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ULRICH BUNDLES OF ARBITRARY RANK
ON SEGRE-VERONESE VARIETIES

F. MALASPINA

AssTrACT. We generalize the results by Eisenbud and Schreyer about Ulrich bun-
dles over Veronese varieties to Segre-Veronese varieties. We discuss the range
where we have natural cohomology and we construct multigraded resolutions and
monads for Ulrich bundles of any rank. Moreover we give cohomological charac-
terizations for significant families of bundles.

1. INTRODUCTION

Let PN be the N-dimensional projective space over an algebraically closed field
k of characteristic 0. If X C PV is a smooth closed submanifold of dimension n > 1
we set Ox(h) := Opn (1) ® O.

Among vector bundles V on such an X, the simplest ones from the cohomolog-
ical point of view satisfy the vanishing

H'(X,V(th))=0, Yi=1,..,n-1,teZ

Such vector bundles are called arithmetically Cohen-Macaulay (aCM for short).

There has been increasing interest on the classification of aCM bundles on var-
ious projective varieties, which is important in a sense that the aCM bundles are
considered to give a measurement of complexity of the underlying space. More-
over the aCM bundles are a crucial ingredient for the study of any bundle on X as
it is showed in [16]]. A special type of aCM bundles, called the Ulrich bundles, are
the ones achieving the maximum possible minimal number of generators given
by deg(X)rank(V). These bundles, originally studied for computing Chow forms,
conjecturally exist over any variety (see [L0]]) and they are characterized by the
linearity of the minimal graded free resolution over the polynomial ring of their
module of global sections. Many recent papers are devoted to the study of Ulrich
bundles over significant varieties (see [3], (16}, [7, [8]]).

In [9]] the authors give families of arbitrary large dimensions over Segre vari-
eties (except IP! x IP!). In [I1] it is shown that every Ulrich bundle over a rational
normal scroll of dimension two is obtained as an extension between two direct
sums of line bundles and, in case of quartic scrolls, all the aCM bundles are clas-
sified. In [2] are classified Ulrich vector bundles of arbitrary rank on smooth pro-
jective varieties of minimal degree of any dimension. They are characterized as
the bundles admitting a special type of filtration. A consequence of this result is
that the moduli spaces of Ulrich bundles are zero-dimensional. The case IP? xIP! is
very peculiar, in fact there exists only a finite number of aCM bundles which are
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2 F. MALASPINA

not Ulrich; in [12] all the aCM bundles are classified. The case of IP? x IP? is much
more complicated and has been studied in [15]]. The bigraded resolutions of Ulrich
bundles of arbitrary rank are constructed. Cohomological characterizations of the
Ulrich bundles V with k! (V@Qp®Qp2) = 0, or with h?(V@Qp2 (-1)8Qp2(~1)) = 0,
or obtained as pullback from IP?, are proved. The case of Veronese varieties has
been studied in [10]. The authors show that every Ulrich bundle has natural co-
homology and can be obtained from a graded resolution.

The aim of this article is to generalize the cohomological characterizations of
Ulrich bundles from [10] and [15] to Segre Veronese varieties ¥ obtained by em-
bedding P"t x --- x P"s with O(ky,...,ks) (s > 0,kq,..., ks > 1). More precisely we
show that every Ulrich bundle V on ¥ is regular according to both the two differ-
ent notions of Castelnuovo-Mumford regularity given in [4] and [14], moreover it
has natural cohomology (as in [10] on Veronese varieties) in a suitable range. Then
we compute the cohomology of V tensored with the pullbacks of the Q bundles
with suitable twists. We introduce the following notation:

aiv s = (V(=ih) @ Qphy (a1) B B Qg (a5))
where 0 < a; < n; and we show that
WV (=ih) @ Qph, (a1) & -+ BQP, (a5) = 0
if k=i.
Thanks to a Beilinson type spectral sequence constructed with suitable excep-
tional collections we prove that, for g = 0,...,1ny +--- + n,, V(—qh) is the homology
of the monad

af,...,ds
Day

0— By = &y, 4ta,=gO(-a1,...,—as) — B, —0

where B is defined by the exact sequence

Mg

nY e
0— O(-ny,...,—ns) % = B pra=q+10(=a1,.., —a5)

Jeenrlls

and B, is defined by the exact sequence

ap+-+ag

a+-+a
@aq 1 s

Say — 0.

0— By = & 4ta=g-10(—ay,...,—a) — . > B g, =10(-a1,..., —ay)

Notice that for g =0,9 =1 and g = n; +---+ n; we obtain a multigraded resolution.
Here we summarize the structure of this article. In section[2lwe make the coho-
mological computations related to an Ulrich bundle and we discuss the Castelnuovo-
Mumford regularity and the range where we have natural cohomology. In section
[3| we prove the main results for the case of biprojective spaces. In section [4] we
give cohomological characterizations for significant families of Ulrich bundles. In

section 5| we deal with the general case.

2. CoHOMOLOGY OF ULRICH BUNDLES ON SEGRE VERONESE VARIETIES

.....

