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Abstract— The study of electromagnetic wave in interaction of
Perfect Electrically Conducting (PEC) wedge in anisotropic media
is of great interest in propagation models, GPR technologies and
aerospace applications. In this work we present a general method
based on the application of an extended version of the Wiener-
Hopf (WH) technique for the analysis of the electromagnetic
scattering and diffraction. This method is part of the semi-
analytical spectral methods that allow physical interpretation of
the solution in terms of field components.

L. INTRODUCTION

This work presents a novel formulation of the scattering
problem constituted by a wedge immersed in anisotropic media
with perfect electrically conducting (PEC) boundary conditions
and illuminated by plane waves. The structure is presented in
Fig. 1 where both cylindrical coordinates (p,(,z) and Cartesian
coordinates (x,y,z) are used. The PEC wedge is with aperture
angle 2n—2y and the anisotropic surrounding medium is with
tensor dielectric permittivity € and tensor magnetic permeability
u. The surrounding region is divided into two sub-regions
defined respectively by 1) O<p<y and 2) —y<@<0.

The proposed technique is a semi-analytical spectral
methods capable (as the analytical methods) of physical
interpretation in terms of field components. Therefore, the
technique preserves the benefits of analytical solution and
acquire the some of the geometrical flexibility of numerical
methods. The technique is based on the application of boundary
conditions to spectral functional equations, yielding a set of
Generalized Wiener-Hopf Equations (GWHESs). The spectral
functional equations for angular region problem (sub-regions 1
and 2) in complex media are obtained by the application of a
revisited version of Bresler-Marcuvitz transversalization
method [1] applied to angular regions filled by an arbitrary linear
medium [2-3]. The extension of the Wiener-Hopf (WH)
technique in angular regions [4-5] demonstrated its efficacy to
solve wave scattering problems in presence of geometries
containing isotropic angular regions and/or stratified planar
regions, see for instance [6-7]. In this work we develop the
formulation of the problem for different kind of anisotropic
media, uniaxial (1) and biaxial (2) media, and we provide some
initial proof of validation in simple cases. In this framework, the
literature reports some attempt of analytical/semi-analytical
solutions in case of simple anisotropies for half-plane and
wedges, see [8]-[15] and references therein; however the semi-
analytical/analytical solution of a PEC wedge immersed in
biaxial or more complicated anisotropies is not available, while
the Wiener-Hopf (WH) formulation allows this possibility. In
the paper, we assume ¢/ time-harmonic dependence of field.

Figure 1. PEC wedge immersed in anisotropic medium with
2n—2y aperture
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II.  FUNCTIONAL EQUATIONS

In [1] Bresler and Marcuvitz proposed a transversalization
method for rectangular/layered regions in arbitrary linear media.
We extend this procedure for angular regions considering
oblique Cartesian coordinates (u,v,z for region 1, ua,v,,z for
region 2) as on [2]-[3], see Fig.1. In this framework Maxwell’s
equations are re-written in terms tangent (at =0) components
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with w =|E H, || E_E_H_H,| and where we have considered

field dependence specified by the factor ¢~/ due to invariance
of the problem along z. After the application of Laplace
transform along u

7,00 = [ ey, (u,v)du )

we get an ordinary differential vector problem of first order
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where the s-term contains initial/boundary conditions and
constitutes the forcing function. The solution is built combining



a particular integral with a complementary function which is a
linear combination of homogeneous equation solutions. The
particular integral is obtained using the characteristic Green’s
dyadic of the problem in term of the eigenvectors and
eigenvalues of the matrix operator M, (y,n) of dimension 4.

This non-explicit solution is found before imposing the
boundary conditions as reported in [3] based on the theory of
[16-17]. The solution of these oblique transverse differential
equations in Laplace domain is then projected on the reciprocal
eigenvectors of the algebraic matrix operator. It yields the
functional equations of an angular region with arbitrary
boundary conditions and medium. In region 1 we obtain
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where v, are reciprocal eigenvectors and m, = jA, are

quantities related the eigenvalues 2 of M (y,7)and
w0 =] ey, (dv- )

The egs. (6) are functional equation in spectral domain that
relate spectral quantities defined at ¢=0 (left hand side) to
quantities defined at o=y (right hand side). Similar expressions
can be analogously obtained for region 2.

