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Measurements of the branching fractions of the inclusive
decays D0ðD+ Þ → π +π +π −X
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Using eþe− annihilation data corresponding to an integrated luminosity of 2.93 fb−1 taken at a center-of-
mass energy of 3.773 GeV with the BESIII detector, we report the first measurements of the branching
fractions of the inclusive decaysD0 → πþπþπ−X andDþ → πþπþπ−X, where pions from K0

S decays have
been excluded from the πþπþπ− system and X denotes any possible particle combination. The branching
fractions of D0ðDþÞ → πþπþπ−X are determined to be BðD0 → πþπþπ−XÞ ¼ ð17.60� 0.11� 0.22Þ%
and BðDþ → πþπþπ−XÞ ¼ ð15.25� 0.09� 0.18Þ%, where the first uncertainties are statistical and the
second systematic.

DOI: 10.1103/PhysRevD.107.032002

I. INTRODUCTION

In recent years, tests of lepton flavor universality (LFU)
have become a very hot topic in heavy flavor physics. The
world averages of the ratios RðDÞ ¼ BðB → DτντÞ=
BðB → DlνlÞ and RðD�Þ¼BðB→D�τντÞ=BðB→D�lνlÞ,
with l ¼ e or μ, deviate from the Standard Model (SM)
predictions by more than 1.4σ and 2.8σ, respectively [1].
Additionally, the LHCb experiment reported the ratio
of branching fractions, RðD�−Þ ¼ BðB0 → D�−τþντÞ=
BðB0 → D�−μþνμÞ, based on 3 fb−1 of pp data taken at

7 and 8 TeV (run I) [2,3], which had the smallest statistical
uncertainty at the time and was consistent with the SM
prediction within 1.1σ. However, the LHCb measurement
is limited by the knowledge of the normalization channel
BðB0 → D�−πþπþπ−Þ. Future data taken at the Belle II and
LHCb experiments will help to further improve the
accuracy of the branching fractions and tests of LFU.
In these tests, the analyses adopt the decay chain of B0 →

D�−τþντ with τþ → πþπþπ−ν̄τ, where the leading and
subleading background sources are from B0;þ → Dþ

s þ
anything with Dþ

s → πþπþπ−X and B0;þ → D0ðDþÞ þ
anything with D0ðDþÞ → πþπþπ−X (where π�s from K0

S
decays have been excluded from πþπþπ− and X denotes
any possible particle combination), respectively.
Unfortunately, information on inclusive decays of charmed
mesons into final states containing πþπþπ− is sparse.
Measurements of the full and partial decay branching
fractions of the inclusive decays Dþ

s → πþπþπ−X and
D0ðDþÞ → πþπþπ−X offer important inputs to precisely
test LFU with semileptonic B decays.
Recently, the BESIII collaboration reported the first

measurement of the branching fraction of the inclusive
decay Dþ

s → πþπþπ−X [4]. The branching fraction
obtained is greater than the sum of the branching fractions
of the known exclusive Dþ

s decays containing πþπþπ− by
around 25%, thereby implying that many exclusive Dþ

s
decays containing πþπþπ− are still unmeasured. The sums
of the branching fractions of the known exclusive D0 and
Dþ decays containing πþπþπ− [5–8], as summarized in the
Appendix, are ð16.05� 0.47Þ% and ð14.74� 0.53Þ%,
respectively. The measurements of the branching fractions
of the inclusive decays D0ðDþÞ can offer a check on the
known exclusive D0ðDþÞ decays containing πþπþπ−. A
measurable difference between the branching fractions of
inclusive and exclusive decays would indicate that either
some exclusive decays are not measured or that some
known exclusive decays are overestimated.
In this paper, we report the first measurements of the

branching fractions of D0 → πþπþπ−X and Dþ →
πþπþπ−X by analyzing 2.93 fb−1 of eþe− collision
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data [9] taken at a center-of-mass energy of 3.773 GeV with
the BESIII detector. Throughout this paper, charge con-
jugate decays are always implied.

II. BESIII DETECTOR AND MONTE CARLO
SIMULATION

The BESIII detector is a magnetic spectrometer [10]
located at the Beijing Electron Positron Collider
(BEPCII) [11]. The cylindrical core of the BESIII detector
consists of a helium-based multilayer drift chamber
(MDC), a plastic scintillator time-of-flight system (TOF),
and a CsI (Tl) electromagnetic calorimeter (EMC), which
are all enclosed in a superconducting solenoidal magnet
providing a 1.0 T magnetic field [12]. The solenoid is
supported by an octagonal flux-return yoke with resistive
plate counter muon identifier modules interleaved with
steel. The solid angle coverage for detecting charged
particles is 93% over 4π. The charged-particle momentum
resolution at 1 GeV=c is 0.5%, and the resolution of the
specific ionization energy loss (dE=dx) is 6% for the
electrons from Bhabha scattering. The EMC measures
photon energies with a resolution of 2.5% (5%) at
1 GeV in the barrel (end cap) region. The time resolution
of the TOF barrel part is 68 ps, while that of the end cap part
is 110 ps. More details about the design and performance of
the BESIII detector are given in Ref. [10].
Simulated samples produced with GEANT4-based [13]

Monte Carlo (MC) software, which includes the geometric
description of the BESIII detector and the detector
response, are used to determine the detection efficiency
and to estimate background contributions. The simulations
include the beam energy spread and initial state radiation in
the eþe− annihilations modeled with the generator KKMC

[14]. The inclusive MC samples consist of the production
of DD̄ pairs with quantum coherence (QC) for neutral D
modes, the non-DD̄ decays of the ψð3770Þ, the initial state
radiation production of the J=ψ and ψð3686Þ states, and the
continuum processes. The known decay modes are mod-
eled with EvtGen [15] using the branching fractions taken
from the PDG [5], and the remaining unknown decays of
the charmonium states are modeled by LUNDCHARM

[16,17]. Final state radiation is incorporated using
PHOTOS [18].

