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Abstract

In the present paper, a very high cycle fatigue test campaign carried out with

an ultrasonic testing machine up to 1010 cycles is presented. The aluminum

alloy hourglass and dog-bone samples have dimensions spanning over a very

wide range, with the diameter in the middle cross-section comprised between

3 and 30 mm. From the experimental results, the influence of structural size

can be clearly detected, and it is possible to observe a transition between small

scales, where the size effect is more pronounced, and larger scales, where the

size effect is vanishing. This phenomenon can be explained in an effective way

by adopting a multifractal formalism, which is equipped with the probabilistic

treatment of the statistical dispersion of experimental data.

KEYWORD S
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Highlights

• Ultrasonic very high cycle fatigue tests are performed on EN AW-6082

samples.

• The size and the critical volume of samples span over one and two orders of

magnitude.

• The size effect is clearly observed and interpreted thanks to the multifractal

formalism.

• The multifractal scaling law is equipped with a probabilistic treatment of

the results.
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von Mises; K-S, Kolmogorov-Smirnov; MFSL, multifractal scaling law; MLM, maximum likelihood method; P, probability; P-S-N, probabilistic stress-
life; P-S-N-b, specimen size-dependent probabilistic stress-life; SEM, scanning electron microscope; UFTM, ultrasonic fatigue testing machine; VHCF,
very high cycle fatigue.
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1 | INTRODUCTION

During the last few decades, the growing need to extend
the design fatigue lifetime of mechanical structural com-
ponents led to increasing interest in the understanding of
the fatigue behavior in the very high cycle fatigue regime
of metallic materials.1 An important support in the com-
prehension of VHCF behavior of metallic materials is
due to the introduction of ultrasonic fatigue testing
machines, which have allowed to reduce the testing time.
The first attempt to increase the working frequency of
fatigue testing machines can be traced back to the '50s,
when Mason discovered that ultrasounds generated by
piezoelectric transducers are able to induce fatigue frac-
tures in the materials.2–4 Since then, many steps forwards
have been made in the understating of the crack initia-
tion mechanisms of metallic materials in the gigacycle
regime. More recently, it has also been demonstrated that
the very high cycle fatigue phenomenon should be also
considered in the assessment of the fatigue lifetime of
existing structures and infrastructures that were built
during the last century. In fact, the authors of the present
contribution have demonstrated as the very high cycle
low-amplitude fatigue may have been one of the possible
causes to explain the collapse of the Morandi bridge
(Italy).5–8

Another crucial research field in the gigacycle fatigue
domain is the study of the specimen size effect that
afflicts the VHCF strength.9–11 In fact, it is well known in
the literature the importance of the specimen size influ-
ence on the static tensile strength. To this aim, an impor-
tant step forward in the comprehension of size effect on
the nominal tensile strength of concrete structures was
given by Alberto Carpinteri in the '90s, who exploited the
concepts of fractal geometry to give a theoretical explana-
tion to this phenomenon.12,13 Analogously, size-effects on
the high-cycle fatigue resistance of metallic materials
have been also extensively investigated over the past
decades.14–17 Unfortunately, since the VHCF is an
enough young research field, size effects on the gigacycle
fatigue are not yet deeply investigated. In fact, only dur-
ing the last decade, a lot of theoretical and experimental
studies have been performed to analyze the influence of
specimen size on the VHCF resistance. Thanks to this
first investigations, it was possible to understand the right
importance of this research field in the prediction and
comprehension of the VHCF response of metallic mate-
rials.18 More in detail, different experimental campaigns
have demonstrated a decrement in the gigacycle fatigue
resistance by increasing the specimen size.19 Nowadays,
it is well known that inherent defects within the risk-
volume are often potential crack initiation sites. In other
words, the VHCF response of a material is governed by

the defect population embedded in the volume.20 Accord-
ing to Murakami's model,21 the VHCF resistance depends
on the size of the largest inclusion within the risk-
volume.22,23 Moreover, a lot of experimental campaigns
have highlighted that the probability to find a larger defect
size increases with the risk-volume.24 In other words, the
larger the risk-volume, the higher the probability to find
larger defects, and consequently the lower the fatigue
resistance experienced by the structural component.25,26

Unfortunately, it is unfeasible to test full-scale compo-
nents by adopting an ultrasonic fatigue testing machine.
In fact, gigacycle fatigue tests are commonly carried out
on very small specimens with standard dimensions.27

Conversely, very large components could be easily tested
with standard fatigue testing equipment. At the same
time, it is extremely complex and time-consuming to
investigate the VHCF domain, since a number of cycles
higher than 10–100 million would require more than
1 month by adopting servo-hydraulic and rotating bending
testing machines, working at cyclic frequencies below
100 Hz.28 As a matter of fact, it follows that the VHCF
resistance of full-scale components should be only extrap-
olated through theoretical models.29 As a consequence, it
is difficult to fully validate the available theoretical models
for the prediction of the specimen size effect on the VHCF
resistance, due to the lack of fatigue experimental data
spanning over a wide dimensional range.

In the present paper, ultrasonic fatigue tests in the
very high cycle fatigue (VHCF) range were conducted on
a set of EN AW-6082 aluminum alloy hourglass and dog-
bone specimens spanning over a wide dimensional range.
The diameter of the ligament of each sample set was
respectively: 3, 6, 12, 24, and 30 mm. The sample shape
of each set was such that the first free vibration frequency
was equal to 20 kHz and that the stress concentration
factor in the ligament cross-section did not exceed 1.1.
Therefore, the risk volume of the largest specimen was
almost 300 times that of the smallest one, based on finite
element calculation. The obtained experimental results
showed a clear and pronounced scale effects for the smal-
ler specimens, whereas for larger scales a much less sig-
nificant decrement in the fatigue resistance was found.
Subsequently, the multifractal formalism was adopted to
explain the observed specimen size effect in the VHCF
regime of the EN AW-6082 aluminum alloy. The multi-
fractal formalism was combined with classical statistical
concepts, adopting a two-parameter Weibull distribution,
in order to account for the statistical dispersion of the
experimental results. In this way, it was possible to derive
the analytical relationship for the probabilistic scale-
dependent P-S-N-b curves, which makes it possible to
predict the VHCF life as a function of the structural com-
ponent size and the probability of survival. Eventually,
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the fatigue experimental results, obtained by the authors,
were exploited to fit the experimental results and to
check the accuracy and the reliability of the model in the
prediction of the VHCF life with different failure proba-
bility under constant-amplitude fatigue loadings.

