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Abstract

Beam grillage structures are extensively adopted in various civil, mechan-
ical and marine engineering. Although several studies deals with the
tolerance of such systems to direct damages on beams, almost no lit-
erature exists on the effects on the whole grillage of damages on the
supports. To this aim, the present study details the response of a simple
grillage structure lying on non-rigid supports. A dimensionless analysis is
proposed to address all the possible mechanical and geometrical configu-
rations. Simulating a local damage, a variation of a single support vertical
stiffness is introduced to highlight the behavior of the system. It is found
that the behavior of the grillage on spring supports does not depend on
the structural arrangement of the grillage itself, but also on the stiffness
of the supports. In particular, the response of the structure is largely
affected by the stiffness of the intact supports rather than the stiffness
of the damaged support. Completely different structural responses are
found, involving a local or a global compliance towards the weak support,
the twisting of the grillage or a folding-like behavior depending on the
location of the damaged support. The evolution of the effects of the dam-
age on the support suggests that, in certain configurations, the grillage
behaves as a complex structure, while in others as a simple structure.

Keywords: Beam grillage, dimensional analysis, damage, spring support,
robustness
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2 Behavior of a simple beam grillage structure on damaged supports

1 Introduction

A beam grillage is a structure made of a planar network of connected beams
loaded normally to their plane. The geometrical configuration and the mutual2

moment-resisting connection between elements allow flexural and torsional
resisting mechanisms to develop within the grillage, with general small dis-4

placements and a great ability in load redistribution. For this reason, this type
of structure is widely used in civil constructions, such as in bridges, and in6

marine structures [1]. Even in small grillage structures, the number of degrees
of freedom is large enough that simple mathematical expressions for displace-8

ment and forces are difficult to formulate. Although the studies on the behavior
of structures loaded with out-of-plane forces date back to the 19th Century10

[2], in the Sixties and the Seventies the major improvements on the design of
grillage structures are found. Holmes and Ray-Chaudhuri [3] propose a limit12

analysis for determining the ultimate load of grillages, while minimum weight
and optimization studies were first proposed by Rozvany [4]. More recent stud-14

ies focus on the dynamic behavior [5] or on the optimization of foundation
grillages [6].16

The so called “grillage analogy” is a widely adopted strategy for solving
structures with out-of-plane loads, such as in bridge superstructures analysis18

[7]. The validity of such approach has been validated by comparing numerical
analyses and experimental data, such as in [8]. Grillage structural schemes20

have been also introduced for modeling elastic continua [9]. With reference
to the numerical methods for solving the structures, before the introduction22

of FEM, matrix analysis was the usual mathematical tool for studying beam
grillage [10]. As largely diffused in civil and mechanical engineering, beam24

grillage structures can be made of various materials: concrete, steel, timber or
composite material and can be subjected to various types of loading, including26

moving forces [11] or impacts and blasts [12]. It is worth to be mentioned
that, although made of a planar network of beams, load transfer in grillage of28

reciprocal beams is related only to the flexural mechanisms, as the elements
are supported one each other [13].30

From a topological point of view, the network of beams is a statically inde-
terminate structure. Such structural schemes are characterized by a complex32

behavior [14], in which the distribution of stresses is driven by preferential
force paths, which emerge when the structure is damaged. As reported in pre-34

vious works, the study of the final damaged configuration is consistent with
the structural degradation process and simplifies some evaluations on dam-36

age tolerance and robustness [15]. Besides general considerations on systems
of beams, the redistribution capacity of grillage structures is influenced by38

the support conditions. Such dependency has been highlighted in the studies
by Rozvany [16], where the optimal beam layouts depends on the boundary40

conditions of the grillage.
As already mentioned, grillage structures are widely adopted in civil engi-42

neering works, in particular in bridge decks. In particular cases, say in Gerber
girders, the span is suspended over two cantilevers, which act as supports [17].44
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Half-joint beams are adopted not to modify the total beam depth. Relevant
failures in the past, e.g., the collapse of Annone SS36 overpass bridge in Octo-46

ber 2016 in Italy [18] due to an anomalous load configuration, construction
and maintenance issues, suggest that the integrity of Gerber girder supports48

