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EVEN AND ODD INSTANTON BUNDLES
ON FANO THREEFOLDS

VINCENZO ANTONELLI, GIANFRANCO CASNATI, OZHAN GENC

ABSTRACT. We define non—ordinary instanton bundles on Fano threefolds X
extending the notion of (ordinary) instanton bundles introduced in [14]. We
determine a lower bound for the quantum number of a non-ordinary instanton
bundle, i.e. the degree of its second Chern class, showing the existence of such
bundles for each admissible value of the quantum number when ix > 2 or
ix = 1, tkPic(X) = 1 and X is ordinary. In these cases we deal with the
component inside the moduli spaces of simple bundles containing the vector
bundles we construct and we study their restriction to lines. Finally we give a
monadic description of non-ordinary instanton bundles on P3 and the smooth
quadric studying their loci of jumping lines, when of the expected codimension.

1. INTRODUCTION

Let X be a threefold over the complex field C. We say that X is a Fano threefold
if its anticanonical line bundle w;(l is ample. The greatest integer ix such that
wx = Ox(—ixh) for some ample Ox(h) € Pic(X) is called the index of X: it
is well-known that such an Ox(h) is uniquely determined and it is called the
fundamental line bundle of X.

The very first examples of Fano threefold are P? and the smooth quadric Q C P*.
In this cases ips = 4 and ig = 3 respectively and the fundamental line bundle is
the one cut out by the hyperplanes. Thus the origin of the study of vector bundles
supported on Fano threefolds may be traced back to the seminal papers [7, 29, 24],
inspecting the case of the projective 3—space, and to [49, 48] for Q.

In the aforementioned papers, the authors focus their attention on p—stable
bundles. Recall that the number pu(F) = ¢1(F)h?/tk(F) is defined for each torsion—
free sheaf F. The torsion—free sheaf F is called u—semistable (resp. p—stable) if
for all proper subsheaves G with 0 < rk(G) < rk(F) we have u(G) < u(F) (resp.
() < u(F)).

Among the p-stable rank two vector bundles on P3, a relevant role is played by
instanton bundles, i.e. p—stable rank two vector bundles € such that ¢1(£) = 0 and
h! (8 (—2)) = 0. Instanton bundles on P? carry many interesting properties and
they have been thoroughly studied in the past and recent years.

Starting from IP3, the notion of instanton bundle has been widely generalized, e.g.
to projective space and smooth quadrics of any dimension. A first generalization
to the Fano threefolds with Picard number px := rkPic(X) = 1 can be found
in [25] (see also [38]). More precisely, an instanton bundle is defined in [25] as
a p-stable rank 2 bundle with ¢1(£) = (2¢x — ix)h and h' (E(—gxh)) = 0 where
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qx = [%‘] . The existence of instanton bundles according to this definition is proved
for ix = 2,3 in [25] and for ix =1 in [10].

In [41], the authors extended the notion of instanton bundle to the flag manifold
F(0,1,2) which is a Fano threefold with ox = 2. More recently, the definition has
been further generalized to each Fano threefold, regardless of ix or ox: see [14,
Definition 1.2]. Moreover, the existence of instanton bundles according to the latter
definition has been settled on some Fano threefolds: see [14, 17, 4, 3].

In any case, each instanton bundle £ on X satisfies ¢1(€) € {0, —h} according to
the parity of ix. E.g. ¢1(£) =0 when X = P3. Nonetheless, rank 2 vector bundles
& with ¢1(£) = —1 on P? are certainly interesting and they have been classical
object of study (e.g. see [31, 11, 23]) for low values of c2(E).

Motivated by the above considerations, in this paper we give the following defi-
nition, where for € € {0,1} we set

e ix +1—¢
qX_ 2

and we denote the integral cohomology of X by H*(X).

Definition 1.1. Let X be a Fano threefold.
A vector bundle £ of rank 2 on X is called an instanton bundle if the following
properties hold:
e ¢1(£) = —¢h, where € € {0,1};
e £ is y—semistable with respect to Ox (h) and (1 —)h?(E) = 0;
o W' (E(—q5h)) = 0.
The class c2(£) € H*(X) and its degree are respectively called (topological) charge
and quantum number of &£.

We spend now a few words in order to better explain Definition 1.1 above. When
¢ = 1 we do not require the vanishing h° (5) = 0 in the above definition. On the
one hand, in spite of this apparent asymmetry, the vanishing of h° (5 ) when e =1
is actually a direct consequence of the p—semistability of £, because u(€) < 0. On
the other hand, when ¢ = 0 the vector bundle £ := 0?22 certainly satisfies all the
properties of Definition 1.1 but h° (5 ) = 0. Moreover, when ix < 2 it is not difficult
to give further examples of non—trivial rank 2 bundles with an analogous behaviour
and with arbitrarily large quantum number: e.g. every rank 2 bundle associated
via the Serre correspondence to a disjoint set of integral curves of degree 3 —ix in
X.

In order to have a rough idea of the meaning of the instantonic condition, i.e.
the vanishing condition for the degree 1 cohomology in Definition 1.1 above, we
will show in Lemma 2.4 that h! (5 (th)) = 0 for t < —¢% for each p—semistable rank
2 vector bundle £ on X with ¢1(€) = —eh, e € {0,1}. If X = P3, thanks to [40,
Theorem 7] the vanishing

BHE((L = o)) = B (E(=R) =0,

implies that £ is a direct sum of line bundles: the same is true for X = @) and
e = 0. In particular, in these cases, —q¢5% = —2 is the greatest integer such that
there could exist an indecomposable £ as above with k' (E(th)) = 0 for t < —q%.

In Section 2 we list some helpful facts about vector bundles and Fano threefolds
that we will use throughout the whole paper.

When px = 1, each instanton bundle £ is u—stable, hence simple, i.e.

Homx (€,€) 2 H(E® €Y) = C.
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When px > 2 this is no longer true. Nevertheless in Section 3 we prove the following
result characterizing the group of endomorphisms of an instanton bundle.

Theorem 1.2. Let X be a Fano threefold.
If € is an instanton bundle on X, the following assertions hold.

(1) If € is indecomposable, then it is simple.
(2) If € is decomposable, then & =2 Ox(D) & Ox(—D — €h), where Dh? =
—eh?/2 and

K (Ox (D)) = h*(Ox (=D —eh)) =0,
1 (Ox (D — gxh)) = B (Ox (=D — (¢ + g5)h)) = 0.

In this case, Homx (5,5) =~ C92 gcting diagonally.

(1.1)

When ix — ¢ is even, instanton bundles in the sense of Definition 1.1 coincide
with instanton bundles as defined in [25] and [14], because ¢x = ¢5%. For this
reason, we give the following definition.

Definition 1.3. Let X be a Fano threefold.
An instanton bundle £ on X with ¢;(£) = —eh is called even or odd (resp.
ordinary, non—-ordinary), if € (resp. ix — €) is even or odd respectively.

As we already pointed out above, ordinary instanton bundles have been widely
studied. The present paper is essentially focused on the non—ordinary instanton
bundle, studying their elementary properties, constructing examples and studying
the corresponding points in the moduli spaces where they sit.

More precisely, in Section 4 we deal with non—ordinary instanton bundles and
we prove the following lower bound for the quantum numbers of such bundles (see
[14, Lemma 4.2] for a similar bound in the ordinary case).

Theorem 1.4. Let X be a Fano threefold.
If € is an indecomposable non—ordinary instanton bundle on X, then its quantum
number is even and satisfies

2 if either ix >3 orix =2 and h® <5,
k> Jcvner s N _ (1.2)
4 if either ix =2 and h®> > 6 orix = 1.

The above lower bound is actually sharp when ix > 2. Indeed, in Construction
5.2 we use the Serre correspondence to associate certain bundles of rank 2 to a
suitable set of pairwise disjoint conics, which enables us to prove the following
result in Section 5 extending [29, Example 3.1.2].

Theorem 1.5. Let X be a Fano threefold with ix > 2 and very ample Ox (h).
For each even integer k satisfying Inequality (1.2), Construction 5.2 gives a ji—
stable, non—ordinary instanton bundle & with quantum number k.

When ix = 1 the existence of even instanton bundles is slightly less immediate.
Indeed Construction 5.2 returns rank 2 bundles which are certainly not instanton,
because they have non—zero sections. In particular the approach via Serre corre-
spondence is certainly not possible if X is a prime Fano threefold, i.e. a Fano
threefold such that ox =1 as we show at the beginning of Section 6.

We also describe therein a completely different approach based on a suitable
chain of deformations of the bundles obtained via Construction 5.2, showing that
such an approach leads to instanton bundles and proving the following result ex-
tending [9, Theorem 4.1] at least when X is ordinary, i.e. it contains a line with
normal bundle Op1 & Op1(—1).
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Theorem 1.6. Let X be an ordinary prime Fano threefold with very ample Ox (h).
For each even integer k > 4, there exists a u—stable, even instanton bundle with
quantum number k.

Again k = 4 is the minimal admissible value for the quantum number of an even
instanton bundle on an ordinary prime Fano threefold given by Theorem 1.4. Thus
Theorem 1.4 is sharp also if ix = 1, at least in the case ox = 1.

The problem of the existence of instanton bundles when px > 2 remains wide
open in general, though it is not difficult to show the existence of even instanton
bundles in several specific cases via Serre construction. Finally, in Remark 6.7 we
suggest a completely different possible approach for constructing minimal instanton
bundles when px > 2.

An important property of instanton bundles on P?, occasionally assumed in some
classical definitions, is that they are trivial when restricted to the general line,
thanks to the Grauert—Miilich theorem (see [46, Corollary 2 of Theorem I11.2.1.4]).
A line on X is a curve L with Hilbert polynomial ¢ + 1, i.e. such that deg(L) =1
and po(L) = 0: if Ox(h) is very ample, then lines on X are exactly the curves
which are lines with respect to the embedding induced by Ox (h). In what follows
we will denote by A(X) the Hilbert scheme of lines on X.

Definition 1.7. Let X be a Fano threefold.

We say that an instanton bundle £ on X with ¢1(€) = —eh is generically trivial
on the component A(X)o C A(X), if h' (E((ix + & — 2¢% — 1)h) ® Or) = 0 when
L € A(X)o is general. & is generically trivial, if it is generically trivial on each
component.

When ¢ x > 2, then each Fano threefold is covered by lines, while this is no longer
true if iy = 1.

Generically trivial ordinary instanton bundles have been constructed on several
Fano threefolds ([25, 41, 4, 17, 3]). Thus it is quite natural to analyze the behaviour
of the instanton bundles whose existence is guaranteed by Theorems 1.5 and 1.6
when restricted to general lines: we make such an analysis in Section 7 where we
prove the following result.

Theorem 1.8. Let X be a Fano threefold with very ample Ox (h).
Then the bundles obtained via Construction 5.2 are generically trivial. Moreover,
the general bundle as in Theorem 1.6 is generically trivial.

In the same section, we also show that such bundles also behave well when
restricted to smooth and irreducible divisors (see Proposition 7.2).

Theorem 1.2 implies that indecomposable instanton bundles correspond to points
inside the moduli space Sx of simple torsion—free sheaves (see [1] for details about
such a space). Moreover, the instantonic condition implies by semicontinuity that
such points fill an open subset SZx.

When X = P3, the moduli space of instanton bundles with fixed charge is ir-
reducible (see [50, 51]) and smooth (see [37]). In [25], the author proves that for
many other families of Fano threefolds X with px = 1 the moduli space of instanton
bundles with fixed charge has a generically smooth irreducible component. Similar
results have been obtained in [41, 14, 4, 17, 3] for other families of Fano threefolds.

In Section 8 we check that the instanton bundles given by Construction 5.2
represent smooth points of one and the same component of their moduli space (see
Proposition 8.1).

An instanton bundle is called minimal, if its quantum number % is as small as
possible: they typically carry additional properties (e.g. see [14, Remark 4.3]). As a
by—product of Theorem 1.5 we infer that the moduli space of minimal non—ordinary
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instanton bundles £ on Fano threefolds X with ix = 2 and gox = 1 is irreducible
and smooth, because such bundles are the ones studied in [49] (see Remark 8.3).
In particular such minimal non—ordinary instanton bundles are aCM (with respect
to Ox(h)), i.e. h*(E(th)) =0 for i = 1,2 and each ¢t € Z (see also [6]).

Moreover, we also show that each instanton bundle obtained as in Theorem 1.6
is a smooth point inside the component of the moduli space which contains it (see
Proposition 8.5).

Finally, in the last Section 9, we focus on non-ordinary instanton bundles on
the two Fano threefolds with ix > 3. In particular we show that non-ordinary
instanton bundles on P can be realized as cohomology of a monad, similarly to the
classical ordinary case. Using such a monad we are also able to explicitly describe
the locus of jumping lines for non—ordinary instanton bundles.

1.1. Acknowledgements. The authors express their thanks the referee for her/his
comments, remarks and suggestions which have considerably improved the whole
exposition correcting several inaccuracies. The authors also thank R. Notari for a
fruitful discussion about the proof of Proposition 8.2.

2. GENERAL RESULTS

We list below some general helpful results used throughout the whole paper. Let
X be any smooth variety with canonical line bundle wx.

Let F be a vector bundle of rank 2 on X and let s € H° (]-") In general its
zero—locus (s)g C X is either empty or has codimension at most 2. We can always
write (s)g = Z U S where Z has codimension 2 (or it is empty) and S has pure
codimension 1 (or it is empty). In particular F(—S) has a section vanishing on Z,
thus we can consider its Koszul complex

0— Ox(S) — F — Izx(—95) @ det(F) — 0. (2.1)
Moreover we also have the standard exact sequence
0—Zyx — Ox — 0z —0 (2.2)

Sequence 2.1 tensored by O yields IZ|X/I§‘X =~ FV(S)® Oz, whence the normal
bundle of Z inside X satisfies

Nzix 2 F(=5)® Og. (2.3)

Thus Z is locally complete intersection inside X, because rk(F) = 2. In particular,
it has no embedded components.
The Serre correspondence allows us to revert the above construction as follows.