2 | EXPERIMENTAL
METHODOLOGY

2.1 | Material

Hourglass and dog-bone specimens subjected to ultra-
sonic VHCF tests were made of EN AW-6082/
AlSi1MgMn (according to the designation given in EN
573:3 201930), which were subjected to a solutionizing-
artificial aging (T6) heat treatment. EN AW-6082 is one
of the most popular alloys of the 6xxx aluminum-magne-
sium-silicon family. In addition, since the investigated
EN AW-6082 is characterized by good tensile strength
and excellent corrosion resistance, it is often used in
structural components subjected to low-amplitude fatigue
loads at a very high number of cycles (offshore construc-
tions, machine buildings, and mobile cranes).

The virgin material was provided in three cylindrical
rods of 20, 30, and 40 mm in diameter and 4 m in length,
which were obtained from the same batch. An automating
CNC machining process was exploited to shape the speci-
mens used for the experimental tests. Moreover, the physi-
cal and mechanical properties of EN AW-6082 used for
the ultrasonic fatigue tests were assessed. The mass den-
sity, ρ, was determined by using an analytical weight bal-
ance Kern® ALJ 310-4A, which is characterized by a
resolution of �0.1 mg and linearity of �0.3 mg. The lon-
gitudinal dynamic elastic modulus, Ed, was obtained
according to ASTM Standard E1876-15.31 First, one cylin-
drical sample of 6 mm in diameter and 120 mm in length
was obtained through a machining process from each of
the original cylindrical rods. After that, the non-
destructive impulse excitation technique was exploited to
measure the first longitudinal resonance frequency of each
cylindrical sample, so that it was possible to assess the cor-
responding longitudinal dynamic elastic modulus. The
procedure was repeated six times for each cylindrical sam-
ple. Hence, the average value of the dynamic Young's
modulus for the three cylindrical rods was assessed by
adopting the formula reported in ASTM Standard
E1876-15,31 whereas the corresponding standard deviation
was analytically determined by using the Law of Propaga-
tion of Uncertainty. In addition, Brinell hardness HB was
measured for the three round bars according to ASTM
Standard E10-18.32 The average values of the physical and
mechanical quantities are summarized in Table 1,

together with the corresponding standard deviations.
From this table, it can be stated that the standard devia-
tions were always limited for all measured mechanical
quantities.

Finally, the ultimate tensile strength, σu, the yield
stress, σy, and the ultimate deformation, ϵu, were deter-
mined on two dog-bone specimens for each cylindrical
rod, which were subjected to tensile tests. The samples
were shaped with different diameters to determine the
size effect on the tensile static mechanical properties of
the investigated material. More in detail, dog-bone speci-
mens of 6 and 12mm in diameter were, respectively,
obtained by shaping the cylindrical rods of 20 and 30mm
in diameter according to ASTM Standard B557M-15.33 At
this stage, it could be specified that the dog-bone speci-
mens of 6mm in diameter were not obtained from the
same batch of the other ones. The self-similar dog-bone
specimens of 24mm in diameter were obtained by shap-
ing the rod of 40mm in diameter.33 In all the cases, the
tensile tests were performed under displacement control
by using a servo-hydraulic tensile test machine with a
500 kN load cell. In Figure 1, the engineering stress–
strain curve for the sample of 12mm in diameter is
reported. In addition, the average values and the corre-
sponding standard deviations of the static mechanical
quantities are summarized in Table 2 as a function of the
diameter in the middle cross-section, d, and the adopted
gauge length, l0. From this table, it is interesting to note
that clearly emerges a negative dependence of the ulti-
mate tensile strength on the specimen size, d, as well as a
decrement in the ultimate strain is obtained as a function
of the gauge length, l0. These two trends are perfectly
consistent with the explanation given in Carpinteri
et al,34 where the scaling of the ultimate tensile strength
and the ultimate strain is described by power-laws with
negative exponents.

2.2 | Ultrasonic fatigue specimen design

To investigate the specimen size effect on the fatigue
resistance of aluminum alloy EN AW-6082, ultrasonic
fatigue tests were carried out on three different sets of

TABLE 1 Physical and Brinell hardness of the investigated EN

AW-6082 aluminum alloy.

Rod Φ ρ Ed Brinell hardness
(mm) (kg/m3) (kg/m3) (HB)

20 2713�5:9 72:3�0:1 105�1:4

30 2700�7:4 70:1�0:2 102�1:7

40 2700�9:4 70:4�0:2 100�0:7

MONTAGNOLI ET AL. 3101
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hourglass specimens, respectively, with diameters of 3, 6,
and 12 mm in the middle cross-section. More in detail,
the cylindrical rod of 20 mm in diameter was exploited to
shape the specimens of 3 and 6 mm in diameter, whereas
the specimens of 12 mm in diameter were obtained by
the cylindrical rod of 30 mm. Furthermore, in order to
enlarge the tested scale range, two sets of dog-bone speci-
mens with diameters of 24 and 30 mm were also shaped
by the largest cylindrical rod of 40 mm in diameter.

