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Abstract 

Background and Objective: Near-wall transport of low-density lipoprotein (LDL) in arteries plays a 

relevant role in the initiation of atherosclerosis. Although it can be modelled in silico by coupling the 

Navier–Stokes equations with the 3D advection-diffusion (AD) equation, the associated 

computational cost is high. As wall shear stress (WSS) represents a first-order approximation of the 

near-wall velocity in arteries, we aimed at identifying computationally convenient WSS-based 

quantities to infer LDL near-wall transport based on the underlying near-wall hemodynamics in five 

models of three human arterial districts (aorta, carotid bifurcations, coronary arteries). The 

simulated LDL transport and its WSS-based surrogates were qualitatively compared with in vivo 

longitudinal measurements of wall thickness growth on the coronary artery models. 

Methods: Numerical simulations of blood flow coupled with AD equations for LDL transport and 

blood-wall transfer were performed. The co-localization of the simulated LDL concentration 

polarization patterns with luminal surface areas characterized by low cycle-average WSS, near-wall 

flow stagnation and WSS attracting patterns was quantitatively assessed by the similarity index (SI). 

In detail, the latter two represent features of the WSS topological skeleton, obtained respectively 

through the Lagrangian tracking of surface-born particles, and the Eulerian analysis of the 

divergence of the normalized cycle-average WSS vector field.  

Results: Convergence of the solution of the AD problem required the simulation of 3 (coronary 

artery) to 10 (aorta) additional cardiac cycles with respect to the Navier-Stokes problem. Co-

localization results underlined that WSS topological skeleton features indicating near-wall flow 

stagnation and WSS attracting patterns identified LDL concentration polarization profiles more 

effectively than low WSS, as indicated by higher SI values (SI range: 0.17-0.50 for low WSS; 0.24-

0.57 for WSS topological skeleton features). Moreover, the correspondence between the simulated 
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LDL uptake and WSS-based quantities profiles with the in vivo measured wall thickness growth in 

coronary arteries appears promising. 

Conclusions: The recently introduced Eulerian approach for identifying WSS attracting patterns from 

the divergence of normalized WSS provides a computationally affordable template of the LDL 

polarization at the arterial blood-wall interface without simulating the AD problem. It thus 

candidates as an effective biomechanical tool for elucidating the mechanistic link among LDL 

transfer at the arterial blood-wall interface, WSS and atherogenesis. 

 

Keywords: Topological skeleton; atherosclerosis; computational fluid dynamics; advection-

diffusion; near-wall transport.   
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1. Introduction 

It is well established that the altered equilibrium of the transport of biochemicals at the arterial 

blood-vessel wall interface plays a major role in vascular disease [1–3]. In particular, elevated blood 

levels of Low-Density Lipoproteins (LDL) increase the risk of atherosclerotic lesions development [4] 

by LDL penetrating in the subendothelial layer of the arterial wall in regions of endothelial 

dysfunction, enhancing oxidative stress, inflammation and ultimately the formation of 

atherosclerotic lesions [5,6].  

Transport and blood-vessel wall transfer of biochemicals in patient-specific arteries can be 

investigated in silico by coupling cardiovascular imaging with the numerical solution of the Navier–

Stokes (NS) and advection-diffusion (AD) equations [7–11]. The simulation of mass transport in 

arterial flows is challenged by the fact that (i) such a phenomenon is typically characterized by high 

Péclet and Schmidt numbers, indicating the predominance of advective vs. diffusive transport, and 

(ii) most of the relevant biological processes occur in the near-wall region [7], where thin fluid 

diffusive boundary layers are typically formed [12]. Numerically, this implies that highly resolved 

computational grids are necessary to properly simulate the transport of biochemicals at the blood-

vessel wall interface. The consequent high computational cost [12,13] has hampered the study of 

biotransport in large populations of patient-specific cardiovascular models, and ultimately the 

unambiguous interpretation of the flow-related mechanisms regulating blood-vessel wall mass 

transfer in relation to arterial wall disease. Despite these limitations, a large body of numerical 

studies supports the existence of a link between near-wall hemodynamics and transport of 

biochemicals in arteries, highlighting e.g. a correspondence between areas at the luminal surface 

where LDL concentration polarization occurs and disturbed wall shear stress (WSS) profiles [7,14–

20]. Such correspondence is tightly coupled to two mechanisms. First, an altered WSS profile can 

locally affect the permeability of the endothelium, thus facilitating the transport of biochemicals 
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into the subendothelial layer [7]. Second, disturbed WSS profiles are typically associated with near-

wall flow disturbances such as flow separation and recirculation, which in turn cause an elevated 

thickness of the diffusive boundary layer at the underlying blood-wall interface.  