III. METHOD

As the peak of the ψð3770Þ resonance lies just above the
DD̄ threshold, it decays predominately into DD̄ meson
pairs. We take advantage of this by using a double-tag (DT)
method, which was first developed by the MARKIII
collaboration [19,20] to determine absolute branching
fractions. The single-tag (ST) D̄0ðD−Þ mesons are selected
by using the two hadronic decay modes D̄0 → Kþπ− and

D− → Kþπ−π−, respectively, which have relatively large
branching fractions and low background.
Events where D0ðDþÞ decaying into signal particles

can be selected in the presence of ST D̄0ðD−Þ mesons
are called DT events. To compensate for the differences of
the 3π invariant mass M3π distributions between data and
MC simulation and to consider the signal migration
among different M3π intervals, we determine the partial
branching fractions of the D0ðDþÞ → πþπþπ−X decays
in bins of M3π at the production level. The numbers of
produced DT events and the numbers of observed DT
events are related in bins through a detector response
matrix that accounts for detector efficiency and detector
resolution,

Ni
obs ¼

XNintervals

j¼1

ϵijN
j
prod; ð1Þ

where Ni
obs is the number of signal events observed in the

ith M3π interval, Nj
prod is the number of signal events

produced in the jth M3π interval, and ϵij is the efficiency
matrix describing the detection efficiency and migration
effect across each M3π interval. The statistical uncertain-
ties of ϵij due to the limited size of the signal MC
simulation sample are considered as a source of system-
atic uncertainties, as discussed in Sec. VI.
The number of the inclusive decays D0ðDþÞ →

πþπþπ−X produced in the ith M3π interval is obtained
by solving Eq. (1) for Ni

prod, which gives

Ni
prod ¼

XNintervals

j¼1

ðϵ−1ÞijNj
obs: ð2Þ

The statistical uncertainty of Ni
prod is given by

ðσstatðNi
prodÞÞ2 ¼

XNintervals

j¼1

ðϵ−1Þ2ijðσstatðNj
obsÞÞ2; ð3Þ

where σstatðNj
obsÞ is the statistical uncertainty of Nj

obs.
The partial branching fraction of the ith M3π interval is

determined by

dBsig ¼
Ni

prod

NST=ϵtag
; ð4Þ

where NST=ϵtag is the efficiency corrected yield of the ST
D̄0ðD−Þ mesons. The partial branching fractions are
summed to obtain the total branching fraction Bsig.
Since the measurement of the branching fraction of

D0 → πþπþπ−X is affected by quantum coherence
(QC) in the D0D̄0 system, the branching fraction of
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D0 → πþπþπ−X measured with the tag mode D̄0 → Kþπ−
needs to be corrected by

dBcorr
sig ¼ fcorrQC × dBsig; ð5Þ

where

fcorrQC ¼ 1

1 − Cfð2fCPþ − 1Þ ; ð6Þ

dBsig is the branching fraction to be measured, and Cf

denotes the strong-phase factor calculated by

Cf ¼ 2rR cos δ
1þ r2

: ð7Þ

In Eq. (7), r is the ratio between the doubly-Cabibbo-
suppressed and Cabibbo-favored amplitudes for
D → K�π∓, δ is the strong phase difference between the
two amplitudes and R ¼ 1 is the coherence factor for D →
K�π∓ [21,22]. Table I summarizes the parameters of r and
δ for D → K�π∓, which give Cf ¼ ð−11.3þ0.4

−0.9Þ%
for D → K�π∓.
In Eq. (6), fCPþ is the fraction of the CP-even (þ)

component. According to Refs. [22,24], fCPþ is calculated
by

fCPþ ¼ Nþ

Nþ þ N−

with

N� ¼ M�
measured

S�
;

S� ¼ S�measured

1 − η�yD
:

Here, N� is the ratio of DTand STyields with the CP-even
and odd CP ∓ tags, M�

measured denotes the number of DT
candidates for a signal channel versus CP ∓ tags, and
S�measured is the number of ST candidates for CP� decay
modes. Finally, η� ¼ �1 forCP�mode and yD ¼ ð0.62�
0.08Þ% is the mixing parameter of D0D̄0 taken from the
latest average by the PDG [5].

IV. THE ST ANALYSIS

The charged kaons and pions are selected and identified
with the same criteria as in Refs. [25,26]. For each charged
track, the polar angle (θ) is required to be within the MDC
acceptance j cos θj < 0.93, where θ is defined with respect
to the z axis, which is the symmetry axis of the MDC. The
distance of the charged track’s closest approach relative to
the interaction point is required to bewithin 10 cm along the
z axis and within 1 cm in the plane perpendicular to the z
axis. Particle identification (PID) for charged tracks com-
bines the measurements of dE=dx in theMDC and the flight
time in the TOF to form probabilities LðhÞðh ¼ K; πÞ for
each hadron (h) hypothesis. Charged tracks are assigned as
kaons or pions if their probabilities satisfy one of the two
hypotheses,LðKÞ > LðπÞ orLðπÞ > LðKÞ, respectively. In
the selection of D̄0 → Kþπ− candidates, background con-
tributions from cosmic rays and Bhabha events are rejected
with the following requirements. First, the two charged
tracks must have a TOF time difference less than 5 ns and
they must not be consistent with being a muon pair or an
electron-positron pair. Second, there must be at least one
EMC shower with an energy greater than 50 MeVor at least
one additional charged track detected in the MDC.
To distinguish the ST D̄ mesons from combinatorial

background, we define the two kinematic variables of energy
difference ΔE and the beam-constrained mass MBC as