The preliminary geometry of hourglass and dog-bone
specimens was obtained according to the equations
reported in Bathias and Paris35 and Liu et al,36 respec-
tively, as a function of the mass density and the dynamic
longitudinal elastic modulus. In addition, the nominal
normal stress kσ in the middle cross-section of the speci-
men subjected to unit displacement amplitude was ana-
lytically assessed. Subsequently, the finite element
analysis (FEA) software, ANSYS® Workbench, was
exploited to verify the obtained geometry for all five dif-
ferent specimens. To this aim, a 2D reduced finite ele-
ment model was created by using 8-node axisymmetric
quadrilateral elements to discretise the specimen geome-
try. At first, a modal analysis was carried out to check
that the fundamental longitudinal resonance frequency
of the specimens is within the working frequency range
of the ultrasonic fatigue testing machine. After that, the
normal stress distribution within the specimen volume

was checked by performing a harmonic analysis. To this
aim, a nodal harmonic acceleration at the upper free end
of the specimen was imposed. As a consequence, the
stress concentration factor, kt, evaluated according to
Tridello et al,37 and the risk volume, V90,

22,38,39 were
obtained by the harmonic response analysis.

To this aim, it is worth noting that leading ultrasonic
fatigue tests on large specimens is particularly challeng-
ing, since it is rather complicated to ensure the applica-
tion of a sufficient stress amplitude able to fail the
specimens with the maximum displacement amplitude
provided by the UFTM. In fact, the value of the nominal
normal stress in the middle cross-section substantially
decreases with the specimen diameter. A possible way to
increase the stress amplitude could be to enlarge both the
diameters of the reduced central part and the extremity
cylindrical one. On the other hand, a specimen can be
considered “smooth” when the stress concentration fac-
tor is kept below 1.15. In other words, an increment in
both the diameters of the specimen could be only
adopted by increasing the length of the reduced central
part in order to have about the same stress concentration
factor, although this is not always possible. In fact, an
increment in the length of the reduced central part
implies a corresponding decrement in the length of the

FIGURE 1 Engineering stress–
strain curve for the sample of 12 mm in

diameter.

TABLE 2 Static mechanical properties of the investigated EN

AW-6082 aluminum alloy.

d l0 σy σu ϵu
(mm) (mm) (MPa) (MPa) (%)

6 35.2 389:2�3:2 455:6�2:2 18:4�0:7

12 65 356:8�1:3 375:1�0:2 11:1�1:0

24 65 308:1�0:4 329:8�0:1 14:5�0:2

TABLE 3 Dynamic mechanical properties and risk volume of

the investigated five different specimens.

kσ f FEM kt V 90

Specimen (MPa/μm) (Hz) (–) (mm3)

3 mm 7.474 20,213 1.021 42

6 mm 4.233 20,047 1.025 301

12 mm 3.191 19,977 1.046 1731

24 mm 2.679 19,925 1.071 8928

30 mm 2.443 20,082 1.086 14,563

3102 MONTAGNOLI ET AL.
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two cylindrical parts, since the first longitudinal natural
frequency of the specimen has to be always close to
20 kHz. In other words, an optimization procedure was
carried out to define the dimensions of the different parts
of the specimen to ensure a high nominal stress ampli-
tude, a small stress concentration factor, and a longitudi-
nal resonance frequency of 20 kHz.

Thereafter, the preliminary geometry was iteratively
modified to obtain a stress concentration factor smaller
than 1.10 and a nominal normal stress kσ for a unit dis-
placement amplitude larger than 2.4, ensuring the first
longitudinal natural frequency close to 20 kHz. In this

iterative procedure, the specimen diameter in the middle
cross-section was kept constant only, whereas all the
other dimensions were modified to satisfy the target
values in terms of stress concentration factor and nomi-
nal stress amplitude.

Table 3 shows the values of the nominal stress ampli-
tude for a unit displacement amplitude, the stress con-
centration factor, the first longitudinal natural frequency,
and the risk-volume for the five different specimens,
whereas a photograph of the tested hourglass and dog-
bone specimens is reported in Figure 2. In addition, the

FIGURE 2 The five different tested

hourglass and dog-bone specimens.

[Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 3 Ultrasonic specimen geometry.

TABLE 4 Dimensions of the five different specimens.

D1 D2 L1 L2 L0

Specimen (mm) (mm) (mm) (mm) (mm)

3 mm 3.0 10.0 10.1 20.0 0.0

6 mm 6.0 12.0 17.6 25.0 0.0

12 mm 12.0 20.0 17.1 30.0 0.0

24 mm 24.0 34.0 21.1 30.0 1.0

30 mm 30 39 24.0 30.0 1.0 FIGURE 4 Specimen of 12 mm in diameter equipped with

T-rosette strain gauge. [Colour figure can be viewed at

wileyonlinelibrary.com]
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ultrasonic specimen geometry in a parametric form is
reported in Figure 3, whereas Table 4 shows the actual
dimensions of the five different specimens.

Moreover, it is relevant to observe that the largest
specimen investigated in the present experimental cam-
paign has dimensions much larger than the samples com-
monly used for ultrasonic fatigue testing in terms of both
risk-volume and diameter in the middle cross-section.

Once obtained the desired geometry from numerical
simulations, the hourglass and dog-bone specimens were
obtained by means of a machining process. After that, all
the specimens were mechanically polished with sandpa-
pers to remove surface material defects due to the
machining process and to obtain a final specimen surface
roughness of 0.4 μm.

2.3 | Testing setup

VHCF tests were conducted under fully reversed constant
stress amplitude tension-compression conditions
R¼�1ð Þ at room temperature. Before to perform the
experimental tests, the stress distribution was checked
within the specimens of 6, 12, 24, and 30mm in diameter
by means of strain gauge measurements. T-rosette strain
gauges in the half-bridge configuration were used to have
the temperature compensation during the calibration
procedure. The gauge signal was acquired at a minimum
sampling rate of 300 kHz. Figure 4 shows the specimen of
12mm in diameter equipped with the strain gauge
rosette.

