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S U M M A R Y
Scattering of SH waves around a circular canyon in radial inhomogeneous wedge space is
investigated in this paper. Based on the complex function method, the governing equation with
variable coefficients is transformed into a standard Helmholtz equation and the corresponding
analytical solution to this problem is derived. The unknown coefficients in the wavefield
is obtained by enforcing the stress-free condition in the circular canyon, then the incident,
reflected and scattering waves in the total wavefield are all acquired. Through the calculation
and analysis of the parameters that affect the ground motion, the influence of the circular
canyon on the ground motion in the radial inhomogeneous wedge space is obtained. Moreover,
combined with graphical results, the effects by inhomogeneous parameter on ground motion
with circular canyon in wedge space are conspicuous.

Key words: Earthquake ground motions; Theoretical seismology; Wave propagation; Wave
scattering and diffraction.

1 I N T RO D U C T I O N

Local topographies, such as canyons, hills, slopes, cliffs and so
on, play a significant role in the propagation of seismic wave (e.g.
Boore 1972; Marco et al. 2014). It is obvious that the influence of
local topography on the ground motion subjected to incident seismic
wave is crucial to the analysis of seismic surface process (Larose
et al. 2015). Consequently, the sufficient study on the amplification
effect of specific local topography on ground motion has been paid
close attention in earthquake engineering.

In recent decades, numerous scholars have investigated the waves
scattering of canyons, hills and other local topographies under plane
SH wave incidence. In the early stage, in order to interpret quali-
tatively the Pacoima Dam accelerogram during the San Fernando,
California, earthquake of 1971 February 9, the influence of semi-
circular canyon on the amplitude of surface displacement was anal-
ysed (Trifunac 1973). Based on this analytical solution and the
wave function expansion method, the research on other sophis-
ticated topography is flourishing, for instance, the semi-elliptical
canyon (Wong & Trifunac 1974), the V-shaped canyon (Tsaur &
Chang 2008), the circular sectorial canyon (Chang et al. 2013), the
trapezoidal canyon (Zhang et al. 2015) and the deep semi-elliptical
canyon with a horizontal edge (Tsaur et al. 2018). Furthermore,

analytical researches on convex topography were also conducting,
the first research on convex topography can date back to the mod-
elling of semi-circular hill on a semi-infinite space (Yuan & Men
1992), then a series of other complicated convex topography were
presented by scholars such as the triangular hill (Liu et al. 2010), the
semi-elliptical hill (Amornwongpaibun & Lee 2013), and the trape-
zoidal hill (Yang et al. 2020). The condition of half-space contained
local topography is considered by these researchers. However, due
to the surface of some topographies like side slops, cliffs and ridges,
which is not in a horizontal plane, it is more appropriate to use wedge
space representation (Lee & Sherif 1996; Liu et al. 2019).

Nevertheless, a common assumption of these literatures is that
the underground medium is homogeneous. The lithologic irregu-
larity intensively affects the characteristics of ground motions, like
the long duration ground motion (Motosaka & Mitsuji 2012) and
the dynamic stress concentration distribution (Liu et al. 2014). Nu-
merical methods are mostly used in the study of seismic motion in
an inhomogeneous medium with spatially varying material param-
eters (Delepine & Semblat 2012; Manolis & Dineva 2015; Ba &
Yin 2016). With the continuous development and improvement of
computer technology, the numerical approximation method is used
to solve the realistic surface configurations. While, the analytical
method is still essential because it reveals the physical meaning,
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46 Z. Yang et al.

Figure 1. The geometry of the proposed model.

obtains more extensive propagation regular pattern and calibrates
the numerical results. Nowadays, some analytical solutions of SH
waves propagation in inhomogeneous medium has been concerned
by scholars. Zhang et al. (2017) discussed the soil and topographic
effects on ground motion of a surficial inhomogeneous semi-
cylindrical canyon of a transfer matrix approach. Jiang et al. (2018)
illustrate the dynamic response of a shallow circular inclusion under
incident SH waves in inhomogeneous half-space by applying com-
plex function theory. Zhang et al. (2019a,b) used transfer matrix
approach to develop an analytical treatments of a cylindrical canyon
with a radially piecewise inhomogeneous arbitrary multilayered pro-
file to a finite depth on a homogeneous half-space in terms and
the amplification effects of a radially multilayered semi-cylindrical
canyon on seismic response of earth and rockfill dam of a radial.