ΔE≡ ED̄ − Ebeam; ð8Þ

and

MBC ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
beam=c

4 − jp⃗D̄j2=c2
q

: ð9Þ

Here,Ebeam is the beam energy, andED̄ and p⃗D̄ are the energy
and momentum of the D̄ candidate in the rest frame of the
eþe− system. For each ST mode, if there are multiple
candidates in an event, the one with the least jΔEj is kept.
The ST D̄0 andD− candidates are required to satisfy jΔEj <
25 and jΔEj < 20 MeV, respectively, which corresponds to
about �3σ of the fitted resolution.
To determine the yields of ST D̄0 and D− mesons,

maximum likelihood fits are performed on the correspond-
ing MBC distributions of the accepted ST candidates. In
the fits, the signal shape of D̄0 or D− is modeled by an
MC-simulated shape convolved with a double-Gaussian
function, which is a sum of two Gaussian functions with
free parameters, describing the resolution difference
between data and MC simulation due to two asymmetrical
tails of signal. The combinatorial background shape is
described by an ARGUS function [27]. The resultant fits to
theMBC distributions are shown in Fig. 1. The yields of ST
D̄0 and D− mesons are 548031� 775 and 812109� 1896,
respectively, where the uncertainties are statistical only.
The efficiencies of reconstructing the ST D̄ mesons are

TABLE I. Input parameters for the QC correction.

Parameter Value

rKπ 0.0586� 0.0002 [23]
δKπ ð194.7þ8.4

−17.0Þ° [23]
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estimated to be ð67.70� 0.08Þ% and ð51.58� 0.04Þ% for
neutral D̄0 decay and charged D− decay, respectively, by
analyzing the inclusive MC sample with the same pro-
cedure as that for data.

V. THE DT ANALYSIS

A. Selection of D0ðD + Þ → π +π +π −X
The candidates for D0ðDþÞ → πþπþπ−X are selected in

the presence of the ST D̄mesons.We require that there are at
least three charged pions which have not been used in the ST
selection. If there are more than one π− or two πþ mesons
reconstructed on the signal side, only the onewith the fastest
two πþs and the fastest π− are kept for further analysis.
To reject background components from D0ðDþÞ →

πþK0
Sð→ πþπ−ÞX decays (K0

S BKG1), the invariant mass
of any πþπ− combination from the three selected pions is
required to fulfill jMπþπ− − 0.4977j > 0.030 GeV=c2. Here,
there is no decay length requirement for K0

S BKG1. In
addition, another K0

S background (K0
S BKG2), where one of

the π mesons comes from the chosen three pions and another
assumed π meson comes from a remaining oppositely
charged track without PID, is rejected. The K0

S candidate
is selected through the following selection criteria: First, the
πþπ− pair is constrained to originate from a common vertex.
Second, the invariant mass of the πþπ− pair is in the range of
jMπþπ− − 0.4977j > 0.012 GeV=c2. Third, the decay length
of K0

S candidate is greater than 2 standard deviations of the
vertex resolution away from the interaction point.
To further suppress the remaining background contribu-

tions of K0
S BKG2 and D0 → πþπ−K0

Sð→ πþπ−Þ (K0
S

BKG3), the recoil masses of the D̄0πþπ− combinations are
required tobe jMπþπ− − 0.4977j > 0.080 GeV=c2. For back-
ground contributions from D0 → πþπ−π0K0

S (K
0
S BKG3), a

similar requirement is applied on D̄0πþπ−π0 combinations
if a good π0 is found. The π0 candidates are reconstructed
via the π0 → γγ decay and the opening angle between the
photon candidate and the nearest charged track is required
to be greater than 10°. Any photon pair with an invariant
mass between ð0.115; 0.150Þ GeV=c2 is regarded as a π0

candidate, and a kinematic fit is imposed on the photon pair
to constrain its invariant mass to the known π0 mass [5].
Figure 2 shows the comparison of the distributions of

M3π and Mmiss of the selected charged pions for the
accepted DT candidates between data and the inclusive
MC sample. Throughout this paper, M3π is the invariant
mass of the selected πþπþπ− combination and Mmiss is the
missing mass of the D̄πþπþπ− combination given by

M2
miss ¼ ð2Ebeam − ED̄ − E3πÞ2=c4 − j − p⃗D̄ − p⃗3πj2=c2;

ð10Þ

whereE3π and p⃗3π are the total energy andmomentumof the
selected πþπþπ− combination of the signal side in the eþe−
center-of-mass frame. Small inconsistencies between data
and the inclusive MC sample around ð0.9; 1.2Þ GeV=c2 in
the M3π distributions are mainly due to imperfect simula-
tions of multibody hadronic decays with low branching
fractions. For the D0 → πþπþπ−X and Dþ → πþπþπ−X
decays, the largest signal components are from D0 →
K−πþπþπ− and Dþ → K̄0πþπþπ− decays, respectively,
and they form peaks around the known K̄ mass in the
Mmiss distributions as expected. For Dþ → πþπþπ−X, the
peak around the known Dþ mass in the M3π distribution is
from Dþ → πþπþπ−; the peaks around zero and
0.135 GeV=c2 in the Mmiss distribution are from Dþ →
πþπþπ− and Dþ → πþπþπ−π0, respectively; the peak
around 0.548 GeV=c2 in the Mmiss distribution is mainly
from Dþ → πþπþπ−η. Comparisons of the distributions of
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FIG. 1. Fits to the MBC distributions of the ST candidates for
D̄0 → Kþπ− (left) and D− → Kþπ−π− (right), where the points
with error bars are data, the blue solid curves are the fit results, and
the red dashed curves are the fitted combinatorial backgrounds.

