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1 | INTRODUCTION
1.1 | Overview of the results

In this paper we deal with wave propagation modelled by the linear water-wave system with spectral Steklov boundary
condition on the free water surface, see Equations (1.5)—(1.7). We consider the 2-dimensional case, where the water domain
1" ¢ R? forms an unbounded periodic channel consisting of infinitely many identical bounded containers connected by
canals with constant length but with width (or rather depth) proportional to a small parameter h > 0, see Fig. 1. The
frequency ranges included in the continuous spectrum of this physical system describe the propagation of water waves
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FIGURE 1 Periodic channel with thin connecting canals

on the free surface of the water filled domain, see for example the monograph [11]. The bands and gaps of the continuous
spectrum are called passing and stopping zones for waves.

The special feature of the linear water-wave equation is the appearance of the spectral parameter in the Steklov bound-
ary condition on the free water surface. This makes a direct application of the classical Sobolev-space methods difficult, see
for example [11], especially for an approach based on the application of the Dirichlet-to-Neumann-(or Steklov-Poincaré-)
operator, which is a non-local operator and thus complicated from the point of view of applying the methods of the asymp-
totic analysis; also, see the review paper [12]. We follow here the modified techniques used for example in [19, 22] which are
based, among other things, on an unconventional definition of the problem operator with mixed types of inner products
containing both volume and surface integrals; see (1.14). This method has been used for example for proving or disproving
the existence of eigenvalues in some frequency interval.

For a fixed h, the essential spectrum ¢, of the original problem is non-empty due to the unboundedness of the domain.
More precisely, due to the periodicity of the domain, it follows from the Floquet-Bloch-Gelfand(FBG) -theory (see for
example the books [10, 23, 24] and papers [15]; [18], Theorem 2.1; [21], Theorem 3.4.6, for a presentation relevant to the
case of this paper) that ¢, has the band-gap structure

Ses = (B, B = {A(6) : 6 €[0,2m)}, L)
k=1

where the spectral bands BZ are compact subintervals of the positive real axis. By 8 we denote here the Floquet parameter

and (AZ(G)):;l is the sequence of the eigenvalues of a “model problem” obtained from (1.5)-(1.7) by using the FBG-
transform. In general, the spectral bands may and often do overlap, in which case the essential spectrum is connected.
However, in between the bands there may also appear gaps which are free of the essential spectrum and which describe
“forbidden” frequencies with no wave propagation (or, stopping zones between passing ones). The position of such gaps
is in general of interest in physical applications, since they may be wanted for example for the design of wave filters
and dampers.

In this paper we study the asymptotic position of the bands BZ as h — +0 and apply the results to detect gaps in the
essential spectrum (1.1). In the main result, Theorem 5.1, we show that

AY(©B) — hAY(6)| < Ch*/? (1.2)

for all k € N (with constants C; > 0 not depending on h or 8), where the sequence Ag(@) consists of the eigenvalues of
a “limit problem” corresponding to the case h = 0, or vanishing canals: it is a system of finitely many boundary value
problems for certain simple ordinary differential equations with certain peculiar boundary conditions connecting them.
The numbers Ag are solutions of an explicit transcendental equation (3.6), and as we will show in Section 3, it is possible
to get a lot of information on them by using computational arguments and in particular to show that infinitely many
spectral gaps indeed exist in the case of the limit problem. Then, the estimate (1.2) implies that the spectrum ¢, also has
at least any given number of gaps, if & > 0 is sufficiently small; see Theorem 5.2. However, since the constants C, in (1.2)
also depend on k, we can only assure that finitely many gaps exist for a fixed h.
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FIGURE 2 a)Periodicity cell of the channel, b) periodicity cell in the case H, = 0

The proofs of Theorem 5.1 and Theorem 5.2 will be presented in Sections 5 and 6, and they consist of the justification
of the formal asymptotic analysis of the model problem in Sections 2 and 4; the latter section contains the construction of
the approximate eigenfunctions of the model problem. One more main tool is the so-called convergence lemma, which is
Lemma 6.1 in Section 6.

Besides the Steklov spectral condition and periodic structure, one more characteristic feature of the problem under
consideration is described by junctions of massive bodies with thin ligaments. For example, the dumbbell, which is a
union of two massive domains connected by a thin cylinder, is a classical object in asymptotic analysis. The spectrum of
the Laplace-Neumann problem in such a domain has been studied in many papers starting from the pioneering works
[1, 2]. Aymptotic expansions for eigenvalues and eigenfunctions have been constructed and applied in many other works
including [9, 16, 17]; recently, for example in [4]. Concerning asymptotic methods, we will here partly follow the approach
in [20].

1.2 | Formulation of the problem, operator theoretic tools

Let us proceed with the exact formulation of the problem. We consider an infinite two-dimensional periodic channel
1" ¢ R? consisting of water containers connected by narrow canals of diameter O(%). The coordinates of the points in the
channel are denoted by x = (x7, X,) = (¥, z). We choose the coordinate system in such a way that the axis of the channel

is in x;-direction and the free surface is on the line {x : x, = 0}. In more detail, the periodic channel I1" is defined as the
interior of the set

Th—| | of
h = U i
jez
where the domains Qﬁ‘ are translates of the periodicity cell Q",
(27 ={x:(x—j,x) €}, jEZ={0,%1,%2,.}.

The periodicity cell (see Fig. 2.a)) Q" ¢ (-1/2,1/2) x (—d,0), where d > 0 is the depth of the channel, consists of two
main parts, the container Q and the connecting canals Q’g, s Qf\’], more precisely,

h P N h
Q"=Q : +tixal) )
; (JL=JOQJ> ? <J‘L='|0L4_rJ <{ x J >>

Here, the following notation and conventions are used. The container Q C R? is a domain with a Lipschitz boundary
and compact closure, and it is contained in the rectangle (—¢, ¢) X (—d, 0), where 0 < £ < 1/2. Moreover, we assume that
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for some 0 < d’ < d the line segments {+¢} x (—d’,0) are part of the boundary Q. The boundary of Q consists of the
free water surface I'y = 0Q N {z = 0} and the wall and bottom £ = dQ N {z < 0}. The connecting canals Q;’ 1= Q? Y Q?_,
where

1))(6? and a;‘:=(dj—th,dj), 1.3)

Q= (-3=¢)xeh &l = (43

2

are determined by the depth positions and relative widths
0=dy>d;>..>dy>~-d", H;>0Vje€{0,..,N}.

We also denote o : = U?Izo o and P i+ = (£¢,d;) for all j and signs. The parameter h > 0 is assumed so small that the

J
canals Qj.’ do not touch each other. We also write

Yi=Y_UY, = (—%,—f)u(f,%). (1.4)

The free surface of the periodicity cell Q" (independent of k) is denoted by I' = Q" N {x, = 0}, and the wall and bottom
part of the boundary is

zh = 20"\ (Tu ((—¢}x o) U (£} x o) )

i.e. we leave out the lateral ends of the canals from X". Finally, the free water surface of the entire channel IT" and its
wall/bottom are defined, respectively, as
Tt =0I"N{x, =0}={xeR? : x, =0}, = =0dM"N{x, <0}

Remark 1.1. We will use the following general notation. We write R;" for the set of non-negative real numbers. Given
a domain E c RY, the symbol |Z| stands for its volume in R¢ and (-, -)z stands for the natural scalar product in L*(8),
and H*(2), k € N, for the standard Sobolev space of order k on =. The norm of a function f belonging to a Banach
function space X is denoted by ||f;X]|. For r > 0 and a € RV, B(a,r) (respectively, S(a,r) ) stand for the Euclidean
ball (resp. ball surface) with centre a and radius r. By C, ¢ (respectively, Cy, cx, C(k) etc.) we mean positive constants
(resp. constants depending on a parameter k) which do not depend on functions or variables appearing in the inequal-
ities, but which may still vary from place to place. The gradient and Laplace operators V and A act in the variable x,

unless otherwise indicated. We write d, = d/dy etc., and d, for the outward normal derivative on the boundary of a given
planar domain.

