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Abstract

We prove a family of Hardy—Rellich and Poincaré identities and inequalities on the hyperbolic
space having, as particular cases, improved Hardy-Rellich, Rellich and second order Poincaré
inequalities. All remainder terms provided improve those already known in literature, and all
identities hold with same constants for radial operators also. Furthermore, as applications of
the main results, second order versions of the uncertainty principle on the hyperbolic space
are derived.

Mathematics Subject Classification 26D10 - 46E35 - 31C12 - 35A23

1 Introduction

Let HY with N > 2 denote the hyperbolic space, namely the most important example
of Cartan-Hadamard manifold (i.e., a manifold which is complete, simply-connected, and
has everywhere non-positive sectional curvature) and let A (HV) denote the bottom of the
spectrum of —Agn which is explicitly given by

Joaw [ Vigwu? doggy <N - 1)2

A HN) = inf
1 (H™Y) in >

ueC® NN} [y u® dogy

(1.1)
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130 Page2of24 E. Berchio et al.

The present paper takes its origin from the following family of Hardy—Poincaré inequalities
recently proved in [5]: forall N —2 < X < X (HNyand allu € C ‘.’O(HN \{x0}) there holds

/HN |Vigvu|*dogn > A/H u?dvgy +hN(,\)/ — dvgw

N-2\* u?
_ v 1.2
+ [( 5 ) hN(A):| /HN Sinhzrde (1.2)

rcothr —1 ,
T ) | gy

where yy (L) = /(N — 1)2 —4A, hy(A) = ”N()‘)H and r := d(x, xo) is the geodesic
distance from a fixed pole xp € ]HIN We notice that the function M is positive while
the map [N — 2, AMMEN] > A > Ay is decreasing. Furthermore, for N > 3, there
holds 411 < h2 n) < (u)2 and, for all A, one locally recovers the optimal Hardy weight:
(NT_Z) 7 Besides, denoted with V) the positive potential at the r.h.s. of (1.2), the operator
—Apgn — Vo (r) is critical in HN\{xo} in the sense that the inequality fHN IVHNMI2 dogn >
Jgn Vu? dvogy is not valid for all u € C°(HN \{xo}) if V 2 V.

The interest of (1.2) relies on the fact that it provides in a single inequality, proved by
means of a unified approach, an optimal improvement (in the sense of adding nonnegative
terms in the right side of the inequality) of the Poincaré inequality (1.1) and an optimal
improvement of the Hardy inequality. Indeed, for A = A;(HY) (yy = 0) inequality (1.2)
becomes the improved Poincaré inequality:

N—-1)\*
\/]I‘-HN |VHNM|2 dUHN > (T) \/I;IN M2 dUHN

+1/ uzd +(N—1)(N—3) u? d (L.3)
— — dv v N .
4 Jg~ r2 HY 4 HY sinh? r HY

for all u € C;’Q(HN\{xo}) with N > 2. Instead, for A = N —2 (yy = N —3) (1.2)
becomes the improved Hardy inequality:

2 N —2\2 u? 2
|VHNM| dUHN > > deN + (N — 2) u dl}HN
HN 2 [N T HN

(N —=2)(N —3) rcothr —1
2 HN 1’2

u? dogy (1.4)

forallu € CZ° HN \{x0}) with N > 3. As concerns inequality (1.3), we recall that it has been
shown first in [1] and then, with different methods, adapted to larger classes of manifolds
in [4] where criticality has also been shown. Very recently, another improvement has been
reached in [17] where, by using the notion of Bessel pairs it has been proved that a further

e r s1nhT r
positive term of the form [iy PN |VHN 7)| dvgn can be added at the r.h.s.

of (1.3) so that the inequality becomes an equality. Clearly, this is not in contrast with the
criticality proved in [4] since the added term is not of the form Vu?. We refer the interested
reader to [2] for the L? version of (1.3), to [8] for remainder terms of (1.1) involving the
Green’s function of the Laplacian, and to [7] for the analogous of (1.3) in the non-local realm
of homogeneous trees.

Regarding (1.4), it’s worth recalling that generalizations to Riemannian manifolds of the
classical Euclidean Hardy inequality have been intensively pursued after the seminal work
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of Carron [10]. In particular, on Cartan-Hadamard manifolds the optimal constant is known
to be (NT_Q)2 and improvements of the Hardy inequality have been given e.g., in [12, 17,

20-22, 34]. This is in contrast to what happens in the Euclidean setting where the operator
— AN — (%)2 ﬁ is known to be critical in RN\{O} (see [13]). In particular, in inequality

(1.4) the effect of the curvature allows to provide a remainder term of L>-type, therefore
of the same kind of that given in the seminal paper by Brezis-Vazquez [9] for the Hardy
inequality on Euclidean bounded domains.

The above mentioned results make it natural to investigate the existence of a family of
inequalities extending (1.2) to the second order. That is, with the convention V](})H yu =uand

V];H yu = Vynvu, we look for an inequality including either improvements of the second order
Poincaré inequalities:

2(2—1
(Apnvu)? dogy > N-1 o VL vul*d ((=0o0rl=1) (1.5
— HN HN = > v v Ul” dugy = = .

forallu e C2° (HN) (N > 2), and improvements of the second order Hardy inequalities:

) N? (N —4\20D e VL uf?
(AHN M) dUHN > T T ﬁ dUHN (l =0orl = 1) (16)
HN HN

forall u € C®° (HN) (N > 5), i.e. the Rellich inequality which comes for / = 0 and the
Hardy—Rellich inequality for / = 1. We recall that inequalities (1.5) are known from [29,
32] with optimal constants, while improvements have been provided in [3, 4] and, for radial
operators, in [6, 31]. Instead, inequalities (1.6) were firstly studied in [20] and in [34], where
the optimality of the constants was proved together with the existence of some remainder
terms. More recently, a stronger version of (1.6), only involving radial operators and still
holding with the same constants, has been obtained in [30]. See also [23] for improved
versions of (1.6) in the general framework of Finsler-Hadamard manifolds.

In the present paper we complete the picture of results in H by proving a family of
inequalities including either an improved version of (1.5) and an improved version of (1.6)
when [ = 1, therefore extending (1.2) to the second order, see Theorem 2.2 below. Further-
more, in Theorem 2.1, we show that the obtained family of inequalities reads as a family
of identities for radial operators (also for non radial functions) giving a more precise under-
standing of the remainder terms provided. A fine exploitation of these results also allows
to obtain improved versions of (1.5) and of (1.6) for / = 0 in such a way to exhaust the
second order scenario, see Corollaries 2.3 and 2.4. As far we are aware, all the improvements
provided have larger remainder terms than those already known in literature, see Remark 2.2
in the following.