FIG. 2. Comparisons of the M3π (left) and Mmiss (right)
distributions of the DT candidates for D0 → πþπþπ−X (top)
and Dþ → πþπþπ−X (bottom), where the points with error bars
are data and the color filled histograms are the inclusive MC
sample. To ensure a D̄ in the ST side, events must satisfy the
requirements mentioned in the text and an additional requirement
of jMBC −MDj < 0.005 GeV=c2, where MD is the known D
mass [5].
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momenta of the selected three charged pions are in good
agreement, as shown in Fig. 3.
Background analysis based on the inclusive MC sample

shows that there are still some remaining background
components, even after imposing all the aforementioned
background rejection requirements. One is from eventswith

wrongly tagged D̄ decays (i.e. ST decays are not D̄0 →
Kþπ− orD− → Kþπ−π−) and the non-DD̄ process, labeled
as “wrong tag.”Another background component results from
events with correctly tagged D̄ decays, but incorporating
particle misidentifications of K → π (Mis-ID K BKG), μ →
π (Mis-ID μBKG) and e → π (Mis-ID eBKG) aswell as the
remaining K0

S background (K0
S BKG). The background

components are also shown in Figs. 2 and 3.

B. DT signal yields

To minimize a possible efficiency dependence of various
D decay modes and offer finer information for the LFU
tests in the semileptonic B decays, the partial branching
fractions of D0 → πþπþπ−X and Dþ → πþπþπ−X are
measured in nine and tenM3π bins, respectively. For D0 →
πþπþπ−X and Dþ → πþπþπ−X, the lower boundaries of
the intervals are chosen as ½0.40; 0.55; 0.70; 0.85; 1.00;
1.15; 1.30; 1.45; 1.60; 1.75� GeV=c2 and ½0.40; 0.55; 0.70;
0.85; 1.00; 1.15; 1.30; 1.45; 1.60; 1.75; 2.00� GeV=c2,
respectively. For Dþ → πþπþπ−X, the interval ½1.75;
2.00� GeV=c2 is added to specifically consider the had-
ronic decay Dþ → πþπþπ−.
The signal yields in each M3π bin are determined

by fitting the MBC distributions of the ST side when the
candidates for D0 → πþπþπ−X and Dþ → πþπþπ−X are
found. Figures 4(a) and 4(b) show the MBC distributions
of the accepted candidates for D0 → πþπþπ−X and

FIG. 3. Comparisons of the momentum distributions of the
selected pions of the DT candidates for D0 → πþπþπ−X (top)
and Dþ → πþπþπ−X (bottom), where the points with error bars
are data and the color filled histograms are the inclusive MC
sample. To ensure a D̄ in the ST side, events must satisfy the
requirements mentioned in the text and an additional requirement
of jMBC −MDj < 0.005 GeV=c2, where MD is the known D
mass [5], and πþ1 and πþ2 denote the higher and lower momentum
πþs, respectively.
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FIG. 4. Fits to theMBC distributions of the tag side when the candidates for (a)D0 → πþπþπ−X and (b)Dþ → πþπþπ−X are found in
various reconstructedM3π intervals (in unit of GeV=c2) indicated on each plot. The points with error bars are data, the blue solid curves
are the fit results, the pink dashed curves are the peaking background summing over Mis-ID K BKG, Mis-ID μ BKG, Mis-ID e BKG,
and K0

S BKG, and the black dashed curves are the fitted combinatorial backgrounds.
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Dþ → πþπþπ−X. The fits to these MBC distributions are
similar to those of the ST side. Because the wrong tag
background events do not form peaking background in the
MBC distribution of the tag side, an ARGUS function is
used to describe the wrong tag background. In these fits,
however, the parameters of the Gaussian functions and the
ARGUS functions are fixed to the values from theMBC fits
of the ST side. In addition, since the Mis-ID K BKG, Mis-
ID μ BKG, Mis-ID e BKG, and K0

S BKG components can
peak in the distribution of MBC, the contributions of those
backgrounds must be subtracted. The yields and shapes of
the Mis-ID K BKG, Mis-ID μ BKG, Mis-ID e BKG, and
K0

S BKG components are fixed based on the fits to theMBC

distributions of the background events from the inclusive
MC sample, after taking into account the differences of the
rates of misidentifying various particles as charged pions
between data and MC simulation. The fixed background
yields and the signal yields in various M3π intervals for
D0 → πþπþπ−X and Dþ → πþπþπ−X are summarized in
Tables II and III, respectively.

The efficiency matrix ϵij ¼ Nij
reco=N

j
prod is determined

based on signal MC events of all known exclusive D0ðþÞ

decays that contain a πþπþπ− combination, where Nij
reco is

the number of signal MC events generated in the jth M3π

interval and reconstructed in the ith interval. The matrix
elements of ϵij for D0 → πþπþπ−X and Dþ → πþπþπ−X
are summarized in Tables IV and V, respectively.

C. Branching fractions

With the obtained yields of the inclusive decays
D0ðDþÞ → πþπþπ−X produced in the ith M3π interval,
the partial decay branching fraction is determined
by Eq. (4).
The measurement of the branching fraction of D0 →

πþπþπ−X is affected by the QC effect in neutral D decays,
as discussed in Sec. III. In this work, the QC factors in the
various M3π intervals are estimated by using the CP-even
(þ) tag ofD0 → KþK− and CP-odd (−) tag ofD0 → K0

Sπ
0

with a similar analysis procedure as the one in the data

TABLE II. Signal yields (Nobs) of D0 → πþπþπ−X observed from data in various reconstructed M3π intervals. The numbers of
background events are estimated by the inclusive MC sample, whose integrated luminosity is 4 times that of data. The uncertainties of
NMis−IDK BKG, NMis−ID μBKG, NMis−ID eBKG, and NK0

S BKG
include statistical uncertainties and the uncertainties of individual differences

of the particle misidentification rates between data and MC simulation. The uncertainties of Nobs are statistical only.