is a primary requirement for the robustness of the suspended span. To this
aim, several studies concentrated on the failure mechanisms of the main beams50

at the support [19, 20], but disregarded the specific analysis of the failure of
the support itself, which requires a detailed design and maintenance during52

the service life of the structure [21]. For concrete structures, the behavior of
half-joints depends on the arrangement and amount of reinforcements, and the54

quality of the concrete [22, 23]. The forensic analysis of the failure of Annone
overpass highlighted that cracking and corrosion on the reinforcement bars56

caused a reduction of the bearing capacity of one support that initially failed
[18]. Meanwhile, the investigations showed that, in the decades preceding the58

failure, the reduction of reinforcement area caused a progressive settlement of
the supporting half-joint. This result is in perfect agreement with the results60

of Desnerck and colleagues [20, 22], who pointed out an evidence of a reduc-
tion of the vertical stiffness of damaged supports, which are fragile components62

that have not to fail in a capacity design.
The literature analysis highlights that several researches attempting to64

study the robustness of grillage structures with damaged beams are present,
e.g., [24, 25]: in such analyses, the main focus is on the structure itself and66

its failure, under the hypothesis of perfect supports. On the contrary, limited
attention has been devoted to the effects on the grillage of the modification of68

the capacity of the supports. Considering that half-joint components are hard
to inspect [26], the understanding of the effects on the grillage of a change in70

the supporting condition would help in the structural health monitoring of the
supporting structure. To this aim, the present paper deals with the behavior72

of a beam grillage structure with non-rigid supports, which are here modeled
with elastic springs. In particular, the attention is put towards a local reduc-74

tion of the stiffness of one support and the resulting effects on the structure,
with the focus on the support displacement and reaction forces. The results76

of the study are of primary interest for the design of grillage structures on
non-uniform supporting conditions and for the design and data interpretation78

issued from structural health monitoring of existing structures subjected to
ageing phenomena and degradation.80

2 Method

The analysis of beam grillage structures accounts both the flexural and the82

torsional characteristics of the elements. In the present analysis, a simple
rectangular structure made of three main beams of length ` and orthogonal84

transverse beams of length w at both ends is considered, as shown in Figure 1
where the main and transverse beams are named as M and T, respectively.86

The grillage is subjected to a vertical uniform load q distributed along the



Springer Nature 2021 LATEX template

4 Behavior of a simple beam grillage structure on damaged supports

main beams, only. The system is supported on vertical springs, to simulate the88

axial stiffness of the ground (if the grillage is part of a foundation system) or
of a substructure (to simulate supported floors and bridge decks). The system90

is horizontally constrained at each node, as illustrated in the box of Figure 1.

`

w

w

q

M

M

M

T

T

T

T

`

w

w

3

2

1 4

5

6

Fig. 1 Sketch of the reference grillage.

The behavior the system depends on the mechanical properties of the92

elements, the supports, and on the geometry of the grillage. In the present
analysis, the main beams are identical. Similar consideration holds for the94

transverse beams. The flexural and the torsional rigidities of the main beams
are named as EIm and GJm, where E and G = E/ [2 (1 + ν)] are the elastic96

and tangential elastic moduli, respectively, Im and Jm are the flexural and
torsional inertias of the cross-section of the main beam. Similar consideration98

holds for the transverse beams, which are characterized by superscript t, i.e.,
EIt and GJ t. The vertical stiffness of the i-th support is named as ki.100

In a dimensional analysis framework, only two physical dimensions are
present in the problem: the length [L] and the force [F ]. Flexural and torsional
rigidities have the physical dimensions of

[
FL2

]
, the vertical stiffness and

the distributed load of
[
FL−1

]
. Following Buckingham’s Π-theorem [27], two

quantities can be chosen as repeated quantities and serve for the creating
dimensionless quantities. In the present analysis, the length of the main beam
` and the flexural rigidity of the main beam, EIm, are chosen as repeating
terms. Thus, the following dimensionless parameters can be formulated:

ρ =
w

`
η =

EIt

EIm

µ• =
GJ•

EI•
ω =

q`3

EIm
,

(1)

where the bullet stands for either the main or the transverse beam (• = m, t).
If the beams are rectangular, one can draw a relationship between torsional
and flexural inertias, in such a way that µ• can be rewritten as

µ• =
6β (λ•)

λ2
• (1 + ν)

, (2)
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where λ• is the slenderness of the cross-section of the beam, i.e., the ratio
between beam depth and beam width. Following Timoshenko [28], the term102

β (λ•) represents the numerical factor for computing torsional rigidity (β = 1/3
when λ→∞). Table 1 reports the values of µ• for various rectangular beams104

for ν = 0.3.