In the framework of the linear water-wave theory we consider the spectral Steklov-Neumann problem in the
channel 1%,

—Au(x) =0 forall x € I1", (1.5)
d,u(x) =0 forae. x e Zf’ot, (1.6)
o,u(x) = Au(x) fora.e. x € I'yy. 1.7

Here u = u(x) = u(x; h) is the velocity potential, A = A(h) = g~'w? is a spectral parameter related to the frequency of
harmonic oscillations w = w(h) > 0 and the acceleration of gravity g > 0 (the dependence of A on h will usually not be
displayed). By the geometric assumptions made above, the derivative 9, is defined almost everywhere on Z". It coincides
with d, on the free surface I'y.
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The spectral problem (1.5)-(1.7) can be transformed into a family of spectral problems in the periodicity cell using the
FBG-transform

1 U
u(y’ Z) = U(y’ z, 9) = —— Z e—l@ju(y + j,Z)5
27 jez

where (y,z) € II" on the left while 8 € [0,27) and (y, z) € Q" on the right. As is well known, the FBG-transform estab-
lishes an isometric isomorphism

L*(T") ~ L2(0,27; L*(Q")),

where L?(0, 27; B) is the Lebesgue space of functions with values in the Banach space B, endowed with the norm

o 1/2
||f;L2(o,2n;B>ll=< / ||f<e);B||2de> :
0

We denote by H} (Q"), where 6 € [0,27), the subspace of the Sobolev space H' (Q") consisting of functions satisfying the
quasiperiodic boundary condition (1.11) (see below). The FBG-transform is also an isomorphism from the Sobolev space
H'(11") onto H' (0, 27; Hy (Q") ) (see [S] and e.g. [21, § 3.4], [18, Cor. 3.4.3], [10, Sec. 2.2]).

Applying the FBG-transform to the differential equation (1.5) and to the boundary conditions (1.6)—(1.7), we obtain a
family of model problems in the periodicity cell Q" parametrized by the dual variable 8, the Floquet parameter,

—AU(x)=0, xeQh 1.8)
,U(x)=0, xezh (1.9)
0,U(x)=AU(x), x€T, (1.10)

UQ1/2,z) =efU(-1/2,2), zed", (1.11)
0,U(1/2,z) =93, U(-1/2,z), zeoh (1.12)

Here, U = U(x) = U(x; h,0) and A = A(h, 6) is a new notation for the spectral parameter A.
Our approach to the spectral properties of the model is similar to [20, 22] and others. We write the variational form of
the problem (1.8)-(1.12) for the unknown function U € H}(Q") as
(VU,VV)or = AU, V), V € H)(Q"). (1.13)
We denote briefly by 1" = 7"(6) the space H}(Q") endowed with the new scalar product

(u,v), = (Vu, Vo)gr + (u, v)r, (1.14)

where the inner product in I' is understood in the sense of traces, and define a self-adjoint, positive and compact operator
B = B"6) : H"(6) - H"(6) using the identity

(B"(©®)u, v)h = (u,v)r Yu,v € H(0). (1.15)
The problem (1.13) is then equivalent with the standard spectral problem in the Hilbert space H"(8)

B"©)u = Mu,
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with the new spectral parameter

M =M(h,0) =1+ A(h,0)"L. (1.16)

Clearly, according to [3, Thm. 10.1.5,10.2.2] the spectrum of B"(6) consist of null, which isa point in the essential spectrum,

and a positive sequence (M Z (9));0_1 of eigenvalues (counting multiplicities) convergent to 0; these can be calculated from
the usual min-max principle

, (Bh(G)v,v)h
M"(8) = mi — 1k
£© e B} (v, V),

where the minimum is taken over all subspaces E; C H"(8) of co-dimension k — 1. Using (1.14) and (1.15), we can write a
max-min principle for the eigenvalues of the problem (1.13):

Vo,V + (v,
Ay = N©) = hl —1l=max min (Vu, Vo) + (v, 0)r _
M, ©) Ex veE \H}(QhD) (v, V)r
\vj ;L2 Qh 2
= max min —” v L@ . (1.17)

Ee vep\Hi(onr)  [lus LA(D)]|?

On the other hand, formula (1.16) and the properties of the sequence (M 2(6)):;1 mean that the eigenvalues (1.17) form
an unbounded sequence

0 <AB) SALO) <+ SAJB) < -+ — +o0, (L18)

where multiplicities have been taken into account. We denote by UZ’Q € H"(6) the eigenfunction corresponding to AZ(G)
and assume that these eigenfunctions are normalized so as to form, for fixed h and 6, an orthonormal sequence in the
space L?(T). The functions 6 AZ(G) are continuous and 27-periodic (see for example [7, Ch. 9], [10, Sec. 3.1]). Hence,
the spectral bands BZ = {AZ(G) : 0 €]o, 271')} of (1.1) indeed are compact intervals.

2 | THE FORMAL ASYMPTOTIC PROCEDURE
2.1 | Equations for the terms of the ansatz
In Sections 2-4 we apply the method of matched asymptotic expansions, see [6, 13, 25] and others, to construct approxi-
mating near-eigenfunctions for the model problem (1.8)-(1.12). We fix k and 6 for this section and usually suppress them
from the notation, denoting for example A" := AZ(Q), and U" := UZ’G and similarly for the other quantities.

We will next adapt to our problem the asymptotic ansétze used in [20] for a parameter independent Steklov problem.
Inside the container Q we write the outer expansion

UM(x) = UPP(x) = a+ hU'(x) + -, 1)

where the constant a = a;(6) and the function U’ = Ul’ce are to be determined, and the dots indicate higher order terms
in h which are inessential for our formal analysis. The outer expansion in the canals Q;’ »J=0,...,N, reads as

where the functions w; = wf and W = Wf ;. are to be determined and the variable ¢ is stretched in z-direction,

§'j=h_1(z—dj), j=0,1,...,N.
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For A" = AZ(G), we use the expansion
A" =hAO + .. (2.3)

where A® = AJ(6) is to be found.