Despite of cliffs and ridges are common on the earth, relevant
researches about the scattering problem of them are still scarce (Lee
& Sherif 1996; Victor et al. 2017; Liu et al. 2019). Previous studies
considered the lithology as homogeneous, however, the influence
of inhomogeneous lithology on ground motion is significant. In the
present work, an analytical solution is derived to the scattering prob-
lem of a circular canyon in inhomogeneous wedge space, adopting
complex function method. The surface on both sides of local to-
pography is not always horizontal. Herewith, wedge space is more
sufficient used to understand the influence of local topography in
inhomogeneous medium, as the wedge angle changes from 0◦ to
360◦ simulating more surface condition. During the process of de-
riving the analytical solution, the expression of the total wavefields
in the wedge space is obtained by truncating the finite term through
Fourier series transformation in Section 2. The validity of the pro-
posed analytical solution is proved by comparing the degenerated

to homogeneous medium with the existing results in Section 3. Re-
sults of steady-state responses with different parameters especially
inhomogeneous parameter are presented and discussed in Section 4.
Finally, the effects of local topography inhomogeneous medium on
ground motion are demonstrated in comparing with homogeneous
medium.

2 M O D E L A N D F O R M U L AT I O N S

2.1 The model

The geometry of the proposed model is shown as Fig. 1. The x-
axis is at the left edge of the wedge space and is horizontal to the
left, the y-axis is vertically down. The origin of the coordinate is
located at the centre of the circular arc canyon, and the radius of
the canyon is R. The angle of the wedge space is γ , 0 < γ ≤ 360◦.
The incident angle between the incident SH wave and the x-axis is
α. The variation of the medium density is shown in the following
formula

ρ (r ) = ρ0β
2r 2(β−1), β > 0, (1)

where β is the inhomogeneous parameter of the medium, if β > 1,
the density is increased with increase of R. Besides, when β < 1, the
density is decreased with increase of R. When β = 1, the medium
is homogeneous. ρ0 is the reference mass density.

2.2 The governing equations

For a shear wave velocity cT , the displacement w with time harmonic
satisfies the Helmholtz equation as

∇2w + k2w = 0, (2)

where k = ω/cT , cT = √
μ/ρ, k denotes the wave number of SH

waves, μ is the elastic shear modulus, ω is the circular frequency of
the displacement w, and ρ is the mass density of the inhomogeneous
medium.

Applying eq. (1), the wave number of SH waves in the inhomo-
geneous medium is expressed as

k (r, θ ) = k0 · βrβ−1. (3)

Figure 2. Comparison of degradation calculation and existing results.
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Figure 3. Surface displacement amplitude at three selected inhomogeneous parameters β = 0.5, 1.0, 1.5, three kinds of incident angles α = 0◦, 30◦, 45◦ and
wedge angle γ = 90◦ for dimensionless frequency η = 0.75.

Figure 4. Surface displacement amplitude at three selected inhomogeneous parameters β = 0.5, 1.0, 1.5, three kinds of incident angles α = 0◦, 30◦, 45◦ and
wedge angle γ = 90◦ for dimensionless frequency η = 1.0.
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Figure 5. Surface displacement amplitude at three selected inhomogeneous parameters β = 0.5, 1.0, 1.5, three kinds of incident angles α = 0◦, 30◦, 60◦ and
dimensionless frequency η = 1.0 for wedge angle γ = 120◦.

Figure 6. Surface displacement amplitude at three selected inhomogeneous parameters β = 0.5, 1.0, 1.5, three kinds of incident angles α = 0◦, 30◦, 75◦ and
dimensionless frequency η = 1.0 for wedge angle γ = 150◦.
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Figure 7. Surface displacement amplitude at three selected inhomogeneous parameters β = 0.5, 1.0, 1.5, three kinds of incident angles α = 0◦, 30◦, 105◦ and
dimensionless frequency η = 1.0 for wedge angle γ = 210◦.