λ• β ν µ•

∞ 0.333 0.3 → 0
10 0.312 0.3 0.0144
3 0.263 0.3 0.1348
2 0.229 0.3 0.2642
1.5 0.196 0.3 0.4020
1 0.141 0.3 0.6507

Table 1 Values of µ• for various depth-to-width ratios for rectangular beams.

Using the same repeating terms, the vertical stiffness ki of the i-th support
can be rewritten as

ξi =
ki`

3

EIm
. (3)

The study herein performed intends to model the behavior of the grillage106

when the stiffness of one of the supports differs from the one of the others.
As a limit case, considering that the vertical stiffness of one support is null108

corresponds to the complete removal of the support. One can rethink the
stiffness reduction of this model as either a local lack of capacity in soft soils110

for foundation grillages, a reduction of the rigidity of the elastomeric support
of dapped-end beams or a degradation of the half-joint connection in Gerber112

suspended spans, etc.
To fully investigate the effects of modifications on the vertical stiffnesses114

of the supports on the grillage, several configurations are considered, as listed
below.116

1. The damage occurs on a corner support. In this case, a non-symmetric
damage configuration is studied. Figure 1 depicts, on the right-hand side,118

a plan view of the grillage. Five nodes, i.e., i = 1/3, 5, 6 are supported by
intact springs with stiffness k (i.e., k1 = k and so forth), while the node 4120

is supported by a defective spring with stiffness k4 = k/10. Consequently,
it results that ξ4 = ξ/10, where ξ is the dimensionless support stiffness of122

nodes 1, 2, 3, 5 and 6. The results are reported in Section 3.1.
2. The damage occurs on a central support. In this case, a symmetric damage124

configuration is analyzed. With reference to Figure 1, node 5 is supported
by a defective spring with stiffness k5 = k/10, while nodes 1/3, 4 and 6126

are supported by intact springs with stiffness k. As in the previous case,
ξ5 = ξ/10, where ξ is the dimensionless support stiffness of nodes 1, 2, 3, 4128

and 6. The results are reported in Section 3.2.
3. An additional transverse beam is added to the grillage. In this case, the new130

transverse beam connects the midpoints of the main beams. The properties
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of the transverse beam as equal to those of the transverse beams at the132

ends. The results are reported in Section 3.3.
4. The stiffness of the defective support changes between 0.9k and 0.1k. To134

study the evolution of the behavior of the grillage with the increment of the
damage, i.e., the reduction of support stiffness, several damage steps are136

considered. The analysis is performed considering that the defective support
is on node 4. Thus, various stiffnesses are considered: ξ4 = (0.9→ 0.1) ξ,138

where ξ is intact spring dimensionless stiffness. The results are reported in
Section 3.4.140

The numerical analyses were performed on Matlab coupled with OpenSees
[29] routines varying the geometry of the grillage, i.e., parameter ρ in the142

range [0.05; 1], transverse-to-main beam flexural rigidities, i.e., parameter η
in the range [0.2; 1], and intact spring dimensionless stiffness ξ in the range144 [
10−2; 106

]
, considering different beam cross-section geometries (square and

rectangular).146

3 Results

The vertical displacement of the supports vi and the reaction forces Ri can
be written in a dimensionless form. To highlight the behavior of the struc-
ture subjected to a local support stiffness reduction, support reactions are
compared with the forces that an intact structure would experience. Applying
Buckinham’s Π-theorem, a dummy variable ψ̃i is formulated:

ψ̃i =
Ri`

2

EIm
. (4)

Considering that the reactions in an intact grillage are identical and equal to148

q`/2, the normalized dimensionless reaction ψi is equal to ψi = 2ψ̃i/ω.
The vertical nodal displacements, vi, are normalized with respect to the

displacements that would be observed in a structure if the supports would have
equal stiffness k. The normalized dimensionless displacement δi is equal to

δi =
2vik

q`
=
(vi
`

) 2ξ

ω
(5)

where the term in the round brackets is the dimensionless displacement150

according to Buckingham’s Π-theorem. Downwards displacements are positive.

