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Abstract

We prove the L”-boundedness for all p € (1, 0o) of the first-order Riesz transforms
X L1/ associated with the Laplacian £ = — Z?:O X? on the ax + b group G =
R™ 4 R; here Xg and X1, ..., X, are left-invariant vector fields on G in the directions
of the factors R and R” respectively. This settles a question left open in previous work
of Hebisch and Steger (who proved the result for p < 2) and of Gaudry and Sjogren
(who only considered n = 1 = j). The main novelty here is that we can treat the case
p € (2, 00) and include the Riesz transform in the direction of R; an operator-valued
Fourier multiplier theorem on R” turns out to be key to this purpose. We also establish
a weak type (1, 1) endpoint for the adjoint Riesz transforms in the direction of R”. By
transference, our results imply the L?”-boundedness for p € (1, 0o) of the first-order
Riesz transforms associated with the Schrodinger operator —8S2 + ¢ on the real line.

Keywords Lie group - Nondoubling manifold - Riesz transform - Singular integral
operator

Mathematics Subject Classification 22E30 - 42B20 - 42B30

1 Introduction

Let G = R" x R, where R acts on R” via dilations. If we write the elements of G as
(x,u), where x € R" and u € R, then the group operation is given by

(x,u)- (" u)=(x+e"x, u+u). (1.1)

The group G is isomorphic to the group of transformations of R” generated by trans-
lations and dilations, also known as the ax + b group (see, e.g., [22, Sect. 6.7]). We
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equip G with the right Haar measure, that is, the Lebesgue measure dx du. A basis of
left-invariant vector fields on G is given by

Xo=0,, Xi=¢"3,....X,=¢c"0y,. (1.2)

The corresponding sum-of-square operator

sz_—az—e A,

is essentially self-adjoint on L?(G). If we equip G with the natural metric structure
associated with £, namely, the left-invariant Riemannian metric for which the vector
fields (1.2) form an orthonormal frame, then G with the Riemannian distance and the
Haar measure is a metric measure space of exponential volume growth.

In this work, we are interested in Lebesgue boundedness properties of the first-order
Riesz transforms

'RjZle:_l/z, j=0,...,n,

associated with the left-invariant Laplacian £ on G. Our first main result reads as
follows.

Theorem 1.1 For j =0, ..., n, the Riesz transform R ; is bounded on L? (G) for all
p € (1, 00).

For p < 2, the above boundedness result was proved in [27]. (See also [45] for
previous partial results, and [40] for an extension to the case G = N x R, where N
is a stratified Lie group.) To this purpose, in [27] the authors developed a Calderén—
Zygmund theory adapted to the nondoubling structure of G, and showed that the
integral kernel of each R ; satisfies a suitable “integral Hormander condition”, which
implies that R ; is of weak type (1, 1) and L”-bounded for p e (1, 2]. The same
“integral Hormander condition” also implies that the R ; are bounded from H L(G) to
L'(G), where H'(G) is the atomic Hardy space on G introduced in [55].

As it turns out, the adjoint Riesz transforms Rj do not satisfy the aforementioned
“integral Hormander condition”. More is true: the operators R;f are not bounded from

H'(G) to L'(G). This fact, which was already discovered in [46] in the case n = 2,
demonstrates that the approach used for p < 2 does not immediately extend to p > 2
by duality considerations, and a different approach is needed.

Regarding the L”-boundedness of the Riesz transforms R ; for p > 2, to the best
of our knowledge, the only result so far available in the literature has been the one
contained in [25] for » = 1 and j = 1. However, the method of [25] appears not
to be suitable to treat the Riesz transform Ry = XL~ /2, and indeed the authors
leave open the question of its L”-boundedness. One of the main reasons of interest of
Theorem 1.1 is that it also includes the case j = 0, thus solving a problem that has
been open for some time even in the smallest dimensional case n = 1.
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Our proof of Theorem 1.1 does not yield an endpoint bound for p = oo. In par-
ticular, we do not know whether RE‘) is of weak type (1, 1). However, we can obtain
such an endpoint for the operators Rf with j > 0 by a different method, namely, an
extension of the approach of [25] to the higher-dimensional cases.

Theorem 1.2 For j = 1,..., n, the adjoint Riesz transform Rj‘ is of weak type (1, 1).

The LP-boundedness of Riesz transforms associated with elliptic and sub-elliptic
operators on manifolds is a widely studied problem (see, e.g., [1, 6, 7, 13, 36, 37, 44,
52]), and it is impossible to include here a complete literature review on the subject.
We refer to the introduction of [40] for a discussion of those works which are most
closely related to our setting. The fact that the L”-boundedness of Riesz transforms
for p > 2 is a more delicate property than that for p < 2 has already been observed
in other contexts, see, e.g., [6, 12]; an additional difficulty in our case is that here we
are working in a nondoubling setting.

We remark that the Laplacian £ on G considered here is not the Laplace—Beltrami
operator for the aforementioned left-invariant Riemannian structure on G. Indeed,
the group G with such Riemannian structure is nothing else than a realisation of the
real hyperbolic space of dimension n + 1, and the corresponding Laplace—Beltrami
operator Ly (which is self-adjoint with respect to the left Haar measure) is given by

Ly = L +nXo,

i.e., £ and Ly differ by a drift term. In these respects, the operator £ can be thought of
as the natural Laplacian on the weighted Riemannian manifold G, where the weight
is the modular function (i.e., the density of the right Haar measure with respect to
the left Haar measure). Most importantly, and differently from Ly, the Laplacian £
has no spectral gap, so there is no “extra decay” of the associated heat propagator for
large time that can be exploited to deal with the part at infinity of the Riesz transforms
associated with £. In addition, here we work with the “unshifted” Riesz transforms
R; = X;L7/2, as opposed to the “shifted” Riesz transforms X ;(a + £)~1/? for
some a > 0 considered elsewhere in the literature. Correspondingly, the convolution
kernels of the R ; are not integrable at infinity, which, combined with the exponential
volume growth of G, makes their analysis a nontrivial problem.

The group G has afamily of irreducible infinite-dimensional unitary representations
on L>(R), in each of which the distinguished Laplacian £ on G corresponds to the
Schrodinger operator H = —832 + ¢ on the real line. As G is an amenable group, the
L?-boundedness of the Riesz transforms associated with £ transfers to an analogous
result for the Schrodinger operator H, which may be of independent interest.

Theorem 1.3 The first-order Riesz transforms
aH V2, VIPH2

associated with the Schrodinger operator H = —83 + V(s), where V(s) = €25, are
bounded on LP (R) for all p € (1, 00).

@ Springer
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The L?-boundedness of Riesz transforms associated with Schrodinger operators
has also been studied extensively in the literature, and indeed the L? bounds for p < 2
in Theorem 1.3 can be deduced from more general results for Schrédinger operators
with nonnegative potentials (see, e.g., [44]). As before, however, the case p > 2 is
more delicate (see, e.g., [, 34, 43]) and we are not aware of results in the literature
for p > 2 encompassing the exponential potential V (s) = e>* considered here (for
example, [5] requires a reverse Holder condition on the potential which fails for our
exponentially growing V, while the assumptions of the recent work [34] appear to rule
out potentials with lim inf 5, o V (s) = 0).

The study of the Riesz transforms associated with the Laplacian Lon G = R" xR
has a discrete counterpart in the analysis of the Riesz transform for a distinguished
“flow Laplacian” on homogeneous trees. Indeed, in the case p < 2, L? bounds for the
latter were proved in the same paper [27] treating the continuous case as well (see also
[39] for a different proof). The recent work [35], tackling the problem of obtaining L”
bounds for p > 2 in the setting of homogeneous trees, can be thought of as a discrete
counterpart to the present paper. As is often the case, while the overall proof strategies
in the discrete and continuous settings present several similarities, there are a number
of nontrivial issues that are specific to each setting.

Proof Strategy

The first step in our analysis is obtaining relatively explicit formulas for the convolution
kernels of the Riesz transforms R ; on G, that is, the X j-derivatives of the convolution
kernel of the negative fractional power £~!/2 of the Laplacian. In the case n = 1 = j,
a similar approach was adopted in [25, 45]; however, in those works, the formula for
L~1/2 was recovered via representation theory from a formula for the resolvent of
the Schrodinger operator H = —8S2 + €% on the real line [31, 53]. Here instead we
subordinate £7!/2 to the heat semigroup e~ L and eventually reduce to known heat
kernel formulas on real hyperbolic spaces. A crucial part of our analysis, presented in
Sect. 2, is deriving precise asymptotics (at the origin and at infinity) for the convolution
kernel of £71/2 and its derivatives.

Once these asymptotics are available, in Sect. 3 we analyze the convolution kernels
of the adjoint Riesz transforms R*, both at the origin and at infinity; in each case we
are able to identify a “main term”, with a simple explicit expression, and a “remainder
term”, which is integrable, thus the boundedness properties of the Riesz transforms
are reduced to those of the respective main terms. Unsurprisingly, the behavior of the
main terms at the origin matches that of the corresponding kernels of the Euclidean
Riesz transforms for the standard Laplacian on R”*!, and their boundedness properties
are readily established (see Sect.4). As may be expected, the challenging part of the
problem lies in the study of the kernels at infinity.

Up to this point, our analysis broadly follows the lines (with some variations and
additional technical complications) of thatin [25], where the particularcasen = 1 = j
is discussed. However, the main term at infinity of Rj does not appear to be amenable
to the analysis of [25], and here a substantially different approach is developed, which
allows us to treat in a uniform way all the adjoint Riesz transforms Rj‘ forj=0,...,n.
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Namely, we observe that left-invariant operators on G = R x R, are invariant
under Euclidean translations in the variable x € R”"; thus, by writing L”(G) =
LP(R"; LP(R)), we can think of such operators as operator-valued Fourier multiplier
operators with respect to the Euclidean Fourier transform on R”. The L”-boundedness
of the main terms at infinity of the adjoint Riesz transforms is then proved by invoking
an operator-valued Fourier multiplier theorem [29, 51]. Specifically, the previously
obtained formulas allow us to derive quite explicit expressions for the operator-valued
symbols of the aforementioned Fourier multiplier operators, and the problem then
reduces to verifying suitable R-boundedness properties on L? (R) for such symbols
and their derivatives. Eventually, this verification reduces to proving the weighted
L?-boundedness for any weight in the Muckenhoupt class A, (R) of certain explicit
integral operators on R. This program is carried out in Sect. 5 and completes the proof
of Theorem 1.1.

The above approach via an operator-valued Fourier multiplier theorem, which may
be compared to that used in [32] in relation to Grushin operators, has the drawback
of not yielding endpoint boundedness results. In particular, the problem of whether
the adjoint Riesz transform R is of weak type (1, 1) remains open. For the adjoint
Riesz transforms R;‘ for j = 1, ..., n, however, a different approach, based on that
in [25], can be applied; we discuss this in Sect. 6, thus proving Theorem 1.2. Apropos
endpoint results, what we can establish for all the adjoint Riesz transforms Rj for

j = 0,...,n is that they are not bounded from H'(G) to L'(G); this was already
proved in [46] in the case n = 2, and in Sect. 7 we briefly discuss this negative result
for any value of n.

The fact that left-invariant operators on G are operator-valued Fourier multiplier
operators on R” is related to the unitary representation theory of G. Indeed, up to
equivalence, all the infinite-dimensional irreducible unitary representations of G are
obtained by induction from the nontrivial unitary characters of R". Correspondingly,
as we illustrate in Sect. 8, the operator-valued Fourier multiplier theorem invoked in
Sect. 5 can be thought of as a Fourier multiplier theorem for the group Fourier transform
on G. Still in Sect.8 we discuss the relation between the Laplacian £ on G and the
Schrodinger operator H, as well as the respective Riesz transforms, and we show how
Theorem 1.1 can be transferred to deduce Theorem 1.3.

Some Open Questions

It would be interesting to investigate whether the results and methods of the present
paper could be extended to other settings.

Real hyperbolic spaces are particular cases of symmetric spaces of the noncompact
type, as well as of Damek—Ricci spaces, and the distinguished Laplacian £ considered
here has natural analogues in those more general settings (see, e.g., [16, 54]). In those
contexts, tools from spherical Fourier analysis are available, which make it possible
(see, e.g., [2, 3] and references therein) to obtain explicit formulas and asymptotics for
many relevant quantities, such as heat kernels and fundamental solutions. For example,
in [24] L?-boundedness properties of second-order Riesz transforms associated with
such distinguished Laplacians are established on arbitrary rank-one symmetric spaces
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of the noncompact type, and it is a natural question whether similar results could be
obtained for first-order Riesz transforms as well.