< x P with O(ky,..., k) (s > 0,k ke > 1). Let d = ny + -+ n, and h = khy +
.-+ kshs. We have

da!
_ ny g
""" S e

.....
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Moreover we have

Pic(X) = M
AL
and
wyx = Ox(—(ny + 1)hy == (ns + 1)h;y).
We will simply denote Ox(aihy +--- + ashs) by Ox(ay, ..., as).

n,+1

Letusdenotebye;:( forr=1,...,s

We will often use the following exact sequences obtained as pullbacks of Koszul
sequences from P":

(1)
0—0(0,...,-n,~1,...,0) — O (0,...,~n,,...,0) = - — O(0...,-1,...,0) > O — 0,

and fora,=1,...,n,—-1,1=1,...,s

(2) 0—00,...,a,—1,—1,...,0) = O%(0,...,a, — 1,...,0) — -+~
- — O1(0,...,~1,...,0) > Opm B BOQY, (a,)8 -8 Ops, — 0,
(3) 0— Opn ®B---BQ, (a,) 8- &Opn, — O% — ...

—0%(0,...,a,—1,...,0) > O(0,...,a,,...,0) > 0,

(4)

0 —>Qﬁ}nl(a1)x RQEL (a1 )®O(a;-1;-1,0,...,0) —>Q§Jﬂl (a)R---RQ:

]
P-1 11)”1 1 (a11)RO™ (a;-n,0,...,0) — -

I
= Qpy (a1 EIQIPInll (a1_)RO“#1(=1,0,...,0) — Qpn, (a7)8:- ﬁﬂlpn, (a1)mO — 0,

!
(5) 0— Q;)I”I (al) X---X Q]P”l (al) RO — Q]P”l (al) QIP]nzl 1 (a-1) RO — ...
— Qo (a1)R--BQP: (al_l)EOel(al—l,O,...,O) — Qpy (a1)8---RQP: (a1-1)8O(ay,0,...,0) — 0.

We will use the following definition of Ulrich bundles (see [L10]):

Definition 2.1. A bundle V on ¥ is Ulrich if H (V(jh)) = 0 for any i and j =
-1,...,—d

Proposition 2.2. Let V be an Ulrich bundle on ¥.
(i) Foranyi>0, H' (V(=ih)®@O(ji,...,js)) = 0 if ji,...
(ii) Foranyi<d, H(V(-(i+1)h)®O(j1,.. ,]5)) 0 1f]1, Js <0.

Proof. Hl( (jh)) =0 for any i and j =—1,...,—d since V is Ulrich.
Since H4(V(-dh)) = 0, HY(V(-=dh) @ O(jy, ..., js)) = 0 if jy,..., js > 0.

Let assume (i) for any index i > iy > 1. We prove (a) for iy — 1.
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From (1) tensored by V(~(ip — 1)h) ® O(0,...,1,...,0) since for any k > 0
HO R W (=(ig = )1 8 O(0,..., k..., 0)) = HO ™ (V(~(ip ~ 1)h)) = 0,
we get
Ho Y (V(=(ip - 1)) ®O(0, ..., 1,...,0)) = 0.
From (1) tensored by V(—(ig — 1)h) ® O(j1,...,j- + 1,...,js) with ji,..., js = 0 since
forany k>0
HO () (=(ig = 1)) @ O(j1,- - jr —kvevrrjs) = 0,
we get
HO YH (V(~(ig — 1)h) ®O(jy, ..., js)) = 0
if j1,...,js = 0. So (i) is proved.

Since HO(V(~h)) = 0, H(V(-h)® O(j1,...,js)) = 0 if ji,...,js < 0.
Let assume (ii) for an index i < iy <d —1. We prove (ii) for iy + 1.

From (3)) tensored by V(—(ip + 2)h) ® O(0,...,n,,...,0) since for any k > 0
Hot R (W (=(ig + 2)h) ® O(0, ..., k, ..., 0)) = HO L (V(—(ig + 2)h) ® 0) = 0,
we get
HOP Y (V(=(ig + 2)h) ® O(0,...,~1,...,0)) = 0.

From (3) tensored by V(—(ip+2)h)QO(j1,..., 1+ ss..., js) with jq,..., js <0, since
forany k>0

HO W (~(ig + )W) @Ot ji+ K, i) =0,
we get
HO (V(=(ig + 2)h) ® Oy, .... js) = 0

when ji,...,j; <0 and (ii) is proved.
O

Remark 2.3. In particular an Ulrich bundle on ¥ satisfies the two different notions
of Castelnuovo-Mumford regularity given in [4] and [14].

Proposition 2.4. Let V be an Ulrich bundle on ¥. Let a,,l, v be integers 0 < a, < n,
and l,r=1,...,s.
(a) Foranyi>0, H(V(=ih)®Opm (j1)&--- B QL (a,+1+j,) -8 Opn (js) = 0
if jrreejs 2 0. .
(b) Forany i <d, H'(V(~(i + 1)h)®Opn (jn) 8-+ 8O, (a,+ j;) - BOps (j.)) = 0
if j1,...,js <0. ‘
(c) Foranyi>0, H'(V(-ih)®Q" (a;+1+j1)R---ROQY (a;+1+])RO(j111,---,Js) =
0 lfjl,...,js > 0
(d) Foranyi<d, H(V(-(i+1)h)®@Q% (a1 +j;)R---BQ (a;+j1)RO(j141,.--,]5)) =0
if j1,...,J5s <0.

