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We consider a high-dimensional random constrained optimization problem in which a set of binary variables
is subjected to a linear system of equations. The cost function is a simple linear cost, measuring the Hamming
distance with respect to a reference configuration. Despite its apparent simplicity, this problem exhibits a rich
phenomenology. We show that different situations arise depending on the random ensemble of linear systems.
When each variable is involved in at most two linear constraints, we show that the problem can be partially
solved analytically, in particular we show that upon convergence, the zero-temperature limit of the cavity
equations returns the optimal solution. We then study the geometrical properties of more general random
ensembles. In particular we observe a range in the density of constraints at which the system enters a glassy
phase where the cost function has many minima. Interestingly, the algorithmic performances are only sensitive
to another phase transition affecting the structure of configurations allowed by the linear constraints. We also
extend our results to variables belonging to GF(q), the Galois field of order g. We show that increasing the value
of g allows to achieve a better optimum, which is confirmed by the replica-symmetric cavity method predictions.

DOI: 10.1103/PhysRevE.106.054101

I. INTRODUCTION

The closest vector problem (CVP) is a constrained opti-
mization problem in which the objective is to find the vector in
a high-dimensional lattice that is closest to a given reference
vector (in principle, external to the lattice). In this work we
will study lattices defined by linear subspaces of GF(gq)", the
n-dimensional vector space over the Galois field GF(g). In
particular for the case ¢ = 2 (which we will mainly study),
the lattice is defined as the solution set of a XORSAT instance,
and the CVP can also be recast in the problem of finding the
ground state of an Ising spin-glass model with external fields.

CVP is a fundamental problem in theoretical computer
science: some versions of CVP were among the first ones
where an equivalence between worst case and average case
complexity has been shown. Such an equivalence has been
exploited to propose a robust cryptosystem [1]. Nonetheless
the CVP has been proven to be computationally NP-hard [2]
and hard to approximate, even allowing a potentially slow
pre-processing step [3,4].

The main motivation for studying this model is that it is
an ideal framework to understand, via statistical mechanics
computations, the mechanisms underlying the hardness in
approximating optimal solutions. As we will see, it shows
a wide range of nontrivial properties in the geometry of the
solution landscape, while (partially) conserving some analytic
feasibility coming from the fact that its configurations are
solutions of a linear system in GF(g).
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Surprisingly, we will show that approximating optimal so-
lutions is hard even in a region of parameters where the space
of solutions is “well connected.” In this region the model cor-
responding to the uniform measure over solutions looks nice
enough (e.g., it is in a paramagnetic phase, correlations de-
cay fast enough, a replica-symmetric solution well describes
the Gibbs measure). Nonetheless when we add the external
field to search for the closest solution to a reference vector,
the scenario changes dramatically: ergodicity breaking phase
transitions take place and the problem becomes very hard.

Given that the search space is always the same [solutions
to a XORSAT constraint satisfaction problem (CSP)] the ad-
dition of the external field can be seen as a reweighting of
the CSP solution space. It is well known that the reweighting
of the solution space can induce ergodicity breaking phase
transitions [5] and change the location of the phase transi-
tions [6,7]. In the present model we are going to show how
important the effects of the reweighting can be and how they
can affect algorithms searching for optimal solutions, which
are relevant is several common applications.

A. Compression

The CVP has a straightforward application to the lossy
compression of a symmetric binary source (source coding).
In this context, the compression task is to take an input y €

GF(2)" and to reduce it into a compressed version ¢ € GF(2)*
with k£ < n. The decompression task transforms ¢ into % €
GF(2)". The distortion is defined as the Hamming distance
dy (y, %), i.e., the number of differing components between the
two vectors. A good compression scheme is designed to result
in the smallest possible distortions, and the performance of

©2022 American Physical Society
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the scheme can be measured in terms of average distortion on
random binary inputs.

As an example, one trivial compression scheme consists
in truncating the input to the first k¥ components (compres-
sion) and reconstructing randomly the last n — k components
(decompression). Of course, it is possible to do much better.
In fact, the best possible performance for a given input dis-
tribution has been characterized by Shannon [8—10] thanks
to a duality with the channel coding problem. The smallest
achievable average distortion for a given pair 7, k on a binary
symmetric source is given by the equation

D=H"'(1-R), (1)
where R = % is called the compression rate, and where

H(p) = —plog,(p) — (1 — p)log,(1 — p)

is the binary entropy function and H~' is its inverse.
Interestingly, a theoretical asymptotically optimal (but com-
putationally inefficient) scheme is formed by random codes.
Random codes are constructed as follows: choose 2% random
vectors vy, ..., Uy in GF(2)". The compression scheme con-
sists in finding the vector v; that is closest to y. The binary
representation ¢ of i will be the compressed vector. When
n,k — oo with fixed compression rate R = %, the average
distortion (dj,(v;,y)) falls on the optimal line [8]. As it hap-
pens with the dual channel coding problem, a computationally
more efficient alternative can be constructed by replacing
random vectors by solutions of a random linear system (in
a discrete space), and this is the approach that has been taken
in Ref. [11] and that we will take here. In particular for g = 2,
random codes correspond to the solution set of instances of a
random XORSAT ensemble.

B. Relation with previous works

Let H be an m x n matrix with binary entries, and let
b e {0, 1}" be a m-component vector. An instance of the
XORSAT problem is given by a pair (H, b), the solution set of
this instance being the set of vectors x € {0, 1}" satisfying the
equation Hx = b modulo 2. The random XORSAT ensemble
is defined by taking b uniformly at random in {0, 1}"", and by
taking H from some random matrix ensemble. In this paper,
we will study the ensemble in which H is sampled uniformly
over the set of matrices having a prescribed distribution in
the number of nonzero entries per rows and per columns. The
random XORSAT problem has been studied extensively in the
past [12,13].

Note that the lossy compression problem of a random
uniform binary source is formally identically to the de-
coding problem in a binary symmetric channel (see, e.g.,
Ref. [14]). Although decoding using low-density parity-check
codes (LDPC) has been studied with the cavity method in
the past [15,16], the two problems differ on the ensembles
of source vectors. Indeed, in the channel coding problem the
source vector is formed by the perturbation of a codeword
instead of being a random uniform vector. In a sense, the
compression problem then corresponds to a channel cod-
ing problem in a regime with nonvanishing probability of
decoding errors instead of a vanishing one. This difference
makes the compression problem fundamentally harder (see

Appendix D), and the results not directly comparable. Note
that the ensembles of “good” codes for both problems also
fundamentally differ: for the channel coding problem, having
codewords that are “close together” renders the code useless
(as the error rate will be nonvanishing), while for the com-
pression problem it is essentially harmless (and may be indeed
convenient from a computational point of view).

A striking feature of random CSPs is the appearance of
phase transitions, or threshold phenomena in the thermody-
namic limit, when the number of variables » and the number
of linear constraints m go to infinity at a fixed value of the
ratio o« = m/n, the density of constraints per variable. For
instance the satisfiability threshold oy, separates a satisfi-
able regime o < o Where random XORSAT instances do
admit solutions from an unsatisfiable phase o > o, Where
no solution typically exists. Another transition occurs in the
satisfiable phase at oy < oy, called the clustering transition.
Below «, the solution set of typical instances is rather well
connected, any solution can be reached by any other through
a path of nearby solutions. Above o, the solution set splits
into a exponential number of distinct groups of solutions,
called clusters, which are internally well connected, but well
separated one from the other. This transition also manifests
itself with the appearance of a specific type of correlations
between variables, known as point-to-set correlations, under
the uniform probability measure over the set of solutions.
These correlations forbid the rapid equilibration of stochastic
processes that respect the detailed balance condition [17],
which justifies the alternative “dynamic” name of the clus-
tering transition.

In Ref. [11], a belief propagation (BP) scheme has been
employed on an ensemble of linear codes called cycle codes.
These cycle codes correspond to systems of linear equa-
tions [in GF(g)] in which each variable participates in at most
two equations. It has been observed that the performance of
BP improves by adding some leaves (variables of degree one)
to the linear system, but not too many of them. In this work,
we compute the analytic achievable performance of such
codes through the cavity method, and provide a rigorous proof
of the exactness of the zero-temperature version of the cavity
equations on cycle codes. We then extend our results to codes
with higher degrees, and show that this allows to improve the
performance of lossy compression. We study the clustering
transition for the constrained optimization problem CVP, and
show that its clustering threshold ¥ arises for density of
constraints smaller than the clustering threshold ozjB associated
to the random XORSAT problem defining the set of con-
straints. We also study the performances of message-passing
algorithms designed to solve this constrained optimization
problem. Interestingly, we observe that these algorithms are
not affected by the clustering transition associated to the
constrained optimization problem (occurring at «$¥F), but
instead are only affected by the XORSAT clustering transition
occurring at .

C. Relation between sparse basis and clustering

Given a basis of the solution space, we define the weight
of the basis as the maximum Hamming weight of its ele-
ments. We can now establish a fundamental relation between
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a geometrical property of the solution space and the weight
of the lightest basis: for a linear system in GF(2), having a
basis with weight < k is equivalent to having all solutions
of the system connected between each other by “paths” of
solutions with jumps between consecutive ones of hamming
distance < k. This can be proven easily. Suppose indeed that
we have a basis B = {b,, ...b;} in which each element has
Hamming weight < k. Take any two solution vectors v, v’,
and write in the basis v/ — v = Z?:l ¢:b;, where ¢; € GF(2).
Let {i1, i, ..., iy} = {i : ¢; = 1}. Construct the sequence v, =
vV, =v;y + l_yif for 1 < j < r. The difference between two
points in the sequence is a basis element, so has weight < &,
and the sequence forms a path from v to v’. Conversely,
suppose that all solutions can be connected to the vector 0
with paths of jumps A; = v; —v;_; with hamming distance
< k. The set of all those vectors A;’s thus spans the full set
of solutions. It is possible then to extract a solution basis from
such a set, and all elements in the basis will have Hamming
weight < k. In summary, the weight of the sparsest basis
determines the largest separation between “clusters” or groups
of solutions. If the weight of the sparsest basis is k, then there
will be at least a subset of solutions which is separated by
hamming distance k from the rest.

D. Organization

The paper is organized as follows. In Sec. II we define more
precisely the constrained optimization problem under study
and the statistical physics model associated to it. We present
the equations that describe its behavior in the framework of
the cavity method from statistical mechanics, and the algo-
rithms that we used to solve its instances. In Sec. III we study
the case of cycle codes, i.e., when the binary variables are
involved in at most two linear constraints. In this particular
case we prove that when it converges, max-sum algorithm
finds the optimal solution. Moreover, we design an exact
greedy algorithm, that we call GO for “greedy optimal” that
is guaranteed to converge to the optimal solution. In Sec. IV,
we study a random ensemble in which the binary variables
are involved in more than two linear constraints, and we show
that in this ensemble the average minimal distance is smaller
than the one for cycle codes, thus providing a better code for
lossy compression. We show that CVP undergoes a clustering
transition before the clustering transition associated to the
XORSAT problem representing the constraints. We study the
behavior of three algorithms: belief propagation with deci-
mation, max-sum with reinforcement, and survey propagation
with decimation, and show that their performances are only af-
fected by the clustering transition associated to the XORSAT
problem. In Sec. V, we provide a more detailed picture of the
phase diagram obtained in Sec. IV. In particular we perform a
finite-temperature study to relate the two clustering transitions
occurring at «5¥" and o® that correspond respectively to the
cases of zero and infinite temperature. We also argue in favor
of a full RSB transition occurring at higher densities of con-
straints, that prevented us to obtain a reliable prediction of the
minimal distortion in this regime. In Appendix A we present
the results obtained with variables in GF(g), the Galois field
of order g. We show that cycle codes with higher value of
q allows to achieve smaller average minimal distortion, thus

providing better codes for lossy compression. This trend is
confirmed by the zero-temperature replica-symmetric predic-
tion. We however argue in favor of a RSB transition as g
increases, that could prevent from an efficient compression
scheme when g becomes large. The RS and 1RSB formalism
specified for the CVP problem is given in Appendix B. In
Appendix C we show that for cycle codes with binary
variables, it is possible to build a basis whose weight is
upper bounded by minimal-size rearrangements computed in
Ref. [18] by Montanari and Semerjian. When this upper-
bound remains finite in the thermodynamic limit, this allows
us to conclude from the discussion in Sec. I C that the solution
set of XORSAT is well-connected.

