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Modeling of Josephson Traveling Wave Parametric

Amplifiers

C. Guarcello, G. Avallone C. Barone, M. Borghesi, S. Capelli, G. Carapella, A.P. Caricato, I. Carusotto, A. Cian, D.
Di Gioacchino, E. Enrico, P. Falferi, L. Fasolo, M. Faverzani, E. Ferri, G. Filatrella, C. Gatti, A. Giachero, D.
Giubertoni, V. Granata, A. Greco, D. Labranca, A. Leo, C. Ligi, G. Maccarrone, F. Mantegazzini, B. Margesin, G.
Maruccio, C. Mauro, R. Mezzena, A.G. Monteduro, A. Nucciotti, L. Oberto, L. Origo, S. Pagano, V. Pierro, L.
Piersanti, M. Rajteri, A. Rettaroli, S. Rizzato, A. Vinante, and M. Zannoni

Abstract—The recent developments in quantum technologies, as
well as advanced detection experiments, have raised the need to
detect extremely weak signals in the microwave frequency
spectrum. To this aim, the Josephson travelling wave parametric
amplifier, a device capable of reaching the quantum noise limit
while providing a wide bandwidth, has been proposed as a suitable
cryogenic front-end amplifier. This work deals with the numerical
study of a Josephson travelling wave parametric amplifier,
without approximations regarding the nonlinearity of the key
elements. In particular, we focus on the investigation of the system
of coupled nonlinear differential equations representing all the
cells of the Josephson travelling wave parametric amplifier, with
proper input and output signals at the boundaries. The
investigation of the output signals generated by the parametric
amplification process explores the phase-space and the Fourier
spectral analysis of the output voltage, as a function of the
parameters describing the pump and signal tones that excite the
device. Beside the expected behavior, i.e., the signal amplification,
we show that, depending on the system operation, unwanted
effects (such as pump tone harmonics, incommensurate frequency
generation, and noise rise), which are not accounted for in simple
linearized approaches, can be generated in the whole nonlinear
§ystem.

Manuscript receipt and acceptance dates will be inserted here. This work was
supported by Italian Institute of Nuclear Physics (INFN) through the
DARTWARS and QUB-IT projects, by the European Union’s H2020-MSCA
Grant N0.101027746, H2020 FETOPEN project SUPERGALAX Grant No.
863313, and QUANTUM-Radar project financed by the Italian Ministry of
Defence, by University of Salerno - Italy under the projects FRB19PAGAN and
FRB20BARON. (Corresponding author: Claudio Guarcello.)

C. Guarcello, G. Carapella, and V. Granata are with Physics Dept.,
University of Salerno, Fisciano (SA), Italy and with INFN - Gruppo Collegato
Salerno, Fisciano (SA) 84084, ltaly (e-mail: cguarcello@unisa.it;
gcarapella@unisa.it; vgranata@unisa.it).

G. Avallone and C. Mauro are with INFN - Gruppo Collegato Salerno, 84084
Fisciano (SA), Italy (e-mail: guavallone@unisa.it; cmauro@na.infn.it).

C. Barone and S. Pagano are with Physics Dept., University of Salerno,
Fisciano (SA), Italy, with INFN - Gruppo Collegato Salerno, Fisciano (SA)
84084, Italy and with CNR-SPIN Salerno section, 84084 Fisciano (SA), ltaly
(e-mail: charone@unisa.it; spagano@unisa.it).

M. Borghesi, S. Capelli, M. Faverzani, E. Ferri, A. Giachero, D. Labranca,
A. Nucciotti, L. Origo, and M. Zannoni are with Physics Dept., University of
Milano-Bicocca, 20126 Milano, Italy and INFN - Sezione di Milano Bicocca,
20126 Milano, Italy (e-mail: matteo.borghesi@unimib.it;
silvia.capelli@unimib.it; marco.faverzani@unimib.it; elena.ferri@unimib.it;
andrea.giachero@unimib.it; danilo.labranca@mib.infn.it;
angelo.nucciotti@unimib.it; luca.origo@mib.infn.it;
mario.zannoni@mib.infn.it).

A.P. Caricato, A. Leo, G. Maruccio, A. Monteduro, and S. Rizzato are with
Mathematics and Physics Dept., University of Salento, 73100 Lecce, Italy and
with  INFN — Sezione di Lecce, 73100 Lecce, Italy (e-mail:
annapaola.caricato@unisalento.it; angelo.leo@unisalento.it;
giuseppe.maruccio@unisalento.it; annagrazia.monteduro@unisalento.it;
silvia.rizzato@unisalento.it).