3.1 Non-symmetric damage configuration152

Figure 3.4 shows the values of the normalized reactions and displacements
for both square (λ• = 1, with continuous lines) and rectangular (λ• = 10,154

with dashed lines) cross-sections. The non-symmetric damage configuration
accounts for the damage on the corner support (node 4). The results are related156

to the geometrical configuration with η = 0.1 and ρ = 0.5. It clearly emerges
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Fig. 2 Damage on support no.4. Normalized reactions (top) and support displacements
(bottom) in a grillage with η = 0.1 and ρ = 0.5 in a range ξ =

[
10−2; 106

]
. Continuous

curves relate to a grillage with square (λ• = 1) elements, while dashed lines to a structure
with rectangular (λ• = 10) elements.

that the value of ξ influences the values of reactions and displacements. In par-158

ticular, three regimes are individuated. For stiffnesses smaller than a threshold
value, say ξ = 1 for square cross-section structure, approximatively constant160

values are reported. Similarly, for large ξ, say ξ > 104, all the normalized
reactions are similar and close to 1, while all the normalized displacements162

are unitary, except the one of node 4 with the defective spring for which a
value 10 (equal to ξ/ξ4) is observed. In between, a transition regime between164

the two limit situations is observed, with reactions reaching local maxima or
minima, clearly evident in the reactions of nodes 5 and 6 of the rectangular166

cross-section structure. Similar considerations can be drawn for displacements.
The case proposed in Figure 3.4 is just an example of what it is observed for168

other η and ρ values.
The trends show the intimate dependency between springs stiffness and170

grillage behavior and how the stiffness of the supports, once locally damaged,
can influence force redistributions in the grillage. To identify the displace-172

ment regimes within the grillage, a critical analysis of the displacements is
performed. Figure 3 depicts the normalized displacements for a structure with174

square cross-sections having η = 0.5, ρ = 0.5. Three different behaviors are
observed. Starting from the right-hand side, i.e., large ξ, a drop-like response176

(named as Dr) emerges, with node 4 experiencing the largest displacements,
only. The sketch below depicts this structural response which is observed for178

a large range of ξ-values, for ξ ≥ 2.2 · 104. For smaller ξ-values, a twist-like
behavior (Tw) is observed: the vertical displacement of node 2 is smaller than180
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TwUn Dr

Un Tw Dr

Fig. 3 Normalized displacements for a grillage with η = 0.1, ρ = 0.5 and λ• = 1 (square
cross-section). Three displacement regimes are individuated: uniform rotation (Un), twist
(Tw) and drop (Dr). Note that y-axis scale is in a reverse order; for the colors of the supports
refer to Figure 1.

the one of node 3, with δ2 < 1, meaning that, apparently, the node goes up. In
an opposite way, the vertical displacement of node 6 is smaller than the one182

of node 5, with δ6 < 1. It clearly emerges that a part of the grillage under-
goes twisting, as sketched in the bottom of Figure 3. This structural response184

occurs for 5.1·101 ≤ ξ < 2.2·104. For smaller values, it results that δ2 < δ3 and
the structural response of the grillage tends to a uniform rotated configuration186

(Un), as reported in the bottom-left sketch of Figure 3.

3.2 Symmetric damage configuration188

Figure 4 depicts the values of the normalized reactions and displacements for
both square (λ• = 1, with continuous lines) and rectangular (λ• = 10, with190

dashed lines) cross-sections. The symmetric damage configuration accounts
for the damage on the support of the central node (node 5). The results are192

related to the geometrical configuration with η = 0.1 and ρ = 0.5. As expected
from the previous analysis related to corner damage, the results are affected194

by the value of ξ. Three regimes can be individuated. For ξ < 1, the values
of support displacement and reactions are constant and almost independent196

from ξ. The normalized reactions in nodes 4 and 6 compensate the drop on
node 5 drops to roughly ψ5 = 0.15, while the effects on the opposite nodes are198

completely negligible, i.e., ψi ≈ 1 for i = 1, 2, 3. Similar trends are observed
for ξ > 104, where all the reaction forces are equal and all the displacement,200

except the one of node 5, are unaffected by the defective support. In between,
i.e., 1 < ξ < 104, a transition is observed. The central support on the opposite202
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Fig. 4 Damage on support no.5. Normalized reactions (top) and support displacements
(bottom) in a grillage with η = 0.1 and ρ = 0.5 in a range ξ =