Another natural setting to consider is that of [38, 40], where the factor R” in
the semidirect product R” x R is replaced with an arbitrary stratified Lie group N,
and correspondingly the Laplacian is replaced with a sub-Laplacian. In [40] the L?-
boundedness for 1 < p < 2 of the natural first-order Riesz transforms on N x R
is established, but the problem for p > 2 is left open. We point out that, differently
from the aforementioned case of symmetric spaces, in the sub-Riemannian setting of
[40] no explicit formulas for the heat kernel are available, while such formulas are
a fundamental ingredient here. Additionally, here we crucially exploit an operator-
valued Fourier multiplier theorem on R”, which does not appear to have an obvious
counterpart when R” is replaced by a noncommutative stratified group N. So a different
approach and new ideas would likely be needed in that case.

Notation

We write N to denote the set of nonnegative integers (including 0). Moreover, R*
stands for R \ {0}, and R for (0, co). For any two nonnegative quantities A and B, we
write A < B to indicate that there is a constant C € R, such that A < CB. We also
write A > B to denote the conjunction of A < B and B < A. Subscripted variants
such as <, and =, are used to indicate that the implicit constants may depend on a
parameter a. Finally, x; denotes the characteristic function of a set /.

2 Heat Kernel Formulas and Asymptotics for Fractional Powers

We start by recalling a few useful facts and formulas about the analysis on the group
G = R" x R. For more details, the reader is referred to [38, 40], where the more
general case of G = N x R is discussed, with N a stratified Lie group.

Recall that the group multiplication is given by (1.1); correspondingly, the group
inversion of G is given by

(,u)™" = (—eT"x, —u),
and the modular function m on G is given by

m(x,u) =e ™, 2.1

that is, e~ dx du is the left Haar measure on G. Thus, the group convolution is given
by

fxglx,u) =/ F(w) - (o u)™H g, u') dx du!
¢ (2.2)
= / flx—e "y u—u'yg(x,u')dx' du’
G
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and the L'-isometric involution on G is given by

FAoou) =mx,u) f((x,u)~) =e™ f(—eUx, —u); 2.3)

of course, these formulas make sense for suitably regular functions f and g, but can
be extended to cover the case where f and g are distributions on G.

By the Schwartz Kernel Theorem, any linear left-invariant operator 7 mapping test
functions to distributions on G can be expressed in terms of convolution on the right
by a kernel k7, which in general is just a distribution on G:

Tf = f*kr.

The adjoint operator 7* is also left-invariant, and kp+ = k;. For any p € [1, oo], we
denote by Cv”(G) the space of the L”-convolutors of G, i.e., the convolution kernels
of L?(G)-bounded left-invariant operators.

We equip G with the left-invariant Riemannian metric for which the vector fields
X0, ..., X, in (1.2) form an orthonormal frame. If d is the associated left-invariant
distance function on G, then

coshd((x, u), (0,0)) = coshu + e “|x|%/2. (2.4)

We say that a function f on G is radial if the value of f at any point of G only depends
on the distance of that point from the origin (0, 0). With a slight abuse of notation, if
f is aradial function on G and R > 0, we denote by f(R) the value of f at any point
at distance R from the origin.

We point out that G, thought of as a Riemannian manifold with the aforementioned
structure, is nothing else than the real hyperbolic space of dimension n + 1, and
the Riemannian measure is the left Haar measure e ™" dx du. Moreover, while the
Laplacian £ is not the same as the Laplace—Beltrami operator Ly on the hyperbolic
space, the two operators are related. More precisely (see, e.g., [56, Sect. IX.1]), a
power of the modular function m (thought of as a multiplication operator) intertwines
the distinguished Laplacian £ and the shifted Laplace—Beltrami operator:

Lf =m'(Ly—n*/Hm™ 2 f). 2.5)

It is well known that real hyperbolic spaces are rank-one symmetric spaces, and
that the group of isometries of a hyperbolic space fixing a point acts transitively on any
sphere centered at that point. As the Laplace—Beltrami operator £y is invariant under
isometries, the convolution kernels k() of operators in the functional calculus for

Ly are radial. This is not the case for the operators F (L) in the functional calculus
for L£; however, the intertwining relation (2.5) between £ and Ly implies that

kecy =m"Pkpgy—n 4, (2.6)
thus m =12k () is radial.

@ Springer



222 Page8of53 A. Martini

The starting point for our analysis are the following formulas for the heat kernel
h; = k.-«c associated with £ on G.

Proposition 2.1 Forall R > 0, ifn is even,

19 \"?
(m~2h)(R) = ) R (R),

(2 )n/2 (_ sinh R R
while, if n is odd,

(m~"2h,)(R)

1 foo sinh x 1 9 \rh/2 PR o) d
_ - — x) dx,
JTQ@2m)"/? Jg (coshx —cosh R)1/2 \  sinhx dx !

where h]tR(x) = (47”)71/267’62/(4’) is the heat kernel on R.

Proof In light of (2.6), we know that

m_l/zh, = e(”2/4)’kquH,

thus the above formulas reduce to those for the heat kernel k_—zy; on real hyperbolic
spaces (see, e.g., [3, Egs. (2.2) and (2.3)] or [15, Egs. (8) and (9)]). O

From the above heat kernel formulas one can derive, via subordination, relatively
explicit formulas for the convolution kernel of the fractional power £71/2. To this
purpose, it is convenient to introduce the notation Qg_l 2 for the Legendre function

of the second kind with parameters 0 and A — 1/2, where A > 0. Note that, according
to [20, Sect. 3.7, Eq. (5), p. 155], forall z > 1,

1
0% a0y =271 [ R = 2 R, @)
and also, by [20, Sect. 3.7, Eq. (4), p. 155], for all r > 0,
o0
09 p(coshr) = 2—1/2/ e (coshx — coshr)~'/2 dx. (2.8)
r

Proposition 2.2 The distribution k-1,2 coincides with a smooth function away from
the origin, and mil/zkc—lﬂ is radial. Moreover, for all R > 0, if n is even, then

B | 9\
(m™2kp12)(R) = )

(22 (_ sinh R R Rsinh R’
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while, if n is odd, then

(m_l/zkﬁ_l/z)(R)

1 1 9 \0=D2 poo W
- - Y hx —cosh R)~ /2=
ﬂ3/2(2n)"/2< sinhRaR> /R (coshx —cosh R)™/"—= 5 ¢
V2 19\ e
- - P h R)dx.
7T3/2(27'[)n/2 < sinh R E)R) \/0 Qkfl/Z(COS )

In the case n = 1, an analogous formula can be found in [45, p. 3304, last display];
in the case n = 2, see [46, Eq. (2.1)].

Proof Recall that, for all A > 0,

A1 L/“e—mi
vz Jo /2’

thus, at least formally,

L [ dr
kﬁ—l/z = ﬁ 0 htm (210)

We now observe that, for all R > 0,

> 1 9 dr 1 R © p2apdt
/ —= T h];R(R)ﬁz—.—/ € R/(‘”)—z
0 sinh R R tl/ 4./ sinh R Jy t
1
/7 Rsinh R’

Thus, for n even, if we plug into (2.10) the formula for the heat kernel /; from
Proposition 2.1, then we obtain

- 1 [, dr
(m l/zkﬁ_l/z)(R)zﬁfo (m ”%) (R) =73

1 /OO 1 19 n/th(R) dt
—JrJo @m)n/2\ sinhRAR A2

1 1 9 \"22%
= —— — —, (2.11)
w2m)n/? sinh R 9R Rsinh R

as desired.
For n odd, instead, we preliminarily observe that, if g : R, — C is any smooth
function decaying sufficiently rapidly at infinity together with its derivatives, then

* sinh x * d
dx = -2 hx — cosh R)!/? —g(x)d
_/R (coshx—coshR)l/zg(x) * /R (cosh x — cosh R) axg(x) *
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for all R > 0, by integration by parts; therefore, differentiating under the integral sign
yields the formula

19 N/OO sinh x d
sinh R R R (coshx—coshR)l/zgx *

/00 sinh x 1 a\N @d 2.12)
= - x)dx .
g (coshx — cosh R)1/2 \ sinhx dx §

for N = 1, and by iteration the same holds for any N € N.
Now, by arguing as in (2.11), but using the formula for n odd from Proposition 2.1,
one obtains

(m =2k p-12)(R)

1 foo sinh x 1 a9\ b2 4
= - a X,
m32Q2m)/2 Jr  (coshx — cosh R)1/2 sinh x 9x x sinh x

and an application of (2.12) turns this into the first expression for m~1/%k r-1/21n(2.9).
To derive the second one, it is enough to observe that, by (2.8),

o o I zdx
\/5/ Qg_l/z(cosh R)dA =/ (coshx —cosh R)™ / —,
0 0 X

which shows that the two expressions are indeed equal. O

From the above formulas we can derive the following asymptotics, which will be
crucial for the subsequent analysis.

Proposition 2.3 Forall R > 0,

(m71/2k£71/2) (R) = &, (cosh R), (2.13)

1
T (2m)n/?

where @,, : (1, 00) — R is real-analytic and, for all k € N, the kth derivative of ®,,
satisfies

—DFr (k+ %) 1
(k) _ ( 2
@n (X)—W<1+O<logx>>, asX—)oo,

(AT (k1)

(k) —
P, (X) = 2(X — D)k+n/2

(1+0(X—-1%), asX — 17,

where § = 1/2 ifn =1 and k = 0, and § = 1 otherwise.

Proof Let N = |(n — 1)/2]. Notice that the Chain Rule applied to the change of
variables X = cosh R yields

9 1 9
9X  sinhROR’

(2.14)
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Moreover,
sinhR = VX2 — 1, R =arccosh X = log(X + v/ X2 — 1).
Thus, from Proposition 2.2 we deduce that (2.13) holds with
@,(X) = (=N M (x),
where j is equal to O or 1 according to whether n is even or odd, and

1

Yo (X) = , (2.15)
0 VX2 —Tlog(X + VX2 — 1)
2 [ 0
(X) = ;/0 Qj—12(X) d2
o0
=n_1/2/ (coshx—X)_l/zd—x. (2.16)
arccosh X X

Consequently, the proof of the above asymptotics reduces to showing that, for all
keNand j=0,1,

(—Dfr(k+1-1
lllj(k)(X)z ( 2) (1 0(

XFT= 72 Tog X )), as X — oo, (2.17)

log X
and

(~DFr (k+1-4)
2(X _ 1)k+1—j/2

v (x) = (1+0(X-17%), asX — 1%, (2.18)

where § = 1/21if j = 1and k = 0, and § = 1 otherwise.
We first prove (2.17) in the case j = 0. Notice that, by (2.15), we can write

Wy(X) = G(1/X,1/log X),

Xlog X

where

(1 _a2)—l/2
G(a,b) =
1+ blog(l ++/1 —a?)

is a bivariate analytic function in a neighborhood of (0, 0). Thus, from the power series
expansion of G, we deduce that, for suitable coefficients c; ,, € R,

Yo(X) =

1 1
Xlog X ZZ Clim Xt log" X

\m=
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whenever X is sufficiently large. Notice now that

a1 1 a 1 1

XX X2 9XlogX  Xlog X'

Thus, by differentiating term by term the above series, we deduce that, for any & € N,

) 1 P 1
% (X) = 3T 10gx 2 “n X logT X
X!*t*log X Pyt X% log" X
with c(’ji')l = —(k+ l)cS’O. As 68,0 = co,0 = G(0,0) = 1, we conclude that Cé,o =

(—=D*k! = (=K (k + 1), thus proving (2.17) in the case j = 0.
We now prove (2.18) in the case j = 0. For this, we observe that

1 1+ 0(RY)
sinhR R

, asR— 0,

where the term O (R?) stands for an even analytic function vanishing at R = 0. Thus,
forall N € N\ {0},

1 9 1+0RY) 1+0(RY [_ 1+ O(R? O(R)]

sinhR9R RN R RN+1 RN
1+ O(R?
_ N1t O0R&)
RN+2
and therefore, inductively,
1 a9\ 1 14+ O(R?)
— ) — = (D — 7 R — 0. 2.19
(sinhRaR> Rsmhg — D Rk BRET 2.19)

As ¥y(cosh R) = (R sinh R)~! by (2.15), in light of (2.14) the previous identity can
be rewritten as

(—Dk2kk!

W(l‘i_o([\’z))v as R — 0.