After the strain gauge calibration, the specimens were
tested up to failure or up to a runout, which was fixed at
1010 cycles. To this aim, it was exploited the ultrasonic
fatigue testing machine developed by the Italian com-
pany Italsigma® (UFTM MU90). The UFTM MU90 is
composed by an ultrasonic generator (Branson® DCX
Series S 4 kW), which generates an electric signal
with a frequency of 20 kHz. The electric signal is con-
verted into a sinusoidal mechanical vibration by the
piezoelectric transducer (Branson® CR-20). A booster
(Branson® 2000X Series Gold), rigidly connected to the
piezoelectric converter through a screw connection, pro-
vides fixed support to the whole mechanical system and
amplifies the displacement amplitude. The mechanical
vibration is furtherly increased by the catenoidal horn
(Branson® 126-192), which is assembled in line with the
booster. Finally, the resonant system is composed of the
specimen, connected through a screw connection to the
horn and which can be subjected to a variable mechani-
cal vibration spanning between 16 and 60 μm. The maxi-
mum value allowed for the displacement amplitude at
the free end of the specimen was assessed to prevent

unwanted failures of the horn. Furthermore, the
mechanical vibration amplitude at the specimen bottom
free end is monitored through an eddy current sensor
(Micro-Epsilon® eddyNCDT 3300/3301). The acquired
signal is used in a closed-loop circuit to keep the
stress amplitude in the middle section of the specimen
constant during the test. In other words, the nominal
displacement amplitude is compared with the measured
one and the power of the ultrasonic generator is
adjusted accordingly in order to have a perfect match
between them.

Furthermore, since the piezoelectric transducer works
in the 19.5–20.5 kHz range, the axial fundamental fre-
quency of all the components of the resonant system
must be included within the same interval. On the other
hand, the fatigue crack propagation toward the inner part
of the specimen leads to an increase in the sample com-
pliance and, as a consequence, a decrement in the reso-
nance frequency will be expected. Therefore, if the
fatigue crack propagates inside of the specimen up to a
critical amount, its fundamental frequency will fall down
the lower limit of 19.5 kHz. Consequently, the test will be
automatically interrupted, since the piezoelectric trans-
ducer is no longer able to excite the whole resonant
mechanical system.

During the VHCF tests, the specimen temperature
was monitored with an infrared sensor (Optris® CT
LT22CF). At the same time, an air-cooling system was
used to control the temperature increment in the sample,
which could occur due to internal heat arising from high-
speed deformations in ultrasonic fatigue tests. It is worth
noting that, before to perform the tests, the specimen sur-
face was covered with a matte-black painting to increase
its infrared emissivity (see Figure 5).

An additional way exploited in this experimental
campaign to avoid unwanted heating of the specimens
was to conduct intermittent VHCF tests. In this context,
ultrasonic fatigue tests were continuously run for the
hourglass specimens of 3 and 6 mm, since the sample
temperature was kept close to the environment one by
using the air-cooling system only. Vice versa, for the
specimens of 12, 24, and 30 mm in diameter, the UFTM
MU90 discontinuously operated in a pulse-pause mode.
The pulse and pause lengths were set up at 500 and
500 ms, respectively. In this way, the temperature of the
specimens of 12, 24, and 30 mm in diameter was kept
below a pre-assigned value of about 50� C for almost the
duration of tests, except for the final stage of the total
fatigue life, when the specimen temperature rose
abruptly just before failure due to the crack propaga-
tion.40,41 It is reasonable to suppose that the higher self-
heating of the specimens of 12, 24, and 30 mm is due to
the larger sample dimensions, despite the investigated
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aluminum alloy is characterized by high thermal
conductivity.

3 | EXPERIMENTAL RESULTS

Fatigue experimental data of EN AW-6082 T6 are shown
in Figure 6, which were obtained under constant-
amplitude loading conditions with a zero value of the
mean stress R¼�1ð Þ. For all the five different sets of
specimens, failures were obtained in the range between
5�106 and 6�109 cycles, that is, in the VHCF regime.
Twenty tests were carried out on hourglass specimens of
3mm in diameter subjected to a stress range between a
minimum value of 300MPa and a maximum value of
420MPa; 18 of these were tested up to failure, whereas
two were runouts. Twenty tests were also carried out on

specimens of 6 mm in diameter, reporting two runouts at
a stress range of 280MPa. Eighteen failures were
obtained for the specimens of 12mm in diameter
between 260 and 360MPa, whereas two runouts were
obtained at a stress range value of 240MPa. Twenty-one
tests were carried out on specimens of 24mm in diame-
ter; 19 of these were tested up to failure, whereas two
were runouts at a stress range of 248MPa. Finally, 15 fail-
ures were obtained for the specimens of 30mm in diame-
ter between 254 and 294MPa, whereas two runouts were
obtained at a stress range of 244MPa.

Fractographic analyses of broken specimens subjected
to VHCF showed that the crack initiation site was always
located at the sample surface. This experimental evidence
is in perfect agreement with other experimental investi-
gations regarding aluminum alloys received in overaged
conditions.42,43 Figure 7 shows the fracture surface

FIGURE 5 Ultrasonic fatigue

machine MU90 with the hourglass

specimen of 3 mm (A) and the dog-bone

specimen of 30 mm in diameter (B),

both covered with a matte-black

painting. [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 6 S-N diagram of the

experimental data.
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morphology of a specimen of 6 mm in diameter, which
was subjected to a stress range of 360 MPa up to
49:258685�106 cycles. The fracture surface morphology
was obtained by using a scanning electron microscope.
From the figure, it is possible to clearly distinguish by
naked eye the crack initiation site, the crack propagation
zone, and the final failure region. It is worth noting that
the total rupture of the specimen in two distinct parts
was obtained with a 3-point bending test. In fact, the
crack propagation during the ultrasonic test was such
that the specimen frequency fell below the lower limit of
19.5 kHz, without yet leading to unstable and brittle
crack propagation. A magnification of the crack initiation
site (134�) shows that the crack path is oriented in a
plane inclined to 45� with respect to the stress axis (see
Figure 8), which is coherent with the experimental evi-
dence observed in Höppel et al.44

A similar fracture surface morphology was obtained
for the other specimen sizes. More in detail, in Figure 9,
the fracture surface morphology for the specimen of
12 mm in diameter, which survived 259:331049�106

cycles at a stress range of 300MPa, is reported. In this

case, the fracture surface morphology was obtained by
using an optical microscope. This figure shows character-
istics of the fracture surface morphology very similar to
that observed for the specimen of 6mm in diameter. In
particular, it is evident as the fatigue crack nucleation
occurred at the sample surface, with the following crack
propagation running at 45� to the stress axis.