II. DEFINITION OF THE MODEL AND STATISTICAL
MECHANICS FORMALISM

A. Definition of the model

The constrained optimization problem can be formulated
as follows. Given a reference vector y € {0, 1}" and a linear
subspace C C {0, 1}", find a vector X € C that is the closest
toy:

% = argmin,cdy(x, y), 2
where
1 n
du(x,y) = — i D Yi 3
H(x,y) . ;x Dy (3)

is the Hamming distance. The linear subspace C is defined
as the solution set of an homogeneous XORSAT instance: let
H be an m x n matrix with boolean entries H;, € {0, 1}, i €
{1,...,n},ae{l,..., m}, then

C=1{xe{0,1y": Hx=0}. “

Here homogeneous means that the right-hand side (r.h.s.) of
the linear system is equal to the null vector b = 0. One can
encode the topology of a XORSAT instance into a bipartite
graph G = (V, F, E). The set of variable nodes V represents
the binary variables xi, ..., x,. The set of factor nodes F
represents the m constraints encoded in the m rows of H. An
edge (i, a) € E is drawn if variable x; is involved in the ath
constraint: H;, = 1. By means of a simple change of variables,

oi = (=D si=(-D", (&)

the problem can be rewritten as a statistical physics model. We
define the probability law:

! - B i sioi
na) Z(ﬂ)(ﬂﬂ[ig“’ IDe SO
with [[A] being the indicator function of the event A. The
problem (2) is then equivalent to finding the configuration o
maximizing the probability law (o), or equivalently mini-
mizing the energy function

E(0)=—)_oisi. (7)
i=1

under the set of constraints {[[,.,,0; = 1}7_,. Note that
E(o) can be related to the distortion as follows: E(g) =
2dp(x,y) — L.
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It will be convenient to define a softened version of the
probability law w (o), by replacing the hard constraints on the
factors I[[],.,, 0 = 1] by a soft constraint e/ Tl o= with
J areal parameter:

e PEI(@)

ny(o) = ) )

Z(B.J)

where

Ejo)=~1) (H oi — 1) ~D> s 9

a=1 \i€da i=1
The first term is bringing an energetic cost 2J to each un-
satisfied clause, while the second term is the original energy
function, which favors configurations close to the source. In
statistical physics, this model is known as a spin-glass model
in presence of heterogeneous external fields s, ..., s,. Send-
ing J — oo allows to recover the probability law 11(o ) defined
in Eq. (6).

B. Random ensemble of instances

We will be interested in the characterization of the “typ-
ical” properties of this constrained optimization problem,
where typical is defined with respect to a random ensemble
of instances, a property being considered typical if it oc-
curs with a probability going to one in the thermodynamic
(large size) limit. In particular, we will consider random ex-
ternal fields sy, ..., s, in which each external field s; is i.i.d.
uniformly in {—1, 1}. As we have seen in the previous sub-
section, the set of constraints can be represented by a bipartite
graph G = (V, F, E). We will consider random graph ensem-
bles with fixed degree profiles, denoted G, (A, P). Let A =
{A1,..., Aq,, } be the degree profile of the variable nodes,
with dpn.x the maximal degree, and A; the fraction of variable
nodes of degree i. Respectively, let P = {py, ..., px,,, ) be the
degree profile of the factor nodes, with kp,x the maximal de-
gree, and p; the fraction of factor nodes of degree i. The degree
profiles are normalized: Z?’:“"]‘ A =1 and ng“l‘ pi =1, and
they satisfy the following relation:

Kkmax dinax

mY ipi=nY ik = |E|.
i=1 i=1

We will be interested in the thermodynamic limit n, m — oo,
with a fixed ratio « = m/n, and fixed fractions A;, p;’s inde-
pendent of n. The ratio « is called the density of constraints
per variable and is related to the degree profiles as follows:
T i
i ip;
tracted from G, (A, P) are locally treelike: the neighborhood
of an uniformly chosen vertex within a finite distance is
acyclic, with probability going to 1. Note that in the formalism

o= . In the thermodynamic limit, random graphs ex-

of lossy compression, the compression rate R = “~* can be
expressed in terms of the degree profiles:
.
Amax A‘l
Rel—q=1— =it (10)

i ipi
The equivalence between the CVP and the spin-glass model

with external fields allows us to apply the cavity method.
This method has been first developed in the context of

statistical physics of disordered systems, and has later on
been applied to random constraint satisfaction problems. The
aim of the cavity method is to characterize the properties
of the probability measure (6), for typical random graphs in
G, (A, P) and realization of the external fields sy, ..., s,, in
the thermodynamic limit. In particular, we will be interested
in the zero-temperature limit of the cavity method, at which
the probability measure (6) concentrates on the configura-
tions satisfying the constraints and achieving the minimal
energy. A simplified version of the cavity method, especially
of the 1RSB formalism, first derived in Refs. [19,20], can be
obtained in this limit. We will also be interested in the finite-
temperature (or finite-8) version of the cavity method (see
Sec. VB). We give the details of the cavity method applied
to the CVP in Appendix B.

C. BP equations and Bethe free energy

Belief propagation (BP) is a method that allows to study
the properties of the measure u defined in Eq. (6) on a sin-
gle instance, and at finite inverse temperature 8. When the
bipartite graph G representing the constraints is a tree, this
method is exact, and allows to compute the partition function
Z(B), as well as the marginal probabilities of any variable
o;. In practice, the BP method is also used as a heuristic
on random sparse instances. For each variable node i € V,
we denote by di = {a € F : (ia) € E} the set of factor nodes
connected to i, and similarly for each factor node a € F the
set of variable nodes connected to a: da = {i € V : (ia) € E}.
We introduce the belief-propagation (BP) messages m;_,, and
Ma—; on each edge (i, a) € E as the marginal probability laws
of o; in the amputated graph where some interactions are
discarded: m;_,, is the marginal of o; when the hyperedge a is
removed, and 11, ; is the marginal of o; when one removes all
the hyperedges in di \ a. The BP messages obey the following
recursive equations:

1 5 .
Mia(07) = ——eP [T #witon.
lisa bedi\a
R 1
Titgi(07) = .Zﬂ[ﬂo,:l} [ mimatep). D
La—i G40 Li€da jeda\i

where z;_,4, Z,—; are normalization factors. One can compute
the marginal probability of o; from the solution of the above
set of equations:

1
i(0) = —ef M1q—1(07). 12
wi(o;) Zie | |m (04) (12)

acdi
The free energy F = —(1/8)log(Z(B)) can be expressed
in terms of BP messages using the Bethe formula:

1
FBethe(m7 ) = Z —log Zia(mi—q, Mig—;)
(i,a)eE

m

1
— ; E lOg Za({mi—ut}ieaa)

"1
— Z E 10g Zi({”haei}aeai)v (13)

i=1
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where Z,, Z;, Z;, are defined as follows:

Zy=>)_1 []‘[ 0i = 1} [ [misaton. (14)

[P i€da i€da
zi =) " [T rianiton. (15)
o; a€di
Zig = Zmi»a(ai)ma»i(ai) (16)

Oi

Finally, one can also compute the average energy in terms of
BP beliefs:

n

E@)y ==Y sioinior). (17)

i=1 o;

D. Zero-temperature limit: Max-sum equations
and Bethe energy

The max-sum (MS) equations can be seen as the zero-
temperature limit of the BP equations. The goal here is to
describe the set of configurations o which maximize the

probability (o) in Eq. (6), i.e., which solves the constrained
optimization problem (2). We define max-sum messages as

1
hiso = lim —[logm;_,(+) —logm;_,(—)],
Jim = llog mi.q(+) = log mia(—)]

1
Uisaq = ﬂlglgo ﬁ[log rha—>i(+) - 108 ma—)i(_)l (18)

Using this definition and the BP equations we get the fol-
lowing MS equations (associated to the probability law (o)
defined in Eq. (6) for hard constraints):

Risq = s; + § Up—i,
bedi\a

Ug—i = Sign( 1_[ hj—>a> jrer})iaI{iGhj_w'). (19)

jeda\i

Once a solution to the MS equations is found, one can com-
pute the max-sum belief A4;:

: 1
hi = ﬁlirglo ﬁ[log(bi('i')) — log(bi(—))]

=5+ Z Ug—sis (20)

aedi

which corresponds in case of a tree to the difference in energy
AE; = Eimi“(—i—) —El-mi“(—), where Eimi“(a) is the ground-
state energy when o; is fixed to the value o. Since the energy
function E (o) takes only integer values, one can deduce that
the max-sum messages satisfying equations (19) and max-
sum beliefs (corresponding to differences in energy) also take
integer values. Replacing the hard constraints by soft con-
straints is equivalent to introducing a cut-off on the values
of the factor-to-variable u,_,; € [—J,J]. The variable-to-
factor messages then take values h € [—1 — J(dpax — 1), 1 +
J(dmax + 1)]. Note that the MS equation (19) on u,_,; is

replaced by

Ugri = sign< I hj%) min (jrer}jiarb hj sl J). 1)

jeaa\i

One can compute the minimal energy E™" as the large 8
limit of the free energy (13):

EBethe(p y) = ZEQ({hiea}iefm) + ZEi({Maei}aeai)
a=1

= i=1

+ Y Eialhisa: i), (22)

(i,a)eE

which is exact when the factor graph is a tree. In the above
expression E;, E,, E;, are defined as follows:

Ea({hisalicaa) = 2min(|hia)© (1"[ hm>,

icda

Ei({ua%i}aeﬁi) = -

s; + E Ug—i

acdi

+Z|Maai|s

acdi

Eig(hisas Ugsi) = — Ui + hisal + |Ugsil + [hisal. (23)

With soft constraints, i.e., J finite, the factor contribution
E,({hi—a}icya) to the Bethe minimal energy (22) is replaced
by

Eu(({hivsalicsa) = 2min (4, min [Ai_.|)© (1"[ h,-%). 24)

i€da

E. Decimation

The output of the BP algorithm is just an estimate of
single-site marginals, and to find a solution to the optimization
problem, one needs to convert these marginals into a spe-
cific spin configuration. However, note that picking o* where
o/ = argmaxb;(o;) does not lead to a good result in general,
as it disregards existing correlations between variables (e.g.,
in case of problems with hard constraints this strategy can
lead to inconsistencies, since o in general does not satisfy
the constraints). To overcome this issue one typically resorts
to decimation, i.e., a sequential assignment of the variables
according to their beliefs.

In practice, we use the fact that the set of XORSAT
constraints is a linear system of equations to improve our
algorithm. We first build a basis for this linear system (e.g.,
by means of Gaussian elimination), thereby identifying a
subset of independent variables. The decimation procedure
is then applied only to these independent variables. Once all
independent variables are fixed, the remaining variables are
determined by the linear constraints, thus ensuring that we
obtain a solution to the linear system. At each time step,
the algorithm solves iteratively the belief-propagation equa-
tions (11) and computes the marginal probabilities of each
variable. Then, the algorithm picks the most biased variable,
ie., i* = argmax;[u;(+) — pui(—)] among the independent
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variables that are not yet decimated, samples o; € {—1, 1}
according to its marginal x; and switches on a strong external
field in the corresponding direction, in such a way that o;
is now fixed in the direction of its belief. We worked with
sufficiently large value of B (in practice we used 8 = 3),
such that the measure (6) is reasonably concentrated around
configurations achieving the minimal energy E (o). In the
limit of 8 — oo (max-sum equations), the system should be
fully concentrated on the configurations of minimal energy.
If the minimum is not unique, then decimation is still needed
to break the symmetry between equivalent ground states. Al-
ternatively, one can add a small symmetry-breaking random
external field so that the ground state becomes unique. This is
the strategy we adopted for max-sum.

F. Reinforcement

An alternative to decimation is reinforcement, which con-
sists in updating the external field on a variable according to
its belief, thus guiding the system to full polarization. Rein-
forcement is also sometimes called soft decimation, as it sets
at each iteration a soft external field of all variables instead of
a strong field on only one variable.

The reinforcement procedure can also be employed to help
convergence of MS equations, the small external fields accu-
mulate during time (before convergence) to drive the system
to a model with strong external fields for which convergence
is easier to achieve.

At each iteration ¢ of the max-sum algorithm (19), the
external field on each variable is updated according to its
belief

sV =50 4y )n”, (25)

with h;’) the max-sum belief (20) computed at time #, and y (¢)
a used-defined reinforcement schedule. In practice we used
the same value at each iteration y(t) = y ~ Nn; where Nier
is the number of iterations.

G. Survey propagation

In regions of the parameter space in which the 1RSB
formalism is more appropriate, one could try to employ an
iterative algorithm based on its description. One possibil-
ity is survey propagation, that in a completely analogous
way to the belief-propagation algorithm, iterates IRSB equa-
tions [described later in Eq. (B35)]. Survey propagation is
complemented with a decimation procedure.