2.2 | Outer expansions in the canals
Let us derive equations for the terms introduced above. Putting the expansion (2.2) into (1.8) yields

Collecting terms of the lowest order h° in (2.4) leads to the equation
—W;(v.$)) = F;(y.¢;) :=5w;), &5 € (—H;,0), 2.5)

forall j =0,...,N.
Let us consider the case j = 0. Setting (2.2) and (2.3) to the boundary condition (1.10) gives us

hzh_lagwo(y, 0+ = az(wo(y) + hZWO(y,Q’j) + ...)|Z:0

= hA) (wo(y) + h*Wo(y,0) + -+ )
so we obtain from the terms of order h the boundary condition for equation (2.5)
O Wo(,0) = Go(») 1= Awo(y), yeY (2.6)

(see (1.4) for the notation). Since d,w, = 0 everywhere on the bottom of the canal, Equation (1.9) leads to the boundary
condition

a§'W0(y7_HO) =GH =0, yGY (27)

We consider the problem (2.5), (2.6), (2.7) as a one-dimensional Neumann problem for the function W, in the variable
{j so that y is regarded as a parameter. The compatibility condition in this problem reads as

0

/ Fo0.$)d¢ +Go(y) = Gy = 0

-Hj;

and converts into

0

[ WG dz = W0 Wo(y.0), y € Y
—hH,

On the other hand, by (2.5),

0
[ Wolr.t0) dz = ~htBu)
hH,
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for y € Y., hence, using (2.6), (2.7) we get the following differential equation for wy:

—Hodywo(y) = A'wo(y), y €Y. (2.8)

If j = 1,..,N, we derive an equation for w; in the same way, except that the homogeneous Neumann condition (1.9) is
used instead of (1.10) so that G is omitted. As a result we get the equations

—H;;w;(y)=0 forj=1,..,N, yeY. (2.9)

As for the boundary conditions associated with (2.8), (2.9), the outer expansion does not contribute to the behaviour of
the ansatz near y = +1/2 hence, all w; must satisfy the quasiperiodic boundary conditions

w;(1/2) = e®w;(-1/2), dyw;(1/2) = e®d,w;(-1/2). (2.10)
In addition, due to the leading term of the outer expansion (2.1), we require that for all j = 0,..., N there holds
w;i(x?) = a. (2.11)

This condition connects all Equations (2.8) and (2.9).

2.3 | Boundary layer phenomenon

Near the points P i+ = ( +7,d j) the narrow canals Q? L j=0,...,N, are joined with the large container Q. The geometry
is thus crucially different from that of the isolated container, and there arises boundary layer effects, which influence the
solutions U of (1.8)-(1.12). In the framework of the method of matched asymptotic expansions, these effects are described
by the inner expansions

Uh(&#) = v?i(g“ji) + hv;.i(&ji) + e (2.12)

0 _
VE

where v 0?9 and v/, = v’® | and we use the stretched coordinates
Jj+.k Jjt Jj+.k

§* = (sﬂi’ §i> = (1js:¢)) = (W7 xy - O).h7H (z = d;)). 213)

For j = 0, ..., N, the coordinate dilation x ~— &/* and formal substitution h = 0 transform the singularly perturbed domain
Q" into the unbounded one E i = K; UP;, where the quadrants, half-spaces and strips are denoted by

Ko={£ €R? : & <0,& <0},
K;={{eR?: ¢ <o0}forj=1,..,N,

P, ={¢{eR?: & >0,& e(-H;,0)} for j =0,...,N,

see Fig. 3.
0

The functions Uiy and v} N of (2.12) satisfy the homogeneous Neumann problem

dyev(§) =0, § € 95, (214)
which comes directly from (1.8), (1.9), while the Steklov condition (1.10) turns according to (2.13) and (2.3) into

8,U" — AU" = k™18, U® — hA°U° + .-
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(A)

FIGURE 3 Thestreched domainsa) E,andb)Ej, j =1,..,N

so that the term h?A°U° disappears in the limit after multiplication by h and the homogeneous Neumann condition
occurs again.
We obtain from the expansion (2.2) in the canal QS’ . that

UM (y.¢;) = wj(#6) + (y F€)3,w;(+f) + -+

Looking at (2.15) we observe that the terms of the inner expansion (2.12) must behave linearly in the strip outlets P;. Let
us list such solutions of (2.14). The first one is evident: the constant function, denoted by V;.) , = 1. The second solution

le. | must grow as iHj_ln j+ in P;. Since the flux in the strip outlet

0 1
: J* _
QT [ gy RO =1
—H;

does not vanish, the flux in the angular outlet [K; is nonzero, too. This leads to the decompositions

Vo, (%) = izln L +Co +0<—1 > Q0+ — o0 in KK, (2.16)
- T Sox S0+ -
1 + 1 1 1 . .
Vi (6P%) =2—In—+C+0( — |, ¢j» = +0inkK;, j=1,..,N, (2.17)
= T Qj+ Oj+

where ¢, = |§ji| for all j. Notice that the numbers /2 and 7 in (2.16) and (2.17) are nothing but the angles of opening
of iy and K, respectively.

A basic result in harmonic analysis assures the existence of the solutions V} L= —V}i, and their uniqueness follows
from the requirement

le.i(gji) = iHj—lnji +0(e”Himi/T), pj, = +o0in Pj,

since the constant is annulled here.
Comparing the expansions (2.12) and (2.15) in the canal Q;‘ ,» the matching procedure gives us

v () = w(EOV? (§) = w;(x0), (2.18)
o), (&) = £H 8w (kOV O+, (219)
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where the constant c? p does not affect our formal analysis, cf. Remark 2.1. Taking into account (2.18), (2.19) and recalling
(2.16), (2.17) we see that near the points ( +¢,—d j) and inside the container Q there holds

1+ 5]"0 1 h

Uh(x) =wj(xt)+h

with the Kronecker delta & .05 forall j =0,...,N.

Remark 2.1. We have Ing;, = Inr;, — Inh, where r;, is the distance between the points x and ( + ¢, —d;). The factor
In i in (2.20) can be hidden into the term c;‘ ', so that the constant

C;_+ = C;li + 77,'_1(1 + 61,0)Hjaywj(if) Inh

becomes independent of the large parameter | In k| and can be fixed at the next step of the asymptotic procedure. O

Comparing (2.20) and the outer expansion (2.1) in Q, we conclude that matching at the level 1 = h° yields the relation
(2.11), where j = 0, ..., N and a is a constant, while matching at the level 4 requires the following behavior of the correction
term, when |(y + ¢,z — d;)| approaches 0:

+36jo
T

1
U'(x) = + H 8,w;(6)In ri +0(1). 2.21)
Jj*

2.4 | Outer expansion in the container

The detached logarithmic terms in (2.21) can be interpreted as Poisson kernels and in this way the correction term U’ in
the ansatz (2.1) for U" is obtained as the solution of the following Neumann problem in Q, which is to be understood in
the sense of distribution theory:

-AU'(x)=0, xe€Q, (2.22)

9,U'(x) =Aa, x€T, (2.23)
N

U (x)= Y. Y +8p Hidywi(xf), xEZI. (2.24)
+ j=0

Here, &), denotes the Dirac mass at the point b of a one-dimensional manifold, namely the boundary curve X.
The compatibility condition fa o % U’ ds = 0 in the Neumann problem (2.22)—(2.24) leads to the relation

N
20A%a+ ) H;(9,w;(t) — d,w;(—£)) = 0. (2.25)
j=0

To describe the solution of (2.22)-(2.24), we note that the boundary of Q coincides with a line segment in a neighbourhood
of every P;, with j > 1, but the two points Py, are corners of Q. This leads to the observation that, given a constanta € C
such that (2.25) holds, the problem (2.22)~(2.24) has a (harmonic) solution U’ in Q,

N .
U’(x)=22710g(|x—Pji|)+l7, (2.26)
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where
K M 5 (a6 for j N 22
Ji—iraj’o ywj(i )OrJ_OJ7 (7)
and the harmonic function U in Q satisfies
sup |I7(x)| < Cinf ’x —Pj+| , sup |Vﬁ(x)| <C. (2.28)
xeQ JE N xeQ

The form of the singularities (2.26) at P;,, j > 1, can be deduced from basic distribution theory, namely, in the space of
distributions on the one-dimensional space of z-axis there holds

0 €
aln(|x+(£,0)|) = m - 7T50 ase >0

where & is the Dirac measure at 0. However, the corner points Py, are more complicated, and the asymptotic form of
the solution in their vicinity as well as the estimates (2.28) are determined by the theory of elliptic boundary problems in
corner and conical domains (see [8, 14] and, e.g., [21, Ch. 2, Sect. 3.6]).