Proof. (a) Since H*(V(-dh)) = 0, from H tensored by V(-dh)® O(0,...,1,...,0) we
get

HY(V(-dh)® Opn ®--- R Q2

pri (@ + 1) R+ ®Opns ) = 0.
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By a recursive argument, since
HY(V(=dh)@O(j1,...,js) = 0
HY(V(=dh)® Opni (j1) B+ B QP (a,+ 1 +j,) B+ B Opne (js)) = 0

when ji,...,js > 0.

for ji,...,js = 0, we get

Let assume (a) for any index i > iy > 1. We prove (a) for ip — 1.

From (2) tensored by V(—(iy —1)h) ® O(0,..., 1,...,0), since for any k > 0
Ho 5 ()(—(iy - 1)h) ® O(0, ..., —k,...,0)) = HO L (V(=(ig — 1)h)) = 0,
we get
HO Y (V(~(ig-1)h) @ Opn R --- Q% (a, + 1) R --- " Opn) = 0.

From ({2)) tensored by V(—(ig — 1)h) ® O(j1,...,j1 + 1,...,js) with ji,...,js > 0, since
forany k>0

HO Y W (=(ig = D) @Oy, ji =Ky j6)) = 0,

we get
HO™ (V(=(ig = 1)h) @ Opm(j1) B---BQY (2, + 1= j)) 8-+ R Opn(js)) = 0.
(b) Since H(V(~h)) = 0, from (3) tensored by V(~h) we get

H(V(~h)® Opm &+ R Qp; (a,) B’ Opus ) = 0.

By a recursive argument since
HY V(=) & O(jy, ..., js)) = 0
for ji,...,js < 0 we get
H(V(-dh)® Opm (j1) -8 Qg (a, + j,) B+ 8 Opns (js)) = 0

when jj,...,js <0.
Let assume (b) for an index i < iy <d — 1. We prove (b) for i + 1.

From (3)) tensored by V(—(iy + 2)h) since for any k > 0
HO k(W (—(ig + 2)h) @ O(0, ..., k, ..., 0)) = HOT L (V(=(iy + 2)h)) = 0,
we get .
HOY (V(=(ig+ 2)h) @ Opm B -+ R QY (a,) R -+’ Opnm) = 0.
From (3)) tensored by V(—(ip + 2)h) ® O(j1,-.-, ji,---,js) wWith jq,..., js < 0 since for
any k>0
HO R W(=(ig + 2)) @Oy, ..., i + K, 0js) = 0,
we get
H (V(=(ig + 2)h) @ Opn (j1) &+ B Q™ (@, + j)) &+ B Opn(js)) = 0.
(c) The case I =1 is proved in (a). Let assume (c) for [ —1 with 2 <] <s. We
prove (c) for I.
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From (4) tensored by V(-ih)®O(1,...,1,1,0,...,0) since for any k > 0

H* ¥ (V(=ih) @ Qph, (a + 1) & ® QL (a1-1 +1)RO(=k,0,...,0)) = 0,
we get
H (V(-ih)@Q% (a1 +1)R---"QY(a; + 1)RO) = 0.

From (4) tensored by V(-ih)®O(j; +1,...,j1+ 1,ji41--., js) with jq,..., js > 0 since
forany k>0

H* ¥ V(=) @ Qp, (a1 +ji + D& RO (a1 + jig + RO =K, jis1,--.,j5) = 0,
we get

H (V(-ih)®@ Q" (a; +1+j;1)®---"QY(a + 1+ j;) RO(jj11,...,js) = 0.

(d) The case I =1 is proved in (b). Let assume (d) for I -1 with 2 <1 <s. We
prove (d) for I.

From (5) tensored by V(—(i + 1)h) since for any k > 0
H* V(=i + 1)) @ Qphy (a1) B -+ R Q| (a1-1)RO(=k,0,...,0)) = 0,
we get
HWV((i+1)h)eQ% (a8 -8 Q% a;)rO)) = 0.
From (5) tensored by V(—(i + 1)h)® O(j1,..., ji,---,js) with ji,...,js <0
H™ V(=i + )h) @ Qg (a1 +j1) B8O (a_y + ji1) ROGy =K, i, js) = 0,
we get

H'(V(=ih) @ Q" (ay +j1) &8O (a) + j1) 8Ot s)) = 0.
(]

Remark 2.5. The above Proposition holds also up to a permutation of the factors
P™,... P,

Definition 2.6. Let V be an Ulrich bundle on ¥. Let q; = 0,...,1n;. We introduce
the following notation:

(6) afvt = W (V(=ih) @ Qph, (a;) B -+ B QP (a5))
Notice that Q%, = Ops and Q2 (1) = Opn(-1)
Remark 2.7. Let V be an Ulrich bundle on X. Leta; =0,...,n; and i = 0,...,d. By

Proposition[2.4) we get

V(=i @ Q™ (a;) R -’ Q% (a)) = 0

for any k = i.
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3. RESOLUTIONS AND MONADS FOR THE CASE S = 2

Let X = P xIP", let assume m > n, we have Pic(X) = Zﬁf’}:ﬁz
hy"h;

1)hy = (m + 1)hy). We will simply denote Oy (ah; + bh;) by O(a,b) and Q.. (a) ®
Opr, Opn 8 QL (b) by Q%a) 0,0 = QY(b).