III. A SIMPLE CASE: CYCLE CODES

We start our analysis with a family of linear systems
called cycle codes. They correspond to systems of linear equa-
tions [in GF(2)] in which each variable participates in at most
2 equations. In the graphical representation, a cycle code is
a bipartite graph G = (V, F, E) in which each variable node
i € V has degree < 2. This particular ensemble has a simple
structure that allows to provide exact results. In particular,
we provide in Sec. IIIB a rigorous proof of the exactness
of max-sum solution. We also design a greedy optimal (GO)
algorithm that is guaranteed to find the optimal solution (see
Sec. IIIC).

0.5
—— Rate-Information bound
—— Naive compression
— — RS degree 2
GO
0.4 MaxSum
0.3
A
0.2
0.1F
0.0 [ 1 1 1 1
0.00 0.25 0.50 0.75 1.00

FIG. 1. Results for cycle codes: rate-distortion performance for
the algorithms GO and max-sum with reinforcement on graphs of
size n = 1800, degree profile A(x) = x2, P(x) = pyx* + pryxF1.
Points are the average over 20 random graphs and source vectors.

A. Comparison of cavity predictions and algorithmic
performances on single instances

We focus on a family of random graph ensembles with
factor degree profile P = {px, px+1}, with k a positive integer,
and py, pry1 € [0, 1] with py + pre1 = 1. The variable degree
profile is A = {A, = 1}: each variable node has fixed degree
2. The rate for this family of instances can be expressed as a
function of k and py,1:

2

R(k, )=1- — .
Pi+1 K+ pee

(26)
Varying k and piy; allows to span the range R < [0, 1].
Figure 1 shows the performance of the algorithms GO (red
circles) and max-sum with reinforcement (green squares) for
graphs with variables of degree 2, compared to the zero-
temperature replica-symmetric prediction (gray dashed line).
As in the rest of the paper, results in Fig. 1 are presented
in the rate-distortion plane, using the framework of lossy com-
pression. The blue line corresponds to the exact rate-distortion
bound given in Eq. (1), i.e., the minimal distortion achievable
at a given rate R. The red line corresponds to the distortion
achieved with the trivial compression strategy described in
the introduction (see Sec. [ A). Note that points relative to
max-sum have a slightly larger distortion than the results of
GO. This is due to the fact that max-sum does not converge
on all instances, contrarily to the algorithm GO that provides
the exact solution on all instances. In case of nonconvergence,
the strategy adopted was to split the variables in a set of in-
dependent and dependent variables, as explained in Sec. ITE.
After some running time, although max-sum algorithm solv-
ing Eq. (19) has not converged, one fixes the value of the
independent variables according to their max-sum belief (20),
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and fixes the dependent variables to satisfy the set of linear
constraints.

For rate up to R = 0.6 [i.e., for k < 5)], we observe a good
agreement between the zero-temperature replica-symmetric
cavity prediction and the results of the algorithms (GO and
max-sum). Indeed, we found numerically that the unique so-
lution of the zero-temperature 1RSB equations (B36) is the
trivial RS solution (B37) for R < 0.6, which confirms that
we are in the replica-symmetric phase in this regime. For
larger rates (R > 0.6), there are several signs indicating that
the zero-temperature RS solution is not correct: first there is a
discrepancy between its predicted average distortion and the
results obtained with GO on large (n = 16 000) instances (see
Fig. 2). Above R = 0.95, the distortion computed with the RS
ansatz even goes below the exact rate-distortion lower bound.
We were able to obtain a physical solution by considering the
finite-temperature cavity method described in Appendix B 1
(see Fig. 2, black points are a large S extrapolation of the
RS prediction at finite 8). We leave for future work a fur-
ther exploration of this regime, in particular to explain the
discrepancy between finite and zero-temperature cavity meth-
ods. It might be that in this regime one cannot exchange the
thermodynamic and zero-temperature limit, and therefore that
the zero-temperature cavity method is not correct. It is also
possible that a RSB transition occurs as k increases; however,
we could not confirm this hypothesis since we encountered
some convergence issues when trying to solve numerically the
1RSB equations at zero temperature (B36).

B. Exactness of the max-sum fixed points

For cycle codes, max-sum fixed points correspond to opti-
mal solutions. This can be seen as a consequence of Ref. [21]
(extension of Theorem 3 mentioned in the conclusive part),
plus a certain property that guarantees that local optimality
ensures global optimality for cycle codes. More explicitly,
any suboptimal configuration can be improved by modifying
it along a cycle or open path ending on leaves. We will provide
however a separate proof for the sake of completeness.

A key hypothesis is that degeneracy on the ground state is
removed (by, e.g., adding an small random external field on
each variable) so that the minimum is unique.

The main tool being used in the proof is the computation
tree, whose features are reviewed here, before stating the
proof.

1. Computation trees

A computation tree is a loop-free graph obtained from a
loopy one. Here we will follow the notation in Ref. [22].
In principle, computation trees can be built for any graph,
although here we will focus on factor graphs.

Given a bipartite graph G = (V, F, E), the idea is to pick a
variable node iy € V to be the root and then unroll G around it,
respecting the local structure of each node. Starting from the
root, the first level of the computation tree is formed by the
root’s neighbors. The second level is made of the first level
nodes’ neighbors, except the root. The third level is made of
the second level nodes’ neighbors, except the ones already
connected from above. Proceeding in this way for a number

Q
0.12 - \ —— Rate-Information bound
\\ —— RSB8=w
0 O GO n=16000
0.10 b \ @ RS finite 3
0.08
A 0.06 F
0.04
0.02
0.00 | . ) ) ! 1
0.6 0.7 0.8 0.9 1.0
R

FIG. 2. Results for cycle codes: for rates R > 0.6 there is a dis-
crepancy between the RS zero-temperature prediction (gray dashed
line) and the GO results on large instances (red circles). A zero-
temperature extrapolation of the RS finite-temperature cavity method
(black diamonds) allows to recover the correct distortion.

k of levels produces the level-k computation tree with root i
called Tlf

The concept is best explained through an example, shown
in Fig. 3. Nodes in the original graphs have multiple counter-
parts in the computation tree. Sometimes it is useful to refer to
those counterparts with the same name as the respective nodes
in the original graph.

FIG. 3. A graph (left) and its computation tree rooted at variable
1 (right). Variables are indicated by circles and factors by squares.
The dashed lines at the bottom in the right graph indicate that the
tree can grow to arbitrary depths.
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2. Statement and proof

The problem of finding the minimum of the distortion or
energy E expressed as

min E(x) =
x:Hx=0

min Zx, @ yi. @7

x:Hx=0

i.e., the Hamming distance between x and the source vector

y. Consider a MS fixed point on the factor graph G. Call

{hi_a, M[Hi}iex; , {hi}iev, respectively, the messages and be-
ae

0
gi:{l

be the decision variables.

Claim. 1If there is a unique solution, and if the max-sum
algorithm has converged, then the set of decision variable
corresponds to the optimal solution.

Proof. Pick a node iy and build the computation tree Tlé‘
obtained by unrolling the original graph around iy until there
are at least r counterparts of each vertex in V and so that all
leaves are variable nodes; iy will be the root.

Now place messages {u,—,;} on the edges of T,-(’)‘ that corre-
spond to the original edges {(a, i)} on G. Attach to all nodes
that are leaves in the computation tree but were not leaves
in the original graph, a fictitious factor that sends a message
equal to the one flowing out of the leaf. By construction,
decision variables on the computation tree are now equal to
the ones in the original graph.

Consider now the optimization problem with the same
structure of the original one but defined on the computation
tree. Messages on Ti(’)c constitute a solution for the MS equa-
tions: they are naturally fulfilled in the inner part of the tree
and imposed on the leaves by the fictitious factors. Since MS
is exact on trees, the assignment {g;} (replicated for each of the
counterparts in Ti(’)‘ of each variable in G), is an exact solution
for the problem defined on the computation tree.

Now call the optimum for the original problem

X =argmin OE (). (29)

liefs and let

ith > 0

ifh; <0 (28)

Suppose (absurd) that decision variable g;, for the root is
different from its value in the optimal assignment, x; . Namely,

8i, = x_;;, where X is the complement of x under GF(2). We

show that it is always possible to find a path P on Ti(’)‘ such that
complementing every variable along such path results in an
improvement in the objective function of the problem defined
on the tree. This contradicts the fact that {g;} is an optimum.

The key idea is the following: suppose two vectors x|, x,
are both solutions of Hx = 0 but differ in the root variable ij.
If iy is disconnected from the rest of the graph, then x; and
X, can have all the other bit equal to each other and be two
solutions. If iy has degree 1, then the single factor attached
to it must have at least another incident variable with value
different in x; and x, for the parity check to be satisfied. If
iop has degree 2, then the above must be true for both factor
neighbors. With these observation in mind, let us move to the
explicit construction of path P.

To construct path P, start from the root iy, pick any of its
factor neighbors, which by construction are at most two, and

do the following: look at all the variable nodes incident on the
factor and pick one for which the decision variable disagrees
with the optimal solution. There will always be at least one for
the parity-check to be satisfied, as explained before. Include
that variable in the path and move on to its other factor if there
is any. The process is halted when either a leaf is encountered
and the path ends or the root is found again.

In case the path ends on a leaf, go back to the root and
repeat the process in the other direction, or end the path on the
root if the root is a leaf. In case the path ends in a cycle, carry
on extending the path repeating the same choice of variables
to be included, until the leaves of the computation tree are
reached. Let us stress that the resulting path P only touches
Va;(riables which have different values in the solutions on G and
T, .

" At this point, the path stemming on both sides from the root
can either end on a “true” leaf of Tlf (one that corresponds
to a leaf also on G) or continue until the bottom of the tree,
where the fictitious factors are. We prove our claim in the
worst case, where both branches of the path go all the way
down, the others follow easily.

Call P’ the projection of P on G: it may contain cycles.
Again thanks to the fact that no parity check can be left
unsatisfied, if P’ is an open path, then its endpoints must be
leaves of G. Call Ej the energy of the optimal configuration
x* and Ey + € the energy of the first nonoptimal one. Further,
call x, and x5, the indicator functions of paths PP on Tl(’)‘ and
P’ on G, respectively.

For sure, since x* gives a minimum, a transformation
x* @ xp that complements the variables touched by P’ gives
a positive shift in energy,

EX* ®xp) > Ey+e. (30)

Because the energy function (27) is a sum over functions of
single nodes, the shift in energy is only due to the flip of vari-
ables in P’. After the flip, all the touched variables assumed
the value they have on T" But this means that complementing

them on Tk would reverse the shift, thus lowering the energy
of the problem defined there by at least € for each repetition
of P’, at least in the bulk.

If P’ is a path, then the same negative shift in energy
happens along P on Tl(’)< , finding a better optimum than {g;} and
thus contradicting the starting point. If instead, P goes down
all the way to the fictitious factors, then the improvement gets
multiplied times the number of repetitions of P’, although it
might in principle be outbalanced by the change in energy due
to the interaction of the one or two leaves P ends on with their
fictitious factors. An upper bound for this changes is given by
the maximum absolute difference in messages on the tree,

umax = max |ud—)l| (31)
(i,a)eP’
Since there is no limit to the tree’s depth, it suffices to repeat
the path enough times to be sure that energy will decrease.
This amounts to choosing k so that

ke > Upmax. (32)
Namely,
k> Umax ) (33)
€
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The same argument can be repeated for all vy’s for which the
solution on the computation tree differs from the presumed
optimal one.

This completes the proof.

C. An optimal greedy algorithm

In this section we present the greedy optimal algorithm
GO that performs a local search in the energy landscape, de-
creasing at each time step the energy E(x) = Y, x; @ y;, by
flipping variables in the codeword x € C to obtain a codeword
x’ with lower energy E(x') < E(x).

For this algorithm all variable nodes should have fixed
degree 2, (If not, then one can add an equation to the system
involving all leaf variables. This equation is clearly linearly
dependent on the other ones, as it is the GF(2) sum of
all rows.) One considers a slightly simplified factor graph
G' = (F, E’) in which the set of new vertices is the set of
factor nodes F, and the edges ¢’ = (ay, a;) € E’ are linking
two vertices aj, ay € F through the variable node i € V such
that di = {a;, ap}. For any codeword x ='(xy,...,x,) and
source vector y ='(yy, ..., y,), one defines a weight func-
tion w y) : E/ = {—1, 1} on the graph G’ as follows. The
edge ¢ € E' passing through the variable node i associated
to the i™ boolean component has weight wi, ) (e}) = +1 if
the components of the source vector y and of the current
codeword x coincides: x; = y;, and w(, ) (e;) = —1 otherwise.
One then looks for a negative cost cycle £, using the algorithm
presented in Ref. [23]. Let x . be the indicator function on the
negative cost cycle L. Flipping the variables belonging to £
results in a new codeword x' = x @ x with a strictly smaller
energy.