[
10−2; 106

]
. Continuous

curves relate to a grillage with square (λ• = 1) elements, while dashed lines to a structure
with rectangular (λ• = 10) elements. The curves related to nodes/reactions 4 and 6 are
superposed; similarly, the curves related to nodes/reactions 1 and 3 are superposed.

side is pushed down with a larger reaction force, while the corner supports
(nodes 1 and 3) raises, resulting in a reduction of the reaction.204

Observing the displacement regimes reported in Figure 5, a folding-like (Fl)
regime is observed since nodes 1 and 3 moves upwards, while node 2 goes down206

with respect to the undamaged position, for which δi = 1. A similar trend,
shifted downwards is observed for nodes 4, 5 and 6. This regime is observed in208

the interval 1 < ξ < 104. For lower ξ a uniform tilting (Un) emerges, while for
larger ξ a drop (Dr) of node 5 is noted. As expected, the reaction forces and210

displacement regimes are symmetrical with respect to the longitudinal axis of
the grillage (i.e., the line passing through nodes 2 and 5).212

3.3 Effects of additional transverse beams

The effect of additional transverse beams are highlighted by comparing reac-214

tion forces and nodal displacements with and without an additional transverse
beam. The damaged configuration accounts for a reduction of vertical stiffness216

on node 4, namely ξ4 = ξ/10. Figure 6 shows the results of the analysis: thin
curves refer to a grillage structure without the transverse beams, while thick218

curves to a structure with transverse beams. It is noted that the observed
trends are not affected by the presence of the additional elements: considering220

that the threshold between uniform (Un) and twisting-like (Tw) behaviors cor-
responds to the ξ for which δ2 = δ3, or alternatively, ψ2 = ψ3, the presence of222
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FdUn Dr

Un Fd Dr

Fig. 5 Normalized displacements for a grillage with η = 0.1, ρ = 0.5 and λ• = 1 (square
cross-section). Three displacement regimes are individuated: uniform tilting (Un), folding
(Fl) and drop (Dr). Note that y-axis scale is in a reverse order; for the colors of the supports
refer to Figure 1.

the additional transverse beams moves rightwards the threshold point. In fact,
thin yellow-red curves of Figure 6 intercept at ξ ≈ 15, while thick yellow-red224

curves at ξ ≈ 24.
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Fig. 6 Damage on support no.4. Normalized reactions (top) and support displacements
(bottom) in a grillage with η = 0.1, ρ = 0.5 and λ• = 1 (square cross-section) in a range
ξ =

[
10−2; 106

]
. Thick curves relate to the grillage with additional transverse beams.
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3.4 Evolution of the effects with increasing damage226

Figure 7 plots the vertical displacements of the six nodes on a grillage subjected
to a vertical stiffness reduction on support no.4. Various damaged-to-non dam-228

aged stiffness ratios, namely Ξ = ξ4/ξ, are considered in the range [0.1; 1].
For ξ4/ξ = 1, thick continuous black line, the support is not damaged: it230

clearly emerges that the structural behavior of the grillage is not affected by
the stiffness of the supports (which, in this case, are equal). For ξ4/ξ = 0.1,232

i.e., ξ4 = ξ/10, thick dashed black line, the curves are identical to the ones
depicted in the bottom plot of Figure . Intermediate curves refer to interme-234

diate damaged stiffnesses. An identical behavior is observed in each support:
the intermediate curves have the same trend of the thick dashed black curves236

and the values of the displacements δi are scaled. This shows that the magni-
tude of the damage does not affect the observed trends, but it magnifies the238

effects, only.
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Fig. 7 Damage on support no.4. Normalized support displacements in a grillage with η =
0.1 and ρ = 0.5 with square cross-section (λ• = 1) in a range ξ =

[
10−2; 106

]
. Each curve

corresponds to a damaged-to-non damaged stiffness ratio, ξ4/ξ. Note that y-axis is in reverse
order.