Theorem 2.1. Let Z C X be a local complete intersection subscheme of codimen-
sion 2.

If det(Nz x) = Oz @ L for some L € Pic(X) such that h?(LY) =0, then there
exists a vector bundle F of rank 2 on X such that:

(1) det(F) = L;
(2) F has a section s such that Z coincides with the zero-locus (s)g of s.

Moreover, if H' ([,V) = 0, the above two conditions determine F up to isomorphism.
Proof. See [5]. O
If F and G are coherent sheaves on X, then the Serre duality holds

Extl (F,G ® wy) = Extim) =7 (g 7)" (2.4)
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(see [30, Proposition 7.4]). Moreover, we define
dim(X)
X(G, F) = Y dimExty(G,F).
i=0
Notice that if G is locally free, then x(G,F) = x(F ® GY). If F is locally free,
Equality (2.4) gives x(G, F) = (-1)3™X)y(G @ FY @ wx).
Consider a locally complete intersection subscheme Z C X. Then
5It3((OZ,OZ) ggxtzil(zz‘x,(gz) =~ /\ZNZ‘X (25)

where ./\/}/‘X = IZ|X/I§‘X =Tyx ®0gz.
The Riemann—Roch formula for a vector bundle F on a threefold X is
1
X(F) = 1k(F)x(Ox) + 6(61(]:)3 = 3c1(F)ea(F) + 3es(F))
1 1
- Z(WXCl(J’)2 —2wxea(F)) + E(wiq(f) + c2(Qx)er(F))

(see [28, Theorem A.4.1]).
We now assume that X is a Fano threefold. The following lemma will be helpful.

(2.6)

Lemma 2.2. Let X be a Fano threefold.
If F is a simple vector bundle on X, then Ext® (]—“, f) =0.

Proof. Equality (2.4) implies Ext3 (]-', .F)V >~ Homy (]-', }“(fz'Xh)). In order to
prove the statement, it then suffices to check that the latter space is zero. On the
one hand, ¢ € Homx (F,F(—ixh)), hence det(¢) € H°(Ox(—ixrk(F)h)) = 0.
On the other hand Hom x (]-', f(—iXh)) C Homy (]-', f), because h° (OX(h)) #0
(see [34, Theorem 2.3.1]). As F is simple, each non zero endomorphism of F is an
automorphism. We deduce that necessarily ¢ = 0. (]

We are interested in p—semistable bundles, hence the following lemmas will be
useful.

Lemma 2.3. Let X be a Fano threefold.

If F is a rank 2 vector bundle on X, then F is u—stable (resp. p-semistable)
with respect to Ox (h) if and only if h° (f(—D)) =0 for each divisor D C X such
that Dh? > p(F) (resp. > u(F)).

Proof. The group Pic(X) is free, hence it suffices to apply [36, Corollary 4]. O

The following proposition partially clarifies the importance of the number ¢5%
defined in the introduction.

Lemma 2.4. Let X be a Fano threefold with very ample Ox (h).
If € is a rank 2 p—semistable bundle on X such that c1(£) = —eh with € € {0, 1}
and h* (E(—q5h)) =0, then
(1) R*(E(th)) =0 for t < —q%;
(2) K*(E(th)) =0 for t > —q5% + 1 when ix — ¢ is odd and for t > —q5% when
ix — € 1S even.
Proof. If D is a general surface of degree —t —¢% > 1, then £ ® Op is p—semistable,
thanks to [42, Theorem 3.1]. If ix — e # 0, then ¢5% > 1 and Lemma 2.3 implies
h?(E(—q5h) ® Op) = 0. (2.7)
If ix —e =0, then e = 1 and ¢5 = 0. In this case u(£ ® Op) = h?D/2 < 0, hence
again Equality (2.7) above holds true. The cohomology of the exact sequence
0—Ox(-D)— O0Ox — Op —0 (2.8)
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tensored by £(—q5h) yields the first assertion.
Thanks to Equality (2.4) we also obtain h?(£(th)) = h*(E(—th)) = 0 for t >
—q¢% + 1 when ix — ¢ is odd and for ¢t > —¢5% when ix — ¢ is even.

A helpful characterization of ordinary instanton bundles on a Fano threefold is
related to the naturality of their cohomology in a certain range. We show below
that such a characterization actually holds also in the non—ordinary case.

Proposition 2.5. Let X be a Fano threefold.

Every p—semistable bundle £ of rank 2 on X such that (1—e)h°(€) =0, c1(€) =
—eh and with natural cohomology in degree —q5% is an instanton bundle.

Every instanton bundle £ on X has natural cohomology in degree t in the range
e—ix <t<0. More precisely, h (E(Ah)) = 0 unless either 1 — ¢ <t <0 and
t=1ore—ix <t<e—ix —1+4q5% andi=2.

Proof. The case when ix — ¢ is even is covered by [14, Proposition 4.1], hence we
can restrict our attention to the odd ix — ¢ case. In this case 2¢5 =ix +1—¢ > 2,
hence ¢ > 1. If e = 1, then we know that h® (5) = 0, because £ is u—semistable.
If ¢ = 0 the same vanishing holds by definition.

Assume that £ has natural cohomology in degree —¢5. We have

RO (E(—q5h)) <h°(E) =0, K3 (E(—gxh)) = h°(E((1 — g%)h)) < h°(E) = 0.

If Ox(dh) is very ample, then £ ® Og is p—semistable for general S € |dh|, thanks
to [42, Theorem 3.1]. Thus 4hco(E) > €2h® by Bogomolov inequality. A case
by case computation yields x(E(—g5h)) > 0. We deduce that h'(E(—g5h)) = 0
necessarily, hence £ is an instanton bundle.

Conversely, let £ be an instanton bundle. Equality (2.4) implies

R (E(th)) = B> (E(—(ix —e +t)h)) = BT (E((1 — 2¢% — t)h)). (2.9)

Thus the cohomology of £ in the range € —ix =1 —2¢% <t <0 is known when it
is known in the range 1 — ¢5 <t <0.

If ix —e =1, then ¢5 = 1, hence t = 0. The assertion then follows from the
hypothesis. If ix — ¢ = 3, then ¢5 = 2, hence ¢ = 0,1. Moreover, in this case
X is either P? or Q, hence Ox(h) is very ample. Thus the statement follows by
combining the definition, Equality (2.9) and Lemma 2.4. O

3. ENDOMORPHISM GROUP OF INSTANTON BUNDLES

In this section we deal with the endomorphism group of an instanton bundle.
The lemma below is well-known.

Lemma 3.1. Let X be a smooth variety of dimension n > 2 endowed with an
ample line bundle Ox (h).
If € is a strictly p—semistable bundle of rank 2 on X, then it fits into an exact
sequence
0 — Ox(D) — & — Izx(—D)®@det(E) — 0 (3.1)

where 1(Ox (D)) = u(€) and Z is either empty or of pure codimension 2.

Proof. By definition, there is a subsheaf £ C &£ of rank 1 such that u(£) = u(€).

Let Q:=&/L and denote by M the kernel of the natural morphism &€ — Q/T,
where 7 C Q is the torsion subsheaf. By construction M is torsion—free and of rank
1: moreover, (M) > (L) = p(€), hence (M) = p(E) because £ is u—semistable.
Since £/M is torsion—free, it follows that M is also normal thanks to [46, Lemma
I1.1.1.16]. Thus [46, Lemma I1.1.1.12] implies that M is reflexive, hence it is a line
bundle, thanks to [46, Lemma II.1.1.15]. We deduce that M = Ox (D) for some
divisor D on X.
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Let s € H°(£(—D)) be a non—zero section: with the notation introduced in the
previous section we write (s)p = Z U S and we can construct Sequence (2.1) with
F := &(—D). In particular we have an injective map Og(D + S) — £ and we can
write the chain of inequalities

0< Sh" ' = (D+8)h" ' = Dh" ™! < pu(€) — w(Ox (D)) = 0,

ie. S =0, because Ox(h) is ample (we are using the Nakai—Moishezon criterion:
see [28, Theorem A.5.1] and the references therein). Thus tensoring Sequence (2.1)
with F := £(—D) by Ox (D) we obtain Sequence (3.1). O

Theorem 1.2 stated in the Introduction is an immediate by—product of the fol-
lowing proposition.

Proposition 3.2. Let X be a smooth variety of dimension n > 2 endowed with
an ample line bundle Ox(h). Assume that Pic(X) has no non—trivial 2—torsion
elements and Ox (h) is not 2—divisible.

If € is a rank 2 indecomposable p—semistable bundle on X such that ¢1(€) = —eh
withe € { 0,1} and (1 —¢e)h®(E) =0, then £ is simple.

Proof. Trivially h" (5 ® SV) > 1, hence we have to prove the opposite inequality
assuming £ indecomposable. If £ is p—stable, then it is simple thanks to [46,
Theorem I1.1.2.9]. Thus we will assume that £ is strictly u—semistable.

Lemma 3.1 yields the existence of a divisor D on X with

DI = (M) = (€) = T (3:2)

and of Sequence (3.1). Tensoring it with £ = £(eh) and taking its cohomology we
obtain

R(E®EY) < h®(E(D+¢ch)) + h°(€ ® Iz x(-D)). (3.3)
We first show that h®(E(D + eh)) = 0. The cohomology of Sequence (3.1)
tensored by Ox (D + ¢h) yields the exact sequence
0 — H°(Ox(2D +¢h)) — H°(E(D +¢h))
— H(Tzx) -5 H (Ox (2D + ¢h)).

Equality (3.2) implies (2D + eh)h"~! = 0.

If h%(Ox(2D + eh)) # 0, then the Nakai-Moishezon criterion would return
2D + eh = 0, because Ox(h) is ample. If ¢ = 0, hence 2D = 2D + ch = 0, i.e.
D =0, because Pic(X) has no non—trivial 2—torsion elements. The cohomology of
Sequence (3.1) implies

RO (E) = (1—¢e)h’(€) > h°(Ox(D)) =1,
a contradiction. If ¢ = 1, then h = —2D, contradicting that Ox(h) is not 2—
divisible. Thus
h’(Ox (2D +¢h)) =0, (3.4)
hence H?(E(D + ¢h)) C ker(9) € H°(Zzx).

If Z # 0, then h°(Zzx) = 0. If Z =0, then h°(Zzx) = h°(Ox) = 1. Since 9
must be non—zero, because £ is indecomposable, it follows that ker(d) = 0. In both
cases we finally infer the vanishing

hO(E(D + eh)) = 0. (3.5)

We now prove h(€ ® Iz x(—D)) < 1. The cohomology of Sequence (3.1)
tensored by Ox(—D) yields

R (E @Iy x(—D)) <h?(E(—=D)) <h°(Ox) + h°(Izx(—2D —¢eh))

<1+ h°(Ox(—2D —¢ch)). (36)



EVEN AND ODD INSTANTON BUNDLES 9

We have (—2D — eh)h™~! = 0, hence as above we again deduce

K’ (Ox(—2D —eh)) = 0. (3.7)
By combining Inequalities (3.3) and (3.6) with Equalities (3.5) and (3.7), we finally
obtain ho(é' ®5V) < 1. O

The above proposition leads to the following proof of Theorem 1.2 stated in the
Introduction.

Proof of Theorem 1.2. If £ is indecomposable, then the statement follows from
Proposition 3.2, because on a Fano threefold X the fundamental line bundle Ox (h)
is not divisible by definition and Pic(X) is torsion—free (see [34]).

Let € be decomposable. Thus there is a divisor D C X such that £ =2 Ox (D) @
Ox(—D — eh): necessarily Dh? = —eh3/2, otherwise £ would be unstable. More-
over, Equalities (1.1) follow from the vanishing h°(€) = 0 and the instantonic
condition.

Equalities (3.4) and (3.7) imply that Homx (5 , 5) contains only scalar multiples
of the identity. O

Notice that the existence of decomposable instanton bundles strongly depends
on the choice of the Fano threefold X, as the following example shows.

Example 3.3. Decomposable instanton bundles exist on the flag threefold (see
[41, Proposition 2.5]): it is easy to check that that the same is true on P* x P! x P!
(see [4]). On the other hand, the blow up of P? at a point does not support any
decomposable instanton bundle (see [14, Proposition 6.5]).

If € is an indecomposable instanton bundle on a Fano threefold X we then have
RO (€ ® £V) = 1. Moreover, h*(€ ® £V) = dimExt% (£,€) = 0 thanks to Lemma
2.2. Thus Equality (2.6) for £ ® £V yields

ixedeg(X)

M (E®EY)—h(E®EY) =2ixea(E)h — 5

—3. (3.8)

4. QUANTUM NUMBERS OF NON—ORDINARY INSTANTON BUNDLES

Before proving Theorem 1.4 we first briefly recall the classification of Fano three-
folds with ix > 2 and very ample Ox(h) fixing the notation (see [34] and the
references therein).

X = P3. In this case h3 =1, ix =4 and ox = 1.

X is a smooth quadric @ C P*. In this case h® =2, ix = 3 and ox = 1.

X is a smooth cubic in F3 C P%. In this case h® =3, ix = 2 and ox = 1.