Recent research has suggested that the computationally burdensome full 3D continuum problem of 

transport can be reduced to a surface problem by reasonably identifying specific WSS features as 

surrogate biomechanical markers of LDL concentration polarization [8,20,21]. More in detail, 

specific quantities based on WSS might provide affordable and computationally-convenient 

templates of the LDL concentration polarization profiles at the arterial luminal surface without 

explicitly solving the AD problem. The identification of these WSS-based quantities, informed by 

fluid mechanics theory, opens to the possibility to further elucidate the associations between LDL 

transfer at the blood-wall interface, WSS and atherogenesis by addressing some of the 

impracticalities of analyzing arterial transport phenomena in large datasets of realistic 

computational hemodynamic models. In this direction, the arterial WSS topological skeleton 

received considerable interest due to the related interpretation of WSS as a first-order 

approximation of near-wall velocity [19,21–23], and has been recently proposed as a template for 

near-wall transport of biochemicals [19,21,24]. 

The present study aims to use a fast and computationally convenient methodology to prove that 

WSS topological skeleton is an affordable and quantitative template of LDL distribution at the 

interface between blood and arterial wall, without resorting to explicitly solving the 3D AD problem. 

To do that, five personalized computational models of three human vascular districts (aorta, carotid 

bifurcation, coronary arteries) were considered [25–27]. Computational fluid dynamics (CFD) 

simulations were performed to solve the NS equations, coupled with AD equations simulating LDL 

transport and blood-vessel wall transfer. Using the simulated data as reference, the capability in 

localizing regions of high LDL concentration polarization at the vessel wall of Lagrangian-based 
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[19,21] and Eulerian-based [22,23] features of the WSS topological skeleton, and of conventional 

WSS magnitude as well, was tested. The performance of the WSS-based quantities as templates of 

LDL distribution at the blood-vessel wall interface was analysed in terms of computational costs vs. 

accuracy. Finally, the soundness of the simulated LDL blood-wall transfer process was assessed by 

comparison with in vivo longitudinal wall thickness (WT) growth data available for the two human 

coronary artery models. 
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2. Materials and Methods 

A schematic diagram of the research methodology adopted in this study is provided in Figure 1 and 

detailed below. 

2.1.  Subjects of the study, medical imaging and geometry reconstruction 

The anatomy data of ostensibly healthy human vascular regions (one thoracic aorta, two carotid 

bifurcations and two coronary arteries) were acquired to build personalized arterial models, as 

reported in previous studies [25–27]. In detail, the 3D geometry of a ostensibly healthy thoracic 

aorta (subject S1; Figure 1) was reconstructed from 4D flow MRI acquisitions, as extensively 

described elsewhere [27–29]. The 3D geometries of the two carotid bifurcations (subjects S2 and 

S3; Figure 1) were reconstructed from contrast enhanced magnetic resonance angiography (CE-

MRA) [25,30]. One right (RCA) and one left anterior descending (LAD) coronary artery (subjects S4 

and S5, respectively; Figure 1) were imaged by computed coronary tomography angiography (CCTA) 

and intravascular ultrasound (IVUS) and the 3D geometries were reconstructed as detailed in 

previous studies [26,31,44]. The imaging techniques used for the geometry reconstruction of each 

case are summarized in Table 1. Institutional review board approval was obtained, and all subjects 

provided informed consent. 

2.2. Computational hemodynamics 

Blood flow and LDL transport was simulated by assuming blood as an incompressible Newtonian 

fluid (density equal to 1060 kg m-3; dynamic viscosity equal to 3.5 x 10-3 Pa s). The 3D unsteady NS 

equations governing fluid motion in the form: 

{ 

∇ ⋅ 𝒖 = 0                                                                          

𝜕𝑡𝒖 + (𝒖 ⋅ ∇)𝒖 = −
∇𝑝

𝜌
+ ∇ ⋅ [𝜈(∇𝒖 + ∇𝒖𝑇)],                                                  (1) 

where 𝒖 is the velocity, 𝑝 is the pressure, 𝜌 is the density and 𝜈 is the kinematics viscosity, were 

numerically solved in their discretized form by adopting the finite volume method. To do this, the 
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CFD code Fluent (ANSYS Inc., USA) was applied to computational grids consisting of tetrahedral 

elements in the lumen region and 30 layers of high-quality prismatic cells in the near-wall region. 

The dimensions of the boundary layers was set according to previous studies [9,32]. Conditions at 

boundaries were prescribed according to the availability of vessel-specific measured data, as 

summarized in Table 1 and as previously detailed [25–27,31–33]. To ensure a periodic solution 

without effects linked to initial conditions or transient effects, cardiac cycles were first simulated 

and discarded until the maximum local percentage difference in WSS between one simulated 

cardiac cycle and the previous one was lower than 1%.   