Figure 8. Surface displacement amplitude of six points varied with dimensionless frequency, at β = 1.25, γ = 90◦ and α = 0◦, 30◦, 45◦.

Since the wave number is a function, eq. (2) can be reformulated
in the cylindrical coordinate system as

r 2 ∂2w

∂r 2
+ r

∂w

∂r
+ ∂2w

∂θ 2
+ r 2k2 (r, θ ) u = 0. (4)

Substituting eq. (3) into eq. (4), the governing equations in the
inhomogeneous medium is obtained

∂2w

∂r 2
+ 1

r

∂w

∂r
+ 1

r 2

∂2w

∂θ 2
+ k2

0β
2r 2(β−1)u = 0. (5)
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Figure 9. Surface displacement amplitude of six points varied with dimensionless frequency, at β = 1.0, γ = 90◦ and α = 0◦, 30◦, 45◦.

Figure 10. Surface displacement amplitude of six points varied with dimensionless frequency, at β = 0.75,γ = 90◦ and α = 0◦, 30◦, 45◦.

The partial differential equation with variable coefficient shown
in eq. (5) is difficult to be directly solved mathematically. Thus, the
complex function method is used firstly, and the complex variable
is defined as

z = reiθ . (6)

Based on the complex variables, eq. (5) is transformed into

∂2w

∂z∂ z̄
+ 1

4
β2(zz̄)βk2

0w = 0. (7)

Then, in order to gain the standard Helmholtz equation, another
pair of variables is utilized to transform eq. (7)

ζ (ξ, η) = zβ, ζ̄ (ξ, η) = z̄β . (8)

Finally, the governing equation is rewritten as

∂2w

∂ξ 2
+ ∂2w

∂η2
+ 1

4
k2

0w = 0. (9)
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Figure 11. Surface displacement amplitude of six points varied with dimensionless frequency, at β = 1.25,γ = 120◦ and α = 0◦, 30◦, 60◦.

Figure 12. Surface displacement amplitude of six points varied with dimensionless frequency, at β = 1.0,γ = 120◦ and α = 0◦, 30◦, 60◦.

In accordance with the governing equation, in the ζ plane the
corresponding stresses are obtained:

τr z = βμ

(
∂w

∂ζ
zβ−1eiθ + ∂w

∂ζ̄
z̄β−1e−iθ

)
(10)

τθ z = iβμ

(
∂w

∂ζ
zβ−1eiθ − ∂w

∂ζ̄
z̄β−1e−iθ

)
. (11)

2.3 The total wavefields

The total wavefields w will be written as a sum of the free wavefield
w(i+r ) and the scattering wavefield w(s):

w = w(i+r ) + w(s). (12)

The expression of the incident and reflected waves (w(i+r )) in the
wedge shape in the homogeneous medium proposed by Sanchez-
Sesma (1985) is rewritten in the ζ plane, which is expressed as

w(i+r ) = 2pw0 J0 (k |ζ |) + 2pw0

∞∑
n=1

e− i2nπp
2 J2np (k |ζ |)

·
[(

ζ

|ζ |
)2np

+
(

ζ

|ζ |
)−2np

]
cos (2npα)

+2pw0

∞∑
n=0

e− (2n+1)iπp
2 J(2n+1)p (k |ζ |)

·
[(

ζ

|ζ |
)(2n+1)p

−
(

ζ

|ζ |
)−(2n+1)p

]
sin ((2n + 1) · pα),

(13)

where p is the fraction factor, p = π/γ , and Jn(·) is the Bessel
function of the nth order.
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Figure 13. Surface displacement amplitude of six points varied with dimensionless frequency, at β = 0.75,γ = 120◦ and α = 0◦, 30◦, 60◦.

Figure 14. Distribution of six selected points, at γ = 150◦.

The scattering wave generated by the circular canyon topography
is shown in the following formula:

w(s) = w0

∞∑
n=0

{
A(1)

n H (1)
2np (k |ζ |)

[(
ζ

|ζ |
)2np

+
(

ζ

|ζ |
)−2np

]

+A(2)
n H (1)

(2n+1)p (k |ζ |)
[(

ζ

|ζ |
)(2n+1)p

−
(

ζ

|ζ |
)−(2n+1)p

]} (14)

where H (1)
n (·) is the first kind Hankel function of the nth order, A(1)

n

and A(2)
n are the unknown coefficients.

