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that controllability can be achieved as a consequence 
of their hydrodynamic interaction. A detailed analysis 
of the control system of equations is carried out ana-
lytically by means of geometric control theory. We 
obtain an analytic expression for the controlled dis-
placement after a prescribed sequence of controls as 
a function of the phase difference of the two scallops. 
Numerical validation of the theoretical results is pre-
sented with model predictions in further agreement 
with the literature.

Keywords  Micro-swimmers · Controllability · 
Hydrodynamic interaction · Optimization

1  Introduction

Inertialess hydrodynamics is notorious for its time-
reversibility constraint [1, 2]. Linearity of Stokes 
equation imprisons any swimmer moving in a time-
reversible manner in perpetuity, a consequence of the 
“scallop theorem”. Purcell [2] introduced this notion 
by considering the simplest mathematical abstraction 
of a time-reversible swimmer that goes nowhere in a 
viscous fluid, the “scallop”, composed by two rigid 
arms that open and close relative to a hinge point, in 
an analogy to the opening movement of scallops in 
the sea. Most interestingly, perhaps it is not accidental 
that the number of naturally occurring non-reciprocal 
swimmers in the microscopic world [3–6] is very 
large. From eukaryotic to prokaryotic microscopic 

Abstract  A swimmer embedded on an inertia-
less fluid must perform a non-reciprocal motion to 
swim forward. The archetypal demonstration of this 
unique motion-constraint was introduced by Pur-
cell with the so-called “scallop theorem”. Scallop 
here is a minimal mathematical model of a swimmer 
composed by two arms connected via a hinge whose 
periodic motion (of opening and closing its arms) 
is not sufficient to achieve net displacement. Any 
source of asymmetry in the motion or in the forces/
torques experienced by such a scallop will break 
the time-reversibility imposed by the Stokes linear-
ity and lead to subsequent propulsion of the scallop. 
However, little is known about the controllability of 
time-reversible scalloping systems. Here, we consider 
two individually non-controllable scallops swim-
ming together. Under a suitable geometric assump-
tion on the configuration of the system, it is proved 
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organisms, the non-reciprocity in their motion in time 
is at the heart of their biological function, with elas-
ticity most commonly explored by eukaryotic cilia 
and flagella, such as for spermatozoa swimming [5] 
or ciliary beating [7].

With recent advances in manufacturing, prototyp-
ing and 3D printing, robotic swimming is an emerg-
ing field able to realise mathematical models that 
only lived in the abstract sense [8–13]. As such, 
recent research has been increasingly interested in the 
connection between swimming and control theory in 
viscous fluid environments

[14–17]. Using Purcell’s archetypical swimmer, 
several studies focused their efforts in finding ways 
to break with the scallop theorem and enable Pur-
cell’s scallop to move forward [16, 18, 19]. Breaking 
the time-reversibility constraint of a two-rigid arms 
scallop requires other sources of asymmetries in the 
system, such as higher degrees of freedom, as seen 
for Purcell’s three-link swimmer [2, 16, 20, 21], non-
linearities arising from complex fluid rheology [12, 
22–24], inertial effects [18, 25, 26], non-symmetric 
hydrodynamic interactions [14, 18, 27, 28], stochas-
ticity [29], among other interactions [30]. Indeed, 
even though one scallop cannot swim forward over 
one period, two scallops swimming together can. This 
is due to asymmetries in the forces/torques experi-
enced by the swimmers via non-local hydrodynamic 
interactions [31, 32], despite their individual recipro-
cal motion (one way to achieve this is by introducing 
a phase difference between these individual recipro-
cal motions). This in turns allows the forward motion 
of multiple scallops swimming collectively [14]. 
Against this background, and despite of the large 
body of mathematical investigations focusing on how 
to break time-reversibility constraint of Purcell’s scal-
lop, little is known about the controllability of this 
system under the influence of non-local hydrody-
namic interactions. In the realms of Geometric Con-
trol Theory, controllability is defined as the existence 
of control functions that are able to steer the system 
from a given initial configuration to a given final one 
[33, 34].

In this work, we explore the controllability of two 
inherently non-controllable units by exploiting the 
non-local nature of their mutual hydrodynamic inter-
action. To allow analytical progress, we study the 
synchronized motion of two Purcell scallops within 
a minimal hydrodynamic interacting model between 