2.3. Advection-diffusion transport  

To model LDL transport, the NS equations (Eq. 1) were coupled with the AD equation, assuming LDL 

to be present in dissolved form in blood and modelling it as a passive non-reacting scalar: 

dC

dt
+ 𝒖 ∙  ∇C − DLDL∇2C = 0,                                                             (2) 

where C is the LDL concentration, 𝒖 is the velocity vector obtained from the solution of Eq. (1), and 

DLDL is the diffusivity of LDL in flowing blood, set to a constant value of 5.983·10-12 m2 s-1 [15]. To 

numerically solve LDL transport, the approach proposed by [32] was adopted prescribing a constant 

LDL concentration at the inlet section (C0 = 2.86∙10-9 mol m-3), corresponding to the physiological 

LDL concentration in whole blood [34]. At each outflow section of the fluid domain, the stress-free 

condition was applied for LDL. The LDL transfer at the blood-wall interface was modelled by 

prescribing the following condition at the luminal surface:  

CW𝑣W − DLDL

𝜕C

𝜕𝑛
|

W
= 0,                                                               (3) 

where CW is the LDL concentration at the vessel wall, 𝑣W the filtration velocity through the wall, 

𝜕𝐶

𝜕𝑛
 is the concentration gradient normal to the vessel wall [15,32]. A uniform LDL concentration 

equal to C0 was applied as initial condition to both the fluid domain and the wall [32]. Details on the 

https://www.sciencedirect.com/science/article/pii/S0169260722005557?via%3Dihub


Accepted manuscript at https://www.sciencedirect.com/science/article/pii/S0169260722005557?via%3Dihub 

 

meshing strategy, applied numerical schemes and convergence criteria have been provided in 

previous studies [32]. Simulations of the AD problem were carried out until the maximum local 

percentage difference in LDL concentration between one simulated cardiac cycle and the previous 

one was lower than 1%. 

2.4. Templates of LDL concentration polarization and related theoretical framework  

We investigate here whether near-wall transport of LDL can be inferred relying on WSS-based 

quantities [18,19,21,24] as an alternative to the use of Eqs. (2) and (3). According to the current 

view, low WSS magnitude (i) directly influences endothelial permeability, thus facilitating the 

transport of LDL into the subendothelial layer [35], (ii) determines the biochemical flux at the vessel 

wall [36] and (iii) reflects a thickened diffusive boundary layer for blood-wall mass transfer [1]. Thus, 

Time-Averaged Wall Shear Stress (TAWSS), defined as: 

TAWSS =
1

𝑇
 ∫ |𝝉|

𝑇

0

𝑑𝑡,                                                                 (4) 

where 𝝉 ∈ ℝ𝟑 is the WSS vector and 𝑇 is the cardiac cycle duration, can be adopted as an indicator 

of luminal surface areas prone to LDL polarization.  

More recent research has demonstrated [37] that the WSS can be scaled to provide a first-order 

approximation for the near-wall blood flow velocity, which governs mass transfer problems, as 

follows: 

𝒖𝜋 =
𝝉𝛿𝑛

𝜇
+ O(𝛿𝑛2),                                                                 (5) 

where 𝒖𝜋 ∈ ℝ𝟑 is the near-wall velocity, and 𝛿𝑛 is the distance from the wall where 𝒖𝜋 is evaluated. 

This conceptualized the link between intravascular fluid structures regulating the near-wall 

biotransport processes like flow separation, stasis or recirculation [23,24], and the contraction 

(attracting) regions of the WSS topological skeleton, which attract biochemicals in their vicinity 

leading to locally elevated near-wall concentrations [23,38]. These attracting WSS regions can be 
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obtained by extending the calculation of Coherent Structures (CS), typically computed from the 

velocity vector field to highlight complex flow features, to WSS (referred to in the following as WSS 

CS) to provide a template of near-wall transport of biochemicals, as previously proposed 

[8,19,21,24]. In this regard, a sketch linking WSS field in a contraction configuration, near-wall 

velocity streamlines and diffusive boundary layer where flow separation (leading to recirculating 

flow) occurs, is depicted in Figure 2A. Near-wall trajectories of biochemicals tend to be attracted 

and accumulate where WSS is characterized by an attracting pattern, leading to elevated local near-

wall concentration of biochemicals (Figure 2B). To better clarify the physics of the phenomenon, we 

remind here that in correspondence of a WSS contraction region a component of the near-wall 

velocity directed normal to the wall is indeed present (Figure 2A), but such component is second 

order in 𝛿𝑛, as can be argued from Eq. (5) [37]. Thus, the contribution of near-wall tangential velocity 

is dominant (first order in 𝛿𝑛) and the thick diffusive boundary layer in WSS contraction regions 

hinders near-wall trajectories to escape the boundary layer. 