Let ¥ = Ef,;fn be the Segre-Veronese variety obtained by embedding P x P" with
O(ky,ky) (ki,ky > 1). Letd =m+nand h = khy + lh,.

and wy = Ox(—(n+

d!

deg(Zihii%) = (kuhy + kolo)? = k"1 deg (%) = KK} .

Definition 3.1. Let V be an Ulrich bundle on . Leta=0,...,m, b =0,...,n and
i=0,...,d. We introduce the following notation:

(7) a®? = W (V(=ih) @ Q%(a)® Q¥(b))

Remark 3.2. Let V be an Ulrich bundle on ¥. Let a =0,...,m, b = 0,...,n and
i=0,...,d. By Proposition [2.4 we get

KV (-ih)® Q% (a)r QY (b)) = 0
for any k = 1.

We will use the following version of Beilinson Theorem (see [2] and [19], [13],

[51):

Theorem 3.3. Let X be a smooth projective variety with a full exceptional collection
(Eo,...,E,) where E; = E[~k;] with each &; a vector bundle and (k,...,k,) € Z7om+1
such that there exists a sequence (F, = F,,...,Fy = Fy) of vector bundles satisfying

kg - pktkie @ ry—d ©  fi=j=k
(8) Ext™(E;, Fj) = H (El®}})_{ 0 otherwise
i.e. the collection (F,,...,Fy) labelled in the reverse order is the right dual collection
of (Ey,...,E,;). Then for any coherent sheaf A on X there is a spectral sequence in the
square —n < p <0, 0 < g < nwith the E;-term

EPT = Ext(E_,, A)® F_, = HI"" (6,0 A)® F,

which is functorial in A and converges to

pa_ | A ifp+tq=0
() Eeo” = { 0 otherwise.

Now we construct the full exceptional collections that we will use in the next
theorems: Let us consider on P the full exceptional collection {Opm(—m),...,Opmu(—1),Opm}
and on IP" the full exceptional collection {Opn(—n),...,Opn(—1),Opn}. We may ob-
tain (see [18])):
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(10)

Emrnyna1)-1Kme1ynr1)-1] = ( ,—n)[=(m+1)(n+1)+d+1],
Emr)ne1)—2[kma)ns1)—2] = O(=m+1,-n)[-(m+ 1)(n+ 1) +d + 1],
5(m+1)(n+1 3[km+1 (n+1)- 3] =0(=m,—n+1)[-(m+1)(n+1)+d+2],...

-+ E[kg] = 0(0,-3)[-6] ’58[k8] =0(-1,-2)[-5], &[k;] = O(=2,-1)[-4], Ec[ke] = O(=3,0)[-3],
Eslks] = O(0,-2)[-3], &ulks] = O(-1,-1)[-2], &5[k3] = O(=2,0)[-1],
Exlka] = 0(0,-1)[-1], & [ki]=0O(-1,0), & [ko] = O
The associated full exceptional collection (F; = 7y, ..., Fy = Fy) of Theorem [3.3]is

11

( ;:(m+1)(n+1)—1 =0(-1,-1), Futymr1)-2lkms1)ni1)-2] = Q" (m-1)mO(-1),
Fmst)msn)-s = O(-1)RQ"H(n-1)),..., F =0”Q>(3),
F=0'1)r0Q*2), £F=0°2)rQ'(1), % =0Q°3)r0,
F5=0m0%2), {=0(1)y0(1), 5 =0*2)r0,
H=0rQ(1), F =Q(1)RO, K =0.

Let us call G*? = Q%(a)m QP (b). Notice that Q" (m) = O(-1) and I (G**®O(s, t)) =

0if and only if s =a,t = b,i = a+b. So we get the orthogonality conditions. Notice
moreover that Extk (EI,E]) Extk(Fi,Fj) =0 for k> 0 and any i, j, we have that
and are full exceptional collections.
Remark 3.4. It is possible to state a stronger version of the Beilinson’s theorem (see
[3] Remark 2.4). Let us consider and let A be a coherent sheaf on X. Let (Ey,...,E,)
be a full exceptional collection and (Fy, ..., F,,) its right dual collection. Using the
notation of Theorem if (Fy,...,F,;) is strong then there exists a complex of
vector bundles L*® such that

A ifk=0,
0 otherwise.
(2) L*= @ HT"+(A®E_,)®F_, with0<gq<nand -n<p<0.
k=p+q
Theorem 3.5. Let V be an Ulrich bundle on . Let a = 0,...,m, b = 0,...,n and
p=0,...,d. ThenV arises from an exact sequence of the form:

(1) HYL®) =

m,n—1 m-1,n

(12) 0 — O(=m,—n)®% " — O(=m,—n+1)2%"  @O(~m+1,-n)®%0  — ..

ab 1,0 0,1 0,0
o= @aup=pO(—a,-b)®% — ... - O(-1,0)%% ©0(0,-1)*% — O%*0 —V -0,

or

m,n—1 m-1,n

(13) 0— O(—m,—n)eaainyn — O(-m,—n+1)®1"  @O(-m+1,-n)®1 " — ...