nearby discretized elements using control theory. We 
mathematically prove that the scallops’ shape shift 
determines the change in position and orientation of 
the system: thanks to the Invertibility Theorem 1, we 
write the equations of motion as a control system; by 
tools from Geometric Control Theory, we obtain an 
analytic expression of the controlled displacement 
after a prescribed sequence of controls, see formula 
(21). Finally, we optimize the controlled displace-
ment as a function of the phase difference of the con-
trols acting on each individual scallop and recover 
well-known results in the literature, see Theorem 2 on 
the optimal phase difference on the swimmers. The 
numerical experiments undertaken further validate 
the analytical results and the theoretical predictions. 
Our result sets the basis for a deeper understanding 
of systems of mutually interacting micro-swimmers, 
whose choral motion is determined by the non-local 
hydrodynamic interactions generated by individ-
ual rate of shape changes of each unit. A different 
approach using applied forces and torques as controls 
is proposed in [35]; see also [36], where the motion of 
two interacting dumb-bell swimmers is studied. We 
also bring to the reader’s attention the contributions 
[37–39], where a phase lag is responsible propulsion; 
in these cases, the phase lag is an emerging feature of 
the dynamics. We remark that, in the present work, 
we impose the phase difference with the aim of using 
it as a control.

2 � The model

We consider a system composed by two scallops of 
length 2L swimming with a distance h from each 
other, as illustrated in Fig.  1. We build our model 
on previous investigation by Man et  al. [31] for two 
filaments coupled hydrodynamically at low Reynolds 
number, with setup adapted to our case. In particular, 
denoting by a > 0 the thickness of the scallops and by 
�i ( i = 1, 2 ) is the opening angle of the ith scallop, we 
assume that,

These assumptions are needed in order to use the 
approximation proposed in [31] to compute the inter-
action forces and will allow us to compare, in Sec-
tion  5, our numerical results with those presented 

(1)a << h << L and 𝜎i ≈ 𝜋.
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in [31]. We notice that the second assumption in (1) 
means that the scallops are almost completely open, 
so that they can be considered approximately aligned.

The system we consider is shown in Fig.  1 and 
is described using the following coordinates: For 
i = 1, 2 , let t ↦ �i(t) ∶= (xi(t), yi(t))

⊤ denote the 
time-dependent position (with respect to the labo-
ratory fixed frame of reference) of the hinge of ith 
scallop, let t ↦ �i(t) denote the time-dependent 
angle that the upper link of the ith scallop forms 
with the positive x-axis, and let

denote the directions of the jth link of the ith scallop 
(for j = 1, 2 ), where t ↦ �i(t) is the opening angle of 
the ith scallop. With this choice of coordinates, the 
triple (xi, yi, �i) is the set of coordinates describing 
the position of the ith scallop in the plane and �i is 
its shape. Finally, we recall that L > 0 is the length of 
each link, so that the time-dependent position of the 
generic point �(j)

i
(s, t) ∈ ℝ

2 on the jth link of the ith 
scallop at distance s ∈ [0, L] from the hinge is given 
by

and its velocity is given by

t ↦ �
(j)

i
(t) ∶=

(
cos

(
�i(t) + (j − 1)�i(t)

)
sin

(
�i(t) + (j − 1)�i(t)

)
)

(2)�
(j)

i
(s, t) = �i(t) + s�

(j)

i
(t)

Denoting by (s, t) ↦ �
(j)

i
(s, t) the density of hydro-

dynamic force acting on �(j)
i
(s, t) , Resistive Force 

Theory [40] states that it is proportional to the 
local velocities �(j)

i
(s, t) of the swimmer relative the 

background fluid; taking also the hydrodynamics 
interaction between the two scallops into account, 
as studied in [31], we have, for i, j = 1, 2,

where ¬i ∶= 3 − i is a concise form to write the value 

not taken by index i, �(s, t) ∶=
ln
(
h(s, t)∕L

)
ln(a∕L)

∈ (0, 1) 

(see Sect.  6 below for more comments), and 
Λ(s, t) ∶= 1 − �2(s, t) . In formula (3), t ↦ �

(j)

i
(t) is the 

Resistive Force Theory operator relative to the jth 
link of the ith swimmer and it is defined by

with �(j)

i
(t) ∶= �

(j)

i
(t)⊗ �

(j)

i
(t) . Notice that, by the 

first assumption in (1), it is reasonable to assume that 
the jth link of each scallop interacts only with the 
jth link of the other scallop, neglecting the interac-
tion with the ¬j th link. This is due to the fact that, 
since h << L , the scallops can only vary their shape 
minimally to avoid overlapping. In 4, the constants 
C
⟂
 and C∥ are the drag coefficients in the perpendicu-

lar and parallel directions, respectively, to the links 
and are measured in Ns∕�m2 . In general, for micro-
swimmers, a physically meaningful assumption is to 
take C

⟂
≈ 2C∥ . By the second assumption in (1), it is 

not restrictive to suppose that h(s, t) does not depend 
on spatial variable s and that it undergoes very little 
variations in time, so that it can be considered con-
stant, that is h(s, t) = h ; thus, we can also consider 
�(s, t) = � and Λ(s, t) = Λ = 1 − �2.