The algorithm starts with a given codeword x,, € C which
may not be the optimal codeword. Then at each time step
¢t it finds a negative cost cycle £; for the weight function
W(y,x,)» and flip the variables in the cycle to get a lower energy
state: x, | = x, @ x, . One repeats this procedure until con-
vergence, i.e., when the difference between energies AE =
E(x;,1) — E(x,) becomes zero (up to numerical precision).
Finding a negative cost cycle can be done efficiently [24].

IV. MOVING TO HIGHER DEGREES

We have shown in the previous section that the constrained
optimization problem CVP on cycle codes (i.e., in which
variable nodes have degree at most 2) could be solved exactly.
In this section we study random graph ensembles in which
variable nodes have higher degree. We show that moving to
these ensembles allows to reach a smaller minimal energy.
We focus on random graph ensembles with variable degree
profile A = {X,, A3}, i.e., with a fraction A, of variable nodes
with degree 2, and a fraction A3 = 1 — A, of variable nodes
with degree 3. The factor degree profile is P = {p3 = 1}, i.e,,
factor nodes have fixed degree 3. This is the simplest choice
providing a nontrivial phase diagram. In this ensemble the
compression rate can be expressed in terms of the fraction of
degree 3 variables:

1—A3
R(A3) =

e [0, 1/3]. (34

We will compare this random graph ensemble to cycle codes,
where the variable degree profile is P={ps =1}, A =
{A1, A2} (i.e., there is a fraction A of degree-1 variables, and
a fraction A, = 1 — A; of degree-2 variables). In this ensem-
ble we express the rate in terms of the fraction of degree 1
variables:

14+ A
ROy =

€ [1/3,2/3]. (35)

A. Results from the cavity method

Figure 4 (left panel) shows the results of the zero-
temperature cavity method, under the RS formalism (plain
lines) and the 1RSB formalism (circles). For the ensemble
with variable nodes of degree 1 and 2 corresponding to
rate (35) (in green), we see that the RS and 1RSB predictions
are the same. Indeed for this ensemble the unique 1RSB
solution that we found was the trivial RS solution. For this
graph ensemble, the minimal distortion achievable is larger
than the one for the graph ensemble studied in the previous
section with rate (26), which is also reported in Fig. 4 (gray
dashed line). It is more interesting to look at the graph ensem-
ble in which variable nodes have degree 2 and 3 corresponding
to Eq. (34) (in pink). The RS prediction (pink line) is clearly
unphysical, because at small rates it goes below the rate-
information bound (blue line). The 1RSB formalism is needed
to give a reliable prediction of the minimal distortion for
this ensemble: pink circles correspond to the 1RSB solution
obtained at Parisi parameter y = y°P'(R); see the discussion
in Sec. V A. We see that it enters in a IRSB phase as soon
as there is a positive fraction of degree 3 variables A3 > 0
(see in particular the details close to A3 =0 in the right
panel of Fig. 4). The clustering transition occurs therefore at
RGP = 1/3, and is represented by the vertical dashed line in
Fig. 4 (left panel). This 1RSB prediction is confirmed by a
finite-size analysis presented in Sec. IV C. We could reach the
physical solution down to rate R = 0.15 (left-most pink cir-
cle). For smaller rates, we could not find a physical solution.
We give more details on the numerical resolution of the IRSB
equations in the next section (see Sec. V A), in particular on
the difficulties encountered for small rates.

The vertical plain line indicates the rate at which the dy-
namical transition occurs for the XORSAT problem: RS =
0.197, which corresponds to the clustering transition associ-
ated with the measure (6) at 8 = 0. In V B, we compute the
clustering transition R;(8) for finite values of §, thus making
the interpolation between the clustering threshold RS at 8 = 0
and RGP at B = oo (see Fig. 8). There is therefore a range
of the rate R € [R®, R{VP] for which the constrained opti-
mization problem is in a 1RSB phase, while the underlying
XORSAT problem defining the set of constraints is replica-
symmetric. This situation is interesting because it means that
the structure of the set of constraints is not enough to describe
the complexity of the constrained optimization problem.
In the range [R?, RSVP], the set of allowed configurations
(defined as the solution set of the XORSAT instance) is rather
well-connected, yet, and despite the simplicity of the opti-
mization function (7), the optimization problem is in a glassy
phase: The energy landscape presents many local minima
that are separated by free-energy barriers. A similar situation
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FIG. 4. Left panel: zero-temperature cavity prediction of the minimal distortion. In green: for variable nodes of degree 1 and 2 (35),
in pink: for variable nodes of degree 2 and 3 (34). IRSB points are obtained by optimizing on the Parisi parameter y, see Sec. V A. Plain
lines correspond to the RS prediction, circles correspond to the 1RSB prediction. The gray dashed line corresponds to the RS prediction for
the ensemble studied in the previous section (26). The two vertical lines corresponds to the clustering transitions occuring for the CVP (at
RGP = 1/3, dashed line) and for the XORSAT problem (at RS = 0.197, plain line). Right panel: detail close to R = 1/3 obtained at fixed
y = 1.0 for the minimal distortion (top) and the complexity (bottom) showing that the clustering transition is continuous.

has been recently encountered in other high-dimensional con-
strained optimization problems; see Ref. [25] for a study of
the optimization of a quadratic function where the constraints
are modeled by a perceptron constraint satisfaction problem.
Moreover, we observe that the RS/1RSB transition is con-
tinuous; see Fig. 4 (right panel). In contrast, the RS/1RSB
transition for the underlying constrained satisfaction problem
(the XORSAT problem) is a random first-order transition.
The physical scenario we have found in this constraint
satisfaction problem can be summarized as follows: (i) the set
of allowed solutions is well connected until it undergoes a ran-
dom first-order transition (RFOT) and become clustered for
R < RZ, (ii) however, already for R < RV, the application
of an external field in a random direction induces a continuous
transition. This is reminiscent of what happens in the p-spin
model [26], where the discontinuous phase transition becomes
continuous under the application of an external field. Let us
give a simple intuition of the structure of solutions in this
problem. The most abundant solutions are well connected for
any R > RY. However, this strong connectedness is no longer
true as soon as we put a bias in any direction and we concen-
trate the measure on a subset of solutions: leaving the region
where the most abundant solutions live, for any R < RSVP , the
space of solutions acquires a nontrivial structure that in turn
induces a continuous phase transition and requires the replica
symmetry to be broken to describe correctly this nontrivial
structure. Eventually at Rff also the most abundant solutions
acquire a nontrivial structure (actually undergo a clustering
transition) and this is likely to have important consequences
for algorithms. Indeed, while a problem undergoing a con-
tinuous transition can be well approximated by polynomial
algorithms, we expect a RFOT to induce a much more serious

algorithmic barrier. We explore algorithmic consequences in
the next subsection.

B. Algorithmic results

In this subsection, we report the results obtained with the
algorithms described in Sec. II. Figure 5 shows the results of
max-sum with reinforcement (red stars), belief propagation
with decimation at finite inverse temperature 8 = 3 (blue
squares), and survey propagation with decimation (green dia-
monds) at y = y°P'(R) maximizing the 1RSB free energy; see
the discussion in Sec. V A. The result of the zero-temperature
cavity method within the 1RSB ansatz is also reported (pink
circles). For rates in the range [0.25, 1/3] there is good
agreement between the cavity prediction and the algorithmic
results. As the rate decreases, one observes a jump toward
solutions with higher distortion found by the three algorithms,
while the cavity method predicts a smaller distortion. This de-
crease in performance arises around the XORSAT dynamical
transition occurring at R? = 0.197. In the clustered regime
R < Ri‘f, none of the three algorithms is able to find the opti-
mal solution.

This result is interesting, because the algorithmic tran-
sition does not match with the phase transition associated
to the constrained optimization problem that we found at
RGP = 1/3, instead it matches with the clustering transition
for the XORSAT problem that models the constraints (and
which is not related to the optimization function). A possible
explanation for the fact that algorithms perform well in the
range [0.25, 1/3] and undergo a dramatic algorithmic transi-
tion only approaching R® = 0.197 is the following. As long
as R > Rff the most abundant solutions are well connected
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FIG. 5. Rate-distortion performance for max-sum with reinforce-
ment (red stars), for belief propagation with decimation at 8 =3
(blue squares), and survey propagation at y maximizing the 1RSB
free energy (green diamonds), on graphs of size n = 1800, degree
profile A = {X,, A3}, P = {p3 = 1}. Points are the average over 15
random graphs and source vectors.

(they undergo a clustering transition only at RS = 0.197) and
the phase transition induced by the external field (the linear
function to be optimized) is continuous.! In this situation we
expect optimizing algorithms to perform in an efficient way:
on the one hand, the space of solutions is well connected by
passing through the most abundant (although not very opti-
mized) solutions, and, on the other hand, a continuous phase
transition induces correlations that can be well approximated
by polynomial algorithms. For these reasons, we expect smart
optimizing algorithms, like the ones we have used, to perform
reasonably well above Rj‘f. Obviously the performances of
these algorithms start degrading already above R®, because
approaching the clustering transition at R the structure of
solutions starts acquiring a spongelike topology, that will
eventually break up in separated cluster at Rff. When the
topology is spongelike, with tiny corridors connecting the
regions that will become soon clusters, the application of the
external field can have dramatic effect, effectively anticipating
the clustering transition.

Eventually for R < R;e the most abundant solutions are
clustered and moving between solutions becomes very dif-
ficult, effectively inducing large algorithmic barriers. In this
regime the effects of the RFOT are manifest and all the al-
gorithms get stuck in solutions of very large distortion. This

'We stress than the problem in this region probably undergoes a
full replica-symmetry-breaking (FRSB) transition, but we are able to
perform only a 1RSB computation, that should approximate closely
the actual solution.

| —— Rate-Information bound
0.40 Nai .
—— Naive compression
linear fit n — oo
RSB degree 2 and 3
0.35
A
0.30 [
0.25
0.20 )
0.0 0.1 0.2 0.3 0.4

FIG. 6. Exact enumeration. The four top lines with points corre-
spond to (from top to bottom) n = 16, 32, 48, 96. Further down, the
n — oo predictions are made by means of a linear fit in 1/n. In pink:
prediction of the zero-temperature 1RSB cavity method.

reminds the threshold energy phenomenon, well known in
glassy models and hard optimization problems [27].

A last important comment about the connection between
the dynamical behavior of these smart algorithms and the
thermodynamic phase diagram of the problem is about the
possibility that smart algorithms do not converge on solutions
that dominates the equilibrium measure. This has been already
observed in constraint satisfaction problems [28] and in the
binary perceptron problem [29]. The finite-temperature study
reported in Sec. V B predicts that the clusters in this problem
are pointlike, i.e., they are made of only one solution, but
these solutions should be very hard to find by algorithms. It
is therefore more likely that the solutions found by message-
passing algorithms in Fig. 5 belong to atypical, large clusters.
We conjecture that these clusters are subdominant and thus
not described by the cavity method, but yet are the relevant
clusters from an algorithmic point-of-view, since they are
made of solutions that are more accessible for algorithms.

C. Exact enumeration

Given that no linear-time message-passing algorithm can
approach the optimal distortion predicted by the RSB cavity
method at zero temperature, we need a different numerical
approach to convince the reader that the analytical prediction
based on the cavity method is actually meaningful. We have
performed an exact enumeration for small sizes and a finite-
size study of the random graph ensemble with degree profile
A = {X, A3}, P = {p3 = 1} to compare with the results of
the zero-temperature 1RSB cavity method. Figure 6 shows
the exact results for sizes n € {16, 32, 48, 96}. The results
are averaged over several instances drawn at random from
the random graph ensemble G,(A, P). For each instance, the
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FIG. 7. Left panel: y dependence of the RSB solution for R = 0.17: top left: 1RSB free energy F,/™®, top right: internal distortion Dy (y),
the horizontal black line indicates the rate-distortion bound D, (R), bottom left: complexity X,(y), bottom right: weight P*'#(J). Right panel:
optimal value of y computed for several rates. Population size is 5 x 10> and J = 20.

solution set of the associated XORSAT instance is computed
exactly, and the solution with minimal distortion is extracted.
A linear extrapolation is done in the large size limit, which
is in good agreement with the 1RSB cavity prediction. This
exact enumeration procedure allows to give predictions for
rates smaller than R = 0.15, below which the 1RSB cavity
method does not provide a physical solution. We remind that
the physically correct solution probably requires the breaking
of the replica-symmetry infinite times (FRSB), so instabilities
in the 1RSB solution at very small rates do not come as a
surprise.