We notice that (1.2) was proved in [S] by means of a unified approach based on critical-
ity theory, well established for second order operators only (see [13]); therefore, a similar
approach seems not applicable in the higher order case. Here, drawing primary motivation
from the seminal paper [18], we extend (1.2) to the second order by using the notion of Bessel
pair. This notion has been very recently developed in [17] on Cartan-Hadamard manifolds to
establish several interesting Hardy identities and inequalities which, in particular, generalise
many well-known Hardy inequalities on Cartan-Hadamard manifolds. By combining some
ideas from [17, 18], and through some computations with spherical harmonics, in the present
article we develop the method of Bessel pairs to derive general abstract Rellich inequalities
and identities on H" that we employ to prove our main results, i.e., Theorems 2.1 and 2.2. In
this way, we get either Poincaré and Hardy—Rellich identities, and improved inequalities, by
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means of a unified proof where the key ingredient is the construction of a family of Bessel
pairs, see (4.1) in the following. Finally, as applications of the obtained inequalities, we derive
quantitative versions of the second order Heisenberg-Pauli-Weyl uncertainty principle, see
Sect. 2.3. As far as we know, the results provided represent the first example of second order
Heisenberg-Pauli-Weyl uncertainty principle in the hyperbolic context.

The paperis organized as follows: in Sect. 2 we introduce some of the notations and we state
our main results, i.e. Poincaré and Hardy—Rellich identities and related improved inequalities;
furthermore, in this section, we also state second order versions of the Heisenberg-Pauli-Weyl
uncertainty principle. In Sect. 3 we provide abstract Rellich identities and inequalities via
Bessel pairs together with a related Heisenberg-Pauli-Weyl uncertainty principle. Section 4 is
devoted to the proofs of the results stated in Sect. 2 by exploiting the results stated in Sect. 3,
while Sect. 5 contains the proofs of the results stated in Sect. 3. In Sect. 6 we discuss possible
extensions of our proofs and results to more general manifolds. Finally, in the Appendix we
present a family of improved Hardy—Poincaré identities which follows as a corollary from
[17, Theorem 3.2], see Lemma 3.1 below, by exploiting the family of Bessel pairs introduced
in Sect. 4. In particular, these identities give a deeper understanding of (1.2) and include [17,
Theorem 1.4] as a particular case.

2 Main results
2.1 Notations

From now onward, if nothing is specified, we will always assume N > 2. It is well known that
the N-dimensional hyperbolic space H¥ admits a polar coordinate decomposition structure.
Namely, for x € HY we can write x = (r,®) = (r,0q,...,0ny_1) € (0, 0) x SN=1 where
r denotes the geodesic distance between the point x and a fixed pole xo in HY and SV~ is the
unit sphere in the N-dimensional euclidean space RY . Recall that the Riemannian Laplacian
of a scalar function u on H" is given by

d |: N_10 i| 1
Agnvu(r,®) = (sinh r) (r ®) ———Agv-1u(r, ©), 2.1)
sinh? r

sinh? r ar

where Agn-1 is the Riemannian Laplacian on the unit sphere SN=1_1In particular, the radial
contribution of the Riemannian Laplacian A, g u reads as

1 d ad
— [(sinhr)N_la—u:| =u" 4+ (N — 1) cothru/,
r

A SR
rHY = G VT 5y

where from now on a prime will denote, for radial functions, derivative w.r.t .r. Also, let us
recall the Gradient in terms of the polar coordinate decomposition is given by

VHNu(r,G)):( (r, @) ! VSN u(r, ®)>

where Vgn-1 denotes the Gradient on the unit sphere S¥ ~!. Again, the radial contribution of
the Gradient, V, v, is defined as
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2.2 Hardy-Rellich and Poincaré identities and improved inequalities
Our main result for radial operators reads as follows

Theorem 2.1 Forall 0 < 1 < A (HV) = (N—) and all u € C°(HN\{xo}) there holds

rHNul

/ |A, gy ul* dugy =A/ IV, v ul? dogn + hy (,\)/ -
HN HN
N\? IV, v ul®
+ 5 ) A ———— dvgy + yy(A) Ay (1)
2 HN  sinh”r

/ rcothr—lIV |2d +/ Uy
X —_— u v
N 2 rEVED YT w0

where yy (1) i= /(N = DZ = 43, hy (1) := 29 and W (r):=r =57 (L“f”)
Furthermore, for N > 5 and X\ given, the constants h> y@) and [ —h?\,(k)] are

2

dUHN

N—=l+yy ()
2

jointly sharp in the sense that, fixed h3 v ), the inequality does not hold if we replace

I:(%) — h%\, ()\):I with a larger constant.

Remark 2.1 We remark that the the function ’“’trhizr_l is positive, strictly decreasing and
satisfies

rcothr — 1 1 rcothr — 1

~— as r— 0" and

1
~—asr— +00.
2 3 r2 r

;
Besides, the map [0, A1 (H")] 3 A > hy (1) is decreasing and § < hy(X) < (%)2

Furthermore, for non radial operators we obtain the second order analogous to (1.2):

Theorem2.2 Let N > 5. Forall 0 < » < A (HY) = (NT) and all u € C°(HN\{xo})
there holds

/ | Aggnu|? dogw >x/ |Vigvu|? dogy + h3 (A)/
HN HN

N\? | Vign 1]
+ (=) —r%@ / T
|:<2> ne ):| my  sinh? r e

rcothr — 5
+yN(A)hN(A) 7|VHNM| dogn

2
/ (W3 (r))? Vm(wu( )>

where YN (L), hy (A) and V) (r) are as given in Theorem 2.1. Furthermore, for any given A,

2
| Vv u|
L dvgy

dUHN

the constants h?\, (X)) and [(%)2 — h?v (A)] are jointly sharp in the sense explained in Theorem
2.1.