M3π (GeV=c2) NMis−IDK BKG NMis−ID μBKG NMis−ID eBKG NK0
S BKG

Nobs

[0.40, 0.55) 29.1� 6.9 0.0� 0.0 4.7� 0.9 45.5� 3.5 524.4� 24.8
[0.55, 0.70) 78.1� 15.8 3.1� 1.0 26.7� 2.3 221.0� 7.8 2878.7� 57.3
[0.70, 0.85) 81.5� 14.7 21.2� 2.6 32.8� 2.8 428.1� 10.8 4017.2� 69.6
[0.85, 1.00) 85.9� 14.3 73.8� 4.8 43.2� 3.4 721.4� 14.1 7824.8� 96.0
[1.00, 1.15) 58.8� 9.4 127.6� 6.3 35.3� 3.2 766.6� 14.5 11221.3� 111.9
[1.15, 1.30) 13.8� 2.9 99.3� 5.4 21.3� 2.5 670.2� 13.5 8540.3� 98.8
[1.30, 1.45) 15.0� 2.9 49.4� 3.8 11.2� 1.9 485.0� 11.5 1966.5� 51.8
[1.45, 1.60) 6.4� 1.6 17.6� 2.2 6.2� 1.4 135.3� 6.1 417.7� 25.3
[1.60, 1.75] 2.8� 1.0 0.6� 0.4 0.0� 0.0 21.1� 2.4 145.9� 14.3

TABLE III. Signal yields (Nobs) of Dþ → πþπþπ−X observed from data in various reconstructed M3π intervals. The numbers of
background events are estimated by the inclusive MC sample, whose integrated luminosity is 4 times that of data. The uncertainties of
NMis−IDK BKG, NMis−ID μBKG, NMis−ID eBKG, and NK0

S BKG
include statistical uncertainties and the uncertainties of individual differences

of the particle misidentification rates between data and MC simulation. The uncertainties of Nobs are statistical only.

M3π (GeV=c2) NMis−IDK BKG NMis−ID μBKG NMis−ID eBKG NK0
S BKG

Nobs

[0.40, 0.55) 21.6� 4.5 4.5� 0.9 6.0� 0.9 9.7� 1.2 483.3� 24.5
[0.55, 0.70) 126.1� 20.6 52.4� 3.2 29.6� 1.9 76.2� 3.5 2703.8� 58.4
[0.70, 0.85) 254.3� 37.4 119.6� 4.9 42.4� 2.5 127.7� 4.5 4766.7� 77.6
[0.85, 1.00) 506.6� 66.7 244.4� 7.1 57.4� 3.1 151.6� 4.9 9788.2� 109.6
[1.00, 1.15) 535.4� 61.0 346.7� 8.2 75.2� 3.6 131.3� 4.6 14979.8� 132.3
[1.15, 1.30) 365.1� 35.8 365.4� 8.2 36.1� 2.6 123.6� 4.5 11718.5� 117.0
[1.30, 1.45) 292.4� 25.8 296.1� 7.2 16.0� 1.7 107.3� 4.2 4636.0� 76.8
[1.45, 1.60) 320.4� 24.6 195.2� 5.8 6.6� 1.1 91.0� 3.8 1864.6� 52.8
[1.60, 1.75) 557.3� 34.8 84.4� 3.7 3.0� 0.7 47.5� 2.8 1228.0� 46.0
[1.75, 2.00] 157.4� 12.1 15.5� 1.6 0.6� 0.3 57.0� 3.0 1559.3� 44.1
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analysis procedure presented above. The quantities used
and the results are summarized in Table VI.
The produced signal yields and the obtained partial

branching fractions of D0 → πþπþπ−X and Dþ →
πþπþπ−X in different M3π intervals are presented in
Tables VII and VIII, respectively.

VI. SYSTEMATIC UNCERTAINTIES

Benefiting from the DT method, the branching fraction
measurements are insensitive to the selection criteria of

the ST D̄ candidates. The systematic uncertainties in the
measurements of the branching fractions of D0 →
πþπþπ−X and Dþ → πþπþπ−X are discussed below.
Both the ST and DT yields are determined from the fits

to the individual MBC distributions. The fits to the DT
candidates are performed by using the same fit strategy as
the fits to the ST candidates, with the parameters of the
smeared Gaussian function and the ARGUS background
function derived from the corresponding fits to the ST
candidates. In this case, the fitted DT yields are correlated
to those of the fitted ST yields. Therefore, the systematic

TABLE IV. Efficiency matrix ϵij (in percent) for D0 → πþπþπ−X, where i denotes the reconstructed M3π interval and j denotes the
produced M3π interval. The relative statistical uncertainties of the diagonal efficiencies of the matrix are no more than 0.7%.

ϵij 1 2 3 4 5 6 7 8 9

1 27.74 0.79 0.08 0.03 0.00 0.01 0.03 0.00 0.00
2 2.82 27.99 1.01 0.24 0.06 0.02 0.03 0.08 0.00
3 0.70 0.95 25.70 0.90 0.16 0.05 0.12 0.34 0.27
4 0.69 0.62 0.96 32.65 1.27 0.25 0.20 0.65 0.54
5 0.44 0.45 0.33 1.25 42.40 2.07 0.78 0.98 0.54
6 0.13 0.09 0.11 0.20 1.07 47.82 3.21 0.81 0.00
7 0.00 0.05 0.03 0.06 0.14 0.90 40.78 1.74 0.54
8 0.00 0.00 0.00 0.01 0.01 0.05 0.28 22.28 0.80
9 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.34 20.57

TABLE V. Efficiency matrix ϵij (in percent) for Dþ → πþπþπ−X, where i denotes the reconstructed M3π interval and j denotes the
produced M3π interval. The relative statistical uncertainties of the diagonal efficiencies of the matrix are no more than 0.5%.