V. A MORE DETAILED PICTURE OF
THE PHASE DIAGRAM

In this section, we give more details on the results obtained
with the cavity method, in particular for the random graph
ensemble with degree profiles A = {X,, A3}, P = {p3 = 1}.

A. Instability in the zero-temperature solution

The results of the zero-temperature cavity method (see
Fig. 4) have been obtained by taking simultaneously the limit
B — oo for the inverse temperature and x — 0 for the Parisi
parameter, with a finite value for y = Bx. As explained in
the Appendix (B 2) we used the softened measure (8) for the
numerical resolution of the zero-temperature cavity equations,
as it allowed us to represent populations of max-sum messages
as finite vectors of size 2J + 1. In the large 8 limit, the soft-
ened measure (8) concentrates on configurations minimizing
the energy (9). In the 1RSB phase, the set of these configura-
tions is split into an exponential number of clusters separated
by free-energy barriers. Since x — 0, all the clusters are
weighted identically (independently of their size). The choice
of the value of y to describe correctly the cluster decompo-
sition is delicate. Following the seminal work of Ref. [19],

one should compute the IRSB free energy Feler defined in
Eq. (B33) and maximize it over y. In practice, for each value
of the rate plotted in Fig. 4, we studied the y-dependence of
the solution of the zero-temperature 1RSB equations (B36).
Figure 7. shows the study of the y-dependence for rate R =
0.17 (left panel), the vertical red line indicates the optimal
value y°P'(R). The right panel shows the optimal value of y
as a function of the rate. For each value of the rate, from the
solution of the 1RSB equations we computed the 1RSB free
energy F™"(y) and the zero-temperature complexity Z.(y)
[see Eq. (B42)]. We also computed the internal distortion
Din(y), from the internal energy as Diy(y) = 2Uin(y) — 1
[see Eq. (B40)]. For the appropriate choice of y, Dy (y) gives
a prediction for the minimal distortion. Finally, we also com-
puted the averaged distribution of cavity fields,

PYe(h) = / AP (P)P(h). (36)

From this study one deduces the optimal value of y for
each rate yop(R), as the value maximizing the free energy
Felr‘“b(y), under the following constraints: the complexity is
positive X,.(y) > 0, the internal distortion is above the Rate-
Distortion bound Dj,(y) > D;, with D; solution of Eq. (1),
and the averaged distribution P*'# has a zero weight in £J.
To justify this last constraint, let us recall the interpreta-
tion of the max-sum beliefs /; as the difference between the
ground-state energy obtained when the variable o; is flipped:
hi = E™"(+) — EMn(—). If h; = +J, when the variable i is
flipped, to obtain a solution with minimal energy one can
either rearrange O(J) other variables, or one can violate a
constraint (see the definition of the soft energy function 9),
thus resulting in a configuration that is not satisfying all the
constraints. We therefore discard solutions having a nonzero
weight in £/, as they could correspond to configurations that
are not solution of the XORSAT problem.
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and intrastate overlap g; (red stars) as B increases, at fixed rate R = 0.25, showing the clustering transition at 8; = 1.1. Bottom right panel:
complexity as 8 increases, at fixed rate R = 0.25, showing the clustering transition at 8, = 1.1 and the condensation transition at 8. ~ 1.3.

From the study of rate R =0.17, we see that F,™°(y)
increases smoothly as y increases, until y = 0.46 where there
is a jump toward a solution with P*¢(+J) > 0. Since at
y = 0.46 all the constraints mentioned above are satisfied, we
therefore obtain y°P'(R = 0.17) = 0.46 As the rate decreases,
this y-study becomes more and more difficult because this
transition becomes more and more pronounced, in particular
the jump in F'™°(y) increases thus lowering the accuracy
in the determination of y°'. For rate smaller than R = 0.15
we could not find a value of y satisfying all the constraints

(positive complexity, distortion above D;, and zero-weight in
J). Since we did not find a physical 1RSB solution despite our
efforts, we conjecture the existence of a transition toward a
2RSB or even full RSB phase at smaller rates. We leave this
investigation for future work.

B. A finite-temperature study

In this section, we perform a finite 8 study of the prop-
erties of the measure p(o) defined in Eq. (6), using the
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finite-temperature cavity method described in Appendix B 1.
The objective is to explain the results obtained in the previ-
ous section. We saw indeed with the zero-temperature cavity
method that the optimization problem (obtained in the large
B limit) is in a 1RSB phase as soon as R < RSVP =1/3 (.e.,
as soon as Az > 0). However, we know that the underlying
XORSAT problem [described by the measure (6) at 8 = 0]
is in a RS phase down to Rj‘f = 0.197. We therefore computed
the clustering transition 8,4 (R) line in the R- plane, see Fig. 8
(top left panel), to make the interpolation between 8 = 0 and
B — oo. What we are finding via this computation is that for
any R < RSVP = 1/3 increasing B soon or later the measure
undergoes a phase transition.

The top right panel shows the finite-temperature RS pre-
diction of the minimal distortion Dy, (8) computed at the
clustering transition 8 = S,(R). For R large enough (i.e., for
R 2 0.25), the finite-temperature prediction D[R, B4(R)])
(blue points) is very close to the results obtained at § =
oo (pink points). As R gets closer to R{e}e = 0.197, the
clustering inverse temperature 8,(R) decreases, and the finite-
temperature prediction Dp,[R, B4(R)] increases. What is
relevant to stress is that BP+decimation is following closely
the values of Dyin[R, B4(R)] and seems to undergo a very
similar transition. It looks like if BP were trying to optimize
the finite-8 measure and got stuck at the dynamical transi-
tion B;. Obviously when B, is very small (and specially for
R < RS; when B; = 0) it is unrealistic than BP can not do
better than a random guess, and indeed the distortion reached
by BP+decimation is always lower than 0.5 even for small R.

The bottom panels of Fig. 8 show in more details the
RS/RSB transition happening at fixed rate R = 0.25 (i.e., with
A3z = 0.25), for a population of size 10°, as B increases. The
overlaps go and ¢ [see Eq. (B23) in Appendix B] are plotted
against f in the bottom left panel. One sees that the clustering
transition happens at 8; = 1.1: for § < B, one has gy = ¢
while for 8 > B, one has g; — go > O strictly. As soon as we
enter in the 1RSB phase, the overlap inside a state g; becomes
equal to 1. This means that the clusters are pointlike (the same
phenomenon happens for the binary perceptron [30]).

The bottom right panel shows the complexity X(x = 1)
[see Eq. (B25)] computed at rate R = 0.25 and for increasing
B. The complexity has a large uncertainty and eventually
becomes negative for S, & 1.3, which means that there could
be a condensation transition. From these data it is very hard
to say whether there is a RFOT or the transition is eventually
FRSB. In any case we have to remind that in models like this
one and the binary perceptron where clusters are pointlike,
the algorithms are unlikely to reach the pointlike clusters
are much more likely to converge to rare and subdominant
clusters of large entropy [29,31]

VI. CONCLUSION

In this paper we have performed a quantitative study of
a random constrained optimization problem called closest
vector problem (CVP). Notwithstanding the simple definition
of the model which has linear constraints in GF(2) plus a
linear function to optimize, we have uncovered several non-
trivial phase transitions, that turn out to be related to the

performances of the best algorithms searching for optimal
solutions (which are message-passing algorithms).

Using the zero-temperature cavity method, we have pro-
vided analytical predictions for the minimal energy in several
random ensembles of instances. For the special case of cycle
codes, where variables are involved in at most two constraints,
we were able to provide exact results, in particular we proved
the exactness of the output of max-sum algorithm.

Willing to get closer to the Shannon bound, one has to
consider the problem where variables are involved in more
than two constraints: in this case several interesting phase
transition take place lowering the rate. We have identified two
different clustering transitions, one affecting the solution set
of the linear system of constraints (occurring at R® = 0.197),
and the other one affecting the set of solutions achieving the
minimal energy (occurring at R$Y? = 1/3). More precisely,
we found a regime R € [RE, RSVF] in which the solution set
of the linear system is rather well connected, yet the energy
landscape is glassy and the set optimal solutions is clustered.
Surprisingly, the message-passing algorithms perform well in
this regime, and start to be less efficient only in the phase
where the solution set of the linear system is itself clustered.
We provide a possible explanation to the above observations
based on the different nature of the transition, continuous
versus discontinuous. It seems that the random first-order
transition and the strong clustering of solutions happening
only for R < R;B is at the heart of the computational hardness
of the problem. It is worth studying further how much this is
related to the overlap gap property [32].

APPENDIX A: MOVING TO GF(g)

As shown in the context of channel coding [33] and source
coding [34], distortion performance can be improved by work-
ing with variables in the finite field GF(g) withg = 2, k € N,
as a generalization of binary numbers. In this case the parity
check matrix H has elements H, € {0,1,...,g— 1}, and
similarly for the source vector y.

The Boltzmann distribution (8) becomes

w(x) = % l_[]l |:EBHajxj = 0:| exp |:—,3 ZdH(Xi, Si):|,
a=1

= Jj€da i=1

(AD)
where by @ we indicate the XOR function, which applies
point-wise to the binary representation of GF(2F) numbers.
The Hamming distance dy(x,y) between two numbers in
GF(2%) is the number of ones in the binary representation of
x @ y. The operation H, ;x; is intended as the GF(2%) multipli-
cation.

The max-sum equations in GF(q) read

ua%i(xi) = max |: Z hjﬁa(xj)i| - 6‘\a~>iv

X\ Drega Hat =0 jeda\i

hisa() = Y wpoi(xi) — dp (i, i) = Ciear (A2)

bedi\a

where C;_,, and aH ; are constants ensuring respectively that
maxy, hi_4(x;) = 0 and max,, u,i(x;) = 0.
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FIG. 9. Rate-distortion performance for the GF(¢) max-sum al-
gorithm on codes of n = 6720 bits (points), plotted against the
replica-symmetric prediction (plain lines). The degree profile is
A(x) = {r, = 1}, P(x) = {px, pr+1}. Points are the average over 10
random graphs and source vectors. For each instance, max-sum was
run from five random initializations of messages, the one that gave
the minimum number of unsatisfied constraints was kept.

For a source vector y € {0, 1}", the corresponding GF(2*)
counterpart is obtained by grouping bits in groups of k and
interpreting them as binary code. Of course vector sizes must
be adjusted as to produce integer values. Likewise, given a so-
lution for the problem on GF(2*), one unwraps each element
into k bits and concatenates them to obtain a binary vector.

Figure 9 shows the results of max-sum algorithm with re-
inforcement, plotted against the replica-symmetric prediction.
Increasing g, one observes indeed that the average minimal
distortion decreases. The results of max-sum and the RS pre-
diction starts to differ when ¢ increases, especially at large
rate R. This phenomenon was already encountered for g = 2
(see main text, Sec. III A in particular, Fig. 2). We leave for
future work the investigation of this discrepancy, as already
argued in Sec. III A it is possible that the zero-temperature
cavity method is not correct in this regime. Another possibility
is the apparition of a IRSB or full RSB phase transition as g, R
increases for cycle codes.

APPENDIX B: EQUATIONS FOR THE CAVITY METHOD

The aim of the cavity method is to characterize the proper-
ties of the probability measure (6), for typical random graphs
in G, (A, P) and realization of the external fields sy, ..., s,,
in the thermodynamic limit. In this Appendix we explain
the main steps of the cavity method. In particular, we de-
scribe the zero-temperature cavity method, which focus on the
zero-temperature limit at which the probability measure (6)
concentrates on the configurations satisfying the constraints

and achieving the minimal energy. We start by describing the
finite-temperature version of the cavity method (see Sec. V B).