Computationally, attracting WSS CS can be identified by Lagrangian particle tracking, i.e. integrating 

surface tracers based on the near-wall blood flow velocity (Eq. 5) and identifying the formed 

material lines, as proposed and extensively described elsewhere [19,21]. The tracked Lagrangian 

trajectories of the surface-born tracers can be used to evaluate the WSS exposure time (WSSEX), a 

descriptor accounting for near-wall biochemicals stagnation/redistribution [19,21]:  

WSSEX(𝑒) =
1

𝛩
 √

𝐴̅

𝐴𝑒
∑ ∫ 𝕀𝑒(𝒙𝑝, 𝑡)

𝛩

0

𝑑𝑡,
𝑁𝑡

𝑝=1
                                                 (6) 

where e is the generic triangular element of the mesh of area 𝐴𝑒 , 𝐴̅ is the average surface area of 

all surface triangles of the mesh, 𝒙𝑝(𝑡) is the position of the WSS trajectory, 𝕀𝑒 is the indicator 

function for element e, 𝑁𝑡 is the total number of trajectories released, and 𝛩 is the integration time. 
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Equation (6) quantifies the accumulated amount of time that near-wall biochemicals spend in that 

region [19], thus characterizing near-wall transport.  

Exploiting the quasi-steady nature of near-wall transport in cardiovascular flows, recent studies 

[19,21] have demonstrated that attracting Lagrangian WSS CS match the unstable critical lines 

(manifolds) of the WSS field, suggesting that unstable critical lines of the cycle-average WSS field 

can mark where LDL concentration polarization preferentially occurs at the luminal surface. This 

approach significantly reduces the computational effort, as the WSS topological skeleton unstable 

critical lines can be identified directly from the cycle-average WSS field via direct numerical 

integration, without having to solve the Lagrangian surface transport [19,21]. However, unstable 

critical lines per se [19,21,23] do not allow a fully quantitative analysis of the extension of regions 

where local LDL concentration polarization may occur. An example of an unstable critical line and 

its correspondence with the attracting WSS CS is shown in Fig. 2B. 

To overcome these limitations, attracting WSS CS and unstable WSS manifolds can be obtained by 

applying a Eulerian-based approach, recently proposed for the characterization of the WSS 

topological skeleton [22,23]. In detail, based on the volume contraction theory, highly negative 

values of the divergence of the normalized cycle-average WSS vector field defined as: 

DIVWSS = ∇ ⋅ (
𝛕̅

∥ 𝛕̅ ∥𝟐
),                                                            (7) 

can be used as a robust approximation of attracting WSS CS and unstable cycle-average WSS critical 

lines [22,23,39–43]. 

2.5. Performance evaluation of WSS-based quantities as templates of LDL concentration  

The quantitative analysis of the co-localization between low WSS regions, near-wall stagnation (as 

indicated by WSSEX), WSS contraction regions (as indicated by DIVWSS) and local LDL concentration 

polarization was carried out by the following scheme. First, surface areas (SAs) exposed to low WSS, 

near-wall stagnation, WSS contraction regions and high local LDL uptake were identified by 
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computing objective thresholds corresponding to the subject-specific 10th percentiles of the 

distribution of TAWSS and of the signed quantity DIVWSS (whose 10th percentile includes only 

negative DIVWSS values), and 90th percentiles for WSSEX and LDL concentration. Luminal SAs below 

(TAWSS, DIVWSS) or above (WSSEX, LDL concentration) these thresholds were named as TAWSS10, 

DIV10, WSSEX90, and LDL90, respectively. The quantities considered in this study and their link with 

near-wall transport of biochemicals and biologically relevant events are summarized in Table 2. 

The ability of the hemodynamic quantities to identify local LDL uptake was then assessed by the 

Similarity Index (SI) [33]: 

SI =
2(SALDL90 ∩  SA𝑗)

SALDL90 ∪  SA𝑗
                                                                          (8) 

with j = TAWSS10, DIV10, WSSEX90. SI ranges from 0 (the SAs given by the two quantities have no 

spatial overlap) to 1 (the SAs are equivalent and perfectly spatially overlapped). 

2.6. Wall Thickness Measurements  

Longitudinal in vivo coronary artery WT growth measurements, a hallmark of atherosclerosis 

development, were available for subjects S4 and S5 [44] and used to check the capability of the here 

considered WSS-based quantities and LDL concentration to identify locations of possible lesion 

growth. In detail, the maps of local WT on the two coronary arteries were obtained from IVUS 

images acquired at baseline (T1) and repeated at 12 months follow-up (T2) by using a semi-automatic 

method for lumen and vessel wall contour detection [39,44]. Technically, WT was locally measured 

by subtracting the local lumen radius to the local outer wall radius, as schematized in Figure 1 [44]. 