A magnification of the crack initiation site (200�)
showed that oxide coverings and abrasion were found
ahead of the crack initiation site (see Figure 10), which
were originated because of the fretting corrosion during
the first crack advancements, as stated in Schwerdt
et al.43

4 | P -S-N-b CURVES: SPECIMEN
SIZE-DEPENDENT PROBABILITY-
STRESS-LIFE CURVES IN THE
SUPER-LONG-LIFE REGIME

In this section, the influence of specimen size on the
probabilistic S-N curves in the VHCF range is

FIGURE 7 SEM image of the

fracture surface morphology of the

specimen of 6 mm in diameter that

survived 49:258685�106 cycles at a

stress range of 360MPa. [Colour figure

can be viewed at wileyonlinelibrary.

com]
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investigated. Firstly, in order to account for the effect of
the statistical dispersion on the fatigue response, the
fatigue life, N , will be considered as a stochastic variable.
In fact, it is well known the random nature of the fatigue
damage phenomenon, especially in the super-long fatigue
regime.18,45 For instance, in ASTM E739-9146 standard,
the median S-N curve construction is obtained with a lin-
ear regression technique of the fatigue experimental data,
whereas the influence of statistical dispersion has taken
into account by considering that the number of cycles to
failure follows a log-normal distribution.45 On the other
hand, as discussed in Barbosa et al45 and Zhao et al,47

many researchers have highlighted that the two-
parameter Weibull distribution would be more appropri-
ate to assess the scatter in the fatigue life if compared to
normal and log-normal distributions. In the present
paper, it was assumed that the fatigue life, N , follows a
two-parameter Weibull distribution. In fact, this statisti-
cal distribution is the most used to assess the probability
of survival of material subjected to cyclic loadings. In
addition, since the aluminum cast alloys have no evident

fatigue limit, a power-law type equation is used to predict
the fatigue life as a function of the stress range, Δσ, and
the probability of failure, P:

N ¼ Δσ0; P
Δσ

� �n

: ð1Þ

In this relationship, 1=n and Δσ0; P are the slope
and the intercept of Wöhler's curve, respectively,
when the stress range is plotted as a function of the
number of cycles. Furthermore, in order to reduce
the sample size and consequently the testing time, the
two free quantities entering the Weibull distribution,
that is, the shape and the scale parameters, were
estimated by using a robust and reliable statistical
procedure, which was proposed in Freire Júnior RCS
and Belìsio48 and subsequently exploited in Pedrosa
et al49 to obtain the design S-N curves for riveted connec-
tions. More in detail, in this method, the shape and the
scale parameters are considered constant for each
Wöhler's curve, that is, they are supposed to be stress

FIGURE 8 Magnification (134�) of

crack initiation site for the specimen of

6mm in diameter.
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range independent. This assumption implies that the
actual random variable, represented by the number of
cycles, N , should be replaced by the normalized fatigue
life, N . This new quantity is derived by normalizing the

number of cycles obtained experimentally for an
applied stress range, Δσ, for the corresponding mean
fatigue life, Nm, whose value is given by the following
equation:

FIGURE 9 Fracture surface morphology of the specimen of 12 mm in diameter that survived 259:331049�106 cycles at a stress range of

300MPa. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 10 Detail of crack

initiation site with evident marks of

oxide coverings for the specimen of

12 mm in diameter. [Colour figure can

be viewed at wileyonlinelibrary.com]
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Nm ¼ Δσ0;m
Δσ

� �n

: ð2Þ

where the two quantities Δσ0;m and n represent the best-
fitting parameters of the mean fatigue life curve. As a
consequence, it is supposed that the normalized fatigue
life, N ¼N=Nm, is described by the following two-
parameter Weibull distribution:

PðNÞ¼ 1� exp � N

β

� �α
" #

, ð3Þ

where the shape and scale parameters, α and β, respec-
tively, are independent of the stress level and they can be
assessed, according to Barbosa et al,50 by the maximum
likelihood method (MLM) thanks to its high reliability
and flexibility. Once that the fitting parameters are
obtained, it is possible to compute the fatigue life as a
function of the probability of failure:

N ¼Nmβ � ln 1�Pð Þ½ �1=α, ð4Þ

Therefore, by inserting Equation (2) into Equation (4),
the analytical expression of the probabilistic stress-life
curves can be derived:

N ¼ Δσ0;m
Δσ

� �n

β � ln 1�Pð Þ½ �1=α: ð5Þ

The next step was to theoretically interpret the influ-
ence of size effect on the very high cycle fatigue response
when a wide dimensional range is investigated. Accord-
ing to the fractal model proposed in literature,29,51–54 the
negative size effect on the very high cycle fatigue resis-
tance could be explained with the concept of fractality, in
which the material disorder due to the presence of inher-
ent defects is taken into account by assuming the dam-
aged specimen ligament as a lacunar mono-fractal set
with a non-integer Hausdorff dimension lower than
2. Consequently, a negative scaling law for the intercept
with the ordinate axis of the mean S-N curve, Δσ0;m, can
be put forward55:

Δσ0;m ¼Δσ ∗
0;mb

�dσ , ð6Þ

where Δσ ∗
0;m is the intercept of the median fractal-stress

life curve, with physical dimensions given by
F½ � L½ ��ð2�dσÞ, b is the characteristic specimen size, and dσ
is the dimensional decrement of the ligament due to the

presence of cracks and voids distribution, which can
assume values ranging from 0 up to 0.5. On the other
hand, notice that the negative scaling law proposed for
the intercept of the median S-N curve, Δσ0;m, can only be
applied to a limited specimen size range in order to con-
sider a constant value of the dimensional decrement dσ .
On the other hand, it should be highlighted that if the
scaling law proposed in Equation (6) was extrapolated to
very large scales, the predicted fatigue resistance would
become zero. Vice versa, the experimental results,
depicted in Figure 6, clearly show that the VHCF resis-
tance for the largest specimens assumes a non-zero posi-
tive value. This experimental evidence can be explained
by recalling the concept that the microstructure of a dis-
ordered material remains the same independently of the
scale of observation. As a result, the influence of disorder
on the very high cycle fatigue strength depends only on
the ratio between the characteristic material length, lch,
and the characteristic size of the specimen, b. This con-
tinuous transition from an extremely disordered (fractal)
regime for smaller scales, where the non-integer scaling
exponent is equal to 1/2, to an ordered (Euclidean)
regime for larger scales is called geometrical multifractal-
ity. In other words, as the scale of observation increases,
the concept of geometrical multifractality implies the pro-
gressive vanishing of fractality, that is, a continuous dec-
rement in the slope of the bi-logarithmic diagram, Δσ-b,
against the scale length. In other words, a continuous
decrease of the dimensional decrement with the scale of
observation will occur with the disappearance of the dis-
order for very larger scales. The analytical expression of
the multifractal scaling law (MFSL) for the intercept with
the ordinate axis of the mean S-N curve, Δσ0;m, is the
following:

Δσ0;m ¼Δσ∞0;m 1þ lch
b

� �1=2

: ð7Þ

where σ∞0;m is the intercept of the mean stress-life curve
for very large specimens, whereas lch is the material char-
acteristic length. More in detail, this parameter is depen-
dent on the material microstructural disorder, so that it
could be connected to the distribution of the defect popu-
lation. In addition, it can be stated that the relationship
proposed in Equation (7) connects the two asymptotic
behaviors for smaller and larger specimens. For very
small specimens, the maximum possible disorder is
reached and an oblique asymptote with a slope equal to
�1/2 is obtained. On the other hand, for very large speci-
mens, the dependence on the specimen size disappears,
and the asymptotic value of the nominal very high cycle
fatigue resistance, corresponding to its lowest value, is
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reached. Additionally, notice that lch represents the crack
length that separates the two asymptotic behaviors. Thus,
the dimensionless term within round brackets represents
the variable influence of disorder on the VHCF strength
by means of the material characteristic length, lch. By
substituting Equation (7) into Equation (5), a non-
uniform vertical downward translation of the probabilis-
tic stress-life curves will be predicted by increasing the
specimen size. In other words, a set of probabilistic speci-
men size-dependent S-N curves is obtained, which are
described by the following analytical relationship:

N ¼ Δσ∞0;m
Δσ

� �n

1þ lch
b

� �n=2

β � ln 1�Pð Þ½ �1=α: ð8Þ

Equation (8) predicts a decrement in the VHCF life
by increasing the specimen size, being the stress range
and the probability of failure the same. It is worth to
emphasize that decrement in the fatigue life, predicted by
Equation (8), by increasing the specimen size is not con-
stant with the scale of observation according to the con-
cept of geometrical multifractality. In addition, recalling
Equation (3) and setting P¼ 0:5, it is possible to compute
the analytical expression for the median specimen size-
dependent stress-life curves:

N50% ¼ Δσ∞0; 50%
Δσ

� �n

1þ lch
b

� �n=2

: ð9Þ

where Δσ∞0; 50% ¼Δσ∞0;mfβ � ln 0:5ð Þ½ �1=αg1=n. In addition, it
is interesting to note that the specimen size effect on the
VHCF life disappears for very large specimens ðb!þ∞Þ
and, consequently, specimen size-independent probabilis-
tic curves, ðP�S∞�N∞Þ, are obtained:

N∞
P ¼ Δσ∞0;m

Δσ∞

� �n

β � ln 1�Pð Þ½ �1=α: ð10Þ

The terms N∞
P and Δσ∞ in Equation (10) are the

VHCF life and VHCF resistance for very large specimen
sizes, respectively. In other words, it is worth to highlight
that the parameter N∞

P has not to be confused with the
number of cycles for which the fatigue life is infinite, that
is, the endurance limit of the material, but rather the
parameter N∞

P should be interpreted as the VHCF life
expected by very large specimens for a fixed stress range
and a probability of failure. In addition, the probabilistic
S∞�N∞

P curves predicted in Equation (10) can be consid-
ered as the true material Wöhler's curves, since they are
independent of the structural size of the component. In
other words, Equation (10) makes it possible to assess the

true material very high cycle fatigue resistance, Δσ∞, for
a fixed number of cycles and probability of failure. Even-
tually, it is possible to compute the analytical relationship
for the median Wöhler's curve corresponding to very
large structural sizes. In fact, by setting P¼ 0:5 in
Equation (10) and recalling
Δσ∞0; 50% ¼Δσ∞0;m β � ln 0:5ð Þ½ �1=α

n o1=n
, the VHCF life for

very large specimen sizes with a probability of failure of
50% is predicted by the following expression:

N∞
50% ¼ Δσ∞0; 50%

Δσ∞

� �n

: ð11Þ

5 | VALIDATION OF MFSL AND
ASSESSMENT OF P -S-N-b CURVES
WITH THE EXPERIMENTAL DATA

In this section, the experimental dataset, obtained in the
present experimental campaign, is analyzed according to
the model proposed in Section 4, so that the probabilistic
specimen size-dependent stress-life curves are assessed.
The five free-parameters to be estimated in Equation (8)
are the characteristic material length, lch, the coefficient
of the power-law for the median Wöhler's curve when
very large specimen sizes are considered, Δσ∞0;m, the
exponent n, and the scale and shape of Weibull distribu-
tion coefficients, β and α. The estimation is carried out in
two steps. Firstly, the characteristic material length, lch,
the coefficient Δσ∞0;m, and the exponent n were assessed
from a non-linear regression analysis of the fatigue fail-
ure experimental data. In Table 5, the values of these
three best-fitting parameters are reported together with
the corresponding 95% confidence limits and the root
mean square error obtained from the non-linear
regression.