o By O-a,-b)24 L 0(=1,00241" @ 0(0,~1)24" — V(=) — 0,

or



ULRICH BUNDLES OF ARBITRARY RANK ON SEGRE-VERONESE VARIETIES 9

(14)
0 — V(_dh) — O(_m, _n)e}a;n'” N O(—m,_n + 1)69&;71,71—1

®O(-m+ 1,—n)@“:1n71’” — ...
ab 1,0 0,1
e = Bayp=pO(—a,-b)*% — ... > O0(-1,0%% ©0(0,-1)%% —0,
or V(—(d —1)h) is the homology of the following monad

mn

(15) 0— O(—m,—n)@adfl — O(_m’_n + 1)@5{;"7"1"1 EBO(—m + 1,—71)@0‘:1”:11'" B

where B is defined by the exact sequence

a,b 1,0 0,1
B — &®,:p-4-20(=a,-b)®%1 — ... — O(-1,0)%%-1 © O(0,-1)®%-1 — 0,

or for 1 <q<d—1V(-qh) is the homology of the following monad

a,b
(16) 0 — By — @44p=qO(~a,-b)** — B, — 0,

where By is defined by the exact sequence

m,n

a,b
0— O(-m,—n)®%" — . — ®a+b:q+10(—a,—b)@“‘7 — By —0

and B, is defined by the exact sequence

a,b 1,0 0,1
0— By = @pip=g-10(-4,-b)*" — ... > O(-1,0)*% & 0(0,-1)*% — 0.

Proof. We consider the Beilinson type spectral sequence associated to V and iden-
tify the members of the graded sheaf associated to the induced filtration as the
sheaves mentioned in the statement. We consider the full exceptional collection
&, given in and collection 7, given in (11).

We construct a Beilinson complex, quasi-isomorphic to V, by calculating H ki (ve
F;)®E; withi,j €{0,...,d} to get the following table (We put the collection (Ey, ..., E;)
in the top row and the collection (Fj,...,F,) in the bottom row, see [2]):
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[O(=m,—n) [O(=m+1,-n) [O(=m,—n+1) [ ... [O(0,—n) [ ... [O(-n,0) [ ... [O(0,-1) [O(-1,0) | O |
H H? 0 0 0 0 0 0
H4-1 Hi-1 H 0 0 0 0 0
HY HY H! 0 0 0 0 0
0 0 HO H 0 0 0 0
0 0 0 HO H* 0 0 0
0 0 0 0 H! HA 0 0
0 0 0 0 HO H4-1 HA 0
0 0 0 0 0 H4-2 HA-1 0
0 0 0 0 0 H! H? 0
0 0 0 0 0 HO H! 0
0 0 0 0 0 0 HO HY
’ O(—l,—l) ‘ gm—l,n ‘ gm,nfl ‘ ‘ gO,n ‘ ‘ gn,O ‘ ‘ gO,l gl,O ‘ O ‘
By Remark in every column of the table at most one element is different to
zero. We obtain
[O(=m,—n) [ O(-m+1,-n) | O(=m,—n+1) [ ... [ O(0,-n) | [ O(-n,0) | [0(0,-1) [O(-1,0)] O ]
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
ag” ay " 0 0 0 0 0 0
0 0 ag"! 0 0 0 0 0
0 0 0 ay” 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 ag® 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 ay! 0 0
0 0 0 0 0 ... 0 ay’ | e’
’ O(—l,—l) ‘ gm—l,n ‘ gm,n—l ‘ ‘ gO,n ‘ ‘ gn,O ‘ ‘ gO,l gl,O ‘ O ‘

Using Beilinson’s theorem in the strong form (as in Remark|3.4) we retrieve the

resolution .
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ing H”kf(V@]-'j)@é’j with 7,7 €1{0,...,d} and by Remark|3.2|in every column of the

Now we construct a Beilinson complex, quasi—isomorc to V(—h), by calculat-
table at most one element is different to zero. So we get the following table:

[ O(=m,—n) [ O(=m+1,-n) [ O(=m,—n+1) [ ... [O(0,-n) [ ... [O(-n,0) [ ... [O(0,-1) [ O(-1,0) [ O |
0 0 0 0 0 ... 0 0 0
0 0 0 0 0 ... 0 0 0
al™" al' ™" 0 o 0 . 0 ... 0 0 0
0 0 al" ! 0 0 ... 0 0 0
0 0 0 al" 0 0 0 0
0 0 0 0 al™® 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 ad! 0 0
0 0 0 0 0 0 al® o
0 0 0 0 0 ... 0 0 0
’ O(—l,—l) ‘ gm—l,n ‘ gm,n—l ‘ ‘ gO,n ‘ ‘ gn,O ‘ ‘ gO,l ‘ gl,O ‘ 1) ‘

So we get the resolution (13).

Now we construct a Beilinson complex, quasi-isomorphic to V(-dh), by calcu-
lating H ™% (v ®F)®¢&; with i,j €{0,...,d} and by Remarkin every column of
the table at most one element is different to zero. So we get the following table:
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[OFm,—n) [OFm+1,—n) [ OFm,—n+1) | ... |00,~n) ... |O(-n,0)]... |0(0,~1) [O(-1,0)[ O]
al” al =t 0 o ... o ... 0 o |o
0 0 aj! 0o ... 0o ... 0 0 0
0 0 0 0 0 0 0 o
0 0 0 0 0 0 o |o
0 0 0 ad" 0 0 0 0
0 0 0 0 ali? 0 0 0
0 0 0 0 0 ad! 0 0
0 0 0 0 0 0 at® o
0 0 0 o 0 0 0 o
0 0 0 0 0 0 o |o
0 0 0 0 0 0 0 |0
’ O(—l,—l) ‘ gm—l,n ‘ gm,n—l ‘ ‘ gO,n ‘ ‘ gn,O ‘ ‘ gO,l ‘ gl,O ‘ O ‘

So we get the resolution (14).