We notice that the dimension restriction N > 5 in Theorem 2.2 comes from assumption
(3.4) in Theorem 3.2 below where we state our abstract Rellich inequalities, see also Remark
3.1 for some comments about this assumption that naturally comes when passing from the
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radial to the non radial framework. Theorems 2.1 and 2.2 yield a number of improved Poincaré
and Hardy—Rellich inequalities that we state here below; a comparison with previous results
is provided in Remark 2.2. More precisely, for A = 0 we readily got the following improved
Hardy—Rellich identity and inequality:

Corollary 2.1 Forallu € C*° (HN\{x0}) there holds

N\? V. wvul?
2 JH
/]I;IN |Ar gl dvga = (2> /H.ﬂN : r2 dvgw

N(N —1) rcothr —

1 2
|VF,HN u | dUHN

2 HN r2
N : N-1 2
r (sinh r) 7
— |V — ]| d .
+ /‘HN (sinh r)2(N=D ﬁHN( ¥ ) VRN
Moreover, if N > 5, forallu € C° (HN\{x0}) there holds
N\?2 | Vi u|?
2 H
\/HN |AHNM| dUHN > (E) \/]I.ﬂN T dUHN
N(N —1) rcothr — 1 2
) |VHNM| dl)HN
2 HN r
N : N-1 2
r (sinhr) Uy
——— |V — ]| d ,
+/HN (sinh r)2(N=D HN( N ) VRN

2
and the constant (%) appearing in the L.H.S of both equations is the sharp constant.

For A = A (HY) we got an improvement of the second order Poincaré identity (1.5) with
I = 0, and the related inequality:

Corollary 2.2 Forallu € C° (HN\{x0}) there holds

N —1)\?
/HN |A, gvul* dvgy = <T) /HN |V, gvul® dugy

1[IV, gvul? N2—1 [ |V, gvul®
+ - ——— dvy~y + : dv
4 /I;IN r2 HY 4 /I;IN sinh2 r HY

(sinh r)% u, 2
Vr,]HIN 1

r2

dUHN .

’
+ /HN (sinh r)N-1
Moreover, if N > 5, forallu € C° (HN\{x0}) there holds

N —1)\?
/I:]IN |AHNM|2 deN > < ) ) AHN |VHNM|2 dUHN

1 \Y 2 N2 —1 \V 2
+ ,/ Vv ul” dvgy + f Vv dugn
HN H

4 r2 4 v sinh?r

. N—1 2
h 2
Vion ((sm r)1 ur>

r2

dUHN .

-
+ /HN (sinh r)N -1

2
The constant (%) appearing in the L.H.S of both equations is the sharp constant. More-

2 .. . . .
over, for N > 5, the constants % and ¥ 471 are jointly sharp in the sense explained in Theorem
2.1.
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By combining Corollary 2.1 with [17, Corollary 3.2] we also get an improved Rellich
inequality:

Corollary 2.3 Forallu € C° (HN\{x0}) there holds

N2 (N —4\* [ u?
[t % (55 [

NZ(N —4)(N -1 reothr — 1 24
) u UHN

8 HN r
N(N —1) rcothr — 1
2

2
> - ; |VKHNMI dUHN

N2 1 N—4
Vemv|r 7 u

_l’_ -
sinhr)V -1
Vr,HN (()71\]%)

2
dUHN

2

4 Jynv rN-2
dUHN .
rz

N
* /HN (sinh r)2(N=D

Moreover, if N > 5, forallu € CL‘?O(HN\{xo}) there holds

5 N2 (N —4\> [ u?
- |AHNM| dUHN > 4 T HNerUHN

N2(N —4)(N - 1) reothr —1 5,
r4 u Uy

8 HN
N(N —1) rcothr — 1
2 HN r2

N2 1 N—4 2
+T HNmVHNYZM dUHN

+/ N v (sinh )N =1y,
v (sinh r)2V—D | VHY .

|Vigvu|? dvggn

2
dUHN .

2 N_an2 L Lo
and the constant NT (M) appearing in the L.H.S of both equations is the sharp constant.

Instead, by combining Corollary 2.2 with [17, Theorem 1.4 and Corollary 3.2], we improve
(1.5) with [ = 0, i.e. we complete the second order scenario about Poincaré identities and
inequalities :

Corollary 2.4 For all u € CX°(HY \{xo}) there holds

N—-1\*
/HN |Ar7HNLl|2 dUHN = (T) /I;IN M2 dUHN

N —1\? u? (N — D3N =3) u?
Zd d
+ ( 4 ) /]I‘.HN 2 UyN + 16 - Sinhzr UyN
1 IV, gvul? N2 -1 IV, gvul?
— —_— d H d
+ 4 \/H:]IN r2 VN + 4 /I;IN sinth Uy N
n N -1 2+1 /' r v (sinhr)%u, 2d
—_— —_ —_— VRN -
2 v (sinhpyN—1 | HY 1 By
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Moreover, if N > 5, for allu € CZ° (HN\{x0}) there holds

N -1\
/];HN |AHNM|2 dUHN > (T) AN I/lz dUHN

N N-—1 2/ uzd +(N—1)3(N—3) u? ‘
_— — aAv v
4 gy r2 A 16 uv sinhZr BV
1 | Vv u|? NZ—-1 | Vv u|?
- EET g d
+ 1 A{N r2 UgN + 4 A‘HN sinhzr UlN
N—1)\2 r (sinh )" T 1, \ |2
o 1 S | v/ w ) B d )
" [( 2 ) " Mw (Sinh )V H”( N ) i

4
The constant (%) appearing in the L.H.S of both equations is the sharp constant. More-

2.1 . . .. .
over, for N > 5, the constants % and N T L in both equations are jointly sharp in the sense

explained in Theorem 2.1.

Remark 2.2 As far as we are aware, improved second order Poincaré and Hardy—Rellich
equalities in IV were not known in literature. As concerns the Hardy—Rellich and Rellich
inequalities, improved versions were already known from [23, 30, 34] on general manifolds
but with fewer and smaller remainder terms. As a matter of example, if we compare Corollary
2.1 with [30, Theorem 4.2], the improvement of the Hardy—Rellich inequality provided there

reads as SXA=D It 19, v e
2 HN ~ 7242

asr — 400, than the term Y&=D 1 rcmrhzrfl |V, gvue|? dvgy provided in Corollary 2.1.
Similarly, if we compare Corollary 2.2 with [30, Theorem 4.3], again, the corrections of the
Rellich inequality provided there decays more rapidly than ours, either as » — 07 and as
r — 4o00. As concerns the improved second order Poincaré inequalities given by Corollaries
2.3 and 2.4, the gain with respect to the inequalities already known in [6] is in the adding of
a further remainder term.

dvg , therefore it decays more rapidly, both as  — 01 and

2.3 Second order Heisenberg—Pauli-Weyl uncertainty principle

Another remarkable consequence of Theorem 2.2 is the following quantitative version of
HPW principle in H":

Theorem 2.3 Let N > 5. Forall 0 < ) < Ay (H) and all u € C°(HN \{xo}) there holds

(/ (|AHNu|2—x|vHNu|2)duHN>(f r2|VHNu|2duHN>
HN HN
2
> h3 (A < / |VHNu|2duHN) 2.2)
HN

where hy (L) is as defined as in Theorem 2.1. In particular, for . = 0, we obtain

N2 2
(/HN |AHNu|2deN) (/HN r2|VHNu|2duHN> > (/HN |VHNM|2deN> . (23)

forallu € C2°(HN\{xo}).
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Remark 2.3 In the Euclidean context the second order Heisenberg—Pauli—-Weyl uncertainty
principle has been only recently studied in [11, Theorem 2.1-2.2] where it is proved that
the best constant switches from NTZ to % when passing to the second order. Instead, in
[14, Theorem 1.1] a weighted version of inequality (2.3) in R¥ is studied together with the
sharpness of the constants and the existence of extremals.