3 | LIMIT PROBLEM AND ITS EIGENVALUES

Equations (2.8) and (2.9) with boundary conditions (2.10) and (2.11), together with Equation (2.25), constitute the so-called
limit problem. As this problem concerns functions which are constant in €, its variational formulation is defined in the
space

Ho(Y) = {w = (Wp, .., wy) € HIYN* : w;(1/2) = ew;(~1/2) and
Jw. € Csuch thatw;(f) = w;(-¢) =w.Vj= 0,...,N}. (3.1)

The variational problem, for the unknown w € Hy(Y), is obtained by integrating (2.8), (2.9), and taking into account (2.10),
(2.11) and (2.25):

N
Z / d,w;(»)3;v;(y)dy = A° / wo(Mvy(y)dy + 2¢(N + DAw.v, VO € Hp(Y). (3.2)
=0y Y

The problem (2.8)—~(2.11) can be solved explicitly for a fixed a in the sense that the eigenvalues A° are determined as
solutions of a transcendental equation. We need to derive this equation and also prove results on the possible values of
the solutions in order to establish the existence of spectral gaps. Due to the linearity of Equations (2.8)—(2.10) we see that
a of (2.11) can be considered as a normalization constant; it becomes fixed via the normalization just after (3.9).

The solution w, of (2.8) has the expression

T srr—1
AeHo ' AV 4 Be=iHg A%y inY_,
woW =49 o - (3:3)
Aez(e—HolAO)ezHolAOy+Bel(9—H01A°)e—1H01A0y iny,,
where A, B are obtained imposing condition (2.10):
PlO+HT A (1=0)) _ ,iHG A% o IHG A0 _ ,i(6—H'A(1-6))

= , B= : )
i2e19 sin(H; ' A°(1 — 2¢)) i2e19 sin(H; ' A°(1 — 2¢))
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The solutions w;, j > 1, of (2.9), (2.11) with a = 1 are given by

—i6

%(y +0)+1  inY,
w;(y) = L gi8 (3.4)
1_ ezg (y—10)®+1 inY,.
Note that w; does not depend on j and, in particular,
2cosO —2

Replacing the solutions (3.3)-(3.5) into (2.25), we obtain the following transcendental equation which implicitly expresses
the dependence of A° = Ag(e) on 6:

Lo(AO)z cos 6 — cos (H‘lAO(l - 25)) cos6— 1 «
n AO 0 + H:=0. 3.6
H, sin (H;'A%(1 — 2¢)) 1-2¢ ng ! o

Notice that according to the above derivation of the equation (3.6), we only take into account its positive solutions A,. The
following observation can be proven by an elementary argument.

Lemma 3.1. Given 0 € [0, 27], the positive solutions of Equation (3.6) form an increasing unbounded sequence.

Proof. We first remark that the set of solutions of (3.6) does not have finite accumulation points. Indeed, it suffices to
consider points A° = P € (0, +0) such that Ho_lAO(l —2¢) # jm for any j € Ny (so that the denominator in (3.6) is non-
zero). Then, for a fixed 9, the expression on the left-hand side of (3.6) is a real analytic function Fp of A in a neighborhood
Up of P, and Fp does not vanish identically in Up, which can be seen directly from its expression in (3.6). By well known
properties of analytic functions or power series, the point P cannot be an accumulation point of zeros of Fp, which proves
the claim.

In order to show that there exist infinitely many solutions, we first fix 6 € (0, /2], hence, cos6 € [0,1), and let A0 > 1.
Then, (3.6) is equivalent to

0, b;(0) _ cos(b,A°) — cos 8
AO sin(b,A?) ’

bA (3.7)

where b; and b, are nonzero constants and b;(0) is a number uniformly bounded with respect to 8. Let us consider any
m € N so large that on the interval

I i271m, i(e +2mm)| 3 A° (3.8)
b, b,

the value of the left-hand side of (3.7) is at least 1. Then, the value of the function A° — cos (bon) — cos O decreases
monotonely on J,, from some number §(6) > 0 to 0, and on the same interval, the value of the function A% > sin (bzAO)
increases monotonely from 0 to some number §’(8) > 0. This shows the right-hand side of (3.7) is a continuous function
of A in the interior of J,,, the values of which decrease monotonely from +oo to 0. The left-hand side of (3.7) defines a
continuous function on J,,,, the values of which stay on some compact interval contained in [1, +o0), by assumption. By
Rolle’s theorem, the equation must have a solution in the interval (3.8).

Similar arguments apply to all other cases 6 € (/2,27). If @ = 0 so that cos @ = 1, Equation (3.6) reduces to

A0 = cos(b,A%) —1
~ sin(b,A)

Using the above reasoning one easily finds a solution in a neighborhood of every point b} L(2zm + &), where
cos(b,A%) = —1. O
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A solution A° of (3.6) is an eigenvalue of the limit problem with finite multiplicity. For every k we denote by

— — N

wk(e) = Wi = (wk’j)jzl (S H@(Y) (39)
the corresponding eigenvector, which is the solution of (2.8)-(2.11) constructed in (3.3)—(3.4). Since this eigenvector is
uniquely determined, we deduce that every eigenvalue A° is simple. Thus, according to Lemma 3.1, we can order them
into an increasing sequence

0 < AY®) <AJ(B) <. <AY(O) < ... > +co. (3.10)

By using standard results in the operator theory in Hilbert spaces, we make the eigenfunctions w () into an orthonormal
sequence in the space L2(Y)N*1.

Remark 3.2. We will need the observation that for any eigenfunction wy(6) we have ||wy o; L(Y)|| > ¢ > 0 for a constant
independent of 6. This follows from the form of the solutions (3.3) and (3.4). In more detail, given j = 1,..., N, we see
from the explicit expression (3.4) that the modulus |w, | of the common boundary value is not larger than than a constant
times ||wy ;; L*(Y)||. Similarly, the form of the solution (3.3) shows that ||lwy o; L*(Y)|| > c|w.|. The assertion follows from
the normalization ||w;(6); L*(Y)"*!|| = 1.

We now turn to the case where only the upper canal exists (N = 0) and show that there are infinitely many dis-
joint compact intervals which do not intersect the set of the values Ag(e). Indeed, in this case Equation (3.6) can be
written as

_ . cost—cos®

t=A— 7 (3.11)
sint

where t = A°(1 —2¢)/Hyand A = (1 —2¢)/¢.

Lemma 3.3. Let N = 0, and let H, € be given as in Section 1.2. Then, there exists 8, € (0, ) such that Equation (3.11) does
not have a solution t belonging to any interval [2rm — &, 2rm), m = 1,2, 3, ..., forany 6 € [0, 27].