1. Finite-temperature cavity method

We start with the study of the properties of Eq. (6) at finite
B. The cavity method allows to compute the quenched free-
energy density:

1
F(A1P7 13) :nli>n<30 ;EQ,S[F(Q»Ev ﬁ)]v (Bl)
and the average energy:
1
E(A.P.p) = lim ~Eg [(E())]. (B2)

where Eg , is the average over the random ensemble of XOR-
SAT instances defined by a bipartite graph G drawn from
G, (A, P) and a set of external fields s drawn independently
and uniformly in {—1, 1}, and the bracket is the average over
the measure p [defined in Eq. (6)].

a. Replica-symmetric cavity method

There are several version of the cavity method. In the
simplest version, called replica-symmetric (RS), we assume
a fast decay of the correlations between distant variables in
the measure (o) defined in Eq. (6) in such a way that the BP
equations converge to a unique fixed point on a typical large
instance. Consider an uniformly chosen directed edge i — a
in a random bipartite graph G, and call P*™ the probability law
of the fixed-point message m;_,, thus obtained. Similarly, call
Q" the probability of the message 7,_,;. Within the decor-
relation hypothesis of the RS cavity method, the incoming
messages on a given variable node (respectively, factor node)
are i.i.d. with the law Q™ (respectively, P"*). This implies that
the laws P™ and O™ must obey the following equations:

(o) d
Pron =310y 5 [ T]ae e
d=0 s a=1

x 8(m — PPy, . .., s 9)],

o0 k
0% = Y- pi [ []dP mstin — fem......mo
k=0 i=1
®3)

where fbp(ml, ..., Mmy;s) and fAbp(ml, ..., my) are s~h0rthand
notations for the r.h.s. of the BP equations (11), and A4, p; are
the residual degrees:

~ drg

k
iy = ~ Pk

~—d . . Pk= — -
S ik > ip

We numerically solved these equations with population dy-
namics. The RS cavity prediction of the quenched free-energy

F(A, P, B) is then obtained by averaging the Bethe expres-
sion (13) with respect to the message distributions P™ and Q":

— BF®(A, P, B)

(B4)

Amax

d
-y % S / [dQ™ i) log Ziton, ... s s)
s d=1 a=1

054101-15



ALFREDO BRAUNSTEIN et al.

PHYSICAL REVIEW E 106, 054101 (2022)

kmax k
+aZpkf]_[dP“<mi>logZa(ml,...,mk>
k=1 i=1
— davg f dP™(m)d Q" (i) log Zia(m, 1), (BS)
ith @ = ZEL ™ the density of ints, dyg = Y0 00
with o = ST the density of constraints, dayg = D ;™% iA;

the mean variable degree, and Z;, Z,, Z;, defined in Eq. (14).
Similarly, the RS prediction of the average internal energy is

diax

d
o= 15 [Tl
d=1 a=1

N
8 Yo soePos ]_[zz1 Mg (o)
¥, e#7 TToz, (o)

b. 1RSB formalism

(B6)

The hypothesis underlying the RS cavity method must
break down when the density of constraints o become too
large, leading to the replica-symmetry-breaking (RSB) phe-
nomenon. In such a case it becomes necessary to use more
refined versions of the cavity method to describe the typ-
ical properties of the problem. The first nontrivial level is
called the one step replica-symmetry-breaking (1RSB) cavity
method. It postulates the decomposition of the configuration
space into clusters, such that the restriction of the measure
/ to a cluster has good decorrelation properties and can be
described by the RS cavity method. More precisely, we index
by y the partition of the configuration space into clusters, and
denote Z, () the contribution to the partition function Z(8)
of the yth cluster, as well as m!, , i the solution of the
BP equations that describe it. The 1RSB cavity method aims
at computing the potential

, 1 ’
ersb(x, ,3) = nli{lgo ;]Egyg <ln !;[Zy(ﬂ)] }) . (B7)

The Parisi parameter x allows to weight differently the various
clusters. The original problem is described by the choice x =
1. The potential (B7) contains precious information about the
cluster decomposition. Suppose that, at the leading exponen-
tial order, there are X(¢) clusters y with Z, = €"? (neglecting
subexponential corrections). The complexity X(¢) plays the
role of the entropy density, in an auxiliary model where
the clusters are replacing usual configurations. The potential
®'"P(x) and the complexity ¥(¢) are Legendre transform of
each other:

O (x) = Sl;p[E(d)) + x¢]. (B8)

This relation can be inverted:
i d !
T(x) = &P (x) — x— '™ (x). (B9)
dm

One introduces, for a given sample and a given edge (i, a) of
the bipartite graph G, two distributions P;_,, and Q,_,; that
encode the laws m”_ _ and /#”_ . when the cluster y is cho-
sen randomly with probability proportional to (Z, )*. These

i—a a—i

distributions obey the self-consistent equations:

1 X
Pi—)a(mi—m) = W/ l_[ de—)i(mh—H')

i—a Y pedi\a
X 8[mia — P ({Rps i hveoinas 5)]Zisa
X ({Mp— iYpeainas $i)s
Ouiti) = s [ TT st
a—>i  jeda\i
X 8[ta—si — FPP(Mj =0} jesai) Pamsi

X ({mja}jesari)’s (B10)

where z;_,,, Z,—; are the normalization constants in the BP
equations (11), and the factors Z!™", Z!"® ensure the normal-

1—a’ a—1

ization of P, and Q,_,; respectively. To average over the
random ensemble of instances one introduces the probability
distributions over the 1IRSB messages P'™°(P) and Q'™"(Q),
that obey the consistency relations similar to Eq. (B3):

o 1 d
zPlrsb P) = _/ d 1rsb .
(P) dEZO)»d E 5 a|=|l Q"(Qa)

S

X 8[P = F(Qi,...,0Qa;9)]

00 k
Q"™(Q) =) i / [ [dP"™ @810 - FPr, ... PO,
k=0 i=1
(B11)

where F(Qi,...,Q4;s) [respectively, FP,...,P)] is a
shorthand notation for the r.h.s. of the first (respectively, sec-
ond) equation in Eqs. (B10). The 1RSB potential (B8) can be
computed from the solution of these equations:

CI)Ier(x, ‘8)

Kmax

k
=a /]‘[d?‘“b(a)logz;“b(a, LR
k=1 i=1

dimax d
+ Z% ha f []d2™" .
=1

s d= a=1

x log Z™ (01, ..., Q43 5)

— duvg / dP'"™*(P)d Q"™ (Q)log ZI*"(P, 0), (B12)

with
k
Zc:er(Pls L) Pk) = / l_[dPa(ma)Za(mlv R mk)x’
i=1
d
21 .. 09) = [ [Td0wZ ... ihass)'
a=1

Z (P, Q)=/dP(m)dQ(ﬁ’t)Zia(m, m)*, (B13)
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with Z;, Z,, Z;, defined in Eq. (14). Finally, the 1RSB predic-
tion of the quenched free entropy is

q)lrsb
inf [ (x)]
xel0,1] X

Note that the 1RSB equations (B11) always admit the RS
solution as a trivial fixed point, in which the distributions P
(respectively, Q) in the support of P'™" (respectively, Q™)
are Dirac measures:

—BF'™ = (B14)

Pisb(p)y = /dPrS(h)(S[P —38(-—h)l, (B15)
with P™ solution of the RS equation (B3) and similarly for
Q' For small values of the density of constraints e, this
trivial solution is the only one, then F Isb — F1s and the pre-
dictions given by the RS and 1RSB cavity method coincide:
we are in the RS phase. Increasing «, nontrivial solutions
of Eq. (B11) can appear. The clustering threshold o, ()
is defined as the smallest value of o for which the 1RSB
equations at x = 1 admit a nontrivial solution. If the asso-
ciated complexity X(x = 1) is positive, then the extremum
in Eq. (B14) is reached for x = 1 and therefore F'™" = F*™,
In that case the typical solutions of the measure (6) have
split into an exponential number of clusters, in such a way
that the total free energy is unable to detect the difference
with the RS situation. This phase is called the dynamic 1RSB
phase. If instead one has X(x = 1) < 0, then the extremum
in Eq. (B14) is is reached at a nontrivial value x; < 1 of the
Parisi parameter. The number of clusters is subexponential,
and the computation of the free energy allows to detect the
1RSB phenomenon. One calls condensation threshold «.(f8)
the smallest value of o for which a solution of the 1RSB
equations (B11) with X(x = 1) < 0 exists.

c. Simplifications for x = 1

As explained in the previous subsection the dynamical-
IRSB phase is well described by the choice x = 1 for the
Parisi parameter. We have focused on this paper on the
computation of the clustering threshold «;(8), which allows

J

dmax —1

us to restrict our analysis to x = 1. We can also detect the
condensation phenomenon by computing the complexity at
x =1 and looking at the first value «, for which it be-
comes negative. The complete 1RSB equations can be largely
simplified for the special value of the parameter x = 1. As
explained in Ref. [35], the first step is to note that the
normalizations Z'™ (respectively, Z/™%) depends only on
the distributions {Qp_,;}pesina (respectively, on {Pjq}jcoani)
through their mean value. Define m[P], #i[Q] as the averages:

AlP(0) = / dP(mym(), A[Q1(o) = / Qo).
(B16)

then one can check that the normalization constant Z/™°
depends on the distributions Qy, ..., Q, only through the

averages m[Q1], ..., m[Qy] (and similarly for Z!"):

Z™(Q1, ..., 04, 8) = 2isa(RIO1], . . ., BIQ4], $),
2Py, P = iRy, .. m[P]) = 1. (B17)

Then, one can check that the random variable m[P], 7[Q]
obtained by drawing P (respectively, Q) from P™P(P)
[respectively, Q'™"(Q)] obey the RS equations (B3), and
therefore are distributed according to the RS distributions
P, 0. One defines the conditional averages:

P(mlin) = Prsl(m) / AP (P)P(m)s(im — m[P]),
_ 1 _ _
Q(m|m) = oG /dQ“Sb(Q)Q(ﬁ’t)5(ﬁl—ﬁ1[Q])- (B13)

We can get closed equations on these distributions (that we
will not write here, see Ref. [35] for a complete derivation of
these equations), that still have a reweighting term. To get rid
of it one defines

_._ m(o) i, o= o)
Py (m|m) = %P(mlmx Qo (1|rn) = &(G)Q(f’nlm)

(B19)

and obtains the following closed equations:

, R [y _ _ i} d _
Pomlm)P(i) = 3 %a )5 / [ [dQ Ra)stm — f®Gh, ..., s 9)] f [ 14Qs Ghalria)s(m — f® G, ..., g ),
a=1

d=0 s

max — 1

k, k
0. hlin@ i) = " pu [ []ot— f™m, .m0
k=1 i=1

a=1

Z V(o1 ..., 04l ... g, O)

k
x [ TTdpenimpstin = #on...mon (B20)
i=1
where
I|lo ]F_Uizl ].é_n_/ligi
v(O1, ..., 0qlmy, .. Ty, 0) = Lo [T, - Iy k( _) . (B21)
DI o H[U ni:l 0 = 1] Hi:] m;(o;)
The above equations can be solved with population dynamics, with two populations of triples {(7;, mf, m7):i=1,...,N}

and {(/7;, n%l?“, mo):i=1,... , N}. In this formalism, the trivial RS solution (B15) of the IRSB equations takes the following

form:

Py (m|m)P™ (i) = §(m — m)P"(m),

Qo (i) Q™ (1) = 80 — 1) Q" (1h1).

(B22)
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We use the intrastate overlap g and the inter-state overlap ¢, to determine the apparition of the dynamical-1RSB phase at o, (8):

2
go = /dPrs(m)[Zam(a)} . g = /dPrs(m)Zam(a)/dPg(m|n"1)|:Za/m(a’):|.

In the RS phase one has gy = g, while in the dynamical-1RSB phase gy > ¢, strictly. One can compute the thermodynamic
quantities from the solution of Eq. (B20). At x = 1, one can check that the IRSB potential (B7) equals the RS free-entropy:
O (x = 1) = ¢ = —BF™(B) [with F™*(B) defined in Eq. (B5)]. The 1RSB internal free energy, i.e., the average over the
clusters of the free energy associated to one cluster can be computed from the 1RSB solution at x = 1 (see Eq. (54) of Ref. [35]):

(B23)

dmax

a 1 ma(o-)
md»s)

]"[dQ(,(ma|ma)1og[z (I

g, )]

Pini (x = 1) = Zxd Z [HdQ‘S(Aa)Z Z

km‘lx 1_1 1 1
—I—aZpk/HdP“ ;) Z ZIOZml ]H’ 1m(a)f]_[dp (my i) loglZa(my. . .., mp)]

.....

o [ aPaaQ i Y T

From the 1rsb potential ®'™" and the internal free energy ¢in
one can deduce the complexity,

=1 =" =1)~ g lx = 1). (B25)
Finally, the 1RSB prediction for the internal distortion, i.e.,
the average over the clusters of the distortion associated to
one cluster can also be computed at x = 1. One can check that

it equals the RS prediction of the average distortion Djy(x =
1) =D" = (1 + E™)/2, with E™ defined in Eq. (B6).