The time-dependent force acting on the jth link 
of the ith scallop is obtained by integration of 3 
over s ∈ [0, L] , namely

�
(j)

i
(s, t) ∶= �̇

(j)

i
(s, t) = �̇i(t) + s�̇

(j)

i
(t)

=

(
ẋi(t)

ẏi(t)

)
+ s

(
�
(j)

i
(t)
)⊥
(𝜃̇i(t) + (j − 1)𝜎̇i(t)).

(3)

�
(j)

i
(s, t) =

−1

Λ(s, t)
�
(j)

i
(t)�

(j)

i
(s, t) +

�(s, t)

Λ(s, t)
�
(j)

¬i
(t)�

(j)

¬i
(s, t)

(4)�
(j)

i
(t) = C

⟂
� + (C∥ − C

⟂
)�

(j)

i
(t),

x

y

x1(t)

θ1(t)

σ1(t)

x2(t)

x(1)
1 (s, t) θ2(t)

σ2(t)

x(2)
2 (s, t)

xm(t)

Fig. 1   Schematic representation of two scallops swimming 
together relative to the laboratory fixed frame of reference
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so that the overall time-dependent force t ↦ �i(t) on 
the i-th scallop is given by �i(t) = �

(1)

i
(t) + �

(2)

i
(t) , 

that is,

From 3 and 4 we have (dropping the dependences 
on s and t)

Therefore formula 6 reads

where we have defined

To complete the set of equation of motion, we also 
need to compute the torque acting on each swimmer. 
To this end, we start from the torque density with 
respect to the ith hinge, which reads, using 2, 3, and 
4,

(5)�
(j)

i
(t) = ∫

L

0

�
(j)

i
(s, t) ds,

(6)�i(t) = ∫
L

0

(
�
(1)

i
(s, t) + �

(2)

i
(s, t)

)
ds.

� (1)i + � (2)i = − 1
Λ
[

2C⟂� + (C∥ − C⟂)
(

�(1)
i + �(2)

i

)]

�̇i

− 1
Λ
sC⟂

(

�(1)i + �(2)i

)⟂�̇i −
1
Λ
sC⟂

(

�(2)i

)⟂�̇i

+ �
Λ
[

2C⟂� + (C∥ − C⟂)
(

�(1)
¬i + �(2)

¬i

)]

�̇¬i

+ �
Λ
sC⟂

(

�(1)¬i + �(2)¬i

)⟂�̇¬i +
�
Λ
sC⟂

(

�(2)¬i

)⟂�̇¬i .

(7)

�i(t) = −
1

Λ

(
�i(t)�̇i(t) + �i(t)𝜃̇i(t) + �i(t)𝜎̇i(t)

)

+
𝜆

Λ

(
�¬i(t)�̇¬i(t) + �¬i(t)𝜃̇¬i(t) + �¬i(t)𝜎̇¬i(t)

)
,

(8)

�i(t) ∶= L
[
2C

⟂
� + (C∥ − C

⟂
)
(
�
(1)

i
(t) + �

(2)

i
(t)
)]
,

�i(t) ∶=
L2

2
C
⟂

(
�
(1)

i
(t) + �

(2)

i
(t)
)⟂

,

�i(t) ∶=
L2

2
C
⟂

(
�
(2)

i
(t)
)⟂

.

Analogously to what we did in 6, the overall time-
dependent torque t ↦ Ti(t) acting on the ith scallop is 
given by Ti(t) = T

(1)

i
(t) + T

(2)

i
(t) , that is,

which has the expression

where �i(t) is as in 8 and

where we notice that both �(t) and �(t) do not depend 
on i since they are symmetric in the exchange i ↦ ¬i . 
Formulae 7, 8, 10, and 11 can be gathered together in 
the following expression

�(j)i (s, t) =
(

�(j)i (s, t) − �i(t)
)

× � (j)i (s, t)

= − 1
Λ
C⟂s

(

�(j)i
)⟂
⋅ �̇i −

1
Λ
C⟂s2�̇i +

�
Λ
C⟂s

(

�(j)i
)⟂
⋅ �̇¬i

+ �
Λ
(C∥ − C⟂)s

(

(

�(j)i
)⟂

⋅ �(j)¬i
)

(

�(j)¬i ⋅ �̇¬i
)

+ �
Λ
C⟂s2

(

�(j)i ⋅ �(j)¬i
)

�̇¬i

−
j − 1
Λ

C⟂s2�̇i + (j − 1) �
Λ
C⟂s2

(

�(j)i ⋅ �(j)¬i
)

�̇¬i .