Proof. Letusdenote A = cosf € [—-1,1]and t = 27m — & forsome m = 1,2,...and 0 < § < 7. We choose &, > 0 so small
that
1 Vo
Op < = ,
"7 214+4/2

(3.12)

and §/2 <sind < §andcosd > 1—§%/2forall § € (0,5,]. Since sint = —sin & and cost = cos &, we obtain that (3.11) is
equivalent to

dsind = Acosd — AL+ 2zmrmsin 8. (3.13)
Here we have by (3.12)
Ssing <6t <2~ (3.14)
214+ A/2
and
. AS?
Acosd—A/1+27rmsm52A(1—/1)—T+7Tm5
Ad A 7 Ve
>0(ln——|)>6|ln—= =4 , 3.15
—<” 2) (” 21+A/2) 1+A/2 (3.15)

we see that (3.13) and thus (3.11), (3.6) cannot happen for ¢t € [2zm — &, 2m). O
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Let us then consider the general case N > 0. Using the same notation as in (3.11), Equation (3.6) reads now as

— H
_AS08E=C0s8 g g 6=, (3.16)

t=A -
sin ¢

where

N
- 1-20%,_ H; o
B ¢H, ’

Lemma 3.4. Let N >0, and let H,, ¢ be given as in Section 1.2. Then, there exist &, € (0, ) and my € N such that
Equation (3.11) does not have a solution t belonging to any interval [2rm — 8y, 27rm), where m € N with m > my, for any
6 € [0,2x].

This follows by a simple modification of the proof of the previous lemma. Namely, the term (1 — cos )H /t in (3.16)
causes to the right hand side of Equation (3.13) a new term, the modulus of which is O(1/t) and which thus is smaller
than 87 /(4(1 + A/2)) for large enough t. Hence, an argument similar to (3.14)—(3.15) still applies.

Although we have not exactly defined the essential spectrum ¢% of the limit problem, let us denote

= U {ae). (3.17)

k=16€[0,27)

By Lemma 3.1, the set ¢& C Rg is unbounded. Thus, ¢% contains infinitely many “gaps” as explained in the following
result, which is a direct consequence of Lemmas 3.3 and 3.4.

Corollary 3.5. There are infinitely many disjoint compact intervals [ay, by | such that
0<a;<b<..<ap<bp<..-+x

and ¢ N [ag, b] = B aswell as & N (by, ay4q) # B forallk € N.

4 | APPROXIMATING NEAR-EIGENFUNCTIONS

In this section we present a formula for the near-eigenfunctions U™ = U‘kh ’6, which will be used to approximate the

eigenfunctions U™ see (1.18) and the convention for the notation in the beginning of Section 2. Accordingly, for every
j=0,..,N we choose C®-cut-off functions th+ : Q;‘ — [0,1] which are constant in the z-direction, such that, for

».2)€q},

1, ife<y<t+h,

4.1
0, iff+2n<y<1/20ry<0o, 4.0

1 0.2) = {

and then set )(7_ (y,z) = )(JP.’ +(—y, z)for (y,z) € Q?. Moreover, we choose a C®-cut-off function X" : Q — [0, 1] such that
for all (y,z) € Q,

0, if|(y,2)—P; h for some j =0, ...,N and +,

X'(y,2) = | <
’ 1, if|(y,z)—Pji|22hf0ra11j=0,...,Nandi;

we can require that

3,X" =0 ondQ.
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We also may assume that the functions satisfy the estimates

|V;(;li| <Ccht, |V2;(’.’ | <Ch™? (4.2)

Jx

in their domains of definitions, and the same estimates for X" as well.

Now, let k € N and 6 € [0,27) and thus also the limit problem eigenvalue Ag(@) = A and its eigenvector wy(0) =

N N
(wy ; )j=0 = (w j)j=0 be fixed, see Lemma 3.1 and (3.9). Let us define the approximating near-eigenfunctions V" = U

k
by
log h) +hW in Q,

(4.3)
Yl iHj)<(1 —)(?i>wj +)(§’iwj(if)> +hW in Q;‘, j=0,..,N,

where a is the common boundary value w, for the normalized eigenfunction wy of the limit problem, (3.9), and
H; =H;/(1+8;,), while the function W := W? describes the boundary layer and it reads as

~ N K j+ . K j+ . K j+
Weo =22, (fv}i@fi) - L log g xi) - T L) (1- lei(y))) (4.4)
* j=

where /% = (h™!(xy — ¢),h™!(z — d;)) (see (2.13)) and V} . are the harmonic functions defined around (2.16)~(2.17). As
a consequence of (2.16), (2.17), (4.4), the function W satisfies

W(x)| <Chforx € Qwith |[x —P,,| >R (4.5)

| ’ | J—|

W(x)| < Ce V" for x € Q;, with |[x —P; .| > R, (4.6)
J J

for some constant R, 0 < R < ; — ¢, independent of h.
We will need the following lower bound valid for small enough h > 0,

ho.
(S s 4.7)

where the constant ¢, , > 0 may depend on k and Q but not on & or 6. To get estimate (4.7) we use the trace inequal-
ity ||U':’6;L2(F)|| < C||U'kh’9; Hh||, observe that the L2(Y)-norm of the Qg‘—component of Ukh’e is an O(h)-perturbation of

2Hom ™| wy o, L*(Y)|| and that this norm is bounded from below by a positive constant, according to Remark 3.2.

5 | MAIN RESULT ON THE ASYMPTOTIC POSITION OF SPECTRAL BANDS

We now state our main result concerning the asymptotic position of the spectral bands. It also justifies the formal asymp-
totic analysis of the previous sections and motivates the use of the approximate eigenfunctions (4.3). The result yields
the existence of spectral gaps in the essential spectrum (1.1). We recall that the eigenvalues AZ(G) of the model problem
were defined in (1.18), and those of the limit problem Ag(e) in Lemma 3.1 and (3.10). The final step of the proof will be
completed only in the last section.

Theorem 5.1. For every k > 1 there exists a constant Cy. such that, for each 6 € [0, 27),

A(6) — hAY(O)| < Ch*/2. (5.1)
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Theorem 5.1 and Corollary 3.5, see also (1.1) and (3.17), imply:

Theorem 5.2. Given a positive integer N there exists hy > 0 such that the spectrum ¢ of the linear water-wave problem
(1.5)—(1.7) in TI" has at least N gaps, if h € (0, hy).

We start the proof of Theorem 5.1 by stating a classical lemma on near eigenvalues and eigenvectors (see [26] and, e.g.,
[3, Ch. 6]).

Lemma 5.3. Let T be a self-adjoint, positive, and compact operator in a Hilbert space H. If a number i > 0 and an element

V € H satisfy ||]/7\, H|| = 1and ||T]3 — v, H|| =: 7 € (0, 10), then the segment [l — T, [ + 7] contains at least one eigenvalue
of T. Moreover, for every p € (z, 1) we have

Hﬁ — Z aka
k

T
<2- 5.2
5 (5:2)

where the sum is taken over all eigenvalues of the operator T contained in the interval [{i — p, il + p] with multiplicities taken
into account, and Wy, are the corresponding eigenvectors orthonormalized with respect to each other in H, while the coefficients
a; are normalized by Zk lag]? = 1.

It will also be useful to formulate an intermediate step in the proof of the main result. Note that if Ai(@) is a simple
eigenvalue in the following lemma, then ¢ = k holds for these indices.