¥ P (cosh R) =

On the other hand, if X = cosh R, we deduce that

R? 5
X—1= 7(1 + O(R?)) (2.20)

and
R? = 20X —D0+0(X=1), asX —> 1T, (2.21)
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whence

—DFk!
v = DK o1y, asx o1t

2(X — DI+

which proves (2.18) in the case j = 0.
Let us now prove (2.17) in the case j = 1. According to (2.7) and (2.16), we can
write

00 1
¥ (X) :n*‘ﬂ/ 2**/ (X —s) 120 = sH* 12 ds da.
0 -1

Now, we observe that, for all k € N,

k—1

k
(aax> X =)= DX =TT+ 124 0)

=0

k
= (= Dk(X — 5) A 1/2k Zcﬁ#

£=0

for suitable rational coefficients c’g, where c’é =27KQk — D' =712 (k +1/2)

[here we convene that (—1)!! = 1]. Consequently
w0 (x)
- DkZ%/ (1= )7 2(x =)V k/ (%) a2 ds
p
- = l)kZE k/ a- 2) P PR, (2.22)

z+1 2(X—s)
1—s2

where we used that fooo Ale=*dr = ¢! forall £ € N.
Now, under the assumption |s| < 1, for X — oo we have

(X —5) 12 = x 1214 0(1/X)),
while
2(X —s) 2
log (ﬁ) =log X +log(2/(1 —s%)) + O(1/X)
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(notice that 2/(1 — s%) > 2 and log(2/(1 — s2)) > log2 > 0 here), thus

1 _ log(2/(1 —s%)) + O(1/X)
log (z(x s>) ~logX  (log X) (log X +1og(2/(1 — s2)) + O(1/X))

1 5 1
= foeX (1 +log(2/(1 —s%) 0 (logX>>

and

—1/2—k —1/2—k
X -5 " (1 0et @y — sy o
logt+! <2<xfs)) log“‘l log X

1—s2

So

ds

/1 a1- S2)—l/2(X _ S)—I/Z—k
_ +1 (2(X— s)
1 log ( =2 )

12—k 1 Ulogtt1(2/(1 — 52))
_ $2)-172
~ Jogt! (/ (I=s77"ds+0 <logX)/—1 (1 —s2)1/2 ds)

—1/2—k 1
=g——(1+0
o (10 (1))

and therefore, by (2.22),

x—1/2—k
v (x) = (- l)k\/_ZK'cz I3 <1+0<1og1x>>’

which implies the desired asymptotics (2.17) for j = 1, as c’é =a 120k +1/2).
We are left with proving (2.18) in the case j = 1. We start by observing that, by
(2.16),

—1,2 > —-1/2 dx
Yi(coshR) =m (coshx — cosh R) —.
R
Thus, by (2.14) and (2.12), we deduce that
1/2 g, ) 1 129X dx
/oW (cosh R) = (coshx —cosh R)™
sinh R R X

/Oo sinh x 1 9\ 1 d
= — X.
g (coshx —cosh R)1/2 \ sinhx 9x / xsinhx

@ Springer



Riesz Transforms on ax + b Groups Page 150f53 222

Assume that R < 1, and split the above integral as [5° = [4 + /. Then

t/m sinh x 19\ 1 q
— x
| (coshx —cosh R)1/2 \sinhx dx / xsinhx

o0 sinh x 1o\ 1
= - — - dx = 0().
1 (coshx —cosh1)!/2 |\ sinhx dx / xsinhx
Moreover, forO < R <x < 1,
x2 —R?
cosh x — cosh R = 2sinh((x + R)/2) sinh((x — R)/2) = 1+ 0(x2))

and, by (2.19),

1 a k 1 1 o0 2
—— i - (_1)k2kkg+—(x),
sinhx dx / xsinhx x2+2k

whence

fl sinh x 1 a9\ 1
- — - dx
r (coshx —cosh R)!/2 \sinhx 9x / xsinhx
kot l)2 1 —1-2% )
= (— | -
= (=2 kﬁ(ﬁ—RWﬂU+O@»M'

We notice now that

1 x—1—2k 1/R
/ dx = R—l—Zk/ u—1—2k(u2 _ 1)—1/2 du
R 1

(x2 _ R2)1/2
R ( [ /°°>
1 1/R

where
o0 1! I'k+1/2
Cy = / w2 )24y = _/ sk12(1 — )y~ 12 g5 = ﬁw
1 2 Jo 2 k!
Moreover,

112 1/R
/ R 2Xz dx — R1—2k/ W22 )12 gy
r (x2—RHY 1

— R—l—zko(Rz—é)’
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where € = 1 if k = 0, and € = 0 otherwise. Putting all together finally yields

Nz llll(k) (cosh R)
= 0(1) + (=D 22 R + 0(R') + O(R¥9))
= (—D"/E21Pr e+ 1/29RTTR (1 4+ 0(RP))

for R < 1, where § = 1/2 if k = 0 and § = 1 otherwise. In light of (2.21), we
eventually deduce

v P x) = (DR 27 Mk + 172)(X = DTV2R A+ 0((x - 1Y)

as X — 1T, which proves (2.18) in the case j = 1. O

3 Kernel Asymptotics for the Riesz Transforms

Simple manipulations of the expression for k »—1,2 in Proposition 2.3 allow us to derive
the following formulas for the convolution kernels of the Riesz transforms.

Proposition 3.1 Forall (x,u) € G\ {(0, 0)},

. m1/2(-xau) 7
kRO_Rs (x, u) =2 smhuwén (COSh R),
1/2( )
m X, U _
Ry ey (1) = S (n@,, (cosh R) + e~“|x|2®/ (cosh R)) ,
and,for j =1,...,n,
1/2( )
m'/=(x,u)
kRj (x, I/t) = .ij@n(cosh R),
m1/2(x u)
AU > /
k'R;ﬁ(X, u) =—e "x; —n(Zn)”/z @, (cosh R),

where R = d((x, u), (0,0)), and ®,, is as in Proposition 2.3.

Proof From (1.2), (2.1) and (2.4) it is not difficult to derive that, for j =1, ..., n,

Xom'?(x,u) = —gml/z(x, ), Xocosh R = sinhu — e “|x|%/2,

ijl/z(x,u)zo, XjcoshR = x;,
where R = d((x, u), (0, 0)).

@ Springer



Riesz Transforms on ax + b Groups Page 17 of53 222

As a consequence, from (2.13) we deduce that

nml/z(x,u)

kR, (x, u) = Xokp—12(x,u) = —zwgbn(cosh R)
12
+ (sinhu — e U x|? /2) %qﬁ; (cosh R)
and,forj=1,...,n,
1/2( )
m“(x,u
kRj(.x, I/t) = Xjk£—1/2(x, u) = ij¢;l(cosh R)

Now, from (2.1) and (2.3) we immediately derive that
(m'2 Y e, u) = m' 2 (x, u) f (—e =V, —u).
Asd((x,u)~ !, (0,0)) = d((x, u), (0,0)) = R, we deduce that

nml/z(x,u)

kRy (x, u) = k;‘zo(x, u) = ) W(}ﬁn(cosh R)
172
_ (sinhu + e—u|x|2/2) %@,’L(cosh R),

and the required expressions for kRO*RS and kROJrR(»; follow. Moreover, for j =
1,...,n,

'ml/z(x, u)
! Qmn/?

—Uu

kR (6, u) = kg (x,u) = —e @/ (cosh R),

as desired. O

Now, by means of the asymptotics in Proposition 2.3, we easily deduce precise
information on the behavior of the convolution kernels k% ; in a neighborhood of the
origin, showing that, up to integrable terms, they match the kernels of the Euclidean
Riesz transforms for the standard Laplacian on R+,

Proposition3.2 For j =0, ...,n,

ra+n/2) , 0 ra+n/2y o .o
k’R_/:_WKj-FC]j, kRj':WKj_i_qj’

where q;-) and c}? are locally integrable, while

_ @+ xR if j =0,

K9 X, Uu) =
j o) u? + |x|>)~(+2/2 x; otherwise.
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Proof As the kernels k ; and kR»; are locally integrable off the origin, we only need
to analyze their behavior in a neighborhood of the origin.

Now, from the asymptotics in Proposition 2.3 and (2.20) we deduce that, if R is
small, then

I'(1+4n/2)2"?

wnrz (L ORY).

®,(coshR) = O(R™"), @, (coshR) =

Moreover, by (2.4), if R = d((x, u), (0, 0)), then |u| < R; so, by (2.1), in a neighbor-
hood of the origin,

e =1+ 0(R), m"*x,u)=14 O(R), sinhu =u(l + O(R?)),
and

Rz 2 —u 2 u2+ |x|2
1+ 7(1 + O(R”)) =coshR =coshu +e “|x|7/2 =1+ T(l + O(R)),

thus
R? = (x> + u>)(1 + O(R)). (3.1)

Therefore, from Proposition 3.1 we deduce that

rd+n/2) x;

— —n
kR, (. u) = —— o gz T OB,
ra+n/2) xj “n
kR_’;(x’ u) = 7.[1+n/2 Rn+2 + O(R )’
for j =1, ..., n, and moreover,

I'l+n/2) u _
kRg—Ry (0, 1) = 22— — s T O(R "

kRO+R6‘(.x, u) = O(R™),

thus
r'ad+n/2) u _
kR (x, u) = — LTz gz T OR™),
ra+n/2) u i
k']g(*;(x,u)z i jii2 + O(R™").

As G has dimension n + 1, the terms O (R™") are locally integrable; moreover, by
(3.1), in the above formulas for the kR_,- we can replace the denominators R"™t2 with

(|x)? + u?)+2/2 and obtain the desired expressions. O
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It remains to analyze the behavior of the kernels kg at infinity. By using the
asymptotics of Proposition 2.3, we will split those kernels into a “main part”, with
a relatively simple expression, and a “remainder”, which is integrable at infinity. In
order to make it easy to recognise those terms that are integrable and therefore can be
included in the remainder, it is convenient to record here some integration formulas
for radial functions against certain weights on G (cf. [41, Lemma 2.1]).

Lemma3.3 Let f : R — [0, 00) be measurable. Then
1 00
f Ix|m'2(x, u) f(R) dx du ~ / Fr)rtlar +/ Fr)etHn2r qr
G 0 1
(3.2)

1 00
f X<ty bl m'2(x, u) f (R) dx du ~ f foyr e+ f fry et 22y,
G 0 1
(3.3)

1 00
/|sinhu|m1/2(x,u)f(R)dxdu:/ £yt dr—i—/ F(r)yed+2r g,
G 0 1
(3.4)

1 00
/X{|u|sl}Iulm”z(x,u)f(R)dxduZf f(r)r"“dr+f frye" 2 dr,
G 0 1
(3.5)

where R = d((x, u), (0, 0)).

Proof For any N € R and any measurable w : R — [0, 00),

/ w(u) |x|Y m'?(x, u) f(R) dx du
G
= [ / w(u)|x|Ne /2 £ (arccosh(cosh u + e 7*|x|?/2)) dx du
R n
o
~ [ / w(u) eN*/? f (arccosh(cosh u + 5)) s "M/ 2= ds du
RJO

= [OO () |:sinhr/r w(u) eN*/?(cosh r — cosh u)HN/2—1 du] dr,
0

—r

thus our task is reduced to estimating the term in brackets in the last integral, i.e., the
“radial density” of the measure w(u) |x|N mY2(x, u) dx du, for each of the choices of
w and N appearing in the left-hands sides of Formulas (3.2) to (3.5).

Recall now that

coshr — coshu = 2sinh rtu sinh 4 —2|u|
N e’ if lul <r—1,
" | (r = Jusinhr ifr—1<u|l <r.
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Consequently, if » < 1, then we deduce that

sinh / w(u) eN/%(cosh r — cosh u) " +N)/2=1 4y

—r

1
~ r"+N/ w(rv) (1 — o) M/2=1 gy,
-1

and the latter quantity is indeed comparable to 7"*! for each of the four choices of
N and w corresponding to the formulas to be proved [indeed, we have w(u) = 1 for
lu| < 1and N = 1in the case of (3.2) and (3.3), or w(u) = |u| for [u| < land N =0
in the case of (3.4) and (3.5)].