2.4 Boundary conditions

Mathematically, the boundary conditions for the present problem
will be expressed as the stress free exists along the entire surface
of the wedge space with a circular canyon. The stress-free of the
wedge surface are satisfied as

τθ z = τ
(i+r )
θ z + τ

(s)
θ z = 0, θ = 0 and θ = γ. (15)

Meanwhile, at the circular canyon the boundary condition is

τr z = τ (i+r )
r z + τ (s)

r z = 0, r = a (16)

with τ (i+r )
r z and τ (s)

r z will be obtained by substituting eq. (13) and eq.
(14) into eq. (10), respectively.

2.5 The solution of boundary-valued problem

The coefficients A(1)
n and A(2)

n can be determined by using the stress-
free boundary condition at the circular canyon as eq. (16). Multi-
plying eq. (16) with e−imθ and expanding it into Fourier series of

(0, γ ) yield⎧⎪⎪⎨
⎪⎪⎩

∞∑
m=0

∞∑
n=0

A(1)
n ε(1)

mn = −
∞∑

m=0

∞∑
n=0

E (1)
mn

∞∑
m=0

∞∑
n=0

A(2)
n ε(2)

mn = −
∞∑

m=0

∞∑
n=0

E (2)
mn

(17)

where⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ε(1)
mn = 1

γ

∫ γ

0 τ
(s)
r z(2m)e

−imθ dθ

ε(2)
mn = 1

γ

∫ γ

0 τ
(s)
r z(2m+1)e

−imθ dθ

F (1)
mn = 1

γ

∫ γ

0 τ
(i+r )
r z(2m)e

−imθ dθ

F (2)
mn = 1

γ

∫ γ

0 τ
(i+r )
r z(2m+1)e

−imθ dθ

τ
(s)
r z(2m) and τ

(i+r )
r z(2m) are the even order of τ (s)

r z and τ (i+r )
r z respectively,

τ
(s)
r z(2m+1) and τ

(i+r )
r z(2m+1) are the odd order of τ (s)

r z and τ (i+r )
r z respectively.

3 M E T H O D VA L I DAT I O N

Before the calculation, several parameters’ definitions are intro-
duced. β is inhomogeneous parameter defined in eq. (1). Moreover,
the dimensionless frequency η can be formulated as

η = 2R
/
λ = k R

/
π (18)

and the last parameter is the surface displacement amplitude |w|

|w| =
√

Re2(w) + Im2(w) (19)

where Re(·) and Im(·) denote the real and imaginary parts of a
complex variable.

In order to verify the validity of the method proposed this paper,
the comparisons with the published results (Trifunac 1973; Lee &
Sherif 1996) are shown in Figs 2(a) and (b). The displacement at the
condition of inhomogeneous parameter β = 1, the dimensionless
frequency η = 2 and the wedge angle γ = 90◦ for this method are
described by the solid line in Fig. 2(a), meanwhile the displacement
at the condition of β = 1, η = 1.25 and γ = 180◦ for the present
method are shown by the solid line in Fig. 2(b). The numerical results
in Fig. 2 shows that the present method is in well agreement with
the published results, which can verify the validity of the present
method.
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Table 1. Calculated results of the displacement amplification factor w∗ for six observer points at γ = 150◦, β = 1.25 and α = 0◦, 30◦, 75◦.

w∗
α 0◦ 30◦ 75◦

β Point η 1 2 3 4 5 6 1 2 3 4 5 6 1, 6 2, 5 3, 4

1.25 0.001 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.67 1.42 1.45 0.64 0.85 0.92 0.37 1.39 1.20 0.37 0.55 0.34 0.53 1.06 0.44
1.0 0.78 1.55 1.56 1.08 0.43 0.50 0.58 1.36 0.67 0.54 0.24 0.37 0.66 0.62 0.68
1.5 1.25 1.60 1.58 0.85 0.35 0.84 0.34 1.17 0.19 0.81 0.35 0.63 0.61 0.25 1.23
2.0 0.69 1.62 1.59 0.86 0.57 1.23 0.89 0.89 0.83 0.77 0.58 0.31 0.11 0.60 0.46
2.5 0.74 1.64 1.60 0.96 0.69 1.23 0.57 0.53 1.33 0.57 0.51 0.25 0.62 0.99 0.85
3.0 1.25 1.66 1.60 0.77 0.65 0.88 0.89 0.13 1.50 0.51 0.64 0.98 0.64 1.30 1.14