Subsequently, the scale and shape coefficient of
Weibull cumulative function distribution, β and α, were
obtained by applying the MLM to the collected fatigue
experimental data. Therefore, the actual experimentally
obtained number of cycles was divided by the corre-
sponding mean value, which is provided by the following
analytical expression:

TABLE 5 Fitting parameters of Equation (9) with 95%

confidence limits.

Δσ∞0;m n lch
(MPa) (–) (mm) RMSE

759.4 19.7 1.9 0.0092

724:8;795:7½ � 18:8;20:7½ � 0:95;2:85½ �
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FIGURE 11 Estimated Weibull probability plots for the five different specimen sizes: (A) 3 mm; (B) 6 mm; (C) 12 mm; (D) 24 mm; and

(E) 30 mm.
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Nm ¼ Δσ∞0;m
Δσ

� �n

1þ lch
b

� �n=2

, ð12Þ

so that it is possible to define the new random variable
N . To this aim, let Nj ¼N1,N2,…,…,Nf and θ¼ α,β

� �
be

the observed failure data and the two Weibull distribu-
tion parameters, respectively. Therefore, the following
likelihood function for a fatigue failure data sample can
be introduced56:

LðθÞ¼
Yf
j¼1

pðNj,θÞ, ð13Þ

where pðNj,θÞ is the probability density function of the
selected distribution, which is assessed at each value of
the observed data. Therefore, by supposing that the
fatigue data are described by the two-parameter Weibull
distribution, the likelihood function becomes

LðθÞ¼
Yf
j¼1

α

β
N

α�1ð Þ
exp � Nj

β

� �α
" #

, ð14Þ

According to the maximum likelihood method, the
values of the two parameters of Weibull distribution are
obtained by maximizing the likelihood function. From a
practical point of view, it is more convenient to deal with
the natural logarithm of the likelihood function, the so-
called log-likelihood function, which is expressed by the
following relationship57:

ℓðθÞ¼ lnLðθÞ¼ ln
Yf
j¼1

pðNj,θÞ
" #

¼
Xf

j¼1

ln pðNj,θÞ
� �

:

ð15Þ

As a consequence, the assessment of the parameters
of an assumed probability distribution can be solved by
maximizing the log-likelihood function expressed in
Equation (15). In fact, the parameter values of the
selected distribution that maximizes ℓðNj,θÞ also maxi-
mize the likelihood function, LðNj,θÞ, since the loga-
rithm is a monotonic function.58 On the other hand, it
should be noticed that the fatigue data sample typically
includes also some runouts, which should be regarded as
censored data. In addition, since a runout is a fatigue test
prior to failure, it follows that runouts are right-censured
data. To this aim, let Nj ¼N1,N2,…,…,Nf and Nk ¼
N1,N2,…,…,Nr be the observed failure data and the right
censored data, respectively. Therefore, in order to add the
information given by the runouts, the likelihood function
including all the data becomes56–58

LðθÞ¼
Yf
j¼1

pðNj,θÞ
Yr
k¼1

1�PðNk,θÞ, ð16Þ

where 1�PðNk,θÞ is the survival function. Hence, if the
two-parameter Weibull distribution is considered,
Equation (16) can be rewritten as follows:

LðθÞ¼
Yf
j¼1

α

β
N

α�1ð Þ
exp � Nj

β

� �α
" #Yr

k¼1

exp � Nk

β

� �α
" #

,

ð17Þ

which represents the log-likelihood function of a fatigue
data sample with runouts. Analogously, the log-
transformation can be applied to Equation (16), so that
the log-likelihood function for a sample with right cen-
sored data can be obtained by the following analytical
expression57,58:

ℓðθÞ¼ ln LðθÞ½ � ¼ ln
Yf
j¼1

pðNj,θÞ
Yr
k¼1

1�PðNk,θÞÞ
" #

¼
Xf

j¼1

ln pðNj,θÞ
� �þXr

k¼1

ln 1�PðNk,θÞ
� �

: ð18Þ

As a consequence, by substituting the analytical
expressions of the probability density function and the
cumulative function of the two-parameter Weibull distri-
bution within Equation (18), the corresponding log-
likelihood function can be obtained. As a consequence,
when dealing with fatigue data samples including run-
outs, the corresponding scale and shape parameters of
Weibull distribution can be easily assessed by

TABLE 6 Assessment of the shape and scale parameters from

the experimental data for each specimen size.

Diameter α β

3 mm 4.4161 1.0672

3:0768;6:3385½ � 0:9585;1:1883½ �
6 mm 3.8226 1.8727

2:6326;5:5504½ � 1:6541;2:1202½ �
12 mm 3.3311 0.7552

2:3638;4:6942½ � 0:6527;0:8727½ �
24 mm 5.4123 1.2123

3:8005;7:7077½ � 1:1130;1:3204½ �
30 mm 6.3542 1.1180

4:2576;9:4832½ � 1:0302;1:2133½ �
Note: In the square brackets, the 95% confidence limits of the two

parameters of Weibull CDF are reported.
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maximizing the log-likelihood given by Equation (18).
Table 6 shows the values of the two parameters of
Weibull distribution for the five different specimen sizes
with the corresponding 95% confidence intervals, which
have been obtained by using the commercial software
Matlab®. Subsequently, the Weibull probability plots for
the five different specimen sizes can be obtained. To this
aim, a specific variable transformation should be consid-
ered in order to have a linear trend in the probability of
failure over the random variable, that is, the normalized
number of cycles. As a consequence, the x- and y-scales
of the Weibull probability plots are given by the following
relationships:

x¼ ln N
� �

, ð19aÞ

y¼ ln � 1�Pð Þð Þ: ð19bÞ

Therefore, by substituting Equations (19a) and (19b)
into Equation (3), the Weibull CDF can be rewritten as
follows:

y¼ α ln N
� ��α ln β

� �
, ð20Þ

which represents the equation of a straight line with a
slope and an intercept equal to α ln β