From WT data at T1 and T2 (WT1 and WT2, respectively), the WT growth normalized for the baseline 

WT was defined as ∆WT/ WT1 = (WT2-WT1)/ WT1. 
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3. Results 

In Figure 3 luminal LDL concentration profiles are compared with the distribution of WSS-based 

quantities (TAWSS, DIVWSS, and WSSEX). It can be observed by visual inspection that in general LDL 

luminal concentration polarization patterns (high 𝐶𝑊/𝐶0 values) co-localize differently with 

patterns of WSS-based quantities. The co-localization is particularly evident at: (i) the origin of the 

brachiocephalic artery, the inner curve of the aortic arch and along the descending aorta for the 

aortic model (S1, Figure 3); (ii) the carotid bulb and the outer wall of the external carotid artery for 

carotid bifurcations (S2, S3; Figure 3); (iii) the inner curvature of coronary arteries (S4, S5; Figure 3). 

For each investigated artery, LDL concentration polarization profiles and WSS-based quantities 

distribution along the two luminal cross-sections characterized by the highest values of 𝐶𝑊/𝐶0 are 

presented in Figure 4 as explanatory cases to emphasize the capability of TAWSS, DIVWSS and WSSEX 

of identifying regions of high 𝐶𝑊/𝐶0 at the luminal surface. 

To better appreciate the capability of the WSS-based quantities to identify regions of elevated local 

LDL uptake, luminal SAs exposed to TAWSS10, DIV10 and WSSEX90 are visualized together with 

LDL90 SAs (Figure 5). In general, the analysis highlights a remarkable spatial overlap of LDL90 SAs 

with DIV10 and WSSEX90 SAs in all the cases under study, and a good overlap of LDL90 SAs with 

TAWSS10 SAs.  

These qualitative observations are confirmed by the quantitative analysis based on the calculation 

of the SI (Table 3), highlighting a remarkable co-localization between DIV10 or WSSEX90 SAs and 

LDL90 SAs in all the vessels under investigation, going from a minimum of SI=0.24 (subject S5) to a 

maximum of SI=0.53 and SI=0.57 for DIV10 and WSSEX90, respectively (subject S3). However, 

TAWSS10 SAs exhibits weaker co-localization with LDL90 SAs, with SI values ranging from 0.17 

(subject S5) to 0.50 (subject S3). The results summarized in Table 3 suggest that: (i) LDL arterial 

luminal concentration polarization patterns appear to be associated more strongly to WSS 
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topological features than WSS magnitude; (ii) profiles of these WSS topological features (from both 

Lagrangian-based and Eulerian-based analysis) candidates as effective quantitative templates of LDL 

uptake on the arterial wall.  

To obtain a quantitative indication of the computational cost, the number of cardiac cycles required 

to ensure convergence of the NS and AD solutions is reported in Table 4. Once convergence of the 

NS solution is reached, the number of additional cardiac cycles to ensure convergence of the AD 

solution ranges from 3 (right coronary artery, S4) to 10 (thoracic aorta S1, Table 4). Since WSSEX 

and DIVWSS can be obtained from the solution of the NS equations, their use as templates of LDL 

transfer is markedly computationally less expensive than explicitly solving the full transport 

problem. When comparing WSSEX and DIVWSS, the Lagrangian nature of the former [19] leads to 

increased computational costs when compared to the latter Eulerian quantity [22]. In particular, 

DIVWSS can be computed directly from the NS solution with trivial computational effort and thus 

can be more readily obtained than WSSEX.  

Finally, the simulated distributions of LDL uptake and WSS-based quantities on coronary artery 

models (subjects S4 and S5) are compared with the in vivo measured WT growth in Figure 6. In 

general, luminal surface areas with LDL concentration polarization, low WSS, WSS contraction 

regions and high near-wall stagnation co-localize with regions exhibiting the highest WT growth, 

even if at different levels (Figure 6).  
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4. Discussion 

Near-wall transport has a pivotal role in cardiovascular pathophysiology [36], with the mechanisms 

linking near-wall hemodynamics to LDL uptake being particularly relevant in the context of 

atherosclerosis [7,8,15,18,19]. Numerical simulations allow to model local hemodynamics and near-

wall transport of LDL in realistic, personalized cardiovascular models, improving the understanding 

of the link between flow disturbances, LDL transport near and at the vessel wall, and atherosclerosis 

initiation and progression. However, high-fidelity numerical simulations of near-wall transport in 

arterial flows might be cumbersome, numerically challenging and extremely expensive in terms of 

computational effort [12]. For this reason, the identification of simple surrogate measures able to 

infer near-wall transport based on the underlying near-wall hemodynamics is of great importance. 