As far as we know, inequality (2.2) is the first example of second order Heisenberg—Pauli—
Weyl uncertainty principle in the hyperbolic context. For the first order case, we refer to [19,
22] where the authors fully describe the influence of curvature to uncertainty principles in the
Riemannian and Finslerian settings. It’s worth mentioning that a straightforward modification
of the proof of Theorem 2.3, by exploiting appropriately Theorem 2.2, yields the improved
version of (2.2) below which supports the conjecture that the sharp constant (2.2) should be
larger than h?%,(1). More precisely, forall 0 < A < A (H") and all u € C2°(HN \{xo}), there
holds

(/ (|AHNu|2—A|VHNu|2)duHN)(/ r2|vHNu|2duHN>
HN HN
2 N 2
zh%v(x)(/ |VHNu|2duHN> +(/ r2|vHNu|2deN>{ (—) —h3 ()
HN HN 2

Vign u]? rcothr — 1
X / [V ul® .HNQ | dogy +yv () hN(A)f —— |Vigwul? deN}
mN sinh®r HN r

where yx (A1) and 2y ()) are defined as in Theorem 2.1. Therefore, for A = 0, we obtain the
improved version of (2.3):

N2 2
(/HN |AHNM|2deN> (/HN r2|vHNu|2deN> > </HN |VHNu|2deN)

NN -1 thr — 1
+(/ r2|vHNu|2deN>< N =D [ reothr |VHNu|2duHN>
HN 2 HN r

for all u € C2°(HM\{xo}). The above inequality should be compared with inequality (3.6)
provided in Sect. 3 which also improves (2.3).

We conclude the section by stating the counterpart of Theorem 2.3 for radial operators:

Theorem 2.4 Forall 0 < ) < A (HV) and all u € C°(HN \{x0}) there holds

(/ (|A,HW|2—MV,HNuF)deN)(/ r2|erNu|2deN)
HN ’ ’ HN s

2
> h%, (L) </ |vr’HNu|2deN>
HN

where hy (1) is as defined as in Theorem 2.1. In particular, for .. = 0, we obtain

N2 2
(/HN |A,,HNM|2deN) </HN r2|vr,HNu|2duHN) > (/HN |v,,HNu|2duHN>

forall u € C°HN\{xo}).
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3 Abstract Rellich identities and inequalities via Bessel pairs

Ghoussoub-Moradifam in [18] provided a very general framework to obtain various Hardy-
type inequalities and their improvements on the Euclidean space (or bounded domain). Their
approach was based on the notion of Bessel pair that we recall in the following

Definition 3.1 We say that a pair (V, W) of C!-functions is a Bessel pair on (0, R) for some
0 < R < oo if the ordinary differential equation:

VY)Y +Wy=0
admits a positive solutions f on the interval (0, R).

n [18] the authors proved the following inequality for some positive constant C > 0 :
/ V(x)|Vul*dx > c/ W(x) lul*dx ¥ u e CX(Bg), (3.1)
Bgr Br

subject to the constraints that the functions V and W are positive radial functions defined on
the euclidean ball Bg and such that: (*¥ =1V, r¥N=1W) is a Bessel pair fOR W dr = 00

and fOR rN=1v (r)dr < oo where 0 < R < oo is the radius of the ball Bg.

In view of (3.1), with particular choices of (V, W), the results in [18] improved several
known results concerning Hardy inequalities. Recently, the notion of Bessel pair has been
exploited in [24] to establish improved Hardy inequalities involving general distance func-
tions, in [26] to sharpen several Hardy type inequalities on half spaces, and in [25] to prove
Hardy inequalities on homogeneous groups.

Regarding Cartan-Hadamard manifolds, the notion of Bessel pair has been very recently
emploied to obtain improved Hardy inequalities in [17]; to our future purposes, we recall
their Theorem 3.2 on HV:

Lemma 3.1 [17, Theorem 3.2] Let "N =V, rN=1W) be a Bessel pair on (0, R) with positive
solution f on (0, R). Then for allu € C° (HN\{x0}), there holds

2
/ V(r)|VHNM| deN —/ W(r)|u| dUHN +/ V(r)(f(r)) VHN( ) deN
Bg Bx fr)
—(N=1) . ?(())(cothr— %)uz dogw.
and
u 2
/ V)V, gyul? dezv:/ W(r)|u|2deN+/ V, gy (—) dugy
Bg ' Bg f(}’)

—(N=-1D | Vv )m<cothr - 1>u2 dugw.
Br fr) r

In view of Lemma 3.1 a subsequent natural issue is to study wether the notion of Bessel

pair can be adopted to treat higher order Hardy type inequalities in H¥ . In the Euclidean

space (or in bounded euclidean domains) this topic was faced in [18]. One of their results

read as follows: let 0 < R < oo, V and W be positive C I_functions on B r\{0} such that

N-1v, r¥=1w) forms a Bessel pair; then for all radial functions u € C2°(Bg) there holds

Vix) Vr(x))|Vu|2dx,

x| |x|

/ V(x)|Aul* dx 3/ W) |Vul>dx + (N — 1) (
Bg B Bg
(3.2)
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where r = |x|. In addition, if W (x) — 2‘I/(IX) + ZV‘;’IC) — V.- (x) = 0 on (0, R), the above
inequality is true for non radial function as well (we refer [18, Theorem 3.1-3.3] for more
insight). We also refer to [15, 16, 27] for recent results on Hardy—Rellich inequalities and
their improvements on the Euclidean space using the approach of Bessel pairs.