Table 2. Calculated results of the displacement amplification factor w∗ for six observer points at γ = 150◦, β = 1.0 and α = 0◦, 30◦, 75◦.

w∗
α 0◦ 30◦ 75◦

β Point η 1 2 3 4 5 6 1 2 3 4 5 6 1, 6 2, 5 3, 4

1.0 0.001 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.46 1.41 1.45 0.75 1.04 1.19 0.51 1.43 1.13 0.41 0.66 0.67 1.17 1.27 0.34
1.0 1.24 1.57 1.54 1.16 0.90 1.18 1.23 1.55 0.49 0.54 0.60 0.93 0.60 1.16 0.86
1.5 0.41 1.65 1.54 0.85 0.79 1.16 0.69 1.58 0.38 0.73 0.89 1.23 0.98 1.32 1.04
2.0 1.30 1.66 1.54 1.08 0.71 1.15 1.10 1.59 1.03 1.02 0.78 0.86 1.19 1.37 0.48
2.5 0.36 1.64 1.54 0.90 0.65 1.13 0.93 1.61 1.43 0.49 0.52 0.80 0.78 1.30 1.14
3.0 1.32 1.64 1.55 1.02 0.60 1.13 0.87 1.62 1.35 0.65 0.63 1.06 0.44 1.36 0.68

Table 3. Calculated results of the displacement amplification factor w∗ for six observer points atγ = 150◦,β = 0.75 and α = 0◦, 30◦, 75◦.

w∗
α 0◦ 30◦ 75◦

β Point η 1 2 3 4 5 6 1 2 3 4 5 6 1, 6 2, 5 3, 4

0.75 0.001 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.83 1.42 1.43 0.89 0.85 0.90 0.89 1.39 1.06 0.49 0.55 0.51 0.95 1.06 0.31
1.0 0.60 1.55 1.48 1.15 0.43 0.49 0.19 1.36 0.34 0.48 0.24 0.22 0.25 0.62 0.99
1.5 1.34 1.60 1.45 1.02 0.35 0.55 0.61 1.17 0.53 0.85 0.35 0.54 0.80 0.25 0.79
2.0 0.84 1.62 1.46 1.11 0.57 0.90 0.32 0.89 1.18 1.07 0.58 0.64 0.84 0.60 0.74
2.5 0.62 1.63 1.50 1.06 0.68 1.08 0.73 0.52 1.42 0.52 0.52 0.50 0.62 0.99 1.06
3.0 1.25 1.68 1.52 1.06 0.62 0.92 0.72 0.14 1.03 0.62 0.66 0.42 0.15 1.27 0.65

Figure 15. Distribution of six selected points, at γ = 210◦.

4 N U M E R I C A L D I S C U S S I O N

It is indicated by some parametric studies that the propagation of
seismic wave is mainly affected by geometry of the local topogra-
phy, medium property, wavelength and incident wave angle. For this
work, four parameters are mainly discussed, namely the inhomoge-
neous parameter, dimensionless frequency, incident wave angle and
wedge angle.