ϵij 1 2 3 4 5 6 7 8 9 10

1 22.13 0.48 0.11 0.04 0.03 0.03 0.02 0.01 0.00 0.00
2 2.18 24.02 0.99 0.25 0.18 0.13 0.11 0.08 0.01 0.00
3 0.99 1.71 22.44 1.30 0.41 0.25 0.29 0.10 0.00 0.01
4 0.90 1.24 1.90 30.31 2.14 0.83 0.66 0.13 0.04 0.01
5 0.81 1.01 1.49 2.53 39.52 3.35 1.33 0.27 0.03 0.01
6 0.47 0.71 1.03 1.65 3.39 47.30 3.87 0.35 0.04 0.00
7 0.46 0.50 0.75 1.27 1.99 2.33 50.08 2.14 0.34 0.03
8 0.15 0.22 0.23 0.36 0.38 0.18 0.76 54.16 2.29 0.19
9 0.00 0.00 0.00 0.00 0.01 0.01 0.03 1.28 56.79 1.18
10 0.02 0.00 0.00 0.00 0.00 0.00 0.01 0.05 0.71 55.00

TABLE VI. Quantities of S�measured, M
�
measured, Cf, fCPþ and fcorrQC for D0 → πþπþπ−X in various reconstructed M3π intervals.

i S−measured Sþmeasured Cf (%) M−
measured Mþ

measured fCPþ fcorrQC

1 171.8� 41.6 161.9� 46.0 0.46� 0.14 1.01� 0.03
2 1163.4� 90.3 857.1� 84.6 0.53� 0.05 0.99� 0.01
3 1729.7� 224.1 2124.3� 481.8 0.40� 0.08 1.02� 0.02
4 2697.6� 149.4 2620.2� 295.8 0.46� 0.04 1.01� 0.01
5 70999� 304 59238� 442 −11.3þ0.4

−0.9 3241.0� 132.0 2798.1� 161.7 0.49� 0.03 1.00� 0.01
6 1776.2� 79.6 2108.6� 89.8 0.41� 0.02 1.02� 0.01
7 360.7� 52.2 547.9� 72.6 0.35� 0.10 1.04� 0.03
8 250.2� 50.5 186.0� 45.6 0.52� 0.18 0.99� 0.04
9 121.8� 33.8 21.5� 8.1 0.82� 0.60 0.93� 0.12
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uncertainties in the yields of the ST D̄ mesons are canceled
in the branching fraction measurements.
The tracking and PID efficiencies of π� are studied with

the DT hadronic DD̄ events. The averaged data/MC
differences of π� tracking and PID efficiencies, weighted
by the corresponding momentum spectra of signal
MC events, are 0.62% and 0.17%, respectively. After
correcting the MC efficiencies to data by these averaged
data/MC differences, the systematic uncertainties of
tracking and PID efficiencies for the three charged pions
are assigned as 0.80% and 0.50% for D0 → πþπþπ−X and
Dþ → πþπþπ−X, respectively.
The detection efficiencies of D0ðþÞ → πþπþπ−X are

obtained from the signal MC sample including all known
decays with three charged pions. The relevant systematic
uncertainties are estimated by varying the input branching
fractions of exclusive decays within �1σ. The maximum

changes of the detection efficiencies, 0.13% and 0.56%, are
assigned as the corresponding systematic uncertainties for
D0 → πþπþπ−X and Dþ → πþπþπ−X, respectively.
The uncertainties due to the limited signal DT MC

samples are calculated by [28]

Csys
ij ¼

�
1

NST

�
2X

αβ

Nα
obsN

β
obsCovðϵ−1iα ; ϵ−1jβ Þ; ð11Þ

where the covariances of the inverse efficiency matrix
elements are given by

Covðϵ−1αβ ; ϵ−1abÞ ¼
X
ij

ðϵ−1αi ϵ−1ai Þ½σðϵijÞ�2ðϵ−1jβ ϵ−1jb Þ: ð12Þ

The corresponding systematic uncertainties are assigned
to be 0.31% and 0.23% for D0 → πþπþπ−X and
Dþ → πþπþπ−X, respectively.
The efficiencies of misidentifying e�, μ� and K� as π�

are studied with the eþe− → γeþe− events, the eþe− →
γμþμ− events, and the DT hadron DD̄ events, respectively.
The averaged data/MC differences of the efficiencies of
misidentifying e� (μ�) as π�, weighted by the two-dimen-
sional (momentum and cos θ) distributions of signal MC
events, are 12% and 5%, respectively. The averaged data/
MC differences of the efficiencies of misidentifying K� as
π�, weighted by the corresponding momentum spectra of
signal MC events, are no more than 53%. Here, the large
data/MC differences in some M3π intervals are mainly due
to extremely small rates of misidentifying K� as π�, which
are in the range of ð0.05–0.72Þ% for pK < 0.7 GeV=c.
After correcting these misidentification efficiencies to data
by these averaged data/MC differences, the associated
systematic uncertainties are estimated by varying the
fixed background yields within their individual
uncertainties. Their effects on the measured branching
fractions are 0.13% and 0.18% for D0 → πþπþπ−X and
Dþ → πþπþπ−X, respectively.
The yields of background with correct D̄ tag but wrong

D signal are estimated using the inclusive MC sample. The
relevant systematic uncertainty is evaluated by varying the
world average branching fractions of the top five back-
ground components (which account for more than 52% of
all background contributions) of the decays in D0ðþÞ →
πþπþπ−X within �1σ. The changes of the branching
fractions are assigned as the corresponding systematic
uncertainties, which are 0.09% and 0.20% for D0 →
πþπþπ−X and Dþ → πþπþπ−X, respectively. The effects
of the remaining background components are also exam-
ined similarly and found to be negligible.
The K0

S veto is considered in three aspects. The first
systematic uncertainty comes from the requirements of
rejecting (K0

S BKG1). The associated systematic uncer-
tainty is estimated by altering the nominal veto window of

TABLE VIII. The produced signal yields and the obtained
partial branching fractions of Dþ → πþπþπ−X in different
reconstructed M3π intervals.

i Nprod dBsig (%)

1 1747.1� 111.1 0.22� 0.01
2 9683.3� 245.1 1.19� 0.03
3 17890.3� 349.6 2.20� 0.04
4 27671.6� 366.3 3.41� 0.05
5 33224.6� 340.2 4.09� 0.04
6 20383.9� 251.5 2.51� 0.03
7 5772.7� 155.4 0.71� 0.02
8 2661.8� 97.8 0.33� 0.01
9 2032.0� 81.1 0.25� 0.01
10 2803.0� 80.2 0.35� 0.01