If instead » > 1, then

,
sinh r/ w(u) eN/%(cosh r — cosh u) *+N)/2=1 gy

-r

~ e("+N)r/2/ w(u) eN"? du
lul<r—1

1 1
+e'”/2/ (N2 — r) de +e(”/2+N)’f (N2 (r — 1) dr.
0 0

Now, if we take w(u) = 1 and N = 1, then the above quantity is comparable to
e/2+Dr which completes the proof of (3.2). If instead we take w(u) = x{u<1) and
N = 1, then the above quantity is comparable to e”/>*1/2" thus completing the proof
of (3.3). Further, if we take w(u) = |sinhu| and N = 0, then the above quantity is
comparable to e/2+Dr thus proving (3.4). Finally, if we take w (1) = |u|x{ju|<1) and
N = 0, then the above quantity is comparable to ¢’’/2, thus completing the proof of
(3.9). O

For a function F : R"” — C and A > 0, we write F(y for the rescaled function
Foy(x) = 27"F(u " ).

By exploiting the precise asymptotics of Proposition 2.3, we can derive the following
formulas; in the case n = 1 = j, a similar result can be found in [45, Lemma 6].

Proposition 3.4 We can write

2 (1+n/2)

kRo-Rg = W(ko + Ko) + qo,
20 (1 +n/2)
kry = - Kitap
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for j =1,...,n, where qo, qj are integrable at infinity, while

Ro(x. 1) = ro(x )X“‘f”

Ko(x,1) = [(o)en () = ro(w)] 221,

Ko = ry o) HE==L

and
ro(x) = (1 + |x|2)—l—n/2’ rj(x) — )CJ(I 4 |X|2)_1_n/2.

Proof We start with the kernel kR;f for j =1, ..., n. From the formula in Proposition
3.1 and the asymptotics in Proposition 2.3 we deduce that

I"(l—i—ﬂ) x;m'2(x, u) 1
k. s = — 2 J > 1 O\ — .
R, (X 1) 7 (2m)"/2 (cosh R)1+7/21og cosh R ( + (R))

By (3.2), the term corresponding to the Big-O in the expression above is integrable at
infinity; moreover, by (3.3), the part of the above expression where u < 1 is integrable
at infinity too. Thus kRj (x, u) differs from

rU+d) gymPew
7 (2m)"/% (cosh R)!*+"/2]og cosh R

X{u=1) (3.6)

by a term which is integrable at infinity.
We now observe that, if u > 1, then, by (2.4),

1 u
coshR = - (e“ +e " +e*“|x|2) = %(1 + e “x[P) (1 + 0™,
and moreover
log cosh R = u + log(1 + |e_”x|2) —log?2 + 0(6—2u)7

thus

1
logcosh R

log(1 + [e™“x|?) —log2 + O (e~ %)
ulogcosh R

—u .2
<1+O<1+]og(l+|e x| )))
u

1
u
1
u
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(here we also used that cosh R > cosh |u|, thus log cosh R 2 u for u > 1), and

mY2(x, u) _ a2 e~ (Hmu (] 4 |e=uy|2y=1-n/2
(cosh R)!+"/2 log cosh R "
1+ log(1 —Uy|2
x<1+0< o+ e )>> 3.7)
u

in the region where u > 1.
Consequently, we can rewrite (3.6) as

2 (1+5) e (e x;)(1 + e “x[?)~1=1/2
T g2 p X{uz1}

—u .2
N <1+0(1+log(1+|e x| ))) (.8)

u

The term corresponding to the Big-O in (3.8) is integrable on G, as

00 —nu 1 1 1 —u .12
/ / T e |1 4 fetxpy e L TogA e A g
1 n

u u

L (3.9)
= / / —|x|(1+ [x|>)~1=7/2 (1 + log(1 + |x|2)> dx du < oo.
1 Jre U

By taking adjoints [see (2.3)] in the remaining term of (3.8), we finally obtain that
kR»; = k;‘zj differs from

2r (1+%)1 i
_X{uffl} n(1+n/22) ;xj(1+|x|2) 1 n/2

by a term which is integrable at infinity, as required.
We can analyze kg, ~RE in a similar way. Namely, from the formula in Proposition
3.1 and the asymptotics in Proposition 2.3 we deduce that

L . 1) r(1+%) @sinhu)m'?(x,u) 1ro(l
_re(x,u) = — -,
Ro=Rq 7 (27)"/2 (cosh R)!+"/21og cosh R R

thus, by (3.4) and (3.5), we deduce that kRo—RS differs from

r(1+4%) @sinhu)m'?(x,u)

B 3.10
7(27)"/2 (cosh R)1+1/2 log cosh R X "1 (3.10)

by a term which is integrable at infinity.
We now restrict our analysis to the region where u > 1 (indeed, the remaining
region # < —1 can be recovered at the end due to skew-adjointness). If u > 1, then

2sinhu = e“(1 + 0(e™2")),
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and this, combined with (3.7), allows us to rewrite the part of (3.10) where u > 1 as

2 (1+5) e ™1 + [e7“x|?)~17/2 1+ log(1 + le™“x|?)
IR Y Xuz1y | 1+ 0 )
T u u

By arguing as in (3.9), one sees that the Big-O term in the previous expression gives
rise to an integrable term on G. Thus we conclude that, in the region where u > 1,
kRO—R;; differs from

or (1 + %) e (] 4 |e—ux|2)—1—n/2
T 2 " X{uz1)

by a term which is integrable at infinity. By taking adjoints [see (2.3)], we also deduce
that, in the region where u < —1, kg, differs from

2 (14 5) (14 |x =17/
T2 p Ku=—1}

by a term which is integrable at infinity. Thus, by summing the previous two expres-
sions, we deduce that k,, ~R} differs from

2r(1+5)1 _ _ - -
——n(l+n/22);(X{uzl}e " 1T )T 4 e (L )T

by a term which is integrable at infinity. This is easily seen to match the required
expression, as

Ro(x,u) + Ko(x, u) = ro(x)% + [(r0) ey () = ro(0)]

X{u>1}

1
= [(r0) ) () Xqu=1) + ro(X) Xgu=—1}] »

and we are done. O

4 Analysis of the Local Part and Reduction to the Part at Infinity

The formulas in Proposition 3.2 show that the local behavior of the kernels of the Riesz
transforms and their adjoints on G is analogous to that of the corresponding Euclidean
kernels on R”*!, which are standard Calderén—Zygmund operators. Based on this, it
is not difficult to show, by using the argument described, e.g., in [23, Lemma 7], that
the local part of the kernels k7 ; and kR’]‘_ define operators which are of weak type
(1, 1) and bounded on L?(G) for all p € (1, co). We present here a slightly different
approach, based instead on the Calderén—Zygmund theory of [27]. This has for us the
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technical advantage that it implies at once the boundedness from H 1(G) to LY(G)
too.

We first recall a useful fact about localisation of L? convolutors, which is true on
any Lie group G. We include a proof for the reader’s convenience.

Lemma4.1 Let p € [1, 00]. Any ¢ € C2°(G) is a multiplier of CvP(G), i.e., (K €
CvP(G) for all K € CvP(G).

Proof In the cases p = 1 and p = oo, the space Cv”(G) is just the space of finite
complex measures on G, so it is clearly closed under multiplication by elements of
CX(G).

Assume now p € (1, 00). From the results of [14], it follows that any compactly
supported element of the the Figa-Talamanca—Herz algebra A ,(G) is a multiplier of
CvP(G). (Specifically, in [14] it is shown that Cv” (G) is the dual of a certain Banach
x-algebra Z,,(G) containing all the compactly supported elements of A,(G), thus
CvP?(G) is naturally a module over ZP(G).) To conclude, it just remains to show that
C*(G) € A,(G). However, this follows immediately from the definition of A,(G)
and the Dixmier-Malliavin Theorem [18], allowing us to represent any ¢ € C2°(G)
as a finite sum of functions of the form ¢ * n with ¥, n € C°(G). O

We now revert to the case of the ax + b group G and proceed with the proof of the
local boundedness of the Riesz transforms R ; and R7.

Proposition4.2 Let { € C°(G). Then, for j =0, ..., n, the convolution operators
with kernels { kR ; and ;kR; , aswell as their adjoints, are of weak type (1, 1), bounded

on LP(G) for all p € (1,2], and bounded from H'(G) to L' (G).

Proof As (Ckgr,)* = (m—lg*)kRj, and (CkRs)* = (m~'¢*)kR;, and moreover

m_lg“* € C2°(G), the boundedness of the adjoints is reduced to that of the origi-
nal operators.
We note that, by Proposition 3.2,

cl, =~ (k) + (caf).

thrs = TO 02 (k) 4 (240). (4.1)

and the kernels {q? and {c}? are integrable, so the boundedness properties of kg ; and
e kR»; are equivalent to those of ¢ K 5.). In particular, as R j and R;‘. are L>(G)-bounded
and CVZ(G) is a C°(G)-module (see Lemma 4.1), we deduce that ;K? € CVZ(G)
too.

In order to prove that the operator of convolution by ¢ K ;) has the desired bound-
edness properties, we shall apply the Calderén—Zygmund theory of [27]. Specifically,
we will show that the kernel ¢ K ? has a decomposition that satisfies the assumptions
of [40, Theorem 2.3].

@ Springer



Riesz Transforms on ax + b Groups Page 250f53 222

Consider a smooth nonnegative radial function n on R"*! supported in an annulus
and such that

Y Qi u) =1

e

forall (x, u) € R*1\ {(0,0)}. Set n, = n(2~¢-) and 5, = > <o Ne. We can identify
15 with a smooth compactly supported function on R”*! which is identically 1 in a
neighborhood of the origin. By an appropriate choice of 1, we may also assume that
1« is identically 1 on the support of ¢, thus ¢ = ¢n. = Y, Ce, With &g = £y
Correspondingly, we decompose -

¢K} =D K},

£<0

Now, recall that, by Proposition 3.2, the kernels K ;) are smooth off the origin and
homogeneous of degree —(n + 1) on R™+1, Recall also the formulas from (1.2):

Xo=0u, X1=¢€"0y,..., X, =¢e"d,.
If we define the right-invariant first-order differential operators X ‘]’ by
X3f = (X"
then it is readily checked [see (2.3)] that

Xg=—8,—n—x-Ve, XS=—0y,...,X=—0,,.

n
We then deduce that the functions X7 K ;J are also smooth off the origin, and moreover

° X;K? is homogeneous of degree —(n 4 2) on R fork =1,...,n:
o XgK ? is the sum of two homogeneous terms of degrees —(n 4+ 1) and —(n + 2)
on R™*! respectively.

Additionally, by the Leibniz rule,
o 0\ _ /yo 0 o -0
Xk (QKJ'> = (XkQ)Kj + QXkKjv

where the )~(,‘; are the nonconstant parts of the X7, namely,

X(?:—au_-x'vxv X(l):_axl""’XO:_ax”’

n

and clearly, for all £ < 0,
Igelloo S 1, 1XRgelloo S 275
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As a consequence, for all £ < 0, by homogeneity considerations,
H e K? H 5 2*(n+1)€, H X]S(Cﬁ K?) H S 2*(Vl+2)l.
o0 oo

Now we observe that, for any £ < 0, if (x, u) is in the support of ¢, then, by (3.1),
R =d((x,u), (0,0)) = |x| + |u| =~ 2¢. Thus, for any £ <0Oande > 0,

f 120K 9 (e, w)|(1 427 R)€ dx du 56/ 270Dl gy dy ~ 1,
G o |4+ ue | =28

and
/G’xk ((QK?)*) (x,u)’ dxdu:/G‘X;;(QKj?)(x,u) dxdu <27

By [40, Theorem 2.3 and Remark 2.4], we conclude that the convolution operator
with kernel ;K}) is of weak type (1, 1), bounded on L?(G) for p € (1, 2], and also
bounded from H'(G) to L'(G). Due to the relations (4.1), the same boundedness
properties are shared by the local parts kR ; and ;kn}f of the Riesz transform kernels.

O

Because of the boundedness of their local parts, the boundedness of the adjoint
Riesz transforms is reduced to that of the corresponding parts at infinity, described in
Proposition 3.4.

Corollary 4.3 Let p € (1,2]. For the adjoint Riesz transform R; with j=1,...,n,
any of the following boundedness properties holds if and only if it holds for the con-
volution operator with kernel K ;:

o L?(G)-boundedness;
e weak type (1, 1);
e boundedness from H! (G) to L (G).

The same is true for the adjoint Riesz transform R and the kernel Ko + Ko.

Proof We already know (see [27, 40, 55]) that Ry is of weak type (1, 1), bounded
from H'(G) to L'(G), and bounded on L?(G) for all p € (1,2]. Thus R} has any
of those boundedness properties if and only if Rg — R has.