(9)Ti(t) = ∫
L

0

(
�
(1)

i
(s, t) + �

(2)

i
(s, t)

)
ds,

(10)

Ti(t) = −
1

Λ
�i(t) ⋅ �̇i(t) −

1

Λ
𝜔𝜃̇i(t) +

𝜆

Λ
�i(t) ⋅ �̇¬i(t)

+
𝜆

Λ
𝜛(t)𝜃̇¬i(t) −

1

Λ

𝜔

2
𝜎̇i(t) +

𝜆

Λ
𝛽(t)𝜎̇¬i(t),

(11)

�i(t) ∶=
L2(C∥ − C

⟂
)

2

[((
�
(1)

i
(t)
)⟂

⋅ �
(1)

¬i
(t)
)
�
(1)

¬i
(t)

+
((

�
(2)

i
(t)
)⟂

⋅ �
(2)

¬i
(t)
)
�
(2)

¬i
(t)
]
+ �i(t),

� ∶=
2L3C

⟂

3
,

�(t) ∶=
L3C

⟂

3

[
�
(1)

i
(t) ⋅ �

(1)

¬i
(t) + �

(2)

i
(t) ⋅ �

(2)

¬i
(t)
]
,

�(t) ∶=
L3C

⟂

3
�
(2)

i
(t) ⋅ �

(2)

¬i
(t),
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3 � The equations of motion

The equations of motion, which are obtained by 
imposing the total force and torque balance, that is, 
that the left-hand side in (12) is equal to zero, read

The first step to solve 13 is to investigate the invert-
ibility of the matrix

where we observe that the blocks R11 and R22 (not 
depending on � ) are the grand resistance matrices 
[41] of the individual scallops and so they are both 
(positive) definite and symmetric, and therefore 
invertible. Therefore, we have the following theorem.

Theorem 1  (Invertibility) There exists �0 ∈ (0, 1) 
such that the matrix R(t;�) defined in 14 is invertible 
for every � ∈ [0, �0) and for every t ∈ [0,+∞).

(12)

−Λ

⎛⎜⎜⎜⎝

�1(t)

T1(t)

�2(t)

T2(t)

⎞⎟⎟⎟⎠
=

⎛⎜⎜⎜⎝

�1(t) �1(t) − 𝜆�2(t) − 𝜆�2(t)

�⊤
1
(t) 𝜔 − 𝜆�⊤

1
(t) − 𝜆𝜛(t)

−𝜆�1(t) − 𝜆�1(t) �2(t) �2(t)

−𝜆�⊤
2
(t) − 𝜆𝜛(t) �⊤

2
(t) 𝜔

⎞⎟⎟⎟⎠

⎛⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

⎞⎟⎟⎟⎠

+

⎛⎜⎜⎜⎝

�1(t)

𝜔∕2

−𝜆�1(t)

−𝜆𝛽(t)

⎞⎟⎟⎟⎠
𝜎̇1(t) +

⎛⎜⎜⎜⎝

−𝜆�2(t)

−𝜆𝛽(t)

�2(t)

𝜔∕2

⎞⎟⎟⎟⎠
𝜎̇2(t)

=∶R(t, 𝜆)

⎛⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

⎞⎟⎟⎟⎠
+ 𝜙1(t, 𝜆)𝜎̇1(t) + 𝜙2(t, 𝜆)𝜎̇2(t)

=R(t, 𝜆)

⎛⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

⎞⎟⎟⎟⎠
+
�
𝜙1(t, 𝜆)�𝜙2(t, 𝜆)

��𝜎̇1(t)

𝜎̇2(t)

�

=R(t, 𝜆)

⎛⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

⎞⎟⎟⎟⎠
+�(t, 𝜆)

�
𝜎̇1(t)

𝜎̇2(t)

�
.

(13)R(t, 𝜆)

⎛⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

⎞⎟⎟⎟⎠
+�(t, 𝜆)

�
𝜎̇1(t)

𝜎̇2(t)

�
= 0.

(14)R(t, �) =

(
R11(t) − �R12(t)

−�R21(t) R22(t)

)
,

Proof  Since R11(t) and R22(t) are invertible, we 
have

for every t ∈ [0,+∞) . Recalling that 
det

(

(t, �)
)

= det
(

11(t)
)

det
(

22(t) − �212(t)−1
11 (t)21(t)

) 
(see [42, Chapter 7.7]) and noticing that the expres-
sion is continuous in � , (15) implies that there 
exists a value �0 ∈ (0, 1) such that det

(
R(t, �)

) ≠ 0 
for � ∈ [0, �0) , so that R(t, �) is invertible for 
(t, �) ∈ [0,+∞) × [0, �0) . 	�  ◻

We propose two approaches to study the equations 
of motion (13). The first is by using standard results 
from ODE theory; from this point of view, isolating 
the contribution of the shape parameters �(𝜎̇1, 𝜎̇2)

⊤ 
embodies the ability of swimming by shape defor-
mation, as it will be clear from (16) below. The latter 
is by relying on control theory, where the velocities 
(𝜎̇1, 𝜎̇2)

⊤ can be considered as the controls of the sys-
tem. Ideally, those are actuators that can be prescribed 
to steer the system. In particular, it will be possible to 
quantify the motion in terms of given controls.