Now we construct a Beilinson complex, quasi-isomorphic to V(—(d — 1)h), by
calculating Hi*ki (VeF)ef; withi,j €{0,...,d} and by Remarkin every column
of the table at most one element is different to zero. So we get the following table:

’ O(-m,—n) \ O(-m+1,-n) \ O(-m,-n+1) \ \ 0(0,-n) \ \ O(-n,0) \ \ 0(0,-1) \ 0O(-1,0) \ @) ‘
0 0 0 0 0 0 0 0
al ai b 0 " 0 0 0 0 0
0 0 a =t 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 B 0 0 0 0
0 0 0 0 A 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 ak’, 0 |0
0 0 0 0 0 0 ayl o
0 0 0 P N 0 |o
’ O(—l,—l) ‘ gm—l,n ‘ gm,nfl ‘ ‘ gO,n ‘ ‘ gn,O ‘ ‘ gO,l ‘ gl,O ‘ O ‘

So we get the monad (15).
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Finally we construct a Beilinson complex, quasi-isomorphic to V(—gh) with 1 <
q <d—1, by calculating Hi+kf(V®}'j)®8j with i,j €{0,...,d} and by Remarkin
every column of the table at most one element is different to zero. So we get the
following table:

[ O(=m,—n) [ O(=m+1,-n) [ O(=m,—n+1) [ ... [O(0,-n) [ ... [O(-n,0) [ ... [O(0,-1) [ O(-1,0) [ O |
0 0 0 0 ... 0 0 0 [0
ap” ap 0 0 0 0 0 0
0 0 ab 0 0 0 0 0
0 0 0 0 0 0 0 |o
0 0 0 al" 0 0 0 0
0 0 0 0 ay”? 0 0 0
0 0 0 0 0 ay’ 0 0
0 0 0 0 0 0 alt |0
0 0 0 S T S O T I o |o
’ O(—l,—l) ‘ gm—l,n ‘ gm,n—l ‘ . ‘ gO,n ‘ . ‘ gn,O ‘ . ‘ gO,l gl,O ‘ O ‘
So we get the monad (16). O

Remark 3.6. Notice that if we tensor (13), (15), and by O(gh) with g =

1,...,d and O(dh) we get resolutions or monads related to V that are all different
from each other and from (12).

(1) From 1) we deduce that we must have a?'l =0 or a%’o = 0.

(2) From (15) and we deduce that for any g = 2,...,d — 1 it is not possible
to have aq’q =..=al =0.

(3) If © is a Segre Variety namely if k; = k, = 1 we get that a/™" = h'(V((~i —

1)h)) = 0 for any i <d so (12), (13), (15), can be simplified.
In particular becomes

m—1,n

0 — V(=(d = 1)h) = O(=nt,—n + 1)°%0 @O(=m+1,-n)®%1" =
o @rygrO(—a, b)Y . — O(=1,0)2% §O(0,~1)2%1 — 0,

4. FamiLies oF ULRICH BUNDLES ON X

We start this section with an example with families of Ulrich bundles supported
on every ¥ obtained as pullbacks from the Veronese varieties (IP", Opm(ky)) and
(P", Opn(k5)):
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Example 4.1. Let £ be an Ulrich bundle on (IP”,Opn(k;)) and F be an Ulrich
bundle on (IP",Opn(k,)), then E(nk;) & F, £ R F (mk,) are Ulrich bundles on ¥. In
fact, fort=1,...,m+n,

E(nk)®F @ O(—th)

is acyclic since F(—tk,) is acyclic in (IP"”,Opn(k,)) for t = 1,...,n and E((n — t)k,) is
acyclicin (P",Opm(ky)) for t =n+1,...,n+m. Similarly for t = 1,...,m+mn,

£ & F(mky) @ O(~th)

is acyclic since F (—tk;) is acyclic in (IP”, Opnu(k;)) for t = m+1,...,m+n and E(-tk;)
is acyclic in (IP", Opm(ky)) for t =1,...,m.

In particular if k, = 1 then £(nk;) ®ROpn and € ®Opn(nk,) are Ulrich bundles on
Y.

Lemma 4.2. ¥ supports Ulrich line bundles if and only if we are in one of the following
cases:

e ¥ is a Segre variety, namely ki = ky = 1. In this case the only Ulrich line
bundles are O(n,0),O(0, m).

e n=1,m>1andk; =1. In this case the only Ulrich line bundles are O(1,k,—1)
and O(0, (m+ 1)k, — 1).

e m =n = 1. In this case the only Ulrich line bundles are O(k1—1, 2k,—1), O(2k; -
1,k, —1).

Remark 4.3. Whenm =1,n>1,k, =1, ¥ is a rational normal scroll of dimension
two. So a complete classification of Ulrich bundles of every rank is given in [11]].