Total 123870.2� 744.7 15.25� 0.09

TABLE VII. The produced signal yields and the obtained
partial branching fractions of D0 → πþπþπ−X in different
reconstructed M3π intervals. dBCP

sig is the partial decay branching
fraction corrected by the QC factor, where dBcorr

sig ¼ fcorrQC × dBsig

according to Eq. (5).

i Nprod dBsig dBcorr
sig (%)

1 1541.3� 89.9 0.28� 0.02 0.28� 0.02
2 9349.1� 206.0 1.71� 0.04 1.70� 0.04
3 14235.8� 271.8 2.60� 0.05 2.66� 0.05
4 22130.5� 295.0 4.04� 0.05 4.08� 0.05
5 24638.2� 264.9 4.50� 0.05 4.51� 0.05
6 16850.4� 207.4 3.07� 0.04 3.14� 0.04
7 4228.6� 127.5 0.77� 0.02 0.80� 0.02
8 1730.9� 113.7 0.32� 0.02 0.31� 0.02
9 676.1� 69.6 0.12� 0.01 0.11� 0.01

Total 95381.0� 598.9 � � � 17.60� 0.11
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jMπþπ− − 0.4977j > 0.030 GeV=c2 by�5 MeV=c2, which
corresponds to about 1σ of the fitted K0

S mass resolution.
The largest change of the remeasured branching fraction is
taken as the systematic uncertainties, which are 0.23% and
0.06% for D0 → πþπþπ−X and Dþ → πþπþπ−X, respec-
tively. The second systematic uncertainty comes from the
requirements of rejecting (K0

S BKG2), and it is estimated by
varying the background yields by �1.5% in the MBC fit.
Here, the 1.5% corresponds to the data/MC difference of
the K0

S reconstruction efficiencies between data and MC
simulation, estimated with the control samples of J=ψ →
K�ð892Þ∓K� and J=ψ → ϕK0

SK
�π∓ [29]. The changes in

the remeasured branching fractions are assigned as the
systematic uncertainties, which are 0.11% and 0.17% for
D0 → πþπþπ−X and Dþ → πþπþπ−X, respectively.
The third systematic uncertainty comes from the require-
ments of rejecting (K0

S BKG3), and it is estimated by
altering the nominal veto window of jMπþπ− − 0.4977j >
0.080 GeV=c2 by �5 MeV=c2. The largest change of the
remeasured branching fraction is taken as the systematic
uncertainty, which is 0.28% for D0 → πþπþπ−X. Adding
these three items in quadrature yields the systematic
uncertainties due to K0

S veto to be 0.38% and 0.18% for
D0 → πþπþπ−X and Dþ → πþπþπ−X, respectively.
The systematic uncertainties due to M3π divisions are

estimated by increasing or decreasing the interval number
by 50%. The larger differences of the remeasured branch-
ing fractions to the nominal results are assigned as the
systematic uncertainties, which are 0.34% and 0.20% for
D0 → πþπþπ−X and Dþ → πþπþπ−X, respectively.
The systematic uncertainty due to the correction factor of

QC effect in D0 → πþπþπ−X decays is determined by the
residual uncertainty of fcorrQC , which are summarized in
Table VI. After weighting by the corresponding numbers
of the inclusive decays D0 → πþπþπ−X produced in each
M3π interval, 0.42% is taken as the systematic uncertainty.

Assuming all systematic uncertainties to be uncorrelated
and adding them in quadrature, we obtain the total
systematic uncertainties in the measurements of the branch-
ing fractions of D0 → πþπþπ−X and Dþ → πþπþπ−X to
be 1.23% and 1.18%, respectively. Table IX summarizes
the systematic uncertainties discussed above.

VII. SUMMARY

By analyzing 2.93 fb−1 of eþe− collision data taken atffiffiffi
s

p ¼ 3.773 GeV, we have measured the branching frac-
tions of the inclusive decays D0 → πþπþπ−X and Dþ →
πþπþπ−X for the first time. The results are

BðD0 → πþπþπ−XÞ ¼ ð17.60� 0.11� 0.22Þ%;

and

BðDþ → πþπþπ−XÞ ¼ ð15.25� 0.09� 0.18Þ%;

where the first uncertainties are statistical and the second
are systematic. They are consistent with the sums of the
branching fractions of the known decay modes as sum-
marized in the Appendix within about �3σ. The partial
branching fraction in the interval ½1.75; 2.00� GeV=c2 is
consistent with the branching fraction of the exclusive
hadronic decay of Dþ → πþπþπ−, which is ð0.327�
0.018Þ% according to the PDG [5]. These results indicate
that there is little room for possible missingD0ðDþÞ decays
containing πþπþπ−. The measured total and partial branch-
ing fractions of D0ðDþÞ → πþπþπ−X are important inputs
for LFU tests for the semileptonic B decays.
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APPENDIX: BRANCHING FRACTIONS OF THE
KNOWN EXCLUSIVE D0ðD+ Þ DECAYS

INVOLVING π + π +π −

Tables X and XI show the intermediate and final states
that contribute to the inclusive decaysD0 → πþπþπ−X and
Dþ → πþπþπ−X as well as the known branching fractions.
The known branching fractions of D0 → πþπþπ−X and
Dþ → πþπþπ−X are BðD0 → πþπþπ−XÞ ¼ ð16.05�
0.47Þ% and BðDþ → πþπþπ−XÞ ¼ ð14.74� 0.53Þ%,
respectively.

TABLE X. The initial and final states contributing to the inclusive decay D0 → πþπþπ−X, along with the known branching fractions.
The branching fractions of the hadronicD decays containing K̄0 have been obtained by scaling the known branching fractions ofK0

S by a
factor of 2. Any πþ or π− from K0

S decays have not been included. The contributions of some decays containing η, η0, ω, and ϕ have been
excluded to avoid overlaps among various decays.