X is the smooth complete intersection of two quadrics in Fy C P°. In this

case h3 =4, ix =2 and pox = 1.

e X is the smooth and proper intersection of the grassmannian of lines in P4,
F5 := G(2,5) C PY, with a linear subspace in P? of dimension 3. In this
case h3 =5, ix =2 and ox = 1.

e X is any smooth intersection Fs o of the image of the Segre embedding of
P2 x P? inside P® with a hyperplane H. In this case h® = 6, ix = 2 and
ox = 2.

e X is the image Fg 3 of the Segre embedding of P! x P! x P! inside P7. In
this case h® =6, ix = 2 and ox = 3.

e X is the blow up Fy of P? at a point p embedded in P? via the linear system
induced by the quadrics through p. In this case h® =7, ix = 2 and ox = 2.

Recall that we already introduced in the Introduction the notion of line on a
Fano threefold and we denoted by A(X) their Hilbert scheme. A conic C C X is a
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curve with Hilbert polynomial 2¢ 4+ 1 or, in other words, such that deg(C) = 2 and
pa(C) = 0. From now on I'(X) will denote the Hilbert scheme of conics in X.

It is helpful to identify lines and conics on X. We exploit such an identification
in the following remarks that will be used several times in the paper. In what
follows H*(X) denotes the integral cohomology ring of X.

Remark 4.1. Let ox = 1.

If X = P3 then H*(X) = Z[h]/(h*), where h is the class of a plane. The classes
of lines and conics on X are £ := h? and 2h? respectively. By definition A(X) is
the Grassmannian G(2,4) of lines in P3. The scheme I'(X) is a projective bundle
on |h| with fibre isomorphic to the P® of conics in a plane.

If X is the smooth quadric @ C P*, then H*(X) = Z[h]/(h* — 2¢,h*), where
Ox (h) := Opa(1) ® Ox and ¢ is the class of a line. The class of a conic on X is h?:
each conic in X is the intersection of X with a unique plane in P*, hence I'(X) is
the grassmannian G(3,5) of planes in P4. On X there is also an indecomposable
rank 2 bundle § called spinor bundle whose sections vanish exactly on the lines
inside X. We have ¢;(S) = —h, c2(S) = ¢, h*(S(th)) = 0 for t € Z and i = 1,2,
ho (8) = 0, hence S is u—stable. Moreover, S fits into an exact sequence of the form

0—8S—0% —8—0

(see [47] for all the details on spinor bundles on X). It follows that A(X) = P3.

Let § :== h® € { 3,4,5 }. Thus X contains a line: if ¢ is its class in H*(X),
then h? = 6¢ and the class of a conic on X is 2¢. In this case A(X) and I'(X)
are respectively a smooth surface and a smooth fourfold: for more details see [39,
Propositions 2.2.10 and 2.3.8] and the references therein.

Remark 4.2. Let h3 =6 and gx = 2, i.e. X = Fg0.
If m;: Fs2 — P? denotes the projection to the i** factor, then Op,,(h;) :=
¥ Op2(1) is globally generated, h = hy + hy and

Z[h1, o)
(h% — hihy + h%, hi’, h%)

The fibres of m; are lines with class h?. Conversely, let 81h3 + B2h? € H*(Fs2) be
the class of a line L. Thus 81+ 82 = hL. = 1 and 3; = Lh; > 0, hence the class of L
is h? and L is a fibre of ;. In particular two distinct lines in the same class do not
intersect. We conclude that A(Fs2) has two components both isomorphic to P2.

Now let 81h3 + B2h3 € H*(Fg2) be the class of a conic C, i.e. a curve of degree
2 with p,(C) = 0. Thus B + B2 = hC =2 and B; = Ch; > 0. We then infer that
the class of C is either hihs (coinciding with h? + h3 as cycles) or 2h2.

Let us consider the latter case. If C is reducible, then it is the union of two
fibres of m; which are skew lines, hence p,(C) = —1, a contradiction. Thus C' must
be a double structure on a line L with class h?. Since h? = 0, it follows that each
divisor in |h;| intersecting L actually contains it, hence there is an exact sequence

0 — Op,,(—2hi) — Op,,(—h:)®* — Ipyp,, — 0. (4.1)

H*(Fs,2)

IR

2 . . .
We have IL‘F&2 C Zcirs.. € Ir|F;s.,, hence a surjective morphism

Y ~ 2 ~
Vi N res ELFen/Iims, — TiiFen/Toirs . = Tijc-

On the one hand, Sequence (4.1) restricted to O, yields /\/‘L|F6,2 = (9%2. On the
other hand, the latter sheaf is the kernel of the natural map O¢c — Op, hence its
Hilbert polynomial is ¢. Since I%l Fo.a C Zc|ps.,, it follows that Zp|c is a sheaf of
rank 1 on L. We deduce that 7y, ¢ = Op1(—1), hence the morphism v cannot exist.
In particular, this case cannot occur.
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Thus the class of C' is necessarily hihy. If C is integral, then the equalities
hihoh; = 1 and h° ((’)Fﬁy2 (hi)) = 3 imply that C' is contained in the complete
intersection of two divisors in |h;| and |hs|, hence it must coincide with it by degree
reasons. This implies the existence of an exact sequence of the form

0 — OFs,(—h) — OF ,(—h1) © Ops ,(—h2) — Z¢|ps, — 0. (4.2)

If C is not integral, then it must be the union of a fibre Ly of 7 and a fibre Ly of
mo. In particular there are pencils ¥; C |h;| with base locus L;. Thus we can find a
divisor inside ¥ containing a second point in Ly besides L1 N Ly, hence the whole
C because h1h3 = 1. Similarly there is a divisor in ¥ containing C' and we get the
above sequence again.

Notice that the Cohomology of Sequence (4.2) tensored by Op, ,(h;) yields the
uniqueness of the divisors in |h;| containing C. In particular, I'(Fs 2) is |h1| X |ha| =2
P? x P2,

Remark 4.3. Let h3 =6 and gx = 3, i.e. X = Fg 3.

If ;: Fg3 — P! denote the i*'—projection, then OF;.5(hi) == 77 Op1(1) is globally
generated, h = hy + ho + hs and
Zlhy, ha, hs]

(hi, h3,h3) -

The fibres of m; are smooth quadrics with class h;. Thus the fibres of m; x m; have
class h;hj, hence they are lines. Conversely, let 31 hohs+B2hihs+Bshihe € A%(Fg 3)
be the class of a line L. Thus 81 + 82 + 83 = hL = 1 and 3; = Lh; > 0, hence the
class of L is h;h; and L is a fibre of m; x 7;. In particular two lines in the same
class do not intersect. In particular, A(Fs 3) has three components isomorphic to
P! x P!,

Now let S1hohs + Bahihs + Bshihg € A2(F6,3) be the class of a conic C. Thus
b1+ P2+ B3 = hC =2 and B; = Ch; > 0. Up to permutations of the indices, we
then infer that the class of C' is either hi(hs 4 h3), or 2h1hy. As in Remark 4.2,
one can exclude the latter case and find an exact sequence of the form

0— OF6,3 (7h) — OF6,3 (7h1) () OF6,3 (7h2 — hg) — IClFG,S — 0. (43)

IR

H*(Fs3)

As in Remark 4.2 computing the Cohomology of Sequence (4.3) tensored by
Opys(h1) and Op, , (ha + hg) one checks that I'(Fg 3) = P! x P3.

Remark 4.4. Let h® = 7, hence X = F.

We have two natural projections, i.e. the blow up map o: Fr — P3 and the
map 7: Fy — P? induced by the projection from p onto a plane P2: we define
Op, (€) := 0*Ops(1) and OF, (f) := 7*Op2(1). Notice that both O, (§) and O, (f)
are globally generated. The map 7 induces an isomorphism F; & P(Opz & Op2(1)),
h=&+ f and

Z[§, f]

(f?,’ 52 - €f) .

The fibres of 7 are lines with class f2. Moreover, Fy also contains the exceptional
divisor E 2 P? of 0. We have { E } = |¢ — f|, hence E is also embedded in P® as a
plane, because Eh? = 1. Trivially each line inside E is also a line in F; whose image
via 7 is a line. Conversely, arguing as in the previous remarks one deduces that
all the lines on X are of the above form. In particular, A(F7) has two components
both isomorphic to P2.

Now let 1€ f+B2f? € A%(F7) be the class of a conic C. Thus 281+ 32 = hC = 2,
B1=Cf >0and 1 + B2 = C& > 0. It is easy to check that the class of C is £ f,
or 2(¢£ — f)f, or f2 and one can exclude the latter case as in Remark 4.2. Notice

H*(Fy7) =
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that in the first case C' does not intersect F, while in the second C' C E. Again as
in Remark 4.2 one obtains the existence of exact sequences

0 — Or,(=h) — Op,(=£) ® Op, (= f) — Zoip, — 0, (4.4)
if the class of C' is £f, and
0— OF?(_h) — OF7(_§ + f) S2) OF7(_2f) — IC\F7 — 0, (4'5)

if the class of C'is 2(§ — f)f.

Thus I'(F7) is the union of two components. One of them consists of conics in
E = P2, hence it is isomorphic to P°. The other one is given by the complete
intersections of divisors in |f| and |£|. As in Remark 4.2, one deduces from the
analysis of Sequences (4.4) and (4.5) that the divisor in A € |f| through C is
unique and that h°(OF, (£) ® O4) = 3, hence the second component is a projective
bundle over |f| =2 P? with fibre P2. In particular it has dimension 4.

We finally prove the main theorem of the section.

Proof of Theorem 1.4. We know that h° (5) = 0 by definition. Moreover, if £ is
non-ordinary, then ¢5 > 1. Table 1 will be sometimes helpful in what follows.

5% 4 4 3 3 2 2 1 1

€ 0 1 0 1 0 1 0 1

ix —€ 4 3 3 2 2 1 1 0

% 2 2 2 1 1 1 1 0
ordinary | yes no mno yes yes no no yes

Table 1: Values of ix, ¢, ix — €, ¢%.

We have h'(€) = k¥ (£((e — ix)h)), thanks to Equality (2.4). One checks
directly that e —ix < —¢% <0, hence h3(€) = h°(€((e —ix)h)) = 0. Lemma 2.4
implies A?(£) =01if ix —e # 0, i.e. if (e,ix) # (1,1).

Thanks to Equality (2.6), when (g,ix) # (1,1), we then obtain

E_2+’Lx—5

hea(€) = —x(€) = ' (€) > 0. (4.6)

Thus hca(€) must be even and positive when ix — ¢ is odd, i.e. when £ is non—
ordinary. Moreover, in this case ix — e # 0, hence Inequality (4.6) returns

2 ifix > 2,
h02(5)2{4 ifix = 1.

Thus, in order to complete the proof of the statement, we have only to check that
there is no non-ordinary indecomposable instanton bundle £ such that co(E)h = 2
when ix =2 and h3 > 6. If it exists, then h%(£(h)) = 0 thanks to Lemma 2.4. It
follows that h?(£(h)) > x(E(h)) = h?, thanks to Equality (2.6). Let s € H°(E(h))
be a non—zero section.

We first assume that the zero—locus of the section s is the union of a curve Z and
an effective divisor D C X. Thus, there is a non—zero section of £(h — D) vanishing
exactly along Z whose class inside A%(X) is c2(£(h — D)) = ca(€) — hD + D?. We
know that
h3

DR? — 1% = (D — W)h? = p(Ox (D ~ b)) < p(€) =~
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because £ is p—semistable, thanks to Lemma 2.3. We deduce that
2Dh? < h. (4.7)

Let X = Fg 2. If D € |ayhy + azhs|, then oy = Dh3 > 0, because D is effective:
similarly ag > 0. Inequality (4.7) yields oy + as < 1, hence without restricting we
can then assume D = hy. It then follows hca(E(h — D)) = 0, hence Z = () and the
Koszul complex of s becomes

0— (’)F&2 — g(hg) — OFG,Q (hg — hl) — 0.

Such an exact sequence splits, because Extj‘pﬁ’z (O (h2 — h1),0p,,) = 0 (see [15,
Proposition 2.5]), hence we infer £ = O, ,(—h1) ® Op, ,(—h2).

Let X = F§ 3. Arguing as in the previous case, we can still assume that D = hy
and we still deduce Z = (). The cohomology of the Koszul complex of s and the
Kiinneth formulas imply h° (5 (hl)) # 0, contradicting the p—semistability of &£,
hence this case cannot occur.

Let X = F7. If D € |an€ 4+ azf|, then a1,a1 + aa > 0, because D is effective,
and Inequality (4.7) yields 8ay +6ag < 7. It follows that either D = for D =¢— f
and we can easily deduce as in the previous case that such a case cannot occur too.

We now assume that the zero—locus of s is a curve Z. The degree of Z is
2: the Koszul complex of s and the inequality h° (5 (h)) > A% imply that Z is
contained in a plane. We deduce that Z is a possibly non—integral conic, hence
wz 2 Ox(—h) ® Oz. In what follows we will again make a case by case analysis.

If X = Fg2, then we have Sequence (4.2). Recall that we also have the Kosxul
complex of s, i.e.

0 — Ory, — E(h) — Iz R, ,(h) — 0.
Equality (2.4) and the cohomology of Sequence (2.2) tensored by Op;,(—h) yield

EXt}E‘Gﬂ (IZ|F6,2 (h>’ OFe,z)v = EXt%‘@,z (OF6,2 ’ IZ\FGQ (7h))
=H' (OF6,2(7h) ® OZ) = HO(OZ) >~ C.

Taking account of the equality h' ((DFG’2 (,m) = 0, Theorem 2.1 and Sequence 4.2,
we deduce that & = O, ,(—h1) ® Op,,(—h2) taking into account Sequence 4.2,
because there is only one non-trivial extension of Zz (h) by Ox.