Proof. O(a,b) is Ulrich if and only if h(O(a - tk;,b — tk,)) = 0 for any integer i
and for t = 1,...,m + n. Recall that hi(]P’”,Oﬁ)”(—s)) = 0 for any i if and only if
s=1,...,mand hi(IP”,Oﬁl)(—s)) =0foranyiifandonlyifs=1,...,nsoif m > 1, since
W (O(a —thy, b — thy)) = Y1425 hit (IP™, O(a — thy))h™2 (P", O3 (b — tky)), in order to
have O(a, b) acyclic for m+n consecutive twist we must have k; = k, = 1. Moreover
we get a = 0 or b = 0 hence the only Ulrich line bundles are O(n, 0),O(0, m).

If n =1 for any k, > 0 Op1 (-1 + kyt) is acyclic for t =0 so when m > 1 and k; > 1
there are not Ulrich line bundle and when k; =1 the only Ulrich line bundles are
O(1,ky —1) and O(0, (m + 1)k, — 1).

If m = n =1 for any ky,k; > 0 the only Ulrich line bundles are O(k; — 1,2k, —
1),0(2k; =1,k — 1) (see [1]] and [3]]).

O

Lemma 4.4. Leta=1,...,mb=1,...,n. Q%)= QPY(s)is Ulrich on ¥ in one of the
following cases:
(1) X isa Segre variety, namely ki =k, = 1, we have only Q! (n+1)mQ"~1(n), Q" (m)=
Ql(m+1),0(n,0),0(0,m).
(2) n=2k; =1and k, = 2, we have only Q' (3)® Q1(7),Q1(7) = Q! (3)
(3) m=n=2andk; =ky =2, we have only Q' (3) R O(2), O(2) ® Q! (3)
(4) n=1,m>1and ky = 1. We have that O(k; - 1)m QP(1) Q*(1) R O(k, — 1) is
Ulrich for any a=1,...,m.
(5) n=1and m = k; = 2, we have only O(k; — 1) ® Q1(3),0(3k; - 1) ® Q1 (7)
Q'3)rROMK, -1),QY(7) O3k, — 1)
(6) m=n=1weget O(k; — 1,2k, —1),0(2k; — 1,ky — 1).
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Proof. QY1) & QP(s) is Ulrich if and only if ' (Q%(I - tk)) = QP (s - tk,)) = 0 for any
integer i and for t = 1,...,m + n. Recall that hi(IPm,Qﬁ)m(l)) = 0 for any i if and
onlyif l=a-1,...,a—mexcept =0 and hi(II’”,Qﬁ,,,(s)) = 0 for any i if and only
ifs=b-1,...,b—nexcept s = 0so if m> 1, since h' (h'(Q*(I - tk;) = Qb(s - thy))) =
Y =i pi (P Q8 (1 — thy))h2(P", QY (s — tky)), in order to have Q%(I) m QY(s)
acyclic for m + n consecutive twist we must have k; =k, =1 or m = k; = 2 and
ky=lorm=n=2and ky =k, =2.

Let m>2and ky =k, = 1. If a = n Qpu(l) is a line bundle Qﬁm(s) must have n
consecutive acyclic twist so in must be also a line bundle. A similar argument can
be used when b = m. Since these cases have been considered in Lemma [£.2] we
may assume a = 1,...,m—1,b =1,...,n — 1. Moreover we must have l =a+1 or
s=0b+1. Let assume a = b+ 1, In order to have m + n acyclic twist we must have
(P, Qpm(l—(m+n)) =0sol—m—n>a—-m,then > a+n. Since h*(IP", Q) # 0
we must have h"(IP”,Q]lfm(b+1—t)) =0,hence b+1-t>b—n,thenl <n+1. We may
conclude that n+1 <1 <a+nhencea=1and [ = n+1. Finally, since hb(IP”,Qﬁm,) =0,
we must have hO(le,QIlp,,,(n +1-b-1)) =0, which impliesn-b<1sob>n-1.
We have obtained Q! (n+ 1) Q" (n).

Similarly if we assume [ = a+ 1 we obtain Q"' (m)=mQ!(m+1). So we have proved

(1).
If n < 2 by a simple case by case analysis we get (2),(3).

If n =1 for any k, > 0, Op1 (-1 + kyt) is acyclic for t+ = 0 so when m > 1 and
ki1 > 1 there are not Ulrich bundle Q%s) ® O(I). When k; = 1 we must have
K (P™, QL. (s)) = 0 for any i and for m+1 consecutive twist except s = —1 so Qpm(s)
can be Q%(1) for anya =1,...,m. So we get (4). If m = k; = 2 we have the two cases
described in (5).

If m =n =1 by Lemma [4.2] we obtain also (6).

Remark 4.5. For cohomological characterizations of Q“(I)® QY (s) see [17].

Proposition 4.6. Let V be an indecomposable Ulrich bundle on . Let m > 1, then
(a) when n>1, ifa?’z = all’l =0 we must have ky =1 and V =0O(k; —1,1),
(b) when n=1,if ' (V®O(-2k;,~1-k;)) = 0 we get V = O(2k; —1,k, — 1) and if
H(VRO(-1-ki,—2ky)) = 0 we get V = O(k; — 1,2k, — 1).

Proof. (a) Let us consider the resolution 1) Since a?’z = ai’l =0 we get V(-h) =
O(-1,02%" ©0(0,-1)®"" . So by Lemma |4.2 we obtain that k, = 1 and V(~h) =
O(-1,0).