3.1 � Approach by ODE theory

By solving (13) for the translational and rotational 
velocities, by Theorem 1 we obtain

expressing the fact that the position and orientation 
of the scallops are determined by their shape change. 
Invoking standard results on ordinary differential 
equations [43] (see, e.g., [15, 16] for the three-sphere 
swimmer and the N-link swimmer; see also [44, 
Theorem 6.4] for the abstract setting and [45, Theo-
rem  3.3] for the case of a planar one-dimensional 
swimmer), once the deformation t ↦ (�1(t), �2(t)) 
is prescribed and satisfies certain regularity condi-
tions, for a given initial datum (�◦

1
, �◦

1
, �◦

2
, �◦

2
) , the 

initial-value problem for system (16) admits a unique 

(15)
det

(

(t, 0)
)

= det

(

11(t) 03×3
03×3 22(t)

)

= det
(

11(t)
)

det
(

22(t)
)

≠ 0

(16)

⎛⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

⎞⎟⎟⎟⎠
= −R(t, 𝜆)−1�(t, 𝜆)

�
𝜎̇1(t)

𝜎̇2(t)

�
,
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solution, which also continuously depends on the ini-
tial data.

3.2 � Approach by control theory

Equation 13 can also be interpreted as a control sys-
tem by setting (𝜎̇1, 𝜎̇2)⊤ = (u1, u2)

⊤ , for suitable con-
trol maps t ↦ (u1(t), u2(t)) . With this notation, (13) 
becomes

Invoking the Invertibility Theorem 1 again, we have

which is a drift-less affine control system. System 
18 can be studied from the point of view of Geomet-
ric Control Theory [33, 34]. We pursue this analysis 
in Section 4, where we show, by computing the Lie 
brackets [�1, �2] , that the system undergoes a non-zero 
net displacement. In studying some special deforma-
tions t ↦ (u1(t), u2(t))

⊤ , we also show numerically in 
Sect. 5 that there exists a choice of u1 and u2 such that 
the displacement is maximized.

4 � Breaking of symmetry

Purcell’s celebrated Scallop Theorem [2] states 
that if the two 2-links were considered individu-
ally, they would not be able to achieve a non-zero 

(17)

�
R(t, 𝜆) 06×2
02×6 �2×2

�
⎛
⎜⎜⎜⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

𝜎̇1(t)

𝜎̇2(t)

⎞
⎟⎟⎟⎟⎟⎟⎠

=

�
−�(t, 𝜆)

�2×2

��
u1(t)

u2(t)

�
.

(18)

⎛⎜⎜⎜⎜⎜⎜⎝

�̇1(t)

𝜃̇1(t)

�̇2(t)

𝜃̇2(t)

𝜎̇1(t)

𝜎̇2(t)

⎞
⎟⎟⎟⎟⎟⎟⎠

=

�
−R(t, 𝜆)−1�(t, 𝜆)

�2×2

��
u1(t)

u2(t)

�

=∶ �1(𝜃1(t), 𝜃2(t), 𝜎1(t), 𝜎2(t), 𝜆)u1(t)

+ �2(𝜃1(t), 𝜃2(t), 𝜎1(t), 𝜎2(t), 𝜆)u2(t),

net displacement as a consequence of a recipro-
cal motion: just by opening and closing the angle 
�i in a periodic way neither 2-link can advance. 
From the geometrical control theory viewpoint, 
this is due to the fact that one vector field alone 
cannot generate enough degrees of freedom for 
the 2-links to advance. For this reason, a system 
of two 2-links which beat synchronously, i.e., with 
t ↦ �1(t) = �2(t) , still cannot advance since there is 
only one shape variable.

We now propose a way to overcome the Scallop 
Theorem by considering two time-dependent maps 
t ↦ �1(t) and t ↦ �2(t) different from each another. 
To start with, recalling (1), we consider an initial 
configuration which is a perturbation of the aligned 
one (given by �i = � ∈ [0, 2�) and �i = � , for 
i = 1, 2 , see Fig. 1), namely

for i = 1, 2 , 𝜀 > 0 a small parameter, and � a phase. 
Next, we prescribe the following stroke in the time 
interval [0, 4�] , for a small 𝜏 > 0 and for 𝛾1, 𝛾2 > 0,

which corresponds to running clockwise along the 
boundary of the rectangle with horizontal side �1 and 
vertical side �2 which is located in the third quadrant 
in the u1u2-plane (see Fig. 2).