Let us choose ¢ € C2°(G) be supported in the region where |u| < 1, and be
identically one in a neighborhood of the origin, and decompose

kRo-Ry = ShkRo-Ry + (1 = OkRy-Ry,  kry = Chkrx + (1 = Okpe.
By Proposition 4.2, we know that the “local parts” fkRo—RZ; and {kR»; have all of the
above boundedness properties, thus the problem is reduced to whether the “parts at

inﬁnity” (1 _ C)kRO_Rg and (1 - é‘)kRj do.
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Now, the support of ¢ is contained in the region {|u| < 1}, and therefore 1 — ¢ is
identically 1 on {|u| > 1}. So, by Proposition 3.4, for j =1, ...,n,

2I'(1 +n/2) -
(I = Okry-Rry = —%(KO + Ko) + (1 = &)qo,
2I'(1+n/2
(1= ks = =D K 4 (- g,

As the kernels (1 — ¢)qo, (1 — ¢)q; are integrable on G, the boundedness properties
of kRo—RS and kR;s_ are indeed reduced to those of Ko + Ko and K ;j respectively. O

As we shall see in Sect.7 below, the boundedness from H'(G) to L!(G) fails
for the adjoint Riesz transforms, so we set this property apart. As for the remaining
boundedness properties, a further reduction is quickly provided by the analysis of the
kernel I%o.

Proposition 4.4 Let K¢ be as in Proposition 3.4. Then the operator
[ f*Ko

is of weak type (1, 1) and bounded on LP(G) for all p € (1, 0c0).

Proof By (2.2),
% Kolx,u) = / Flx—e " x u—u') Ko(x', u')dx’ du’
G
= fx—x"su—u")(ro), uw (x')dx’ Hw'lzl) g,
(e ) /
R JR2 u

In other words, if we use the notation

Je) = f4(x) = fx,u),

then f % Ko = ABf, where

(Bf)" = f" #rn (r0)ev), (Af)x = frxrk

and k() = =l

Recall that on G with coordinates (x, u) we are using the Lebesgue measure dx du
as reference measure. As ro € L!(R") and the scaling F +> F(;, preserves the
L'-norm, it is immediately seen that B is L”(G)-bounded for all p € [1, oo].

On the other hand, k is the truncation of a Calderén—-Zygmund kernel on R, thus it
is well known (see, e.g., [49, Chap. I, Sect. 7.1]) that the corresponding convolution
operator is of weak type (1, 1) and L? (R)-bounded for p € (1, 00), whence one easily
deduces that A is of weak type (1, 1) and L”(G)-bounded for p € (1, 00). O
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Corollary 4.5 Let p € (1, 2]. For the adjoint Riesz transform Rj with j =0,...,n,
any of the following boundedness properties holds if and only if it holds for the con-
volution operator with kernel K ;:

e L7 (G)-boundedness;
e weak type (1, 1).

Remark 4.6 Formally, the kernels K ; for j =1, ..., n have a very similar expression
to that of K in Proposition 3.4. Indeed, by proceeding as in the proof of 4.4, one could
write f % K; = A;jB; f, where (B f)" = f" #gn (rj) () is bounded on L?(G) for
p ell,o0l,asrj € LI(R”). However, in this case (A f)x = fx *r h, where the
kernel h(u) = X‘%[‘” is noncancellative, and indeed the corresponding convolution
operator is unbounded on any L” spaces. Thus, the fact that the composition A;B;
is bounded on L”(G) for p € (1, 00) is due to a delicate interplay between the two
components, and exploits in a fundamental way the cancellative nature of the kernel
rj. See also [25, Remark at the end of Sect. 3].

5 The Fourier Multiplier Approach

In this section, we complete the proof of Theorem 1.1. As discussed, what we need
to prove is the L? (G)-boundedness for p € (1, 2) of the adjoint Riesz transforms R;‘
and, by Corollary 4.5, this is reduced to the corresponding boundedness properties of
the convolution operators with kernels K ;.

As it turns out, a convenient way to analyze the L”(G)-boundedness properties
of the convolution operators corresponding to the kernels K;, j = 0,...,n, is to
write LP(G) = LP(R"; LP(R)) and to think of the aforementioned operators as
operator-valued Fourier multiplier operators on R". Indeed, by definition, left-invariant
operators on G commute, with left translations on G; as

(&, 0) - (x,u) = (X" +x,u),
this shows in particular that left-invariant operators on G commute with standard

translations in the variable x € R”".
More explicitly, for a kernel K on G, we can write, at least formally, by (2.2),

f*K(x,u)= / fx - ey Yy — WK (X', u')dx’ du’

G 5.1

= / fx—x",u— u/)K(eu_u/)(x/, w')dx’ du’,
G

where we are using the notation K (x, u) = AT"K (A" 'x, u). So, if F denotes the
partial Fourier transform in the variable x € R”, then

F(f * K)(E u) = /R(}"K)(e“_“,é, u)(Ff)E u—u")du
= [Mg E)(F f)E, ) @),
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where for any £ € R"\{0}, Mk (£) is the integral operator on R given by

[Mk@WKw=iéf§ﬂhMWw5mﬂ Hi (u,u') = (FK) (& u—u')
5.2)

In other words, the partial Fourier transform F intertwines the operator f +—
f * K with the operator-valued multiplier Mg . Thus, in order to prove the L?(G)-
boundedness for p € (1, 00) of f — f *x K, we can make use of a particular instance
of an operator-valued Fourier multiplier theorem proved in [51]. In what follows,
A>(R) denotes the Muckenhoupt class of A, weights on R, and [w]a, denotes the
Aj-characteristic of a weight w € A>(R).

Proposition 5.1 Assume that there exists a nondecreasing function ¥ : [1,00) —
[0, 00) such that, for all w € A;(R), a € {0, 1}, & € (R*)",

Then, the operator f — f x K is bounded on L?(G) for all p € (1, 00).

£°3¢ Mk (©)|

<y ([wlay). (53)

L2(w)— L2(w)

Proof Let p € (1, 00). According to [28, Proposition 4.2.15] and [29, Proposition
7.5.3], L”(R) is a UMD space with Pisier’s contraction property, in the sense of [28,
Definition 4.2.1] and [29, Definition 7.5.1]. Therefore, by [29, Corollary 8.3.22], to
deduce the L?(G)-boundedness of f +— f % K it is enough to check that

{(§*0 Mk (§) : § € RY)", @ €{0, 1}"} (5.4)

is R-bounded as a family of operators on L”(R); here we refer to [29, Definition
8.1.1(1) and Remark 8.1.2] for the definition of R-boundedness of a family of operators.
On the other hand, according to [29, Theorem 8.1.3(3)], a family of operators on
LP(R) is R-bounded if and only if it is £2-bounded (in the sense of [29, Definition
8.1.1(3)]), and the £2-boundedness on L?(R) of the family (5.4) follows from the
assumed uniform L%(w)-bound (5.3) by [29, Theorem 8.2.6]. O

Remark 5.2 The operator-valued symbol § — Mg (&) admits an interpretation in
terms of the group Fourier transform of the kernel K on G, defined in terms of unitary
representation theory; see Remark 8.3 for details. In this sense, the above Proposition
5.1 can be thought of as an L? Fourier multiplier theorem for the group Fourier
transform on G.

In order to prove Theorem 1.1, we intend to apply Proposition 5.1 to the case where
K is one of the kernels Ky, ..., K,. Thus, we need to study the homogeneous &-
derivatives of the Fourier multipliers Mg (§) and the corresponding integral kernels

3
Hy,.
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Proposition 5.3 Let Ko, ..., K, bet the kernels given in Proposition 3.4. Then, for all
aeN', j=1,...,n & e R"\{0}and u, u’ € R,

X 1

§40¢ Hy (u,u) = [ Su0 (@) = Suo(e"'s) | 220,
X{u<u —1}
—u

E*0¢ Hy (') = S, (")

where, for some € > 0, the functions Sq,0 and Sy, j satisfy

|80, (§)| Se min{[§]°, 1§17},
1S, 08| S (14 16D

forall & € R" \ {0}, as well as

150,0(6) — Sa,0(N| Sa 1§ — &' whenever |§], 8" < 1.

Proof From (5.2) and Proposition 3.4, we deduce that, for j =0, ...,n and @ € N",
the above formulas for the s“ag Hls(j_ are satisfied if we set

S j(§) = EX0FF;(E) = Faj(E). raj(x) = (=D x%r;(x)). (5.5

where f denotes the Fourier transform of f. From the expression for r( in Proposi-
tion 3.4, we immediately see that r( is in the Hormander symbol class S —n+2) (R,
therefore so is ry,0 for all « € N". Similarly, for j = 1, ..., n, we see that r; is in
the Hérmander symbol class S~ (R") and is an odd function in x j» therefore so is
ro,j forall @ € N". The desired properties of the functions Sy, j, for j =0, ..., n, are
then deduced by applying Lemma 5.4 below with r = r,_;, and taking into account
that, for j > 0, we have Sy, ;(0) = 0 due to the mentioned parity property. O

Lemma5.4 Let § € (0, 1). If r is in the symbol class S~ (R™), then its Fourier
transform 7 is 8-Holder continuous on R" and supgepn (1 + IEDN|7(E)] < oo for all
N el

Proof Asr € S _(”H)(R”) and § > 0, we know that r is integrable on R", thus 7 is
continuous and bounded. Since (i§)*7(§) is the Fourier transform of 37 (x), which
is in S +3+eD(R") we deduce that £%7 (&) is continuous and bounded too for any
a € N", whence the rapid decay of 7 at infinity.

Now, from the fact that » € S~"+% (R") and from [30, Proposition 18.2.2 and Eq.
(18.2.7)’] we deduce that 7 € By />(R"), thus also 7 € BJ, o, (R") by [9, Theorem
6.5.1]; here B, q(]R”) denotes the Besov space on R" of 1ndlces p, q and order s,
as defined in [9, Definition 6.2.2], and we remark that the notation °° H(, used in
[30] corresponds to B; _ here. From the characterisation of B‘S oo (R™) given in [9,
Theorem 6.2.5], we deduce that 7 is §-Holder continuous, as requlred O
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Remark 5.5 From the formulas for the functions r; in Proposition 3.4, it is clear that
the functions S, ; in (5.5) could be more explicitly expressed in terms of derivatives of
the kernels of Bessel potentials, thus ultimately in terms of Bessel functions (see, e.g.,
[4], [26, §6.1.2], [48, §V.3]). So the desired estimates for the S, ; stated in Proposition
5.3 could also be derived from known properties and estimates for Bessel functions.

In light of the expressions in Proposition 5.3, the following result implies that the
kernels Ko, K1, ..., K, satisfy the assumptions of Proposition 5.1.

Proposition 5.6 Let T be anintegral operator on R. Assume that either of the following
conditions is satisfied.

(1) The integral kernel of T is of the form

X{u>u +1}

(u,u') > [S(e"E) — S(e&)]
for some & € R"\{0} and S : R"\{0} — C satisfying

IS =A+1ED™° forallE € R"\ {0},
1SE) = SEN < 1§ —&'|° whenever ||, |§'] < L,

for some € > Q.
(ii) The integral kernel of T is of the form

X{u<u'—1)
—u

(u,u’) > S(e" 5)
Sfor some & € R™"\{0} and S : R"\{0} — C satisfying

1S)] < min{|&], [§]7")¢ forall § € R"\ {0},

for some € > Q.

Then, for any w € A3(R), the operator T is bounded on Lz(w), with a bound only
depending on € and [w]a,.

Proof Set either

X{u>u +1}
—u

He(u,u') = [S(e"&) — S(e"'&)] =11

or

X{u<u —1}

’
M/

He(u,u') = S(e" £)
according to which assumption is satisfied. In either case, we have
He(u, u') = Hgjg)(u +log |§], u" + log |&]).
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As the class A>(R) and the A,-characteristic are translation-invariant, we see that it
is enough to prove the desired result with H; replaced by Hgj¢|, i.e., we may assume
that |&| = 1 without loss of generality.