Here we tested different strategies to obtain affordable templates of LDL concentration polarization 

profiles at the luminal surface of arteries that do not require the solution of the 3D AD problem for 

LDL transport. More in detail, the distribution of WSS magnitude at the luminal surface as well as of 

features extracted from Lagrangian-based [19] and Eulerian-based [22] analysis of the WSS 

topological skeleton in five subject-specific computational hemodynamic models of human arteries 

was compared with simulated LDL uptake data, as obtained from the solution of the 3D coupled NS-

AD problem. In addition, for ‘‘consistency check” purposes, the simulated LDL concentration 

polarization and the profiles of the WSS-based quantities were qualitatively compared with WT 

growth in vivo measurements, available from previous follow up studies on the two human coronary 

artery models [31,44].  

The capability of WSS Lagrangian-based quantity WSSEX as template of LDL concentration 

polarization profile at the arterial wall was previously reported in terms of correlation with LDL 

concentration in various arterial domain considering all the data points on the surface [19]. Here, 

we extended the analysis with quantitative results on the co-localization of their extrema. 
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Furthermore, the divergence of the normalized WSS field was here tested for the first time as 

template of LDL concentration polarization profile at the luminal surface, based on its recently 

demonstrated capability of approximating the manifolds of the WSS topological skeleton [22,23,39]. 

As a further novel point, the existence of possible links between WSSEX and DIVWSS with biological 

events was checked for the first time considering in vivo WT growth data, although qualitatively. 

The performance of the here-investigated WSS-based quantities in providing affordable templates 

of the LDL concentration polarization profiles at the arterial luminal surface was evaluated in terms 

of computational cost and accuracy. The main findings are schematized in Figure 7. The reference 

target for the LDL concentration polarization profiles is obtained through the numerical solution of 

the fully 3D NS-AD problem, assumed to model the LDL transport and blood-wall transfer with the 

highest accuracy. The co-localization of simulated LDL concentration polarization profiles with in 

vivo WT growth in coronary arteries support the biological relevance of this choice. However, the 

highest accuracy comes at the expense of the computational cost, since additional cardiac cycles 

have to be simulated (Table 4) in addition to the stringent numerical settings involved in accurately 

resolving the concentration boundary layer. Interestingly, the number of additional cardiac cycles 

to ensure convergence of the AD solution appears to increase with the Péclet number, i.e. the 

predominance of advective vs. diffusive transport, which is higher in the thoracic aorta than in the 

carotid arteries and in both cases is higher than in the coronary arteries (from 3 additional cycles 

required by the RCA model to 10 in the case of aorta). This finding could be attributed to the fact 

that at a higher Péclet number corresponds a thinner concentration boundary layer, requiring a 

larger number of cardiac cycles to be simulated to meet the convergence criterion. Moreover, in 

larger arteries the computational costs might be exacerbated by the larger fluid domain to be 

simulated, as well as by the fact that, e.g., the hemodynamics in the thoracic aorta can be more 

complex than in the carotid bifurcation, which in turn can be more complex than in coronary 
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arteries. The WSS topological skeleton features from Lagrangian-based and Eulerian-based analysis 

exhibited a comparable accuracy in localizing luminal surface areas prone to LDL concentration 

polarization in terms of SI (going from a minimum of SI=0.24 to a maximum of SI=0.53 for DIV10, 

and from a minimum of SI=0.24 to a maximun of SI=0.57 for WSSEX90, Table 3 and Figure 5), but 

with a remarkable reduction in terms of computational cost with respect to the solution of the AD 

problem, since they are based on the NS solution only (Figure 7). The difference in the 

computational costs between WSSEX and DIVWSS can be explained reminding that WSSEX is 

computed from Lagrangian tracking of a large number of particle trajectories, requiring higher-order 

integration schemes [45,46], while DIVWSS is computationally less expensive by reason of its 

Eulerian-based method of analysis. Low WSS magnitude (low TAWSS) underperformed the other 

WSS-based quantities in localizing LDL concentration polarization on the luminal surface in terms of 

accuracy (going from a minimum of SI=0.17 to a maximum of SI=0.50, Table 3 and Figure 5), although 

its calculation in CFD postprocessing presents the lowest computational cost (Figure 7).  

This study faces possible limitations. Here five subject-specific computational models of human 

arteries were considered to test the technical soundness of the proposed methodology. Larger 

vessel-specific datasets will be analysed in the future to confirm the reported findings. Regarding 

the numerical simulations, the modelling assumptions/idealizations (e.g., Newtonian behaviour of 

blood and vascular rigid walls) might influence local hemodynamics and LDL transport [47,48]. In 

particular, modelling assumptions related to the rheological behaviour of blood flowing in coronary 

arteries may impact WSS-based quantities [49] as well as LDL uptake, even if the adoption of 

Newtonian vs. non-Newtonian constitutive models for blood rheology is still debated [50,51]. 