We exclude the two remaining cases again using the y—semistability of £. If X =
Fs 3 and Z is the complete intersection of divisors in || and |ha+ hg|, the cohomol-
ogy of Sequence (4.3) tensored by Op, , (h1) yields h°(E(h1)) = h°(Zzp, ,(h1)) # 0.
Since (O, ,(—h1)) = =2 > =3 = p(€), it follows from Lemma 2.3 that this case
does not occur.

A similar argument can be applied also to the case h3 = 7, i.e. X := Fy, by
computing the cohomology of Sequences (4.4) and (4.5) respectively tensored by

Op,(f) and Op,(§ — f). O

Remark 4.5. As shown in the above proof, when ix = 2 and px > 2 the only
instanton bundle with quantum number k = 2 is O, ,(—h1) ® OF, ,(—hs).

5. NON—ORDINARY INSTANTON BUNDLES WHEN 7x > 2

The existence of ordinary instanton bundles on a Fano threefold X with very
ample Ox (h) has been the object of several papers. More precisely ordinary in-
stanton bundles always exist when ix > 2 and in several cases when ix = 1 (see
the introduction and the references therein for further details).

In this section we will show that X also supports non—ordinary instanton bundles
when ix > 2. The first step in this direction is the following result.
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Lemma 5.1. Let X be a Fano threefold with ix > 2 and very ample Ox (h).
For each non—negative integer s, there is a curve Z C X whose connected com-
ponents are s pairwise disjoint integral conics.

Proof. The statement is trivial if ix > 3, hence we only need to examine the case
ix = 2 in what follows. Let d := h® be the degree of X: we know that 3 <d < 7.
In this case the general hyperplane section H of X is a del Pezzo surface obtained
by blowing up r = 9 —d points in general position on P2. Thus Pic(H) is generated
by the pull-back ¢ of the class of a general line in P? and by the classes e1, ..., e, of
the exceptional divisors. Moreover, ¢2 = —e? =1,le; =eie;=0for 1 <i<yj<r.
Since the class of the hyperplane section of H is 3¢—Y" _, ey, it follows that that
every element in |¢ —e;| is a conic. Notice that two such conics do not intersect. O

Now let us fix a Fano threefold X with ix > 2 and consider € € { 0,1 } such
that ix — ¢ is odd. The following construction extends [29, Example 3.1.2] to all
Fano threefolds with ix > 2.

Construction 5.2. Let X be a Fano threefold with very ample Ox (h). For each
even integer k > 2, we consider the union Z of s := (k+2¢5 —2)/2 pairwise disjoint
integral conics on X. The adjunction formula on X and the definition of Z imply
det(Nzx) = Ox((ix — 1)h) ® Oz. Since h'(Ox(th)) = 0 for i = 1,2 and each
t € Z, it follows the existence of an exact sequence

0 — Ox — F — Iz x((ix —1)h) — 0, (5.1)

thanks to Theorem 2.1. The definition of ¢5 implies ix —1 = 2(¢5 — 1) + ¢, hence
the above sequence yields

0 — Ox((1 —=q% —€)h) — & — Ty x((¢ —1)h) — 0. (5.2)

On the one hand, if ix = 1, then the above construction does not lead to any
instanton bundle & for every value of k, because h° (8) = 1 in this case. On the
other hand, in what follows we will show that the construction above leads to non—
ordinary instanton bundles for all the admissible values of the quantum number &
given in Bound (1.2) when ix > 2.

We are now ready to prove Theorem 1.5. We first start by proving that all the
admissible values of the quantum number & can be obtained when px = 1.

Proof of Theorem 1.5 when px = 1. Since pox = 1 we know that each divisor D on
X is linearly equivalent to dh. Moreover, such a D is effective if and only if d > 1.

It is immediate from Construction 5.2 that ¢1(€) = —eh and hca(€) = k. The
cohomology of Sequence (5.2) implies h°(€) < h®(Zzx((¢% — 1)h)). The above
vanishing is trivial if ¢5 = 1. Thus we have to deal with P? and the smooth quadric
Q C P*: in this case ¢5 = 2.

In both cases Z is the union of s = (k+2)/2 > 2 pairwise disjoint conics. Thus,
if X = P3, then Z is not contained in any plane, hence h®(Zz x(h)) = 0. Assume
X = Q and let h°(Zzx(h)) # 0. Each hyperplane H C P* intersects Q along a
quadric Qg € H = P3 which has rank at least 3, hence it is integral as well. It
is easy to check that two conics on an integral quadric in P? always intersect. It
follows that a h° (IZ‘ X(h)) = 0 necessarily. Consequently, h° (5) = 0 also when X
is either P2 or Q.

Let D be a divisor on X such that u(Ox (D)) > p(E). If dh is its class, then such
a condition forces d > —&/2 > —1/2, hence d > 0 necessarily. Thus h?(£(—D)) <
R (5) = 0. Thanks to Lemma 2.3, we deduce that £ is y—stable. (|

We now deal with the case px > 2 distinguishing two cases.
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Proof of Theorem 1.5 when ox > 2. The proof is similar to the previous one. We
have only to put some more care in showing that £ is u—(semi)stable.

We have three distinct cases to deal with. The threefold X can be Fs 2 C P8, or
F673 g ]Pﬁ, or F7 g ]P)S.

Let X := Fs 2. Recall that conics on Fs 3 were described in Remark 4.2, where
we showed that I'(Fg2) = |h1| X |he|. Thus two distinct components of Z cannot
be contained in the same divisor in either |hi| or |ha.

We show that £ is pu—(semi)stable using Lemma 2.3 and [15, Proposition 2.5].
To this purpose let O, , (D) = OF, ,(a1hi + azhs): we have (O, , (D)) > p(€) if
and only if oy + ag > —1. Thus either both «;’s are non—negative, or one of them
is strictly negative and the other one non—negative. In both cases h° ((DFG’2 (—h —
D)) = 0 thanks to [15, Proposition 2.5]. The cohomology of Sequence (5.2) yields

K (E(=D)) <K (Zzp,.(~D)). (5:3)

If ; > 1 for some i, then the dimension on the right-hand side of Inequal-
ity (5.3) vanishes. Thus we must deal with the case aj,as < 0. If equality
holds, then again the dimension on the right vanishes. In particular & is cer-
tainly at least p—semistable. It then remains to deal with the case —D = h; for
some 4. In this case [15, Proposition 2.5] yields h!'(Op,,(—h + h;)) = 0, hence
Ko (E(hi)) = ho (IZ|F6,2 (hi)). Since k > 4, it follows that Z has at least two con-
nected components: as we showed above such components cannot be contained in
the same divisor in |h;|, hence h®(Zz g, ,(hs)) = 0. It follows that & is p-stable in
this range, hence it is also indecomposable.

Let X := Fg 3. Recall that each irreducible component in Z is the complete
intersection of divisors in |h;| and |h — h;| and that two distinct components of
Z cannot be contained in the same divisors in either |h;| or |h — h;|. We will
deal with the p—semistability of £ as in the previous case using Lemma 2.3 and
Kiinneth formulas. In this case if O ,(D) = OF; ,(a1h1 + azha + ashsz) we have
W(OF 5 (D)) > p(€) if and only if ay 4+ a2 + ag > —3/2. Thus either all the a;’s
are non—negative, or one of them is strictly negative and one non—negative. In both
cases h®(Op, ,(—h—D)) = 0, hence we can use the same argument used for proving
the p—stability in the previous case.

Finally we examine the p—stability of £ when X := F% using Lemma 2.3 and
[16, Proposition 2.7]. The argument is essentially the same used before, but we
need some more care because the geometry of Fr is slightly richer. Indeed in this
case I'(F7) is the union of the fourfold of conics which are complete intersection of
divisors in |¢| and | f|, with the P? of conics inside E, as we showed in Remark 4.4.
Anyhow there are still no divisors in | f| containing more than one component of Z.

In this case if Op, (D) = Op, (1€ + asf), then p(Op, (D)) > p(€) if and only if

doq + 3ag > —T/2. (5.4)
The cohomology of Sequence (5.2) yields

hO(E(—ai€ = azf)) < h°(Op(—(a1 +1)€ — (az +1)f))
+ b2 (Zzp, (—r€ — a2 f)).
If iy > 1 the last member is zero, because —a; = (—a1€ — agf)fQ. Thus we have
to deal with the case oy < 0. In this case Inequality (5.4) yields
8041—1—772: 2001 — 5
6 6
hence h%(Op, (— (o1 + 1)€ — (a2 + 1) f)) = 0. Moreover,
8ay +7 201 +7
6 6

—(a1+1)7(a2+1)§7a1+ <0

—ap —ay < —a1 +
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If —o1 — g < —1, then h° (IZ|F7(fa1§—oz2f)) <R (OF7(704157 Oégf)) = 0. Thus
we have to check the cases —a; —as =1 and —a3 — as = 0.

In the former case as = —1 — ay, hence Inequality (5.4) returns 2c; > —1. The
hypothesis a; < 0 then forces a; = 0 and we have to check if Ko (IZ|F7 (f)) =0. In
the latter case as = —; and we have to check if h° (IZ|F7(—a1§ + alf)) = 0. This
is true if ay = 0, hence we consider the case a; < —1 in what follows. In this case
ho (OF7 (—a1é + alf)) = 1, hence the linear system | — a1€ + a f| only contains
the divisor —a1 E. Since we are assuming k > 4, then Z has at least two connected
components, which cannot be contained simultaneously in either a divisor in |f| or
in E, as explained above. Thus the proof of the u—stability of £ is complete. O

6. NON—ORDINARY INSTANTON BUNDLES ON ORDINARY PRIME FANO
THREEFOLDS

In this section we will give some results on instanton bundles on an ordinary
prime Fano threefold X, proving Theorem 1.6. We will also assume that Ox (h) is
very ample.

In this case H?(X) and H*(X) are respectively generated by the hyperplane
class h and by the class ¢ of a line. Equality (2.6) returns

3

X(Ox(m) = 5 +3

Thus deg(X) = h? is an even integer. The number gx := x(Ox(h)) — 2 is usually
called the genus of X. If px =1, then 3 < gx <12 and gx # 11.

In this case the irreducible components of A(X) and I'(X) have dimensions 1 and
2 respectively (see [39, Lemmas 2.2.3 and 2.3.4]). Moreover, there is component
I'(X)p C T'(X) whose general point is an integral conic Z by [35, Theorem 4.4].
The conics in I'(X)o cover X by [39, Lemma 2.3.4], hence the normal bundle of Z
satisfies Nz x = (91%2 by [35, Proposition 4.3].

Lemma 6.1. Let X be an ordinary prime Fano threefold with very ample Ox (h).
If Z e T'(X)o is general, then the general conic in T'(X)o and the general line in
each component of A(X) do not intersect Z.

Proof. There exists a conic C not intersecting Z: see [9, Proof of Step 1 of the proof
of Theorem 4.1] where it suffices to replace H9(X) with T'(X)o. Thus the same is
true for the general conic in T'(X)o.

Let us now prove that there is a also a line in each component of A(X); C A(X)
not intersecting Z. Assume that all the conics in I'(X ), intersect each line in
A(X);. The scheme R; := {Jpcp(x), L € X is an irreducible surface. If Z € I'(X)o
is general, then Z N R; is a finite set of points, because X is dominated by T'(X)o.
Since the surfaces R; are irreducible, it follows that we can find a point v; € ZNR;
lying on all the lines in R;. Thus each R; is a cone with vertex v; and the general
conic in I'(X)o passes necessarily through all such points, hence it intersects Z,
contradicting what we proved above. [

In what follows we want to construct instanton bundles on each prime Fano
threefold. On the one hand, the only line bundle we can actually use in Serre
construction for obtaining instanton bundles is Ox. Thus the only admissible
construction by means of Serre correspondence is actually Construction 5.2. On
the other hand, such a construction does not return instanton bundles £ because
in this case h° (5) = 1, as pointed out in the previous section. For this reason we
need a different and smarter approach for prime Fano threefolds.

The existence of minimal instanton bundles on a Fano threefold X follows from
[9, Theorem 4.1]. Thanks to an easy induction on the quantum number, it is possible
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to prove the existence of even instanton bundles on each prime Fano threefold for
every admissible quantum number.

We will prove the existence of instanton bundles by induction on k. The proof
of the inductive step essentially coincides with few differences with the proof of [9,
Theorem 4.1] which suffices to prove the existence of minimal instanton bundles.
Anyhow, in order to start with our induction we need some more properties of such
minimal bundles. The proofs of these properties can be found in [9], but they are a
little hidden in the proofs and not explicitly indicated in the statements. Thus, for
reader’s benefit we explain how to recover them in what follows and how to adapt
the proof in [9] to get the inductive step.

To this purpose we introduce a new construction.

Construction 6.2. Let X be a prime Fano threefold with very ample Ox (h).

If £ = 2, let & be the bundle F obtained via Construction 5.2 from a general
Z € T(X)o and n: Ox — &5 the corresponding inclusion map. By construction the
bundle & is strictly y—semistable: moreover, restricting Sequence (5.1) to a general
integral conic Y € I'(X)o, we deduce that & ® Oy = OS?IQ.

If £ > 4is even, let & be a y—stable even instanton bundle with quantum number
k, such that & ® Oy = OF? for the general Y € I'(X)y and Ext% (x, &) = 0.

Thus, if C' € T'(X)o is general, then the general ¢: & — O¢ is surjective. We
define &y, := ker(¢). By construction there is the exact sequence

0— &y — & — Oc — 0. (6.1)

While the existence of & is clear, the existence of £ when k > 4 will be proved
in what follows. Anyhow & ,, if it exists, is not locally free at the points of C, thus
it cannot be an instanton bundle, though it enjoys many properties of instanton
bundles as we will show in the following proposition.