The present work primarily explores the influence of inhomoge-
neous medium on the displacement amplitudes. Hence, Figs 3(a)–
(c) show the surface displacement amplitude at different incident an-
gle (α = 0◦, α = 30◦ and α = 45◦) of the dimensionless frequency
η = 0.75, the vertex angle γ = π/2 and the inhomogeneous param-
eter β = 0.5, 1.0, 1.5. In the figures, the horizontal axis represents
the position of the surface, −1 ≤ y/R ≤ 1 is the circular canyon,
−5 ≤ y/R < −1 and 1 < y/R ≤ 5 are the surface position of the

wedge, and the vertical axis represents the surface displacement
amplitude. By means of this figure, the surface displacement am-
plitude at the same incident angle increased with the increases of
inhomogeneous parameter, but the displacement in inhomogeneous
medium are almost smaller than that in homogeneous medium,
which is shown by the red curve in Fig. 2. In Fig. 3, it can be
seen that the position where the maximum displacement amplitude
occurs moves from y/R = ±1 (the interface between the circular
canyon and the surface) to the surface when the incident angle varied
from horizontal to 45◦. However, if the inhomogeneous parameter
β < 1, the maximum displacement always appears near the point
of y/R = ±1. Concurrently, when the incident angle varied from
horizontal to oblique, the influence of inhomogeneous parameter on
surface displacement increases substantially.

To give a clear portrait of the dimensionless frequency influences
on surface motions, we increase the dimensionless frequency to 1.0
to calculate the displacement under the same condition as in Fig. 3,
the calculated results are shown in Fig. 4. It is obvious that when di-
mensionless frequency increases, the displacement fluctuates more
intensely. Meanwhile, in the case of oblique incidence, the surface
displacement amplitude increases evidently when inhomogeneous
parameter rises. The maximum value point of displacement ampli-
tude moves from both sides to the interface between the canyon and
surface in symmetrical incident, through comparing with Fig. 3(c).
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Table 4. Calculated results of the displacement amplification factor w∗ for six observer points atγ = 210◦,β = 1.25 and α = 0◦, 30◦, 105◦.

w∗
α 0◦ 30◦ 105◦

β Point η 1 2 3 4 5 6 1 2 3 4 5 6 1, 6 2, 5 3, 4

1.25 0.001 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.74 2.05 1.78 0.71 0.42 0.46 0.31 1.86 1.30 0.44 0.29 0.30 0.24 0.88 0.83
1.0 1.27 2.17 1.94 0.64 0.22 0.27 0.44 1.64 0.44 0.42 0.15 0.27 1.09 0.44 1.23
1.5 1.67 2.23 1.99 0.59 0.30 0.38 1.02 1.12 0.97 0.66 0.35 0.54 0.19 1.00 1.04
2.0 0.66 2.26 2.03 0.49 0.29 0.40 1.36 0.45 1.77 0.54 0.33 0.53 1.12 1.28 1.16
2.5 1.43 2.27 2.07 0.49 0.20 0.30 0.43 0.33 1.81 0.39 0.17 0.32 0.43 1.01 1.11
3.0 1.59 2.29 2.09 0.42 0.13 0.21 0.16 1.05 1.07 0.43 0.14 0.34 1.42 0.58 1.11

Table 5. Calculated results of the displacement amplification factor w∗ for six observer points at γ = 210◦, β = 1.0 and α = 0◦, 30◦, 105◦.

w∗
α 0◦ 30◦ 105◦

β Point η 1 2 3 4 5 6 1 2 3 4 5 6 1, 6 2, 5 3, 4

1.0 0.001 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.62 2.11 1.68 0.86 0.57 0.60 0.80 2.04 1.16 0.53 0.40 0.43 1.42 1.30 1.00
1.0 1.80 2.23 1.84 0.70 0.40 0.45 1.66 2.16 0.37 0.44 0.28 0.34 1.36 1.30 1.08
1.5 0.52 2.27 1.89 0.71 0.30 0.37 0.98 2.22 1.20 0.78 0.35 0.45 1.16 1.29 1.26
2.0 1.82 2.29 1.92 0.62 0.24 0.31 1.50 2.25 1.77 0.66 0.28 0.38 0.92 1.27 0.99
2.5 0.50 2.30 1.95 0.57 0.20 0.27 1.28 2.26 1.48 0.43 0.17 0.25 0.82 1.25 1.23
3.0 1.83 2.31 1.97 0.56 0.17 0.24 1.22 2.28 0.58 0.56 0.18 0.27 0.95 1.24 1.07