2. Zero-temperature cavity method

We are interested in the computation of the average (over
the random ensemble of instances) of the averaged energy
(E (o)) over the measure (6) in the large § limit:

E™" = lim I]ng[llm (E(0)), ] (B26)

n—oo n

In this limit one obtains the minimal energy, or equivalently
the minimal distance D™" = (1 4+ E™")/2 achieved between
the source and the closest codeword, in average over the
random ensemble of instances. A simplified version of the
cavity method can be developed in this limit, called the zero-
temperature cavity method. We will work with the softened
version of the probability measure u,; defined in Eq. (8), with
J a real parameter that is conjugated to the number of unsat-
isfied constraints, because it allows to simplify the numerical
resolution of the zero-temperature RS and 1RSB equations.

a. Replica-symmetric formalism

In the RS formalism, one assumes that the max-sum equa-
tions (19) and (21) admit a unique solution, that describe
correctly the properties of the measure (8) in the large 8 limit.
For a uniformly chosen directed edge i — a in a random
bipartite graph G, we define p™ the probability law of the
fixed-point message #;_, ,, and similarly the probability law g™
of the message u,_,;. The laws p™ and ¢" obey the following

11_1(6 (o)

d Qo (ih|7i)d Py (m|im) 10g Ziq (m, 1) (B24)
[
self-consistency relations:
p(h) = ZMZ Z Slh— f™(uy .., ugs )]
x ]_[q“(ua),
a=1
00 k
= pe Y Slu— " ] ] P,
k=0 By, i=1
(B27)

where f™(uy, ..., uz;s) and fms(hl, ..., hy) are shorthand
notation for the r.h.s. of the MS equations (19) and (21). The
above equations can be rewritten in a simplified form. Define

po(h) = %[S(h, 1)+ 8(h, —1)] and let ® be the convolution
operation. We obtain for p™(h)
rmax
=Y Tlmere o] B2
d=1 d times

while we obtain for ¢™ (u), when u > 0,

kmmx k k
g )= 2! { [Z p“(h)} — [Z p“(h)} ]
k=1 h>u h>u
kmax
and ¢®(0) = Y pi(1 — [1 — p*(0)]") when u = 0. (B29)
k=1

With a finite parameter J, the factor-to-variable u,_,; take
integer values in [—J, J] while the variable-to-factor messages
hi_, take integer values in [—1 — J(dpax — 1), 1 + J(dmax +
1)]. Equations (B28) and (B29) can be solved numeri-
cally in an iterative way, with real vectors representing the
distributions p™ and ¢". Once a solution to the RS equations is
found, the RS cavity prediction of the minimal Energy E™" is
then obtained by averaging the Bethe expression with respect
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to the message distributions p™ and ¢":

dmax d
EP =3 h ) EGwn.....u)[[d*w)  ®B30)
d=1 Ul yenns Uy a=1

00 k
+ad pe Y B, ) [[pCh)  (B31)
k=0 h

oo Pk i=1

—davg Y EiaCh, 0)p™ (h)g" (),

h,u

with E;, E,, E;, defined in Egs. (23) and (24).

(B32)

b. 1RSB formalism

In the 1RSB zero-temperature formalism one takes simul-
taneously the limit x — 0 and f — oo with a fixed finite
value of a new parameter y = Bx. Taking this limit in the
expression of the 1RSB potential ®'™P(x) [Eq. (B8)] one
obtains the zero-temperature version of the RSB potential:

DI (y) = —yF!(y) = sup[Z.(E) —yEl.  (B33)

The zero-temperature complexity X.(E') counts the (exponen-
tial) number of clusters with a given minimal energy E, these
clusters being counted independently of their size. It can be
computed via an inverse Legendre transform of the potential
D, (y):

Te(y) = B () — ydidt“b(y).
y

As in the finite B formalism, we assume the partition of
the configuration space into clusters indexed by y, in such
a way that each cluster is described by a solution of the
max-sum equations (19) and (21). The parameter y allows
to weight the clusters according to their Bethe Energy E, =
EBethe((p”  u’ .}) [see Eq. (22)]. We introduce for a given
sample and a given edge (i,a) of the factor graph, two
distributions p!,, and ¢/, that encode the laws h! , and
u!_ ; when the cluster y is chosen randomly with probability
proportional to e %, These distributions obey the follow-
ing self-consistent equations [similar to the equations for the

finite-temperature case (B10)]:

(B34)

e [hissal

Pisa(hisg) = b Z l_[ qp—i(Up—i)

T4 {uyiYpeoia bEdi\a

% ( 1_[ e}’lub»zl)
bedi\a

X S[hiﬁa - fms({ub%i}beai\a; S,')]

: Z l_[ pjaa(hj»a)

GasilUasi) = 1
41 0 jesa jEDANE

Z

X Slttai — ™ ((hja} jesad)]-

We can now average over the random ensemble of instances.
Let (i, a) be a uniformly chosen edge in a factor graph drawn
from the random ensemble with degree profile (A, P). One in-
troduces the probability distributions over the 1RSB messages
PIst(p) and Q!™P(g) over the messages pi 4, gasi- They

(B35)

obey the consistency relations, that are the zero-temperature
version of the 1RSB equations (B11):

00 _ 1 d
Plrsb — - f d lrsb
. (p) d; Ad Z 3 E Q. (av)

N

x 8[p—F.(q1,...,q4a;:9)],

00 k
Qtl,er(Q) — Zﬁk f l_[dpelmb(pj)a[q — ﬁ;_,(pl, ool
k=1

j=1
(B36)

where F,(qi,...,qq;s) [respectively, Fe(pl, op)] is a
shorthand notation for the r.h.s. of the first (respectively, the
second) equation in Eqs. (B35). These equations always admit
a trivial fixed point,

PIP(p) =y pRslp — (- — )],

h

Q" (g) =Y g w)slg — 5(- — )], (B37)
h

with p™ and g™ solution of the RS equation (B27). In the RS
phase, this trivial fixed point is the unique solution, while in
the 1RSB phase, the trivial solution becomes unstable and the
above equations admits a nontrivial solution. The clustering
transition in the 8 — oo limit is therefore defined as the
smallest density of constraints « such that the 1RSB equa-
tions (B36) admit a nontrivial solution. The 1RSB potential
®!°(y) can be computed from the solution of these equa-
tions:

@,"0(y)

— —dag / AP (5) Q" () ia(p 4:)
00 1 d
)\, - d frsb a e,i EERICIRIEY 58,
+§ dngﬂ O (g, )¢e.i(qi 4435, 9)

oo k
ta X pe [ [TaP Gopeatpr. . piv). B38)
k=0

i=1

with

B d
pei=log| Y e ] Qi(ui)] :
LUt,...sUq i=1

B k
Pea =log| » e ElmTT pa(ha):|,
LAy, hy a=1

(B39)

Peia =log | D eyE""“’”)p(h)q(u)],

L h,u

with E;, E,, E;, the terms in the Bethe Energy defined in
Egs. (23) and (24). One can also compute the internal energy,
which is the average (over the clusters) of the Bethe Energy
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associated to one cluster:

Ulrsb (y)

int
- / AP (5)Q" (YU (ps 4: )

dmax 1

d
+30Y 5 [ TTeQr @ttan. .. qsis.»
d=1 s a=1

[e9) k
+aY p / [P Ui, - pisy), (B40)
k=0 i=1
with
U = Z Ei(uy, ..., ug;s)e YEi ”‘“5)1_[7:1615(%)

.....

V=Y Eia(h, w)e*™« ™ p(h)q(u)

= B41
&0 p()g(u) B4

hou

Note that at finite J, the internal energy contains a term
minimizing the number of violated constraints and a term
minimizing the distortion between the source and the configu-
ration [see Eq. (9)]. We can expect that for J large enough the
cost of violating a clause (cost 2J) becomes large compared
to the distortion cost in such a way that the support of the
measure p is concentrated on configurations satisfying the
constraints. Finally, one can compute the zero-temperature
complexity X.(y) from the 1RSB potential <I>;er and the in-

Irsb.
ternal energy U, *:

() = O () + U (y). (B42)

APPENDIX C: SPARSENESS OF THE BASIS

In this Appendix we focus on the case where variable nodes
have degree at most 2. We build a basis spanning the set of
codewords C = {x : Hx = 0, x € {0, 1}""} using a version of
the leaf removal algorithm in which one chooses the variables
to be removed according to their depth. We show that the
Hamming weight of basis vectors is upper-bounded by the so-
lution of a message-passing equation introduced in Ref. [18]
by Montanari and Semerjian. Using the replica-symmetric
formalism, we can predict the value of this upper bound for
random XORSAT instances with a given degree profile, in the
thermodynamic limit. When the RS prediction for the upper
bound is finite, it indicates that the basis vectors constructed
with this procedure have a sublinear Hamming weight. There-
fore, the basis is sparse, which means that the set of codewords
is well connected, because from any codeword it is possible
to reach any other codeword by jumping between codewords
that differ in only a sublinear number of variables (see the
discussion in Sec. I C).

1. Construction of the basis

The construction of the basis uses the leaf removal (LR)
algorithm applied to the bipartite factor graph G = (V, F, E)

with variable nodes in V, factor nodes in F, and edge set
E. Variable nodes can have degree at most 2. If all variable
nodes have degree 2, then one removes a factor node (a
row in the parity-check matrix H) to uncover some leaves.
We will see at the end of this section (see Appendix C5)
that it leaves the set of codewords C unchanged. At each
time step ¢, the LR algorithm removes a variable node v,
among the leaves present in the graph, according to its depth.
More precisely, the algorithm picks a variable uniformly at
random among the leaves with smallest depth (i.e., closest
to a leaf in the original graph). The unique factor node a,
that was attached to v, is also removed, thus uncovering new
leaves in the new factor graph. Since in our setting variables
have at most degree 2, and assuming the graph to be con-
nected, the core of G must be empty, therefore the procedure
ends at t = m, when all the factor nodes in F have been
removed. The variables have been split in two sets: the m
variables removed vy, ..., v, are called the dependent ones,
and the remaining ones are independent variables (denoted
wi, ..., Wy—p). This procedure allows to rewrite H in upper
triangular form by a permutation of the rows and columns of
H. The first m columns correspond to the dependent variables
Vi, ..., Uyn. The rows are ordered correspondingly: the #th row
corresponds to factor node a; (i.e., ai,...,a, from top to
bottom). The last n — m columns correspond to the n —m
independent variables (in arbitrary order). This permutation
transforms H into a matrix (T|U) with T a m x m matrix
in upper triangular form, and U is a m X (n — m) matrix.
Finally, one performs Gaussian elimination to transform the
matrix (T'|U) into (I,,|U"), with I, the identity matrix of size
m,and U' = T~'U a m x (n — m) matrix. The basis vectors
of the codebook C are obtained as the n — m columns of the
following matrix of size n x (n — m), built with two blocks:
on top there is —U’, below there is the identity I,_,, of size
n —m. Let w be an independent variable, with dw = {a, b}
its two neighbors factor nodes. We call p? _  (respectively,
P ) the shortest path going from w to a leaf of G, with the
constraint that the first step goes through a (respectively, b).
We show in the following that the nonzero entries of the basis
vector associated of w correspond to the variables in the set

{whUpy, . Y, \ {Pha NPy D)

2. Row operations

During Gaussian elimination, one performs additions of
the rows Ly,...,L, of the matrix 7 to obtain the rows
Li, ..., L, of the identity matrix I,,. By definition the row L,
at the bottom does not have to be modified, it is already in the
right form, thus L, = L,,. Looking at the row above L,,_,, if
the unique element at the right of the diagonal term is nonzero
then one performs the row addition L, |, = L, + L. If
not then it means that L,,_; is already in the right form and
there is no need to change it: L/, ; = L,,—;. We can proceed
in that way going from bottom row to top row. When one
looks at the ith row L;, all the rows Lj-, with j > i below
are already in the right form (only the diagonal term is non
zero). One has to look for the nonzeros elements of L;, say
they are at position u > i, v > i, w > i, then one needs to do
the operation L; = L; + L, + L) + L.
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The operation on each row can be written as L] = L, +
ZseBt L,, with B, a subset of {t 4+ 1, ..., m}, that can be inter-
preted in terms of the paths explored by leaf removal. Say that
attime r — 1 during LR algorithm, the graph contains g leaves
with smallest depth d, denoted {uy, ..., u,}, and possibly
other leaves with larger depths. At time ¢, the algorithm picks
one leaf with smallest depth d: v, = u; forsome i € {1..., g}.
The variable v, is removed, as well as the unique factor node
a; attached to v, at time ¢ — 1. The degree of the variables in
da; \ v, is decreased by 1. Those that had degree 1 at time
t — 1 become of degree O at time 7, and are added to the set of
independent variables. Those that had degree 2 at time ¢ — 1
become leaves at time ¢, and can be removed by the algo-
rithm at later times. These variables have depth exactly d + 1.
Indeed they cannot have a degree > d + 1 because they are
connected to v; which is of degree d. They cannot have a
degree < d, otherwise they would have been removed at a
previous time. They cannot have degree exactly d, because
in that case they would be connected (in the original graph)
to another variable of depth d — 1, which therefore has been
removed at a previous time < ¢ and this would mean that
they have degree 1 at time # — 1. The set B, can be defined
recursively as the set of all the variable nodes that have been
visited by a path starting from node v,. More precisely, B; is
a tree of root v, and the variables in the first generation of B,
are the variables da, \ v; that have depth d + 1 and that has
been picked by the algorithm at times ¢’ > ¢. A variable v,
of the second generation have depth d + 2, and is linked to a
variable vy € da \ v, that belongs to the first generation. The
variable v,» has become a leaf at time ¢’, and have then been
visited by the algorithm at time ¢” > ¢'. The next generations
are built similarly, the variables of the rth generation in B,
having depth d + r. The tree ends in dependent variables v
that are surrounded by variables that have not been picked
by the algorithm (i.e., that belongs to the set of independent
variables wy, ..., w,—,). The tree B, is represented in Fig. 10
on a small example. If at a later time ¢ < s < ¢ + g another
leaf u; in {uy, ..., u,} is explored: vy = u;, then a new subset
By, disjoint from B,, will be built starting from v.