4 Discussion240

The results presented in the previous section (Sec. 3) show that the response
of the grillage to the local damage is affected by the properties of the gril-242

lage itself (flexural and torsional rigidities of main and transverse beams and
the size of the grillage) and by the stiffnesses of the supports, either intact244

or damaged. Although simple, the considered grillage is able to highlight sev-
eral basic behaviors that emerge when the supports are damaged (the results246

herein presented can be extended to other geometrical arrangements, involving
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more than three main beams). With the tentative of interpreting the different248

responses of the non-symmetric damage configuration, the drop-like response
(Dr) emerges as the stiffness of the supports, either intact or defective, is250

larger than the rigidity of the grillage. In this situation, the grillage results
flexible and accommodates the damage by perfectly redistributing the loads.252

This means that the structure is tolerant with respect to the damage, i.e., the
reduction of stiffness of one support, as the effects are confined to the node254

in which the reduction is acting. In the twist-like behavior (Tw), the flexural
stiffness of the transverse beams redistributes the forces to nodes 5 and 6. The256

former is pushed down and a greater reaction occurs, the latter experiences
a reduction in the reaction force. The response on nodes 4, 5 and 6 has the258

effect of reducing the reactions on the opposite side of the grillage: the central
support (node 2) tends to be unloaded and moves up. Observing Figure 3.4,260

it can be noted that this behavior is observed both in square and in rectan-
gular cross-sections structures. The uniform behavior (Un) emerges when the262

rigidity of the grillage is larger than than the stiffness of the supports. In this
regime the structure keeps its integrity by tilting in a rigid way. With reference264

to the symmetric damage configuration, similar considerations can be drawn.
It must be noted that a sort of equilibrium emerges on the main beams in the266

folding (Fd) regime. In other words, the reaction force in node 4 increases and
the reaction force in node 1 decreases, similarly it occurs in nodes 3/6. This268

behavior, which can be observed in Figure 5, can be easily identified in the
twisting-like regime in Figure 3 in nodes 2/5 and 3/6. The transition regimes270

(Tw and Fd) represent a good match in terms of grillage and support stiffness
as the whole system acts in redistributing the effects of local damage.272

The analysis of the evolution of the effects on the grillage with the increase
of the damage, i.e., the increment of parameter Ξ, illustrates interesting trends
on the complexity of the coupled system made by the grillage and supports. To
highlight the trends, differences between nodal displacements in the damaged
and undamaged configurations were computed and their ratio was averaged
over all the supports, as

Ω =
1

6

∑
i

δΞ
i − 1

δ0.1
i − 1

, (6)

where δ0.1
i corresponds to the vertical displacement of the i-th node for Ξ = 0.1,

i.e., ξ4 = ξ/10, and δΞ
i is the vertical displacement of the i-th node for a generic274

Ξ value. This represents a measure of the scaling between each curve of Figure 7
and the corresponding curve for Ξ = 0.1. Figure 8 shows the values of Ω for276

various ξ on a grillage structure with damaged support no.4. It clearly emerges
that the increase in damage, i.e., the reduction from Ξ = 1 → 0.1 does not278

presupposes a perfectly linear effect on the displacements. This is a result of the
mutual interaction between the elements and the supports and is a common280

trend in statically indeterminate structures [30, 31]. Different evolutions are
observed for different values of ξ. For low ξ a quasi-linear trend between the282

ends of the curve is observed, while a pronounced nonlinear trend is noted
for high ξ. The observed results agree with the previous findings on statically284
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Fig. 8 Values of the ratio Ω computed with Eqn. (6) for a grillage with η = 0.1, ρ = 0.5
and square cross-section (λ• = 1), damaged on support no.4.