Table 6. Calculated results of the displacement amplification factor w∗ for six observer points at γ = 210◦, β = 0.75 and α = 0◦, 30◦, 105◦

w∗
α 0◦ 30◦ 105◦

β Point η 1 2 3 4 5 6 1 2 3 4 5 6 1, 6 2, 5 3, 4

0.75 0.001 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 1.33 2.05 1.58 1.00 0.42 0.44 1.25 1.86 1.04 0.61 0.29 0.30 0.72 0.88 1.14
1.0 0.71 2.17 1.70 0.84 0.22 0.25 0.17 1.63 0.42 0.50 0.15 0.20 0.50 0.44 1.00
1.5 1.84 2.26 1.76 0.79 0.32 0.37 0.46 1.14 1.30 0.84 0.33 0.44 0.93 0.98 1.26
2.0 1.36 2.23 1.75 0.78 0.30 0.55 0.58 0.56 1.71 0.78 0.33 0.28 0.36 1.19 1.08
2.5 1.85 1.62 1.95 0.92 0.41 0.73 1.90 0.80 1.06 0.47 0.53 0.75 0.96 1.01 1.15
3.0 1.19 2.76 1.76 0.82 0.68 2.04 2.07 1.76 0.84 0.75 0.59 1.80 1.61 0.89 1.15

Figure 16. Spectral variations in surface displacement amplitude around
the circular canyon with β = 1.25 and γ = 120◦ at α = 0◦, 60◦.

Figure 17. Spectral variations in surface displacement amplitude around
the circular canyon with β = 1.0 and γ = 120◦ at α = 0◦, 60◦.
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Figure 18. Spectral variations in surface displacement amplitude around
the circular canyon with β = 0.75 and γ = 120◦ at α = 0◦, 60◦.

It implies that different inhomogeneous parameters are sensitive to
the variation of dimensionless frequency and incident angle.

Obviously, it is necessary to consider the influence of different
wedge angle on surface displacement. Therefore, Figs 5–7 reveal the
displacement amplitude with wedge angles of 120◦, 150◦ and 210◦

respectively. The parameters are set as η = 1.0, β = 0.5, 1.0, 1.5
and incident angles are horizontal (α = 0◦), oblique (α=30◦) and
symmetrical (α=γ /2). Compared with different wedge angles by
means of Figs 4–7, it can be found out that when wedge angle
increases, the maximum displacement amplitude tends to decrease
obviously. The maximum surface displacement amplitude of the
wedge angle is 210◦ decreases by 70 per cent compared with the
right-angle wedge. When γ = 90◦, compared with other wedge
angles, the surface displacement amplitude on the right side of the
circular canyon have a significant increase.

Additionally, the local topography also has a remarkable impact
on the scattering of SH waves. Thus, in the research process of
this paper, to investigate the amplification effect of circular canyon
on surface displacement amplitude in inhomogeneous medium, the
following graphical results are analysed. Here, in order to present-
ing the degree of displacement amplification of the canyon, an-
other parameter named displacement amplification factor (w∗) is
defined:

w∗ = |w|
w̄

, (19)

where w̄ is the surface displacement amplitude under the quasi-
static condition.

First, six representative observer points are selected in this part
and illustrated in each figure. The inhomogeneous parameters equal
to 1.25, 1.0, and 0.75 respectively and the incident angles are
α = 0◦, 30◦, 45◦ in the subfigure. In Figs 8–10, it is perceived that
when γ = 90◦, the canyon has the strongest amplification effect on
the displacement amplitude at point 5. By means of the calculated
results, the maximum value of w∗ is 1.28 and occurs at the inho-
mogeneous parameter equals to 1.0. Nevertheless, when medium
is inhomogeneous (β = 1.25 and 0.75), the amplification effect of

the canyon is weakened as shown in Fig. 9, especially when the
inhomogeneous parameter is greater than 1.

Secondly, the angle of the wedge space is increased to 120◦ in
calculation, and the results are represented in Figs 11–13. Obvi-
ously, when wedge angle increases, the displacements amplitude
decreases generally. However, it can be found that the amplifica-
tion effect of the circular canyon on the displacement amplitude
increases and the amplification effect is about 1.6 times. Similarly,
the maximum displacement amplification factor occurs at the condi-
tion of inhomogeneous parameter equals to 1.0 as well. Meanwhile,
the amplification is still weakened in inhomogeneous medium. In
addition, the maximum amplification effect of the canyon appears
at point 2 and point 3 when the medium is inhomogeneous, and at
point 6 when the medium is homogeneous.