Moreover, the prescribed LDL concentration initial conditions could affect the results of LDL 

transport simulations and, consequently, the relation between WSS features and LDL transfer [32]. 
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Because of these limitations, future studies are warranted to further confirm the robustness of WSS 

topological skeleton features as templates of near-wall transport of biochemicals in arteries.  
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5. Conclusions 

The present study confirms that WSS topological skeleton CS can be used as templates of the LDL 

transport at the arterial blood-vessel wall interface [19]. The study also suggests that a recently 

introduced Eulerian approach for identifying WSS topological skeleton features from the WSS 

divergence [22,23] is effective in providing a representation of the LDL wall uptake with a 

remarkable reduction in computational costs, not only with respect to classical NS-AD mass 

transport simulations, but also with respect to WSS CS identification based upon a Lagrangian 

analysis. The here-proposed approach based on normalized WSS divergence can be easily applied 

to large-scale datasets of CFD models of arterial flows and used to elucidate the mechanistic link 

existing among LDL transfer at the blood-vessel wall interface, WSS and atherogenesis. 
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Figure 1. Schematic diagram of the study design. In vivo imaging is adopted to reconstruct the 3D 

geometries of the human arteries adopted in this study. In vivo imaging and intravascular 

measurements are used to set personalized boundary conditions in CFD simulations. After solving 

the NS equations, (i) the AD problem of the LDL transport is numerically solved, and (ii) the WSS-

based quantities are computed by postprocessing the resolved flow field. A descriptive sketch of 

the approach used to obtain in vivo wall thickness measurements from IVUS images is also reported. 

MRI: magnetic resonance imaging; CCTA: coronary computed tomography angiography; IVUS: 

intravascular ultrasound; NS: Navier-Stokes; AD: advection-diffusion; LDL: Low-Density 

Lipoproteins; WSS: wall shear stress. 
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Figure 2. Explanatory sketch of WSS contraction regions. A) Typically, the WSS topological skeleton 

in contraction configuration (WSS unstable manifold, blue line) underlies an arrangement of the 

near-wall velocity streamlines (black dashed arrows) highlighting the existence of a diffusive 

boundary layer (grey area). B) Near-wall trajectories of biochemicals accumulate towards the WSS 

contraction region (blue area), leading to elevated concentrations. The contraction region 

approximates the unstable critical line (blue line). 
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Figure 3. LDL concentration polarization profile vs. WSS-based hemodynamic quantities. Luminal 

distributions of LDL uptake (𝐶𝑊/𝐶0) and WSS-based quantities (TAWSS, DIVWSS, and WSSEX) for 

all investigated arterial models. Two different views for each model are displayed. Side branches of 

the coronary models are not shown. 
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Figure 4. LDL concentration polarization profile vs. WSS-based hemodynamic quantities along two 

luminal cross-sections. Distribution of LDL uptake (𝐶𝑊/𝐶0) and of the WSS-based quantities 

(TAWSS, DIVWSS, and WSSEX) along the two luminal cross-sections (labelled section 1 and 2, 

respectively) characterized by the highest values of LDL concentration polarization for all 

investigated arterial models. Side branches of the coronary models are not shown. 

 

 

  

https://www.sciencedirect.com/science/article/pii/S0169260722005557?via%3Dihub


Accepted manuscript at https://www.sciencedirect.com/science/article/pii/S0169260722005557?via%3Dihub 

 

Figure 5. Co-localization between LDL uptake and hemodynamic quantities. Visual representation 

of the spatial overlap of the luminal surface areas exposed to low WSS (TAWSS10), WSS contraction 

action (DIV10), and high near-wall stagnation (WSSEX90) with regions where LDL uptake is high 

(LDL90, delimited by black lines) for all investigated models. Two different views for each model are 

displayed. Side branches of the coronary models are not shown. 
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Figure 6. Maps of LDL concentration profile, WSS-based quantities and wall thickness (WT) growth 

for the two human coronary artery models. Luminal distributions of LDL  (𝐶𝑊/𝐶0), WSS-based 

quantities (TAWSS, DIVWSS, and WSSEX), and wall thickness growth (∆WT/WT1) on the two 

coronary artery models S4 and S5.  The regions of interest exhibiting high, extended wall thickness 

growth along each vessel are emphasized by the arrows. Overall, regions of the arterial wall with 

high WT growth co-localize with high LDL concentration regions, low TAWSS, negative DIVWSS and 

high WSSEX regions. This confirms that the computational approach adequately identifies locations 

of possible lesion growth and is effective in unveiling potential links between local hemodynamics 

and adverse biological events.Side branches of the coronary models are not shown. 
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Figure 7. Schematic of the main findings of the study. The performance of the investigated WSS-

based quantities in providing effective computational templates of the LDL concentration 

polarization profiles at the arterial luminal surface was evaluated in terms of computational cost vs. 

accuracy. The computational cost included both the simulation and the post-processing costs. 