(b) after k;—1 right mutations the full exceptional collection {O(-1,-1),0(0,-1),0(-1,0), O}
becomes {O(k; —2,-1),0(k; —1,-1),0(-1,0),0}. So we obtain the following Beilin-
son table for V(-h):
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[ O(k; =2,-1) [ O(k; -1,-1) [O(-1,0) | O |

0 0 0 0
a b 0 0
0 0 c 0
0 0 0 0

| O(=ky,-1) [O(=k;+1,-1) [ O(-1,0) | O |

where a = ' (V(~h) ® O(~ki,-1)), b = k' (V(=h) ® O(=k; + 1,-1)), ¢ = ' (V(-h) ®
O(-1,0)). Since a = h*(V®O(-2k;,—1 —k,)) = 0 we obtain V(-h) = O(k; —1,-1)®* &
O(-1,0)%¢. Finally by Lemma we may conclude that V = O(2k; — 1,k; — 1).
Similarly if h'(V®O(~1 —ki,—2k;)) = 0 we get V = O(k; — 1,2k, — 1). O

Theorem 4.7. Let V be an indecomposable Ulrich bundle on . Let n>1,a=0,...,m,

b=0,...,n. Let a,ﬁ;b =0ifa+b=m—-1ora+b=m+1. Them we must havek; =k, =1
andV =0(0,m) if m=norV =0(n,0),V =0(0,m) if m =n.

Proof. Let us consider the monad for g = m:
ab
0— Bl - ®a+hzmo(_ar_b)®aq - BZ — 0.

Since af,;b:Oifa+b:m—1wegetBl =0 and since aﬁ;b:Oifa+b:m+1weget
5220. So

V(—mh) = @4, mO(-a, )"

and, since V is indecomposable, by Lemmawe get the claim.
O

Proposition 4.8. Let V be an Ulrich bundle on ¥. Let ky =1, if a¥’ =0 whena+b=
n+lora>1anda+b=nwegetV =E(nk)RO, where £ be an Ulrich bundle on
(IP™, Opm (ky)).

Proof. (a) Let us consider the monad for V(-nh) :
0— B — EBaer:nO(—a,—b)@“ﬁ'b — B, —0
where BB is defined by the exact sequence
0— O(=m,—n)®" = . @, ., 10(-a, —b)@“f"b — B, —0
and B, is defined by the exact sequence
0 — By — @y i1 O(—a,~b)P4 — . s O(=1,008%" ©0(0,~1)24 — 0,

Since aﬁ’b:0ifu+b:n+1wegetl32:0.
Sinceaﬁ’b:0ifa>1anda+b:nweget

mn a,b 0,n
0 — O(=m,—n)®" — .. = @4 pen_10(=a,—b)®" — O(0,-n)®" — V(-nh) — 0.
Now, since when b < n there no maps from O(-a,-b) to O(0,—n), we must have
aﬁ’b =0whenb<nanda+b=n+1,...,m+n—-1, sowe obtain

0 — O(=mt, -n)®%" =5 ... = O(=1,-n)®" 5 0(0,=n)24" — V(=nh) — 0

and we may conclude that V = £(nk; )RO, where £ is an Ulrich bundle on (P, Opm (k7 )).
O
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5. THE GENERAL CASE
Theorem [3.5|can be generalized to the general case as follow:

Theorem 5.1. Let V be an Ulrich bundle on X. Let a; = 0,...,n;. Then for 0 <q<d
V(—qh) is the homology of the following monad

(17) 0— B — ®a1+---+a5=q0(_alr- “’_as)@aql'"-’ —B;—0

where By is defined by the exact sequence

ns
... EBal+~--+as:q+l(/)(_al:~ -y —as)

@anl,u., ,,,,,,,,,
0— O(-ny,...,—ng)¥%

and B, is defined by the exact sequence

ay+--+a
G)thl s

0— By =& 4ta=g-10(—ay,...,—a) = B g =10(-ay,..., —ag)

Proof. Let us consider on every IP"i the full exceptional collection
{Oprni (=n;),...,Opni (1), Opni }.

We may obtain (see [18])) a full exceptional collection (E; ..., Ey) given by bundles
O(j1,---,Js) (0 < j; < n;) with suitable shift which is the generalization of .

The associated exceptional collection (Fy,...,Fy) of Theorem which is the
generalization of , is given by bundles G*% = Q% (a1 )R --- ® Q% (ay).

‘We construct a Beilinson complex, quasi-isomorphic to V(—gh), by calculating
Hl+kf(V®]-}) ®5j with i,j €{0,...,d}. By Remark in every column of the table

at most one element is different to zero. So, arguing as in Theorem [3.5| we get the
monad (17).

Remark 5.2. For g =0, g =1, g = d we obtain the resolutions. The resolutions and
monads are all different from each other for any g =0,...,d.

(1) From we deduce that for any q = 0,...,d it is not possible to have

asl""’as = 0 for every ay,...,as such that 0 < a4; < n; for every index i and
ap+--+as=q.
(2) If ¥ is a Segre Variety namely if k; =--- = k; = 1 we get that

alv " = W V(=i 1)h) =0
for any i < d so the bundle B, in can be simplified:

,,,,,,

ay af,..,dg
Day Day

0 — @y, 4ta,=d-10(=0a1,...,—a,) = D By pega,=g+10(—a1,..., —as) — B; —0.

(3) The results of section [4/ can be generalized on arbitrary Segre Veronese
varieties.
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