Thirdly, the case of the wedge space angle equals to 150◦ is
calculated. For purpose of representing the amplification effect of
circular canyon on ground motion more directly, the results of this
example are given by displacement amplification factor. Six ob-
server positions are selected as shown in Fig. 14. Tables 1–3 present
the displacement amplification factor with dimensionless frequency
varies, corresponding to β = 1.25, 1.0, 0.75 respectively. The max-
imum displacement amplification factor ω∗

max at various incident
angles is expressed in bold. Currently, the amplification effect of the
circular canyon on the surface displacement amplitude is about 1.7
times. Based on the graphical results of different wedge angles, the
amplification coefficient of the circular canyon increases with the
increase of the wedge angle. That may because during the interac-
tion between the angle of wedge and the existence of the canyon, the
amplification effect by the canyon on the surface displacement is
more significant than the energy absorption by the increase of wedge
angle. However, the amplification effect of the circular canyon on
the surface displacement amplitude decreases with the increase of
inhomogeneous parameters.

Finally, the condition of the wedge angle equals to 210◦ is con-
sidered. Fig. 15shows the cross section and six positions on the
ground surface. Similarly, Tables 4–6 demonstrate the displace-
ment amplification factor with dimensionless frequency variation,
corresponding to β = 1.25, 1.0, 0.75 respectively. Combined with
the data in three tables, the displacement amplification factor in-
creases to 2.76. Meanwhile, the maximum amplification effect of
topography on surface displacement occurs at the inhomogeneous
parameter equals to 0.75, same as the condition of wedge angle
equals to 150◦. Association with the analysis of the last group of
examples, the amplification effect of circular topography in inho-
mogeneous wedge is still weakening, but the amplification effect
will increase sharply at some conditions.

In order to directly observe the surface displacement amplitude
changes around the local circular canyon topography in the inho-
mogeneous wedge space, the surface displacement spectrums are
illustrated in Figs 16–18 with the frequency varied is given below.
Figs 16(a), 17(a) and 18(a) correspond to β = 1.25, β = 1.0 and
β = 0.75, respectively under horizontal incidence (α = 0◦). Simi-
larly, Figs 16(b), 17(b) and 18(b) correspond to β = 1.25, β = 1.0
and β = 0.75, respectively under oblique incidence (α = 60◦).
Combing with these figures, one obvious phenomenon is found
out that inhomogeneous medium is beneficial to reduce the amplifi-
cation effect of circular canyon on surface displacement amplitude.
For horizontal incident SH wave, the reduce effect is mainly re-
flected in the illuminated side, while for oblique incidence cases,
it is on both sides. When the wedge space is inhomogeneous, the
amplitude of surface displacement is more sensitive to the variation
of dimensionless frequency.
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5 C O N C LU S I O N

In this paper, an analytical solution for SH waves scattering by a
circular canyon in inhomogeneous wedge space has been addressed
by using complex function method. Comparing with the existing
results (Lee et al.1996; Trifunac 1973), the validity of the proposed
analytical solution is verified. To demonstrate the amplification of
ground motion of the inhomogeneous wedge space with a circular
canyon, the surface displacement amplitude under different inho-
mogeneous parameters is calculated and discussed. According to
the analysis of the graphical results, the following viewpoints are
obtained.

(1) The inhomogeneity of underground medium benefits to re-
duce the amplification effect of a circular canyon on the surface
displacement amplitude.

(2) The inhomogeneity of underground medium makes the sur-
face displacement of the wedge space more sensitive to dimen-
sionless frequency and incident angle. That indicates the inhomo-
geneities of underground soils and rock masses have significant
effect on wave propagation and ground motion.

(3) The wedge angle influences the amplification of the sur-
face displacement amplitude of circular canyon. When γ = 90◦,
the maximum amplification on the circular canyon to the surface
displacement amplitude is about 1.4 times, when γ = 120◦, 150◦,
it is about 1.6 times, and when γ = 210◦, it is about 2.7 times.
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