(b). To better
visualise that, the trend obtained by Voigt’s method has also been
plotted in the transverse CME graph in Fig. 13(b), highlighting the ex-
pected discrepancy. Note that the difference between Voigt’s analytical
solution and the one proposed in this manuscript is greater when lower
fibre volume fractions are considered. Fig. 13(b) displays the trend
of the transverse CME for different fibre fractions. As opposed to the
longitudinal CME, discrepancies between CUF-MSG and GMC, HFGMC
and MOC are found. Indeed, the latter methods provide higher values
for p,.

The MOC, GMC and HFGMC are semi-analytical methods in con-
trast with the CUF-MSG. The MOC is an approximate method based
on the assumption that the two-phased composites have a periodic
microstructure. GMC is based on the same premise, but it can be applied
in more general cases, e.g. continuous composites. Simple geometry
is studied in the present instance, so the same results are found for
MOC and GMC. The HFGMC addresses the GMC'’s lack of shear coupling
by employing a second-order displacement field instead of the GMC’s
first-order displacement field. For this reason, the values of HFGMC
are slightly under the MOC and GMC’s results. However, they are still
closed.
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Fig. 13. Variation of the CMEs of fibre-reinforced composite C/polyimide square-pack with regard
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Fig. 14. Stress state due to a 20% moisture concentration increase/reduction over a C/polyimide square-pack. Stresses are reported in Pa. An eighth-order HLE is used for the

cross-section.

Lastly, Reuss’s model provides values closer to the considered semi-
analytical methods, and perfectly matching with CUF-MSG when V; =
0.2, and providing similar values to those of GMC, HFGMC and MOC
when larger fibre fractions are considered.

Concerning the stresses retrieval, the square-pack stress state is
calculated when a 20% moisture concentration along the y,-direction is
applied. A 30% fibre volume fraction is considered. The stress contours
are shown in Fig. 14. Concerning the longitudinal stress component,
011, constant values are appreciated over the matrix and fibre domains,
exhibiting both a compression character. Then, o,, and o33 present
a similar distribution, rotated of 90 degrees, where high stress gra-
dients are observed due to the mismatch in the moisture expansion
coefficients f;; tensor for both constituents. Last, the transverse shear
component o,; shows a doubly antisymmetric distribution.

10

5. Conclusions

In the current paper, an innovative 1D method has been employed
to solve micromechanical moisture diffusion and hygro-elastic anal-
yses. This method relies on the framework of the Carrera Unified
Formulation (CUF) to develop high order FEs able to describe accu-
rately composite materials mechanical behaviour. In detail, arbitrary
expansions are used to approximate the problem unknowns on the
cross-section, whereas FE approximations rely along the fibre/inclusion
main direction. For the cross-section, a non-isoparametric mapping
technique that employs HLE as expansion functions permits generating
perfectly curved edges with no additional computational cost. Indeed,
the degrees of freedom of the model increase when the HLE polynomial
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order does. Following this approach, one is able to describe very com-
plex geometries without necessarily increasing the computational costs.
The CUF models were coupled with the Mechanics of Structure Genome
(MSG) to solve the aforementioned moisture diffusivity and hygro-
elastic analyses. In this manner, the effective moisture diffusivity tensor
and the local moisture flux J, in the moisture diffusivity analysis, as
well as the effective coefficients of moisture expansion (CME) and the
local stress distribution, for the hygro-elastic analysis, can be computed.

For the moisture diffusivity problem, the model has been validated
through the comparison with some numerical benchmarks such as
Donea, Springer-Tsai and Hashin analytical approaches, demonstrating
the model’s validity. Likewise, for the hygro-elastic procedure, the same
models used for the thermo-elastic analysis (Sanchez-Majano et al.,
2022) are involved in the current validation process, such as Reuss,
Voigt, MOC, GMC, and HFGMC. The RUC models in the numerical
assessment represented the classical fibre and particles reinforced com-
posite that can be repeated over the volume to assemble most of the
classical composite structures.

Furthermore, the proposed CUF+MSG micromechanical approach
allows the computation of the homogenised material properties and
the stress state, as well as moisture flux, in a single step analysis.
This is advantageous compared to other micromechanical approaches,
such as FE analysis, that tend to require several runs to calculate the
aforementioned magnitudes.

The formulations presented can be adapted to numerous other
problems, such as thermal conductivity. Moreover, as a future work, a
fully hygro-thermo-elastic analysis might be performed by coupling the
approach discussed in this manuscript with the one outlined in previous
authors work (Sanchez-Majano et al., 2022). Besides, material non-
linearities will be consider into the model to improve the simulation
of the actual behaviour of composite materials.
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