3. Effect of row operations on U

We want to know how many nonzero entries are created
in U" when the row operations L; = L, + }p Ls are per-
formed. The columns of U correspond to the independent
variables wy, ..., w,—, that have not been removed by the
LR algorithm. This means that at some time step the degree of
these variables has become zero. One can distinguish between
two cases: either the independent variable w; had degree 2 in
the initial graph G, or it had degree 1.

(1) In the first case let s, t be the two time steps at which
the two factor nodes a, and a; linked to w; have been re-
moved. In the i column of U there is 2 nonzero entries
at positions s and ¢. The variable v; (respectively, v;) that
have been removed at s (respectively, at 7) belongs to day \ w;
(respectively, to da, \ w;). Moreover, there is an unique sy < §
(respectively, an unique fy < t) such that vy, (resp v;,) is a
leaf in the initial graph, and such that v € By, (respectively,
v; € By,). It might be that these two leaves coincides: vy, = vy,.
Let Py,—.s € By, (respectively, P,,_.; € By,) be the path going

Oy,

FIG. 10. On a small example, the tree B, (in red) started from the
variable v, removed att = 4. The row operation for the fourth row is
thus L:‘ = L4 + Lg + Lg

from vy, to vy in the tree By, (respectively, from vy, to v, in the
tree By,).

(a) If vg, # vy, then one can check that in the ith col-
umn of U’ there is nonzero entries in all the positions
corresponding to the variables belonging to one of the two
paths Py, and P, ;. This is the case for the variable ws
(see Fig. 11).

(b) If vy, = vy, then the beginning of the two paths
coincides for some variables {vy, = -+ = v} = Py,s N
Pr,—:. After some factor node a, the paths splits in two
parts. The subset {w;} U L; with £; = (Ps;—s U Pyy—s) \
(Psy—s N 'Py,—;) forms a loop (or a set of disjoint loops)
that passes through ay, a;, and a,. One can check that the
nonzero entries in the ith column of U’ coincides with the
variables belonging to £;. This is the case for the variable
w7 (see Fig. 11, with £7 = {vg, vg})

(2) In the second case w; has degree 1 in the initial graph
(i.e., w; has depth 0). Let ¢ be the time at which the unique
factor node a; linked to w; has been removed. Since the
LR algorithm picks always variables with smallest depth,
this means that the variable v, that has been picked by the
algorithm has also depth 0. Therefore, in this case the path
is reduced to the unique variable v;: P;—,, = {v;}. In the ith
column of U’, there is a unique nonzero entry at the rth
position, and zeros elsewhere. This is the case for the variable
w; on Fig. 11, the associated column in U’ has a nonzero entry
at position ¢ = 3.

By construction, Py, (respectively, P;,—;) is a path of
strictly decreasing depth, going from w; to a leaf sy (respec-
tively, #y), where the first step goes through ay (respectively,
a;). Since a path of strictly decreasing depth must be the
shortest path to a leaf, Py, is actually the shortest path
from w to a leaf, with the first step going through a;:

054101-21



ALFREDO BRAUNSTEIN et al.

PHYSICAL REVIEW E 106, 054101 (2022)

Oy

FIG. 11. The two paths P,_.¢ = {v2, v6} (in green) and Ps_3 =
{v4, vg} (in blue) going from leaves v, and v, toward the independent
variable ws. The nonzero entries in the fifth column of U’ corre-
sponding to ws are at the 2nd, 4th, 6th, and 8th positions.

Poyss = p’;ﬁav using the notations introduced in the first
section of this Appendix (and similarly Py, = p}, ).
Note that we restrict ourselves to nonbacktracking paths,
i.e., paths of the form p = [p(1) = i1, p(2) = ay, ..., pQw —
1)] = iy, (alternating variable nodes and factor nodes), such
that p(t) # p(t + 2) Vt.

4. Upper bound

We just showed that the basis vector b,, relative to the inde-
pendent variable w is of the form b,, = Xpe DX DXy,
where dw = {a, b}, and p} ,  (respectively, p} ) is the
shortest path going from w to a leaf, where the first step goes
through a (respectively, b). We have used the notation x,, with
I €V, where the vector x; contains nonzero entries only at
indices i € I. The Hamming weight of the basis vector b,
relative to independent variable w can be upper bounded as
follows:

wiby) < W, )+ wl, ).

Therefore, if the two paths p};,__ ., p} _,, have length o(n), then
so do the basis vector, making the basis sparse. Note that when
measuring the length of a path or a distance, we count +1
every time a variable node is met (i.e., we do not count the
factor nodes present in the path).

The length w(pj,,) for any variable node i € V can
actually be computed exactly as the solution of the message-
passing equations for the minimal size rearrangement, defined
in Eq. (36), Sec. V A of Ref. [18], that we rewrite here with an
additional update scheme:

RD =14 min A, A" =1+ min n" .
i—a —~ jeap\i 1P i jeab\i 1P
bedi\a bedi

(CD

where the set b € di \ a is made of either one or zero elements,
because the degree of variables is < 2. As usual, we use the
convention that summing over an empty set gives zero, and the
minimum over an empty set is +00. In case of a tree, the quan-
tity h; corresponds exactly to the weight of the minimal size
rearrangement, which is the smallest set of variables that are
needed to be flipped when the variable x; is flipped. Notice that
these equations are nothing but the max-sum updates for our
problem (19) with all s; = +1, i.e., with the zero codeword as
the source. We initialize all messages to Y =4 = to0.

isa = Ug—si
In the following we will prove that h" , converge on any

graph (not only on trees) to 1 if i has degrlee 1, and to w(p},,)
if di = {a, b}. Iteration of Eq. (C1) resembles the breadth-
first search algorithm, with the slight complication that it
applies to nonbacktracking paths. Consider an edge (ia). Let
Piay = (V1 = J, ...y ..., Vk—1 = i, vt = a) be the shortest non-
backtracking path (i.e., such that v, # v,4, V) starting from
a (variable) leaf and ending in the two vertices i, a (in this
order). If i is of degree 1, then p(,) = {i, a} and w(ia) = 1.
If instead i is of degree 2, then let b be the other factor
node attached to i, in that case the weight of the path pq
equals the weight of the path p? ,: w(ia) = w(p:, ). Define
w(ia) = % the number of variable vertices in this path. It is
easy to see that /{_,  is nonincreasing in ¢, as the expression is
monotonous and can only decrease in the first step because the
starting point is all +oc0. We show now that (a) /_ , = w(ia)
fort > w(ia) and (b) i}_, , = +oo for t < w(ia). Let us pro-
ceed by induction in 7. The result is clearly true for 1 = 1,
because w(ia) = 1 implies that i is a leaf, but then the r.h.s. of
Eq. (C1) is 1. Suppose the statement true for every ' < ¢ and
take (ia) with w(ia) = t. Consider its corresponding shortest
nonbacktracking path p = (..., j, b, i, a) starting on a leaf an
ending in (i, a) containing w(ai) variable vertices. Then:

(1) w(jb) = w(ai) — 1 because the subpath ending in j, b
must be optimal, so h;:lb) = w(jb) by IH, and

(2) w(ke) > w(ai) — 1 for any k € dc \ i, c € di \ a as
otherwise, we could construct a strictly shorter path from a
leafto i, a. As h,(f__)l) is either w(kc) or 400 by IH, this implies
R > wiai) - 1.

By means of Eq. (C1), we conclude #}_, , = w(ia). Sim-
ilarly, take (ia) with t < w(ia); we know that w(kc) >
w(ai)— 1>t —1 for all k€ dc\i, c€di\a so by in-
duction hypothesis the r.h.s. of Eq. (Cl) is 400 and then
w(ia) = +00. As a consequence, Eq. (C1) converges in ex-
actly maxq)eg w(ia) < |E| steps. Applying the RS version
of Eq. (C1) for the ensemble of cycle codes with factor degree
fixed to 3 and a fraction XA, of degree-1 variables gives the
result in Fig. 12. It is clear that all of the probability mass is
found at finite rearrangement size. Since rearrangements are
an upper bound for the Hamming weights of basis vectors, we
conclude that the latter must be finite.

5. Effect of 1-reduction

If all variables in G have even degrees (as is the case with
all variables of degree 2), then the associated codebook is left
unchanged when one removes only one factor node a (i.e.,
when a 1-reduction is performed). The reason is simple: the
sum in GF(2) of all rows in the matrix H gives the all-0 row,
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0.00 | . .
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FIG. 12. Cumulative probability distribution p(n) =
Prob(Rearrangement size > n) obtained via the RS computation for
fixed factor degree k = 3. Curves correspond to increasing values of
A1 =1{0.1,0.3,0.5, 0.7, 0.9} from right to left.

implying that any given row in H can be built as the sum of
the other rows and thus is linearly dependent on them.

APPENDIX D: RELATION TO LDPC DECODING

The problem of channel coding is formally identical to
source coding in the sense that it is stated as the minimization
of the same energy function (9) (see, e.g., Ref. [15, Eq. (3)].
However, there are two main differences that make one prob-
lem substantially harder than the other. The first difference
is a design choice: a set of codewords which is good for
channel coding is typically awful for source coding. In the
communication problem one wants codewords to be as far as
possible from one another, while for compression one wants
them covering the whole space, so that any point is close
enough to at least one codeword. The second difference lies
in the distribution of the source vector. While here we are
taking every bit of the source uniformly at random, in channel
coding the source vector is made of a codeword with a small
fraction of corrupted bits. This means that, provided the code
is well-designed, there will always be one codeword signifi-
cantly closer to the source than others, making the problem
typically easier.

The results of the two problems are not directly compa-
rable, however we give in Fig. 13 some evidence that the
compression problem becomes easy when the source vector is
close enough to a codeword. We place ourselves in a regime
where the compression problem with symmetric source is in a
1RSB phase, but modify the source starting from a codeword
and then flipping a fraction ¢ of the bits. The compression
is then performed by max-sum with reinforcement. For small
values of &, max-sum is able to solve the problem exactly,
as the number of unsatisfied factors is zero and the distortion
is equal to ¢. Indeed, by construction, ¢ is the (normalized)
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FIG. 13. Performance of max-sum with reinforcement on
source vectors made by perturbing the all-zeros codeword
with en bit flips. n = 1800, A = {A, = 0.45, 13 = 0.55}, P = {ps =
1}, R = 0.15, average over 50 instances. The upper panel shows the
average distortion, with the Shannon bound and 1RSB prediction for
a symmetric source as references. The lower panel shows the number
of unsatisfied factors.

Hamming distance from the starting codeword. By definition,
the closest codeword will always be at a distance smaller or
equal than e. As ¢ increases, we observe a transition where
the algorithm stops converging to solutions, and the vectors
found (after fixing a set of independent variables as described
in Sec. III A) have a distortion which is even worse than the
1RSB prediction for the same graph (for a symmetric source).
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