Proposition 6.3. Let X be an ordinary prime Fano threefold with very ample
Ox(h).
For each even k > 2, the sheaf &, defined in Construction 6.2 satisfies the
following properties.
Ek,p 1s torsion—free and c1(Ek,p) =0, hea(Er,y) =k + 2, c3(Ekyp) = 0.
W (Eke) = h' (Exe(=h)) = 0.
Ek,p 15 simple.
For the general Y € T'(X)o, then &y ® Oy = (9]%912.
dim Ext) (ks Ekp) = 2k + 1, ExtX (Enp, Envp) = BExtk (Ek,pr Enyp) = 0.

Proof. Trivially &, is torsion free, because it is contained in the vector bundle &j.
By combining Sequences (5.1) and (2.2) we obtain

0 —0x —F —0x — Oc —0. (6.2)

We deduce that the product of the Chern polynomials of F and O¢ must be 1,
hence ¢1(O¢) = 0, c2(O¢) = —C and ¢3(O¢) = 0. Using these informations we
compute the Chern classes of &, from Sequence (6.1) obtaining ¢ (&,,) = 0,
c2(Ek,p) = c2(Ek) + C, hence hea(Ex,p) = hea(Er) + 2, and ¢3(Ex,,) = 0.

When k > 4, the vanishings h°(&x ) = h' (€ (—h)) = 0 follow trivially from
the cohomology of Sequence (6.1), because the same vanishings hold for & by
induction and h°(O¢ ® Ox(—h)) = 0.

Let k = 2. Notice that im(n) € &, hence the restriction p o n: Ox — O¢
is surjective. Combining Sequences (5.1) and (6.1), the Snake lemma implies the
existence of an exact sequence

0—Zoix — Eap — Izix — 0, (6.3)
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whence we deduce h% (& ,) = hl(E,,(—h)) = 0.

Let us prove that &, is simple. If k& = 2 then it follows from [9, Lemma 4.5].
If k > 4, then &, is actually u—stable, because each sheaf destabilizing &, also
destabilizes &, because ((Ek,y) = 1(Ex). Thus &, is also simple thanks to [33,
Corollary 1.2.8].

By Lemma 6.1, a general Y € I'(X )y does not intersect C. Restricting Sequence
(6.1) to Y we then obtain &, ® Oy = £ ® Oy = (91?,912. In the remaining part of
the proof, we will compute dim Ext’ (Ek,g,, 51@,90), for i > 1.

Recall that Exti( (Sk, Sk) = 0 for each k£ > 4, thanks to Lemma 2.2, because &
is simple. If k = 2, then the isomorphism & = &Y and Equality (2.4) yield

dim Ext% (€2, &) = h%(&2 ® &2(—h)).
The cohomologies of Sequences (5.2) and (2.2) tensored by E>(—h) imply
hO(Ex @ Ea(—h)) < 2h%(Ex(—h)).

Again the cohomologies of the same sequences tensored by Ox(—h) imply that
the dimension on the right is zero. Similarly, Extﬁ( (Ek,é'k) = 0 when £ > 4 by
hypothesis. If k = 2, then Extﬁ( (52, 52) = 0 thanks to [9, Lemma 4.4].

If we apply Hom x (Ek, —) to Sequence (6.1), then Exté( (Ek, 51@,9@) = Exté( (Ek, Ek)
for ¢ > 2, because Exté((é'k,(’)c) = Hi(OgQ) = 0 for ¢ > 1. It follows that
Ext% (€, Ex,p) = Ext (Ex, Ex,p) = 0 for each k > 2. Thus,

Exti (gk,g;, gk,g,) =0, Exti (gk,g;, EIMD) - EXti (Oc, 5k7¢),

for each k£ > 2, by applying Homx(—, Ek,g,) to Sequence (6.1).
Equality (2.4) implies Ext% (Oc, k) = Homy (Egp, Oc ® Ox(—h)): notice
that Oc ® Ox(—h) = Op1(—2). Thus from Ng|x = OF? we deduce

Exty (Oc,0c @ Ox(—h)) = Op: (—2)?

(see Equalities (2.5)). By the above equalities, applying HOmX(_,OPI(—Q)) to
Sequence (6.1) we obtain the exact sequence

0— OPI(—2) — OPI(—2)®2 — Homx (gk,g;a Opl(—Q)) — OPI(—2)®2 — 0,

because, being & locally free, we have Extl (Sk, Op1(—2)) = 0. Trivially the in-
jective map on the left has a section. Thus taking the cohomology of the induced
short exact sequence yields

Homx (E,p, Op1(—2)) = H® (Homx (Ek,p, Op1(—2))) = 0,

hence Ext% (Ek,p, Ekp) = 0. Thus dimExtk (€, Ery) = 1 — X(Ep, Ekp). By
applying Homx (&4, —), HomX(—,Ek) and HomX(—,Oc) to Sequence (6.1) we
deduce that

X(Ekps Ekrp) = X(Eks Ek) — X(Ek, Oc) — x(Oc, &) + x(Oc, Oc).

We have x(&,Oc) = 2x(0O¢) = 2 and x(Oc¢, &) = —2x(0c @ Ox(—h)) =
2. Equality (2.6) returns x (&, &) = 4 — 2k. From Sequence (6.2) we obtain
X(Oc,0c) = 2x(0x,0c) — x(F,Oc) = 0, because F @ Oc = Ngjx = 0%, We
deduce from the above computations that dim Extﬁ( (590’ &P) =2k+1.

The proof of the statement is then complete. ([

Before starting the proof of Theorem 1.6 we collect below some helpful remarks.
We use the same notation as in Construction 6.2.
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Remark 6.4. If Y C X is any pure 1-dimensional scheme, then

0 HC4Y,

Indeed, by applying Homy (Oy,*) to Sequence (6.1) and taking into account
Equality (2.4) we obtain

Extk (Oy, ng) =~ Homx (Oy, Oc) o~ fo (Homx (Oy, Oc) )
We conclude by noticing that

0 if C #Y,
Homx (Oy,0¢) = { Oc ;fCiY.

Remark 6.5. By applying Hom x (—, Ek) to Sequence (6.1) and taking into account
Equality (2.4) we obtain Homy (&, ,, &) = C.

By applying Homx (—, Ox) to Sequence (6.1) we deduce ENY, =2 &k, because Oc
is a torsion sheaf on X and Extk (Oc, Ox) = Extk (Oc,wx) ® Ox(2h) = 0.

The above isomorphisms show that the inclusion &, — & can be uniquely
identified with the canonical monomorphism &, — &Y, i.e. Sequence (6.1) is
canonically isomorphic with

0— Eryp — &, — Oc — 0.

Let Sx (2; —Eh,C,O) C Sx be the locus of simple rank 2 torsion—free sheaves
with fixed Chern classes —ch € H*(X), ¢ € H*(X) and 0 € H%(X) in what follows
In Proposition 6.3 we proved that &, represents a point in Sx (2;0, (k + 2)¢,0).
The core of the proof of Theorem 1.6 is the following proposition.

Proposition 6.6. Let X be an ordinary prime Fano threefold with very ample
Ox(h).

For each even k > 2, a general deformation £ € Sx (2;0, (k+ 2)6,0) of Ek,p is
a p—stable vector bundle such that Extﬁ( (5,5) =0and £ER Oy & (9%2 for each
general Y € T'(X)o.

Proof. In what follows we will denote by S(2) the locus inside Sx (2;0,26, 0) of
bundles obtained via Construction 5.2 from a general Z € I'(X)o and by S(k + 2)
the component of Sx (2; 0, (k + 2)¢, 0) containing the point corresponding to the
sheaf &, for each even k > 2. Moreover, S(k + 2) is smooth at &, of dimension

dim Ext (Ex,p, Er,p) = 2k + 1.

Let S**(k +2) C S(k + 2) be the locus of sheaves obtained via Construction 6.2.
We claim that
dim (S (k + 2)) < 2k. (6.4)

If k = 2, then the points in S**?(k+2) are parameterized by two points in T'(X)g
(the conics Z and C) and elements in P(Ext (Zzx,Zc|x)) (the Sequence (6.3)).
Thanks to the computations in [9, Proof of Step 3 of the proof of Theorem 4.1], we
know that the latter projective space reduces to a single point, whence we deduce
that Inequality (6.4) is fulfilled.

If k > 4 is even, then the points in S*¢(k + 2) are parameterized by the points
of S(k) (the choice of &), the points in T'(X)p (the conic C') and elements in
P(Homp: (OF?, Op1)) (the morphism Homx (£ ® Oc¢, O¢) up to scalars). Thus
Inequality (6.4) is again fulfilled.

It follows the existence of a flat family of torsion—{ree sheaves in S(k 4 2) over a
smooth connected curve & — S with €, = &, and €, ¢ S**(k + 2) for s # s0.
Thanks to [12, Satz 3] we can assume Extﬁ((cfs, €¢,) = 0 for general s € S.
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For each s € S we have a natural exact sequence of sheaves over X
0— ¢ — ()Y — T, — 0. (6.5)

where T is a torsion sheaf on X and the dual is taken with respect to Ox. Since €,
is torsion—free, it follows that the support T of T, has codimension at least 2 in X
(see [46, Corollary to Theorem I1.1.1.8]). Thanks to Proposition 6.3, by semiconti-
nuity we can assume that &, is simple and p—semistable, h° (Q‘Ss) =h! (Q‘Ss(—h)) =0
and €, ® Oy = OS?E for a general Y € T'(X)g. Actually, we have two possible cases,
namely either T, = () for general s € S or T, # () for each s € S.

In the former case we can find s € S such that €5 = (&,)VV is reflexive. We
deduce that &; is a vector bundle, because c3(&;) = 0, thanks to [27, Proposition
2.6]. We already know that Extﬁ( (Q‘ES, Q‘Ss) = 0: an easy computation returns also the
other dimensions. Moreover, £ ® Oy = OF? for each general Y € I'(X)o. Finally,
hO(QES) = 0 by semicontinuity and Proposition 6.3, hence €, can be assumed pu—
stable by Lemma 2.3 as well. Thus the statement is proved with £ := &;.

In what follows we will show that the case Ts # ) for each s € S does not
occur. First we notice that if h°((&,)VV(—h)) # 0, then we can find a subsheaf
L C (€)Y with u(L) = k3 > 0. If K := LN &, then u(K) = p(L), because the
cokernel of the map K — £ induced by €; — (&,)VV has support contained in Tj:
this fact contradicts the u—semistability of &, because I C &,. It follows from the
cohomology of Sequence (6.5) tensored by Ox (—h) that

RO (Ts(—h)) =0, (6.6)
hence T cannot contain embedded points, i.e. it has pure dimension 1. Equality
(6.6) implies

V(T (th)) = —h! (T.(th)) 6.7)

for each ¢ < —1. Since (&,)"" is reflexive, it follows that h'((&,)VV(th)) = 0

for ¢ <« 0 thanks to [27, Remark 2.5.1]. Thus the cohomology of Sequence (6.5)
tensored by Ox (th) yields

P E(0)) < 2(E4(11)) < 12 (Enth) (69)

when ¢t < 0 by semicontinuity.

We have c1((€5)VY) = ¢1(€;). Moreover, we know that c3((€)VV (th)), c3(€s(th))
and c2(Ts(th)) are independent of ¢ for each t € Z, thanks to [27, Lemma 2.1]. An
easy Chern class computation from Sequence (6.5) then yields

c1(%s(th)) =0, hea(Ts(th)) = hea((€5)YY) — k — 2,
c3(Ts(th)) = c3((€5)VY) — 2thea(Ts),
because ¢;(€5) = ¢;(Ex,,). Equality (2.6) for the sheaf T(th) yields

_ (€)%Y) ~ hea(T)
X (th) = S

Since & is locally free, we know that A’ (Ek(th)) =0fort < 0andi=1,2,
hence the cohomology of Sequence (6.1) tensored by Ox (th) returns

B (Ek,p(th)) = B (Oc(th)) = —x(Oc(th)) = =2t — 1, (6.10)

—

— thea(Ty). (6.9)

for t < 0.
By combining Equalities (6.9) and (6.10) with Inequalities (6.8) and (6.7) we

finally obtain

1
3 (c3((€5)VY) — hea(Ts)) — thea(Ts) > 2t + 1
for t < 0. Thus hea(Ts) > —2: it follows that either the irreducible components of

T are up to two lines or T is an integral conic.
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In what follows we prove that the first configuration cannot occur. Let L C T be
a line: if equality holds, then there is an integer a such that Ts = Op(a). Assume
that L # Ty, so that deg(Ts) = 2. Let M C X be another line such that L+ M = Ty
in A2 (X). The restriction map O, — Op, induces an exact sequence

0—B—%, — A—0, (6.11)

where A is supported on L and B on M. Since Ty is torsion free, then again there
are integers a,b such that A= Or(a) and B = Op(b).
We claim that for each line N C X and integer ¢t we have

Ext (On(t), €) = 0. (6.12)

Indeed, by semicontinuity it suffices to check that Ext ((9 ~(t), 5k,¢) = 0. To show
such a vanishing we apply the functor Hom x ((9 ~(t), 7) to Sequence (6.1) obtaining
the exact sequence

Homx (On(t), Oc) — Exty (On(t), Ekp) — Extl (On(t), Ek).

Notice that the space on the left vanishes because C' € T'(X)g is general, hence
integral, thanks to Remark 6.4. Equality (2.4) implies that

Ext (On(t), &) =2 Ext (&, On(t) ® Ox(—h)) = H?*(Ex(—h) @ Oy (t)) =0,

hence the claimed Vanishing (6.12) is completely proved.