I. Carusotto is with CNR INO, 38123 Povo (TN), Italy and with Physics
Dept., University of Trento, 38123, Povo (TN), Italy (e-mail:
iacopo.carusotto@ino.cnr.it).

Index Terms—Josephson junctions (JJs), Microwave amplifiers,
Superconducting microwave devices, Parametric Amplifiers,
Josephson Travelling Wave Parametric Amplifiers

. INTRODUCTION

Recently, quantum parametric amplifiers have attracted a lot
of attention due to their versatility and relevance in concrete
applications, especially in the field of superconductivity,
ranging from quantum optics [1, 2], quantum measurement [3],
qubit readout [4], and single photon microwave detection [5, 6,
7, 8, 9,10]. Often these applications require to read multiple
detectors as well as to implement multiplexing strategy, so that
large bandwidth amplifiers with low noise are needed. Quantum
parametric amplifiers have the undoubted advantage of
providing high gain and, at the same time, make it possible to
approach, and even to overcome under nontrivial conditions
[11], the quantum noise limit. The phenomenon of parametric
amplification relies on a frequency mixing induced by circuit
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Fig. 1. Cartoon of the experimental setup, including the layout of a TWJPA Chip TWJPA_X52 (size 10x10 mm?) based on a sequence of 990 elementary cells, each
formed by an RF-SQUID in series and an interdigital capacitor to ground. The pump and signal input sources and the output analyzer are also indicated.

nonlinearity: in practice, a small signal can be amplified by
coupling it with a larger pump tone, thanks to an energy transfer
from the pump to the signal. The concrete implementation of
these devices often revolves around Josephson systems that,
thanks to their non-linear inductance, can work as a tunable
non-linear resonator, in which the resonance frequency can be
adjusted to achieve optimized amplification.

1. JOSEPHSON TRAVELLING WAVE PARAMETRIC
AMPLIFIER DESIGN

Josephson parametric amplifiers (JPAS) transfer power from
a strong pump tone to a weak signal thanks to the non-linearity
of the Josephson tunnel junction and a frequency mixing
process. For a comprehensive overview of recent developments
on JPAs, refer to [12]. Although JPAs can reach the quantum
noise level, they exhibit limited bandwidth, dynamic range, and
linearity [12,13]. The narrow bandwidth of these devices limits
their use “in series”, for example for qubit readout (where the
possibility to read a few qubits per amplifier is a limiting factor
for scaling up quantum processors [14, 15]) or axion detection
(where it is not possible to scale the experiment to a series of
cavities [16, 17,18]).

In contrast, superconducting travelling wave parametric
amplifiers (TWPAS) still offer limited quantum noise, but at the
same time give a wide bandwidth. Although the theory to
describe these amplifiers is quite dated [19,20], they are
nowadays gaining more and more popularity and new proposals
and realizations appear frequently. Superconducting TWPASs
work on the parametric amplification of microwaves travelling
along a transmission line which contains non-linear elements,
often implemented by JJs; the dependence on the current of the
Josephson inductance is responsible for the parametric mixing
and amplification. By injecting a large-amplitude pump tone, at
frequency vpump, together with a weak signal to be amplified, at
frequency vsign, the current of the large amplitude pump tone
modulates the non-linear Josephson inductance, thus coupling
the pump to the signal and possibly producing the amplification
of the latter, but also eventually inducing an idle tone at

frequency vige. According to the current dependence of the
nonlinearity, two different operating regimes can be
distinguished: a four-wave mixing (4WM), in which the pump
frequency is half of the sum of the signal frequency and the idler
signal, i.e., 2vpump = Vvsign + Vvidie, and a three-wave mixing
(B3WM), in which the pump frequency is just equal to this sum,
i.€., Voump = Vsign + Vidie, Which emerges when biasing the system
by current and/or magnetic field. These relations correspond to
the conservation of energy of the photons participating in the
mixing process.

In this work, we focus on modeling a specific kind of device,
i.e., the Josephson TWPA (JTWPA), that is made by a series of
SQUIDs [21, 22, 23, 24, 25, 26, 27, 28] and a capacitive shunt
to ground. Usually, these devices provide almost quantum-
limited noise and large bandwidth (about 6 GHz centered at 7
GHz), but the gain is typically limited (<20 dB) as well as the
dynamic range (<—90 dBm). For a review on JTWPAS, see
Refs. [29,30].