Now, if assumption (ii) is satisfied, then

—elu'| X{lu=w'|=1}

He(u,u)| <e
|He (u, u)| < ]

(5.6)

If instead assumption (i) is satisfied, then we obtain different estimates according to
the positions of u, u’. Namely, if u < 0, then we also have u’ < u — 1 < —1 on the
support of He; thus both |e“£], [e* £] < 1 and

1S(“8) — S 5] < le"s — 5 = (" — ") e M.
Suppose instead that # > 0 and u’ > 0; then
1S(e"8) — S("'&)| < le"g| 7€ + |e" g7 = e~ eIV
Finally, if # > 0 and u’ < 0, then
1S(e"8) — S(e"'£)| <2,

but, at the same time, |u — u’| = |u| + |u/| > /u? + (u’)?. Therefore, by combining
the previous estimates, we conclude that

—e\u’|)x{\u—u/|21}

2
+ .
lu — u| /M2+(u/)2

In light of the estimates (5.6) and (5.7), the desired bound for 7' follows from
Lemma 5.7. O

|He (u, u')] < (e e

5.7

Lemma 5.7 Let € > 0. Each of the nonnegative kernels

1
W(u, M/) =
/12 + (u/)z
—elu| X{lu—w'|>1}
Ze(u,u') = e~ 221210
) s
—elu'| X{lu=w'|=1}
7% u,u’ —e elu'| Adu—u =1y
e ) lu — u'|

defines an integral operator on R which is bounded on L*(w) for all w € A»(R), with
bound depending only on € and [w]a,.
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Proof Let us first discuss the kernel W. By Schur’s Test, one easily checks that the
integral operator with kernel W is Lz(R)—bounded: indeed, for any § € (0, 1),

|u| 00
/W(u,u’)|u’|—5du’: |u|—1f s—“ds+f sT170ds g Jul ™0
R 0 Jul

In addition, the kernel W trivially satisfies the pointwise estimates

1

|lu —u

W, u')| S T
_ 1
(lul +[w'D? =~ Ju—u'|>

|9 W G, )| + 180 W, u')] S

i.e., W is a standard Calderén—Zygmund kernel on R. The required weighted L>
bounds for W therefore follow from the classical theory of Calderén—Zygmund oper-
ators (see, e.g., [49, Chap. V, Sect. 6.13]).

It remains to discuss the kernels Z, and Z7. It is immediately seen that the corre-
sponding integral operators are adjoints of one another; as A;(R) is closed under the
mapping w — 1/w, and [1/w]a, = [w]a,, it is enough to discuss the Lz(w) bound
for the kernel Z..

By a slight abuse of notation, we write Z, to denote the integral operator as well as
its integral kernel. Let w € A»(R). Then, for all f € L*(w), by the Cauchy—Schwarz
inequality, for all u € R,

du’ 1/2
1Ze fa)] < ™™ £ll L2 <f| —) :

u—u'|>1 lu — l/t/|2 w(u)

and therefore

726‘”'11)(14)
121y < 1 sy | [ du' du.
u

(—u'|>1 lu — u/|2 w(u')

Thus, the desired bound will follow if we can prove that

_26|u‘w(u)
drdu < 1
/ /|t|>1 |t|2 w(u —1) U Je.[wla,

Now, as both w, I/w € Az(R), by the self-improving property of Muckenhoupt
weights (see, e.g., [26, Corollary 9.2.6]) we deduce that w, 1/w € A,(R) for some
p < 2 only depending on [w]a,. Thus, by the doubling property of Muckenhoupt
weights (see, e.g., [26, Proposition 9.1.5(9)]), we deduce, for all x € R and all r, >
r1 > 0, the estimate

w((x —r2, x +r2)) <o <r2>P
~ Ay ’

w((x —r1, x +r1)) r
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as well as the analogous estimate with w replaced by 1/w; here we write w(/) = || ;W
for any Borel set I C R, i.e., we identify the weight w with the measure on R with
density w with respect to the Lebesgue measure. As a consequence, for all u € R,

24 —2k k Akl
/|t>1|t| w(u—t)SX:X:2 (1/w)(m £ [25,2°7'])

k>0 £

wia, 92 K2R (1 u)? (1/w)([—1. 1])

k=0
Stwla, 1+ uh? d/w)([=1, 1]),

because p < 2;in the intermediate inequality we used the doubling property for 1 /w.
Thus,

—2€|u\
// w(u) © Y g du S, (1/w)([_1,1])/ e 2 (1 + Ju))Pw(u) du
i "

=1 1P w—1)
Sewly, /w) (=1L 1D w1, 1) du < [wla,,

as desired; here the second inequality follows, via a dyadic decomposition, from the
doubling property for w, while the last inequality is just a consequence of the definition
of the A, characteristic. O

Proof of Theorem 1.1 We already know (see [27, Theorem 2.4] and [40, Theorem 1.1])
that the Riesz transforms R ; are L”-bounded for p € (1, 2], so it remains to show,
by duality, that the adjoint Riesz transforms Rf are LP-bounded for p € (1,2).
By Corollary 4.5, it is enough to check the analogous boundedness property for the
convolution operators with kernels K ;. In light of Propositions 5.3 and 5.6, the kernels
K ; satisfy the assumption of Proposition 5.1, whence the desired L”-boundedness
follows. O

6 The Haar Basis Approach

Here we aim at proving Theorem 1.2, i.e., the weak type (1, 1) boundedness of the
adjoint Riesz transforms R;‘ for j = 1,...,n. The argument presented here is an
extension of that in [25], which treats the case n = 1.

We point out that the argument of [25] was adapted in [35] to prove the weak type
(1, 1) boundedness of the adjoints of certain “horizontal Riesz transforms” on a homo-
geneous tree. In the context of the tree, the argument turns out to be particularly clean.
However, in the continuous setting of ax + b groups, the proof becomes somewhat
more technical due to a number of steps that appear to be needed, as in [25], to reduce
the problem to a discrete model.

We start with a preliminary reduction, or discretisation.
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Lemma6.1 Let j = 1,...,n and let r; be as in Proposition 3.4. The adjoint Riesz
transform Rj‘ is of weak type (1, 1) if and only if the operator T; given by

T f( k) = Z fol JCoh+s) srn (rj)onts) ds

— 6.1)

h>k+1

is bounded from L' (R" x R) to LV ([R" x Z).

Proof By Corollary 4.3, the weak type (1, 1) boundedness of the adjoint Riesz trans-
form is equivalent of that of the convolution operator by the kernel K ;.
Much as in the proof of Proposition 4.4, we can write, for f € L'(G),

/.
3

—f*Kj( u) = /'OO T )i Uy du

utl u —u
thus, if c = log2 and Sf (x, u) = f(x, cu), then S(—f * K;) = Tij, where

e f(v M/) kR (rj)(Zu’) d

T ) =/ :
u+l/c uw —u

and therefore the convolution operator by K ; is of weak type (1, 1) if and only if the
operator fj is. Now we write fj = le + sz, where

- 0 f(u) xra (1)) ou
Tif(, :/ 27)
A e W ey

l
u

’

/

)

while T/2 is an integral operator with kernel H; given by
Hj((x,u), (3, u') = (1)) quy (x — x7)

1 1 X{lul+1<u’'<u+1/c}
e\ = T W=l T W=l ]

Asc < I, clearly u' — u >~ |u'] — |u] > 1 in the region where u’ > u + 1/c,
whence it easily follows that the factor in brackets above is bounded in absolute
value by a multiple of 1/(1 + (u — u')?); as moreover rj € L'(R"), this shows that
supy o [ 1H;((x,u), (', u)|dxdu < 1, ie., T/? is bounded on L'(G). The weak

type (1, 1) boundedness of Tj is therefore reduced to that of le.
In order to conclude, it is enough to observe that

i U PR ) ke (7)) i
o= 3| ! s = TG L)
h>|u]+1

by (6.1), and therefore ||Tj1f||L1,OO(G) = ||ij||L1,oo(Ran). O
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We now recall the key result from [25] that constitutes the core of the weak type
boundedness argument. For this, we need some definitions.

For any half-open interval I = [a,b) € R, we write I~ = [a, (a + b)/2) and
I = [(a + b)/2, b) for the lower and upper halves of I, and write

Vi =117 - — xr)

for the basic (L'-normalised) Haar function supported on /.
Let & > 0. A scale-A partition is a partition of R made of half-open intervals [a, b)
of length A. A scale-\ Haar-like function is a function of the form

> aryy.

IeP

where P is a scale-A partition and a; € C for all I € P. The following result is [25,
Theorem 3].

Theorem 6.2 Let B > 0. For any h € 7Z, let Ay, be a scale-B2" Haar-like function.
Assume that Y ;7 | Anll 1wy < 00. Then

Ap(t) _
t.k)eRxZ:| Y | Sa Y Al 6.2)

h>k+1 heZ

for all o > 0, where the implicit constant is absolute.

While there are similarities between the sum in the left-hand side of (6.2) and the
expression for the operator 7 in (6.1), a number of further reductions are needed
before we can apply Theorem 6.2 to deduce information on T’;.

The following result is essentially a rephrasing of [25, Lemma 4]. Here, if J is a
countable set, we denote by £ log £(J) the set of all sequences a : J — C such that

> " la(HI + [loga(j)l) < oo;

jeJ

moreover, for all § € (0, c0), we denote by 2(J) the set of all sequences a : J — C
such that

Y la(h)l® < oo.

jelJ
Clearly
6(J) C tlogt(J) (6.3)

whenever § € (0, 1).
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Lemma 6.3 There exists a family P = |J,,cz, Pm of half-open intervals, where P,
is a scale-2™ partition for all m € N, such that the following hold. Let € > 0. Let
p € CL(R) satisfy

POl < A+~ [/l < A +]th ¢

forallt € R, and [, p(t)dt = 0. Set ¢;(p) = |I| [ ¥1()p@)dt forall I € P.
Then

p= Z cr(p)yr, (6.4)
1eP

where the series converges uniformly on R and in L' (R). Moreover

lcr(p)| < ke(I) (6.5)

forall I € P, where the sequence (k:(I))jep depends only on € and not on p, and
there exists § = §(€) € (1/2, 1) such that

(1 +1log 1D ke(D)rep € £2(P) (6.6)

forall N > 0.

Proof If we take P_,, = {Dy}rez for all m € Z, where the D, are the intervals
defined in [25, Sect. 1.3], then [25, Lemma 4] gives the decomposition (6.4) and the
estimate (6.5) with

Ke(Dmi) = C(€)2" (1 + 2" + k) 7>~
It only remains to check (6.6). Notice that, for any N > 0,
(1 + logy (1D D)V ke (Dpi) Seon (1 4+m)N29" (1 +2™ + k)27,

where m_ = max{—m, 0} is the negative part of m. We can now find § = é(¢) €
(1/2, 1) such that 6(2 4+ €) > 2. As a consequence,

)
> (4108 (D) keDp)) Sew 3 (4 m)¥o2m (1 4 2m)1=0C+0
m,keZ me7z

SE,N Z 2m(1—25) + Z |m|N52—56|m| < 00,

m=>0 m<0

thus ((1 + log,, (| Dyuic )N ke (Dii))m kez € €°. m|

We finally recall some addition results for the quasi-Banach space L' (see, e.g.,
[50, Lemma 2.3] and [47, Proposition 3]).
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Lemma 6.4 Let X be a measure space and N € N\ {0}.
Q) IfFy, ..., Fy € LV"°(X), then F{ + - -- + Fy € L"*(X) and

N N
S| =4 +1ogN) Y IF L.
=1 | e j=1

(i) If Fi,..., Fy € LY®(X), and | Fillpre0 < Aj for some Aj > 0 and all j =
L., N, with Y| Aj =1, then

N N
> F; <4+42) Ajlog(1/A;).

Jj=1 L1,0o Jj=1
We are now ready to prove the weak type bound for the adjoint Riesz transforms.

Proof of Theorem 1.2 Without loss of generality we assume that j = 1. We write any
x € R" as (x1, x), where x’ = (x2, ..., x,) € R*—L.

By Lemma 6.1, in order to show that R} is of weak type (1, 1), it is enough to show
the analogous property for the operator 7 defined in (6.1).