Accuracy is intended as the capability in localizing luminal surface areas prone to LDL concentration 

polarization, as given by the similarity index. The colour coding represents the trade-off between 

computational cost and accuracy by a qualitative combination of both. 
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Table 1. Summary of the input data used to build up the computational models. Medical imaging 

techniques used in this study to reconstruct 3D geometries of human vascular districts and vessel-

specific measured data available for NS inflow and outflow boundary conditions.  

Vessel Medical Imaging 

 

Measured data available 

for NS inflow BCs 

Measured data 

available for  

NS outflow BCs 

Thoracic aorta  4D flow MRI images 

 

 

(Morbiducci et al., 2009; Volonghi et 

al., 2016) 

 

4D flow MRI-based measured 

3D velocity profile along the 

cardiac cycle 

 

(De Nisco et al., 2018; Morbiducci 

et al., 2013) 

Instantaneous flow  

rate waveforms at the 

supra-aortic vessels  

 

(De Nisco et al., 2018; 

Morbiducci et al., 2013) 

Carotid 

bifurcations  

CE-MRA 

 

 

(Gallo et al., 2018; Hoi et al., 2010; 

Steinman et al., 2002) 

 

2D PC-MRI-based  flow rate 

waveform 

 

(Gallo et al., 2016, 2018) 

Instantaneous flow  

rate waveform at the 

internal carotid artery 

 

(Gallo et al., 2016, 2018) 

Coronary arteries CCTA and IVUS 

 

 

(De Nisco et al., 2021; Hartman et al., 

2020) 

Combowire Doppler-based 

velocity profiles along the 

cardiac cycle 

 

(De Nisco et al., 2021; Hartman et 

al., 2020) 

Flow split measured at 

multiple locations in 

the main branch along 

the cardiac cycle 

 

(De Nisco et al., 2021; 

Hartman et al., 2020) 

NS: Navier-Stokes; BCs: boundary conditions; MRI: magnetic resonance imaging; CE-MRA: contrast enhanced magnetic resonance 

angiography; PC-MRI: phase contrast MRI; CCTA: computed tomography coronary angiography; IVUS: intravascular ultrasound. 
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Table 2. Summary of the WSS-based quantities adopted in this study and their physical/biological 

implications. Hemodynamic quantities considered in the study with their biomechanical link with 

transport of biochemicals in arteries  

 

 

Table 3. Co-localization analysis. Similarity Index values assessing the co-localization between 

luminal surface areas exposed to high LDL uptake (LDL90) with respect to low WSS (TAWSS10), WSS 

contraction regions (DIV10), and high near-wall stagnation (WSSEX90).  

 Similarity index of LDL90 to: 

 TAWSS10 DIV10 WSSEX90 

Thoracic aorta S1 0.33 0.46 0.48 

Carotid bifurcation S2 0.19 0.49 0.35 

Carotid bifurcation S3 0.50 0.53 0.57 

Right coronary artery S4 0.23 0.35 0.45 

Left anterior descending  coronary artery S5 0.17 0.24 0.24 

 

  

WSS-based luminal surface 
area indicating increased risk 
of biological adverse events 

Threshold values for 
luminal surface area 

identification 

Implications for luminal surface area indicating 
increased risk of biological adverse events 

Luminal surface area exposed to 
low TAWSS (TAWSS10) 

 10th percentile of  
TAWSS distribution  

 increases endothelial permeability 

 affects the flux of biochemicals close to the wall 

 reflects the presence of a thickened diffusive 
boundary layer  

Luminal surface area exposed to 
high WSS exposure time 
(WSSEX90) 

90th percentile of  
WSSEX distribution 

 reflects high near-wall biochemicals’ residence 
time 

 reflects the presence of a thickened diffusive 
boundary layer 

Luminal surface area exposed to 
negative values of normalized 
WSS divergence (DIV10) 

10th percentile of 
DIVWSS distribution 

 identifies attraction of biochemicals near-wall  

 identifies flow separation regions  

 reflects the presence of a thickened diffusive 
boundary layer 
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Table 4. Quantitative indication of the computational cost. Number of cardiac cycles required for 

each investigate model to ensure convergence of the unsteady Navier-Stokes (NS) solution; 

additional number of cardiac cycles required to ensure convergence of the advection-diffusion (AD) 

solution.  

 
Number of cardiac cycles ensuring convergence of: 

 
NS solution AD solution 

Thoracic aorta S1 4 10 

Carotid bifurcation S2 3 5 

Carotid bifurcation S3 3 5 

Right coronary artery S4 2 3 

Left anterior descending 

coronary artery S5 
3 4 
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