An example of an experimental setup, which will be used as
base for models and simulations, is depicted in Fig. 1. Here, the
core element is the first version of JTWPA realized at INRIM
within DARTWARS project [31,32], whose basic cell is an rf-
SQUID and a capacitor to ground. The figure sketches also the
pump and signal tones injected to the JTWPA through a
transmission line, and the analyzer receiving the output signal.

1. MODELING AND NUMERICAL SIMULATIONS

The details of the JTWPA modeled in this work are given in
Fig. 2. The specific values assumed for the system parameters
have been extracted from experimental measurements of the
device in Ref. [32]. The gray shaded panel of Fig. 2 focuses the
generic n™" cell of the JTWPA, while the top line contains the
left and right boundary elements. In particular, the JTWPA
considered in this work consists of a series of N = 990 identical
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Fig. 2. Equivalent electrical circuit of a JTWPA. On the top: left and right cells, including the input pump and signal tones, Vpume and Viiga, respectively, the input
and load resistances and capacitances, R;, Ci, R, C,. The output voltage is dropped across the load resistor. In the gray shaded box: detail of a generic cell composing

the series of N = 990 elements forming the JTWPA.

cells, each including the rf-SQUID, formed by a JJ in parallel
to a geometric inductance Lg, = 120 pH, and a capacitor Cyn =
24 fF. The first element of the chain includes the pump and
signal voltage source, Vpump and Vsign, With the input resistance
and capacitor Rj= 50 Q and C; = 24 fF, respectively, while the
last element has the load resistance and capacitor, R, =50 Q and
Ce =1 nF, respectively.
The equations for a generic n cell are:

In - In+1 = qn (1)
h o

I, = I],n + IL,n = 1],n + ;Lg_r; (2)

Jdgn | n _ Gn-a 3)

2e dt ' Cgn  Cgm-1

The current I, ,, through the junction is described within the
Resistively and Capacitively Shunted Junction (RCSJ) model

[33],
h d®pn

ln =G e a R) 2e dt )

assuming a critical current Ic = 2 uA, a quasiparticle resistance
Ry = 20 kQ, and a junction capacitance C; = 200 fF. The R;
value has been chosen large enough not to influence the overall
dynamics: it is much larger than the junction capacitive and
reactive impedance in the range 1-20 GHz. The chosen values
give a plasma frequency equal to v, = 27.7 GHz. The Josephson
current is assumed to be sinusoidally dependent on the phase
difference, i.e., 1(p) = I sing. Recalling the 2" Josephson
relation for the voltage, i.e., V = #l(2e)dp/d:, it is
straightforward to obtain the current-voltage characteristic of a
nonlinear inductor as:

_ hj2e dl _
- Ic cos(p) dt -

Lio(p) & (5)

with

h/2e
Ic cos(p)

Lio(p) = (6)

being the Josephson inductance. In the case of non-null DC bias
current Iy, the Josephson inductance becomes:

Lyo(ep)

-()

Ly(p) = ()

In other words, the bias current acts as a control knob for tuning
the Josephson inductance, which becomes larger as Iy increases,
up to diverge for lI,— ..

Theoretical approaches [34,35] linearize the Josephson
inductance, and consider a simplified scenario in the lower-
order approximation. Instead, we propose to tackle the problem
in its full complexity, solving the system of N coupled
differential equations, see e.g. [26], including the proper
boundary conditions that mimic the signal generators and the
output transmission line. The dynamics is finally obtained by
integrating the system of N coupled differential equation with a
finite-difference method based on a tridiagonal algorithm; the
time step and the integration time are set to At = 0.01 and tmax =
10%, respectively. This approach makes it also possible, in
principle, to model both the imperfections that affect practical
realization of the device elements, which can certainly be not
identical, and the effects induced by thermal noise. However,
the cells forming the JTWPA are assumed identical in this
work, while the effects produced by parameter value
distributions and thermal noise will be the subject of a future
work, e.g., see Ref. [36].

In the following sections we discuss first the case in which
only the pump tone is injected into the system, i.e., Vsign = 0, in
order to explore the input pump attenuation, and then we
consider both the pump and the signal tones and we investigate
the possibility to amplify the signal taking advantage of the
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Fig. 3. Pump transmission regime. (a) Transmission loss, Apump, as a function of the pump frequency, at different values of the pump power, in the absence of signal.
(b-g) Phase-space portraits of Vou(t), top panels, and the Fourier transforms (FTs), bottom panels, at different values of the pump frequency, voump= 7 GHz, (b) and
(), 13 GHz, (d) and (e), and 20 GHz, (f) and (), at a fixed pump intensity Ppump=-60 dBm. In the bottom panels, the vertical red and gray dashed line indicate the

pump frequency and the plasma Josephson frequency vy, respectively.

nonlinearity of the system. In both cases, no current or magnetic
biases are considered.