Let f € L'(R" x R) be bounded and compactly supported. Set f*(x) = f(x, u).
We now define, for any u € R, an approximation of f“ by means of a sequence of
measures on R”. Specifically, for any u € R, x’ € R"~! and h € Z, we define

ajl ,(x") =f e xydxy, =8 ®aj . (6.7)
[e2h (e+1)2h) ez,

It is easy to check that

ZIaZ,e(x/)l S/R|f"(xl,x/)|dx1 (6.8)

LeZ

and that the sequence of measures 1, converges weakly to f* as h — —o0; moreover,
one can readily prove that

lefy % & — £ 5 pllr@n < 21 F 111 gy 102, B Lr oy (6.9)

for any p € [1, oo] and any bounded ¢ € C(R") with dy,¢ € L?(R"). Thus, if we
set

T ifd =0,
M g — g iTd >0,
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then we can write, at least in the sense of weak convergence,

f=3

d>0

and consequently, for all & € Z,

1 1
/(; fh+S Kpn (Vl)(zhﬂ) ds = Z/(; MZ:ZS *Rn (}"1)(2h+s> ds. (610)

d>0

We point out that, as f is bounded and compactly supported, the terms f"*5 and
MZZS in (6.10) are nonvanishing only for finitely many # € Z, and moreover, for any
h € Z, by (6.9), the convergence of the series in the right-hand side of (6.10) holds in

any L? (R") space, p € [1, oo]. Thus, from (6.1) we deduce that

fl IS s (r1) ohesy ds
nifth=y > -0 e 6.11)

d=0h=k+1 h—k
where the sum in % is actually finite, and the sum in d converges in L” (R") for any

p € [1, o0l
Notice now that, from (6.7), it follows that

u _u u
Apre = Apop + 2041

thus
u u __ u u
Wir = Hiy = D 81 @ aji g o — ) S ® aty
12/ e
J— u
= Z(8£2h+1 - 8£2h+1+2h) ® ah’%_i_l
LeZ
— u u
= T_zhelah - Gh 3
where
u .__ u
Gh = Zagzh-HJrzh ® ah,ZZ—i—l’
LeZ
e; = (1,0,...,0) € R", and 1, is the translation operator by v € R”. Therefore, if
d > 0, then

h+s h+: h+s
[Lh:zg *Rn (rl)(2h+s) (Uhj_dY — ‘L’_zh—delO'hj_dy) *Rn (r1)<2h+s)

h
O'hj—; kRn ((r])(2h+.q) — T_Zh—del (rl)(2h+.v))

foj sgn ((F1)(25) = T_g-dg, (’”1)(2*‘))(2/1) .
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In conclusion, we have established that, for all d > 0,

u’,ﬁj}“ spn (F1) (ghesy = a,jj‘ spn (RY) oy (6.12)
where

/LZ ifd = 0, RS — (Fl)(zs) ifd = 0,

u
Opad= . = .
d U}Lz[—d ifd > 0, d (Vl)(zs) — T—Z*del(rl)(Zs) ifd > 0,

and actually

Op g =Y Spn-a ®aff 4, (6.13)
LeZ

where

(6.14)

" a,’;_M ifd =0or £ is odd,
a = ’
hod,€ 0 otherwise.

From the formula for r; in Proposition 3.4 we deduce that fR R(S) (x1,x)dx; =0
forallx’ e R" !ands ¢ [0, 1), and moreover

RS0 < (14 |x)™" 1,
19, Ry ()] < (14 X2,
102 R§CO| < (1 + |x)" 3 (6.15)

uniformly in s € [0, 1). Additionally, when d > 0, we can write
1
RY(x) = —2*‘1/ Ay RY(x1 +27%, x') dr. (6.16)
0
Consequently the zero-average property

/ R} (x1,x)dx; =0 6.17)
R

holds for all d € N, and there exists € > 0 such that

RS S 2790 4 XD~ D= + g )7,

(6.18)

|0 Ry ()] S 274+ D™D+ a2,
uniformlyind € Nands € [0, 1);indeed, in the case d = 0 the estimates (6.18) follow
from the first two inequalities in (6.15), while in the case d > 0 they are obtained from
(6.16) by differentiating as appropriate and estimating the corresponding integrands
via the last two inequalities in (6.15).
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In light of (6.17) and (6.18), we can invoke Lemma 6.3 and deduce that, for all
s € [0,1)and d € N, we can write

Ry=Yv1®c), (6.19)
IeP

where the functions ¢ ; = |1| [, Y1 (x1) R} (x1, -) dxy satisfy, for all ' € R 1
e} 4GNS 279+ ™Dk (D) (6.20)

uniformly ind € Nand s € [0, 1).
Consequently, by (6.12), (6.13) and (6.19), we can write

1
/ MZ:ZS kR (Vl)(zhﬂ) ds
0

1
=35 (- #2 U n) ® fo (a,’lj;fg Hn-! (C?d)@’”) & 621

I1€P Lel
[297],—1
= Z Gran= Z Z Gran,j,
I1eP IeP j=0
where ||, := max{l, |/|}, and
ey
Granj= Y, Vei-dsn ®/ (ah:}‘fe K1 (cf,,d)(zh)) ds. (6.22)
0 :

Lej+124 11,7

We now point out that, for any fixed x’ € R"~!, the function Granj(,x')isa
scale-2"|I| Haar-like function; indeed, the gap between consecutive indices £ in the
sum in the right-hand side of (6.22) is a multiple of 24|]|, thus the intervals €2/~ 42/ |
are all disjoint and contained in a scale-2"|I| partition. So from Theorem 6.2 we deduce
that, foranyd e N, I e P,x’ e R* ! and j =0, ..., [2¢1|, — 1,

Z Gr.an,j(x1,x")

h—k
hzkrl L1290 (Ry, x7Z)
N Z 1G .. Ger, XD 1,
heZ

1
<> ¥ A‘(a,ﬁ;fl*w_l (c‘;’d)ah))(x’)‘ds

heZ ¢ej+241,7

1
Sy ) Z_d"f(’)(fo @)™ ol ds gt ((1+|-|)—<"—”—E)(2,,)>(x/),

heZ gej+2411,2
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where (6.14) and (6.20) were used. Thus, by integration in x” € R*~! and summation
in j,

247, —1
| le Z Gl,d,h,j(x)
j=0 | h=k+1 h—k

LLoo(R? xZy)

1
<2 2% fR fo 0l

hLel
=z—d/<€(1)2/ ]/ Jat g, dura
LeZ Rt IR

<27 (I) 1Lt e Ry s

ds dx’

where Young’s inequality was applied to estimate the convolution in R”~!, and (6.8)
was used in the last step. So, by (6.21) and Lemma 6.4(i), foralld e Nand I € P,

Z Gra.n(x)
h—k
h>k+1 L1 (R2 x Z) (623)

S (L+logy 291D2 ke (DI f |1 e ry

S A+ 1d] +log, 11D27 ke (DI £l 11 g -

Now, from (6.6), we deduce that, for some § = §(¢) € (1/2, 1),

DN 1A+ |dl +logy [1D27 ke (D]

deN[eP
Se DAY e (D)’ + Y27 Y (1 +logy [T ke(1))° < o0
deN I1eP deN IeP

in particular, by (6.3),
((1+1d| +log 11127k (1)) @ 1yenxp € Llog €N x P).

Thus again, by (6.11), (6.21), (6.23) and Lemma 6.4(ii),

> 1ep.den Gr.d.n(x)
1T fllroe e xzy = Z - ’he—k

hzk+1 L1 (R x Z)

Se 1f L1 @ xw)-

As bounded and compactly supported functions f are dense in L' (R” x R), this shows
that 77 is of weak type (1, 1), as desired. O
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7 Hardy Space Unboundedness

Here we prove the following negative result, extending the analogous one in [46,
Theorems 4.2 and 5.2] for the case n = 2. Our proof below appears to be somewhat
shorter than the proofs in [46], but of course here we can rely on the various reductions
and asymptotics established above.

Proposition7.1 For j = 0, ..., n, the adjoint Riesz transform Rj is not bounded
from H'(G) to L' (G).

Proof In light of Corollary 4.3, for j = 1,...,n, in order to show that ’R}" is not

bounded from H'(G) to L' (G), it is enough to prove the same for the convolution
operator with kernel K ;. To this purpose, we will exhibit (multiples of) atoms a; of
H'(G) such thata; x K; ¢ L'(G).

Let ¢ € C°(R") and ¢ € CZ°(R) be nontrivial nonnegative cutoffs, and let us
consider, for any v € R”,

ay(x,u) = (¢ (x +v) — P(xX) V¥ (u).

Clearly a, is bounded and compactly supported, and |, G @ = 0, thus ay is a multiple
of an H!(G) atom (see, e.g., [38, Definitions 3.4 and 3.10]). Moreover, by (5.1) and
Proposition 3.4,

ay * K;(x,u)

= /Gav(x —x'u— u’)(Kj)(eu_u/)(x’, u')ydx' du’ 7.1)
Xw<-1
= f B0 =0 = ) [0, & ) = ) oy (0 | L=
G u
Now, by the Fundamental Theorem of Calculus,
1
oy +v) — (o) = 27! /0 (v-Vrj)o(y+rv)de, (7.2)

and moreover
Vri(x) = (1+ x[H) 77 2e; — @+ m)x; (1 + |x1H 727 2x,
thus
ej - Vri(x) = (1 +[x)™"2 — @+ mxi (1 + |x[H) 272
In particular, if x is in the region V; € R" where sz > (1+ |x|2)/2, then
ej - Vrj(x) < —(n/2)(1 + [x]H7' "2 (7.3)
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Clearly, we can find a nonnegligible region U; € R" such that, if x € U}, |x —x'| <2
and |u| < 1, then ex’ € V;; for example, one can take U; = {x € R" : [x;| >
100, |x|* —x7 < 1}. As a consequence, if x € U, |x —x'| < 1and |u| < 1, then, by
(7.2) and (7.3),

—[(r)en (& + €)= (7)) en (] Z (1 + [x[H) 72,

Thus, if we choose ¢ and i supported in balls of radius 1 centered at the origin, and
we take x € U;j and u < —2, then, by (7.1),

ae, * Kj(x,u) 2 (14 x>~ =2 |u) 71,

and clearly the right-hand side is not integrable on U; x (—00, —2]. We can then take
aj = ae; to get the desired result.

The argument for R is analogous. Here, by Corollary 4.3, it is enough to find a
multiple ap of an H!(G)-atom such that ag * (IZO + Ko) ¢ LY(G). If we take ap = a,
as before, with ¢, 1 supported in centered balls of radius 1, then from (5.1) we deduce
that a, * Ko(x,u) = 0 whenever u < —2, as Ky is supported in the region where
u > 1. Thus, by restricting to u < —2, we have

ay * (Ko + Ko) (x, u)

= ay * Ko(x, u)

- /(:qu(x - x/)l/f(u - Lt/) I:(rO)(eu—u’)(x/ +v) — (r())(eu—u’)(x/):l e

A==l gy du

u/
So we can proceed with the same argument as before with r; replaced by rp. As
Vro(0) = =2 +n) (1 + |x[) 7> x,

here one can just take as v any unit vector, and as Vy € R”" the region where x - v >

V(1 + |x|%)/2, in order to show that
ay % (Ko + Ko)(x,u) Z (1 4 |x[>) 727" |u| !

on a region of the form Uy x (—oo, —2], and conclude that a, * (Ko + Ko) is not
integrable. O

8 Representation Theory of G and Riesz Transforms for a
One-Dimensional Schrédinger Operator

The following proposition collects a few basic results about the representation theory

of the group G (cf., e.g., [19, 31, 33] and [22, Sect. 6.7] for the case n = 1). Here, for a
unitary representation 77 of G on a Hilbert space H and a function F € L'(G), we write
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n(F) = fG F(x,u) 7 ((x,u)~ ) dx du for the bounded operator on H corresponding
to F via .

Proposition 8.1 Ler & € R" \ {0}.
(i) The formula

of (e, P (s) = €' p(s +u)
defines a unitary representation of G on L*(R), which also acts by isometries
on LP(R) forall p € [1, co].
1) If typ(s) = ¢ (s — v) denotes the translation operator by v on L2(R), then
o = 1_,0f1,.
(iii) Forall K € L'(G),

0% (K) = Mk (§),

where M (§) is the integral operator with kernel Hf; defined in (5.2).
(iv) Forall K € L'(G) and p € [1, o],

Mg E)llLr@®—rr@ < IKlcve ),
and in particular
Mg E)llLr@®y—»Lr@ < 1K1 G)-
Proof 1t is readily checked that o is a representation of G, and it is evident from the
given expression that it acts isometrically on L”(R) for any p € [1, oo]; this proves
part (i). It is similarly easily checked that translations intertwine representations o

with parameters that are positive multiples of each other, as described in part (ii).
Now, if K € L'(G), then, for all ¢ € L*(R),

o5 (K)p(s) = f K (e, u)o® (G, u)™") f(s) dx du

G

2// K(x,u)e " "% p (s — u) dx du
R n

- / K(x,s — e E%g (s dx ds’
R ]Rll

:/fK(eS’g,s—s’)qs(s’) ds’,
R

where F is the partial Fourier transform in the variable x. Comparing the above formula
with (5.2) proves part (iii).
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In light of the identity in part (iii), the second estimate in part (iv) is an immediate
consequence of the fact that o acts isometrically on L? (R). The first, more precise
estimate follows from the transference principle (see, e.g., [11, Theorem 2.4] or [8,
Theorem 2.7]), as G is an amenable group since it is solvable (see [42, Corollary
13.5]). O

Remark 8.2 The unitary representations o (where & € R"\{0}) on L2(R) introduced
in Proposition 8.1 are nothing else than the representations of G induced by the non-
trivial characters x — e/ of the normal subgroup R”. Another family of unitary
representations of G is obtained by lifting to G the characters of R = G/R", i.e.,
is given by the characters y, (x,u) = e/™ (where u € R) of G. By the “Mackey
machine” (see, e.g., [22, Theorem 6.43]) all these representations are irreducible and
any irreducible unitary representation of G is equivalent to one of these; moreover,
the only nontrivial equivalences between these representations are those described in
Proposition 8.1(ii). This corresponds to the fact that the coadjoint action of G on (the
Pontryagin dual of) R” factors through the normal abelian subgroup R” and corre-
sponds to the action by dilations £ — e“& of R, on R’g; the orbits are therefore {0}
and the half-lines R £ for & € R"\{0}.