indeterminate structures: with reference to the previous works by the Author,
a linear evolution in the effects of the damage refers to a structure which is286

not complex, while a nonlinear trend is a evidence of structural complexity
[30, 31]. In this sense, for high ξ, the grillage tends to behave as “complex”,288

following the definition provided by De Biagi and Chiaia [14]. As a matter of
fact, the three beams are independent one with respect to the others, as the290

transverse beams are not able to redistribute the loads and a variation in the
stiffness of one support affects the corresponding beam, only. Half beam and292

the corresponding support constitute the load path. On the contrary, for low
ξ, a redistribution of the effects of the damage occurs as all the elements (and294

non-damaged supports) partecipate to load transfer and bearing capacity of
the system. Here, the behavior is ruled by the equivalent stiffness of all the296

supports as the grillage behaves as a quasi rigid-like body. In this sense, the
linear reduction of the stiffness of support no.4 implies a linear reduction of the298

equivalent stiffness of all the supports, with a consequent quasi linear evolution
of the effects.300

5 Conclusions

The present study is devoted to the analysis of the response of a simple grillage302

structure lying on spring supports. Several important considerations can be
drawn. First, the behavior of the grillage on spring supports does not depend304

on the structural arrangement of the grillage itself, but also on the stiffness
of the supports. In particular, the response of the structure is largely affected306

by the stiffness of the intact supports rather than the stiffness of the damaged
support. Two ultimate responses are observed: a drop-like behavior when the308

grillage accommodates the damage showing robust properties and a uniform-
like behavior when the rigidity of the grillage is larger compared to the stiffness310

of the supports, either intact or damaged. Intermediate behaviors are found
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with twist-like and folding-like displacement patterns depending on the loca-312

tion of the damaged support. The robustness considerations are supported by
the analysis of the evolution of the effects of the damage on the response of the314

structure following an approach already proposed by the Author. Evidences
of structural complexity and damage tolerance are shown when the support is316

more rigid than the structure.
The outputs of the present research are the bases for future studies318

for assessing the robustness of grillage structures towards unexpected dam-
age scenarios. Moreover, the results are of relevant importance in structural320

health monitoring of civil engineering structures. A detailed knowledge of the
expected displacements and of the mutual effects between components, not322

only related to the grillage, would provide a better awareness in the design of
a monitoring system and in the interpretation of the data.324

References

[1] Molland, A.F.: The Maritime Engineering Reference Book: a Guide to326

Ship Design, Construction and Operation. Elsevier, ??? (2011)

[2] Grashof, F.: Theorie der Elasticität und Festigkeit: Mit Bezug Auf Ihre328

Anwendungen in der Technik. R. Gaertner, ??? (1878)

[3] Holmes, M., Ray-Chaudhuri, P.: The ultimate load of beam grillages.330

International Journal of Mechanical Sciences 7(9), 603–611 (1965)

[4] Rozvany, G.: Grillages of maximum strength and maximum stiffness.332

International Journal of Mechanical Sciences 14(10), 651–666 (1972)

[5] Langley, R., Bardell, N., Ruivo, H.: The response of two-dimensional peri-334

odic structures to harmonic point loading: a theoretical and experimental
study of a beam grillage. Journal of Sound and Vibration 207(4), 521–535336

(1997)

[6] Fuchs, M.B., Ryvkin, M., Grosu, E.: Topological alternatives and struc-338

tural modeling of infinite grillages on elastic foundations. Structural and
Multidisciplinary Optimization 26(5), 346–356 (2004)340

[7] Jaeger, L.G., Bakht, B.: The grillage analogy in bridge analysis. Canadian
journal of civil engineering 9(2), 224–235 (1982)342

[8] McElwain, B.A., Laman, J.A.: Experimental verification of horizontally
curved i-girder bridge behavior. Journal of Bridge Engineering 5(4), 284–344

292 (2000)

[9] Griffiths, D., Mustoe, G.G.: Modelling of elastic continua using a grillage346

of structural elements based on discrete element concepts. International
Journal for Numerical Methods in Engineering 50(7), 1759–1775 (2001)348



Springer Nature 2021 LATEX template

Behavior of a simple beam grillage structure on damaged supports 15

[10] Timoshenko, S.P., Young, D.H.: Theory of structures. New York:
McGraw-Hill (1965)350

[11] Huang, D., Wang, T.-L., Shahawy, M.: Impact analysis of continu-
ous multigirder bridges due to moving vehicles. Journal of Structural352

Engineering 118(12), 3427–3443 (1992)