In the present article, we extend (3.2) to HY by showing first the following:

Theorem 3.1 Let WV ="'V, rN=1W) be a Bessel pair on (0, R) with positive solution f on
(0, R). Then for all radial function u € CZ°(Bgr\{xo}) there holds

/ V(r)|AHNu|2deN=/ W (r)|Vign u|? dugn
Br Bg

V(r) V,(r)coshr 5
V=D Bg <sinh2r B sinh r )lvHNu| dugw
7 (comr = e
—(N-1) V(r)=—| cothr — — )| Vg~vu|~ dvgny
Br f r
2
+[B V() (f(r)? VHN<f( )) dvgw - (3.3)

As a direct consequence of the above result, we tackle the non-radial scenario by the
spherical harmonic method and we prove:

Corollary 3.1 Let V=1V, rN=1W) be a Bessel pair on (0, 0c0) with positive solution f on
(0, 00). Then for all u € CfO(HN\{xo}) there holds
/ V()|A, gyvul® dogy = / W )|V, gvul? dugy
HN ' HN ’

V(r) V. (r)coshr
sinh? r sinh r

+(N -1 < >|v,,HNu|2 dvgy

1
— (N — 1)[ V(r)—(cothr—7>|VrHNu|2dUHN
p LA

v w \[*
= (5i5)

deN
In Theorem 3.2 below we state the counterpart of Theorem 3.1 for functions not necessarily
radial, under the extra condition (3.4) below:

+ / V) (f ()
HN

Theorem 3.2 Let (r¥N='V, rN=1W) be a Bessel pair on (0, 00) with positive solution f on
(0, 00). Also assume N > 5 and V satisfies

V(r) 3 V,.(r)coshr
sinh? r sinhr

(N =5 —Ver(r) + (N =4HV(r) = 0. (3.4

Then for allu € CZ° (HN\{x0}) there holds

/ V(r)|AHNu|2deNZ/ W (r) | Vigy u|? dvgy
HN HN

LN—D V(r) V,(r)coshr v |2d
my \ sinh? r sinh r mVUE S
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!

o oo
—(N-1 V(r) cothr — — ||V u|” dvgn
HY f r

v (7%5)
Y
ERVIG)
Remark 3.1 We remark that assumption (3.4) in Theorem 3.2 is not too restrictive to our
purposes: we shall provide a remarkable family of (V, W) for which the assumption holds

true in the proof of Theorem 2.1. On the other hand, an analogous assumption was required
in the Euclidean space as well, see (3.2) and the comments just below.

2

+ / VI ()? dvgn . (3.5)
HN

We conclude the section by stating an abstract version of Heisenberg-Pauli-Weyl uncer-
tainty principle involving Bessel pairs which follows as a corollary from Corollary 3.1 (for
radial operators) and from Theorem 3.2:

Theorem 3.3 Let (PN =1V, rN='W) be a Bessel pair on (0, 00) with positive solution f on
(0, 00) and set

W(r) = W) + (N — 1)( Vo) V’(r)mhr) — (N — l)V(r)f7<cothr — ;)

sinh? r sinhr

Assume that W(r) > 0 forall r > 0, then there holds

2 [V, HNM|2 2 2
V()IA, gyul” dvogy ——dvogw | > IV, gyvul” dogy |
Hw ’ wo W) RS

forallu e CX (HN\{xo}). Furthermore, if N > 5 and V satisfies (3.4), there holds

\V/ 2 2
(/ V(r)|AHNu|2duHN>(/ Mdvm> > </ |VHNu|2duHN) :
HN HN W(r) HN

forall u € C°HN\{xo)}).

Remark 3.2 A non trivial example of pairs satisfying the assumptions of Theorem 3.3 is given
by the family of Bessel pairs (#V =1, rN=1Wy), forall 0 < A < A;(HY), defined in (4.1)
below and emploied in the proof of Theorem 2.1. Indeed, they satisfy condition (3.4) and
give the function W below:

2
Wi(r) =1+ h?v()»)riz + ((1;,) — h?v@»)) ! + v @) hy @) <cothr — %)

sinh? r r

which is positive in (0, +00) for all 0 < A < A (HM). In particular, with this pair, taking
A = 0 for simplicity, Theorem 3.3 yields

Vv u|? 2
(/ |AHW|2deN></ — Nl(NEENl)l . duHN) > </ |VHNu|2deN> ,
HN HY 53 + —5—(cothr — 1) HN

(3.6)

forall u € C° (HM\{x0}). The above inequality turns out to be more stringent than (2.3)

. . 2, .
thereby confirming the conjecture that NT is not the sharp constant in (2.3).
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4 Proofs of Theorems 2.1, 2.2, 2.3 and Corollaries 2.3,2.4

Proofs of Theorems 2.1 and 2.2. The proof follows, respectively, by applying Corollary 3.1
and Theorem 3.2 with the family of Bessel pairs (#V =1, rN=1W,) with 0 < A < A (HY)

and
, o1 N-2\* , 1
Wi.(r) :=k+hN(k)r7+ <7> —hyQ) | ——

2 sinh? r
A)hy (A Wl 1
(AN oy BON (e~ ) es0) @
r W, (r) r
where yn (A) and iy (1) are as defined in the statement of Theorem 3.1 and
N—l+yy (1)
_n~=2 [sinhr\ 2
U, (r):=r" 2 (r>0).
r
In particular, by noticing that
hy (A 1—-N-— A
W (r) = wk(r)[ v | . y )cothr] ,
r
1—N—yv)?  yi(n)—1
w(r) = \If,\(r)[( 4]/N( ) + yN(ri
_(d=N—-—ynO)A+N+ynvQ)) n (1 =N —yn()hy() Cothr]
4sinh? r r

and recalling the definition of yx (4), it follows that W, (r) satisfies
NN ) 4+ VT (W () =0 forr > 0,

namely V=1 rN=1w,) is a Bessel pair with positive solution W, (r). See also [5, Lemma
6.2] where the functions W, were originally introduced but exploited with different purposes.
Finally, from Corollary 3.1 we deduce that, for all function u € C°(Bg\{xo}), there holds

/|AHW|2deN=f Wi ()| Vign ) dogn
BR BR

1
+(N-1) <ﬁ)|vHNu|2 dvgy
Bg \sinh”r

W (r) 1
—(N-1) . \pi(:) <cothr - ;)|VHNM|2 dugy
2 ur ?
+ e VHN< - m) -

By this, recalling (4.1), the proof of Theorem 2.1 follows. The proof of Theorem 2.2
works similarly by applying Theorem 3.2 since condition (3.4) holds for the Bessel pair
NN N > 5.