A. Pump amplitude effects

We first excite the JTWPA with a pump tone with intensities
Ppump = [-70, =60, —50] dBm, which correspond to the voltage
amplitudes Vpump = [0.1,0.32,1] mV, respectively, in the absence
of signal tone, Vsign = 0. The attenuation of propagating waves
in the JTWPA is investigated calculating the quantity Apump =
20 log [Vout(Vpump)/Vpump], Where Vou(v) is the amplitude of the
Fourier component of the output voltage, Vou, at a specific
frequency.

In Fig. 3(a) we show the transmission loss, Apump, 8S a
function of the pump frequency vpump, at different values of the
pump intensity. We first note that the higher vpump, the larger is
the attenuation of the signal. However, the three curves shown
in the figures hide quite different system behaviors. In fact, in
the case of a low pump amplitude, Ppump = —70 dBm, the system
response is always highly coherent, while on the contrary for
large amplitudes values, Ppump = —50 dBm, the response is
always incoherent and chaotic, and characterized by a larger
attenuation. An intermediate situation occurs for Ppymp = —60
dBm; in fact, in this case, increasing the pump frequency three

different regimes are encountered. To fully understand why and
how this happens, we look at the dynamics of the output signal
Vout(t). Understanding the character of the dynamic response
can be deepened through a frequency domain analysis. Note
that the temporal dynamics and the Fourier analysis of the
output voltage signal discussed in the following have been
obtained neglecting an initial switch-on transient regime.

In the lower part of Fig. 3 we show the phase-space portraits
(top panels) and the Fourier transforms (FTs) (bottom panels)
of Vou(t), obtained at three representative values of the pump
frequency, vpump = 7 GHz, (b-c), 13 GHz, (d-e), and 20 GHz, (f-
g), keeping the pump intensity fixed at Ppump = —60 dBm. In the
FT plots, the red and gray vertical dashed line indicates the
pump frequency and the plasma Josephson frequency,
respectively.

The response of the system is highly coherent and the time
evolution periodic in the case of voump = 7 GHz; the phase-space
portrait is characterized by a limit cycle, while the FT is formed
by the main sharp peak at the pump frequency and smaller
peaks at the higher-frequency overtones of the fundamental
one, see Fig. 3(b-c). In this configuration the odd harmonics of
the pump tone are much larger than the even ones, the reason
being on evident. Instead, at a higher pump frequency, e.g.,
vaump = 13 GHz in Fig. 3(d-e), the trajectory path enlarges



[
wn

(a)

— [~
] [=]

[}

Signal Gain [dB]

L
L]
\
-
\
L]
\
L]

(=]

(b) (d)

Ppump = =65 dBm

Ppump = =58 dBm

Ppump = =51 dBm

0.04 0.10

0.02
0.00
—-0.02
—0.04

0.05

out

0.00

—0.05

=0.10

—0.15 =0.10 =0.05 0.00 0.05 0.10 0.15 -03 -02 -0.1

Vmu‘ [mV]

( C) Ppump = —65 dBm ( e)

V(Jl!f [mV]

Pyump = —358 dBm

0.2 03 -1 1.0

(g

0.0
V out [mV]

Ppump = =51 dBm

0.0 0.1 .0

0.500 o 0.500 0.500 -
= Vsign ! Vidle| Vsign Vidle
= 0.100 o 0.100 0.100 T
B 0050 0.050 0.050

3 0010 0.010 0.010
B 0.003) 0.005} 0.005 o
= |
B 0,001 0.001 0.001 1
56 71 8

10 4
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significantly, and the FT profile is composed by multipeaked
structures, for it is enriched of additional peaks not merely
commensurate. Finally, increasing further the pump frequency,
e.9., voump = 20 GHz in Fig. 3(f-g), the system response becomes
chaotic and the FT appears highly incoherent, with a noisy
broad frequency spectrum. This regime is not suitable for
application as an amplifier, as the pump power is distributed
over the whole frequency spectrum.

Signal amplification

In the following, we discuss the case in which both a pump
and a signal source are taken into account. In particular, we set
the signal intensity at Psign = —100 dBm, corresponding to a
voltage amplitude Vsigr = 0.032 mV, while the pump and signal
frequencies are vpump = 7 GHz and vsign = 6 GHz, respectively.
Thus, we expect an idle tone at vige = 8 GHz in the 4WM
regime, since no bias is present.