We now use (20) to compute the Lie brackets; 
classical tools in geometric control theory [34] 

(19)�◦
i
= �◦, �◦

i
= � + � cos((i − 1)�),

(20)t ↦

�
u1(t)

u2(t)

�
∶=

⎧⎪⎨⎪⎩

(0,−𝛾2)
⊤ fort ∈ [0, 𝜏),

(−𝛾1, 0)
⊤ fort ∈ [𝜏, 2𝜏),

(0, 𝛾2)
⊤ fort ∈ [2𝜏, 3𝜏),

(𝛾1, 0)
⊤ fort ∈ [3𝜏, 4𝜏),

u2

u10

−γ2

−γ1

Fig. 2   The graph of the control stroke in (20)
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yield that the solution to system (18) with initial 
conditions (19) is given by

where we have expanded the Lie bracket

in powers of � (up to second order) with

We notice that the bracket �◦
3
(�, �◦) in (21) is different 

from the zero vector, so there is a non-zero net dis-
placement. Moreover, we notice that the initial shape 
has been restored, as expected from the periodic-
ity of the motion (compare the last two components 
in (21) with (19)). We stress the fact that the vector 

(21)

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

�1(4�)
�1(4�)
�2(4�)
�2(4�)
�1(4�)
�2(4�)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

�◦1
�◦

�◦2
�◦

�◦
1

�◦
2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

− �1�2�
2�◦3(�, �

◦) + o(�2)

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

�◦1
�◦

�◦2
�◦

�◦
1

�◦
2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

− �1�2�
2

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

�1(�, �◦)�2 + o(�2)
�1(�, �◦)�2 + o(�2)
�1(�)� + o(�2)

�2(�, �◦)�2 + o(�2)
�2(�, �◦)�2 + o(�2)
�2(�)� + o(�2)

0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

+ o(�2)

�
◦

3
(�, �◦) ∶= [�1(⋅, �), �2(⋅, �)] ∣(�◦,�◦,�+�,�+� cos�)

(22)

�1(�;�
◦)=

L� cos �◦ sin2
�

2

64C∥C⟂
(1 − �2)

(
(C2

⟂
(2 + �) − C∥C⟂

)

+ cos�(3C2

∥
− 2C

⟂
C∥ − C2

⟂
)
)

�1(�;�
◦)=

L� sin �◦ sin2
�

2

64C∥C⟂
(1 − �2)

(
(C2

⟂
(2 + �) − C∥C⟂

)

+ cos�(3C2

∥
− 2C

⟂
C∥ − C2

⟂
)
)

�1(�)= �2(�) = −
�

16(1 − �)
sin

2 �

2

�2(�;�
◦)=

L� cos �◦ sin2
�

2

64C∥C⟂
(1 − �2)

(
(3C2

∥
− 2C∥C⟂

− C2

⟂
)

+ cos�(C2

⟂
(2 + �) − C

⟂
C∥)

)

�2(�;�
◦)=

L� sin �◦ sin2
�

2

64C∥C⟂
(1 − �2)

(
(3C2

∥
− 2C∥C⟂

− C2

⟂
)

+ cos�(C2

⟂
(2 + �) − C

⟂
C∥)

)
.

field �◦
3
(�, �◦) measures the non-commutativity of 

the vector fields �1 and �2 (18) of the dynamics. In 
geometrical terms, it measures the asymmetry in the 
order of motion of the two individual scallops: having 
�◦
3
(�, �◦) ≠ 0 means that asymmetry is created and 

Purcell’s Scallop Theorem is beaten.
The two scallops rotate counter-clockwise by the 

same amount, which is of order � ; for a clockwise 
rotation, it suffices to change the sign of either �1 or 
�2 . There is a net motion of order �2 along both axes, 
which vanishes (up to order o(�2) ) according to the 
value of �0 : for instance, if �◦ = �∕2 the motion along 
the x-axis is negligible. From (21) to (22) we can esti-
mate the global net displacement of the system by 
tracking the midpoint t ↦ �m(t) = (xm(t), ym(t)) of the 
line connecting the two hinges (see Fig. 1). We have, 
up to o(�2),

where C = C(L, �,C∥,C⟂
) is given by

Since � ∈ (0, 1) and commonly for slender micro-
swimmers one can take C

⟂
≈ 2C∥ , which yields

it is easy to see that the constant C in (24) remains 
positive for values of C

⟂
 sufficiently close to 2C∥ . 

Therefore, the net displacement of the midpoint �m is 
given, from (23), by

which, in turn, can be maximized with respect to the 
phase � ; it is easy to see that �m(�) is maximum for 
� = �∕2 + k� , for k ∈ � . Thus we have proved the 
following theorem, which recovers the classical result 
obtained by [46] (see also [31]).

(23)

Δ�m = �m(4�) − �
◦

m
=

�1(4�) + �2(4�) − �◦
1
− �◦

2

2

=
−�1�2�

2

2

(
(�1(�, �

◦) + �2(�, �
◦))�2 + o(�2)

(�1(�, �
◦) + �2(�, �

◦))�2 + o(�2)

)

=
−�1�2�

2

2

(
C�2 cos �◦ sin2 � + o(�2)

C�2 sin �◦ sin2 � + o(�2)

)
,

(24)C =
L�

(
C2

⟂
(1 + �) − 3C∥C⟂

+ 3C2

∥

)

128C∥C⟂
(1 − �2)

.