III. GWHES, PRELIMINARY VALIDATIONS, CONCLUSIONS

Once obtained the functional equations we impose boundary
conditions, in this case PEC, by nullifying the tangent electric
field components on the faces of the wedge. For region 1 in
biaxial medium it yields at normal incidence (co=0)
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where on the left (right) we have spectral field components
defined at =0 (¢=y) and
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A system of equations similar to (8) are obtained also for
region 2. The coupling of these equations yields a system of
GWHE:s for the problem of biaxial medium amenable of exact
solution. GWHESs are different from classical ones, since the
WH plus/minus unknowns are defined into different complex
planes but related together. Procedure for their solutions are
reported in [5-6]. As a preliminary validation the GWHEs we
resort to the PEC wedge in isotropic medium yielding the same
equation reported in [5-6], whose solution is well-known in
literature in closed form. As a second validation we again
consider isotropic medium at normal incidence but with scalar
impedance boundary conditions at ¢=£y. This validation

example is the classical Malyuzhinets’ problem and the
equations coincides with the ones reported in [5-6]. Again this
problem has closed form solution. Further validation examples
will be the PEC wedge in uniaxial medium and finally the
analysis of the PEC wedge in biaxial and general anisotropic
medium with the help of the semi-analytical Fredholm
factorization method [4-5], [18] when exact factorization
procedure are not available. Asymptotics is then applied to the
spectral solution to get practical field information.

ACKNOWLEDGMENT

This work is supported by the PRIN Grant 2017NT5W7Z
GREEN TAGS.

REFERENCES

[1] A.D. Bresler, N. Marcuvitz, Operator methods in electromagnetic field
theory, Report R-495-56, PIB-425, MRI Polytechnic Institute of
Brooklyn, 1956

[2] V. Daniele, The Wiener-Hopf technique for wedge problems, Internal
Rep. [ELT-2004-2, DET, Politecnico di Torino, 2004, see
http://personal.det.polito.it/vito.daniele

[3] V. Daniele, G. Lombardi, “The Generalized Wiener-Hopf Equations for
wave motion in angular regions: electromagnetic application,” Proc. R.
Soc. A, 477:20210040, n.2252, pp- 1-27, 2021,
doi:10.1098/rspa.2021.0040

[4] Daniele, G. Lombardi, Scattering and Diffraction by Wedges 1: The
Wiener-Hopf Solution — Theory, Hoboken, NJ: John Wiley & Sons, Inc.
London, UK: ISTE, 2020

[5] V. Daniele, G. Lombardi, Scattering and Diffraction by Wedges 2: The
Wiener-Hopf Solution - Advanced Applications, Hoboken, NJ: John
Wiley & Sons, Inc. London, UK: ISTE, 2020

[6] V.G. Daniele, G. Lombardi, and R. S. Zich, “The electromagnetic field
for a PEC wedge over a grounded dielectric slab: 2. Diffraction, modal
field, surface waves, and leaky waves,” Radio Sci., vol. 52, no. 12, pp.
1492-1509, 2017

[7] V. Daniele, G. Lombardi and R. S. Zich, "The Double PEC Wedge
Problem: Diffraction and Total Far Field," in IEEE Transactions on
Antennas and Propagation, vol. 66, no. 12, pp. 6482-6499, Dec. 2018

[8] S. N. Samaddar, “Two-dimensional diffraction in homogeneous
anisotropic media,” IRE Trans. Antennas Propag., vol. AP-10, no. 5, pp.
621-624, Sep. 1962

[91 L.B. Felsen, “Propagation and diffraction in uniaxially anisotropic
regions, Part 2: Applications,” Proc. Inst. Elec. Eng., vol. III, no. 3, pp.
454-464, Mar. 1964

[10] S.R. Seshadri, A.K. Rajagopal, “Diffraction by a perfectly conducting
semi-infinite screen in an anisotropic plasma,” IEEE Trans. Antennas
Propag., 11, pp. 497-502, 1963

[11] W.E. Williams, “Electromagnetic Diffraction in an Anisotropic
Medium,” IMA Journal of Applied Mathematics, Vol 2, n 2, 1966, pp.
186-196

[12] L.B. Felsen, N. Marcuvitz, Radiation and Scattering of Waves, Prentice-
Hall, Englewood Cliffs, N. J, 1973, Ch. 7

[13] R. Hurd and S. Przezdziecki, “Half-plane diffraction in a gyrotropic
medium,” IEEE Transactions on Antennas and Propagation, vol. 33, no.
8, pp. 813-822, 1985

[14] S. Przezdziecki, “Half-plane diffraction in a chiral medium,” Wave
Motion, 32, pp. 157 — 200, 2000

[15] V. Daniele and R. D. Graglia, “Diffraction by an imperfect half plane in
a bianisotropic medium,” Radio Science, vol. 42, no. 06, pp. 1-16, 2007

[16] V. Daniele, R. Zich, “Radiation by arbitrary sources in anisotropic
stratified media,” Radio Science, vol. 8, 63-70, 1973

[17] B. Friedman, Principles and Techniques of Applied Mathematics, New
York, NY: John Wiley & Sons, 1956, Ch. 3

[18] V. Daniele, G. Lombardi, “Fredholm factorization of Wiener-Hopf scalar
and matrix kernels,” Radio Science, vol. 42, no. 06, pp. 1-19, Dec. 2007



	I. Introduction
	II. Functional Equations
	III. GWHEs, Preliminary Validations, Conclusions
	Acknowledgment
	References