� �
and α,

respectively. Figure 11A–E shows the Weibull probability
plots for the five different specimen sizes, where the
empirical cumulative probability of failure is evaluated
according to Bernard's median rank for the jth
sorted element:

F ¼ j�0:3
mþ0:4

ð21Þ

with f the sample size of the fatigue failure data. In addi-
tion, it is worth emphasizing that Figure 11A–E has been
obtained by considering the shape and scale parameters
provided by the MLM. Subsequently, four different
goodness-of-fit statistical tests were adopted in order to
quantitatively measure the adherence capability of the
two-parameter Weibull CDF to the experimental data.
More in detail, the χ2 test, the Anderson-Darling (A-D)
test, the Cramer-von Mises (C-vM) test, and the
Kolmogorov-Smirnov (K-S) test were chosen to assess if
the two-parameter Weibull distribution is able to fit the
data sample. In Table 7, the estimated values of the χ2

test, the A-D test, the C-vM test, and the K-S test for the
five different specimen sizes are reported. The same table
shows the critical values for the four goodness-of-fit sta-
tistical tests chosen, which were assessed for the 5% sig-
nificance level. From this table, it emerges that the
estimated values for all goodness-of-fit (GoF) statistics
tests are smaller than the critical ones, independently of
the specimen size. Thus, it follows that the GoF statistics
tests do not reject the null hypothesis that the experimen-
tal data come from two-parameter Weibull distribution at
the 5% significance level.

In addition, the specimen size-dependent probabilistic
stress-life curves were assessed according to Equation (8).
The estimated specimen size-dependent probabilistic
stress-life curves corresponding to the αth quantiles, 5%,
50%, and 95% are depicted in Figure 12A–E with black
dashed-dotted, continuous, and dashed lines, respec-
tively. According to these figures, the estimated P-S-N-b
curves for each specimen size fit the experimental data
very well. In addition, the dataset corresponding to each
specimen size was separately analyzed from each other.
In particular, a linear regression of experimental data
was performed for each specimen size. This procedure
aimed to directly estimate the line of best fit for each
specimen size and to compare it to the median stress-life
curve estimated by adopting the model reported in

TABLE 7 Results of the goodness-

of-fit statistics tests with a level of

significance of 5%.

Sample size GoF statistics tests χ2 K-S A-D C-vM

3 mm Actual value 8.000 0.121 0.320 0.057

Critical value 9.488 0.294 0.736 0.217

6 mm Actual value 1.000 0.151 0.458 0.067

Critical value 9.488 0.294 0.736 0.217

12 mm Actual value 6.599 0.134 0.421 0.160

Critical value 9.488 0.294 0.756 0.217

24 mm Actual value 6.667 0.134 0.292 0.054

Critical value 9.488 0.287 0.737 0.217

30 mm Actual value 7.2941 0.122 0.331 0.060

Critical value 9.488 0.318 0.739 0.216
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Section 4. The lines of best fit are reported with a red con-
tinuous line in Figure 12A–E. Therefore, a comparison
between the specimen size-dependent median P-S-N-b
curves, assessed through Equation (9), and the line of

best fit of the experimental dataset for each specimen size
is performed. This comparison clearly proves the ability
of the multifractal model to predict the negative scale
effect on the VHCF resistance when a very wide size

FIGURE 12 Estimated P-S-N curves for the five different specimen sizes against the experimental data and the line of best fit (in red

color): (A) 3mm; (B) 6mm; (C) 12mm; (D) 24mm; (E) 30mm. [Colour figure can be viewed at wileyonlinelibrary.com]
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range is considered, since there are no significant devi-
ations between the two curves. In other words, the
multifractal model, equipped with the statistical treat-
ment, is able to predict the decrement in the very
high cycle fatigue life at different probabilities of
survival of structural components with a very good
reliability. Eventually, it is worth noting that only
1 out of 88 of the experimental failures are below the
estimated 5% P-S-N curve, which is an important evi-
dence of the very limited statistical dispersion of the
experimental data.

6 | CONCLUSIONS

In the present paper, the results of an experimental
campaign carried out on specimens made of EN AW-
6082-T6 aluminum alloy up to 1010 cycles with an
ultrasonic fatigue testing machine are shown. Five dif-
ferent specimen dimensions, spanning over a wide
dimensional range, were considered in order to investi-
gate the specimen size effects in the VHCF regime. The
risk-volume of largest specimen was almost 300 times
that of the smallest one. The stress concentration factor
was lower than 1.1 for all the points of the ligament
section for each specimen size. The relative stress gradi-
ent was almost constant for the specimens with diame-
ters ranging between 6 and 30 mm, while for the 3 mm
diameter sample, this value was about twice. Therefore,
the relative stress gradient mechanism does not provide
a suitable size effect explanation, although the crack
initiation site was located close to the sample surface
for all the samples. The experimental results showed
that the relative decrement in the very high cycle
fatigue resistance is more pronounced in correspon-
dence to smaller sizes. On the contrary, for increasing
specimen size between 12 and 30 mm in diameter, the
VHCF resistance looks to converge to an almost con-
stant value.

Subsequently, the multifractal formalism, equipped
with the probabilistic treatment of the statistical disper-
sion of fatigue experimental results, was adopted to
interpret the observed specimen size effect in the
VHCF regime. Eventually, the proposed model was
exploited to fit the experimental results, so that it was
possible to assess the specimen size-dependent
probabilistic stress-life curves of the EN AW-6082
aluminum alloy.
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