(25)�C ∶= C(L, 𝜆,C∥, 2C∥) =
L𝜆(1 + 4𝜆)

256(1 − 𝜆2)
> 0,

(26)�m(�) ∶= |Δ�m| =
C�1�2�

2�2 sin2 �

2
(1 + o(�2)),
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Theorem 2  Let 𝜀, 𝜏 > 0 be given small parameters, 
let � ∈ ℝ , and let 𝛾1, 𝛾2 > 0 . Consider the initial con-
figuration in (19) and the control stroke prescribed in 
(20). Then the maximal displacement for the pair of 
scallops is obtained for strokes that have a phase dif-
ference of � = �∕2 . 	�  ◻

5 � Numerical validation

The second equality in (19) is the evaluation at t = 0 
of the map

which we can use to integrate numerically the 
equations of motion. The choice of the frequency 
� = �∕2� is made so that in the time interval [0, 4�] 
the angles �i have returned to their initial value 
after spanning only one period. We have performed 
the numerical integration with the following set of 
parameters: � = 0.1 , � = 20,

for the following values of the phase � reported in the 
horizontal axis in Fig. 3. Denoting by Δ�(N)

m
 the dis-

placement of the midpoint defined in (23) evaluated 
numerically, we can plot the piecewise linear interpo-
lation of the magnitude �(N)

m
∶= ||Δ�(N)m

|| as a function 

(27)
t ↦ �i(t) = � + � cos

(

�t + (i − 1)�
)

= � + � cos
(

�t
2�

+ (i − 1)�
)

,

(28)
L = 10�m, h = 1�m, a = 0.25�m,
C⟂ = 2C∥ = 2Ns∕�m2,

of � , obtaining the graph in Fig. 3, from which it is 
evident that �(N)

m
 is maximum for � = �∕2 , namely 

when the two filaments beat out of phase.
It is possible to compare �m = |Δ�m| and 

�(N)
m

= ||Δ�(N)m
|| , when � = �∕2 , upon choosing the 

appropriate values of �1 and �2 in (20). Considering 
that the controls t ↦ (u1(t), u2(t))

⊤ are the derivatives 
of the angles t ↦ (𝜎1(t), 𝜎2(t))

⊤ , we can use (27) (with 
� = �∕2 ) to get

and we can approximate the waves by piecewise 
constant functions. These piecewise constant turn 
out to be of the form (20) with �1 = �2 = �� . Then, 
plugging the parameters (28) in (26) yields, up 
to o(�4) , the value �m = 1.7233 ⋅ 10−6 , whereas 
�(N)
m

= 2.0318 ⋅ 10−6 . This amounts to a relative error 
of the order of 0.15. Notice that, in the control space, 
�m corresponds to a square cycle of side �� (see (20) 
with �1 = �2 = �� ), whereas �(N)

m
 corresponds to a 

circular cycle of radius �� (see (29)). The contribu-
tion �1�2�2 = (���)2 = (��)2∕4 in (26) is nothing 
but the area obtained by integrating the control loop 
over [0, 4�] . The same contribution in the numerical 
integration amount to the area of the circle of radius 
� (see 27), which is ��2 : the relative error between 
these two areas is 0.21, which is comparable with the 
relative error 0.15 between �m and �(N)

m
.

6 � Dependence on the interaction parameter �

In this section we study briefly the dependence of 
the equations on the parameter � = ln(h∕L)∕ ln(a∕L) 
measuring the strength of the interaction between 
the two scallops. We start, in Sects.  6.1 and  6.2 by 
studying the limit cases � = 0 and � = 1 , respectively, 
to deal with, in Sect. 6.3, with the more realistic case 
where � is bounded away both from 0 and from 1.

6.1 � The limit � = 0

Assumption (1) implies that � ∈ (0, 1) , as already 
observed, and in the limit as � → 0+ the interac-
tion vanishes, as can be seen both in the expres-
sion (3) of the force density and in the expression 
(14) of the resistance matrix of the system. Indeed 

(29)t ↦

(
𝜎̇1(t)

𝜎̇2(t)

)
=

(
−𝜀𝜔 sin(𝜔t)

−𝜀𝜔 cos(𝜔t)

)

Fig. 3   Plot of �(N)
m

= ||Δ�(N)m

|| as a function of � (solid blue line) 
versus the theoretical �

m
(�) from (26) (dashed red line)
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(at least formally; the reasoning can be made rigor-
ous by a simple limit process), when � = 0 , and 
therefore Λ = 1 , both � (j)

i
(s, t) (for i, j ∈ {1, 2} ) are 

the force densities of a scallop swimming alone in 
an unbounded fluid, and R(t, 0) is a diagonal block 
matrix, thus the equations of motion (13) are decou-
pled and correspond to those of two non-interacting 
scallops.