As concerns the proof of the fact that the constants h?v (A) and [(%)2 — h?\, (A)] are jointly

sharp when N > 5, this follows by noticing that as r — 0 we have
2 2 2 2 2
2 [V ul N\" o [ Vg ul N [V ul
% () fHN —5— dugw + {( 3) IO L e, Y~y
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Therefore, locally, we recover inequality (1.6) for [ = 1; by this we readily infer that, for
|V ul?
sinh? r

h%\, (1) fixed, any larger constant in front of the term would contradict the optimality

of the constant & in (1.6) (when I = 1).

Proof of Corollary 2.3 The proof follows from Corollary 2.1 by evaluating the term
2
Jrow N Gugn with the aid of [17, Corollary 3.2] from which we know that

| Vg u)? N—4\* [ u?
/HNT“H” T2 ) g o2

N -4 (N -1 thr — 1
UEDICEE T Ty

2 HN r
1 vea \ P
+ -~ m VHN r 2 u

for all u € C2°(HN\{xo}). The proof for radial operators follows similarly since the above
identity holds with the same constants for radial operators too. O

deN .

Proof of Corollary 2.4 Here the proof follows by combining Corollary 2.2 with [17, Theorem
1.4] according to which we know that

N -1\
AHN |VHNM|2 deN = (T) /I;IN M2 dUHN

1 u? (N =1)(N =3) u?
- —d d
+ 4 /N }"2 UHN =+ 4 = Sinhzr UHN
+/ r v (sinhr)%ur 2d
R ———— S — U .
v (sinh)N—1| "HY i Y

forallu e C* (HN\{xo}) and similarly for radial operators since the above identity holds
with the same constants for radial operators too. O

Proof of Theorem 2.3 The proof is a simple application of Cauchy-Schwartz inequality com-
bined with Theorem 2.2:

|VHNM|

/N |Vigvu|? dogy = /Nr|vHNu| dugy
H H

1 1

7 \v/ I/t2 2

5(/ r2|VHNu|2duHN) (/ |H+|deN>
HN HN r

UsingTheorem2 2
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< — <f (1Agvul® — A Vggvul?) dv N>2
oy gy N H " "

1

2

x(/ 7'2|VHNM|2dUHN> .
HN

5 Proofs of Theorem 3.1, Corollary 3.1, Theorem 3.2 and Theorem 3.3

We shall begin with the proof of Theorem 3.1.

Proof of Theorem 3.1 Let u € C2°(Bg\{xo}) be a radial function, in terms of polar coordi-
nates we have

R
/ V()| Agvul® dugy = NwN[/ V (ryu?, (sinh r)N 1 dr
Bgr 0
R
+ (N =1)? / V (r)(coth r)?u>(sinh )N~ dr
0
R
+2(N—1) / V (r)uyruy (coth r)(sinh )N ! dr:|.
0
Now, applying integration by parts in the last term and setting v = u,., we deduce

/ V(r)lAHNu|2dUHN=/ V()| Vg v)? dugy
BR BR

V(r) V. (r)coshr 2
+ (N -1 — - d . (5.1
( ) Bg <sinh2r sinh r )M v -1
On the other hand, from Lemma 3.1 for the function v we have
2
/ V() Vv dogy = [ W) ) dogy + f V(r)(f(r)? VHN< ) dvgy
Br Br Bg f@)
I 1\
—(N-=-1) V(r)=| cothr — — ) |v|” dvgw.
Bgr i r
By using this identity into (5.1) and writing back in terms of u we deduce (3.3). O

Spherical harmonics.

Before going to prove Corollary 3.1 and Theorem 3.2, we shall mention some useful facts
about spherical harmonics, see [28, Lemma 2.1] and [33, Ch. 4].

Let u(x) = u(r, ®) € CX(HVY), r € (0, 00) and ® € SN~!, we can write

u(r,®) =Y ay(r)P.(O) (5.2)

n=0

in L2(H"), where { P,} is an orthonormal system of spherical harmonics and

an(F)Z/ u(r,®)P,(®) do .
gN-1
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A spherical harmonic P, of order n is the restriction to SV !

polynomial of degree n. Moreover, it satisfies

of a homogeneous harmonic

—Agv-1 Py = A, P,

for all n € NU {0}, where A, = (n® + (N — 2)n) are the eigenvalues of Laplace Beltrami
operator —Agn-1 on S¥ ! with corresponding eigenspace dimension c,. We note that 1, >
N—1forn>1,2=0,co=1,c; = N and forn > 2

(N—I—n—l) <N+n—3)

Cn = - .

n n—2

In a continuation let us also describe the Gradient and Laplace Beltrami operator in this

setting. Now onward, to shorten the notations, we will use the notation v (r) = sinhr. The
following identities hold:

o0
\Vvul? =Y a,? P2 + 1//—”2|VSN P
n=0
and
[e’e} w, 2 [e%e} t12
(Agvu)* = Z (a,’{ + (N — 1)?a;> Pl + Z w—’g(ASN_I Py)? (5.3)

+2Z<a + (N — 1)%51 ) l/IZ(ASN 1 P,) Py

Along with this the radial contribution of the operators will be:

o0
2
IV, vul® =Y a,” P}
n=0
and
00 1/// 2
(A, gvu)* = <a;’ + (N — 1)Ea;,> P2,
n=0

Proof of Corollary 3.1 By spherical harmonics, we decompose u as in (5.2). Now, exploiting
Theorem 3.1 for each a,,, we deduce

© o0 ’ 2
/HN V()|A, gyvul? dugy = ’;/0 V(r) <a;’+ (N — 1)%%) YN dr
[e%e) 00 o) AN 2
S R I
’;[/0 a,“y r A f G ) r

— (N - 1)/00 Vi(cothr - 1)@,’1)%”1 dr

+(N—1)/ SyN=3ar — (N—l)f vrw(aw“dr}
2
ZVHN<%> dUHN

:f W )|V, gyul* dugy +f
HN HN
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/

1
—(N-1) V(r)L<cothr - 7>|v, vl dogy
HN f r ’

V(r) V,-(r)coshr 2
N —1 — \Y d .
* ) HN <sinh2r sinh r IV ul” dvggn

This completes the proof. O

Proof of Theorem 3.2 Again, by spherical decomposition we can write u as in (5.2). Having
defined v/ (r) = sinh r, the following identities hold:

v
Iy LT
Y (r) vE(r)
we shall use them in the proof frequently.
Step 1. In this step we decompose the Lh.s. of (3.5) and, using (5.3), we get:

and w’(r)2 =14+ 1/f2(r) for all r > 0; 5.4

o0

/HN V()| Agvul* dogw :Z[fooo V(r) (a;{+(N— 1)% ;) YVl dr

n=0

” > . v
—i—)»ﬁ/o V(r)w 1//N 1dr_2)\,,/(; V(r) (a +(N—1)? >w2wN ldr]