By applying Homx (—, €,) to Sequence (6.11), we deduce that Ext} (T, €) =0
thanks to Vanishing (6.12), hence Sequence (6.5) should split. Thus ¥, should be
the torsion subsheaf of (€;)VV, which is reflexive, hence torsion free, a contradiction.

Therefore Ty is an integral conic and T, = Op, (U) where U C Ty = P! is a
divisor linearly equivalent to up for some point p € Ts. Equality (6.9) with ¢ = 0
and the Riemann—Roch theorem on Ty yields 2u = ¢3((€)¥Y). On the one hand,
the sheaf (€;)VV is reflexive, thus the locus where it is not locally free has degree
c3((€5)VY) > 0, thanks to [27, Proposition 2.6], hence v > 0. On the other hand,
Equality (6.6) forces u — 2 < 0. We conclude that v € { 0,1 }.

Let uw = 1: we will prove that such a case cannot occur, by showing that
Ext} (O1,(U),&,) = 0 as above. By semicontinuity it suffices to check that
Extk (OT ( )
to Sequence (

Homx (O, (U),Oc) — Ext (Or, (U), &x,p) — Ext (Or,(U), ).
Equality (2.4) implies that
Ext (Or, (U), &) = ExtX (&, Or, (U) ® Ox(—h)) =2 H?(Ex(—h) ® Or,(U)) = 0.

We certainly have Homx ((’)T (), Oc) HO (Homx (OT U),0 ) The hy-
pothesis u = 1 and Remark 6.4 then imply Hom x (OT (), Oc) =0.

Thus the case u = 1 is not possible, i.e. u = 0, hence T3 = Or, for each s € S.
It follows the existence of a morphism S — F(X )o, such that T is exactly the
pull-back of the universal conic on I'(X)o.

Thus ¥ — S is a flat family and the flatness of the families € — S and ¥ — S
yields the flatness of the induced family |, 4(€s)"" — S. In particular (&,,)"" =
&k thanks to Remark 6.5, hence (€,)VY € S(k+2) and, consequently, €, € S (k+
2) for general s € S, contradicting our initial choice. We conclude that the case
T, # () for each s € S cannot occur.

It follows that for general s € S the sheaf £ := €; is a vector bundle. Since the
locus of p—stable sheaves inside Sx(2;0, (k 4 2)¢,0) is open, it follows that we can
assume that & is p—stable. By semicontinuity, thanks to Proposition 6.3 and [12],
we know that Ext3 (£,€) =0 and £ ® Oy = OF? for each general Y € I'(X)o. O

&, ) = 0. To this purpose we apply the functor Hom x (OTS U), f)
.1) obtaining the exact sequence
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We are finally ready to prove Theorem 1.6 stated in the introduction by induction
on even integers k > 4. The base step is [9, Theorem 4.1].

Proof of Theorem 1.6. If k = 2, then Proposition 6.6 guarantees that the general
deformation £ € Sx(2;0,4¢,0) of &, is a vector bundle such that Extﬁ( (5, 5) =0.
Moreover, by semicontinuity we can also assume h' (5 (—h)) =0 and A (5) = 0.
We deduce that £ is py—stable by Lemma 2.3, hence it is an instanton bundle with
quantum number hcg(€) = hea(E2) + hC = 4.

Let k£ > 4 be even and assume the existence of a p—stable instanton bundle &
with quantum number k£ such that Extﬁ( (Sk, Ek) =0and & ® Oy = (9;,512 for each
general integral Y € T'(X)o. The same argument used in the base step implies
the existence of a p—stable instanton bundle £ € Sx(2;0, (k + 2)¢,0), such that
Ext3 (£,€) =0 and £ ® Oy = OF? for each general Y € I'(X)o. O

We conclude this part by showing another possible approach to the construction
of even instanton bundles on a Fano threefold X with ix = 1.

Remark 6.7. Each Fano threefold X with ix = ox = 1 and gx > 4 contains a
canonical curve Z C P9x+! as pointed out in [13, Proposition 8]. Indeed, if £ is
the bundle constructed in [9, Theorem 4.1], then £(h) is globally generated and its
general section in H%(£(h)) vanishes on a canonical curve Z with p,(Z) = gx + 2.
The same is true if gx = 3 and we restrict to general X.

More in general, let X be any Fano threefold with ix = 1 and very ample Ox (h).
If X contains a canonical curve Z C P9x+1 then wy = Ox(h)®@0z, po(Z) = gx +2
and deg(Z) = 2gx + 2. Since h'(Ox(h)) = 0 for i = 1,2, it follows from Theorem
2.1 the existence of vector bundle £ fitting into the exact sequence

0 — Ox(~h) — & — Iz x(h) — 0. (6.13)

Notice that ¢1(€) = 0 and c2(€) = Z — h%. Thus hea(€) = 4.

If ox = 1, then £ is a minimal u—stable even instanton bundle £. Indeed, the
cohomology of Sequence (6.13) returns h° (8) = 0, because Z, being a canonical
curve, is non—degenerate inside P9X 1. Lemma 2.3 then implies that £ is u—stable.

The cohomology of Sequence (2.2) yields h' (ZZ‘X)) = 0, because Z is inte-
gral. Thus again the cohomology of Sequence (6.13) tensored by Ox (—h) returns
B (E(~h)) = 0.

If ox > 2, then the u—(semi)stability of £ cannot be deduced as easily as when
ox = 1. Indeed, if u(Ox (D)) > w(€) = 0 for a line bundle Ox (D) C &, then
Sequence (6.13) implies h°(Zz x(h — D)) = h°(£(—D)). It follows that £ is p—
stable if there are no surfaces S C X through Z with deg(S) < 2¢gx — 2.

Notice that there always exists an infinite family of surfaces of degree 2gx + 1
through Z, namely the cones projecting Z from its points. For some results on the
computation of the minimal degree of surfaces through a canonical curve see [21].

7. SOME FURTHER PROPERTIES OF INSTANTON BUNDLES

In this sections we first study the instanton bundles obtained in the previous
section when restricted to suitable divisors. Then we will inspect their splitting
behaviour when restricted to lines.

The following property has been introduced in [14]

Definition 7.1. Let X be a Fano threefold.
We say that an instanton bundle £ on X with ¢1(£) = —eh is earnest if
h'(E(—q5h — D)) = 0 for each smooth integral divisor D C X.

Let us spend few words on earnest instanton bundles. Let D be an integral,
smooth divisor on X and assume that Ox(h) is very ample. When px = 1, then
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Ox (D) is very ample, hence the cohomology of Sequence (2.8) tensored by £(—¢%)
implies h' (5(—q§(h — D)) =h0 (5(—q§(h) ® (’)D). When ¢5 > 1 the dimension on
the right vanishes by [42, Theorem 3.1]. When ¢5% = 0, then ix = ¢ = 1: in this
case (€ ® Op) < 0 and we can argue as in the previous case.

When ox > 2 such a deduction does not hold. Indeed there could be integral
smooth divisors D such that Ox (D) is even not ample. E.g. such an issue always
occurs for ordinary instanton bundles on the blow up of P? at a point or along a
line: see respectively [14, 17, 3]. Nevertheless, in these cases ordinary earnest in-
stanton bundles £ are characterized by a finite number of further exotic instantonic
conditions, i.e. vanishings h'(£(—q¢5h — D)) = 0 for a suitable divisor D C X.

In the case of the non—ordinary instanton bundles obtained in the previous sec-
tions we can prove the following result.

Proposition 7.2. Let X be a Fano threefold with very ample Ox (h) and let £ be
any bundle whose existence is guaranteed by Theorems 1.5 and 1.6.

(1) If X 22 F7, then & is earnest.

(2) If X = Fy, then € is earnest if and only if dim(Z N E) = 0. Moreover, if
& is not earnest, then h*(£(—h — D)) =0 for each smooth integral divisor
D # E and h*(E(—h — E)) = 1.

Proof. As pointed out above £ is automatically earnest if px = 1. Thus we have to
prove the statement only when X is one of the following threefolds: Fs 2, Fs 3, F7.

The proof that £ is earnest when X is either Fg o or Fp 3 is similar, hence we will
deal with the first case in what follows. If D € |ajhi+azhz| # 0, then a; = Dh3 >0
and az = Dh? > 0. In particular O, , (D) is globally generated, hence O, , (h+D)
is ample. It follows from [42, Theorem 3.1] that h' (£(—h— D)) = 0 because & is p—
semistable (see the argument relating the earnest property with the y—semistability
of the restriction of £ to any ample divisor).

If X = F%, then |a1€ + aof| contains a smooth D if and only if either oy =
—ag =1 or aj,as > 0 (see [14, Remark 5.7]). In the latter case h + D is actually
ample, hence h' (£(—h— D)) = 0 thanks to [42, Theorem 3.1]. We deduce that & is
earnest if and only if h' (5(,}1, E)) =0. Since h+ FE =2 and 2h+ FE = 3£+ f, it
follows from the cohomology of Sequences (5.2) and (2.2) tensored by Op.(—h— E)
and [14, Proposition 5.4] that

h' (E(~=h — E)) = h' (Zzp,(—h — E)) = h°(Oz(—h — E)).

Notice that the dimension on the right is the sum of h° (O¢(—h—E)) as C = P* runs
over the conics contained Z. If the class of C' in A%(Fy) is f, then (h + E)C = 2,
hence h°(Oc(—h—E)) = 0. If the class of C'is 2(£— f) f, then (h+ E)C = 0, hence
ho (Oc(fh — E)) = 1. Since the components of Z are pairwise disjoint, then at
most one of them can be contained in E = P2. We deduce that if dim(Z N E) = 0,
then h?(Oz(—h—E)) = 0, while if dim(ZNE) = 1, then h°(Oz(-h—E)) =1. O

We are interested in the splitting behaviour of instanton bundles when restricted
to general lines. Indeed we finally prove also Theorem 1.8 stated in the Introduction.

Proof of Theorem 1.8. Assume that £ is obtained via Construction 5.2.

Let us first consider the case px = 1. Since £ is p—stable, it follows that when
X = P3 ie. ix = 4, then &£ is generically trivial thanks to [46, Corollary 1 of
Theorem I1.2.1.4]. The same is true when ix = 3, thanks to [20, Proposition 5.3].

Now let ix = 2, Z C A(X) x X the universal line and \: £ — A(X) the
projection to the first factor: the natural projection map x: % — X is finite if
h3 > 4 (e.g. see [39, Remark 2.2.7]). If h® = 3 then it is generically finite and its
fibres have positive dimension at most in 30 points (e.g. see [19, p. 315 and Section
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10]). It follows that for each conic C' C X, then A(x~(C)) C A(X) is a union of
a finite number of curves. Since A(X) is a surface (e.g. see [34, Propositions 3.5.6
and 3.5.8]), it follows that the general line on X does not intersect C.

Thus the definition of Z implies the existence of a line L = P! which does not
intersect Z. It follows that the restriction of Sequence (5.2) to L induces a surjection
E® O — Op1, hence £ ® O, =2 Op1 @ Op1(—1).

If ox > 2 the argument is analogous and easier. Indeed, in this cases we know
exactly the structure of A(X) and I'(X) (see Remarks 4.2, 4.3, 4.4), hence it is
immediate to check that the general line does not intersect Z in these cases.

Finally consider a bundle £ obtained as in Theorem 1.6. Thanks to Lemma 6.1,
we know that given general Z,C € T'(X), the general line L in each component
of A(X) does not intersect them. Restricting Sequence (5.2) to L, we then deduce
E ® Op = OF. Thus the restriction of Sequence (6.1) to the same line yields
& @O = (’)I??IQ too. In particular every general deformation £ € Sx (2; 0, (k+
2)¢, O) of &, enjoys the same property by semicontinuity.

If we now assume the existence of a generically trivial u—stable even instanton
bundle &, with quantum number k > 4, then the same argument as above yields the
existence of a generically trivial p—stable even instanton bundle £ with quantum
number k£ + 2, hence the statement is proved by induction on k. (I

8. MODULI SPACES OF NON—ORDINARY INSTANTON BUNDLES

In this section we deal with the component of the moduli spaces of instanton
bundles defined in the previous sections.

Each instanton bundle £ obtained via Construction 5.2 is u—stable, hence simple.
Thus it represents a point in an open subset SZx (5, ¢) of Sx (2; —eh, ¢, 0) where
¢ € H4(X) is such that ¢h = k.

Proposition 8.1. Let X be a Fano threefold with ix > 2 and very ample Ox (h).

For each even integer k satisfying Inequality (1.2) all the bundles obtained via
Construction 5.2 such that the class ( € HY(X) of Z satisfies Ch = k represent
smooth points in one and the same irreducible component ST% (5,§) C SIx (E,C)
with dimension

8k —5 ifix =4,
dim(SZ% (¢,¢)) = 6k—3 ifix = 3,
ak —h3 =3  ifix = 2.

Proof. In order to prove the statement, it suffices to check that 5.2
REEY)=1, K (EREY)=R(EEY) =0, (8.1)

thanks to Equality (3.8).
To this purpose, since & is simple, it follows that h° (5@5\/) = 1 and, by Lemma
2.2, also h*(£ ® £Y) = 0. It remains to check that h?(€ ® £¥) = 0. We have

R (E((1 = ax)h)) = B*7(E(—akh)).
thanks to Equality (2.4). In particular
PP(E((L = a)h) = h0(E(=dx ) < h°(€) =0,
W2 (E((1 = gx)h)) = W' (E(=q5h)) = 0.
Thus the cohomology of Sequence (5.2) tensored by £V = £(eh) yields
W (E®EY) =h*(Tzx ®@E((dk —1+¢e)h)).
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The cohomology of Sequence (2.2) tensored by £((¢5 — 1 + ¢)h) implies
W (Izx © E((qx —1+e)h)) < h*(E((gx —1+¢e)h))
+h' (07 @ E((g% — 1 +¢e)h)).
On the one hand, again the cohomologies of Sequences (5.2) and (2.2) tensored
by £((¢5% — 1+ ¢)h) and Ox((ix — 1)h) respectively imply
B2 (E((g% — 1+ )h) = b (Tzx (ix — D)) < B (Ox((ix — 1)h) ® O).