Remark 8.3 By Remark 8.2, the unitary representations o for & € R"\ {0} exhaust (up
to equivalence) all the infinite-dimensional irreducible representations of G. We can
therefore think of the mapping K +— (08 (K ))eeRrm\{0} as a “concrete” realisation of the
group Fourier transform on G (where we neglect one-dimensional representations and
allow for some redundancy in the parametrisation of the infinite-dimensional ones).
The identity o8 (K) = Mg (&) discussed in Proposition 8.1(iii) above thus yields a
potentially suggestive interpretation of Proposition 5.1: namely, Proposition 5.1 can
be thought of as an L? Fourier multiplier theorem for the group Fourier transform of
G, where L?(G)-boundedness properties of f +— f x K are deduced from suitable
boundedness properties of the “symbol” & +— &% (K) and its derivatives. In these
respects, Proposition 5.1 can be compared to results of a similar flavor appeared in the
literature for other Lie groups (see, e.g., [10, 17, 21] and references therein).

In what follows, we write S(G) for the usual Schwartz class on R” x R and S'(G)
for the corresponding dual space of tempered distributions.

Lemma 8.4 CvZ(G) C S'(G). Moreover, if a sequence K, in Cv3(G) converges to
K € Cv2(G) with respect to the weak operator topology on L*(G), then K, — K in
S'(G) too.

Proof Of course S(G) C LZ(G), as we are using the standard Lebesgue measure
dx du on G. Additionally, from (1.1) it is not difficult to see that S(G) is invariant
under left translations (indeed, left G-translations acts as affine linear maps on R” x R).
Moreover, the right-invariant vector fields corresponding to (1.2) are

Xh=04+x-Ve, Xi=0y,....X =0,

n

thus S(G) is clearly invariant under right-invariant differential operators.
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Let K € Cv?(G). Now, for any f € S(G) and right-invariant differential operator
DonG,wehave Df € S(G) C L*>(G), thusalso D(f «K*) = (Df)*xK* € L*(G),
because K* € CvZ(G). By Sobolev’s embedding we conclude that f x K™* is smooth,
and moreover, if e = (0, 0) is the identity element, then we can bound

[ K = 1(f % K%, 8] = |(f % K@) S DI * K2 $ Y I1DfIla,
D D

where the sum is extended over a suitable finite family (independent of f) of right-
invariant differential operators D. The above estimate shows that K indeed defines a
bounded linear functional on S(G), i.e., K € §'(G).

By the discussion at the beginning of the proof, we have a continuous representa-
tion of G on the Fréchet space S(G), where G acts by left translations, and moreover
all elements of S(G) are smooth vectors for this representation, as S(G) is invariant
by right-invariant differential operators. If we apply [18, Théoréme 3.3] to this repre-
sentation, then we conclude that any ¢ € S(G) can be written as a finite sum of the
form

qﬁ:Zl/fj >|<¢j, (81)
i

where ¥; € C°(G) and ¢; € S(G).

Let now K,, € Cv*(G) be a sequence converging to K € Cv2(G) in the sense of
the weak operator topology on L*(G). Let ¢ € S(G), and decompose ¢ as in (8.1).
Then

(Ko ) = > (Kno 0y % 0) = Y (0 * K ), (8.2)

J J

where l/vfj(x, u) = ;((x, w)~h = Yj(—e "x, —u). So 12_] € C*(G) and therefore

both 1,5, ;€ L*(G). As K, — K in the sense of weak operator convergence on
L2(G), when we pass to the limit in the right-hand side of (8.2) we replace K,, with
K, thus we conclude that (K, ¢) — (K, ¢). As ¢ € S(G) was arbitrary, this shows
that K, — K in S'(G). O

Remark 8.5 Observe that S(G) and S’(G) are not invariant under right translations,
nor under the involution f — f*. Nevertheless CvZ(G) is.

We now show that, at least in the smallest dimensional case n = 1, the correspon-
dence K +— (Mg (§))¢ discussed in Proposition 8.1 can be extended to the case where
K is a distribution in Cvz(G). This result should be compared with, e.g., [33, Sect. 4]
and [19, Sect. 5].

Lemma 8.6 Assume that n = 1. For any K € Cv*(G), the partial Fourier transform
F, thought of as a unitary isomorphism

F: LX(G) — L*(RE; L*(Ry)),
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intertwines the operator of convolution by K on L*(G) with the direct integral
®
[ Meraz.
R*

of bounded operators on L*(R,,), whose Schwartz kernels HIS{ are given, in the sense
of distributions, by

HY (u,u')y = (FK) "€ u—u'). (8.3)
Moreover
Mg (e"8) = 1_, Mg (§)1, (8.4)

forany v € Rand & € R*, and

1K llcy2(gy = sup 1Mk E)ll2m)—r2®) = max Mg (=Dl L2®)y—L2(R)-
EcR*

Proof Recall from Lemma 8.4 that any distribution K € Cv?(G) is a tempered dis-
tribution. As a consequence, we can make sense of the partial Fourier transform
FK € §'(G) and of the computations at the beginning of Sect.5, which show that
indeed F intertwines the convolution operator by K with the direct integral of the
Mk (&). Here the identity from (5.2), expressing the integral kernel of Mg (¢) for
& € R*, can be be interpreted in the sense of distribution: indeed, if & # 0, then the
change of variables R 5 (u, u’) — (e“lé, u—u') € Ry & x R is nondegenerate.

As the partial Fourier transform F intertwines the convolution operator by K and
the direct integral of the Mg (&), we clearly have

K llcyv2(gy = esssupgers [IMk (E) 1l 2Ry L2R)-

Now, from the formula for ng( it is immediately checked that (8.4) holds. This shows
in particular that Mg (&) and Mg (£/|£]) are intertwined by an L?-isometry, so they
have the same operator norm, and the required characterisation of the norm || K ||Cv2(G)
follows. O

As a consequence of the LP-boundedness of the Riesz transforms on G (see The-
orem 1.1) and the amenability of the group G, via transference we can deduce a
corresponding result for the Riesz transforms associated with the Schrédinger opera-
tor H = —83 + €2 on R, stated as Theorem 1.3 above.

Proof of Theorem 1.3 It will be enough to work with the smallest ax + b group G =
R, x R,,i.e., here we take n = 1.

As before, let F denote the partial Fourier transform in the variable x on R, x R,,.
Then it is immediately checked that, for any & € R*,

FXoHE u)=0uFfE u), FXi1)E u)=ie"FfE ),
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and therefore also
FLL)E u) =H fE w),
where H¢ is the Schrodinger operator on L2(R,,) given by
HE = —37 + &%

Consequently, F intertwines, in the sense of Lemma 8.6, the Riesz transforms R and
R1 with the direct integrals

® ®
Rg dé, / R dg,
R* R*
where
R =0, (M2, R} = ige" (M52,

note that the latter operators are trivially L?(R)-bounded for any & € R*, with norm
at most 1. We shall show that the Rf. are actually L? (R)-bounded for all p € (1, 00);
the case £ = 1 gives the desired boundedness result.

As the Riesz transforms R ; are L2%-bounded left-invariant operators on G, the
aforementioned intertwining property can be written, in the notation of Lemma 8.6,
as

R; = Mg, (&)

As we know that kRj € Cv?(G) for all p € (1,00) by Theorem 1.1, the L”-

boundedness of the Schrodinger—Riesz transforms R would follow if we could apply
the transference result in Proposition 8.1(iv) with K = kg ;. This is not directly possi-
ble as kg ; is not integrable; to overcome this, we shall show that kr ; is approximable
by integrable kernels satisfying analogous L” bounds.

As discussed, e.g., in [40, Sect. 4.2], we can subordinate the Riesz transforms to
the heat propagator and obtain that

, ' dr
kRj = lim Kj’”, Kj’n = - X]ht\/?,

n—0oo
where 4, is the heat kernel of £, as in Sect.2, and the convergence is in the sense of
the strong operator topology on L*(G); so, from Lemma 8.4 we deduce that

Kjn— kRj in S'(G), (8.5)
and moreover, by [40, Proposition 4.1(v)],
”Kj‘n”CVZ(G) < ”kRj||CV2(G) <L
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Additionally, the proof of [40, Theorem 1.1(i)] shows that each K, satisfies the
“Calderén—Zygmund” assumptions of [40, Theorem 2.3] uniformly in 7, whence we
deduce a uniform bound

sup | K nllcyr gy < 00 (8.6)
n

for all p € (1, 2].

Now, clearly K; ,, € LY(G), as SUP; (21 2n] | X;hllh < oo (see, e.g., [40, Propo-
sition 3.1]). Transference [as stated in Proposition 8.1(iv) above] can then be applied
to the K; ,,, and from (8.6) we deduce that, for any & € R* and p € (1, 2],

sup [Mk; , (&) llLr(r)y—Lr®) < 00.
n

On the other hand, from (8.3) and (8.5) it follows that

Hf(/n N H,ij in D' (R?).

As HIE(/_ and HER are the Schwartz kernels of Mg, , and Ri respectively, this

Jn j ’

allows us to deduce that the Ri are also L?(R)-bounded for all p € (1, 2]. In order to

conclude, we need to show that the adjoint operators (Rg.)* satisfy analogous bounds.
Let { € C°(G) be any cutoff, and let p € (1, 2]. As Cv”(G) is a module over

CZ°(G) (see Lemma 4.1), we conclude that the kernels ¢ K ; , are also in Cv”(G) with

a uniform bound in n. Additionally, {K; , — kg, in S'(G), so kaj,n — Hij
in D'(R?) for any & € R*. Arguing as before, by means of transference we can then
deduce that MCkRj (&) is L?(R)-bounded for all p € (1, 2] and & € R*.

Now, from Proposition 3.2 we deduce that (kg +RY € L'(G), thus trivially
Mgk72 R (&) is L? (R)-bounded for all p € [1, oo], and by difference we deduce

that MUCR* (&) and M;k72 R (&) are L? (R)-bounded for p € (1, 2].

In order to conclude that (R )* and (RE)* are L? (R)-bounded for p € (1, 2], itis
therefore enough to show that M _ ~Okry-r (&) and M( - kg (&) are. If we choose
0 1

the cutoff ¢ appropriately, as in the proof of Corollary 4.3, then
(1 = Okpy—ry = c(Ko + Ko) +r0, (1 — kg, =cKi+r1

for some constant ¢ and some rg,r; € L! (G). Consequently, we are reduced to

showing that MIEO (&), Mgy (&), Mg, (¢) are L -bounded for p € (1, 2]. While it would

be possible to use transference for this as well, here we can proceed more directly.
Indeed, from the expression for Ko in Proposition 3.4, we have that

Xlu —u \>1
—u

Hy (') = (Fro)e"€)
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In other words, the operator M %, (6) on R is the composition of the operator of con-

volution by u +— % and the operator of multiplication by (Frg)(e”&). The latter

is trivially bounded on any L” as the function u — (Frp)(e*£) is bounded, while the
former is L”-bounded for any p € (1, 0o) as discussed in the proof of Proposition
4.4.

As for the remaining operators Mg, (§) and Mk, (§), from Sect.5 we already know
that they are L?(w)-bounded for any w € A,(R), which implies by extrapolation (see,
e.g., [26, Theorem 9.5.3]) that they are also L?”-bounded for any p € (1, 00). O
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