On the other hand, exploiting Corollary 3.1 for each a,, we deduce

00 ’ 2
/ V(r)|AHNan|2 dogy = Na)N/ V(r) <a;l/ + (N — l)za;) 1pN—l dr
HN 0 v

=NwN|:fooWa,/12¢N_] dl’+/ vf? |:< />:| yNldr
0 0 S
— (N - 1)/OOVL/(cothr— l)(a’)%pN—‘ dr

+(N—1)/ ZyN=3 g — (N—l)/ V' (a )Wzdr]

Step 2. In this step we compute the r.h.s of inequality (3.5):

VHN(f( ))

—(N—=1) V(r)i(cothr - 7>|VHNu|2 dvgy
HY f r

2
dUHN

/HN W ()| Vigwul® dvgw +/ V(r)(f ()

V(r) V,(r)coshr
sinh? r sinh r

+(N=1 < >|VHNM|2duHN
HN

s 00 0 00 NG
= [/ Way *y V! dr+kn/ WaZyN 3 dr—i—/ v? [(“i)] yNTar
—LJo 0 0 f

oo
+)\n/ Va, 2y N3 dr — (N — 1)/ <Cothr >a;f¢/N—1dr
0

(N—m/ J;( othr—l>a£ N=3dr
r

+<N—1>/ (V(’)—‘”/Vo)( 2Nl dr
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(V) Y
+(N—mn/0 (W _?V’(r)>w2w ‘dr]

Step 3. Subtracting the r.h.s. of the identities obtained in Step 1 and Step 2 we obtain the
expression below that we denote by B the following quantity:

o0 o0 2 o0
B:= A,%f V() SnyN-1q —u,,/ 14 <”+N—1£> N-l4
go[ VT V) (a4 + (N =D wz'” r
(5.5)
W) Nld—N—l)\,,/oo<V(r)_ﬂr ) N1y
/ (r)ww r—( ) A W (r) wzt/f r
— ,\,,/ V@) yN 3 dr + (N — m,, (cothr - 7)a51ﬁN73 dr].
0

In the steps below we shall show that 5 is non-negative, this will prove inequality (3.5). To
this aim, we establish some preliminary identities.
Step 4. Set

©
7 ::/ Va, “yN 73 dr
0

and define b, (r) := ‘1‘;((:)), by Leibniz rule we have a), = b}, + b,v’. Using this and by

parts formula, we obtain
L=/ v, 2y Nl dr — (N — 3)/ Vb2 y N3 dr (5.6)
0

—/ V, b2y y N2 dr — (N—Z)/ vh2y Nl dr.
0 0

Then applying Lemma 3.1 for b,, we deduce

%) 00 00 192
/ Vb;%//N—ldr:/ ngwN—ldr+/ sz[(bl” YNl dr
0 0 0 S
— (N - 1)/ Vi<cothr - l)bﬁw’v—l dr.
0 f r

Using this estimate into (5.6) and writing b,, in terms of a,,, we have

* 2, N=3 an ok N-1
I]:/O Way dr+/ Vf [(flﬂ)] v dr — (N - 1T

o0
— (N - 3)/ VaZyN =3 dr — / Vea2y'yN 4 dr
0 0

—(N -2 /Oo Va2yN =3 dr, (5.7)
0

where 7 = [ Vf (cothr — ) 2y N=3 dr.
Step 5. In this step we evaluate the terms

o0 o0
I = / Vala,yN 3 dr and T3 = / Vaa,y'yN* dr
0 0
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by means of integration by parts formula. Recalling (5.7), a computation provides

7 1 © 2, N=3 (N_3) o 2.0/ N—4
2=5 ) Vwary dr + = Ve dr — Ty — (N — 3)Z3, (5.8)

furthermore we have
1 [ N —4) >
T3 = _7/ Vea2y'y N dr — ( ) f Va2yN 7 dr
2 0 2 0

_ (N_3)/ va2yN3dr. (5.9)
2 0

Step 6. Next using (5.8) into (5.5) we rewrite B as follows:

o0 00 o0
B=>" [xg / VaZyN T3 dr — 20T = 2(N — DayZ3 — Ay / WaZyN =3 dr
0 0
n=0

o0 o0
— (N = D, / Va2yN S dr + (N — mnf Vea2y'y N dr — AT
0 0

+ (N — 1))»,,1i|
S e 1 00
=y [xﬁ/ Va2y N7 dr — zxn{f/ Va2 N3 dr
0 2 Jo
n=0
(N —3)

o0
/ Vea2y'y Nt dr — ) — (N — 3)13} —2(N — DA, T3
0
o0 o0
— A / Wa2y N3 dr — (N — mn/ VazyN =3 dr
0 0
o0
+ (N = Day / Va2 yN "t dr — 0T 4+ (N — mnz] .
0
Simplifying the identity obtained above and recalling (5.9), we get
0 00 o) 00
B=Y" [xﬁ/ VazyN =S dr — kn/ Via2yN T dr 4 2x,,/ Va2 y Nt dr
o 0 0 0
o0
+ AL — 40 T3 — Ap f Wa2yN =3 dr
0
(o¢]
— (N = D, / Va2yN S dr + (N — 1)x,,z]
0
o0 o0 %) o0
=y [xﬁ/ Vazy NS dr — i, f Vepa2y N3 dr + 20, / Vealy'y N dr
o 0 0 0
1 [ N —4) [®