Lemma 5.4. Given k and 6 € [0, 27), let the function U‘;’(G) =: U be defined as in (4.3) by using any of the eigenfunctions
w;(0), (3.9), of the eigenvalue Ag(@) in (3.10). Then, for some h' > 0 there holds

||Bh1fh —uhuhy Hh“ <Ch/? Yhe(o,h), (5.3)
where " = '(0) = 1/(1 + hAY(9)).

Proof of Theorem 5.1. Here, given k we will find an eigenvalue A?(O) with an unspecified index j, such that (5.1) holds

with this eigenvalue in the place of AZ(S). We will show only in Section 6 that j = k, because this conclusion will require
some additional arguments.

So, let now k and 6 and thus also the number Ag(e) be fixed. We aim to apply Lemma 5.3 to the operator (7 =) B"(6) :
H" — H"(= H) of (1.15). Let us define an approximate eigenvalue and eigenvector of B"(6) by

(@ =) 1) = 1/(1 + hAY(6)), (5.4)
R -1

P =) Vi@ = ||[ves e vie =: v, (55)

where Ukh(e) is defined as in (4.3) by using any of the eigenvectors w,(8), (3.9), of the eigenvalue Ag(e). Definition (5.4)

is motivated by the relation (1.16). From now on, we mostly suppress the indices k and 6 from the notation and denote

,uf(’(@) =: uh, V:(@) =: ph, Ai(@) =: A° and so on. Our aim is to show that 7 of Lemma 5.3 can be chosen as small as
Ckh3/21

T = HBhvh — uhvh Hh” < Ch3/?; (5.6)

in other words, we prove Lemma 5.4. Then, Lemma 5.3 gives an eigenvalue M" of 3" with the estimate

‘Mh _Iuh| < CLh¥2,
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Using (5.4) and (1.16) this turns into an eigenvalue A;’(G) of (1.8)-(1.12), for some j. As mentioned, the identity j = k will
be proven later. We have

1 1
C.h¥? > MM — | = - (5.7)
. jpr = L+AlO)  1+hAY®)

hence,

1+A%0) - (1+ hAg(e))’ < Ceh2 (14 AJ(©)) (1 + hAY(O)). (5.8)
For h < hy with a small enough hy > 0 we have Ch*/?(1 + hA{(6)) < 1/2 and thus, by (5.8) and the triangle inequality,
|1+ A%©)| <2(1+hrAYO)
so that applying (5.8) again,
2
A(©) — hAY(©)] < 2C, /2 (1+ hAY©))” < CLhY2(1+ hAY(®)), (5.9)

i.e. the claim in the beginning of the proof holds true.
Thus, as explained, we are left here with the task of proving (5.6). To this end we write, using Yh = c{fl Ut (1.14),(1.15),
(4.7), (5.4) and the Green formula,

T = sup|(B"V" - ,uhvh,Z)h|
z

=c} sup (V" 2) - (U 2) = (VUM VZ)

= ,uhcl_f1 sgp |(1+ hA) (U’h,Z)F - (U’h,Z)F - (Vuh, VZ)Qh|

30k | (5.10)

= pcytsup [RAO(UM, Z)  + (AU, Z) , - (8,U7,2)
Z
The supremum is calculated here over all functions Z € H" with norm one.
(i) Let us consider (AU, Z) - We use the fact that U’ and V} . are harmonic functions (see (2.22), (2.14), the text after
(2.15)) and (4.4) to obtain in the subdomain Q

h n( v g (K Kje i+
AV = h[A XM U= 3 Y (= logh — — log|£7%|

£ j=0

where [A,X"] denotes the commutator of the Laplacian and the pointwise multiplier operator f ~ X" f for f € H".
Hence, [A, X"] is a first order partial differential operator, the support of which (precisely, the supports of the non-constant
coefficient functions) are contained in the set

suppVthUR}.‘i=U{xEQ : hs‘x—Pji|§2h}. (5.11)

Jix Jix
By (5.11) and properties (2.26)-(2.28), we get for x € supp VX hecQ

N
K+

U'(x) - Z Z ?<logh + log|§fi|)

! < KJi'

< sup |UX)|+Ch sup |VUX)|<C'h
x€supp VXh x€supp VXh
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Since the modulus of the coefficients of the operator [A, X”] have the upper bound C( |[VX h | + |AX h |) < Ch™2,we obtain

IATV; L ()|l < C. (5.12)

Moreover, because H" embeds (by the trace theorem) into L*(y) for any line segment y included in Q, (5.12) yields for all
Jj and signs

+tF2h dj+2h

/ / AUy, 2)| Z(x¢ % 20, D] dz dy

+¢ dj —2h

1/4
+¢¥2hdj+2h +¢F2h dj+2h

< AU L2 Q)] / /dzdy / /|Z(+€+2hz)|4dzdy

+t dj—2h +t dj—2h
< Ch3/2|\z; HM| < Ch3/2.
Using this, (5.11) and the Cauchy-Schwartz-Bunyakowski inequality we obtain

[(aUh,2) )| < |(aUh,2) = Y (AU", Z(x€ % 21, z))

j +

+¢F2h dj+2h

< Z / / AUy, 2))(Z(y,2) — Z(€ F 2h,z)) dz dy| + Ch/?

I Lo dion

+¢F2h dj+2h +¢320

<C’ Z ”AU”‘ LOO(Q)N / / / |51Z(S z)|dsdzdy + Ch3/?

+t dj—2h Yy

dj+2h +¢32h
<2C’hz / / |VZ(s,2)| dsdy + Ch?/?
d —2h  x¢
dj+2h +£52h 1/2 1/2
<C"h / / dsdy / IVZ|12dx| +Ch¥2<C"h3/2?, (5.13)
dj—2h =+t Q

where also || Z; Ik || <1 was taken into account.
In the subdomains Q;‘, where j =0, ..., N, we write using the equalities (2.9) and the Kronecker delta

8o H;
(aU".2) = °j, L (83wo, (1= x12)7) s

0

—— > ([8% xju| (wj — wj(it’)),z)Qh + h(AW,Z)Qh. (5.14)

+ J J
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Then, (4.4) and the harmonicity of le. . imply
9 Ki (22000 =
h(AW,2) g = - ; Z(s(eFo- ;(ji(y))),z)oh
+ J
K;
==Y — (.1 F0), Z) g (515)
+
The smoothness of w; and its Taylor expansion near the point y = +¢ yield
|wi) —wj(xf) = (v F )3, w;(xf)| < Ch? (5.16)

for y belonging to the supports of Vy;, and Ay ., because these are of diameter O(h). From (5.14), (5.15) and

Kji = iﬁ] aywj(if)
(see (2.27), (4.3)) we obtain
(407 2) g, = (Bue, (1= 112)2)

h
j Q;

5‘([62 1)y = wy£6)). 2) , + h(AW,2),,

-2

since the left factor in the inner product in (5.17) is a bounded function due to (5.16) and |V ;.| + |V?x;+| < Ch™2, and
the right factor Z can be treated by an argument similar to (5.13).
Combining (5.13) and (5.17) we thus get

(183 272] (w) = w6 = 0 F 3 w;(x0)), )Qh <Chil?, G.17)

J

(AUM,Z) , = (HoB3wo, (1= x0+)Z )Qo +0(h3/2). (5.18)

(ii) Let us next consider the term hA° (U™, Z) _in (5.10). Here, we remind that the definition of the norm of #" implies
I‘ p

“Z; A(rnQ) || <c, (5.19)

and then we apply (2.26), (2.28) to get

hxh U’—ZZ—_logh Z
T j=0 .