Initial state BInitialð%Þ Final state BFinalð%Þ References Note

K−πþπþπ− 8.220� 0.140 K−πþπþπ− 8.168� 0.145 [5] None ω
K−πþω 3.392� 0.096 K−πþπþπ−X 3.088� 0.087 [6] Scaled by Bðω → πþπ−XÞ ∼ 91.0%
K−πþπþπ−π0 4.300� 0.400 K−πþπþπ−π0 0.845� 0.409 [5] None η, η0, and ω
πþπþπ−πþ 0.755� 0.020 πþπþπ−πþ 0.755� 0.020 [5] � � �
K−πþη0 0.643� 0.034 K−πþπþπ−X 0.525� 0.028 [5] Scaled by Bðη0 → πþπ−XÞ ∼ 81.7%
K−πþη 1.880� 0.050 K−πþπþπ−X 0.514� 0.013 [5] Scaled by Bðη → πþπ−XÞ ∼ 27.4%
K�−ρ0πþ 0.320� 0.060 K�−πþπ−πþ 0.320� 0.060 [5] Scaled by Bðρ0 → πþπ−Þ ∼ 100%

πþπþπ−π−π0π0 0.442� 0.029 πþπþπ−π−π0π0 0.317� 0.030 [7] None η, η0 and ω
πþπþπ−π−π0 0.420� 0.050 πþπþπ−π−π0 0.275� 0.053 [5] None η, η0, and ω
K0η0 1.898� 0.045 K0πþπ−πþπ−X 0.226� 0.005 [5] Scaled by Bðη0 → πþπ−ηÞ × Bðη → πþπ−XÞ ∼ 11.9%
K̄0ρ0πþπ− 0.220� 0.099 K̄0πþπþπ−π− 0.220� 0.099 [5] Scaled by Bðρ0 → πþπ−Þ ∼ 100%

K−πþπ0η 0.449� 0.027 K−πþπ0πþπ−X 0.123� 0.007 [5] Scaled by Bðη → πþπ−XÞ ∼ 27.4%
πþπ−ω 0.133� 0.020 πþπ−πþπ−X 0.121� 0.018 [5] Scaled by Bðω → πþπ−XÞ ∼ 91.0%
K0πþπ−πþπ− <0.120 K0πþπ−πþπ− 0.12 [5] � � �
Others 0.543� 0.041 πþπþπ−X 0.434� 0.033 [5,7] Dominated by πþπ−ηX; πþπþπ−η0X; ηη0 and ωη ∼ 80%

Sum � � � � � � 16.05� 0.47 � � � � � �
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K̄0πþπþπ− 6.200� 0.127 K̄0πþπþπ− 6.178� 0.130 [5] None ω
K̄0πþω 1.414� 0.071 K̄0πþπþπ−X 1.287� 0.053 [5] Scaled by Bðω → πþπ−XÞ ∼ 91.0%
K̄0πþπþπ−π0 3.056� 0.102 K̄0πþπþπ−π0 1.198� 0.117 [8] None η, η0, and ω
πþπþπ−π0 1.160� 0.080 πþπþπ−π0 0.954� 0.083 [5] None η, η0, ω and ϕ
K̄0πþη 2.620� 0.071 K̄0πþπþπ−X 0.718� 0.019 [5] Scaled by Bðη → πþπ−XÞ ∼ 27.4%
K−πþπþπþπ− 0.570� 0.050 K−πþπþπþπ− 0.570� 0.050 [5] � � �
πþη0 0.497� 0.019 πþπþπ−X 0.406� 0.016 [5] Scaled by Bðη0 → πþπ−XÞ ∼ 81.7%
πþπ0ϕ 2.3� 1.0 πþπ0πþπ−X 0.362� 0.157 [5] Scaled by Bðϕ → πþπ−XÞ ∼ 15.6%
πþπ0ω 0.39� 0.09 πþπ0πþπ−X 0.355� 0.082 [5] Scaled by Bðω → πþπ−XÞ ∼ 91.0%
πþπþπ−π0π0 1.07� 0.41 πþπþπ−π0π0 0.322� 0.445 [5] None η, η0, ω and ϕ
K̄0πþη0 0.380� 0.030 K̄0πþπþπ−X 0.311� 0.025 [5] Scaled by Bðη0 → πþπ−XÞ ∼ 81.7%
πþπþπ− 0.327� 0.018 πþπþπ− 0.305� 0.018 [5] None ω
πþπþπ−π0η 0.388� 0.032 πþπþπ−π0η 0.251� 0.040 [7] None η and η0

πþπþπ−π0π0π0 0.347� 0.031 πþπþπ−π0π0π0 0.250� 0.032 [7] None η
πþπþπþπ−π− 0.166� 0.016 πþπþπþπ−π− 0.166� 0.016 [5] � � �
πþηη 0.296� 0.026 πþηπþπ−X 0.162� 0.014 [5] Scaled by Bðη → πþπ−XÞ × 2 ∼ 54.8%
πþπþπþπ−π−π0 0.238� 0.022 πþπþπþπ−π−π0 0.160� 0.023 [7] None η
πþπ0η0 0.16� 0.05 πþπ0πþπ−X 0.131� 0.041 [5] Scaled by Bðη0 → πþπ−XÞ ∼ 81.7%
πþπþπ−η 0.341� 0.021 πþπþπ−η 0.125� 0.023 [5] None η0

πþη 0.377� 0.009 πþπþπ−X 0.103� 0.003 [5] Scaled by Bðη → πþπ−XÞ ∼ 27.4%
Others 0.532� 0.034 πþπþπ−X 0.426� 0.027 [5,7] Dominated by πþηðK̄0π0; π0; π0π0; π0π0π0Þ

and πþϕ ∼ 80%

Sum � � � � � � 14.74� 0.53 � � � � � �
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