+ AT — Ay, { 3 / Vea2y'y N dr — g / Va2y NS dr

(N—3) nl//NSdr}—)L/ WayN=3 dr

— (N - m,,/ Va2yN S dr + (N — m,lz] .
0
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By means of a further simplification we obtain
s 00 o0
B=Y" [An(kn +N— 7)/ VaiyN T dr — 4, / Vera2yN =3 dr
n=0 0 0
o0 o0
+ 4, f Vea2y'y N dr 4 20, (N — 3)/ ValyN =3 dr
0 0
o0
— A / WayN =3 dr 4+ 4,1 + (N — I)A,,I]
0
s o0 [e9)
=Y [A”(An +N— 7)/ VaiyN T dr — 2, / Vera2yV =3 dr
n=0 0 0

o0 o0 o0
+ 4, f Vea2y'y N dr 4 20, (N — 3)/ Va2y N dr — i, / Wa2yN =3 dr
0 0 0

9] 1) 172 00
+An{/ Wa2yN =3 dr+/ Vf2[<“—">] YN dr—(N—3)/ vayN =S dr
0 0 S 0
—/ Va2 yN dr—(N—Z)f Va2yN=3 dr”,
0 0

where in the last line we have exploited the definitions of Z and Z;.
Step 7. We conclude the proof by estimating 13:

o %) %)
B= Z [xn (Ap — 4)/ Va2y NS dr — i, / Vera2yV =3 dr
=0 0 0

o0 o0
+ 34, / Vea2y' N dr 4 (N — 4)/ Va2y N3 dr
0 0

R An ok N—1
s [T (p) o]

[ele] o0 o0 /
3V, _
= § :xn[(xn —4)/ VazyN=3 dr—i—/ { v ,,}a,%w’v 3ar
=0 0 0

¥
oo oo a /12
v [Tvoss [P [(5) o]
+( >/0 s [Cve () | e ter
zan[/m{(N—S)LZ+3M—VN+(N—4)V}a§1//N*3 dr
= 0 14 v

v [( an )Tw—l dr:|,
0 fv

where in the last line we have used A,, > N — 1 for all n > 1. Hence, 55 eventually turns
out to be non-negative due to the hypothesis (3.4) and the non negativity of the last term.
This concludes the proof. O

Proof of Theorem 3.3 We give the proof in the general case, the proof for radial operators
follows with the same argument but by exploiting Corollary 3.1 instead of Theorem 3.2.
First, under the assumptions of Theorem 3.3, from Theorem 3.2 we deduce that for all
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u € CX(HN\{xp}) there holds

/ V(r)|AHNu|2dUHNZ/ W (r)|Vigvu|? dogy .
HN HN

Finally, we use Holder inequality and the above inequality to get:

2 2
~ |VHNM|
(/HN |VHNu|2duHN> - (/HN VW) Vigvul 222 dugy

W)

|V]H1NM|2 B ,
< (/HN W(r)deN><fHN W ()| Vg deN)
V. 2
= (/HN % d”HN></HN V(r)IAHNu|2deN)

which is the thesis. O

6 Concluding remarks

In this section we briefly discuss possibile extensions of our proofs and results to more general
manifolds under appropriate curvature bounds.

The methods exploited in this article are in principle applicable to obtain Hardy—Rellich
and Poincaré type identities, and inequalities on Riemannian models. An N-dimensional
Riemannian model (M, g) is an N-dimensional Riemannian manifold admitting a pole o €
M and whose metric g is given in spherical coordinates around o by

ds? = dr? + ¢ (r) de?,
where dw? denotes the canonical metric on the unit sphere S¥~! and v satisfies:

¥ is a C*™ nonnegative function on [0, +00), positive on (0, +00)
such that ¥/(0) = 1 and ¥? (0) = 0 forall k > 0.

These conditions on i ensure that the manifold is smooth and the metric at the pole o is
given by the euclidean metric. The coordinate r, by construction, represents the Riemannian
distance from the pole o. In particular, all the assumptions above are satisfied by ¥ (r) = r
and by ¥ (r) = sinh(r): in the first case M coincides with the euclidean space R¥, in the
latter with the hyperbolic space HV .

We stress that our arguments relies on the careful analysis of the radial part of the Laplace-
Beltrami operator on the hyperbolic space and exploiting the spectral analysis of —Ag» along
with the notion of Bessel pair. In fact the Laplace-Beltrami operator on Riemannian models
is given by:

32 Y'(r) 9 1

Ay = o +(N—l)w(r) . +WASN

Radial part of the Laplacian

which coincides with (2.1) for ¢ (r) = sinh(r). Therefore, one can handle the radial part
of the Laplace-Beltrami operator on M as done in the previous sections for HY, taking into
account appropriately the terms involving the radial functions v, y'. Clearly, if M % HV,
one cannot take advantage of the fundamental identities (5.4) which hold for ¢ () = sinh(r);
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in fact, we expect some of the improved terms in the resulting inequalities (identities) would
involve curvature terms depending on the functions ¥ and v/, as it happens for the analogous
of (1.3) on more general manifolds, including Riemannian models as particular cases, see [4,
Theorem 2.5]. Although, it’s worth noticing that the passage from models to more general
manifolds is not obvious in this higher order setting due to the lack of comparison principles.

Acknowledgements E. Berchio is member of the Gruppo Nazionale per 1’ Analisi Matematica, la Probabilita
e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and is partially
supported by the PRIN project 201758MTR2: “Direct and inverse problems for partial differential equations:
theoretical aspects and applications” (Italy). D. Ganguly is partially supported by the INSPIRE faculty fel-
lowship (IFA17-MA98). P. Roychowdhury is supported by the Council of Scientific & Industrial Research
(File no. 09/936(0182)/2017-EMR-I). Also this work is part of PhD program at Indian Institute of Science
Education and Research, Pune. D. Ganguly is grateful to S. Mazumdar for useful discussions.

Funding Open access funding provided by Politecnico di Torino within the CRUI-CARE Agreement.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix: A family of improved Hardy-Poincaré equalities

In this appendix we present a family of improved Hardy—Poincaré equalities which follows
as a corollary from [17, Theorem 3.2], i.e. Lemma 3.1 above, by exploiting the family of
Bessel pairs 7V =1, r¥~1W,) introduced in Sect. 4 forall 0 < A < A (HN). If . = A (HY)
the identity we got is already known from [17, Theorem 3.2] while for 0 < A < A (HV) itis
new and improves (1.2), i.e. [5, Theorem 2.1], with the presence of an exact remainder term.
The precise statement of the result reads as follows:

Theorem 6.1 Let N > 2. Forall0 < A < A (HN) = (N—) and for allu € C°(HN\{xo})
there holds
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and for the radial operator we have
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where yy (1) :=v/(N=1)2 — &k, hy (1) := 288 4ng w, (r):= =7 (Sinhr)

Proof The proof follows by applying [17, Theorem 3.2], i.e. Lemma 3.1 above, with the
Bessel pairs N1 rN=1w,), where W, is as given in (4.1). O

In particular, for A = N —2 Theorem 6.1 yields the Hardy identity below which improves
(1.4):

Corollary 6.1 Let N > 3. Forallu € C (HN\{xo}) there holds
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