< Ch?|log h|A0“U‘;L°°(Q)“ ”Z;Lz(I‘ nQ) “ < C'h?|loghl. (5.20)

hA?

We also have ||W;L(T' n 5) | < Clloghl, so that the Cauchy-Schwartz-inequality and (5.19), (5.20) yield
hAO(Uh,Z)Fmﬁ = hA%a,Z);5 + O(h?|loghl).
The contribution of the term with W is of order O(h2| log hl) also in the subdomain Q(’)’. Moreover,

hA°| (Xopwo(x6).Z) _—| < Ch?

nQp
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due to (5.19) and the size of the support of the cut-off-function. We thus obtain

hAY (UM, Z) . = hA%(a, Z) ;5 + hA°((1 = xg, )wo, Z) = + O(h?|loghl) (5.21)

rnQ”

since the subdomains Q;‘, j > 1, do not contribute to this term.
(iii) We consider the term (3, V", Z)sqn- We have, by (2.23), (2.24),

(8, (hx"U"),Z) hx"s,U’,Z)

30hna ( rnQ

=hN(a,Z) 5= A(h(1-X")a,Z) =

=hA%(a,Z) 5 +O(h¥?),

I'n

where the contribution of (2.24) vanishes, since the Dirac masses are concentrated outside the support of X", and we used
h Y25 12 3/2
|(R(1=X")a,Z) 5| < Chlsupp(1 = X")|""[|Z; LA(D)|| < C"R*/>.

To estimate the contribution of the term with W we remark that by definition, W(§ 7 ji) satisfies the homogeneous
Neumann conditions at least everywhere in Q" N B(P s R) for some positive constant R independent of h. Evidently,
the same holds also for the functions log |(;.,7;.)| in the sets 8Q N B(P}, R). Clearly, the functions y(1 — x/., ) satisfy
the homogeneous Neumann conditions in the sets aQﬁ.’ N B(P s R).

Summarizing these observations we get

h(o,W.,Z2). , =h(6,W,Z)

oQh dQM\UB(P;j4.R)"

This is at most O(h?) by (4.5), (4.6).
These estimates yield

(0, UM2),,, = hA(a,Z) 5 +O(h¥?). (5.22)

aQh

(iv) Let us turn to the final estimate. According to (5.18), (5.21) and (5.22), the expression on the right of (5.10) is bounded
by

c|(83wo, (1 - ;(gi)z)Qg + hAO (wy, (1 - ;(gi)z)mo—ﬂ +0(h3/2). (5.23)
We have
1/2 0
(aﬁwO,Z)Qg ://aﬁwo(y)Z(y,z)dzdy
¢ —h
0 1/2 0 1/2
=//6§w0(y)Z(y,0)dydz+//6§w0(y)(Z(y,z)—Z(y,O))dydz. (5.24)
not not

Here, the integrand of the first term is constant in the z-variable so that the integral equals, by (2.8),

(3w, (1- Xgi)Z)m& = —hA®(w, (1= 43,)2) o
0
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so that the second term in (5.23) is cancelled and we are left with the second term on the right of (5.24). This is small, as
seen by the estimate

0 1/2
[ [ow)ize.2- 2001 dydz
—-h ¢

01/2 z

<[otwsz=@)] [ | [ 10.20.001d¢ dvaz
—-h ¢ O

0
<[lopwsz= (@) [ w2 | vz (@) dz < w2
—h

where the Cauchy-Schwartz-Bunyakowski inequality was used to obtain the factor h!/2. Here we used that the function

wy is uniformly bounded, as a consequence of (2.8), (2.9).

This completes the proof of the bound (5.6). O

6 | CONVERGENCE THEOREM AND THE END OF THE PROOF OF THEOREM 5.1

To finish the proof of Theorem 5.1, i.e., to show that the indices j and k are the same in the proof of the previous section,
we need the following result.

Theorem 6.1. Given k > 1 and 6 € [0, 27), there is a decreasing sequence {h,,}>_, of positive numbers such that
1 A
G

converges to the eigenvalue Ag(e) of the limit problem (see Lemma 3.1). Moreover, the eigenfunctions UZ’"’Q converge in the
norm of L>(Y) to an eigenfunction V of the limit problem corresponding to the eigenvalue Az(e). The sequence {h,,}>_, can
be chosen to be the same for any finite number of indices k, and it can also picked up as a subsequence of any given positive,
decreasing sequence tending to 0.

Proof. We start by the remark that for every k one can find positive constants Cy and fzk such that,
Al(6) < Cyh forall 6 and h € (0, h|. (6.1)

Namely, fixing k and 6, we found in the proof of Theorem 5.1 for all j€N an index ¢ €N such that
|hA?(6) — AZ(6)| <cC jh3/ 2. This estimate cannot hold for the same ¢ and two different numbers A?(G) and A?,(G) (just

by the triangle inequality), hence for a large enough j we must have ¢ > k. This yields
h h 0
ALO) < ALO) < thAj(G).

By Lemma 3.1, the function 6 +— A?(@) is continuous and thus bounded on the compact interval [0, 277] so that the bound
on the right-hand side can be made independent of 8. This proves (6.1).

We fix k € Nand 6 € [0, 27) and, for every h > 0, consider the eigenpair {AZ(G), U;{l’e} =: {A", U"} of (1.8)~(1.12); for
the sake of clarity we again mostly suppress the indices 8 and k from the notation.
N Usirlg (6.1) and compactness we find a sequence {h,, }I‘f:l converging to O such that for some number
A 1= A(6) € [0, +0),

h A — A ask — 4oo; (6.2)
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here, the same sequence {h,,},. | can be taken in the case several k are considered simultaneously, or the sequence could
be defined as a subsequence of any given sequence converging to 0 (see the last statements of the theorem). The same is
true also in the later steps of the proof so that we do not comment these aspects any more.

For every j =0,...,N, lety; € C*(Y) be a function of one variable such that for some constant b = b, (8) € C, inde-
pendent of j,

bi(=3) =0 (3)  B=O=4@O) =b.

We define for every h a test function ¥ € H,(Y) in Qh by

Whix) = {¢j(y), ifx = (.2) € Q)

b, forx € Q,
which naturally can also be considered as belonging to the space H". Let us substitute this into (1.13):
N — — —
WY [ 0U@)EH0) dx—h A" [ Uh0.000) dy = A" [ U70,00B d. 63)
J :OQ? Y r\y
On the other hand, choosing U™ for V" in (1.13) and taking into account the normalization made below (1.18) yield
2 2
[vutszz(@h)|| = ar|uts ()| = At <ch (6.4)
and thus of course
2

with a constant ¢ = ¢, > 0 independent of & or 6. Let us write

Q]

UM(x) = UM+ U"(x), where U" = L / UM dx and / U dx =o. (6.6)
Q Q

By its definition, the Poincaré inequality applies to Uf in Q, and using (6.4) we obtain
2 2 2
HU”;LZ(Q)” < c”VUh;LZ(Q)” = c”VUh;LZ(Q)”
2
< c)’VUh;LZ(Qh)” <c'h, (6.7)
so that combining the trace inequality with this implies

“Uh;LZ(r \ Y)” < c”Uh;Hl(Q)” <ch. (6.8)
Now, the sequence (Uhm )::: ) is bounded in H!(Q), since the gradient sequence is bounded in L*(Q) by (6.4) and both
component sequences determined by (6.6) are bounded in L?(Q) by (6.5) and (6.7). Moreover, the embedding H(Q) <

L*(T'\ Y) is compact so (Uhm ):no: 1 has a subsequence convergent in L?(T"\ Y) with indices still denoted by {hmt_ - By

[s]
(6.8), the non-constant component (Uﬁ”‘ ) i of this subsequence tends to zero in the norm of L?(T \ Y), hence, for some
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constant B we have
Uhm(.,y) > B asm — +o0 (6.9)
in the norm of L2(T" \ Y) and consequently the right-hand side of (6.3), denoted by I%, satisfies

Iz’" —2A¢Bb asm — +oo
where A is as in (6.2).