In Fig. 4(a) we illustrate the behavior of the signal gain, Gsign
= 20 log [Vout(vsign)/Vsign], as a function of the pump intensity
Ppump. FOr the chosen parameters, the signal amplification is

systematically achieved for all the pump intensities considered
in the figure. However, we note three different amplification
regimes, evidenced by the colored zones in Fig. 4(a). For Ppump
< —60 dBm (red-shaded region) a moderate gain is obtained,
and Gsign increases linearly as Ppump increases up to Gsign < 6 dB.
Then, for Ppump € [-60, —56] dBm the gain increases further up
to values around Gsign ~ 11dB (green-shaded region). Finally,
even larger pump amplitudes, i.e., Ppump > —55 dBm (gray-
shaded region), seem to give quite larger gains, although, as we
shall see below, this value does not correspond to a real
amplification of the input signal.

It is useful also in this case to have a closed look at the time
evolution of the output signal, in particular at the phase-space
and FT of Vou(t), Fig. 4(b-g). We set three different Ppump values
to fit into each of the three different regimes described above.
For a simpler reading of the Fourier spectra, we include vertical
dashed lines to indicate the frequencies of pump (red), signal
(yellow), and idle (brown) tones, while the horizontal gray dot-
dashed line marks the input signal voltage amplitude Vsign.

We observe that for Ppump = —65 dBm, i.e., in the red-shaded
region in Fig. 4(a), the phase-space portrait shows a curve
approaching a sort of elliptical limit cycle, while the FT is



formed by clear peaks; in particular, we note the presence of a
small peak at vsign With a height slightly larger than Vsign, See
Fig. 4(b-c).

The situation changes for Pump values within the green-
shaded region in Fig. 4(a). In this case, the phase-space shows
a more complex limit cycle involving the three main
frequencies, i.€., vpump, Vsign, @and vige, and the FT demonstrates
clearly the signal tone amplification. In fact, at vsign a Fourier
peak stands out clearly above the input signal intensity, see
Fig. 4(d-e) for Ppump = —58 dBm.

Finally, for a pump intensity within the gray shaded region
in Fig. 4(a), the dynamics changes drastically, becoming
chaotic. Indeed, the phase portrait consists of a closed, tangled
skein, while the FT reveals a noisy background within which
the weak-amplitude signal is completely hidden, see Fig. 4(f-g)
fOI’ Ppump = _51 dBm

V. CONCLUSION

In this work, we have numerically explored the dynamics of
a discrete array of rf-SQUIDs forming a JTWPA. The response
to an input voltage formed either by one (a large pump tone) or
two (a large pump and a small signal tone) components has been
studied for different amplitudes and frequencies, corresponding
to foreseen applications of JTWPA. The theoretical analysis
faced the resolution of the system of N=990 coupled differential
equations to describe each cell that constitutes the JTWPA, with
the appropriate boundary conditions to account for the input and
output signals; both the temporal dynamics and spectral
analysis of the output were studied in detail. Assuming a
realistic parameter setup, we have demonstrated the possibility
to achieve a significant gain, up to Gsign ~11 dB (namely, a
value incidentally very close to that observed in the early
experiments by Zorin et al. [37]). Further optimizations of the
values of the key parameters, as well as the use of different
strategies, may realistically lead to even larger gains.

By numerical simulations of the JTWPA model equations,
we have also demonstrated effects such as chaotic noise rise
[38] and incommensurate frequency generation, that do not
emerge in simplified lower-order approximation analytical
approaches [20,23,26,27]. Our work allows the investigation of
the effects of circuit parameters on the performances of a
JTWPA. Moreover, within this approach the effect of
fluctuations, due to the fabrication or operation process, of the
discrete array parameters can also be addressed.

Finally, we observe that the emergence of chaotic effects in
Josephson arrays is a well-known phenomenon, and strategies
have been proposed to avoid it. For example, proper spacing
between chains should be chosen to suppress the possible jitter
accumulation [39] that can also transfer to chaotic dynamics,
and an efficient load matching can suppress a chaotic regime
[40]. Furthermore, taking thermal fluctuations into account, the
joint effect of chaos and noise can lead to a further increase in
the overall noise level [40]. In this regard, the effect of noise
has to be considered when studying the behavior of Josephson
systems and the RCSJ model [8,41]. In particular, Josephson
junctions are ideal candidates for characterizing the statistics of
noise affecting the system, also in the light of unveiling the

properties of an unknown noise source embedded in a thermal
noise background [41,42,43].
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