The latter dimension is zero because Z is the disjoint union of rational curves. Thus
the first righthand summand in Inequality (8.2) vanishes.
On the other hand, for each integral conic C' C Z, Equality (2.3) implies

Oc ® E((¢k — 1 +¢)h) = Ngjx = Opi(ar) @ Opi(az)

where a; < as and a; + as = 2ix — 2 by adjunction on X. If ¢x > 3, then
C' is the complete intersection of hypersurfaces of degrees 1 and ix — 2, hence
(a1,a2) = (2,2ix —4). Let ix = 2 and choose a general hyperplane section H C X
containing C. Thus Ny x = Ox(h) ® Oy and there exists a surjective morphism
Nejx = Nyjx. It follows that (a1,az) is either (0,2) or (1,1). Since Z is the
disjoint union of conics in X, it follows that

hl(Oz ® 5((q§( -1+ E)h)) = hl(NZ|X) =0
regardless of ix. Thus the second righthand summand in Inequality (8.2) vanishes
too and the proof of the Equalities (8.1) is complete.

The vanishing h?(€ ® £¥) = 0 implies that £ in Sx (2; —¢h, (,0) is smooth and
lies in a component of dimension dim Ext’ (5, 5) =~ pl (5 ® SV). Moreover, &£ is in
the image of the natural rational map I'(X)** --» Sx (2; —eh, , 0). Thus all the
bundles obtained via Construction 5.2 lie in the same component of STx (5, k) (|

(8.2)

When px = 1, each instanton bundle £ is automatically p—stable because
R0 (8 ) = 0. In [41, 4] the authors proved the existence of ordinary instanton bundles
which are not p-stable on Fg o and Fg3. When X = F7, each instanton bundle
with quantum number k£ < 14 is p—stable (see [14]).

The picture for non—ordinary instanton bundles is clearer.

Proposition 8.2. Let X be a Fano threefold with ix > 2 and very ample Ox (h).
FEach non-ordinary instanton bundle on X is p—stable if and only if X 2 Fga.

Proof. If opx = 1 each instanton bundle is u—stable, hence we have to deal only
with the case ox > 2. To this purpose, thanks to Lemma 2.3, it suffices to look at
the divisors D such that u(Ox (D)) = p(E), when X is Fs o, Fs 3, F7.

Since p(€) is either —3 or —7/2 according X is either Fs 2 and Fg 3 or F7 respec-
tively, it follows that we can restrict to the two cases Fs o and Fg 3. In the latter
case, using the notation of Remark 4.3, we know that h? = 2(haohsz + h1hs + hi1h2),
hence u(Ox (D)) is certainly even.

Thus, the only case we have to deal with is X := Fg . In this case, we claim
the existence of a strictly u—semistable non—ordinary instanton £. To this purpose,
thanks to Lemma 2.3, it suffices to show that h° (5(—a1 h — aghg)) = ( for each
OFa,z (a1h1+a2h2) C & such that 3(a1—|—a2) = /L((’)F&2 (a1h1+a2h2)) > [J,(g) = -3,
i.e. a1 + e > 0, and that hO(E(hl)) > 0.

In order to prove the claim, recall that Fs o can be also viewed as the incidence
variety { (p,L) | p € L } C P? x (P?)V. If we fix coordinates ug, u1,us on P? and
we denote by v, v1, v the dual coordinates in (P?)V, then the Fg o coincides with
intersection of the image of the Segre map P? x (P?)¥ — P® defined by

($07 .- -,!768) = (Uovovuovlvuovz,U1UO,U1U1,U1U2,U2U0,U201,U2U2)
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with the hyperplane H := { 2o+ x4+ xs = 0 } corresponding the incidence relation
p € L translated analytically as ugvg + uwiv1 + ugva = 0. Thus the ideal of Fg o

inside H = P” with coordinates o, ..., z7 is generated by the 2 x 2-minors of the
matrix

o I1 T2

I3 X4 Zs

Te L7 —To — T4

If L C Fs5 is a line with class h?, then it is the fibre of the projection map on
the u—plane P2. Tt follows that up to an automorphism of F 2 we can assume that
L:={xy=---=ux5 =0 }. Thanks to [45, Theorem 2.4] (or using any software
for symbolic computation) one checks that the ideal

— 2
IC = (.To, e ,.1'5) + ($2, T5,L0 — X4,T1Te — LOX7,TaTe — $3$7)

defines a scheme C' C Fgo with deg(C) = 2 and p,(C) = —2. The curve C is
obtained by doubling the line L inside the surface S with ideal

Is := (x2, 25,0 — T4, 126 — ToT7, T4Ze — T3T7).

It is easy to check that I + I, , = (23,23) + Is + I, and @] € Is + I, ,. It
follows that the localization of I¢ + IF, , at the prime ideals (z7) and () coincides
with the localizations of the ideals (23)+Is+Ip, , and (23)+Is+If, , respectively.
Thus C is locally complete intersection inside Fg 2 because S is smooth at the points
of L.

Moreover, each Cartier divisor on C' is completely identified by its degree which
is twice the degree of the same divisor restricted to L: see [8, Propositions 4.1 and
4.2]. Since deg(wc) = —6 and Op,,(—h1 — 3h2) ® O = Op1(—3), it follows that
wo = OF6,2 (7h1 — 3h2) ® OC. Thus

det(NC‘X) = we ® OFa,z (2h) &= OFa,z (hl — hg) ® O¢,
by adjunction. Since Op,(h1) is globally generated and hf = 0, it follows that
OFﬁyg(_hl —2h3) ® O¢ = OFG,Z(—Qh) ® O¢c.

Thus [18, Theorem 2.1] yields h°(Op, ,(—2h) @ Oc) = h* (Zeppr(—2h)) = 0.

Let Z be the union of s := (k — 2)/2 pairwise disjoint schemes of degree 2 and
genus —2 in Fp 5 supported on lines in class h? as above. The above discussion and
Theorem 2.1 yield the existence of a vector bundle £ fitting into the exact sequence

0 — Opyo(—h1) — & — IZ|F6,2(—h2) — 0.

It is immediate to check that c¢1(€) = —h, hea(€) = k, h°(€) = 0 and h' (E(—h)) =
h,l (IZ‘FG,Z (7h1 — 2h2)) . Thus

W (Zz1F, ,(—h1—2h2)) = h° (O, o (—h1 —2h2) @ Oz) = sh®(Op, ,(—2h)®O¢) =0,

whence we finally deduce h'(£(—h)) = 0. Moreover, h°(E(—a1hy — azhg)) = 0 if
o1 + az > 0 and h°(E(hy)) = 1. Thus the claim is proved and the proof of the
proposition is complete. (I

If £ = 2, then the bundle constructed in the proof of Proposition 8.2 splits as
OF;s.,(—h1) © Op,,(—h2): hence the above construction extends Remark 4.5 to
higher quantum numbers. Moreover, it is possible to show that h?2 (5 ® SV) =0
regardless of the value of k.

In order to conclude the analysis in the case ix > 2, we deal below with non—
ordinary instanton bundles with low quantum numbers and their moduli spaces.
Recall that the minimal non—ordinary instanton bundles are the ones with quantum
number k£ = 2 when ox =1 and k = 4 when ox > 2 (see Theorems 1.4 and 1.5).
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Remark 8.3. If px = 1, then each instanton bundle is automatically p—stable.
The moduli space STx (5, sz) is the open non—empty subset of bundles £ such that
h'(£(—q5h)) = 0 inside the Maruyama moduli space M x (2; —¢h, kl) of p—stable
rank 2 bundles (see [43] and [44]).

Ifix =4,3,2 and € = 1,0, 1 respectively, then the space M x(2; —h, 2¢), hence
STx (5, 2), is irreducible and smooth: moreover it is also rational (see [31, Theorem
3.1], [48, Theorem 2.1] and [49] for the proof of this facts in the cases ix = 4,3,2
respectively). In particular SZx (e, 2[) = ST% (e, 2[) in these cases and it actually
coincides with Mx(2;—h,2¢) when ix # 3 (see [31, Proposition 2.3] and [49,
Proposition 2.1]).

If X = P3, then the moduli space Mps(2; —h,4f) has been described in [11,
Theorems 1 and 2]. More precisely (see [11, Section 1.1]) such a moduli space has
two components, both rational. One of them is smooth of dimension 28 and its
points represent bundles £ such that h' (5(—2h)) = 1, thus it does not contain any
point corresponding to an instanton bundle. The second component has dimension
27 and its points represent bundles £ such that h'(E(—2h)) = 0: it follows that it
coincides with 8Zps (1,4¢) = SI2;(1,4¢). More generally in [52] the author defines
a component M C Mps(2; —h, kf) for each even k, shows that it is different from
SIIE,B(I, kﬁ) for k = 6 and conjectures that this is true for all £ > 6.

If X = @, then Mg(2;0,4¢), hence SZg (0,46), is irreducible, reduced and
unirational (see [48, Theorem 3.4]). Tt follows that SZq(0,4¢) = ST (0, 40).

When px > 2, then h? > 6 and minimal non-ordinary instanton bundle must
have quantum number 4. We showed in Theorem 1.5 that such bundles exist.

We have h%(£(h)) = 0 for such an € by Lemma 2.4. Thus Equality (2.6) implies
ho (S(h)) >hp3—-3>3 Ifse H (S(h)) is a non—zero section whose zero—locus is
a curve Z, then deg(Z) = hea(E(h)) = hea(€) = 4. Equality (2.3) implies

det(Nz|x) = det(E(h) ® Oz = Ox(h) ® Oy,
hence the adjunction formula yields
wz 2wx ®O0x(h)®0z =2 Ox(—h)® Oy.
Thus p.(Z) = —1.

We conclude the analysis of the case ix > 2 by characterizing minimal instan-
ton bundles on Fg o which are not p—semistable as the ones associated to double
structures Z with p,(Z) = —2 on lines inside Fg ».

Remark 8.4. In what follows we will use the notation of Remark 4.2. It is easy
to see that the condition pu(Op,,(D)) = (&) forces the existence of an integer a
such that D = ah; — (1 + a)hs. Let s € H® ((’)Fﬁyz(—D)) be a non—zero section. If
the zero—locus of s contains a surface S, then
deg(S) =Sh? = IU’(OFG,Z (S)) < M(S(—D)) = :U’(g) - M(OFG,Q (D)) =0.

We deduce that (s)o = Z is a curve with degree c2(E(—D))h. One easily checks
that co(£(—D))h = 2(1 — a — o?) which is negative, unless a € { —1,0 }, i.e.
D = h;. Thus we deduce deg(Z) = 2.

Let B31h3+ B2h? be the class of Z. Since 3; = Zh; > 0 and B + B2 = deg(Z) = 2,
it follows that the possible values of (81, 82) are (2,0), (1,1) and (0,2). Let D = hy:
Equality (2.3) and the adjunction formula imply 2p,(Z) —2 = (—hy — 3h2)Z. Thus
pa(Z) is —2, —1 and 0 respectively in the three cases.

If the class of Z is 2h3, then p,(Z) = 0, hence Z would be a conic supported on
a line. We can exclude this case as in Remark 4.2.

If the class of Z is h? + h3, then p,(Z) = —1. In this case Z is either the union
of two disjoint lines, or a double structure on a line. The latter case cannot occur
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because h? + h3 is not divisible in A%(Fs2), hence Z is the union of lines L; with
class is h? € A%(Fs2). Equality (2.3) implies that

det(NLHFa,z) = det(E(hl)) ® OLi = det(OFG’Z (hl — hg)) ® OLi

because L1 N Ly = (). Thus this case cannot occur too, because (hy — ha)h? = —1
and N, |, , = OF as shown above.

It follows that the class of Z is 2h? and p,(Z) = —2. Thus Z is necessarily a
double structure on a line L with class h? and Sequence (2.1) becomes

0— Op,, — E(h1) — IZ‘FM(hl — hg) — 0,

hence h° (E(hl)) =1, i.e. the curve Z completely identifies €.

Tensoring the above sequence by O, ,(ha — h1), one deduces h°(E(hsz)) = 0.
Thus if we make a similar construction with ho instead of hi, we obtain a different
family of p—semistable minimal instanton bundles.

The instanton bundles obtained in Theorem 1.6 are p—stable, hence simple. Thus
they represent points in an open subset SZx (5, kl) C Sx (2; —ch, kL, 0).

Theorem 1.6 is less explicit than Construction 5.2. Thus we have no way to
confront the bundles constructed in Section 6 in order to show that they lie in the
same component. Nevertheless, at least the following statement holds.

Proposition 8.5. Let X be an ordinary prime Fano threefold with very ample
Ox(h).

For each even integer k satisfying Inequality (1.2) there exists an earnest instan-
ton bundle £ with quantum number k representing a smooth point in an irreducible
component ST% (5, kl) C STx (5, kﬁ) with dimension

dim(SZ% (e, kl)) = 2k — 3.

Proof. As pointed out in the proof of Theorem 1.6 we can construct a p—stable
instanton bundle & with Exti( (5 ,5) = 0 and quantum number k. Thanks to

Equality (3.8) we obtain dim Ext (€, &) = 2k — 3. O

9. MONADS FOR NON—ORDINARY INSTANTON BUNDLES WHEN ix > 3

In this section we prove the existence of monads for the bundles we are interested
in when X is either P? or Q.