To treat the left-hand side I f of (6.3) we let j € {0, ..., N} and introduce the stretched coordinates {; = h™* (z—d
that¢; € ( —Hj, O) for (y,z) € Q;’. We define the stretched domain Q; and the function Uﬁ.’ on it by

;) so

Q ={(»¢) : »eQ}}, Ulp.¢) ="z forze Q] (6.10)
and also the stretched domains (see (1.3))
G ={(»¢) : »-2) €G]}
where
G} 1= (=t,¢)x ol = (=¢,¢) x (d; — hH,,d;).

Let us consider j = 0. Then, by (6.4),

U0 Lon|| + [,0822(Q0)| + h-2og, Uiz (@l
= [vrconon|| + mt v, um (@) + o foun @)
< (1+h71AR) ”Uh(-,O);LZ(Y)”Z <cC. (6.11)

Thus, the sequence {Ug’” }m= L is bounded in H'(Q,) (use the fundamental theorem of calculus and the smallness of

¢, Uy, (6.11), to proceed from L*(Y) to L*(Q,)). Using arguments similar to those above and passing to a subsequence and
redefining the notation we find a sequence {h,,};>_, converging to 0 such that in addition to (6.9) we have

U™ -V, weakly in H'(Qy) (6.12)

Ug’"(-,O) — V, strongly in L*(Y) as m — +oo; (6.13)

notice that the function V;, € H'(Y) does not depend on ¢, due to the coefficient A~ of the J¢,-term in the estimate (6.11)

(6§0Ué‘ vanishes in the limit).
Next let us consider the terms with j = 1,...,N of I f First, we observe that by (6.5), (6.7)

Jorsep| <zfursson| i@
<c(mes (G) +h) <Ch= ||U§.1;L2(GJ-)H2 <c
for all j. By the one dimensional Poincaré inequality, integrated with respect to ¢,

[uiszz(@)| <e(ovtszieue)| + |utieze)|H=c.
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with a constant C = Cj, > 0 independent of 6, since the term with the derivative d,, can be estimated by the normalization
(6.4). Asin (6.6) we set

U;’(y, $j) = U?,.(y) +U?’L(y,§’j) , where

1
Uj?_:— / Uhdx and /U;’ldx:O.
ToQuGy| J o g
Q;UG; Q,;UG;

Again, by the Poincaré inequality in Q; U G,

||U?’L;L2(Qj U GJ.)“2 < CHang?’J_;LZ(Qj UG;) “2

_ c”ang;’;Lz(Qj U G,)”2 < ch?, (6.14)

where the last inequality follows by scaling (6.4). Thus, using the argument (6.11) to estimate the gradient terms, the
sequence {U?’" }yn—y is bounded in H ! (Q j) and by (6.14), the non-constant component of the sequence again vanishes in
the limit. By the compactness of the embedding H'(Q; U G;) = L*(Q; U G;) we can again pass several times to subse-
quences, and redefining the notation we find a sequence {h,,};’_, converging to 0 such that in addition to (6.9), (6.12),
(6.13) we have for all j

U?’" — V; weakly in H'(Q;), (6.15)
U;"”(',O) — V; stronglyin L*(Q; UG;) asm — + (6.16)

for some functions Ve H! (Qj U G]-), j =0,..,N, which again do not depend on Q‘j, because of (6.14); as Sobolev func-
tions depending on one variable only they are continuous.

Since the last subsequence still satisfies (6.9), the boundary value of each Vi, j=0,..,N, on the line segment
{£f} x ( -H j,O) must be equal to the constant B, and hence these functions can be glued into a single function
V € H'(Q") by setting

= {00 g o
We also have, with A as in (6.2),
- ZHJ-/ (8,V;(»)3,%() dy — 7\/ V;(0)9() dy as m — +co.
J Y Y
The normalization ||U"; L*(T)|| = 1 and the norm convergence in (6.13), (6.16) yield
VL2200 +21Bl¢ = 1, (6.18)

so that in particular V # 0. Formulas (6.12), (6.12), and (6.18) imply that the limits V and A satisfy the integral identity
(3.2). Thus, the function V, (6.17), (6.18), is an eigenfunction of the limit problem (3.2) corresponding to the eigenvalue A,
(6.2). This completes the proof of Lemma 6.1.

Finally, the claimed convergence of the eigenfunctions to V follow from (6.9), the definition of Uﬁ.‘ in (6.10), (6.13) and

(6.16). O

End of the proof of Theorem 5.1. Let us fix k € N and 6 € [0, 27) and thus also the eigenvalue Ag(e); recall that its
multiplicity is one, see (3.9), (3.10). We claim that for some h > 0, the interval

Ak,@ = [Ag(@) - Ck’Az(e) + Ck]’ (619)
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where Cj = C(6) = %min (A2©) - Ag_l(e),AgH(e)Ag(e)) > 0, contains for all h € (0,h] exactly one eigenvalue

A?(G), with multiplicities counted.

For the proof we denote by N(h) the number of the eigenvalues Ai.’ () of the operator B" contained in the interval Age.
Indeed, by what was already proved in Section 5, we have N(h) > 1 for all small enough h.

Consider first the case that the claim holds for some & > 0 and N(h) > 1, for infinitely many h € (0, h) forming a set

with 0 as an accumulation point. Then, for each such h we would have N(h) eigenfunctions Ui‘(’i), p =1,...,N(h), which

are orthogonal to each other in L?(T"), see the text after (1.18). According to Theorem 6.1 and the choice of the interval
Ay ne e find a sequence {h,,}_, such that

1 hy
hmlAk(p)(Q) - Ag(@) as m — +oo

e
k(p)
in the norm of L?(Y), as m — +o0. Moreover, by (6.8)

0

converge to some eigenfunctions U

for all p =1,...,N(h), and also the eigenfunctions U of the eigenvalue Ag(@)

Ry 8
”Up LT\ Y)” <ch,
so that the orthogonality of the N functions Uﬁmﬁ in L2(T) leads to the conclusion that

0 0 _
<uk(P)’uk(p’)> L2(Y) - 51)»1)” (6.20)

where we have the Kronecker delta of p, p’ = 1, ..., N(h) > 2. But (6.20) implies, by a well-known lemma on perturbations
of orthonormal bases, that there exist at least two linearly independent eigenfunctions of the limit problem corresponding
to Ag(@), which is a contradiction. O
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