Notice that the limit � → 0+ can be achieved in 
two ways. If h → L− , then ln(h∕L) → 0− and � → 0 . 
This is the case in which the two scallops are suffi-
ciently far away from one another to be considered 
as non-interacting. This situation violates the sec-
ond inequality in Assumption (1). The other case is 
if a → 0+ , which makes the higher order terms in the 
Resistive Force Theory approximation vanish. Since 
these are responsible for the interaction [31], in this 
case we would have a system consisting of two non-
interacting scallops.

6.2 � The limit � = 1

From the definition of � , it is immediate to see that 
� = 1 if a = h (once more violating Assumption (1)). 
In this case, the distance between the scallops is com-
parable to their thickness, so that the two swimmers 
are attached to one another. Because of this and to 
enforce the non interpenetration of the swimmers, the 
system is equivalent to one scallop alone: Purcell’s 
Scallop Theorem [2] implies that no net displacement 
can be achieved in this case.

6.3 � Estimates depending on �

A non-trivial regime is when the parameter � is far 
both from  0 and from  1. To illustrate this case, we 
provide lower and upper bounds for � in the following 
relaxed version of Assumption (1):

for a certain 𝜅 > 0 to be chosen presently  1. Using 
these inequalities, we obtain that � ∈ (�∗(�), �

∗(�)) , 
where

(30)𝜅a < h <
L

𝜅
,

The value of � must be chosen in such a way that, 
e.g., 1∕2 < 𝜆∗(𝜅) < 1 (using the values in 28 for L, a, 
C∥ , and C

⟂
 , the parameter � can be chosen between 

2
√
10 and 40). These bounds on � imply bounds on 

the constant C in (24), which, in the common approx-
imation C

⟂
= 2C∥ (see 28 again) are better read in the 

constant C̃ in (25). Upon noticing that � ↦ C̃(�) is an 
increasing function (see Fig. 4 for a qualitative plot), 
we obtain that

the choices of L, a, C∥ , and C
⟂
 in 28 and � = 10 , 

for instance, yield the values C̃(�∗) = 0.0043 and 
C̃(�∗) = 0.0140 . Estimates of the type (32) allow us 
to give an estimate on the displacement (26) of the 
midpoint �m : the lower estimate in (32) provides an 
estimate on the minimal displacement, whereas the 
maximal displacement yielded by the upper estimate 
can be overcome by invoking the rate independence 
of the system, i.e completing the stroke twice as fast 
makes the swimmer achieve twice the displacement, 
as expected from the linearity of Stokes flows.

7 � Conclusions

In this paper, we have studied the control prob-
lem of two scallops hydrodynamically coupled in 
an unbounded viscous fluid. The time-reversibility 
constraint is broken by means of non-local hydro-
dynamic interactions. We have built our control 
systems on convenient correction of Resistive 
Force Theory approximation considered in Man 
et  al. [31]. To allow analytical progress, we have 
also assumed the two scallops are approximately 

(31)

�∗(�) ∶=
− ln �

ln(a∕L)
; �∗(�) ∶= 1 +

ln �

ln(a∕L)
= 1 − �∗(�).

(32)�C(𝜆∗) <
�C(𝜆) < �C(𝜆∗);

1

C̃(λ)

λ0

Fig. 4   The graph of the function � ↦ C̃(�)

1  Instead of using � in both sides, one could write 30 as 
𝜅1a < h < L∕𝜅2 , but the relevant estimates would involve the 
ratio between �1 and �2.
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parallel to one another in the limit of small angular 
displacements. This approach has the advantage of 
working with a finite number of degrees of freedom 
and sets the basis for future work on discretized 
interacting micro-swimmers: the position of the 
hinges between the links and the angle they form 
are the only parameters used to describe the system.

The minimal linear system displays the emer-
gence of significant behaviors and regimes that are 
distinctive of low Reynolds number hydrodynam-
ics. We mathematically proved using Geometric 
Control Theory that a particular choice of periodic 
controls, and therefore of the shape change, provide 
a non-zero net displacement of the system, over-
coming Purcell’s scallop theorem. We have further 
analyzed how the net displacement varies as a func-
tion of the phase difference of two scallops, recov-
ering the maximal displacement predicted previ-
ously using other methods (see Theorem 2). Finally, 
we have performed an analysis of the displace-
ment as a function of the parameter � associated 
with the strength of the hydrodynamic interaction 
between the scallops. Differently from the analy-
sis undertaken in [35] where the controls used are 
forces and torques, we choose the velocities of the 
shape deformations as control functions, with the 
advantage that only internal actuators of the micro-
swimmers are responsible for the motion. We hope 
that our analytical solutions will assist and inspire 
new designs and controls of robotic swimmers that 
exploits their mutual hydrodynamic interaction in 
order to propel forwards.
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