Proposition 9.1. Each odd instanton bundle € on P? with quantum number k is
the cohomology of a monad C* of the form

0 — (HOps (W)Y “—5™ (K ©Qps (21)Y & K © Qs (h) 25 Ho Ops — 0, (9.1)
where H and K are vector spaces with

dim(H)zg—Qkfl, dim(K)zg

and
u: (K @ Qps(2h) & (K @ Qps(h))Y)(—h) = (K @ Qps(2h))Y & K ® Qps(h)

is skew—-symmetric.
Conversely, if the cohomology € of the monad C® is a vector bundle, then & is
an odd instanton bundle with c3(€) =k on P3.

Proof. If € is an odd instanton bundle on P2, then it is the cohomology in degree
0 of a complex C® with i*"~module

C':= P HI(E(ph)) @ Qf (—ph)

pHq=i
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where, as usual, Q%; := A'Qps, thanks to [2, Beilinson’s Theorem (Strong form)].
Our first task is to prove that h? (E(ph)) is the number in position (p, ¢) in table 2.

0 0 0 0 |g=3
3k k
k 3k —
0 0 0 0 |g=0

p=-3 p=-2 p=-1 p=0

Table 2: The values of h?(&(ph)) for P

Indeed, thanks to Proposition 2.5 the cohomology of £ is natural in degree 0,
hence h?(£) = 0 when ¢ # 1. Moreover, h?*(E(—h)) = h'(£(—2h)) = 0 by defi-
nition. The vanishing h°(£) = 0 implies h°(E(ph)) = 0 for —3 < p < 0. Equal-
ity (2.4) then returns h*(£(—ph)) = 0 in the same range. For the same reason
h1(E(ph)) = B*~9(E((—p — 3)h)) for p = 0,—1 and ¢ = 1,2. In order to compute
h'(£) = h*(£(—-3h)) and h*(E(—h)) = h*(E(—2h)) we apply Equality (2.6) to &
and £(—h) respectively.

Let H := H'(&) and K := H*(£(—h)). Equality (2.4) implies

H2(£(-3n)) = H'(E)Y,  H*(&(—2n)) = H'(E(-h))",
hence the existence of a monad C*® of the form
0 — HY ® Ops(—h) - (K @ Qps (2h))Y & K @ Qpa(h) 2 H © Ops — 0,

follows directly from the isomorphism Q% (4h) 2 (22;")" and Table 2 above.

The monads C® and (C*)V satisfy the hypothesis of [46, Lemma I11.4.1.3], hence
the skew—symmetric isomorphism £Y(—h) = € induces an isomorphism of the mon-
ads (C*)Y(—h) = C* such that the map u: Cy(—h) — Cy is skew—symmetric. The
same argument described after the proof of [46, Corollary 2 of Lemma 11.4.1.3]
finally yields Monad (9.1).

Conversely, if the cohomology £ of Monad (9.1) is a vector bundle, then it is
easy to check that rk(€) = 2, ¢1(€) = —1, c2(€) = k. We have to check that
h%(&) = h'(£(—2h)) = 0. To this purpose consider the two short exact sequences

0— K — (K ®Qps(2h))" & K ® Qps(h) — HY @ Ops — 0, 0.9
0— H®Ops(—h) — K — & —0. (92)
The cohomology of Sequences (9.2) easily yields
2h° (€) < kh° (s (—2h)) + kh° (Qps (b)),
2h' (£(—2h)) < kh' (Qyfs(—4h)) + kh' (Qps(—h)).

The statement then follows by computing the cohomology of suitable twists of the
Euler exact sequence and its dual. (I

Remark 9.2. As pointed out in [23, Section 5.1], if £ is an odd instanton bundle
on P? with quantum number k, then it is the cohomology of a monad of the form

0 — Opa(—2h)P* @ Ops (—h) P — Ops(—h)FFFlotl g OFFHiot!
— O @ Ops (h)®* — 0

where to is the number of minimal generators of @, ., H' (Ops(t)) lying in H' (Ops).
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We now turn the attention to even instanton bundles on Q. If £ is even, then it
is p—stable. Thus, we have the following well-known result.

Proposition 9.3. Each even instanton bundle £ on Q with co(E) = k€ is the
cohomology of a monad C® of the form

00— HY @ Og(—h) "5 K © 09 %5 H® Og(h) — 0, (9.3)

where H and K are vector spaces with
k
dim(H)zi, dim(K) =k +2

and
u:K®OQ—>KV®OQ
is skew—-symmetric.
Conversely, if the cohomology € of the monad C® is a vector bundle, then & is
an even instanton bundle with c2(E) =kl on Q.

Proof. For the existence of a monad see [48, Proposition 1.1]. We can deduce its
self-duality as in the proof of Theorem 9.1. In the same way we prove the converse
part of the statement. ([

Remark 9.4. As pointed out in [22, Theorem 3.5] a rank 2 bundle £ on @ is the
cohomology of Monad (9.3) if and only if there is at most one ¢ > 0 such that
R (E(—th)) # 0 where —2 < ¢ < 0, at most one i > 0 such that h (€@ S(—2h)) # 0
and h' (£ @ S(—h)) = 0 for all i > 0.

Thus Theorem 9.3 guarantees that all such sets of vanishings are automatically
satisfied by an even instanton bundle on (). Notice that the first set of vanishings
above is exactly Proposition 2.5.

Thanks to [46, Corollary 2 of Theorem I1.2.1.4] and [20, Proposition 5.3] every
instanton bundle £ on either P? or @ is always generically trivial. We conclude the
section by dealing with the locus of lines where the splitting of £ is not balanced.

Definition 9.5. Let X be a Fano threefold with very ample Ox (h).

If £ is an instanton bundle on X with ¢;(€) = —¢h, then a line L C X is called
jumping line of £ if k' (E((ix 4+ & — 2¢5 — 1)h) @ Or) # 0. The locus of jumping
lines of £ inside A(X) will be denoted by Jg.

We say that £ has expected splitting type if the codimension of all the compo-
nents of Jg inside A(X) is 1 +e.

Example 9.6. If ix > 3 and £ is an even instanton bundle, then [46, Corollary 2
of Theorem I1.2.1.4] and [20, Proposition 5.3] imply that £ has expected splitting
type. This is no longer true if i x < 2. Indeed in this case the projection x: £ — X
can have disconnected fibres as pointed out in [38, Section 3.7], hence the standard
approach of [46, 20] does not work.

When X = P3 and £ is odd with quantum number 2, then £ has expected
splitting type, thanks to [31, Section 4]. As far as we know, there are no other
general results even when ¢x > 3: indeed one cannot say anything even about the
analogous problem for bundles on P?: see [32, Example 10.7.2].

Let A and X the natural projections A(X) x X on the first and second factor
respectively. We will denote by A and x their restrictions to the universal line
Z C A(X) x X. The following lemma follows immediately by the above definition.

Lemma 9.7. Let X be a Fano threefold with very ample Ox (h).
If € is an instanton bundle on X with ¢1(E) = —¢ch, then the locus Jg C A(X)
is the support of the sheaf R*\.x*E((ix +¢ — 2¢5 — 1)h).
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Proof. The open locus A(X)\ J¢ is by definition 9.5 the set of L € A(X) such that
h'(E((ix +€—2¢% —1)h) ® Or) = 0. Thanks to [28, Corollary I11.12.9], it is thus
the locus where R\ x*E((ix + ¢ — 2¢5% — 1)h)) = 0. O

We first deal with instanton bundles on P3. Recall that A(P?) = G(2,4) is the
Grassmannian of lines in P3 which is a quadric in P° endowed with the induced
natural polarization Oxpsy(1). In this case Jg is the support of the sheaf RN X*E.

The quadric A(P?) contains two families of planes which are classically known
as a—planes (the lines through a fixed point) and S—planes (the lines contained in
a fixed plane). Both these families of planes correspond to the non—zero sections of
the two rank 2 spinor bundles on A(P?) (see [47]).

As pointed out in [26, Section 1.5], H*(A(P3)) is generated by the Schubert
cycles. More precisely, H?(A(P?)) is generated by o1 (representing the set of lines in
A(P?) intersecting a fixed one), A?(A(PP?)) by 02 and o7 1 (representing respectively
the classes of the a—planes and S-planes in A(P?)). Moreover, the relation o} =
02 + 01,1 holds inside A(P?).

Let S be the spinor bundle corresponding to the a—planes.

Proposition 9.8. Let £ be an odd instanton bundle on P3 with quantum number
k.
If € has expected splitting type, then Je C A(P?) is endowed with a sheaf ¥ fitting
mnto
0— OA(PS)(—/{) — (K ® OA(PB)(l))V ®KS)

L He Oxws)y — 9 — 0. (0.4)
Moreover, the class of Je in H*(A(P?)) is
K k(k—1)
502 + I
Proof. Splitting Monad (9.1) we obtain the exact sequences
0— XK — (K ®x " Qps(2h))" & (K @ x*Qps(h))
L H® X Ops — 0, (9.5)

0 — HY ®@x*Ops(—h) — XK — x*& — 0.

As in the previous proof we apply the functor A\, to the two above sequences. In par-

ticular we have to identify for all i > 0 the sheaves R' A, x*Qys (—2h), R* A x*Qps (),
RN, x*Ops(—th) where t = 0, 1.

The structure sheaf of the universal line fits into an exact sequence of the form

0— OA(IP’3)(*1> X O[pns (72h) — SKX O[pns (7}1)

9.6
HOA(IPS)XPS —)Og—)o ( )

We will compute RN\ x* Qs (—2h), REA.x*Qps (h), R'X\x*Ops(—th) where t = 0,1
by applying the functor A to Sequence (9.6) tensored by x*QY;(—2h), X*Qps(h),
X*Ops(—th) where t = 0,1, making use of the projection formula [28, Exercise
I11.8.3] and taking into account that X*]? =~ )\, F for each sheaf supported on .Z.
Let G be a sheaf on P3. For each L € A(P3) we denote by k(L) the residue
field of Op(psy at L. Trivially h (Q*g ® k(L)) = h (g), hence the function L —
h'(X*G @ k(L)) is constant on A(P?). Thus [28, Corollary I11.12.9] implies that

Ri/):* (OA(PS)(—S) X G) = OA(Ps)(—S) ® Rl}\\*f(\*g = OA(Ps)(—S) @ H? (g)
In this way we deduce that
ROX.X*Ops =2 Oppsy, ROAX Qs (—2h) = Opesy (1), RO X" Qps(h) = S,
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all the other R"s being zero. Replacing the above isomorphisms in the first of
Sequence (9.5) and taking into account that the second of such sequences gives
RN K =2 R')\.x*E we finally obtain the exact sequence

0 — MX*E — (K ® Opps)(1) @ (K®S)

*)H@OA(IPS) — R A\X"E — 0,

where the map ¥ is induced by ¥ (—h). In particular R*\,x*& has rank 1. Since
& has expected splitting type, then all the components of Jg have codimension 2.
In this case c1(R'\.x*E) = 0, hence computing it from Sequence (9.7) we obtain
AX*E =2 Oppsy(—k). Taking into account such a latter isomorphism, Sequence
(9.4) is exactly Sequence (9.7).

In order to complete the proof, notice that the class of Jg inside H*(A(P?)) is

—c2(G) = c2 (K @ Oppsy(1))Y @ (K © S))
=co ((K @ Opp3)(1))Y) + c2 (K@ 8) + 1 (K @ Opea)(1))Y) a1 (K@ S).

By direct computation one checks that

C1 ((K® OA(pS)(l))V) =C1 (K@S) = 7%0’1,

k(k—2 k(k—2 k
C ((K@OA(IPJ)(I))V) = %O’%, C (K@S): %034’502.
The statement then follows by combining the above equalities (I

Now we turn our attention to the quadric @ C P%. Recall that A(Q) = P3.
In this case Jg is the support of the sheaf R\, x*E(—h) and it is a divisor (see
Example 9.6).

Proposition 9.9. Let £ be an even instanton bundle on Q with quantum number
k.
Then Je C A(Q) is a divisor of degree k endowed with a sheaf ¢ fitting into

0— HY ® Opg)(—2) 5 H@ Opq) — 4 — 0. (9.8)
Moreover, Jg is a hypersurface of degree k.

Proof. Splitting Monad (9.3) we obtain the exact sequences
0 — x"K(-h) — K® x"Og(—h) — H® x"Og — 0,

9.9
0 — HY @ x*Og(—2h) — x*K(=h) — x*E(—h) — 0. (9.9)

As in the previous proof we apply the functor A\, to the two above sequences. In
particular we have to identify the sheaves R' A, x*Oq(—th) for t = 0,1,2 and i > 0.

Recall that A(Q) = P3? is endowed with the standard polarization Ops(1) and
O fits into the exact sequence

0— OA(Q)(—Q) X OQ(—h) — OA(Q)(—l) XS

9.10
—)OA(Q)XQ—>03—>O ( )

where S is the unique spinor bundle on @), whose non—zero sections vanish exactly
on the lines inside Q. We then compute R\, x*Oq(—th) by applying the functor

A. to Sequence (9.10) tensored by X*Ogq(—th). We then deduce
R'Xx*Oq(—2h) = Opg)(—2), ROAx*Oq = Onq),

all the other R%’s being zero. Replacing the above isomorphisms in Sequences (9.9)
we finally obtain Sequence (9.8) where & = R\, x*£(—h) and ¥ is induced by the
map ¢: HY @ x*Oq(—2h) = K ®@ x*Og(—h).
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Finally observe that G is supported on the vanishing locus of det(¥). The state-

ment then follows by noticing that ¥ is represented by a k/2 square matrix of
degree two homogenous forms (see Sequence (9.8)). ([
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