[12] Huang, Z., Liu, J.: Rigid-plastic analysis of beam grillages under blast354

type loading. International Journal of Impact Engineering 3(3), 179–190
(1985)356

[13] Piekarski, M.: Planar grillages made of short steel reciprocal beams. In:
IOP Conference Series: Materials Science and Engineering, vol. 471, p.358

052079 (2019). IOP Publishing

[14] De Biagi, V., Chiaia, B.: Complexity and robustness of frame struc-360

tures. International Journal of Solids and Structures 50(22-23), 3723–3741
(2013)362

[15] De Biagi, V.: Energy redistribution patterns in damaged elastic frames.
International Journal of Mechanical Sciences 194, 106216 (2021)364

[16] Rozvany, G.: Topological optimization of grillages: past controversies and
new directions. International journal of mechanical sciences 36(6), 495–366

512 (1994)

[17] Chen, W.-F., Duan, L.: Bridge Engineering Handbook: Construction and368

Maintenance. CRC press, NY (2014)

[18] di Prisco, M., Colombo, M., Martinelli, P., Coronelli, D.: The technical370

causes of the collapse of Annone overpass on SS. 36. In: Italian Concrete
Days 2018, pp. 1–16 (2018)372

[19] Mata-Falcón, J., Pallarés, L., Miguel, P.F.: Proposal and experimen-
tal validation of simplified strut-and-tie models on dapped-end beams.374

Engineering Structures 183, 594–609 (2019)

[20] Desnerck, P., Lees, J.M., Morley, C.T.: Strut-and-tie models for deterio-376

rated reinforced concrete half-joints. Engineering Structures 161, 41–54
(2018)378

[21] Santarsiero, G., Masi, A., Picciano, V.: Durability of Gerber saddles
in RC bridges: Analyses and applications (Musmeci Bridge, Italy).380

Infrastructures 6, 25 (2021)

[22] Desnerck, P., Lees, J.M., Morley, C.T.: The effect of local reinforcing382

bar reductions and anchorage zone cracking on the load capacity of rc



Springer Nature 2021 LATEX template

16 Behavior of a simple beam grillage structure on damaged supports

half-joints. Engineering Structures 152, 865–877 (2017)384

[23] Don, W., Suryanto, B., Tambusay, A., Suprobo, P.: Forensic assessments
of the influence of reinforcement detailing in reinforced concrete half-386

joints: A nonlinear finite element study. Structures 38, 689–703 (2022).
https://doi.org/10.1016/j.istruc.2022.02.029388

[24] Underwood, J.M., Sobey, A.J., Blake, J.I., Shenoi, R.A.: Ultimate col-
lapse strength assessment of damaged steel plated grillages. Engineering390

Structures 99, 517–535 (2015)

[25] Sobey, A., Blake, J., Shenoi, R.: Implications of failure criteria choices392

on the rapid concept design of composite grillage structures using mul-
tiobjective optimisation. Structural and Multidisciplinary Optimization394

47(5), 735–747 (2013)

[26] Desnerck, P., Lees, J.M., Valerio, P., Loudon, N., Morley, C.T.: Inspec-396

tion of rc half-joint bridges in england: analysis of current practice. In:
Proceedings of the Institution of Civil Engineers-Bridge Engineering, vol.398

171, pp. 290–302 (2018). Thomas Telford Ltd

[27] Barenblatt, G.I.: Scaling, Self-similarity, and Intermediate Asymptotics:400

Dimensional Analysis and Intermediate Asymptotics. 14. Cambridge
University Press, Cambridge, UK (1996)402

[28] Timoshenko, S.P.: Strength of Materials – Part 1, pp. 1–359. Van
Nostrand, ??? (1955)404

[29] Mazzoni, S., McKenna, F., Scott, M.H., Fenves, G.L., et al.: Opensees
command language manual. Pacific Earthquake Engineering Research406

(PEER) Center 264, 137–158 (2006)

[30] De Biagi, V., Chiaia, B.M.: Damage tolerance in parallel systems.408

International Journal of Damage Mechanics 25(7), 1040–1059 (2016)

[31] De Biagi, V.: Structural behavior of a metallic truss under progressive410

damage. International Journal of Solids and Structures 82, 56–64 (2016)

https://doi.org/10.1016/j.istruc.2022.02.029

